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Definice

Budeme se zabyvat optimalizatnimi dlohami.
UvaZujme metricky prostor X" a funkci f : X — R = [—o0, +o0].
Zajima nds minimalni hodnota funkce f na X

e(f)=inf{f(x) | xe X}. (1)
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Definice

Hodnota +o00 vznikne p¥episem podminek A C X, za nichz
minimalizujeme funkci g : A — R. Tedy dlohu

inf{g(x) | x€ A}
pfepisujeme na tvar

inf{f(x) | xe X},
kde

f(x) g(x) prox €A,

= 400 prox ¢ A.
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Definice

Funkce, které nabyvaji pouze hodnoty +oo nebo jejichZ minimalni
hodnota je —oo, nejsou z hlediska optimalizace pf¥ili§ zajimavé.

V dal3im se proto omezime pouze na funkce, které jsou vlastni, tj. pro
néz o (f) € R.
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Definice

Definujeme mnoZinu v8ech minimdlnich Yeseni

O(f) ={xe X [f(x)=¢(f)}, ()
mnoZiny v8ech e-minimalnich ¥eSeni
V(f;e)={xeX |f(x)<e¢(f)+e} VeeR, (3)
a urovilové mnoziny
leva (F)={xe X |f(x) <A} VAEeR. (4)

Potfebujeme také vhodnou ,,miru vzdalenosti“ mezi dv&mi mnoZinami.
Takovou vhodnou mirou je excess z mnoZiny A C X do mnoZiny B C X

excess (A, B) = sup mf d(a b), (5)
acAb

kde d je metrika na X.
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Definice

Aproximativnim YeSenim minimalizace funkce f na mnoZiné X budeme
rozumét § € X, které spliiuje bud

eV (f;e)
nebo
0 € leva (f),

pro pfedem zadané e &i A.
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Definice

Zajimame se o posloupnost minimalizagnich dloh minimalizovat funkci f;
na mnoziné€ X pro t € N.

Zajima nas asymptotické chovani pfislusnych aproximativnich ¥eSeni.
Jejich konvergence a ¥ad konvergence.
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Definice-posloupnost

Posloupnosti aproximativnich ¥eseni chdpeme posloupnost 6, € X', t € N,
ktera spliiuje bud, pro pfedem zadan3 ¢, t € N spliiuji

01— S \U (ft, €t) 5
nebo pro predem zadand A, t € N spliiuji

0; € leva, ().

Petr Lachout MFF UK, UTIA AV €R

Aproxi ni feSeni a hodnota ugelové funkce



Nahodnost

Nyni pFidejme zavislost sledovanych dloh na ndhodé. Budeme uvaZovat
pravdépodobnostni prostor (€, A, Prob) a pro t € N

fi: X xQ—=R, o(fi(e,w) ERVw e Q,
Et:QﬁR.

At:QHR.
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Nahodnost

Nyni musime zobecnit, vysvétlit pojem posloupnosti aproximativnich
feSeni pro pt¥ipad, kdy ulohy zavisi na ndahodé.

Budeme uvaZovat posloupnost zobrazenf 0,:Q— X, teN.
Mdme nékolik moZnosti, jaké vlastnosti, kvalitu od ni vyZadovat.
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Nahodnost-1

Posloupnost HAt :Q — X, t € N nazveme
nahodna e-minimalni ¥eseni, pokud

0: (W) e V(fi(o,w)e(w)) VYweQVteNl,
nahodna droviiové-minimalni ¥eSeni, pokud

O (w) € leva,w) (f(e,w)) VYweQVteN.
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Nahodnost-2

Posloupnost ét :Q — X, t € N nazveme

skoro jist& e-minimalni ¥eSeni, pokud existuje Qg C Q takové, Ze
Prob(Qp) =1 a

0: (w) € V (fi(o,w); e¢(w)) VweQVteN,

skoro jist& troviiové-minimalni Yeeni, pokud existuje Qy C Q takové, Ze
Prob () =1a

