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PAR SLOV UVODEM

Vazené kolegyné, vazeni kolegové,

predkladame Vam sbornik z jubilejni jedenacté letni skoly Jednoty ¢eskych matema-
tikd a fyzikdi ROBUST’2000, ktera se konala ve dnech 11.—15.9.2000 ve vyukovém
stredisku Zapadoceské univerzity v Nec¢tinach. Tato akce byla zorganizovana skupi-
nou pro vypocetni statistiku pti MVS JCMF a KPMS MFF UK za pomoci KTM
CVUT Praha, CSS, PF TUL a KMA ZCU. Organizaci této jiz tradi¢ni akce nam
usnadnila pomoc grantu MSMT MSM 113200008.

Letni skoly se spolu s hosty zucastnilo osmdesat jedna acastnikt. Celkem bylo
pfedneseno 50 prednések, z toho 14 pfednesli postgradualni studenti. K nasi velké
radosti bylo mezi fe¢niky tolik doktorandi, Ze jsme mohli z jejich vystoupeni neje-
nom vytvorit samostatny pildenni blok, ale ocenit téZ nejlepsi vystoupeni/dosazené
vysledky. Komise ve sloZeni prof. RNDr. J. Stépan, DrSc (MFF UK, piedseda), ing.
A. Carda, CSc. (Delloitte & Touche), prof. RNDr. J. Jure¢kovd, DrSc. (MFF UK)
a ing. Z. Roth, CSc, (SZU, piedseda CSS) vyhodnotila vystoupeni t¥inacti pied-
k ocenéni Mgr. A. Fialovou, Mgr. M. Friesla a Mgr. H. Janeckovou. Déle pak na-
vrhla firmé Elkan k ocenéni za nejlepsi prezentovanou praci s vyrazné vypocetnim
zamérenim Mgr. K. Bodléaka.

Dékujeme vSem tcastnikim za prednesené referaty a zaroven za srde¢nou atmo-
sféru, kterou béhem ROBUSTu vytvorili. Organizacni vybor dékuje vSsem prednase-
jicim, kteri zaslali do sborniku svij prispévek. Velice téz dékujeme vSem za pomoc
s recenznim Fizenim. Toto peclivé recenzni fizeni, jemuz nékolik prispévka padlo za
obét, vydani sborniku ponékud pozdrzelo. Na druhé strané vsak, jak se domnivame,
podstatné zvysilo jeho kvalitu.

Na shledani na dvanacté, tentokrat zimni skole ROBUST 02, jez se uskuteéni
ve dnech 21.-25. ledna 2002 v Hejnicich.

V Praze 1.6.2001
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MARKOV POINT PROCESS: 3D VORONOI
TESSELLATIONS GENERATED BY STRAUSS PROCESS

KAREL BODLAK, PETR PONIZIL AND IVAN SAXL

ABSTRACT. The mutual arrangement of points constituting independent re-
alizations of the conditional and unconditional Strauss process with variable
parameters R,y is characterized by the properties of Voronoi tessellations gen-
erated by examined point patterns.

Ab6cTpakr. BzamMmHOe pacmosioskeHue TOYEK, COCTABISIONMMUX HE3ABUCUMDBIE De-
angm3amuy ycJaoBHOTo m Oe3yciosHoro lllTpaycoBckoro mporecca ¢ mepeMeH-
HBIMU IapamMerpamMu R,y xapakTepusyercs cBOMCTBaMu Mo3ank BopoHOBa renep-
MPOBAHHLIX HA OCHOBE MCCJEIyeMLIX TOYEUYEUHBIX MOIEJeNn.

1. INTRODUCTION

The Gibbs point processes [13] describe very large systems in the theories of
statistical physics, e.g. mutual behaviour and arrangement of particles in some ma-
terial at different temperatures. First we consider processes with a fixed number of
points. Let data be represented by a finite point configuration z = {z1,...,z,} in
some bounded subset B of the d-dimensional Euclidean space. The used form of the
probability density function with respect to the Lebesgue measure p is

(1) ful) = 5 exp(~U(2)),

where Z is a normalizing constant, U is the energy function. Usually U is of a special

form
Ux) = > 0(lzi — )

1<i<j<n

The function 6 is called the pair potential and describes attractive and repulsion
forces depending on inter-point distances.

The general form of a density of Markov point processes [12, 13] according to
the Hammersley-Clifford theorem is of the form (1) [4]. Hence all Markov point
prosesses are Gibbs point processes. We assume a special case of the pair potential
6(r) in this work(b > 0, p > 0):

oo, r=0
O(r)=< b, 0<r<p
0, r>p.
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We obtain the specific Markov point process which is called the Strauss point process
[12, 13, 15]. Tts density is

¢l fula) = exp(=bs(@)), p>0,

where s(x) is the number of point pairs the Euclidean distance of which is less than
p. Substituting v = exp(—b), then v € (0,1) and the density (2) has the form

3) fala) = 22",

An elegant approach to a random number of points consists in considering the mea-
surable space (N, N) of finite sets of distinct points in B, - see [4]. Then the Strauss
point process has a density with respect to the distribution of a Poisson point process
with the finite intensity measure p given by

(4) fly) = ap"@y*@ y e N,

where « is a normalization constant, 5 > 0 and v € (0,1) are parameters, n(y) is
number of points. v = 1 gives a Poisson point process with intensity measure [pu.
The parameter v = 0 conditionally on no point pair being closer than p produces
a hard-core process. For v € (0,1), there is a repulsion between the points which
increases as 7y decreases (b is greater). The density (4) is not integrable for v > 1.

The simulation studies of 2D Strauss process [1, 3, 4, 5] have shown the results
as follows. Patterns of a conditional model (fixed number of points n, called also
the canonical ensemble in analogy to statistical physics) show regularity at R = 0.35
(after renormalizing p to the unit point intensity: R = pnt/ 2) not only at v = 0.02
but also at v = 0.5 whereas at R = 1.76 clustering is pronounced at v = 0.05 as well
as at v = 0.02 but the pattern of clusters is quasi-regular in the latter case [4] (n = 50
in a unit square). The clustering at v > 1 is studied in [3] (n = 100 in the unit
square, R = 1, v = 2): an equlibrium state with few clusters and small number of
isolated points was attained already after 200 iterations. As demonstrated by [1], the
transition from the complete spatial randomness (binomial-like process) to clustering
is abrupt without intermediate moderately clustered patterns. On the other hand,
in contrast to hard-core processes of the Matérn type II and SSI (simple sequential
inhibition), Strauss process at v = 0 produces highly regular point patterns with
the packing densities (the area fraction of non-overlapping discs of radius R centred
in the points of the pattern) close to the theoretical values [5].

The process with random number of points (unconditional process, grand canoni-
cal ensemble) is less suitable for the analysis carried out in the present paper because
cluster states cannot be attained by the used MCMC algorithm. A detailed investi-
gation of this case is described in [2].

The methods used in the above papers include visual inspection, estimation of
n(x), s(x), second- and third-order characteristics (the pair-correlation function,
alignment function) and hexagonality number (the probability that a disk of radius
r 2 R centred at a typical point z contains exactly 6 other points like in the close-
packed arrangement of disks). There are no published papers on 3D Strauss model
as yet, at least as far as the knowledge of the authors goes.

Here another approach is chosen, namely the analysis of the Voronoi tessellation
generated by the examined point processes (a similar qualitative analysis was used
in [3] for the 2D nearest-neighbour Markov point process). Because of the one-to-
one correspondence between the generating point process and the tessellation, its
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geometric characteristics sensitively reflect the spatial arrangement of the process.
The standard goal of such an analysis concerns (i.) degree of the regularity of
the pattern (translation lattices produce isohedral tilings, which are more or less
distorted if generating patterns are displaced lattices of the Bookstein model type
- [8]), (i.) hard- or soft-core property (Matérn hard-core processes, process of the
simple sequential inhibition - SSI, Strauss process, (i%2.) mutual independence of
the point positions (stationary Poisson point process), (iv.) tendency to clustering
(Neyman-Scott processes [13], Bernoulli cluster fields [11]). In order to recognize
the basic rule governing analyzed point pattern, it is sufficient to consider the unit
tessellations only, which means that a point pattern is renormalized to the unit
intensity A = 1; then also the mean cell volume Ev = 1/\ = 1 and R = p(En)'/3.
The cell volume variance var v (or, equivalently, CV v) is a sensitive characteristic of
the point arrangement and its estimation is the primary step of the analysis. In the
sequence of the above mentioned cases, var v increases from zero (isohedral tilings) to
0.178 (Poisson-Voronoi tessellation - PVT) and attains typically the values between
1 and 100 for various tessellation generating cluster fields.

Further information is acquired by estimating other cell properties, like are cell
surface area s, cell mean breadth w, shape factors g = 6y/mv/s%? (related to the
isoperimetric inequality: g = 1 for a sphere) and f = 6v/mw? (related to the Bier-
bach inequality; again f = 1 for a sphere), number of cell faces ny and in particular
its variance var ny, dihedral angles etc.

Even when the size characteristics of any cell are mutually independent, there is
a certain degree of correlation between their statistical characteristics. In particu-
lar, if only hard-, soft- and pseudo-hard-core processes are considered, then Es, Ew,
var ny are approximately increasing and shape factors g, f approximately decreasing
functions of var v, resp. - see Tab. 1. Small local extremes occur near the bounds
represented by tilings generated by tightly packed body centred (tetrakaidecahe-
drons) and face centred (rhombic dodecahedrons) cubic lattices and PVT [7]; simple
cubic tessellation behaves rather exceptionally - see Fig. 4. Some cell characteristics
have discontinuity at var v — 04 (e.g. ny).

Table 1. Cell characteristics of unit 3D Voronoi tessellations

tetrakai- SSI PVT | Cluster field
decahedron | (R=0.82) tessellations
var v 0 0.019 0.178 | < 100
Ew 1.34 1.40 146 | >0.3
var ny || 0 3.54 11.1 | <100
Eg 0.87 0.80 0.73 | >0.4

2. SIMULATION

First the examined Strauss process was simulated by means of the Markov chain
Monte Carlo (MCMC) technique. The idea of MCMC is as follows: let X be a
finite point process with distribution Q. In order to generate samples of it a chain
is constructed of point processes Xg ~ Qo, X1 ~ @1, ... all on the same space such
that tlgr()lo Q: = @ weakly and it is assumed that X,, follows approximately the given

equilibrium distribution @ for n large enough.
The Metropolis-Hastings algorithm is perhaps the most widely used tool for con-
structing Markov chains. Both the fixed and random number cases [4] were treated.
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In the conditional Strauss process with n(xz) = k, tightly clustered and regularly
arranged patterns are formed for v > 0 small and p exceeding certain value depend-
ing on k. For the unconditional Strauss process when [ is large and ~ is small (the
number of points is large and the repulsion is great), the Metropolis-Hastings algo-
rithm is inefficient: the attained number En has an upper bound S and decreases
with diminishing v - see Tab. 3.

Table 2. Effect of variables R, v on the selected unit tessellation characteristics:
conditional Strauss process

R ~ 0.01 |0.02 |0.05 |0.10 |0.20 |0.50]|0.70 | 0.95
var v 0.160
0.288 Ew 1.46
var ny 10.3
Eg 0.73
0.4 0.7 ) ) )
var v | 0.045 | 0.047 | 0.055 0.076 | 0.11
0.72 Ew 1.425 | 1.427 | 1.43 1.439 | 1.45
var ny | 5.41 | 5.54 | 5.94 7.09 | 8.66
Eg 0.79 | 0.78 | 0.77 0.76 | 0.74
var v | 0.035 | 0.039 0.055 | 0.066
0.865 Ew 1.411 | 1.415 1.43 | 1.44
var ny | 4.41 | 4.71 5.86 | 6.58
Eg 0.79 | 0.79 0.77 | 0.77
var v 0.056
1.01 Ew 1.437
var ny 5.52
Eg 0.76
var v 0.213 0.20 | 0.12 | 0.105
1.44 Ew 1.49 1.49 | 1.49 | 1.47
var ny 16.3 15.7 | 11.5(10.4
Eg 0.68 0.68 | 0.71 ] 0.72
var v 2.15 2.1912.05 |0.18
2.88 Ew 1.23 1.2411.24 | 1.46
var ny 26.3 25.7126.5 | 11.6
Eg 0.61 0.61 | 0.62 | 0.73

)* examined range of unconditional Strauss process - see Tab. 3

The second step consisted in construction of the tessellation by means of the
incremental method with the nearest neighbour algorithm [6]. Edge effects have
been carefully removed by wide protecting layer (e.g. only ~1000 cells remained
for the examination at & = 3000 in the conditional case). In the unconditional case
(6 = 3000), the attained number En, hence also the value of R at constant p, varied
- see Tab. 3. The number of independent realizations ranged from 100 to 1000.

Main cell characteristics have been then determined by a direct calculation and
their moments about the origin u}(e),7 = 1,2, 3,4, estimated.

3. RESULTS

The obtained results are presented in the Tab. 2 for the conditional Strauss process
and in Tab. 3 for the unconditional Strauss process. Only insufficient results have
been obtained in the latter case, as the attained number of points produced in
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FIGURE 1. Distribution functions F'(x) and probability density
functions f(x) of the cell volume v at v = 0.02 and variable R
(note the high ordering at R = 0.72 and a heavy clustering at
R = 2.83).
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1.75¢ R=0.72
1.5
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0.75
0.5
0.25

0

FIGURE 2. Probability density functions f(x) of the cell volume
(note gradually vanishing Poisson clusters with decreasing v at R =
0.72 and gradually increasing amount of clustering with decreasing
v at R =1.44).

the unit cube at a selected value of the paramater p decreased considerably with
decreasing value of ~.
Table 3. Effect of variables R,y on the selected unit tessellation characteristics
unconditional Strauss process at p = 0.05 and 5 = 3000

vy 0.05|0.20 | 0.50 |0.95
R 0.43]046 | 0.50 |0.70
En 627 | 755 1105 | 2790

var v 0.07 | 0.085 | 0.108 | 0.152
Ew 1441144 | 145 |1.44
var ny || 6.84 | 7.46 | 8.59 | 10.7
Eg 0.7710.76 |0.75 | 0.76

4. DISCUSSION OF RESULTS

A) Conditional Strauss process

Effect of variable parameter R at a small interaction parameter v(= 0.01,0.02):
the tessellation does not differ substantially from PVT at R < 0.3, a considerable
ordering (var v < 0.1) takes place at 0.72 < R < 1.01, the amount of Poisson clusters
decreases along the sequence R = 0.29 — 0.72 — 0.865 and then again increases
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FicURE 3. Examples of planar sections of 3D tessellations gener-
ated by the conditional Strauss process with R = 2.88, v = 0.5.

with growing R; note the corresponding shifts of the modes and variable weights
of tails in Fig. 1. A tight clustering with the mode near v — 04 is observed at
R =2.88.

Effect of variable interaction parameter v at a medium value of the parameter R(=
0.72,0.865): the value of 0.72 is already above the value of 0.554 of the mean nearest
neighbour distance ppyr in the stationary Poisson point process. The repulsion is
pronounced at v < 0.2 and still observable at v = 0.5. At 0.01 < v < 0.02, the values
of var v and var ny are already lower than the corresponding values attainable in
the tessellations generated by the Matérn type II process [7]. The shifts of the mode
and the symmetrization of the cell volume probability density function are clearly
perceptible, the both tails of the cell volume distributions are the lighter the smaller
is 7 - see Fig. 2. The equivalent diameter of the observed minimum cell in the
samples (of the size 10° cells) Ryin = (6Umin/m)'/? decreases from 0.85 (y = 0.02,
a strong repulsion) to 0.61 (v = 0.50, a mild repulsion) in a rough agreement with
the actual values of the parameter R.

Effect of variable interaction parameter v at high values of R: A very similar tight
clustering takes place at all but one (0.95) values of v at R = 2.88, all characteristics
are nearly the same in the broad examined range [0.02, 0.7], which is rather surpris-
ing. The equivalent diameter R,,;, is of the order of 0.1 only, whereas the value of
0.5 can be expected for PVT and a sample of similar size. At R = 1.44, the amount
of clustering is much less pronounced, however, it distinctly decreases with growing
v. In contrast to the case of medium and small values of R, the both tails of the
cell volume distributions are the heavier the smaller is 7y - Fig. 2. A similar value of
var v describes tessellations generated by Neyman-Scott process of Matérn clusters
with the daughter number N = 20 and the ball diameter R < 0.2ppyr. However,
the quasi-regularity of cluster arrangement observable in 2D sections and number
of hitted small inner cells indicate that a comparison with tessellations generated
by lattice cluster fields is more correct - then the estimate N &~ 50 would be more
realistic [8, 9, 10]. The ordering of clusters is then similar as in the 2D case [4].

