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Introduction

e Procedures on stability of statistical models - structural breaks, Rk

in trending

disorder, stability, segmented regression, switching regression, regression
change point problem, etc. e

Huskova

e Observations Yi,..., Y, obtained at the ordered time points introduction
t1 <--- < t, such that

Y1,..., Yk» — model |

Yity oy Yo — model Il

k* — change point — unknown

e The problem: to detect ( to test Hy: no change & H;: there is a
change), to identify k* ( to estimate k*) and to estimate the
model before and after the change.
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Introduction

Change point

e Many variants — multiple changes, abrupt changes, gradual in tronding

regression

changes, changes in various parameters, changes in
distributions, independent observations, dependent "
observations.

Introduction

e Construction of tests and estimators — various approaches as
in most of the statistical problems.

¢ Theoretical problems and theoretical problems.

¢ Applications (meteorology, climatology, hydrology or
environmental studies, econometric time series, statistical
quality control, etc.)
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Regression model-formulation

Regression model- formulation o tining

regression

Marie

Y1,..., Y, are observed at time points t; < --- < ty: B

Y; =x!B+ei, i=1...,k*
=x/B+x6+e, i=k"+1...,n,
ei,...,e, — random errors —i.i.d., zero mean, nonzero variance
o2 and finite E|e;|>"2 with some A >0
3,6 # 0 — parameters

k* .... change point
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Regression model-formulation

Change point

X1, ...,X, — p-dim. design points (random or nonrandom): in trending

regression

i ion: 1 3k T~ k
nontrending regression: ©- > ", x;x; =~ 7C, k<n
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Regression model-formulation

X1, ...,X, — p-dim. design points (random or nonrandom):

nontrending regression: 1 Z, 1 Xi x C k<n
trending regression: x; = h(i/n),i = 1,...,n, h smooth
nonconstant vector function

Main problems:

Ho : no jump in regression & H;: at most one jump

estimators of change points
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Regression model-formulation

Test statistics Change point

in trending
regression

Marie
Th= P§T<a,>1<_p { <Bk - ﬁi)TfZI (Bk - BZ) } o

e 3, —LSE of Bbasedon Yi,..., Y

e 3, —LSE of Bbased on Vi1, ..., Yo

o £, is an estimator of the variance matrix of 3, — 3

Equivalently

1

T.= max {sTc—lc c9)-ls 7}

n p<ken—p k ~k ”( k) kU% )
k ~

Sk = Zi:l X;€;, k = ]., ey Ny

e =Yi—x!B, i=1,...,n—-residuals

Cr=>r xx, C¥=cC,-C,
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Regression model-formulation

Test statistics Change point

in trending
regression

Marie

To= ma (B BOTES (B - AL))

p<k<n—p
e 3, —LSE of Bbasedon Yi,..., Y
e 3, —LSE of Bbased on Vi1, ..., Yo
o £, is an estimator of the variance matrix of 3, — 3

Equivalently

1
T,= max {sTc—lc c9)1s 7}
n p<ken—p k ~k ”( k) kU% )
k ~
Sk=> %€, k=1,..,n,
e =Yi—x!B, i=1,...,n—-residuals
k
52 is an estimator of var e; = 0

Marie Huskova (Charles University, Prague) Change point in trending regression




Regression model-formulation

Change point

Critical regiOnS in trending
-,—n > Cn(O[) regression

Marie

Huskova

cn(a) — critical value

a — level

Approximation of the critical values:
(i) limit distribution of T,, under Hy;

(if) resampling methods (bootstrap)

Estimator k* of the change point k* defined as such k* it
maximizes w.r.t. k

{(Be=BOTES (Be - Bo)}
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Some asymptotics

Test statistics:

Th = max {(Bk - ﬁi)Tf:;l (:Bk - BZ) }

p<k<n—p

Ta(e) = snékrr%;(]i(_s)n{...}, 0<e<1/2

nontrending and polynomial regression:

lim P(a(log n)(T,)Y? < t + by(log n))

= exp{—2exp{—t}}, t € R},
a(y) = (2logy)/?,
bp(y) =2logy + 5 loglogy — log(2r(p/2)),y > 1,

x;i = (1,i/n,(i/n)?,...,(i/n)P~)T, i=1,....n
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Some asymptotics

nontrending regression e e
regression
p 2 rle
{ i1 Bi (1) } Hosears

Ta(e) _d sup 1= 1)

e<t<l—e¢

{Bj(t);t € (0,1)}, j =1, ..., p, — independent Brownian bridges

trending regression x; = h(i/n)

Some

To(e) =9 sup  ST(£)C(t)CH(1)C(£)S(¢t) Somtatics

e<t<l—e

t 1
S(t)_/o h(x)dB(x)—C(t)Cl(l)/O h(x)dB(x), t € [0,1]

with {B(x), x € [0, 1]} being a Brownian bridge,
C(t) = limp_ o %CLntj
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Trending regression

Trending regression i eonting

regression

Marie
Huskova

Assumptions
e (A.1) The sequence (e;: i > 1) satisfy
Ele]] =0, E[e’] =02 >0 (1)
e (A.2) There are independent standard Brownian motions
(Wi n(t): t >0)and (Wa ,(t): t > 0) such that