0, (w) € leva,(w) (fi(e,w)) VweQyVteN

MFF UK, UTIA AV €R
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Nahodnost-3

Petr Lachout

Posloupnost ét :Q — X, t € N nazveme

striktné asymptotickd e-minimalni ¥eSeni, pokud existuje Qy C Q takové,
e Prob(Qp)=1aVweQ

0: (w) € W (fi(e,w);er(w)) vV t € N dostatetné velka,

striktné asymptotickd droviiov&-minimalni Yeseni, pokud existuje Q¢ C Q2
takové, Ze Prob(Qp) =1aVw e Q

~

0: (w) € leva,(w) (fi(e,w)) vVt € N dostatetné velka.
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Nahodnost-4

Posloupnost 6, : Q — X, t € N nazveme
slab& asymptotickd e-minimalni Yeeni, pokud

t_IETOO Prob, (w € : b (w)e \I!(ft(o,w);et(w))) =1,
slab& asymptoticka droviiové-minimalni ¥eseni, pokud

lim Prob, (w € 0 (w)e IevAt(w)(ft(o,w))) =1

t—-+400
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Konvergence

Cilem je ukazat asymptotické chovani ndhodnych aproximativnich YeSeni.
JelikoZ v8ak nepredpokldaddme méfFitelnost, je teorie konvergnci trochu
sloZit&jsi. Budeme uvaZovat &tyfi typy konvergence: as, as®, v Prob™. a v
distribuci. Definice téchto konvergenci, jejich vlastnosti a vztahy jsou

uvedeny v [VaartWellner(1996)].
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Konvergence

Je t¥eba si uvédomit, Ze sta&i vySetfovat pouze ndhodnd e-minimalni
FeSeni.
Vsechny ostatni typy lze na né prevést.

Petr Lachout MFF UK, UTIA AV €R

Apro: celové funkce



P¥evod

NejdFive si poviimnéme p¥imého vztahu mezi e-optimalnim ¥eSenim a
level-optimalnim ¥eSenim.

W (h;e) = levgnye (), (6)
leva (h) = W (h; A — ¢ (h)). (7)
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Konstrukce

UvaZujme posloupnost zobrazenf{ 0At Q- X, teNag : Q- Ry,
t e N.

Zvolme libovolng, ale pevng, a; : 2 — R s vlastnosti

lim;— 400 a¢(w) = 0 pro kazdé w € Q.

Nyni dokdZeme vybrat &; : Q — X, t € N tak, Ze

&(w) e V(f(w)ier(w) + ar(w)) Yw e, Vet e N.
PoloZzme dale
ne(w) = B (w) kdyZ 0, (w) € W (A(-w);ee(w))
= &(w) jinak.
Konstrukce dava posloupnost 7, t € N, kterd spliiuje

Ne(w) € V (-, w) ee(w) + ar(w)) VYw € Q, Vit € N.

Nyni porovname asymptotické vlastnosti 0, tcNa Ne-t € N
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Konstrukce-vztahy

Lemma
Necht 0, : Q — X jsou skoro jist& e-minimaini Feseni nebo striktn&
asymptoticka e-minimalni Fesent.
Pak, existuje Qo C Q, Prob (Qq) = 1 tak, Ze pro kaZdé w € Qq

Ot (w) =ne(w) VteN dostatecné velka.
Ndsledné& pro kaZdé w € Qq,

Ls (ét (W), te N) = Ls(ne(w), t € N).
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Konstrukce-vztahy

Oznatme &(w) = limsup,_, , o €¢(w).
Kdyz vezmeme ndhodnd zobrazeni 7 : Q — R, pak pro kazdé w € €

lim 7(w) [ft(ét (W), w) — ft(nt(w),w)] -0,

t——+4o0

lim 7¢(w) [excess ({ét (W)}, V (fi(e,w); E_(W))> -

t——+o0

- excess({nt(w)},\Il(ft(o,w);s'(w)))] =0.
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Konstrukce-vztahy