B) Unconditional Strauss process

The results can be incorporated into Tab. 2 — the row with )* — and then they do
not differ substantially from the values obtained for the conditional Strauss process
(see also Fig. 4). The obtained tessellations roughly correspond to the tessellations
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1.38¢ RHOMBIC DODECAHEDRONS
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FIGURE 4. Mean widths of tessellations generated by displaced cu-
bic simple and face centred cubic lattices, by the process of simple
sequential inhibition (SSI) [7] and by examined cases of Strauss
process (small numbered points - conditional process; great points -
unconditional process); the tightly clustered cases 17-19 have been
omitted (for explanation of low Ew see [9]). The values of v, R
corresponding to the numbers in the plot are shown in the Tab. 5.

generated by the Matérn type II process [7] (Tab. 4). They may also be compared
with the 2D simulation using Metropolis-Hastings algorithm [2]: at v = 0.75, p = 0.1
and 0 = 100 in a unit square, the mean number of points En ~ 65 = 0.665 was
attained. Renormalizing to a unit mean intensity, R = pvEn ~ 0.1 x 8.1 = 0.81
and not 1 as expected. Similarly in Tab. 3: by interpolation between v = 0.5 and
0.95, the gain of points 1950/8 is also ~ 66% at v = 0.73 and R = 0.62.
Table 4. Selected characteristics of the unit tessellation generated
by the 3D Matérn type II process

R 0.62 | 0.52 |0.380 | PVT |
var v 0.057 | 0.088 | 0.134 | 0.178
Ew 1.43 | 1.44 | 1.45 | 1.46
var ny || 6.09 | 7.59 |9.41 |11.1
Eg 0.77 [0.77 |]0.74 |0.73

C) Conclusions

It can be concluded that if R is high (> 5ppyr) clustering persists even at rather
high values of (& 0.7) and a dissolution of clusters takes place only at 7 as high
as 0.95. At R =~ 2.6ppyr, clustering is distinct only at low values of 7, whereas
partial order is established at higher values of v and vanishes again at v — 1. Only
at sufficiently low R, the degree of the order is inversely proportional to . On the
other hand, ordering is poor even at small values of v if R is low (< 0.5ppy7). The
resuls are comparable with the qualitative 2D results [4].
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Table 5 Survey of examined cases (conditional Strauss process) - see Fig. 4

R\~ | 0.01|0.02|0.05]0.10| 0.20 | 0.50 | 0.70 | 0.95
0.288 13

0.72 3 4 5 9 11

0.865 || 1 2 6 8

1.01 7

1.44 16 15 12 10

2.88 18 19 17 14

Mean width Ew together with CV v are two suitable characteristics of any tes-
sellation; the comparison of Ew vs CV v plots of tessellations generated by selected
hard- and pseudo-hard-core processes with the values obtained in the present pilot
study classifies the examined cases of the Strauss process in the broader framework.
Clearly, lower values of v and perhaps slightly higher values of R should be selected
in order to obtain more regular point pattern and, consequently, a tessellation ap-
proaching isohedral tilings of the dodecahedronal or tetrakaidecahedronal types.
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MODELOVANI RUSTOVYCH KRIVEK

MAREK BRABEC

ABSTRAKT. This paper presents a growth curve model for human growth data.
It has a nonlinear regression form, allowing for interindividual variability in
growth by introducing random effects describing variability in some of the model
parameters. Interpretation of model parameters as well as some other features
of biological interest is mentioned. The model is fitted to a longitudinal dataset
and quality of the fit is checked from various viewpoints. Estimation of various
features of anthropological interest is illustrated.

Pezrome: Vccnenyercsa npobiiemMa OEHUBAHUA IAPAMETPOB (YHKIUN POCTA
AeTeil Py TTOMOIIM MOJEJM CIIyJalHbIX epheKToB.

Ristové kiivky, zejména ty vzniklé jako vysledek méreni velikosti Zivych subjektt
jsou zajimavym zdrojem komplikaci pro formulaci statistického modelu a naslednou
analyzu naméfenych dat. Komplikace jsou spojeny

e s vyraznou nelinearitou (pfitomnosti asymptot)

o chybéjicimi daty (nestejnym rozvrhem méfeni pro rizné subjekty)

e nezanedbatelnou korelact mezi méfenimi provedenymi na stejném subjektu.
Na analyzu rustovych kfivek tedy mizeme pohlizZet jako na jistou smés problémi neli-
nearni regrese a casovych rfad. Vzhledem k tomu, Ze pocet méfeni provedenych na jed-
nom jedinci je pomérné maly (napf. kiivka pro télesnou vysku dosahuje asymptoty
kolem 18. roku véku a normalniho jedince 1ze jen stézi nutit k vice nez 1 az 2 mé-
Fenim za rok), musi byt model z hlediska ¢asovych fad ¢i procesi nutné ponékud
skromnéjsi. Vyhodou je naopak to, Ze k dispozici je vicero nezéavislych realizaci (fad
méfeni raznych jedinct).

1. ROSTOVE KRIVKY DETI

Typicka data (laskavé poskytnutd doc. Prokopcem) kterymi se budeme déle zaby-
vat, pochazeji z longitudinalni studie z niz mame k dispozici méfeni télesné vysky
85 chlapcii a 86 divek od 3 mésicit do 22 let (s rznym poctem méfeni na dité)
ukazuje obrazek 1. Co se tyce tvaru rustové kiivky jako funkce casu, existuje cela
fada viceméné empirickych model. Snadno pouzitelné a proto populérni jsou mo-
dely polynomického tvaru (se vSemi typickymi nectnostmi). Mezi antropology patii
ke klasice né€kolik modelt nelinedrniho charakteru a ruzného stupné sofistikova-
nosti - od po intervalech formulovanych pfedpisi (bez pozadavku spojitosti v hra-
ni¢nich bodech!) [Karlberg et al., 1987] az po rtzné spojité modely s asymptotou
[Preece a Baines, 1978], [Jolicoeur et al., 1988]. Typicky jsou v praxi takové k¥ivky
proklddany pro kazdého jedince zvlast a vysledné parametry sumarizoviny priamé-
rovanim. Jednou z alternativ je vicerozmérna analyza [Rao, 1965], zaloZend na li-
nearnim modelu a odhadu (nestrukturované) kovarianéni matice mezi pozorovanimi
v ruznych casech. Ta zohlednuje zavislost mezi méfenimi jednoho individua, nemé
vSak pfimou biologickou interpretaci. Odhad pak vyzaduje kompletni a pomeérné
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rozsdhld data (bez ,dér“ zptisobenych chybéjicimi méfenimi i nedodrZenim zcela
stejnych ¢astt méfeni u viech jedincit).

Chceme-li rist charakterizovat alespon trochu realisticky, méli bychom se zajimat
o model popisujici nejen zavislost primérné hodnoty na ¢ase (eventuelné i kovari-
atach), ale i variabilitu okolo ni, pfi zohlednéni autokorelace mezi méfenimi prove-
denymi v ruznych ¢asech na stejném jedinci. Biologicky interpretovatelny model by
mél umoznovat rozklad celkové variability

e na ¢ast spojenou s odlisnost! dynamiky rfistu mezi riznymi jedinci (tedy
takiikajic variabilitu strukturdlni)
e Cast spojenou s variabilitou uvnitt daného jedince (interpretovatelnou pfe-
vazné jako mérici chyba).
Rozklad na inter a intra—individuélni variabilitu ma pomérné dlouhou tradici v kon-
textu linearniho modelu se smiSenymi efekty, tedy i v kontextu klasické analyzy lon-
gitudinalnich dat - napt. [Laird a Ware, 1982], v&etné tzv. ,hierarchickych“ modelt
polynomického tvaru [Goldstein, 1995], tedy polynomt s (nékterymi) ndhodnymi
koeficienty. Takové modely jsou vSak v podstaté ¢isté popisného charakteru - bez in-
terpretace svého tvaru ¢i hodnot koeficientti. Trpi samoziejmé neduhy znadmymi ze
situace bez pritomnosti nahodnych efektd a navic problémy spojenymi s tim, ze
variabilita koeficientti implikuje jisty, dosti striktné vymezeny tvar zavislosti mezi
rozptylem okolo primérné kiivky a ¢asem.
Tvar nelinedrni regresni funkce, stejné jako model pro ndhodné efekty by mél byt
kromé kvality empirického prolozeni diktovan i vécnou interpretaci. V nasledujicim
se o formulaci jednoho takového modelu pokusime.

2. FORMULACE MODELU

Chovéni rustovych rychlosti (derivace ristové kiivky télesné vysky, Y”), ilustrované
na obrazku 2 pro jedno konkrétni dité (odhad pomoci smoothing spline) nis motivuje
k tomu uvazovat pro vysku daného jedince (v mm) zméfenou v ¢ase x; (let) model

B n .
(1) k+ p(l — exp(—a(IJ 0-25))) + ZZZI 1+ exp(—tl(l‘j —my)) T

kde €;; ma v zasadé interpretaci méfici chyby (pomineme-li jisty systematicky ne-
soulad mezi komplikovanym procesem riistu a hladkym, pomérné jednoduchym mo-
delem). Regresni model tedy sestava z aditivnich ¢asti; dvou logistickych kfivek,
exponencialy a konstanty. Pro derivace mame (v souladu s typickym empirickym
chovanim rtistovych rychlosti) dva piky logistického tvaru a po¢ateéni exponencialni
pokles. Interpretace parametri je pfimocara: p, p1, p2 jsou celkové prirtstky v jednot-
livych , fazich“ rastu, mi, ms odpovidaji poloham logistickych pikd, hodnoty %, %
kontroluji jejich tvar.

Neni bez zajimavosti si povsimnout formélni podobnosti daného problému s pro-
blémem odhadu smési nékolika parametrizovanych hustot. Exponencialni a logistické
Casti hraji roli smésovanych mér. Komplikaci zde je, ze vahy samoziejmé nejsou nor-
movany (naopak, jejich soucet souvisi s celkovym prirtstkem od 3 mésici do dospé-
losti a jako takovy je parametrem znac¢ného praktického vyznamu).

Pii modelovani variability rustové dynamiky mezi subjekty bereme v tvahu em-
piricky fakt, dobfe znamy antropologtim, totiz Ze podstatna ¢ast ,strukturalni“ va-
riability, je spojena s proménlivosti posledniho piku ristové rychlosti (tzv. piku
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pubertalniho) — a to jak jeho polohy, tak tvaru a velikosti. To nas vede k nésle-
dujici specifikaci celkového nelinearniho modelu se smiSenymi efekty. Pro subjekty
i=1,..., N a méfeni uvnitf i-tého subjektu 7 =1,...,n;:

Yi(z;) = K;+ Pi(1—exp(—a(x; —0.25)))

(2) + P 4 Py

1+ exp(—tl(xj — m1)) 1+ eXp(—TQi(xj — Mgi))
Neékteré ,parametry* individuélniho modelu bereme nyni jako ndhodné (normélné
rozdélené) veli¢iny, proménlivé mezi subjekty. Tedy: K; ~ N(k,07), P; ~ N(p,07),
MZi ~ N(mz, 072”2), le' ~ N(pz, 022), TZi ~ N(tQ, O't22), €i5 ~~ N(O, 0'2), vse navzémjem
nezavislé. Kromé nadhodného pubertalniho piku zminéného vyse tedy jesté dovolu-
jeme interindividudlni variabilitu ve velikosti pfirtistku v po¢ateéni (exponencilni)
fazi a v konstanté.

Model mé 9 parametri spojenych s praméry (tzv. pevngch efekti), 5 kompo-
nent rozptylu, spojenych s nahodngmi efekty (tj. prvky ,strukturalni“ variability) a
1 komponentu rozptylu spojenou s rezidudlni variabilitou (,méfici chybou®). Pocet
parametrt je samoziejmé mnohem nizs$i nez v praxi ¢asto pouzivaném ,individudl-
nim“ modelu, ktery je prokladdn pro kazdy subjekt zvlast (kde méme pocet para-
metra individualni kiivky krat pocet subjektt a ndhodné efekty se odhaduji zcela
bez jakékoli struktury pfes subjekty).

+ €55

3. ODHADY

Odhad parametrt (simultdnné pevnych efekt i komponent rozptylu) byl proveden
s pomoci algoritmu NLME (Non Linear Mixed Effects) [Lindstrom a Bates, 1990],
implementovaného v programovém baliku S-plus. Vysledkem je maximalné véro-
hodny odhad pevnych efektii i komponent rozptylu a empiricky Bayesovsky odhad
nahodnych efektti. Je zalozen na maximalizaci funkce

1 N
9(8,0,0,0* | Y) = - @;m — (A8 +Bb:))" (Y; — n,(AB + Bby))
1 N
(3) - 5;b?dz‘ag<e>—1bi

B = (k,p,a,p1,t1,m1,pa,ta,m2)T je vektor pevnych efekti, b; = (K; — k, P; —
p, Pa; — p2, To; — ta, Ma; — ma)T je vektor ndhodnych efekti, n() je dana specifikaci
modelu vyse, A, B jsou piislu$né matice jejichz modifikaci miZeme snadno mode-
lovat i vliv piipadnych kovariat, @ = (0%, 0%, 0%, ,0%,,0375)" je vektor komponent
rozptylu ndhodnych efekti, Y; je vektor pozorovani na i-tém subjektu. Vidime tedy,
ze prakticky jde o minimalizaci rezidualniho souctu ¢tverct, s penalizaci variability
ndhodnych efektt. Na druhy ¢&len pravé strany (3) se mizeme divat i napf. jako
na ¢len spojeny s (normélnim) apriornim rozdélenim ,ndhodnych koeficienti“ apod.
Maximalizace probihd iterovanim dvou krokt:

(1) Kroku PD (Pseudo Data), ve kterém jsou aktualizovany hodnoty 3 a
bi,...,by (pfi ostatnich parametrech fixovanych na hodnotéach z predcho-
ziho kroku). Vypodet je realizovin doplnénim pozorovanych dat tzv. pseu-
dodaty a naslednym feSenim problému na nelinearni nejmensi ¢tverce. Jde o
obdobu metody, znamé z linearnich modelt se smisenymi efekty, kde odhady
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pevnych i ndhodnych efektt jsou FfeSenim soustavy ,, mixed model equations®.
Ekvivalentné tyto rovnice dostaneme doplnénim pozorovanych dat tzv. pseu-
dodaty.

(2) Kroku LME (Linear Mixed Effects), ve kterém jsou aktualizoviany hodnoty
3,0, 02. Je obdobou vypoétl v linedrnim modelu se smiSenymi efekty, kde je
MLE odhad komponent rozptylu zaloZen na marginalnim rozdéleni p(Y) =
J/ p(Y | b)p(b)db. Vzhledem k nelinearité n je zminéna integrace obtizna,
proto je skute¢na vérohodnostni funkce nahrazena aproximaci zaloZenou na
normalité a lokalni linearizaci 17 okolo odhadd 3,by,..., by z pfedchoziho
kroku.

Pocatecni hodnoty pro pevné efekty byly ziskany jako primeér, resp. median pa-
rametra individualné prolozenych kiivek, pro ndhodné efekty pak 0. Takto ziskané
pocateéni hodnoty byly navic opakované perturbovany ndhodnymi odchylkami (vy-
generovanymi z odhadnutého rozdéleni ndhodnych efekt) pro posouzeni stability
koneénych odhadu.

4. PROLOZENY MODEL

Prolozeni modelu namérenymi daty se zda byt vcelku uspokojivé - viz obr. 3 re-
zidui pro chlapce. Otazkou ztistava do jisté miry kvalita prolozeni pro vék okolo
2-2.5 let. Docasna deprese hodnot namérenych v tomto obdobi mize souviset s eso-
vitym zakiivovanim patere na pocatku ,,chodiciho obdobi“. Déle se mizZeme zajimat
o kvalitu proloZeni z hlediska odhadu ,, marginalnich® charakteristik pu(z) : = EY (),
o(z) : = \/varY (x). Srovnani odhadi z modelu (ziskanymi jako priumeér, resp. sméro-
datna odchylka, simulaci z modelu pfi odhadnutych parametrech) s odhady empiric-
kymi (tj. priméry a smérodatnymi odchylkami (s) spo¢tenymi zvlast pro jednotlivé
Casy) poskytuje obréazek 4. ,,Vybocujici“ empirické odhady smérodatnych odchylek
v pravé ¢asti kfivky jsou zaloZeny na velmi nizkém poctu pozorovéni (do 4). Podobné
vypadé srovnani pro kvantily, véetné pomérné extrémnich (0.1 a 0.9).

7 pritomnosti individualnich nahodnych efekti je zfejmé, Zze model implikuje
jisty stupen zavislosti mezi méfenimi provedenymi na témze subjektu. Obrazek 5
porovnava odhad korelace mezi vyskou ve véku x let a ve 3 mésicich, resp. 5 le-
tech. Vidime, ze i z hlediska jiz pon€kud subtilnéjsi charakteristiky jakou je kore-
la¢ni struktura uvnitt opakovanych méfeni se model nechova Spatné. Obrazky také
ilustruji pomérné komplikované, nestaciondrni chovani fady méfeni jednoho sub-
jektu. Neni také nezajimavé si povSimnout toho, Ze empirické korelace naznacuji,
ze lima 0 Cor(Y(xz + A),Y (x)) # 1, tedy jev zndmy v kontextu ,spatial analysis®
jako tzv. nugget effect. I tento aspekt je vcelku vérné reprodukovan nasim modelem
s pomérné velmi jednoduchou strukturou nahodnych efektu.

Odhady parametri (pevnych efekt i komponent rozptylu) shrnuje pro chlapce
i divky nasledujici tabulka.
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| Efekt | Parametr | Chlapci | Divky |
Pevné efekty my (let) 7.0 5.3

ma (Iet) | 134 | 112
p1 (mm) | 438.8 | 383.1
pe (mm) | 310.7 | 339.8

131 0.479 | 0.593

12 1.011 0.801

a 0.435 | 0.586
p (mm) 431.8 | 353.7
kE (mm) 617.9 | 595.4

Komponenty rozptylu | o(mm) 10.62 9.98
om,(et) | 0.81 | 0.68
7, (mm) | 410 | 42.1

Oty 0.209 0.132
op(mm) 46.1 32.4
or(mm) 17.2 18.2

Odtud jasné vidime nékteré dobie znamé rozdily v dynamice ristu mezi pohlavimi.
Napft. posledni pik ristové rychlosti (,pubertélni spurt*) nastupuje u divek diive a
je ponékud plossi. U divek je patrny také rychlejsi pokles ristové rychlosti v obdobi
po narozeni.

