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e this problem is a generalization of the problem solved in [3]
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1 Introduction

e more general problem of maximization of information divergence from exponential family

emerged in probabilistic models for evolution and learning in neural networks, based on infomax principles

e maximizers admit interpretation as stochastic systems with high complexity w.r.t. exponential family

e weakly speaking, the problem is to find all (empirical) distributions (data), which lies farthest from the model,

when modelling by the exponential family; in the sense of Kullback-Leibler divergence and maximum likelihood estimation method

e in other words, in specific situation of multinomial family (/N id.indep.trials each with n possible outcomes; N = 2,n = 2 fixed)

M{(Q(z)(f)Hﬁ) :pG[O;l]",ijl}, Z:{ze{o,l,...,N}”:sz:N} the state space , <Z>:L
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2 Preliminaries

[t nonzero reference measure on a finite set Z

e Exponential family &, ;= {Qu,f,ﬁ ~ (e u(z)), 0 € Rd} £:7 — R the directional statistics

Theorem 1 Let P € P(Z), u be a strictly positive measure on Z (s(u) = Z), € = &, be the exponential family.
Then there exists unique rl-projection (generalized MLE; GMLE) P¢ € €, s.t. P® = arginf D(P||Q) = arg min D(P||Q).
Qe Qe&
For P empirical distribution, s.t. P¢ € £, P¢ is the MLE for data with emprical distribution P. Details in [2].

o M =CE,;with f(z) =z pu(2) = (), ZEZ:{ZE{O,I,...,N}”:Z?12]-:]\7}

z
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e denote X = {1,... ,n}N, for permutation 7 € Sy, 7 : {1,..., N} = {1,...,N}, 2z € X and P € P(X) dentote 2™ = (2(1), ..., Tx(n)) , P7(x) = P(z™)

e Exchangable distributions & :={P € P(X): P(z) = P(2™),z € X;Vr € Sy}

e I-factorizable distributions F := {Q e f(X) :Q(x) = Hiil Qi(z;),x € X}, Qi(x;) = Z Q(x'),i=1,..., N are the marginals
z'eX:

I
T;=1;

Lemma 2 DenoteXZ::{xGX:VjE{l,...,n}:]{z’e{l,...,N}:xi:j}\:zj},zEZ(remindZ:{ze{O,l,...,N}”:Z” zj:N}). It holds:

j=1

(i) The mapping h: P(Z) S € such that h(P) =P, P'(z) = I(Dj(f)) for z € Z s.t. x € X is a bijection,
—1-1% )

h[f:./\/l<—>Sﬁfzgﬂfandforh_lzgl;}fZ,theinverseofh, h=Y(P") = P and P(2) = (M P'(x for any x € X*.
M z

(i) Forany P € P(Z), Q € M, it holds D(P||Q) = D(h(P)|h(Q)).

)
(ii) Forany P € &, Q € F\ ENF, there exists m € Sy, such that for Q, Q™(z) = Q(x™), it holds Q™ #Z Q and D(P||Q) = D(P||Q).
(iv) Forany P € & D(P||F) = infgeenr D(P||Q) and arginfoceqyr D(P||Q) = PT € ENF.

)

(v) sup D(P|M) =supD(P|ENF)=supD(P||F)< sup D(P||F) and argsup D(P||M) = h™!(argsup D(P||E N F)) = b~ (argsup D(P||F)).
pPece Pece pPee pPee

PeP(2) PeP(X) PeP(Z)
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o PcP(X): D(P||F)= M(P), the multi-information

. . . 1 N-1
Theorem 3 (Maximizing the multi-information) zgg sup D(P||F) =< Pn = - 25(]-7772(]-)7.“77TN(!7~))T (= (mg,...,7N) €S, ;
eP(X) =1
D(Py||F)= (N —1)Inn and PF =UX = nLN erX 0z, VII € ST]L\Ll. Main result of [1].
ii = (0. ... 20,...,0,)7 7 = Ggeii
3 Result Notation: (0,--+,0,1;,0,.....,0n) ‘ >
= (0,...,0,15,0,...,0,1;,0,...,0,)7 & =251,k <1
Corollary 4 (Maximizing D(-||M)) argsuppep(z) D(P|M) = h™' (€ Nargsuppep(x) D(P|F)).
1 _ Vi ke {l,...,n}: . w1
For N =2, argsup D(P||M) = P, = — ) res,: , . ¢. For N > 2, the only maximizer Plq = h™(U") = = Jneii-
PeP(2) n je{;m}: [7(j) = k] =[x (k) = J] n Z
J<m(4)
sup D(P|IM) = (N —1)In(n) and for every maximizer Py, it holds P (z) = Eﬁv) 2 EZ.

PeP(Z)

e application of Theorem 1, Lemma 2 and Theorem 3 essentially simplified proof (and in more general situation) than proof given in [3]

N=2n=3

argsuppx) D(P||F) =

{3 (011 + 522 + 533) 3(511 + 023 + 032),
(513 + 022 + 031), = (512 + 091 + 033),
(612 + 023 + 031), 5(513 + 091 + 032) }
argsupg D(P||ENF) =

{ %(511 + 022 + d33), %(511 + 023 + 032),
%(513 + o9 + 031), ;(512 + 921 + O33) }
arg supp(z) D(P|M) =

{ 5(0200 + 5020 + 0o02); 30200 + 30011,
%5020 + %5101, %5002 + %5110 }

4 Further research  (?) for Fi, the k-factorizable, study of D( - |h"'(€ N Fy)) Supp(z) D(P|M) = In3

Wl Wl

%Mzn + d02) -

=51
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