Lemma
Necht 0, : Q — X jsou slab& asymptotickd e-minimaini Fesen/.
Pak,

lim_Prob, (9t - nt) ~ 1
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Konstrukce-vztahy

Oznatme &(w) = limsup,_, , ., e¢(w).
Ndsledn&, kdyz vezmeme ndhodnd zobrazeni 7 : Q — R, pak

7o [£(8) — filnd)| 20,

t—-+o0
Tt [excess ({ét}7 v (ﬂ;g)) _

— excess ({1}, V (f; 5))1 _Prob” o,

t—-+o00
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Appendix- Topology

We have to recall a few from topological terminology.

Definition

For a sequence n,, n € N in a metric space W, we denote the set of its
cluster points by Ls(n,, n € N), i.e.

Ls(n,, n € N) = {w ew ’ 3 subsequence s.t. } “T Ny = w} )
— 100
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Appendix- Topology

Definition
For a sequence A,, n € N subsets of a metric space VV, we denote the set
of its cluster points by Ls (A,, n € N), i.e.

3 subsequence A,, and a sequence 1y € Ap,
Ls(An,neN):{z/)EW s.t.klim N = }
—+00
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Appendix- Topology

Definition
We say that a sequence 1, n € N in a metric space VW is compact if
each its subsequence possesses at least one cluster point.

Compact sequence in metric space possesses an equivalent description.
Lemma

Let n,, n € N be a sequence in a metric space W. Then, the following
statements are equivalent:

1. The sequence is compact.
2. There is a compact L C W tak, Zen, € L for all n € N.
3. Theset{n, | n€ N}ULs(n,, n € N) is compact.

Petr Lachout MFF UK, UTIA AV €R

Aproxi a hodnota déelové funkce



Appendix

ooe

Appendix- Topology

Lemma

Let n,, n € N be a sequence in a metric space W and K C W be a
compact. If for every open set G D K there is an ng € N tak, Zen, € G
forallneN, n> ng.

Then the sequence is compact and Ls(n,, n € N) C K.
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Appendix-Nonmeasurable mappings

This auxiliary section contains all necessary theory na nonmeasurable
mappings. Definitions and relations are taken from [VaartWellner(1996)],
chapter 1.9., p.52-56. All proofs can be found in [VaartWellner(1996)],
also.

Definition
For a set B C Q its outer probability is defined as

Prob* (B) = inf{Prob(A) | BC A, Ac A}
and the inner probability is

Prob, (B) = Prob™ (2 \ B).
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Appendix-Nonmeasurable mappings

Definition B
For a mapping T : £ — R the outer integral is defined as

E*[T]=inf{E[U] |[U>T, U:Q—R measurable and E [U] exists }
and the inner integral is

E.[T] = —E*[-T].

MFF UK, UTIA AV €R
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Appendix-Nonmeasurable mappings

Lemma B
For any mapping T : Q — R there exists a measurable funkce
T :Q — R with

1. T*>T;

2. T* < U aus. for every measurable U : Q — R with U > T.

The funkce T* is called a minimal measurable majorant of T and is not
uniquely defined.
The funkce T, = —(—T)* is called a maximal measurable minorant of T.
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Appendix-Nonmeasurable mappings

Lemma B
Forany T:Q — R

1. E*[T] = E[T*] if one of these integral exists;
2. E.[T] = E[T.] if one of these integral exists.
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Definition
Let X be a metric space with metricd and X,,X : Q — X, n € N be
arbitrary maps.