5. ODVOZENE CHARAKTERISTIKY

7 modelu lze pomérné snadno ziskat informaci o ponékud subtilnéjsich charakteristi-
kach rustovych kiivek. Derivaci odhadu priimérné kiivky lze (za pfedpokladu zamé-
nitelnosti pofadi derivovani a integrovani) snadno ziskat kfivku ,primérné ristové
rychlosti* éi/g‘ychleni la\ko explicitni funkce parametria. Obrazek 6 obsahuje takové
odhady -L/(z) a j—;u(ac).

Mezi antropology se tési znacné popularité i charakteristiky komplikovanéjsi, jako
je napt. poloha maxima rychlosti v pubertalnim spurtu, spolu s hodnotou vysky a
rustové rychlosti v tomto bodé. Zajem je pritom nejen o odhad popula¢niho pri-
meéru ale i o odhad variability takovych veli¢in mezi individui. Pro pubertalni spurt
dostavame z prolozeného modelu nésledujici hodnoty:

Velic¢ina Pohlavi | Stfedni | Smérodatna
hodnota | odchylka

Poloha maxima, x( Chlapci 13.2 0.8
(v letech) Divky 10.9 0.7
Vyska v maximu rychlosti, Y (z¢) | Chlapci | 1609 52
(v mm) Divky 1471 39
Maximélni rychlost, Y (xo) Chlapci 88 13
(v mm/rok) Divky 76 7.2

6. PODMINENE STANDARDY

Jednim z hlavnich praktickych divodd pro meéfeni ristu déti je potieba tzv. ,risto-
vych standarda“ pro déti rtizného véku jako prostfedku pro posuzovani toho zda
dany jedinec roste méné, stejné nebo vice nez je pro danou populaci typické. Stan-
dardy jsou tedy dany pomoci nékolika kvantili rozdéleni vysky. Jsou stanovovany
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riznym zpisobem, v praxi vSak nejéastéji s referenci k normalité, z primeéru a smé-
rodatné odchylky pro déti daného véku. V kazdém pripadé vsak po jednotlivych
hodnotach véku (bodové). Takovéto standardy lze samoziejmé konstruovat i z tzv.
prurezovych studii, kdy jsou zméfeny ve stejné dobé déti riizného véku, kazdé jen
jednou. Naopak longitudinalni data spolu s nasim modelem umoziuji zkonstruovat
kromé vyse zminénych standardd ,margindlnich® i standardy ,podminéné“ - tedy
standardy typu podminénych kvantilt (kvantil vysky ve v&ku x5 pro jedince, jehoz
vyska ve véku 21 < xo je déna). Takové podminéné standardy mohou byt prak-
ticky uzite¢né napt. pokud mé byt posouzeno opakované méfeni jednoho jedince, jez
byl pfi prvnim méfeni dle ,margindlniho“ standardu posouzen jako ,maly* s cilem
rozeznat zda se mezi prvnim a druhym méfenim jeho ptivodni zaostavani v ristu
jesté dale prohlubuje nebo zda je jeho riist jiz vporadku byt je jeho celkova vyska
nizsi diky nizsimu tempu ristu pfed prvnim méfenim. V praxi neni neobvyklé, ze
bodoveé konstruovany standard je nespravné pouzit jako standard simultanni pro obé
méfeni. Obrazek 7 ilustruje jak se rozchézi (aproximace pro) podminény standard
a standard marginlni. Zobrazena je stfedni hodnota (pro chlapce), spolu s 20. a
80. percentilem. Plnou ¢arou marginalni, teCkované podminéné hodnoty, spoctené
pro kazdy cas zvlast (za podminky, Zze vyska 5 letech je na tirovni marginalniho 20.
percentilu).

Podminény standard lze snadno ziskat z naseho modelu s pomoci jednoduché
aproximace dvojrozmérného rozdéleni vysek v ¢asech x1, xo normalnim rozdélenim
jehoz momenty jsou ziskany Taylorovym rozvojem. S ohledem na nelinearitu regresni
funkce vzhledem k ndhodnym efekttim, nedostaneme stfedni hodnotu p(2) pouhym
vyhodnocenim ,,ndhodnych parametra“ v jejich stfedni hodnoté. Takovéto vyhodno-
ceni, u1(x) je jen prvni aproximaci. Druhé pfiblizeni pak dostéavame jako ps(x) : =
p1(2) + (exp(—ta(w — ma)) — 1) RSB (0213 407, (w —ma)?). Z prove-
denych srovnani je patrné, ze i takto jednoduché aproximace dava prekvapivé dobré
vysledky. Podobné dostavame piibliznou marginilni smérodatnou odchylku o%(x)
i kovarianci ¢q (z1, £2) mezi méfenimi v éasech x1 a xo. P¥iblizné podminéné normalni

ci(z1,r2)

rozdéleni Y (z2) dédno Y (1) = y1 méa pak momenty ps(z2) + m(yl — po(x1))
7(z1

2(xa) — alrn)  qiud pak jiz snadno dostdvame i kvantily.

a oy T e
Jinym, mezli( ar)ltropology zivé diskutovanym tématem je i spor o ,kfizeni rusto-
vych kanala“, tedy spor o to nakolik je ¢i neni obvyklé, Ze jedinec nachézejici se
svou vyskou v intervalu I := (F~Y(p11,21), F~1(p12,71)] daném , marginalnimi*
kvantily v ¢ase 1 je v ¢ase xo mimo interval Iy := (F~1(pa1, z2), F~1(pa2, 22)]
S P21 = P11,P22 = pi2. Pomoci vySe popsané norméalni aproximace snadno spoc-
teme pravdépodobnost P{Y (xz2) € I |Y (x1) € I1} pro libovolné I, I5. Obrazek 8
ukazuje tuto pravdépodobnost pro chlapce s p1; = 0.1,p12 = 0.2, tfi rizna z; a
0 2.5 roku pozdéjsi xo: 9.2; 11.7 (plnou ¢arou), 4.2; 6.7 (teckovanou ¢arou), 0.25;
2.75 (Gerchovanou éarou). Cisla 1;...;10 na horizontalni ose odpovidaji volbé Io
s p21 = 0,p22 = 0.1;...5p21 = 0.9,p22 = 1. Vidime tedy, Ze tendence zlsta-
vat ve stejném tzv. ,ristovém kandlu“ (intervalu vymezeném stejnymi kvantily)
silné zavisi na uvazovaném pocatecnim véku - nejvyssi je mezi obdobim pocatec¢niho
prudkého rastu a obdobim variabilniho posledniho piku ristové rychlosti. Variabilita
tohoto piku (tvaru i polohy) ke , k¥iZeni ristovych kanala“ vyrazné pfispiva.
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7. PROREZOVE STUDIE

Model, o kterém jsme mluvili byl navrzen pro longitudinilni data. Zajimavé mize
byt, jak se chova v situaci na kterou nebyl cvicen, tedy pii pouziti na data ze studie
prifezové. Je tfeba poznamenat, Ze rozdil mezi témito typy studil nespociva jen
ve formétu dat (longitudindlni s opakovanymi méfenimi téhoz jedince, prifezové
jen s jednim méfenim), ale ¢astecné i ve struktufe studované populace. Jde o to, ze
v longitudinalni studii jsou typicky sledovani jedinci s podobnym rokem narozeni,
zatimco v prurezové studii se kalendaini rok narozeni samoziejmé znacné lisi. To
miZe hrat podstatnou roli v souvislosti s tzv. sekuldrnim trendem (tak antropolo-
gové Fikaji odliSnostem v dynamice ristu rtiznych roénikti narozeni) napf¥. pozdéjsi
rofniky maji tendenci nabyvat dospélé vysky diive).
Priifezova data (ve formé priméri a smérodatnych odchylek vysek, spoétenych
po jednotlivych letech véku) byla proloZzena aproximacemi zminénymi vyse.
e Nejprve pruméry aproximaci stfedni hodnoty dané modelem,
e potom smérodatné odchylky aproximaci oq(z) (pficemz byly odhadnuty
komponenty rozptylu, pevné efekty byly fixovany na hodnotach z prvniho
kroku).

Obrazek 9 srovnava data pro chlapce ze studie [Lhotské et al., 1993] (priméry resp.
smérodatné odchylky jako krouzky) a odhady z (aproximace) modelu (plné ¢ara).
Vidime, zZe i v této situaci neni prolozeni Spatné, vcetné vystizeni pomérné kom-
plikovaného tvaru zavislosti marginalni variability na véku. Mirné podhodnoceni
marginalni smérodatné odchylky v pfedpubertdlnim obdobi miize byt zptsobeno
pritomnosti sekuldrniho trendu, ktery vnasi do dat dalsi zdroj variability (spojeny
s rozdilnym tvarem ristové kiivky pro rtizné roéniky narozeni zastoupené ve studii)
s nimz longitudinalni model nepocita. Toto vysvétleni je podpofeno i tim, Ze prolo-
zeni je lepsi pro pozdéjsi prutfezové studie, v nichz je dle antropologti sekularni trend
mezi sledovanymi ro¢niky slabsi.
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APLIKACE SHLUKOVE ANALYZY V EKOLOGII

MARIE BUDIKOVA

ABSTRAKT. In this paper, the basic principles of hierarchical cluster analysis
are described. An example of calculation and application of cluster analysis is
presented. This example illustrates how the different regions in Brno can by
classified by means of annual concentrations of SOx.

Pesiome: 9Ta nabora MOKA3BLIBAET [VIABHBIE MHPUHIIUILI MEPAPXUUIECKON
rpynnupoBku 06LekTo6. [Tokazan oquna npumMep »Toit rpynnuposku. CTauH-
uuu B ropoae BpHO BBOAATCSA B rpymnbl Ha OCHOBaHMY KOHIEHTparmii SOa.

1. VYMEZEN{ PROBLEMU

Na katedfe geografie Pfirodovédecké fakulty Masarykovy univerzity v Brné byly
v rdmci bakalaiské prace [5] shromazdény tdaje o pramérnych mési¢nich hodno-
tach oxidu sifi¢itého v obdobi 1984 - 1998 na deseti monitorovacich stanicich na
tzemi mésta Brna. Jednalo se o stanice umisténé v lokalitadch Dobrovského, Huskova,
Krasova, Kroftova, Mendelova zemédélska a lesnickd univerzita, Polni, Pfizfenice,
Skaunicové, Sobésice a Tufany, ve zkratkdch DOB, HUS, KRA, KRO, MZL, POL,
PRI, SKA, SOB, TUR. Rozmisténi stanic na tizemi Brna znézornuje obr. 1

*KROQ *DOBE

*MIL *SHA

*POL *HUE

* PRI

Obr. 1 - Rozmisténi monitorovacich stanic na tzemi Brna

2000 Mathematics Subject Classification. Primary 62H30; Secondary 62P12.
Kli¢ovd slova. Aglomerativni hierarchické shlukovani, dendrogram, kofeneticky koeficient kore-

lace, fazni koeficient.
Piispévek vznikl s podporou vyzkumného zdméru MSMT MSM 143100001.
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Tyto tdaje by mély - mimo jiné - poslouzit k feSeni problému optimalizace sité
monitorovacich stanic. Cilem tedy bylo najit stanice, které maji podobné rysy cho-
vani. K dosazeni tohoto cile byly pouzity postupy shlukové analyzy. Vypocty byly
provedeny pomoci systému SPSS 8.0.

Uvedené stanice jsou obhospodafovany jednak brnénskou pobockou Ceského hyd-
rometeorologického tstavu (to jsou stanice KRO, MZL, PRI, SOB, TUR) a jednak
Méstskou hygienickou stanici (DOB, HUS, KRA, POL, SKA). Kazd4 z téchto in-
stituci v8ak zjistuje hodnoty SO, jinou metodou - CHMU gravimetrickou a MHS
aspirac¢né kolorimetrickou. Teprve od r. 1993 jsou vysledky kolorimetrické metody
prepocditavany tak, aby odpovidaly vysledkiim metody gravimetrické.

Do naseho zpracovani tedy byly zahrnuty daje az od r. 1993. Zabyvali jsme se
pramérnymi roénimi koncentracemi SOy. Podle zakona o ochrané ovzdusi pfed zne-
¢istujicimi ldtkami ¢ini nejvyssi piipustnd primérné roéni koncentrace SOz 60 pg/m3.

2. POPIS A UPRAVA DAT

Tabulka 1 obsahuje hodnoty priimérnych roénich koncentraci SOs v ug/m? v le-
tech 1993 - 1998 na sledovanych deseti stanicich.

Rok pozorovani

Stanice | 1993 | 1994 | 1995 | 1996 | 1997 | 1998
DOB 6.828 | 5.202 | 5.137 | 11.568 | 4.104 | 3.097
HUS 9.241 | 9.281 | 10.259 | 10.442 | 7.035 | 3.857
KRA 7.205 | 5.535 | 5.197 | 13.741 | 8.651 | 4.085
KRO 24.039 | 9.018 | 12.237 | 18.189 | 15.601 | 9.762
MZL 23.079 | 16.222 | 13.353 | 20.363 | 15.312 | 7.925
POL 25.005 | 14.568 | 10.723 | 15.760 | 11.068 | 4.916

PRI 15.874 | 15.251 | 13.241 | 19.435 | 16.943 | 8.081
SKA 14.297 | 9.490 | 7.209 | 14.434 | 10.961 | 8.063
SOB 19.728 | 13.772 | 12.943 | 20.948 | 17.564 | 11.039

TUR 22.524 1 16.708 | 19.502 | 24.144 | 18.377 | 11.024

Tabulka 1 - Prumérné ro¢ni koncentrace SO

Prvnim krokem pfi zpracovani namérenych koncentraci bylo provedeni prizkumové
analyzy dat pomoci krabicovych diagrami.
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Hodnoty rocnich koncentraci oxidu siry

Obr. 2 - Krabicové diagramy ro¢nich koncentraci oxidu sifi¢itého
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Z obr. 2 je zfejmé, ze udaje v jednotlivych letech vykazuji dosti rozdilnou varia-
bilitu, nejvétsi v r. 1993, nejmensi v r. 1998. Pfistoupili jsme tedy ke standardizaci
a nadale pracovali se standardizovanymi hodnotami.

3. METODA HLAVNICH KOMPONENT

Pri grafickém znazornéni vicerozmérnych dat se velmi ¢asto pouziva metoda hlav-
nich komponent, kterd informace obsazené v datech dokaze vyjadrit nékolika méalo
novymi proménnymi, které jsou ziskany jako linearni kombinace ptivodnich promén-
nych. Nazyvaji se hlavni komponenty.

7 Paretova diagramu hlavnich komponent sestrojeného pro nase data vyplyva, ze
prvni hlavni komponenta vyGerpava asi 83 % variability obsazené v datech, druhé
asi 8 % a tieti pouhych 5 %.

g
8
T

FY N ©
3 3 8
T T T

=
&
T

Procenta vysvetlene variability
a
g

1 2 3
Hiavni komponenty

Obr. 3 - Paretiiv diagram hlavnich komponent

Rozmisténi stanic na plose prvnich dvou hlavnich komponent je znazornéno na
obr. ¢. 4.

05

05 . HUS

2. hlavni komponenta

15 . .
4 -3 -2 -1 [} 1
1. hlavni komponenta

Obr. 4 - Poloha stanic v novém soufadném systému

Z obr. 4 bychom mohli usoudit, Ze stanice DOB, KRA, HUS, SKA tvofi jeden
shluk, stanice KRO, SOB, PRI, TUR, MZL druhy shluk a stanice POL se chova
ponekud atypicky.
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4. SHLUKOVA ANALYZA

4.1. Cil shlukové analyzy. Cilem shlukové analyzy je roztfidéni n objektt, z nichz
kazdy je popsan p-rozmérnym vektorem pozorovani, do nékolika pokud mozno ho-
mogennich shlukt. Pfesny pocet shlukii vétsinou neni pfedem znadm. Pozadujeme,
aby objekty uvniti jednotlivych shluki si byly podobné co nejvice, zatimco objekty
z ruznych shluk si maji byt podobné co nejméné.

4.2. Podobnost objekti. Podobnost ¢i rozdilnost objektll posuzujeme pomoci
ruznych mér. Pro proménné intervalového ¢i pomérového typu se nejcastéji pou-
ziva euklidovska vzdalenost. Vzdalenosti vypoctené pro vsechny dvojice objektt se
usporadaji do matice vzdalenosti. Je zfejmé, ze je to Ctvercova symetrickd matice,
ktera ma na hlavni diagonale nuly.

4.3. Hierarchické shlukovani. Pfiaplikacich shlukové analyzy se velmi ¢asto pou-
7ivé aglomerativni hierarchickd procedura. Jeji princip spoc¢iva (viz [4]) v postupném
sluovani objekti, a to nejprve nejblizsich a v dalsich krocich pak stale vzdalenéjsich.

Algoritmus:

1. krok: Kazdy objekt povazujeme za samostatny shluk.

2. krok: Najdeme dva shluky, jejichz vzdalenost je minimalni.

3. krok: Tyto dva shluky spojime v novy, vétsi shluk a pfrepocitame matici
vzdalenosti. Jeji fad se snizi o 1. Vratime se na 2. krok.

