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Introduction

Change point analysis

@ Important topic in statistical and econometric research
o Interesting theoretical problems
e Applications in many fields
@ Data sample - the model might change during the
observational period

Problems
@ Test whether change(s) occured or not
©@ Estimate the number of changes and their locations
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Hypothesis testing

Test procedures
@ Max-type test statistics (CUSUM procedures)
@ MOSUM type tests
@ Sum-type or Bayesian type statistics
@ F-type tests (Bai and Perron, 1998), M-type tests

Approximations to critical values
@ Limit null distribution
@ Residual bootstrap (Antoch and HuSkova, 2001)
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Permutation principle

@ Test statistic - expressible through the partial sums of
residuals; under Hy - partial sums of errors

@ Ife;iid. = (er,...,e,) and (eg,, ..., eg,) have the same
distribution, where
R = (Ry,...,R,) is arandom permutation of (1,...,n)
such that

PR=r)=

@ Permutation version of the test statistic:
errors ¢; replaced by permuted residuals ég,

@ We study conditional distribution of the permutation test
statistic, given the observations Y
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How do permutation tests work?

@ From the data sample we calculate the test statistic F,,.
© We generate a random permutation R = r of (1,...,n)".

© We calculate a permutational version F,(r) of our test
statistic for r.

© We repeat the last two steps N times.

© We obtain the empirical distribution of F,,(R) and calculate
its empirical a-quantile c,.

O We reject the null hypothesis if F,, > c,.
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Linear regression model

Non-trending regression and i.i.d. errors
Autoregressive models
Trending regression and i.i.d. errors

Y, = x§,61+e,~ i=1,...,4

Y, = x§,82+ei i=H+1,...,n

Y, = x§,6m+1+e,- i=ty,+1,...,n,
@ unknown change points Hyoooyty
@ unknown parameters Bi= (B, ..., 0q)
@ regressors 55 — (Tl o oo T
@ errors el en
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Non-trending regression and independent errors

Non-trending regression and i.i.d. errors
Autoregressive models
Trending regression and i.i.d. errors

(A1) e; are i.i.d. with Ee; = 0, Ee? = o2, Elei "2 < 00, A > 0.
(A2) e; are independent of x; for all i and ;.

(A3)
1 Lns] def 1 P . .
- E xix; = —C|,) — sC > O uniformly ins, 0 <s < 1.
n n
i=1

(A4) Forall n > 0, there exists a D > 0, such that for all large n,
1 n
P <n Z [l s D) <.
i=1
(A5) The true change points satisfy
f=1n\], 0=X<A<...<X\, =L
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Autoregressive model of order p

Non-trending regression and i.i.d. errors
Autoregressive models
Trending regression and i.i.d. errors

x; = (laYiflaYi*27"'>Yi7p)

(B1) e; are i.i.d. with Ee; = 0, Ee? = o2 and Ele;|* < oc.

(B2) 11,...,Y, are independent of ¢, 1, ..., e, and the roots of
-ttt —Bparel <1, j=1,...,m+1.

(B3) The initial values Y1, ..., Y, satisfy:

0o
(YP — 1y, Y1 — :U’I)/ = ZBjeP*ja
=0

B — <ﬁl1 51”);ek:(ek,0,...,0)’; w =EY;, i <.
I, 0

Miriam Marusiakova Tests for multiple changes in linear regression models



Introduction
Regression models
Test statistics
Simulation results
Applications
Conclusion

Autoregressive models

Non-trending regression and i.i.d. errors
Autoregressive models
Trending regression and i.i.d. errors

Limit behavior of regressors
@ under Hy (m = 0)

s
C ns
LI R N
n=p n—p i=p+1
@ under Hy (m = k)
Cis » S '
pep @ = D (mings, AT} =0 1) €L,
=1

where € >0, j=1,...,k+1 and s e (0,1].
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Trending regression

Non-trending regression and i.i.d. errors
Autoregressive models
Trending regression and i.i.d. errors

(C1) ¢; are i.i.d. with common symmetric pdf F.

(C6) The regressors x; = h(i/n) satisfy:
hx)=1 0<x<1,
ha(-),. .., hy(-) are continuously diff. functions on [0, 1]
and as n — oo,

\_nsJ s
Zh i/n)k'(i/n) — C(s) = /0 h(x)h'(x)dx > 0

uniformly in s € (0, 1], C(s) is strictly increasing in s.
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Trending regression (cont.)

Non-trending regression and i.i.d. errors
Autoregressive models
Trending regression and i.i.d. errors

The score function ¢ and A\(t) = — [ (e — 1)dF(e), t € R:
(C2) v is non-decreasing, antisymetric: i (x) = —(—x).

(C3) *(v) = [¢*(x)dF(x) € (0, 00).
a>0,Dy>0,D, >0

/ ((x — 52) — (x — 1) dF(x) < Dilss — s1]°

‘sj| < D27j: 1a2'

(C4) N (-) exists and is Lipschitz in a neighbourhood of zero,
A(0) = 0and N (0) > 0.
(C5) Either
(i) % is bounded, or
(i) ¥(x) =xand [ |x]*2dF(x) < cc.
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F-type test statistic

F-type test statistic
M-type test statistic
Limit null distribution
Approximations to CV

Test for no change versus k (maximum M) changes

F¢ (k, = max
n(k:q) (t1,eli) €T

DF;(M;q) = max

Fn(th cee 7tk;q)7

max  Fu(t,...,t%;q),

k=1,...M (tl,...,tk)eTg,k

where

Fu(ti, .., tisg) =

i SSRy — SSR;(¢)
kq &,2,71(('()

52.(8) = SSRu(t)/(n— (k+1)q) o> under Hy

t = (l‘l,...,l‘k),

Ts,k = {(l‘l,...,l‘k) : l‘j+1 *tj > LneJ, Vj:(),...,k}
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F-type test - equivalent expression