1 Trendir’g
o regression
LR K |2 =0p(1)  (n—o0) (2)

k
> e — TWan(k)
i=1

and

i e — TW27,,(n — k)

i=k+1

—0p(1)  (n

1
n/r2n<akx<n (n— k)t/v

with some v > 2and 7 > 0.
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Trending regression

Change point

e (A.3) The components of h(.) are continuous on [0, 1]. The in tronding
matrices [} h(x)h" (x)dx and [ h(x)hT (x)dx are regular for |
all t € (19,1 - t°) for all ¢ € (0,1/2).

e (A.4) There are p linearly independent p-dimensional
vectors aoy, . . ., agp @and nonnegative 0 < yo1 < ... < Yop
such that

Marie

lim sup ‘ g aget™t| <
t—0 t'Y p+1

Trending
regression

o (A.5) There are p linearly independent p-dimensional
vectors aiy, ..., a1, and nonnegative 0 < y11 < ... < 7y1p
such that

< 0. (5)

lim sup ‘ E ate
1 t’Ylp‘H-
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Trending regression

Particular cases: el

regression

e polynomial regression Marie
h(t) = (£7,...,07) T, te[0,1], 0<m<.. <7

e harmonic regression
h(t) = (cos(2mtw), sin(2mtwi), . . ., cos(2mtwp), cos(2mtw,)) T, t € [

wi, ... ,wp KNOWN,

e independent ey, ..., e,: T = 0. Trending

regression

e dependent ey, . . ., e, the estimator with flat top kernel used:

n qn

D RS S 3 S

j=1
/e\j = YJ - XJTBm €p = %27:1 G
Wy = 1{1 < < quf2} +2(1 — j/an){an/2 < < a0}
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Proof
Proof
Recall notation:

Tn = MaXp<k<n—p Vk(Tz/?rZI)

Vi =S C,1C,(CY) 1Sk /72
S, = Zk xje,, k=1,...n,
& =Y, —x/B,, i=1,...,n—-residuals

Cr=>r xxT, C)=cC,-C

x; = h(i/n)
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Proof

Main step of the proof
e The limit behavior of T, is the same as max(T,o, Tp1)

Tnoz max Vk
p<k<nsp
Th1= max Vg
p<n—k<nsp

for some s, — 04, T,0 and T,; are asymptotically independent.

e T,o has the same limit distribution as

T = max Z/M.'Z,/r?
p<k<nsp

Zk = E?:l Xi€j, Mk = Efle X;XIT.
e T will not change if x; is replaced by x? = Ax; with arbitrary

nonsingular p x p matrix A.

o maxy<k<n/a [Zk — T 3 jey Xi(Wan(j) — Wan(j — 1))| = op(n™")
for some x > 0.
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Proof

Change point

o After some steps we get that T, has the same distribution as [yt

regression

1
max —
kn<k<ns, kT

with Qg = S ((i/k)1, . = (i/k)re) T g
Re = (1 S,/ k )

v,r=1

QZR;le Marie

Huskova

e Finally, we get that T, has the same distribution as
sup Q(t)TV(t)'Q(1)

an t<nsp

1 t
Q(t) = <ﬂ°‘3+1/2/o X dWp1(x); £ =1,.. .,p)

1 t
— +You! . _
v(e) = (ﬂoz-l-%e-f—l/o x0Tt dx; M’—l,.--,p)

o After exponential transformation Q(t)"V(t)~1Q(t) is a norm of
stationary Gaussian process results of Albin, Piterbarg,
Jaruskova etc. are applied.
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Simulation and Application
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_ 6/ 3 2rj. 3 . 2« 9 2r 1 . 2w
Y/ = 4+7+§COS(E)+§S|n E)+170COS(H+§S”](H)

j=1,...,200
e;j —either AR(1) or MA(1), normal distr.

Change point k* = 100 either in the intercept or in one harmonic
regressor

1000 repetitions

Simulation

critical value obtained through circular block bootstrap and

Application
Hf\l) change in intercept, AR (1) or MA(1)
Hﬁ\l) change in one regressor, AR (1) or MA(1)
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Simulation and Application
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Figure 4: _Time series plots of the processes under H' with § = 2 (upper panel) an i
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Simulation and Application
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Simulation and Application

Figure 3:  Size-power curves for H{’ (upper half) and H (lower half) for the asymptotic

modification (first and third line) and the the circular bootstrap (second and fourth line) with
AR(1) innovations (left) and MA(1) innovations (right).
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Simulation and Application

Change point
Data in trending

regression

Marie

Monthly air traffic data Hugkovs

model through the root of data, n = 159

q
Vi = Bo+ Buj/n+ > (85 cos(@mwani/n) + B sin(2mwani/n)) + ¢
/=1

g =4, w; =2/160, w3 = 13/160, w3 = 40/160, w; = 80/160

wy —annual cycle Simulation

and
Application

w3 — quarterly cycle

w4 —two months cycle

~

k* =69
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Figure 6:  Square root, transformation of the monthly air carier traffic data (upper panel) and its
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Figure 7:  The fitted model based on the proposed data segmentation procedure (upper panel) and
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