Funkce algoritmu kon¢i, az jsou vSechny objekty spojeny do jediného shluku.

Vzdélenost mezi shluky se pocita riznymi zptsoby. V nasem pfipadé jsme pou-
zili t¥i metody, a to metodu nejblizsiho souseda, nejvzdalenéjsiho souseda a metodu
pramérné vazby.

Popis metod:
Metoda nejblizsiho souseda: Vzdalenost mezi dvéma shluky je minimem ze vSech
vzdalenosti mezi jejich objekty.
Metoda nejvzdélenéjsiho souseda: Vzdalenost mezi dvéma shluky je maximem ze
vsech vzdalenosti mezi jejich objekty.
Metoda prumérné vazby: Vzdalenost mezi dvéma shluky je priumeérem ze vSech vzda-

lenosti mezi jejich objekty.

Vysledky aglomerativni hierarchické procedury se zpravidla znazornuji pomoci
dendrogramu, coz je posloupnost dvojic {(v1, SM), ..., (vn, S™)}, kde {v;} je ne-
klesajici posloupnost Grovni spojovani shlukt a {S (i)} je rozttidéni objekti odpovi-
dajici rovni v;.

Na obr. 5 jsou zachyceny vysledky uvedenych t¥i shlukovacich procedur.
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Obr. 5 - Dendrogramy pro metodu nejblizsiho souseda, nejvzdalenéjsiho souseda a
metodu primérné vazby

4.4. Kofeneticky koeficient korelace. Jak je vidét na obr. 5, mohou rtzné shlu-
kovaci procedury poskytovat riizné vysledky. K posouzeni shody mezi matici vzda-
lenosti objektti a dendrogramem lze pouzit napi. kofeneticky koeficient korelace (viz
[3]). Je to koeficient korelace mezi n(n — 1)/2 prvky umisténymi nad (nebo pod)
hlavni diagonalou matice vzdalenosti a odpovidajicimi prvky kofenetické matice.
Pfitom (i,7)-ty prvek této matice je definovan jako ta vzdalenost i-tého a j-tého
objektu, pfi niz jsou tyto objekty poprvé spojeny do jednoho shluku. Z uvazovanych
shlukovacich metod pak vybereme tu, kterd poskytuje nejvyssi kofeneticky koeficient
korelace.

Hodnoty kofenetickych koeficientii:

e metoda nejblizsiho souseda: 0,737
e metoda nejvzdélenéjsiho souseda: 0,715
e metoda priumérné vazby: 0,783.

Nejvyssi kofeneticky koeficient korelace byl dosazen pro metodu pramérné vazby.
Budeme ji tedy nadéle pouzivat.
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4.5. Stanoveni optimalniho poc¢tu shluku. Pro feSeni tohoto problému byla
vypracovana celd fada postupt - od heuristickych az po formalni testy (viz [2]).
Z heuristickych metod zde uvedeme graf zavislosti hodnot fuznich koeficientd na
po¢tu shluki (viz [1]). Jedna se o analogii tzv. ,scree testu“ znamého z faktorové
analyzy.

Faznim koeficientem pro £ shlukt rozumime primér maximalnich vzdalenosti
uvnit¥ téchto k shlukd. Pokud se v grafu zavislosti hodnot faznich koeficientti na
poctu shlukid objevi urcité zplosténi, svédéi to o tom, Ze zmenseni poctu shluku jiz
neni vhodné.

Obr. 6 - Prubéh zavislosti hodnot faznich koeficient na poc¢tu shlukt

Z obr. 6 vyplyva, ze bude vhodné rozdélit stanice do dvou shlukt. P#i pohledu
na dendrogram pro metodu prumérné vazby zjistime, ze stanice DOB, KRA, HUS a
SKA tvofi jeden shluk, zbylych Sest stanic druhy shluk. Pfitom stanice POL, ktera
se na plose prvnich dvou hlavnich komponent ponékud vyclenovala, se ke 2. shluku
skutec¢né pfipoji nejpozdéji.

4.6. Metoda k-praméru. Chceme-li porovnat vysledek dané hierarchické shluko-
vaci metody s jinym postupem, miizeme tak ucinit napf. pomoci metody k-primeéri,
coz je nehierarchicka shlukovaci metoda vychazejici z nasledujiciho algoritmu popsa-
ného napf. v [4]:

Algoritmus:

1. krok: Stanovime pocatecni rozklad mnoziny n objektd do k shlukd. Roz-
klad zpravidla volime nahodné.

2. krok: Uréime vybérové centroidy v aktudlnich shlucich. (Vybérovym cen-
troidem shluku rozumime hypoteticky objekt, jehoz vektor pozorovani je
roven vektoru vybérovych primeéri pocitanych pro vSechny objekty pattici
do tohoto shluku.)

3. krok: Pro vSechny objekty spocteme jejich vzdalenosti od vSech vybérovych
centroidi. Objekt zaradime do toho shluku, k jehoZ vybérovému centroidu
maé nejblize. Pokud nedoslo v tomto kroku k zddnému pfesunu, povazujeme
aktualni shluky za definitivni, jinak se vracime ke 2. kroku.

V nasem piipadé€ pro k=2 dospéla metoda k-primért po dvou iteracich k témuz
vysledku jako metoda primérné vazby.
1. shluk: DOB, KRA, HUS, SKA.
2. shluk: MZL, PRI, SOB, KRO, TUR, POL.
Tento rozklad vycerpava 67 % variability obsazené v datech.
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5. CHARAKTERISTIKY NALEZENYCH SHLUKU

Prvni shluk je tvofen stanicemi, které se vyznacuji pomérné nizkymi primérnymi
ro¢nimi koncentracemi oxidu sifi¢itého (od 6 pg/m3 po 11 pg/m3) i malymi sméro-
datnymi odchylkami (od 2,5 ug/m3 po 3,5 ug/m3). S vyjimkou stanice KRA jsou
umistény v centralni ¢asti mésta.

Druhy shluk obsahuje stanice s vysokymi koncentracemi oxidu sifi¢itého (od
13 pug/m3 po 19 pug/m?) i pomérné velkymi smérodatnymi odchylkami (od 3,8 ug/m?
po 6,8 ug/m3). Tti z nich se nachéazeji v okrajovych ¢astech Brna (PRI, SOB, TUR),
dalsi tfi jsou v centru (MZL, KRO, POL).

Dds HUS KRA KRO MZL POL PRI SKA SOB TUR

Obr. 7 - Priaméry prumeérnych ro¢nich koncentraci SOs pro 1. a 2. shluk.
(Cerné - 1. shluk, bile - 2. shluk)

0

poB  HUS KRA KRO MZL POL PRI SKA SOB TUR

Obr. 8 - Smérodatné odchylky primért primeérnych roc¢nich koncentraci SO5 pro
1. a 2. shluk. (Cerné - 1. shluk, bile - 2. shluk)

Vysledek shlukovaci procedury, k némuz jsme dospéli, se mize jevit pon€kud
paradoxni. Pro¢ tfi stanice (DOB, HUS, SKA) umisténé v centru mésta vykazuji
nizké koncentrace SOq, zatimco jiné t¥i stanice (MZL, KRO, POL), které se nachézeji
rovnéz v centru, maji vysoké koncentrace SO2?

Vysvétleni neni jednoznacné. Jak bylo uvedeno v ¢asti ,,Vymezeni problému“,
zkoumané stanice méri koncentrace SOy dvéma rtznymi metodami. Pfepocet vy-
sledki kolorimetrické metody je do jisté miry subjektivni zaleZitosti a velmi zavisi
na zkusSenostech laboranta. Na stanicich DOB, HUS, KRA, POL a SKA se pouziva
kolorimetrickd metoda, na ostatnich gravimetricka.
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Vysvétleni mtze rovnéz spocivat v objektivnich podminkach, v nichZ se dané
stanice nachézeji - napf. umisténi v krajiné, sklon k tvorbé inverznich situaci, pre-
vladajici smér vétru apod.
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A NOTE ON CONVERGENCE OF LOCAL MARTINGALES

PETR DOSTAL

ABSTRACT. It is investigated the topology of £(IL), the set of all distributions of
pairs (X, Y) such that Y is a real continuous local martingale on the canonical
filtration of the process X and X is stochastic process on some separable metric
space T.

AbcrpakT. B »TOi cTaThby MBI 3aHUMAEMCS TOIMOJIOTUEN MHOYKECTBa BCEX
pacnpenenenuii nap (X,Y), rae Y obo3HauaeT peasbHBI HENpepbIBHBIN
JIOKAJILHBINA TtX—Mapr{Hran v X CTOXaCTHUUECKUI IIPOIECC CO 3HAUECHNAMU
B cerapabeJbHOM METPUUECKOM HpocTpaHcTse 1.

1. INTRODUCTION

We continue the research on topology of £(IL) that was started in [3] and gene-
ralize the following result from [3].

(1) L(L) is a relatively weakly closed set in L£(A)

where £(A) denotes the set of all probability distributions of pairs (X, Y") such that
Y is a real-valued continuous X-adapted process if we consider only continuous
processes X. We offer another idea how to prove and generalize the above result.
(see Theorem 1, Theorem 5)

2. MOTIVATION

We refer to [3] for inspiration but we only introduce one example which is denoted
in [3] as 1.2 Example.

I. The set W of all probability distributions of processes X such that there exists
a weak solution (Q, F, P, F;, W, X) of a stochastic differential equation (SDE)

(2) dX, = b(t, X)dt + o(t, X)dW;

is a Borel convex set in the set of all Borel probability measures on C(R*) for
arbitrary progressive coefficients (progressive coefficients will be defined in section 3
b and o and weakly closed set in P(B), the set of all Borel probability measures on
C(R™) concentrated on

t
3) Be={se C(Rﬂ,/ 1b(s, 25| + 02(s,2,)ds < o0 ¥t > 0} € B(C(R™)).

0
Especially, W is a weakly closed convex set in P(B) if b(t,.),o(t,.) : C(R*) — R are

continuous mappings for every ¢ > 0 and bounded on compact sets in RT x C(R™).

2000 Mathematics Subject Classification. Primary 62B05; Secondary 28C20.
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Note only or see 1.2 Example in [3] that if there is a weak solution (2, F, P, F;, W, X)
of a SDE (2) then

(4) X € B as. and Gy(X,t), Gp»(X, t) are local martingales

with respect to completed canonical filtration of the process X where

(5) Gp(z,t) = [xs — 20 —/O b(s,xs)ds] - Ig and

t
(6) Gpo(w,t) = [27 — 2 — / 224b(s, x5) — 02(s,x4)ds] - Ip.
0

Conversely, if (4) holds, then there exists a weak solution (Q*, F*, P* F, W* X*)
of a SDE (2) such that X and X* have the same distribution.

II. If Gy, Gp,» are continuous and SDE (1) is such that there exists its weak
solution for any deterministic initial condition, then the equation possesses a weak
solution with arbitrary initial condition in P(R), the set of all Borel probability
measures on R.

3. NOTATION

For f: Rt — R continuous function started at 0,c > 0 we denote by
(7) ac(f) == f(.A7]), where 7/ = inf{t > 0,|f| > ¢}

is the time of the first entry of the function | f| into the set {—c, ¢}. This transforma-
tion gives us a Borel measurable mapping o : C(R*) — C(R*),a2(g) = a.(g—g(0))
where C(R™) denotes the set of all continuous functions on Rt endowed with the
topology of uniform convergence on compact intervals. Recall that a real-valued
continuous process Y is an F;*-local martingale iff for every ¢ > 0 a2(Y) is an F;*-

martingale i.e. Y is F;%-adapted process and for s < ¢

(8) E}—SXaS(Y)t =ad(Y), as.

where F;X denotes the canonical filtration of the process X defined as follows
(9) FX =o{[X, € Bl,u<t,BeB([R)}

where o(A) denotes the smallest o-algebra which contains A as a subset. Recall
that B(S) denotes the Borel o-algebra on metric space S. We promised in section
2 to define progressive coefficients. Say that b : C(RT) x RT™ — R is a progressive
coefficient if there are some b; : C[0,¢] x [0,¢] — R, > 0 Borel measurable functions
such that

(10) for v € C(RY),u <t by(wss<s,u) = b(w,u)

where CJ0,t] denotes the set of all continuous functions on [0,¢] endowed with the
topology of uniform convergence.
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4. THEOREMS

Recall that X is a real-valued continuous process iff it is a random variable with
values in (C(RT), B(C(R™))).

Theorem 1. Let Y,,Y be real-valued continuous processes such that Y,, — Y
a.s. in C(RT). Then for ¢ > 0 there are sequences 0y € (0,c¢) and ny € N such that

(11) a? s (V) — (YY), k — oo a.s. in C(RT).

C*(sk

Proof: see thm. 1 in [2]. A combination of this theorem and Skorochod Theorem
yields Theorem 2.

Skorochod Theorem. Suppose that P,, P are Borel probability measures on
metric space S. If P,, — P weakly as n — oo and P has a separable support, then
there exist random elements X,, and X, defined on a common probability space
(Q,F, P), such that

(12)  L(X,)=P,,L(X) =P and X,(v) — X(w) for every w € Q as n — oo
where L(Z) denotes the probability distribution of a random variable Z. (see thm.
6.7. page 70 in [1])

Theorem 2. Let X, X,, be real-valued continuous processes such that X,, — X
in distribution asn — oo in C(R*). If R : C(RT) — C(R") is a continuous mapping
such that forn € N R(X,) is a local F;** martingale and R(X) is an F{<-adapted
process, then R(Y') is also an F;X -local martingale.

Proof: See thm. 2 in [2].

The method given by Theorem 1. seems to be sufficient for generalization but
a little bit unpleasant. One may ask if there is some better approximation procedure
of a.(Y) by aq(Yy) for Y, — Y in C(R™). The answer is given by

Theorem 3. Let Y,,Y be real-valued continuous processes such that Y, — Y

a.s. asn — oo in C(RY) and forn € N Y, is a local f,?/"—martingale. Then for
¢ > 0 holds

(13) 2(Y,) — a2(Y) a.s. asn — oo in C(RT).

Remark. Recall only that Y is an F} local martingale iff Y is an F;-martingale
for some filtration (F3, ¢ > 0).

Proof of Theorem 3 is based on Theorem 2 and 4 which says that it is enough to
show that Y is a local ) -martingale. Now put R := id and use Theorem 2.

Theorem 4. IfY is an F} -local martingale, ¢ > 0, then the mapping o2 is
continuous at Y (w) for a.s. w € Q.

Proof: See thm. 3 in [2]

Our generalization of result (1) reads as follows.
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Theorem 5. Let X,,,X be T-valued stochastic processes for some separable
metric space T; Y,,Y be R-valued continuous processes such that for n € N Y,
is an ]-"tX "_local martingale and Y is an F;*-adapted process. If moreover finite
dimensional distributions of X, associated with Y,, converge to finite dimensional
distribution of X associated with Y i.e. for f continuous bounded function on
TF x C(RY), ue (RY)k keN
(14) Ef(Xn(u1), -, Xn(ur),Yn) = Ef(X(u1),- -, X(ug),Y) as n — oo.

Then Y is an F;X-local martingale.

Proof: see Proposition in [2] which is a little bit more general but its formulation
is more unpleasant.

One may ask if we could leave out the assumption, Y is an F;¥-adapted process.
The following example shows that it is impossible even in the situation of Theorem
2 where Y, = R(X,,) and Y = R(X).

5. EXAMPLE

We will find R-valued continuous processes such that X,, — X as n — oo every-
where and R : C(R*) — C(R™) a continuous mapping such that for n € N R(X,,) is
an ff”—local martingale but R(X) is not even adapted to the completed canonical
filtration of the process X.

Denote by W one-dimensional Brownian motion and for n € N put
X)) =WEAD)/n+W[t-1D)T A1l - Xt)=W[t-1)"Al,n— x
and R: C(R") — C(RY), R(f)(t) = f(t+1)— f(1).
Now it is enough to check that R(X,) = W(.A1) is an F;* = F}¥ -local martingale
but R(X) = W(. A1) at time 1 is a nontrivial random variable and it cannot be

measurable with respect to the completion of a trivial o-algebra F;¥ = (‘;V_l)+ e
time ¢ = 1.
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MM-ODHADY

ZDENEK FABIAN

ABSTRAKT. The recently proposed core functions of continuous probability dis-
tributions are briefly introduced and used for a generalization of the classical
moment estimation method. The suggested core-moment estimators and, if ne-
cessary, the (Huber) moment M-estimators are “tailored” to the assumed dis-
tributions similarly as the maximum likelihood estimators, with which they in
some cases coincide. However, these generalized moment estimates are robust.
They are in multidimensional cases unexpectedly simple and their asymptotic
relative efficiences seem to be reasonably near to one.

Pezrome: Kope ¢yHKIMM HENpepbIBHBIX PACHPEAEIeHUI KCIOIb30BAHBL
JJIsT OOO06IIEHUs KJIACCUUECKON MapaMeTPUUECKON OIEHKU MEeTOJOM MO-
MEHTOB. OLIBHKI/I MeTOAO0OM KOpe MOMEHTOB ITOXOyKM Ha OLEHKW MeTOA0M
MAaKCUMAJIBHOTO MpaBaonoaobusi, Ho OHU pobacTHbl. OHU UpE3BLIUANHO
ITPOCTOM farke B MHOMOMEPHOM CJIydJae U MouTH e(PeKTUBHDI.

1. Uvop

Na Robustu’96 jsem uvefejnil ptispévek, zaznamenany v [1]. Pfipomenu jeho ob-
sah.