!/

k+1 b i
~ -1 ~
SSR()—SSRk(t) = E E X;e; Ct_,'_l,lj E Xi€;
]=l l’=lf,'_]+1 i=tj_1+1
n / n
Hy —1
= — E X;eé; Cn E X;é;
i=1 i=1
!/
k+1 i l
§ § : —1 § :
+ X;e; Ct,'_l,lj Xié;
]Zl l’=l?l'_|+1 i=tj_1+1

n n

N _ Hy _

e,-:Yi—xﬁCnl E xiYi:ei—ngnl E Xié;
i=1

i=1
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M-estimation
n
> oY ) = min!, which usually leads to
i=1

2111 XB x=0,j=1,...,q, ¢:Pl
JurecCkova and Sen (1996)
Bu(p) —B=C Zw )+ 0p(n~"7?).

Bu() ~

(ﬁw

2(¥)

X(0))2 C_>
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M-type test statistic

Fﬁ(lbakaI): max Fn(%tla‘--,IkQQ)
(l],...,tk)ETE,k
Falttty- s 134) 1

sy oo lkesqd) = ——— 7~

! kq 52, (1)
k+1 lj ! i

Z xiei(y) | ¢, Z xiei(¢)

J=1 \i=tj—1+1 i=tj_1+1

ook t) = () = 0p(1), &) = (Y= %iBy(®) . i=1,....m
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Non-trending regression and AR models

Let W(-) be a vector of g independent standard Wiener
processes on [0, 1]. Under Hy (m = 0) and given assumptions,
as n — oo,

d
DF; (M; — F(A, .o A
) PO

with

def 1 AW (Nis1) J+1W(/\)H
F, .o e q)
s b Z ANt Oyt — )

and the supremum is taken over the set
AEJ{: {()\1,...,)\k) : )\J'Jrl —)\j ZE, VjZO,...,k}.
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Trending regression

F-type test statistic
M-type test statistic
Limit null distribution
Approximations to CV

c d
DFn(vavq) - lg}(aév[{(

where Fp(A1,..., \;q) =

sup Fh()\la---a)\k;Q)}y

)\1,...,/\;()6/\571(

lq{ — Wa(1)C(1) "' Wy(1) +

> (Wa(y) = Wa(A-1) (€)= C=1)) " (Wa(Ny) = Wi(N-1)) }

Wil = [ h()aW (),

A ={(\,..
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Permutation version of F-type test statistic

DF:(M,q,R) = ma ma Fu(ti,...,t;q,R
2,4, R) 1§k§)§w(z1,...,tk))éT&k n(n k4, R)

with
Fn(tla “e atk;qaR)
1 n / n
= W — inél?; C;l Zx,'ék[
n i=1 i=1

!/

k+1 i i
A 1 N
+ E E X;€eR; Ctj—IJj g XiCR, s
J=1 \i=tj_1+1 i=ti_1+1

where éeg,, ..., eég, are permuted L,-residuals.
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Permutation version of M-type test statistic

DFt(¢,M,q,R) = F.(Y,t,...,t:;9,R
2(Y,M,q,R) 12«2§XM(z1,..r.I,}S)éTs,k 2 (0,1 9, R)

with
Fn(¢7t17 e Jk?%R)

- y i/n)eg. (Y , 1 ; i/n)eg. (Y

i=1
/
k+1 i i
+> 1 D mli/mer )| €11 D Rh(i/n)er,(v)
J=1 \i=tj—1+1 i=tji_1+1

where ¢g, (v), ..., er, (1) are permuted M-residuals.
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Theorem

LetY = (Y1,...,Y,) follow the model with m > 0 changes. Then
under the considered assumptions, for arbitrary x € R, as

n— 00,
v)
P

— P max sup FAr, oo \) <x,
IsksM (A1) EA &

P max max  Fu(t;,...,t,q,R) < x
1<SKSM (t1,...,18) €Tc

where F(Aq, ..., \) is a random variable such that
Fn(l‘l,...,l‘k,q)LF()\l,...,)\k) under Hy, n — oo.
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QQ plot for the null distr. of DF:(g, M) vs. DF:(q, M, R)

n=180,M =2, =0.15,g=1
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SPC plots for DF: (g, M) with respect to perm. distr.

Size-power-curves plots; n = 180, M =2, =0.15, g =1
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Fitted models

Segmented model with linear / quadratic trend with k changes

Y;

Y;

i:tj,1—|—1,...,l‘j,

n = 159 (years 1850, .. .,2008)
ne = 159 % 0.05] = 7 years
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F-type tests
qg F,(1,9) F,2,q9) F,3,q9) F,(4,9) F,(5,9) DF,5,q)

2 496 47.7 40.7 37.8 33.6 49.6
3 145 20.6 17.4 16.0 14.3 20.6
Permutation critical values

q=2 q=3
90% 95% 99% 90% 95% 99%

Fi(1,q) 5893 6921 8937 4938 5563 6.768
F5(2,q) 5.363 5.965 6.876 4.589 5.037 5.895
F(3,q) 5.014 5497 6.649 4313 4.765 5.378
Fi(4,q) 4.813 5274 6.340 4.193 4.542 5.182
Fi(5,q) 4.664 5068 6.036 4.101 4.380 5.028
DF:(5,q) 6.080 6.956 8937 5.093 5.767 6.768
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Segmented models with linear

trend
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Conclusion

Tests for detection of multiple changes
@ F-type tests (Bai and Perron, 1998)
@ Generalized M-type tests

Models

@ Linear regression models with non-trending or trending
regressors and independent errors

@ Autoregressive models

Approximations to critical values
@ Bootstrap with or without replacement
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