» X,, n € N converges almost surely to X if

Prob, < lim d(X,, X) = O) =1

n—-+4o00

. as
We use notation X, ———— X.
n— 400

» X,, n € N converges almost uniformly to X if for every € > 0 there
exists a measurable set A, C Q with Prob (A:.) > 1 —¢ and
d (Xn, X) — 0 uniformly na A., i.e.
sup,ea. d (Xa(w), X(w)) — 0. We use notation X, ——— X.

n—-+4o00

MFF UK, UTIA AV €R
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Definition

» X,, n € N converges outer almost surely to X if

d (X, X)* a—i> 0 for some versions of d(X,, X)".

. as™
We use notation X, X.
n—-+o0o

» X,, n € N converges in outer probability to X if

for every ¢ >0 Prob™ (d (X, X) >¢) — 0.

. Prob™
We use notation X, ——— X.
n—-+o0o
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Appendix-Nonmeasurable mappings

There are known relations between all of these notions of convergences.

Lemma

Let X be a metric space, X : 2 — X be Borel measurable and
Xn: Q2 — X, n €N be a sequence of arbitrary maps. Then,

> X, —2 . X implies X, ﬂx and X, —=— X;
n—+o00 —+00 n— 400

> X, =X if and only if X, —>X

n—-o00 ——+00
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Definition
Let X be a metric space. The sequence X, : Q — X, n € N of arbitrary
maps is called asymptotically measurable if

E* [f (X,»)] — E« [f (Xs)] ——0

n—-+o00

for every bounded continuous funkce f : X — R.

Petr Lachout MFF UK, UTIA AV €R

Aproxi ni a hodnota utelové funkce



Appendix
0000000000000 00

Definition
Let X be a metric space. The sequence X, : Q — X, n € N of arbitrary
maps is called strongly asymptotically measurable if

7c()<n)* - f(Xn) = 0

*
n—-+o00

for every bounded continuous funkce f : X — R.
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Appendix-Nonmeasurable mappings

Definition
Let X be a metric space, X, : Q2 — X, n € N be an asymptotically
measurable sequence and X : Q — X be random variable. We say that
Xn, n € N converges in distribution to X if

E*[f (Xo)] —— E[f (X)]

n— 400

for every bounded continuous funkce f : X — R.

We use notation X, X.

n—-+oo
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Appendix-Nonmeasurable mappings

Lemma
Let X be a metric space, X : 2 — X be Borel measurable and separable,
and X, : Q — X, n € N be a sequence of arbitrary maps. Then,

Xn —*" . X ifand only if X, .TX and X,, n € N is strongly

n——4o00
asymptotically measurable.
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Appendix-Nonmeasurable mappings

Lemma
Let X be a metric space, X : 2 — X be Borel measurable and separable,

and X, : Q — X, n € N be a sequence of arbitrary maps, which is

asymptotically measurable. Then, X, ai X implies X, PfoX .
n—-—+o0o n—-—+0o0o
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Appendix-Nonmeasurable mappings

Lemma
Let X be a metric space, X, : Q2 — X, n € N be an asymptotically

measurable sequence and X : Q — X. Then

> If X, — P X then X is measurable, i.e. it is a random variable.

n— 400

* . . D
> X, —=—— X implies X, ——— X.
n—-+4o00 +

n—-—+0o0
Prob™ . . D
> X, —— X implies X, ——— X.
n—-4oo n—-+oo
D . Prob™*
» If X, ——— X and X = c is nonrandom then X, ——— X.
n—+o00o n—-+o00
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Portmanteau lemma

Lemma

Let X be a metric space, X, : Q — X, n € N be an asymptotically
measurable sequence and X : Q — X be random variable. Then the
following is equivalent:

> X ——— X
n—-+o00
E* [f (Xn)] . E[f(X)] VfeG(X).

E. [f (Xn)] —— E[f(X)] VfeC(X).
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Portmanteau lemma

liminf Prob, (X, € G) > Prob(X € G) V GeG(X).

n—-+o00

limsup Prob™ (X, € F) <Prob(X € F) V F e F(X).

n—-+o0o
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