Budiz F distribu¢ni funkce a f hustota rozdéleni P s pravdépodobnostni mirou
kladnou pravé na otevieném intervalu Sp (koneéném nebo nekoneéném). Rozdéleni
si lze predstavit jako vzniklé transformaci ¢ : R — Sp néjakého ’vzoru’ G s prav-
dépodobnostni mirou kladnou na celém Sg = R. V [1] jsem se pokusil ukdzat, Ze
rozdéleni P lze vystizné popsat nejen funkcemi F' a f, ale i funkci ¢, danou vztahem

1 d
(1) q(z) = m%(*f?(x)f(w))
kde
(2) L(z) = ¢' (¢ (2))

je Jakobidn urcitého, na Sr zavislého zobrazeni ¢ : R — Sp, a daéle, Ze:

a/ Popis rozdéleni pomoci ¢ je ¢asto jednodussi a pfehlednéjsi nez oba standardni:
tak rozdéleni s tézkymi konci odpovida ¢ omezend (O), rozdéleni ostfe spadajicimu
k nule ¢ neomezend (N) a nesymetrickému rozdéleni s riznym typem chovani na
obou koncich intervalu Sr odpovida g typu O — N nebo N — O.

b/ Momenty funkce ¢ jsou lep§imi numerickymi charakteristikami rozdéleni nez
obvyklé momenty uz proto, Ze existuji, a zobecnénid momentova metoda pro tento
typ momenti poskytuje zajimavé odhady parametr parametrickych rozdéleni, které
sice obecné nejsou vydatné, ale nékdy skoro, zato jsou jednoduché a pro rozdéleni s
q typu O robustni.
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Funkci (1) nazfvadm v [1] geometrickou funkei rozdéleni. Ze by snad néjakd zasadni
funkce rozdéleni unikala po celé minulé stoleti pozornosti statistiki se ovSem zda
naprosto nepravdépodobné. Taky se to v [1] takto rezolutné netvrdi: pro G na Sg =
R je geometrickou funkci rozdéleni prosté skérova funkce

(3) a(y) =) = —d'(v)/9(v)

(coz dostaneme z (1), vezmeme-li v tomto pfipadé ¢ : R — R jako identické zob-
razeni, pak je L(xz) = 1). Pro rozdéleni F na Srp # R vznikne podle Véty 1 z [1]
funkce (1) nésledujicim postupem: Bud déna f. Transformaci ¢ ~! najdeme hustotu
g 'vzoru’ G na Sg = R, ur¢ime podle (3) skérovou funkci s@, tu transformujeme
zpét na Sy a dostaneme

(4) q(z) = s(¢™ (@)

Neboli: problém, ktery neumime vyfesit na Sr 'promitneme’ na R, zde jej vyTesime
a FeSeni 'promitneme’ zpét na Sp.

Nabizi se fada otazek: Jak to s ¢ vypada v novém tisicileti 7 Je jesté zajimava
nebo to byla jen duhové bublina ? A ovSem (nejéastéjsi vyhrada poslucha¢ti mych
prednasek a recenzentt nepfijatych ¢lankd: jak ¢ miaze byt relevantni funkei daného
rozdéleni, kdyz zavisi na v podstaté libovolné (spojité rostouci) ¢ ?

V tomto ¢lanku se pokusim tyto otédzky zodpovédét a odpovédi zdavodnit. Za-
sadné je mozno fici tolik: Uvedenym postupem skute¢né kupodivu dostaneme obecné
neznamou a smysluplnou funkci. V mnoha konkrétnich pripadech je, pravda, znama
a ve statistice hojné pouzivana, zdaleka ne vSak ve vSech: zcela neznamé je napf.
pro rozdéleni bez parametri ¢i bez toho parametru, kterému v dalsim textu fikdm
transformovany parametr polohy (viz tabulky 1-3 ptikladu 1 v [1]). Pro rtzné ¢
mizeme samoziejmé dostat pro jedno dané rozdéleni riizna ¢, ukazuje se vsak, ze
pro analyticky zadanou f existuje zpravidla jediné ¢, které dava ¢ v matematicky
uchopitelném tvaru.

Budu zde mluvit o funkci T, které dnes fikdm core nebo core funkce. Je to
'vysvlecend’ geometrickd funkce rozdéleni z ¢lanku [1]. Zatimco ’oblec¢end’ ¢ v podsta-
té nikoho nezajimala, *vysvleGenou’ Tr celkem ochotné prijali v pomérné slusném

a defini¢ni obor rozdéleni I’ zna¢im Sp misto T'.

2. CORE FUNKCE
Uvazujme obecnou parametrickou rodinu G = {Gy, 6 € ©} na S = R, kde
0= (n,0,8) € Sag x (0,00) X A,

kde A = (0,00)™2 kde m > 2 celé a kde p a o jsou parametry polohy a méfitka.
Pak existuje takova He, ze

5) Got) = He (52)).

g

Hustota rozdéleni Gy je ziejmé

©) o) = e (L),

g
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kde h'5 = H¢. Definujme core funkci rozdéleni Gy jako

96(v)
(7) TGe (y) g0 (y) .
(7) je totéz jako (3) pro rozdéleni bez parametri nebo s parametrem polohy. Uva-
7ujme vSak rozdéleni (5). Pod pojmem skérova funkce parametrického rozdéleni se
obvykle chape vérohodnostni skér pro parametr polohy, sg(y) = (9/0u) log go(y)
(log je pfirozeny logaritmus). Podle (6) plati

)= L toe (Lh, (4K  h(y=—mw/o)1  1gply) 1
“(y)6u1g<ahf< ; )) (W —pfo)o oy oW

Core funkce (7) je tedy vnitini sou¢asti vérohodnostniho skéru pro parametr polohy,

sff, coz se da hezky Fict anglicky jako Ze 'Core is the core of the (likelihood) score’.

Piiklad 1. Normalni rozdéleni N(u, o) méa skérovou funkci (vérohodnostni skér pro
parametr polohy) s)(y) = (y — p)/0? a core funkei Tn(y) = (y — p)/o. Core funkce
normalniho rozdéleni chapand jako ndhodna veli¢ina je prosté normovana ndhodna
velic¢ina.

Rodinu G miizeme povazovat za vzor indukované (transformované) rodiny F na
Sr = (p(=00),p(00)). Pro Fy € F, Fy = Ggp~! plati

i) = Gali™ o)) = e (£

g

coz muzeme prepsat jako

kde
(8) w = 9071(1') — 5071(7_) )

Zde jsme polozili 7 = ¢(u). 7 je transformovany parametr polohy zndmy z [1]. Pa-
rametr 6 ted znaci vektor

0= (r,0,8) € Sr x (0,00) x A.
Hustota indukovaného (transformovaného) rozdéleni Fy je pak

(9 fole) = - Helw) = he(w) - = —rshe(w)

kde he = H; a L(x) je ddno vztahem (2).
Ted uZ je mozné podle (4) napsat vyraz pro core funkci rozdéleni Fy:

10 T =Te, (¢ (x) =T __few)

(10) Fo(2) =T, (¢~ (2)) = Hg(w)__W'

Je 0 néco jednodussi nez pivodni ¢, protoze vznikd misto ze 'score’ z jednodussiho
"core’ vzoru. Tim se trochu pozméni i obecny vzorec (1) pro jeji vyjadfeni bez znalosti
konkrétniho vzoru:
Véta 1. Core funkce rozdéleni Fy indukovand zobrazenim ¢ : R — Sp je

1 d

11 T =———(—0oL .

(11) @) = s g (oL@ fo(o)

Dukaz. Podle (10) a (9) je
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B S
Try () = " he(w)  oL(x) fo(x) d:c( L) ol ))dw
a dw/dx =1/(oL(z)) podle (8) a (2). O

Nasledujici véta podava interpretaci core funkce rozdéleni na Sr. Poznamenejme,
ze vSe, co plati pro rozdéleni F', plati samoziejme i pro rozdéleni G na Sg = R pfi
aplikaci identické transformace . Tedy: 7 v dalsim znamena i u.

Véta 2. Vérohodnostni skory rozdéleni Fy pro transformovany parametr polohy a
pro parametr meritka lze vyjddrit pomoct core funkce jako

1
12 a = ——T
(12) @) = TR
1
@) = Ty (@) - 1)
Dukaz. Pfimym derivovanim a pouzitim (9) dostaneme
0 1 he (w) Hw 1
Fry_ 9 _ v
s (@) = g los( Ty he)) = 208 Br = oriny L)
P ) 1 1 hg(w)ow 1

s = —(wTy, (w) — 1),

U(‘r) = a_Ulog(O'L(lE)hg(w)) = _; + W% =7

kde w je ddno vztahem (8). Tvrzeni pak ziskdme uzitim (10). O

Tr,(z) indukovaného modelu je tedy, podobné jako v pfipadé vzoru Gy, vnitini
soucasti verohodnostniho skoru pro transformovany parametr polohy.

Piiklad 2. Jednim z moZnych rozdéleni na Sp = (0,00) s transformovanym para-
metrem polohy a parametrem méfitka je Weibullovo rozdéleni s hustotou

frop(@) = Bz (z/7)Pem @/,

Zvolme zobrazeni z = p(y) = e¥. Hustotu rozdéleni upravime na tvar

frp(@) = lee™",
kde w = log(z/7)? = 07 1(logw —log7) a 3 = 0!, Vzorem pro F je tedy dvojité
exponencialni rozdéleni, vérohodnostni skér pro 7 je

sy (x) = prH((z/7)" = 1),

a core spo¢teme pomoci (11) jako

__ b A me Y )
e, o(0) = iy as (0@ = @/r) -1

Core je vnitini soucasti vérohodnostniho skéru pro 7.

Piiklad 3. V [1] je v pfikladu 6 je uvazovan specidlni p¥ipad Lomazova rozdéleni
na

Sr = (0,00) s hustotou fo(z) = a/(z + 1)®T!. Zde « neni transformovanym para-
metrem polohy. Vérohodnostni skér pro a je s& (z) = 1/a — In(x + 1) a core funkce
(opét pii p(y) = eY) je Tr, (z) = (ax — 1)/(x + 1), coZ je zbrusu nova funkce, kterd
podle mne lépe popisuje Lomaxovo rozdéleni nez s,. Nova, ale namichana podle
starého receptu: je to vnitini soucast vérohodnostniho skéru pro ’'latentni’ parametr
polohy 7 = 1. Je to jen funkce, kterd v pfipadech 'medokonalych’ rozdéleni bez
transformovaného parametru polohy prosté nebyla dosud rozpoznana.
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3. ZOBRAZENI{ ¢

Explicitni tvar core funkce rozdéleni na Sr # R ziskdme po specifikaci zobrazeni
¢. V [1] bylo zobrazeni

(13) x:ﬂw:a%?jiwwgﬁ

chybné povazovano za jediné ’spravné’ (dodejme Ze v [1] je uvedena pouze jeho
inverze).

Stoji zato si pov§imnout, ze v [12] plati p(—o0) = a, p(+00) = b, ©(0) = ¢, a
ze limp—oo p(y) = a + (c — a)e?. Zobrazeni (13) poskytuje moznost ziskat irokou
tfidu rozdéleni a jeho zvlastnimi pfipady jsou zndmé Johnsonovy transformace (viz
[9] nebo [10]):

¢: R— (0,00) ve tvaru (a = 0,b = 0o,c = 1):
z=ply) =e
v:R—(0,1) ve tvaru (a =0,b=1,c¢=1/2):

ey
o 14ev

= p(y)

Rodindm rozdéleni, které vzniknou z rodin ’vzor’ transformaci (13) budeme fikat
’johnsonovské’. Jak se ukazalo, drtiva vétsina modelovych rozdéleni pouzivanych ve
statistice je pravé johnsonovskych’. Explicitni tvary jejich core funkci na polopfimce
Sr = (0,00) (kde Jakobijan L(z) = z) a intervalu (0,1) (kde L(z) = z(1 — z)) jsou
podle Véty 1

(14) Tr(x) o[-1—zf'(x)/f(2)] na (0,00)
(15) Tp(z) = o[-1+2zx—2z(1—2x)f (x)/f(z)] na (0,1).

Uvazujme vSak rozdéleni F' na Sp = (-3, %) s hustotou

1
=—¢
V2w cos? x

a zvolme ¢ : R — Sp ve tvaru & = ¢(y) = arctg y. Jacobidn inverzni transformace

0 1 Sp — Rjedp t(z)/dr =1/ cos’ z a vzor G rozdéleni F je ziejmé standardni
normélni rozdéleni, g(y) = \/%—ﬂe*%yz, s core funkci T¢ (y) = y. Podle definice (10) je

arctg-indukovana core funkce rozdéleni (16) déna jako Tr(x) = T (¢ () = tg .

2
7%tg x

(16) f(x)

Pfimym vypoctem se lze pfesvédcit, Ze obdobou vzorct (14) a (15) je v tomto
pripadé
Tr(zx) = [sin 22 — cos® xf'(x)/ f ()]

Rozdéleni (16) méa ovSem i svou ’johnsonovskou core funkci’, tu vSak nelze vyjadfit
jednoduchym vzorcem. Myslim si, Ze obecné lze za core funkci rozdéleni F' povazovat
ten nejjednodussi smysluplny popis rozdéleni vyjadieny pomoci funkce obsahugjici
élen —f'/ f, o ktery si matematicky tvar hustoty Fekne’. Snad bych dodal, ze vim o
hustoté, ktera si o vhodné ¢ 'nefekla’ (lambda rozdéleni, viz [7]). V dal§im budeme
pro jednoduchost uvazovat pouze ’johnsonovské rodiny’.
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4. MOMENTY CORE FUNKCE

Stejné jako v [1] definujeme core momenty vztahem
M () = / Tr, (z)F dFy(z), k=1,2,..
SF

Podle [1], Véta 1 plati M7 = 0. Déale, M5(0) je v [1] povaZovén za stiedni (Fisherovu)
informaci rozdéleni Fy, coz po modifikaci ’geometrické funkce’ neplati: oznacime-li
Ir, . (0) Fisherovu informaci o transformovaném parametru polohy, plati podle Véty
1 tohoto ¢lanku

(17) My (0) = o*L*(7) I, (6).
(Poznamenejme, ze proména g v T se v [1] projevi uz jen ve vzorcich pro momenty
prikladu 5, v nichZ vypadne § a jeho mocniny.)
Vztah (17) poskytuje dalsi interpretaci pojmu core funkce. Podle (12) a (17) je
v _ Th (z) _ s7(2)
- - Y
VM) Ik, (0)

¢ili normovana core funkce je vérohodnostni skér pro transformovany parametr po-
lohy normovany odmocninou z Fisherovy informace pro tento parametr (znovu: po-

kud rozdéleni ten parametr mé. KdyZz ho ale nemé, nevadi. I pro rozdéleni bez
parametrii je Tr dana definici (11) a M je pak Fisherova informace rozdéleni, viz

[1])-
Piiklad 4. Pro Weibullovo rozdéleni (ptiklad 2) plati I, = (o7)~2 a pak My =
o’ p . = 1.

5. ODHADY METODOU CORE MOMENTU

Pro parametrické odhady parametru § € © C R™ méame k dispozici m vérohod-
nostnich skdrt, ale jen jednu core funkci. Podle [1] v8ak existuji momenty funkce
Tr, které jsou pro snad vSechna jednoduchd modelova rozdéleni

— vyjadieny prostou funkci parametri bez rtznych gamma, psi a beta funkci,
kterymi se hemzi vzorce pro vypocet obyc¢ejnych moment,

— a to funkci ne vSech parametrt. Core momenty (CM) nezavisi na 7 a v nové
verzi ani na o (& §), takze My (0) = My(€).

Reseni (én)c M soustavy
1 n
(18) EZ;TF(me)k — My (0), k=1,..,m

je tedy pomérné jednoduché, ziejmé konzistentni a asymptoticky norméalni a pro
Tr typu O (tedy pravé pro rozdéleni s del$imi chvosty a daty obsahujicimi odlehlé
hodnoty) robustni. To v8e lze snadno nahlédnout z obecné teorie M-estimatora (viz
[11]). Co nahlédnout nelze a je nutno poéitat jsou asymptotické disperze CM odhadt
resp. jejich asymptotické relativni vydatnosti (ARV),

ARV(fcm) = lim (Var(8y)arn/Var(Gn) o),

kde (0,,) a1 znadi maximalng vérohodny (ML) odhad.
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Podle [1], Véta 2, plati M;(0) = 0. Podle Véty 2 tohoto ¢lanku pro m = 1 a
rozdéleni s transformovanym parametrem polohy je rovnice

(19) ZTF(MT) =0

totozna s maximalné vérohodnou rovnici pro 7. Totozna fakticky, ne vSak koncepcné.
Méjme dvé ndhodné pozorovani X = (X1, X2) z Cauchyho rozdéleni s hustotou ve
tvaru g,(z) = 1/m(14 (z — p)?) a s nezndmym parametrem polohy . PotiZe s Cau-
chyho rozdélenim jsou notoricky znamé: rozdéleni nemé zadny ’obycejny’ moment.
Vérohodnostni funkce Z?Zl log 9,,(X;) méa pro dostatecné vzdalené X, Xy dva vr-
choly (viz napf¥. [6], str. 213) a rozumny odhad p je tedy ne v maximu vérohodnostni
funkce, ale v jejim lokdlnim minimu, feknéme fiyi,. Core funkce Cauchyho rozdéleni
s jedinym parametrem p je identickd s jeho skérovou funkei a rovnice (19) pro prvni
core moment, kterd zni 2X; /(X1 — p)? +2X2 /(X2 — u)? = 0, poskytuje odhad jimin
bez jakychkoli koncepcénich problémii.

