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Hraničńı rovnice
Simulace
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Mějme f ∈ C2(Rn) a n-dimenzionálńı stochastickou diferenciálńı
rovnici

dXt = b(Xt)dt + σ(Xt)dBt . (1)

Označme

K := {x : f (x) ≤ c}, K e := {x : f (x) ≥ c}

a
S := ∂K = {x : f (x) = c},

kde c ∈ R.
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Označme Zt = f (Xt), pak Xt ∈ K ⇔ Zt ≤ c . Dle Itôovy formule
dostaneme

df (Xt) = Lf (Xt)dt + dMt ,

kde

Lf (x) = gradf (x)T · b(x) +
1

2
tr(f ′′(x) · a(x)),

dMt = gradf (Xt)T · σ(Xt)dBt ,

a(x) = σ(x)σ(x)T

a

f ′′(x) =

(
∂2f

∂xi∂xj
(x), 1 ≤ i , j ≤ n

)
.
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Lemma 1 Nechť existuje otev̌rené okoĺı G hranice S takové, že pro
všechna x ∈ G \ K e plat́ı

gradf (x)T · a(x) · gradf (x) = 0 (2)

a

Lf (x) ≤ 0. (3)

Pak X ∈ K s.j. pro libovolné řešeńı X rovnice (1) s počátečńı
podḿınkou X0 = x0 ∈ K .
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Rovnici (1) nazýváme hraničńı rovnićı pro S , pokud existuje okoĺı
G ⊃ S takové, že plat́ı

Lf (x) = 0

a
gradf (x)T · σ(x) = 0

pro všechna x ∈ G .

Poznámka 1 Každé řešeńı hraničńı rovnice X s počátečńı
podḿınkou X0 = x0 ∈ S z̊ustane v S s.j.
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Nechť gradf (x) 6= 0 pro všechna x ∈ S a definujme

b(x) =
1

2
divn(x) · n(x), σ(x) = In − n(x) · n(x)T ,

kde

n(x) =
gradf (x)

|gradf (x)|
, divn(x) =

n∑
i=1

∂ni

xi
(x).

Pak rovnice (1) s těmito koeficienty b a σ je hraničńı rovnice.
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Motivace
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Lemma 2 Nechť G ⊆ R2 je otev̌rené okoĺı hranice S, S ⊂ G a
f ′′(x) 6= 0 na G . Pokud x0 ∈ S, pak rozděleńı řešeńı hraničńı
rovnice X je jednoznačně určeno volbou trendového koeficientu b.
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Lemma 3 Nechť X je řešeńım rovnice (1) a nechť existuje
otev̌rené okoĺı G ⊃ S hranice S takové, že plat́ı

gradf (x)T · a(x) · gradf (x) = 0

a

Lf (x) ≤ 0

pro všechna x ∈ G ∩ K e . Nav́ıc p̌redpokládejme, že Lf (x) < 0 pro
všechna x ∈ S. Pak S je reflexńı hranice, což znamená, že vně
P-nulové množiny N neexistuje dvojice čas̊u 0 ≤ u < v <∞
takových, že Xs ∈ S pro všechna s ∈ (u, v).
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Lemma 4 Nechť rovnice (1) má jednoznačné slabé řešeńı
(X x , x ∈ Rn) a lokálně Lipschitzovské koeficienty b a σ.
Předpokládáme dále, že existuje hraničńı rovnice

dXt = b∗(Xt)dt + σ∗(Xt)dBt ,

která má slabé řešeńı pro libovolnou počátečńı podḿınku x ∈ S, a
nav́ıc plat́ı, že

b∗(x) = b(x), σ∗(x) = σ(x) x ∈ S .

Pak hranice S je absorpčńı hranićı pro libovolné řešeńı X x rovnice
(1).
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Konstrukce difúze v K :

I Najdeme rovnici

dXt = b∗(Xt)dt + σ∗(Xt)dBt (4)

splňuj́ıćı, že řešeńı této rovnice neopust́ı oblast K .

I Zvolme ε > 0, označme K ε := {x ∈ K : |x − y | ≥ ε,∀y ∈ S}
a definujme

b̂(x) = b(x) x ∈ K ε

= b∗(x) x ∈ G \ K

= d(x) · b(x) + (1− d(x)) · b∗(x) x ∈ K \ K ε,

kde d(x) = 1
ε inf
y∈S
|x − y |.
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Mějme rovnici (1)

dXt =

(
1 0
0 1

)
dBt ,

funkci f (x1, x2) = x2
1 + x2

2 a c = 1.
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Zvolme ε = 0.1 a definujme

b̂(x) = (0, 0)T , |x | ≤ 1− ε

=
|x | − 0.9

0.1
· 1

2
(−x1,−x2)T , 1− ε < |x | < 1

=
1

2
(−x1,−x2)T , |x | ≥ 1

σ̂(x) =

(
1 0
0 1

)
, |x | ≤ 1− ε

=
|x | − 0.9

0.1

(
−x2 0
x1 0

)
+

1− |x |
0.1

(
1 0
0 1

)
, 1− ε < |x | < 1

=

(
−x2 0
x1 0

)
, |x | ≥ 1.
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Předpokládejme opět rovnici (1) ve tvaru

dXt =

(
1 0
0 1

)
dBt ,

f (x1, x2) = |x1|+ |x2| a c = 1.
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Děkuji za pozornost.
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