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Představení modelu

↪→ Necht’ {Xt , t ∈ Z} jsou iid náhodné veličiny s absolutně spojitým
rozdělením a a > 0, c ∈ R jsou konstanty.

↪→ Uvažujeme stacionární posloupnost 1-závislých veličin
{ξt , t ∈ Z}, kde

ξt =

{
1 pokud Xt − aXt−1 < c,

0 jinak.
(1)

↪→ Zajímají nás odhady některých charakteristik v modelu (1).

Na základě pozorování ξ1, . . . , ξn chceme odhadnout
pravděpodobnost úspěchu p = P(ξt = 1),
korelaci r1 = corr (ξt , ξt+1),
parametry a a c.
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Motivace

Model (1) transformuje MA(1) proces Xt − aXt−1 na posloupnost 0-1
veličin {ξt , t ∈ Z} pomocí operace zvané clipping (nebo hard limiting)

↪→ ξt indikuje, zda Xt − aXt−1 leží pod
hladinou c v čase t

↪→ vlastnosti obecných “useknutých”
procesů rozsáhlá literatura

↪→ diskretizace spojité veličiny se často
objevuje v biologii, inženýrství a
dalších aplikacích 5 10 15 20
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↪→ “useknutý” MA(1) proces určité speciální aplikace
↪→ odhadování parametrů původního procesu na základě

“useknutého” v literatuře pouze pro Gaussovský případ
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procesů rozsáhlá literatura

↪→ diskretizace spojité veličiny se často
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Introduction

Let {Xt, t ∈ Z} be a sequence of iid random variables
with an absolutely continuous CDF F . Let a > 0 and
c ∈ R be some constants. Define

ξt =

{

1 if Xt − aXt−1 < c,

0 otherwise.
(1)

We deal with the estimation problem in model (1).

? Why such processes?

Model (1) trans-
forms an MA(1)
process Xt−aXt−1

into a sequence of
0-1 valued vari-
ables {ξt, t ∈ Z}
using the opera-
tion called clip-

ping (or hard

limiting). Prop-
erties of such
clipped processes
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have been studied extensively in the literature, see [6].

↪→ ξt is an indicator whether Xt − aXt−1 stays below
the level c at time t. Such discretization by a threshold of
a continuous-valued process is a common phenomenon in
biology, engineering and other areas, see [7].

↪→ Model (1) with a = 1 is proposed in [2] for generating
1-dependent negatively correlated 0-1 valued variables, see
also [1]. Variables {ξt, t ∈ Z} defined by (1) are always
negatively correlated as well, see [4]. Such processes have
some special practical applications mentioned in [9].

↪→ Several authors have been concerned with an esti-
mation of parameters of an underlying process using the
information about the clipped one only, see [8], [6], [5], [3].

Properties of the Model

The variables {ξt, t ∈ Z} are 1-dependent, and the pro-
cess ξ = {ξt, t ∈ Z} is (strictly) stationary. The success
probability p = P(ξt = 1) and the 1-lag autocorrelation
r1 = cor (ξt, ξt+1) depend on the CDF F and the parame-
ters a, c.

Define Q(a, c) = E
[

F
(

X1−c
a

)

F (c + aX1)
]

. Then

p(a, c) = E F (aX1 + c), r1(a, c) = 1 − Q(a, c)

p(a, c)[1 − p(a, c)]
.

Properties of p and r1 are studied in more detail in [4].

Estimation of p

Let Q1 = P(ξt = 1, ξt+1 = 1) and U = p + 2Q1 − 3p2.
Then ξ̄n = n−1

∑n
t=1 ξt is an unbiased and consistent

estimator of the success probability p, and
√

n(Tn− p)
is asymptotically normal AN(0, U).

The asymptotic variance U can be rewritten as

U = 3E F (aX + c)E F
(X − c

a

)

− 2E F
(X − c

a

)

F (c + aX),

and U tends to 0 as c approaches ±∞ if a > 0 is fixed.
If c ∈ R is fixed then U → F (0)[1 − F (0)] as a → ∞,
and U → F (c)[1 − F (c)] as a → 0+. Finally, we have
U(1, 0) = 1/12.