Uvazujme rozdéleni, které ma pouze transformovany parametr polohy a para-
metr métitka, F,,(x) = Hi(w) (tohoto typu jsou napf. normdlni, lognormélni,
Johnsonovo, dvojité exponencialni s hustotou f(z) = e¥e™¢", extreme value I a II,
Weibullovo, logistické, log-logistické, Cauchyho a log-Cauchyho rozdéleni). Ozna¢me
w; = (p71(X;) — ¢71(7)) /0. Soustava rovnic pro ML odhady m4 tvar

> Tp(w) = 0
n 'y (wiTp(w) —1) = 0,

kdezto soustava rovnic (18) pro CM odhady zni

ZTF(UH) =
(20) Y (Te(wi)’ —1) =

kde >~ znadi } ;. ;. V ptipadé normalniho rozdéleni jsou obé soustavy identické.

0
0

Z tvaru rovnic je patrné, ze pro rozdéleni s omezenou Tr (logistické a log-logistické
rozdéleni) jsou momentové odhady (na rozdil od ML odhadii) robustni. Spoétené
ARV jsou ARV (icm) = 1, ARV (6¢n) = 0.874 pro logistické rozdéleni a
ARV (7cym) =1, ARV (6¢r) = 0.953 pro log-logistické rozdéleni, coz myslim jde.

6. MOMENTOVE M-ODHADY

Zabyvejme se rozdélenim gamma na Spr(0,00) s hustotou

flalay) = %

Core funkce rozdéleni je podle (14)
Tr(z/tla) = =1 = 2fo, (1)) far(x) = y2 — a = a(z/T — 1)

kde 7 = a/~ je transformovany parametr polohy. T je linedrni, typu O — N. Ze
soustavy (20) vyplyva, Ze

(21) (Pom =X (Gem) ™ =n"" Z(Xi - X)?,



40 Zdenék Fabian

coz jsou ‘nédhodou’ (diky linearité Tr) odhady shodné s odhady ziskané ’obyéejnou’
momentovou metodou. Tyto odhady nejsou robustni a podle [10, str. 186] maji dost
nizké ARV.

Robustni verzi odhadi (21) 1ze vSak najit iplné jednoduse. Definujme m-rozmér-
ny Huberuv momentovy estimdtor Oy jako

. 1 <&
22 Onin N TH(XG0)F — Me(0)] =0, 1<k<m,
(22) MM n;[b( |0) k(0)] =0 Sk=m

kde
Ty (z|0) = max[—b, min(Tr(z|0),b)]

je zobecnénim Huberovy funkce ¢(x) = max[—b, min(z,b)] a b je i v. m—rozmérném
pripadé jedinym ’ladicim’ parametrem, ktery je tfeba uréit (na zékladé apriornich
znalosti nebo pozadavkid na ARV hledaného odhadu). Z teorie m-dimenzionalnich
M-estimatort [11] opét plyne silnd konzistence a asymptotickd normalita odhada
(22). Podobné jako CM odhady, jsou i MM-odhady (neboli momentové M-odhady)
vypocetné neobycejné jednoduché.

Podivejme se nejprve na dil¢i pripad gamma rozdéleni, na exponencidlni rozdé-
leni s hustotou f,(z) = 7-'e~*/7. Zobecnéna Huberova funkce MM estimatoru je
asymetricka,

. /T —1 pro x <bT
Tb(xh){ /b—l pro x > bT.
Zde 7 je néjaky pocéateéni odhad 7 (pouzivdm medidn). MM-odhad parametru 7 je
tedy Tarm = X*, kde X=X, pro X; <bfaX}=>b—1 pro X; > b7. Podle Véty
1 v [8, str. 117] je Tarn ’optimal B-robust’. Spocteny asymptoticky rozptyl odhadu
TMmM je

1—2be=® 2
1—(b+De2
Jezto Var(7ar) = 72, dostavdme nésledujici tabulku:

Var(%MM) =

b 2 2.5 3 3.5 4
ARV (arar) 0.769 0.862 0.915 0.947 0.967

Vratme se ke gamma rozdéleni. Dosadime-li do vzorci (21) hodnoty X a X*
namisto X; a X, dostaneme napf. pro o = 2 asymptoticky rozptyl odhadu 77 ve
tvaru

1—e 2202 +b-1/2) ,
1202 +2b+1))2

Var(%MM) =

a tabulku

b 2 2.5 3 3.5 4
ARV () 0.703 0.849 0.927 0.969 0.984

takze s rostoucim a mohou klesat hodnoty ’ladiciho’ parametru.

V dalsi tabulce jsou zachyceny vysledky simula¢niho experimentu. Data byla ge-
nerovana z kontaminovaného rozdéleni F(x) = (1 — €)Fi(z) + eF,(x), kde F, znadi
exponencialni rozdéleni. Testovany byly ¢tyfi estimatory: maximéalné vérohodny esti-
mator 7y, neni robustni, systematické vychyleni odhad ziskanych pomoci Huberova
H15 estimétoru (nejlepsi estimétor ze studie [5]) je zptisobeno nesymetrii rozdéleni
a a-odhady (fo : £ 30 (Xi/7 — 1) f&(X;) = 0, viz [14]) piili§ zavisi na hodnoté «,
ktera opét zavisi na 'neznamém’ p. MM estimator pfi volbé b = 3.25 a 7 rovném
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medianu dava docela slusné vysledky. V tabulce uvadime stfedni hodnoty odhada 7
z 500 experimentd a rozsahem vybéru n = 200 pro nékolik hodnot p a € = 0.05.

P TML TH15 TMM Ta=0.1 Ta=0.2
0 1.01 0.89 0.95 0.95 0.89
2 1.11 0.92 0.97 1.04 0.97
5 1.42 0.93 1.10 1.12 1.05
8 1.74 0.95 1.08 1.37 1.04

Zobecnénou a ’robustifikovanou’ momentovou metodou lze v pfipadé gamma roz-
déleni ziskat minimalné slusné pocateéni hodnoty pro jemnéjsi, ale mnohem kom-
plikovanéjsi postup navrzeny v [13]. Existuje vSak fada nesymetrickych rodin, pro
které neni robustni verze ML odhadt zndma (napf. beta rozdéleni, obecnd rodina
transformovaného beta (viz [12]) nebo rodina z pfikladu 5 v [1]) a pro které obvyklé
symetrické robustni estimétory nefunguji (podobné jako H15 pro vybéry z exponen-
cidlniho rozdéleni). V takovych pfipadech je navrzeny MM-odhad moZné jedinou
metodou, kterd mutize poskytnout jakési ne tiplné Spatné vysledky.
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ODHAD PARAMETRU CHVOSTU DISTRIBUCNI FUNKCE

ALENA FIALOVA

ABSTRAKT. Distribution of maximum of the sequence of independent identically
distributed random variables with nondegenerate distribution function conver-
ges (after proper normalization) to the one of the three distribution functions,
extreme value distribution function. The shape of this distribution is affected
by parameter . Estimation of this parameter is discussed and new estimator
based on sample mean and is proposed.

PyHKIMS PACHpenesIeHNs MaAaKCUMYyMa, ITOCaen00aTeIbHOCTH HE3aABUCUMBIX

OQUHAKOBO PAaCIpeNeeHHBIX CIYUYAMHBIX BEJIMUMH C HEBBIDOYKIEHHOU By HK-
nuell pacnpenesieHUs CXOOWTCaA (MOCJEe MOAXOAAMEHd HOpMaJan3anum) K

OOHOI U3 TPEX (BLIHKIUI pacnpeneieHUusd, QYHKINUI PaCIpeneleHUs DKCT-

peMaJibHOrO 3HaueHus. l[lapameTop < BJAMsAET Ha BUA DTOrO pacrpene-

nenys. OBCY:KIAIOTCA U NpeIJIaraloTCA HOBbIE OIEHKU 3TOTO mapaMeTpa

OCHOBAHHBIE HA BLIOOPKE CPeHEero 3HAUEHUsI.

1. Uvop

Predmétem tohoto ¢lanku je problematika odhadu parametru chvostti rozdéleni
s tézkymi chvosty. Nejdfive uvedeme zakladni vysledky v tomto oboru. Budeme se
zabyvat teorii extrémnich hodnot, jejiz vysledky vyuzijeme.

1.1. Teorie extrémnich hodnot.

Uvazujme posloupnost nezavislych nahodnych veli¢in X;, ¢+ = 1,2,... s nedegene-
rovanou distribu¢ni funkci F'(x). Oznaéme vybérové mazimum M, = max(Xy,...,
X,n), n > 1. Zékladnim problémem teorie extrémnich hodnot je otézka, za ja-
kych podminek existuje asymptotické rozdéleni pravdépodobnosti posloupnosti veli-
¢in {@}, pfi vhodné standardizaci posloupnostmi {cy, 152 1, {d,}52 ;. Odpoved
dava nésnledujici véta, zakladni véta klasické teorie extrémnich hodnot.

Véta 1.1. (Fisher-Tippett)

Necht {X,,} je posloupnost nezavislych stejné rozdélenych nahodnych velicin s ne-
degenerovanou distribucni funkei F(x). Pak existuji posloupnosti ¢, > 0, d,, tak, Ze
pro M, = max(Xy,...,X,), n>1, plati

(1.1) (M, —dy) -5 H, |
(I)l/'y v>0,

(1.2) H,={ A =0,
\I’fl/'y Yy < 0 .

H, je jednim ze t14 typii:
Fréchet: ®@,,(x) =exp{—2™™}, >0, m >0
2000 Mathematics Subject Classification. Primary 62F10; Secondary 62P05.

Klicovd slova. Rozdéleni s tézkymi chvosty, Hilliv odhad, extrémnich hodnoty.
Tato prace vznikla za podpory grantu GACR ¢&. 201/00/0770 a grantu MSM 113200008.
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Gumbel: A(z) =exp{—e"}, x €R
Weibull: ¥,,(x) = exp{—(—2™)}, 2 <0, m >0

Diikaz. Dukaz véty je ponékud komplikovany a technicky, ale ve zjednodusené formé
Ize Tici, Ze jde o feSeni funkciondlnich rovnic. Volbou ¢, = 1 pro vS. n se dokaze, Ze
F je typu A. Jestlize existuje ng, takové, ze ¢, < 1 pro vSechna n, pak F' je typu
W, pro néjaké m > 0. Pokud ex. ng, takové, ze ¢, > 1 pro vSechna n, pak F' je typu
®,, pro néjaké m > 0. Naznak dikazu lze nalézt v Embrechts [4] nebo podrobnéji
de Haan v [5]. O

Lze ukédzat, ze distribu¢ni funkce Hy je rovna limité H, pro v — 0, proto ji
muZeme psat ve tvaru

(1.3) Hy(y) =exp{—(1+~y) '}, y>-—71 yeR.

Funkce H,(z) se nazyva distribucni funkce standardniho rozdéleni extrémnich
hodnot a parametr v se nazyva parametr rozdéleni extrémnich hodnot. Jelikoz funkce
H, je jedinou moznou nedegenerovanou limitni distribu¢ni funkci rozdéleni standar-
dizovanych extrémnich hodnot nazyva se také max-stable.

Rikame, ze distribuéni funkce F nalezi do sféry pritazlivosti Hvy, a piseme F €
D(H7), jakmile plati (1.1) pro néjaké posloupnosti {c,}, {dn}.

Hodnoty parametru v = 0, v > 0, v < 0 distribu¢ni funkce H, odpovidaji
kvalitativné naprosto odliSnym rozdélenim pravdépodobnosti. Proto odhad na za-
kladé pozorovani je zakladnim problémem nejen z matematického hlediska, ale i
z hlediska aplikaci. Zejména je dulezité rozlisit mezi v = 0 (exponencidlni pravy
chvost) a v > 0 (algebraicky, tézky pravy chvost).

1.2. Charakteristika t¥i sfér pritazlivosti.
V tomto odstavci nejprve pripomeneme nékteré zakladni definice a zamérime se
na charakterizaci tfi typi limitniho rozdéleni maxima.

Definice 1.2. Necht F je distribuéni funkce, pak funkce U(¢) danéd vztahem

(1.4) Ut)=F~(1-1/t)=inf{y: Fly) >1-1/t}, ¢t>0,
se nazyva kvantilovd funkce chvostu.

Nyni pfipomeneme definici pravidelné se ménici funkce a pomalu se ménici funkce.
Obé tyto definice jsou dilezité pro naslednou charakterizaci distribu¢ni funkce roz-
déleni s tézkymi chvosty.

Definice 1.3. Rekneme, ze funkce G(t) je pravidelné se ménici funkce (v nekonecnu)
s indexem m a znac¢ime G € R,,, jestlize
G(xt)

1.5 I =" >0,
(1.5) e , t>

Funkce G(t), G € Ry se nazyva pomalu se ménici funkce (v nekonecnu).

V nasledujicim textu uvedeme stru¢nou charakteristiku distribu¢nich funkci, které
nélezeji prislusnym sféram pritazlivosti. V oznaceni budeme uzivat v = %, v,m # 0.
e 1. Fréchetovo rozdéleni: F' € D(H,), v >0
Necht F patii do sféry ptitazlivosti Fréchetova rozdéleni s distribuéni funkei @, (x) =
exp{—z~™}, © > 0, m > 0. Tato sféra pfitazlivosti zahrnuje rozdéleni s tézkymi
chvosty s distribuéni funkci F, s odpovidajici kvantilovou funkci chvostu U a zprava
neomezenym nosicem, ktera se daji charakterizovat nasledujicim zptisobem:
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1.1— F(z) = 2~™L(z), L je pomalu se ménici funkce (L(z) € Ryp)

2. FeD(@®,) ©1-FeR_,, < UER,

3. Postacujici podminka pro ovéreni, zda nadhodné veli¢ina s distribu¢ni funkci
F nalezi do Fréchetovy stéry pritazlivosti je von Mises podminka: Necht F(z) je
absolutné spojita distribu¢ni funkce s hustotou f(z) a

o xf(z)
lim ———— = >0
el F(z) T
pak F' € D(®,,) .
Priklady:
rozdéleni hustota parametr -y
Cauchy m, reR 1
Pareto ST z>1 1/m
Loggamma FA(:L) (logx)*~tz=m=1 2 >1, A, m >0 1/m

o 2. Gumbelovo rozdéleni: F' € D(Hy)

Tato sféra pritazlivosti zahrnuje Sirokou Skalu rozdéleni véetné normalniho. Tato
rozdé€leni mohou mit nosi¢ zprava neomezeny, mize vsak byt i koneény. Jeji charak-
terizace je nasledujici:

1. Fe D(A) < Fa(z) > 0: lim, .y, %‘W =e ' teR

2. Fe D(A) & Fe(z),a(x),9(z), 3z <zp:1—F(z) = c(x) exp{ffzz %dt},

e(x) = ¢>0,g(x) =1, proz — xp, a(z) >0, lim;_,,. a'(x) =0 .

Priklady:
rozdéleni hustota parametr y
Exponencidlni A exp(—Ax), A>0 0
Weibullovo Az Lexp(=Az®), x>0, \,k>0 0
Gamma %x”_l exp(—Az), >0, \,k>0 0
Normaln{ o exp(—12/2), zeR 0

e 3. Weibullovo rozdéleni: F' € D(H,), v <0
Posledni sféra pritazlivosti obsahuje rozdéleni, kterd maji zprava omezeny nosi¢ hus-
toty. Jeji charakterizace je obdobné jako u Frechetovy sféry pritazlivosti. Necht zp
je pravy koncovy bod, pak

1.1— F(zp —1/x) =2 ™L(x), L(z) € Ry

2. FeD¥_,) & rp<ocoalF(rp—1/z)€ D(P_p)

Priklady:
rozdéleni hustota parametr -y
Rovnomérné 1, xz € (0,1) -1
Beta %:ﬁfl(l —z)™ Yz e (0,1), A,m>0 —1/m

2. ODHAD PARAMETRU ROZDELEN{ EXTREMNICH HODNOT

Tvar rozdéleni extrémnich hodnot je vyznamné ovlivnén parametrem . Kladna
hodnota v indikuje tézké chvosty rozdéleni F'; pokud navic 0 < m < 2, kde m = 1/7,
nemé F' kone¢ny druhy moment. S takovymto pfipadem se muizeme casto setkavat
pfi analyze dat z oblasti vécného neboli nezivotniho pojisténi, pfijmd obyvatel, ka-
tastrofickych udalosti a dalSich. Proto je dilezité odhadnout v nebo zkonstruovat
interval spolehlivosti pro 7, pfipadné vhodny test o jeho hodnoté. Problémem od-
hadu parametru + se zabyvala fada autord, napt. Csorgd, Deheuvels a Mason [1],
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Dekkers a de Haan [3] a Pickands [9]. Odhady jsou vesmés zaloZeny na poradkovych
statistikdch prislusnych vybéru X, ..., X,, které ozna¢ime Xy., < --- < X,

2.1. Hillav odhad parametru m =1/ > 0.

V této praci uvedeme pouze nékolik radek o Hillové odhadu. Byly navrzeny i dalsi
odhady zaloZené na podobném principu, mizeme uvést napf. Pickandstv a momen-
tovy odhad. Ale Hilliv odhad Hy,, je nejuzivanéjsi a patrné nejpopularnéjsi odhad

parametru m = 1/. Je zalozeny na k+ 1 nejvétsich pozorovanich X, k., .-, Xnint
L
Hk,n = (E leoan—i-l-l:n - lOan—k:n)71a k= 1a cee, N — 1.
i=

To lze pfepsat do tvaru Hy, ,, = (% Zle log X)?%i:l’")_l, coZ lze 1épe interpretovat.
Pokud volime k,, nejvétsich pozorovanich v zavislosti na n pfi n — oo jako k, —
00, kn/n — 0 pak lze dokdzat slabou konzistenci Hy,, »,

P
Hkn,n — m .

