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Yn><1 - andﬂdxl + En><1
X ,,xq known covariate matrix

E,, « vectore of (i.i.d.) errors

Then the regression quantiles for o € (0, 1) are defined

B, (alY,X) = i o (Yi = x;b),
B, (alY,X) arg;gg;;p (Vi — xib)
x; is the i-th row of the X ,, x4

pa is the loss function pq (u) == u - (o — Lu<o})
we assumex;; =1,i=1,....n
Question:

How much the regression quantiles reflect the properties of F'?
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sup
af <a<ll—oaj

02 (B, (al Y:x) = B(a))| = Op(n™"/*(loglogn)’?).

and

n/25-1 (,@n (o] Y, X)— ﬁ(a))

n2(a(1-a)”?D;! - Xi pT]EJI?i__FF1(O(§|)) +op(1)

where o, := (a(1 — a))V/?/f(F~'(a)) and o = n~'(loglogn)® for
any c > 2.

Proof Dienstbier (2010) based on Csorg6, Révész (1977),
Gutenbrunner et al. (1993), Jureckova (1999).

DA



upper right endpoint z* = inf,cg {F(z) = 1}

lower left endpoint .. = sup,cr {F(z) = 0}

quantile function F~1(«a) = inf {z,2 > F(a)}

DA



Distribution function

There exists f’, the derivative of density f.

F is absolutely continuous with the positive density on (z.,z*)
There exists some 0 < K, < oo such that

f'(x)
f2(x)

sup  Fa)(1 - F(z)) \
re<x<laT*
Covariance matrix

zn=1, +=1,...,n.

definite (d x d) matrix.

lim, o D,, = D, where D,, =n~'X ] X, and D is a positive
n~! Z?:l |Xni|4 = O(l) as n — o0o.

maxi<i<n |[Xni| = O(1) as n — oo.
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Have the real constants a,, > 0 and b,, such that for all = with
1 —~z > 0 holds

n—oo

lim F™(anx — by,) = exp

(—(1 +Arx)’1/”)

T
Suppose, there is a function ¢ > 0 such that for all z > 0
—1(1 _ _ 101 — - _
lim F11—-z/t)—F 1 (1-1/t) o 1
t=o0 a(t) g
i

(if F is differentiable enough)
. PN _
Jm (1= F(w)) (f%;)) -
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Assume it holds the first (& also the second) order approximation of
extremes and n — oo, k = k(n) — oo, k/n — 0, and
VEAo(n/k) = O(1). Then forany e > 0

3 ks ks _
sup YT/ 24e |/ '8"71(1_?‘Y7X)_51( —7)_5 |
s, a0 k) 3
-5 _1
s W) = VR () 57| 0

where

W, (s) are Wiener processes (Brownian motions)

v € R, p <0 are the first and the second order extreme value
indices

aop and Agy are known functions related to the first and second
order

and 3 (a) = 31 — F~*(«a), where 3 comes from the basic model
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Analogy to i.i.d. case result of Drees (1998): Provided that

n — 00, k = k(n) — oo, k/n — 0, and vkAg(n/k) = O(1) it holds for
anye >0

sup §YT1/%te

\/E <Xn[ks],n - F_l (1 — %) _ 57— 1)

k—1<s<1 ao(n/k) Y
g1 _ n 7787,) —1 P
s W (s) — VEAg (k‘) s 5 njc:o()

It allows to

build class of consistent and asymptotically normal location and
scale invariant estimators of v as smooth functionals of

F~1(1 -1/t

and other aims of extreme value theory - high conditional
guantiles, return periods, tests etc.
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Have an estimate 4, , = T'(Qn, k) defined as a smooth functional of
empirical tail quantile function (i.e. Q(t) = F~'(1 — 1) and
Qn(t) = Xn—[knt]:n)' Suppose

Ty 'z =1) =7

T(az+0)=T(2), Va>0,beR

T is Hadamard differentiable in z,(z) =
signed measure vT',~ holds

_x7—1

, i.e. for some

1
—>T§(y)=/0 ydvr

kY (T(Qn) =) = Ny, 07,
if ke/2Ag(n/k) — X € R

T(2y +ey) = T(z)
€
Then




with

1
= /) K’Y,pdVT’»Y

Var ( /0 1 t’v—lvv(t)dym(t))

/01 /Ol(st)’v—l min(s, t)vry (s)vr,y(d)

zy—p(2)

T#FO0Fp
=qx Vz(x) Yy£0=p
73 ()

vy=0=p
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