Example 1. Let {Xt, t ∈ Z} be iid random vari-
ables with the exponential distribution with the density
f (x) = e−xI[x ≥ 0]. Consider the case c ≥ 0. (The
results for c < 0 can be obtained from the symmetry
p(a, c) = 1 − p

(

1
a,− c

a

)

and r1(a, c) = r1

(

1
a,− c

a

)

.) We
have

p(a, c) = 1− e−c

a + 1
,

r1(a, c) =
e−ac(1 + a)− (1 + a + a2)

(1 + a + a2)[(1 + a)ec − 1]
.

Then
√

n(ξ̄n − p) is AN(0, U), where

U = − 3e−2c

(1 + a)2
+

e−c

1 + a
+

2e−(2+a)c

(1 + a)(1 + a + a2)
.

Estimation of r1

Define Sn = [1/(n − 1)]
∑n−1

t=1 ξtξt+1 and Qi = P(ξt =
1, ξt+1 = 1, . . . , ξt+i = 1) for i = 1, 2, 3. Then

Rn =
Sn − ξ̄2

n

ξ̄n(1− ξ̄n)

is a consistent estimator of r1, and
√

n(Rn − r1) is
asymptotically normal AN(0, w), where

w =
[

p5(1 + 4Q1)− pQ1(3Q1 + 8Q2
1 + 4Q2)− 3p6

+ p4(5Q1 −Q2
1 + 6Q2 + 2Q3) + 2Q3

1

− 2p3(2Q1 + 7Q2
1 + 4Q2 + 4Q1Q2 + 2Q3)

+ p2(Q1 + 12Q2
1 + 8Q3

1 + 12Q1Q2 + 2Q2 + 2Q3)
]

× [p4(1− p)4]−1.

The computation of w is not straightforward, and a higher
accuracy must be set when computing w for large values
of c because of the term [p(1− p)]−4.
It is known that the inequality r1 ≥ −1/3 always holds
in model (1), see [1]. The estimator Rn can lead to values
below −1/3, and this might be unwanted.

Estimator of r1 for a known a > 0.
It is possible to construct a better estimator of r1 in
model (1). Consider the situations where a > 0 is known.
Define C1 = sup{c ∈ R : p(a, c) = 0}, C2 = inf{c ∈
R : p(a, c) = 1}. The function pa(c) = p(a, c) is con-
tinuous and increasing on (C1, C2), and pa

(

(C1, C2)
)

=
(0, 1). Hence, there exists a continuous and increasing
inverse p−1

a : (0, 1) → (C1, C2), and we can then write
r1 = r∗1(p) = r1

(

a, p−1
a (p)

)

, see [4] for more details.

Define r̂1 = r∗1
(

ξ̄n

)

. Then r̂1 is a consistent estimator
of r1. If the functions pa and r1 are differentiable with
respect to c at all c ∈ (C1, C2), and ∂pa(c)/∂c 6= 0 then√

n(r̂1− r1) is asymptotically normal AN(0, v), where

v = p(1− p)[2r∗1(p) + 1][∂r∗1(p)/∂p]2.

Moreover, if ∂r∗1(p)/∂p = 0, and ∂2r∗1(p)/∂p2 exists
and is non-zero then n(r̂1− r1) converges in law to the
distribution of a random variable

(1/2) · p(1− p)[2r∗1(p) + 1][∂2r∗1(p)/∂p2] · χ2
1,

where χ2
1 follows the χ2 distribution with 1 df.

The asymptotic variance v of r̂1 can be equivalently ex-
pressed as a function of c as

v = pa(c)[1− pa(c)][2r1(a, c) + 1]

(

∂r1(a, c)/∂c

∂pa(c)/∂c

)2

.

Results for some special choices of F indicate that the
estimator r̂1 might be preferable compared to Rn.