Byala také dokézana silné konzistence odhadu Hy, ,,, tedy Hy, , — m a.s. pro
n — 00, za podminky, Ze k,,/loglogn — oo pro n — oo.
Hodnota k se v praxi ur¢uje pomoci grafu {(k, Hy ), k =1,...,n—1} zvaného Hill
plot; presnéji feceno, hodnota parametru m je odvozena ze stabilni ¢asti grafu. To
se ukazuje jako nejvétsi nevyhoda této techniky, protoze Hill plot se muze chovat
znac¢né nestabilné a kolem m stravi jen pomérné kratky tsek. Na druhou stranu je
nutno poznamenat, ze Hilliv odhad je nejefektivnéjsi, kdyz dané rozdéleni je Pareto
nebo blizké tomuto rozdéleni.

Véta 2.1. (Asymptotickd normalita Hillova odhadu)

Necht {X,,} je posloupnost nezdvislych, stejné rozdélengch ndhodnijch velicin s dis-
tribucnd funkci1—F(z) = = =™ L(x), m > 0, kde L(x) je pomalu se ménici funkce.
Jestlize lim,, oo ky = 00 a jsou-li splnény dalsi podminky regularity, pak

d
(2.1) Vkn(Hy, n —m) —— N(0,m?) .
Posta¢ujici podminky pro platnost (2.1) vyrazné zavisi na nezndmé distribuéni
funkci F(x) a dalsim parametru, kterym je mira konvergence (1 — F(tx))/(1 — F(z))
k t™. (Viz téz Davis a Resnick [2]).

3. NovY ODHAD m = % ZALOZENY NA CHVOSTECH VYBEROVEHO PRUMERU

Navrhneme odhad parametru rozdéleni extrémnich hodnot zaloZeny na novém
principu, na chovani chvostii rozdéleni prameéru n ndhodnych velicin.

Nejprve zavedeme dva typy chvostil. Necht X1, ..., X, jsou nezavislé stejné rozdé-
lené ndhodné veli¢iny s distribuéni funkeci F'(x), obecné nezndmou. Pfedpokladejme,
Ze k distribu¢ni funkci F'(x) ptislusi absolutné spojita hustota f(x) s nosi¢em zprava
neomezenym. RozliSujeme tyto dva typy chvosti:

1. Exponencidlné klesagici chvost
je chvost typu exp(—bz"), b > 0, r > 1, tedy

(3.1) lim —log(1 — F(z)) =

T—00 bx"
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Jestlize F'(x) mé exponencialné klesajici chvost, pak F' patii do sféry pfitazlivosti

Gumbelova rozdéleni, napi. volbou a(z) = &2'™" a

1— F(x) =exp {—/ brtrldt} .
0

2. Chvost Paretova typu (rozdéleni s tézkgm chvostem,)
je chvost typu bx™™, b,m > 0, tedy

(3.2) i 1081 = F(@)

=1.
z—00 mlogx

Jestlize F'(x) mé chvost Paretova typu (a existuje-li hustota f(x)), pak F'(z) patii
do sféry pritazlivosti Frechetova rozdéleni; F' € D(H,), v > 0, m = 1/, jak také
mizeme ovérit z von Misesovy podminky:

S (N
L e R

Priklad. 3.1. 1. Logistické a dvojité-exponencidlni rozdéleni maji exponencidlné
klesajici chvosty s r = 1. Standardizované normdlni rozdéleni N(0,1) md exponen-
cidln€ klesajici chvosty sr=2 a b= %

2. Cauchyho rozdéleni md tézké chvosty s parametrem m = 1. Studentovo rozdéleni
md chvosty Paretova typu s parametrem m rovnym poctu stupni volnosti.

Nasledujici véta ndm dévd predstavu o tom, kolikrat rychleji klesaji chvosty roz-
déleni X,, k nule ve srovnani s chvosty zakladniho rozdéleni F.
Véta 3.1. Jestlize X1, ..., X, je ndhodng vybér z rozdélend s distribucni funkci F(x)
a hustotou f(x) takovy, Ze
a) F(x) md chvosty Paretova typu pro néjaké m >0 |
b) fx)=0prox<0a0< f(z)<ocoproxz>K;>0.
Pak

—log P(X,, > z)

3.3 li =1
(3:3) e —log P(X1 > x) ’

kde X, = L 370'_| X}, je vybérovy primer.
Diikaz. Jestlize X1, ..., X, jsou nezdporné ndhodné veliCiny s distribu¢ni funkci
F(z), pak pro vybérovy pramér X,, plati
P(X,>z) =P, X;>nz)> P(maxi<;<, X; > nz) =
=1—(F(nx))">1—- F(nx) .
Pak pro rozdéleni s t&zkymi chvosty spliiujici (3.2) s parametrem m > 0 méme

lim sup — log (X, > x) . —log(1 = F(nz)) lim mlognx

= =1.
z—oo —logP(X7 >1x) = 2—00 —log P(X71 > x) e mlogx

Podobné omezime P(X,, > ) shora:

P(X, >x) < P(lrga<x X, >z)=1-F(z)" <n(l-F(2)),
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a pak dostavame

.. . —logP(X, > ) . —logn(1— F(x))
lim inf > =
z—oo —logP(X1 > ) ~ a—o0 —log P(X; > x)
~ lim —logn +mlogzx 1
z—00 mlogx
Tim je limita (3.3) dokézana. O

Pozndamka 3.2. Jureckova v [6] dokdzala podobny vysledek, kde je uvazovan pravy
ilevy chvost a symetricka hustota nahodné veli¢iny. Pokud uvazujeme exponencialné
klesajici chvosty, pak chvosty vybérového prumeéru klesaji k nule n krat rychleji nez
chvosty daného rozdéleni, pfesnéji

lim —log P(|X,| > x) _
a—o0 —log P(|X1| > x)

Véta (3.1) umoziiuje zkonstruovat novy odhad parametru m, zalozeného na vybé-
rovych primérech. Necht X7, ..., X, je nAhodny vibér z rozdéleni s téZkymi chvosty,
vyhovujicimi (3.1). Pak podle (3.3) plati

—log P(X,, > )

A4 li =1
(34) 50 mlogzx
a tedy
(3.5) m= lim m,(x),
kde

(3.6) i (z) = —°8 i(;n >x) log(llogfxn ()

To znamend, parametr m je funkci chvost rozdéleni pravdépodobnosti vybé-
rového priiméru X, tj. funkci —log(l — Fg, (x)). Neznadmou distribuéni funkci
F, aproximujeme empirickou distribu¢ni funkci, stanovenou z k realizaci vybé-
rového priméru X,,. Protoze nés vzhledem k (3.5) zajimé pribéh 1 — Fx (z) pro
velka x, musime jako x volit vhodnou hodnotu xj, dostateéné velkou, ale mensi nez
maxi<i;<n Xz

Uvazujme situaci, ze na zékladé predbézné informace vime, Ze rozdéleni nadhodné
veli¢iny X je Paretova typu s indexem m < mg, 0 < m < mg < co. Tento zavér mi-
Zeme ufinit na zakladé minulych zkuSenosti nebo z povahy experimentu (napf. jedné
se o rozdéleni pravdépodobnosti dichodd, ptijmii apod.) pfipadné na zakladé pred-
bézného testu hypotézy H : m < myq proti alternativé K : m > mg. Takovy test na-
vrhli Jureckova a Picek v [7]. V prvnim pfiblizeni mtZe byt mg dost hrubé. Uvazujme
k nédhodnych vybért o rozsahu n, které ozna¢ime (X7,...,X}), ..., (XF,..., XF).
Pak X!, ..., X* jsou pfislugné vybérové priiméry; vektor (X}, ..., X¥) je nezavisly
nahodny vybér z rozdéleni, jehoz distribucni funkci Fg (x) = P,(X, < z) ne-
znédme. Necht F)’%n (x) =1 Zle I[X} < 2] je empirick4 distribu¢ni funkce zaloZena
na (X},..., XF).

Zvolme posloupnost {zx}32, takovou, Ze limy_.o 2 = 00 a zf = k:l’th Li(k), kde
0<é< m%) a Li(k) je pomalu se ménici funkce (v nekoneénu). Uvazujme odhad
parametru m ve tvaru:
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(3.7) T () = mn (@) [ () < 1] +mol[F% (x) =1] ,

—log(1 - F)’f(n (z))
log x

(3.8) i () = . 23>0,

Nésledujici véta ukazuje, ze i, (zx) je (slabé) konzistentnim odhadem m pfi
k — oo.
Véta 3.3. Za vyse wvedenych predpokladi a za podminek a) a b) Véty 3.1 plati

(3.9) lim P, (Jmn(zk) —m| >e)=0 prolib. €>0.

k—o0

Dikaz. Nejprve dokdzeme, Ze pro posloupnost xj plati

Pm(ﬁ')’%n(xk)<1)—>1 pro k— 0o, T — 00,

tedy, Ze Citatel (3.8) ma smysl s pravdépodobnosti bliZici se k 1 a m,,(zx) je defino-
véan. Pro rozdéleni s tézkymi chvosty s distribu¢ni funkei F'(x) a distribuéni funkci
vybérového priméru Fy, (), vime

(3.10) lim M — lim _ log(l - FXn (x))

z—0c0 mlogx z—00 mlogx

=1.

Pokud existuji piislusné hustoty f(z) a fx, (z), pak F' € D(Hy,,,) a také Fg, €
D(H/p,). Oznac¢me )_(,(Ik) = max(X},..., XF). Pak z (3.10) a s pouzitim von Mi-
sesovy podminky rozdéleni maxima nélezi do D(®,,), sféry pritazlivosti Fréchetova
rozdélelni s disribuéni funkci ®,,(z) = exp {—2~™}, = > 0. Tedy miZzeme psat

X
Ck

Pm( gx)—><1>m(x), k— oo,

kde ¢ = kw Ly(k) a Ly (k) je pomalu se ménici funkce (v nekoneénu). Z predpokladi
pro posloupnost {z;}7>, dostavame

B i (k) T
(3.11) Pp(XW <g)y=P, | =< =] —0, k— oo,
Ck Ck
protoze
1-3
0< Te _ k7o Ly (k) 10 L (k) < k_mio—Ll(k) —0 pro k— oo
ek kw Lo(k) Lo (k)

a ®,,(0)=0.
Konené spolu s (3.11), dostavame limy .o P (FE (2) <1) =1.
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Piedpokladéme, ze {X’}%_ | jsou nezavislé stejné rozdélené nahodné veli¢iny s dis-
tribu¢ni funkci Fg , pak z Glivenko-Cantelliho véty plyne

(3.

12) sup|F§ () = Fg¢ ()] — 0 as. pro k—oo.
TR Xn n

Dle (3.8) mizeme pséat

— log(lfﬁ)’%n (xk))

mn(mk) = Tog 2 =
1-FE (2p)
X
_ — log l—F)?Z(mk) 710g(17F)gn(xk))
- log =g mlog g

Pro kazdé £ > 0 existuje kg takové, ze Vk > kg je xj dostatecné velké a oba c¢leny
mohou byt omezeny

710 1_F§n(wk)
ST Fg (zr) —log(1 — Fx, (1))
L <e a |1- €.
log s, - mlog xj, N

Nyni uZijeme obé meze pro m,(xy), dostdvame

—e+ (1 —e)m <mp(rp) <e+(1+e)m

a odtud

|Mn(z)) —m| <e4+em—0 pro zp— oo .

Tedy odhad my (xr) je dobfe definovan a je slabé konzistentnim odhadem parametru

m.

O
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NEPARAMETRICKA DISKRIMINACNI ANALYZA

MARIE FORBELSKA

ABSTRAKT. In the paper the attention is focused to the application of kernel
density estimators to statistical discrimination. After a brief description of the
discriminant analysis problem the nonparametric approach to discriminant ana-
lysis is described. The multivariate product polynomial kernels with data-driven
choices of the bandwidth are used for density estimators and this nonparametric
approach are compared with classical one by some simulated data.

Pesiome: Ilenb »Toif cTaTbU KacCaeTCA HPUJIOYKEHUS OLEHKU IJIOTHOCTU
BEPOATHOCTU IIPU MMOMOIIN ANep B AMCKPUMMUHAHTHOM aHaam3y. B crarbe
CHauJaJja pacCMaTPUBAIOTCA dJIeMeHTapHble CBENEeHUA MO AUCKPUMUHAHT-
HOMY aHaJIM3y M IIOTOM WCCIEAYeTCsI HellapaMeTPUUECKUii MOAXOX MIpu
[IOMOIIIM MHOTI'OMEPHBIX MOJUHOMMAJBHBIX f7ep, HOCTPOEHHBIX KaK IIPOU-
3Be€HNE OAHOMEPHBIX SINEP, BMECTE C aBTOMATUUYECKNM BBLIOOPOM ONTH-
MaJILHOT'O CrJIAYKUBAaloOIero napamerpa. [fapamerpuueckuii u HemapameT-
pUUeCKUii MOAXO0ABI CPOBHUBAIOTCS IPU IOMOIIN UMUTUPY IOMUX JAHHBIX.

1. PODSTATA DISKRIMINACNI ANALYZY

Uvazujme danou mnozinu n objekti, ozna¢me ji S a predpoklddejme, ze S je
tvofend objekty k rdznych typd. Budeme fikat, Ze objekt patii do tidy S;, je-li
typu j (j = 1,...,k). O tfiddch S; budeme piedpokladat, Ze jsou po dvou dis-
junktni a § = U§:1 S;. Na kazdém objektu zjistujeme dva statistické znaky X a Y.
X urcuje prislusnost objektu do dané t¥idy, je to diskrétni ndhodna veli¢ina a X = j
pravé kdyz dany objekt patii do t¥idy S;, 7 = 1,...,k. Y = (Y1,---,Y) je
m-rozmérny nahodny vektor, ktery néjak charakterizuje ptislusnou t¥idu objekti.
Oznac¢me déle (X;,Y!) hodnoty znakti X a Y na i-tém objektu a predpokladejme,
ze (X;,Y}) jsou nezavislé ndhodné vektory, které tvoii ndhodny vybér z rozdéleni
ndhodného vektoru (X,Y’).

Cilem diskrimina¢ni analyzy je stanovit na zakladé daného nahodného vybéru
optimélni klasifika¢ni pravidlo, které by pfi pozorovani vektoru Y na néjakém daném
objektu, ktery jiz nepatii do tfidy S, umoznilo jeho zafazeni do pfislusné t¥idy
s minimalni ztratou.

Pri konstrukci takového klasifika¢niho pravidla vyjdeme z tplného rozkladu
S = {Sy,...,Sk} prostoru R™ moznych hodnot vektoru Y do k disjunktnich tiid
S1,...,Sk. KdyZz na uvazovaném objektu zjistime hodnotu znaku Y, kterd patii
do ttidy S;, rozhodneme, zZe tento objekt patii do tfidy S;. S uzitim tohoto klasifi-
ka¢niho pravidla spojime ztratu, ktera bude zptisobena chybnou klasifikaci objektu.
Je-li dany objekt charakterizovan vektorem (X, Y’) a méame-li klasifika¢ni pravidlo
dané rozkladem S, pak prislusnou ztratu definujeme jako transformovanou diskrétni
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nahodnou veli¢inu Zg danou predpisem
Zs=7Zs(X,Y)=1z; pokud X =jaYes§ lLj=1,...,k,

kde zj jsou dand redlné cisla, charakterizujici redlnou ztratu pfi zafazeni objektu
ze tiidy S§; do t¥idy &;. V diskriminacni analyze se casto voli z; = 0 a z; = 1,
l,j =1,...,k | # j. Klasifika¢ni pravidlo, které minimalizuje stiedni hodnotu
ztraty, pak nazyvame optimalnim.

Abychom odvodili optimalni klasifika¢ni pravidlo, vyjdeme z nésledujicich pred-
pokladid a znaceni.

Necht ndhodny vektor (X,Y’)" definovany na néjakém pravdépodobnostnim pro-
storu (2,4, P) ma hustotu fxvy(j,y) vzhledem k souinové mife p = vx x py,
kde vx je ¢itaci mira a uy je Lebesquova mira, pficemz tato hustota je tvaru
Ixy(G,y) =pifi(y), 3 =1...,k, y €R™, pr+--+pp =1, p; >0a fi(y)
pro kazdé j = 1,...,k je hustota rozdéleni pravdépodobnosti vzhledem k Lebe-
squové mife. Zfejmé f;(y) je podminénd hustota Y, kdyz X = j. Pak ndhodna
veli¢ina X méa marginalni pravdépodobnostni funkei P(X = j) =p; (j =1,...,k)
a marglnalm rozdéleni pravdépodobnosti u ndhodného vektoru Y je dano hustotou
fx(y) = Z] 1pifi(y), y € R™. Tedy v uvedeném znaceni méa ztrata Zs prav-
dépodobnostni funkei tvaru pz(j,1) = P(X = 4, Y € §)) = sz i [i(¥)duvy (y),
l,j=1,..., k. Snadno nahlédneme, ze

E(Zs) = Ls = Z?:l Zf:l 2 P(Zs = ZJl) Zf 1 Zf 12 P(X =5,Y €8) =
*Zf 12:;C 1Zjlch(j,l):E] 121 lZJlfS pJfJ Ydpy (y) =
= Zl 1 Z; 1 %4l fsl pi fi(y)dpy (y) Zl 1fsl j= 1Zle]f]( )y (y)

Funkci ¢ (y) = 25:1 zjip; fi(y) nazveme I-ty skér vektoru Y a pii konstrukei
klasifika¢niho pravidla hraje centralni roli.

