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Y =
n∑

j=1

cj χ2
j (1), c1 ≥ c2 ≥ · · · ≥ cn > 0.

Y = (Y1, . . . ,Yn)
T ∼ N(0, R)

||Y||2 =
n∑

j=1

λjX
2
j ,

kde {Xj} i.i.d. N(0, 1) a {λj} vlast. č́ısla matice R .

Johnson –Kotz: Continuous univariate distributions, vol.1, chap. 18 (8),
Wiley & Sons (1994)



Charakteristická funkce

ϕ(t) =
n∏

j=1

1

(1 − 2icj t)1/2

Imhof (1961) ... numericky invertovat
Můžeme spoč́ıtat přesně, pokud se jedná o lineárńı kombinaci
exponenciálně rozdělených náhodných veličin.

P
( p∑

j=1

c̃jχ
2
2(2νj ) > x

)
=

p∑
j=1

1

(νj − 1)!

( ∂νj−1

∂cνj−1 Fj(c , x)
)

c=c̃j

Fj(c , x) = cq−1 exp
{ − x

2c

} 1∏p
r �=j(c − c̃r )νr

, q =

p∑
j=1

νj



Fatalov-Richter (1992) - Metoda sedlového bodu pro Laplaceovu
transformaci:
c1 = · · · = cm > cm+1 ≥ · · · ≥ cn

Q(x) = P
( n∑

j=1

cj

(
χ2

j (1)
)

> x
)
∼ exp{− x

2c1
}( x

c1

)m/2−1

2m/2−1Γ(m/2)

1∏n
j=m+1

(
1 − cj

c1

)
pro x → ∞.

Poznámka.
Pro funkci přežit́ı G (x ;m) a hustotu g(x ;m) rozděleńı χ2(m) plat́ı

G (x ;m) ∼ 2 g(x ;m) pro x → ∞.

Intuitivně bude fungovat, jestliže
1) cm+1, . . . , cn relativně malé vzhledem k c1,
2) m bĺızko 2.



Field (1993) - Metoda sedlového bodu v inverzi charakteristické funkce

ϕ(it) = exp{K (t)}; K (t) =
n∑

j=1

−1

2
log(1 − 2cj t)

Necht’ x je fixńı a T̂ je řešeńı rovnice:

K ′(t) = x , tj.
n∑

j=1

cj

1 − 2cj t
= x .

Necht’ Ŵ =
√
−2

(
K (T̂ ) − T̂ x

)
,

pak

Q(x) ≈ 1 − Φ(Ŵ ) + φ(Ŵ )
( 1

T̂

√
K ′′(T̂ )

− 1

Ŵ

)
.



Daniels (1987) - Metoda sedlového bodu pro inverzi charakt.fce pro
pr̊uměr
X1, . . . ,Xn i.i.d. s k(t) = log(ϕ(it)).
Necht’ t̂ je řešeńı k ′(t) = x̄ , pak

Qn(x̄) =
1

2πi

∫ c+i∞

c−i∞
en(k(t)−tx̄ ) 1

t
dt =

1

2πi

∫
bt+i∞

bt−i∞
en(k(t)−tx̄ ) 1

t
dt

Aproximace

en(k(t)−tx̄ ) = en(k(t̂)−t̂x)−n(k
′′
(t̂)/2)(t−t̂)2(1 + nC3(t − t̂)3 + . . . )

vede na

Qn(x̄) ≈ en
(
k(t̂)−t̂ x̄

)
√

2πnk ′′(t̂)

1

t̂
.



Pro fixńı x̄ definujme ŵ =
√

−2
(
k(t̂) − t̂ x̄

)
. Použijme substituci

(1/2)w2 − ŵw = k(t) − tk ′(t̂). Potom

Qn(x̄) =
1

2πi

∫
bw+i∞

bw−i∞
en((1/2)w2−bww) 1

w
dw+

+
1

2πi
e−(1/2)bw2n

∫
bw+i∞

bw−i∞
e(1/2)n(w−bw )2

(1

t

dt

dw
− 1

w

)
dw

≈ 1 − Φ(nŵ) + φ(nŵ)
( 1

t̂
√

k ′′(t̂)
− 1

ŵ

) 1√
n
.



Fieldova aproximace bude fungovat dobře, pokud budou včechny
konstanty {cj} přibližně stejně velké. Překvapivě funguje dobře i v dost
obecných př́ıpadech.
Moje konstanty (1.9104, 1.7706, 1.5648, 1.3266, 1.0904, 0.8841, 0.7245,
0.6161, 0.5534, 0.5249, 0.5177, 0.5165).
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pst hodnota Field Fat.-Richter

0.60 12.445 0.60254
0.70 14.027 0.70241
0.80 16.059 0.80150 0.60321
0.90 19.265 0.90103 0.84349
0.95 22.265 0.95063 0.93360
0.96 23.207 0.96058 0.94917
0.97 24.412 0.97055 0.96385
0.98 26.065 0.98038 0.97730
0.99 28.829 0.99017 0.98953
0.995 31.621 0.99517 0.99519
0.999 37.788 0.99903 0.99912
0.9995 40.527 0.99953 0.99959



Konstanty (0.45,0.45,0.05,0.05)
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