Estimation of a and c
We consider only situations where one of the parameters
a, c is known and the other one is estimated.

Let a > 0 be known. Define ĉ = p−1
a (ξ̄n). Then ĉ is

a consistent estimator of the parameter c. Moreover, if
p−1

a is differentiable on (0, 1) then
√

n(ĉ− c) is asymp-
totically normal AN(0, Vc), where

Vc =
pa(c)[1− pa(c)][2r1(a, c) + 1]

[∂pa(c)/∂c]2
.

Let c ∈ R be known. Define Ac = {a > 0 : p(a, c) ∈
(0, 1)}. Let the function pc(·) = p(·, c) be increasing on
Ac. For ξ̄n ∈ (F (c), 1− F (0)) define â = (pc)−1(ξ̄n).
Then â is defined with probability that tends to 1 as
the sample size n increases to ∞, and â is a consis-
tent estimator of the parameter a. Moreover, if (pc)−1

is differentiable on (F (c), 1− F (0)) then
√

n(â− a) is
asymptotically normal AN(0, Va), where

Va =
pc(a)[1− pc(a)][2r1(a, c) + 1]

[∂pc(a)/∂a]2
.

Example 2. (Example 1. revisited)
If a = 1 then

r̂1 = r∗1(ξ̄n) =















(1− 4ξ̄n)(1− ξ̄n)

3ξ̄n
if ξ̄n ≥ 1/2,

(4ξ̄n − 3)ξ̄n

3(1− ξ̄n)
if ξ̄n < 1/2.

The estimator r̂1 is consistent, and
√

n(r̂1−r1) is AN(0, v),
where

v =
4e−3|c|(1− 4e|c| + 3e2|c|)2(4− 9e|c| + 6e2|c|)

27(1− 2e|c|)4
.

If p = 1/2 (i.e. c = 0) then n(r̂1 + 1/3) converges in law
to the distribution of a random variable 2/9 · χ2

1 where χ2
1

follows the χ2 distribution with 1 df. Finally, we have

ĉ =











− log
[

(a + 1)(1− ξ̄n)
]

, ξ̄n > a/(a + 1),

a log

(

a + 1

a
ξ̄n

)

, ξ̄n < a/(a + 1).

The estimator ĉ is consistent and asymptotically normal.
For a = 1 we obtain
Vc = −3 + 2e−|c| +
4e|c|/3. Then Vc tends
to ∞ as c approaches
±∞.This demonstrates
that large values of c,
which correspond to p
closed to 1, are difficult
to be estimated.
The histogram of the
estimator ĉ for the set-

Histogram of ĉ

D
en

si
ty

0.6 0.8 1.0 1.2 1.4 1.6 1.8

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

normal approx

ting a = 1, c = 1 (p = 0.82) and the sample size n = 100
is plotted on the right.

Numerical Study
For given a > 0, c ∈ R, and the distribution F , we gener-
ated variables ξ1, . . . , ξn by (1) and computed the value of
the estimator ξ̄n (or r̂1, ĉ, â respectively). For each sample
size n this procedure was repeated 1000 times. The sam-
ple sizes were chosen to be n = 100, 500, 1000, 5000, 10000
respectively. We summarize the obtained results.
Estimator ξ̄n:

↪→ very good properties (almost) regardless the value of
the parameters a and c,

↪→ convergence to the true probability p very fast,

↪→ the asymptotic normal approximation good even for
small sample sizes (n = 100) if p is not “extreme”
(very close to 0 or 1).

Estimators r̂1, ĉ and â:

↪→ behavior more sensitive to the values of a and c,

↪→ convergence to the true parameter quite fast,

↪→ the normal approximation good if the values of a and
c are not “extreme” (such that p closed to 0 or 1),

↪→ if a, c are “extreme” then the normal approximation
is rather poor for small and moderate n,

↪→ the χ2 approximation for r̂1 (case a = 1, c = 0) quite
poor for small sample sizes (n = 100), reasonable for
n > 1000.
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