Cilem nyni je ur¢it optimalni Gplny rozklad S* = {S},...,S};} m-rozmérného
euklidovského prostoru R™ tak, aby stfedni hodnota ztraty E(Zs+) byla minimalni
Dtilezitou roli hraje nésledujici lemma (viz. [1]).

Lemma 1.1. Necht S* = {Sj,...,S;} je takovy rozklad R™, Ze pro ¥Vt € {1,...,k}
plati

(1.1) yesSi = aly)<¢l), J=L..k
Pak tento rozklad minimalizuje E (ZS)

oznacime-li  L* = E(Zg) = >/ 1]5* ¢ (y)dpy (y),

pak plati Ls = E(Zs) > L* = E(Zs-)  pro kaZdy rozklad S.

Diikaz. L = E(Zs Zl 1fgl a(y)dpy (y) = Zl 121& lfS nS; a(y)dpy (y) =
>Zl 12:& 1fslms* a(y)dpy (y) Zt 1f§* a(y)dpy (y) = E(Zs-) = L* O

Je ziejmé, Ze hodnota L* je stejna pro vSechny rozklady spliujici podminku pied-
choziho lemmatu.

Z lemmatu 1.1 plyne, Ze klasifikaéni pravidlo dané rozkladem (1.1) je op-
timalni. Pokud tedy pfi daném Y =y pro vSechna j # t plati ¢:(y) < ¢;(y), pak
optimalnim rozhodnutim je zafadit dany objekt do ¢-té t¥idy. V pripadé, ze v pred-
chozim vzorci plati rovnost i pro dalsi j(j # t), je lhostejné, podle kterého pravidla
budeme z téchto minimalizujicich indext vybirat.
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Pii volbé zy=0az;=1, [,j=1,...,k [ #j, kdy

k
aly) = ijfj ) —»mh(y) = fx(y) —pifi(y),

snadno dostaneme dalsi ekvivalentni optimalni klasifika¢ni pravidlo zalozené
na nerovnosti

(1.2) pefe(y) > pifi(y)  proj=1,... .k

2. ROZHODOVACI PRAVIDLA V PRIPADE NORMALNICH ROZDELEN{

V tomto odstavci budeme predpokladat, Ze podminéné rozdéleni ndhodného
vektoru Y za podminky, ze X =3, je m-rozmérné normalni rozdéleni N,, ([l,j, V;)
se zndmym vektorem stfednich hodnot E(Y|X =j) = p; a zndmou varian¢ni matici
var(Y|X =j) =V, (j = 1,...,k). Pak hustota tohoto podminéného rozdéleni je
déna vzorcem

” , 1
Fi(y) = @m) 73V, exp | =S (v — 1) Vi (y — )

Klasifika¢ni pravidlo (1.2) lze v tomto pfipadé vyjadfit jako
logpy +log fi(y) > logp; +1log fi(y),  j=1,....k j#L
Oznatme  Dj = —3log|V;| — 5(y — ;) Vi ' (y — 1) +log p;.
Pak klasifika¢ni pravidlo (1.2) odpovida
(2.1) D,>Dj;, =1,k j#t
Diskriminaéni metoda zaloZend na nerovnosti (2.1) se nazyva kvadraticka diskri-
minacéni analyza.
Pokud jsou si vSechny varianéni matice rovny, tj. Vi = --- = V; =V, potom
Dj = —3log|V| = 5(y — p;)' V" (y — p;) + logp; =
= —3log|V|+logp; — 3¥'V 'y +y'V 'l — suVip,

Oznacme d; = y'V‘luj — %/J,;-V_lp,j +logp;.

Pak D; = d; — Llog|V| - 1y'V-ly

a klasifika¢ni pravidlo (2.1) je v tomto specidlnim p¥ipadé ekvivalentni s nerovnosti
(2.2) di > dj, ji=1...,k j#t.

Diskrimina¢ni metoda zaloZend na nerovnosti (2.2) se nazyva linearni diskrimi-
nacéni analyza.

3. DISKRIMINACE Z EXPERIMENTALNICH DAT

Pii praktickém provadéni diskriminacni analyzy mame k dispozici k& soubori ob-
jektt, pricemz vime, ktery objekt do které t¥idy patii. Témto souborim se nékdy
iiké trénovaci. Pocet objektl v j-tém souboru oznacme n; a realizace vektoru Y
v j-tém souboru oznacme yj1,...,¥jn;. M&me déle realizaci y € R™ nahodného
vektoru Y, o které nevime, odkud pochézi.

Protoze obvykle nezndme rozdéleni ndhodného vektoru (X,Y’)’, pak se pii kla-
sifikaci nezndmého objektu nabizi dva mozné pristupy :
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Parametricky pristup: Predpokldddme, Ze podminéné rozdéleni ndhodného
vektoru Y za podminky, Zze X =7, je norméalni. V konkrétnich situacich
obvykle nezndme vektory stfednich hodnot g, ..., pu; a varian¢ni matice

Vi,...,Vi. K dispozici vSak mame trénovaci soubory a pomoci nich ur¢ime

Vi = X ¥in Cj = iy (vii — ¥3) (v = 93)s B = gy - Jestlize
vektor p; odhadneme vektorem y;, matici V; matici Vj = nj;_lcj a apri-
orni pravdépodobnost p; relativni cetnosti p;, miizeme pro zarazeni objektu,
jehoz prislusnost nepozname, pouzit postupy predchoziho odstavce tak, ze
neznamé parametry nahradime jejich odhady.

Neparametricky pristup: Nebudeme pifedpokladat urcity typ podminéného
rozdéleni vektoru Y za podminky, ze X=j, ale pomoci trénovacich dat od-
hadneme nezndmé podminéné hustoty f;(y). PFirozené se nabizi pouzit ne-
parametrické metody odhadu hustot, napf. jadrové odhady hustoty, odhady
hustoty pomoci k nejblizsich sousedt a dalsi (viz. [7]).

Pro zatazeni objektu, jehoz pfislusnost nepozname, potom pouzijeme roz-
hodovaci pravidlo (1.2) s tim, Ze neznamé podminéné hustoty f;(y) na-
hradime neparametrickym odhadem fj(y) a apriorni pravdépodobnost p;
relativni Cetnosti p; = #ﬁ_nk Dostaneme tak rozhodovaci pravidlo:
reaAlizaci y zaﬁfadime do t-té skupiny, pokud pro vSechna j # ¢ bude platit
pefi(y) > Difi(y)-
Obvykle, pfed zafazovanim novych objektl, ovéfime klasifika¢ni proceduru na sa-
motnych objektech z trénovacich soubortl a registrujeme procento nespravnych za-
t¥idéni. Jestlize soubor trénovacich dat neumoziiuje vytvorit spolehlivou klasifikac¢ni
proceduru ani pro trénovaci data samotné, nelze samoziejmé klasifikaci realizovat.

4. JADROVE ODHADY POUZITE V NEPARAMETRICKE DISKRIMINACNI ANALVZE

V tomto odstavci zavedeme jednorozmérné (resp. vicerozmérna) jadra pro odhad
hustoty pravdépodobnosti ndhodngch veli¢in (resp. ndhodnych vektort) a popiSeme
specialni typy jader, kterd budou pouzita pro neparametrickou diskriminaci.

Necht y1,...,y, jsou nezavisld pozorovani ndhodné veli¢iny Y s hustotou f(y).
Jadrem rozumime libovolnou funkci K : (R,B) — (0,+00), jez je symetricks,
ohranicend a pro niz

(41) | K@ay=1 a tm_lxG) =0
Necht {h,}>2, je posloupnost kladnych ¢éisel takovd, ze lim, oo hn = 0,

lim,, 0o nh, = 00 a K(y) je nékteré jadro.
Jadrovy odhad hustoty je definovan vztahem (viz. [2] a [5]).

(4.2) fuly) = — 21K<yh—y) y€R.

nh, 4
1=

Velké pozornost musi byt vénovana volbé nejvhodnéjsi konstanty h,,, tzv.
Sifce okna, nebot podstatnym zpiisobem ovliviiuje kvalitu odhadu. Pro optimalni
volbu parametru h,, je tfeba provést také odhad derivace funkce f (viz. [7] a [§]).

Symbolem C*o ozna¢me mnozinu vSech kg-krat spojité diferencovatelnych reél-
nych funkci, kde kg > 0 je celé ¢islo. Jsou-li navic tyto funkce nulové vné intervalu
[~1, 1], oznaéme mnozinu téchto funkci symbolem C*o[—1,1].

Necht y1,...,y, jsou nezdvisld pozorovani nédhodné veli¢iny Y s hustotou
f(y) € C*. Jadrovy odhad derivace ) pro pevné 0 < v < ko je definovin
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vztahem
(v 1 = Y—Y;
4. V)= ——=Y K :
(4.3 ikt = s o5 (U5
Oznac¢me Lip[a, b] t¥idu spojitych funkei splitujicich Lipschitzovu podminku na [a, b]:

|f(z) = f(y)| < Llx —y| Va,y €[a,b], L>0.

Necht v, k jsou nezdporné celd ¢isla, 0 < v < k < kg a jadro K € Lip[—1, 1], pfi¢em?
nosié jadra support(K) C [—1,1]. Necht K spliiuje nasledujici momentové podminky

. 0 0<j<kij#v
(4.4) / P K(z)dr =4 (-1 j=v
-1 Be#0  j=k

pak fikdme, ze jadro K je Ffadu (v, k) a piSeme K € SB,/«
Pro y1 > 1 necht K € C*[-1,1], K € 8. Navic nechf plati KU)(1)=K1)(-1)=0,
i=0,1,..,0—1,0<v <k—2av+k je sudé. Pak takové jadro se nazyva jadro
hladkosti p a piseme K € S’ . Piikladem jadra 80072 je Epanecnikovo jadro, 8&,2
kvartické (biweight) jddro a 83_2 triweight jadro (viz. [3]).

V préaci pouzijeme jadra : Epaneénikovo K(y) = % (1 - y2) I_14(y)
kvartické(biweight) K(y) = 12(1 — y?)*I|_1,1)(y)
triweight K(y) =551 -y*)Ii-1y(v)

|1 yé€la,b . .
kde Ity 4)(y) = { 0 jinak (viz. obrézek 1.)
Epan. biweight triweight
o 1 - 1 ~ 1
4 4 4
08 « 08 o 08
I I 1l
=< 0.6 = 0.6 = 0.6
o o o
1] 1] 1
>x04 ?XU.A ?_\(04
j"_/)>02 j('_/)>02 j('-,)>02
0 0 0
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
K@)=3/4 (1) 1y ) K)=15/16 (1-y*) 1., 1) K)=35/32 (19" 1, 1)

Obrazek 1: Ukazka jader typu K € S},

Pro optimalni volbu sitky okna tohoto typu jader pouZijeme algoritmus, ktery je
popsan v praci [4].

Pro odhad hustoty pravdépodobnosti ndhodnych vektora jsou definovany vice-
rozmérné jadrové odhady vztahem

£ 1 = Y1 — Yl Ym — Yim
4.5 n = K R ,
(45) W) = ; < I Fom

kde y1 = (Y11, -+ Y1m)s---»¥n = Wnl,- -+, Ynm) je ndhodny vybér z m-rozmérného
spojitého rozdéleni o hustoté f(y), y = (y1,.-.,ym) € R™.
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V dalsim budeme pouzivat jako jadro m-proménnych tzv. soucinove jadro, které
je soucinem m jader jedné promeénné, tj.

. 1 o N
(4.6) 1) = ZHK(—yﬂh.yﬂ),

kde K € 8, pficemz opét vyuZijeme algoritmus automatického vyhledavani opti-
malni §itky oken pro tento typ jader (viz. [4]).

5. SROVNANI PARAMETRICKE A NEPARAMETRICKE DISKRIMINACE

Srovnani parametrické a neparametrické diskriminace je provedeno na simulova-
nych datech ze smési normalnich rozdéleni:

1< 1

( ) fa(y1,y2 kz.fa] y1,y2 k L

—qj(yl,y2)>

exp( B
j= 127T0‘j10’j2 1—p?

kde

1 y1—uj1>2 <yl—uj1) <y2—ﬂj2) <y2_ﬂﬂ>2
(y1, _ — 2. S R o
a;(y1,y2) 1= p? [( o5 Pj o1 0j2 0j2

a ze smési hustot:

?rl»—*

(5.2) fo(y1,y2)

k
Z (1, 2)

kde

_ 1 2p'(y1*,u'1) (y17M.1)2+(y2,M_2)2
fbj(yl,yz)—% <1+ T ljj1)2+(yj2 — Mj2)2> exp ( j - j ) .

Piiklady smési typu (5.1) a (5.2) pro k = 2 jsou uvedeny na obrazku 2 a vysledky
diskriminace téchto smési jsou demonstrovany na obrazcich 3 a 4. Pro generovani
pseudondhodnych éisel z rozdéleni typu (5.2) byl pouzit algoritmus doporuéeny v [6].

Normal Mixture: fa(yl,yz) =05 fa1(y1'y2) +0.5 faz(yl,yz) Nonnormal mixture: fb(yl,yz) =05 fbl(yl,yz) +0.5 sz(yl,yz)

Obrazek 2: Simulovana data spolu s vrstevnicovymi grafy funkci f,(x,y) a
fi(x,y) s parametry: uf; =0; ufo=3; 01, =1; 01, =0.5; p{ =0.5; u§; =1; u3; =0.5; 03, =
2;05,=1; p3=0.5 a i}, =0; 1§ ,=1.75; py=—0.5; 115, =0.5; 13,=0; p4=0.5.
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linear discrimination analysis quadratic discrimination analysis

var2
"

var2
-

var 1 var 1
kernel discrimination analysis: S\‘:k v=0, k=2, up=0

> <
g 1 1 s
o ]
1 ]
2 ]
-3 -2 -1 o 1 2 3 4 -3 -2 -1 o 1 2 3 a
var 1 var 1
kernel discrimination analysis: st v=0, k=2, =2
vk MISCLASSIFICATION in%
method group 1 group 2 all
lin.discr. 1.00 3.00 2.00
quad.discr. 2.00 2.00 2.00
S92, k.discr. 1.00 2.00 1.50
o~ S;, k.discr. 1.00 2.00 1.50
s s2, k.discr. 0.00 8.00 4.00
Markers:
] Misclassification
) group 1 Nn=100
~ group 2 n=100

Obrazek 3: Srovnani parametrické a neparametrické diskriminace s uzitim
jader typu K € S", (v=0,k=2,1=0,1,2) pro simulovana data ze smési fq(z,y)
normalnich rozdéleni .

linear discrimination analysis quadratic discrimination analysis

var 1 var 1
kernel discrimination analysis: S\’:k v=0, k=2, p=0

var2
X
var2

var 1 var 1

MISCLASSIFICATION in %

method group 1 group 2 all
lin.discr. 5.00 2.00 3.50
quad.discr 4.00 2.00 3.00
s9, k.discr. 3.00 1.00 2.00
o~ s}, k.discr. 3.00 1.00 2.00
s SZ, k.discr, 5.00 0.00 2.50
Markers:
] Misclassification
o group 1 n=100
> group 2 n=100

Obréazek 4: Srovnani parametrické a neparametrické diskriminace s uzitim
jader typu K € 8", (v=0, k=2, u=0,1,2) pro simulovana data ze smési f(x,y).
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Bylo provedeno 24 simulaci normalnich smési typu (5.1) (viz. fadky 1 az 24 na ob-
razku 5) a 18 simulaci smési hustot typu (5.2) (viz. fadky 25 az 42 na obrazku 5),

v~z

kdy se ménily parametry polohy a méfitka hustot, velikost a pocet skupin.

Normal and Nonnormal Mixtures

Group 1 Group 2 Group 3 Misclassification in %
W \A W, v, M, Vv, lass.methodd kernel methods
Mo | My 0211 Uiz Py n Hoy | My 0221 U;z P, ", My | My Oil U§2 Py "y lin. | quad. ng S;z S(Z)z
1 0 3 1 05| 05| 30 1 0 2 1 05| 30 3.33|3.33| 167|167 | 167
2 0 3 1 05 | 05 | 50 1 0 2 1 05 | 50 1.00 | 1.00 | 1.00 | 1.00 | 1.00
3 0 3 1 05| 05| 70 1 0 2 1 05| 70 1.43|0.00 | 0.00|0.71 | 0.71
4 0 3 1 0.5 | 0.5 | 100 1 0 2 1 0.5 | 100 1.50 | 0.50 | 0.50 | 0.50 | 0.50
5 0 3 1 05 | 0.5 | 150 1 0 2 1 05 | 150 1.67 | 2.00 | 1.33 | 2.00 | 1.33
6 0 3 1 0.5 | 0.5 | 200 1 0 2 1 0.5 | 200 0.75 | 0.75] 0.75 | 0.75 | 2.00
7 0 3 1 05| 05| 30 1 05 2 1 05| 30 3.33 | 0.00 | 0.00 | 0.00 | 1.67
8 0 3 1 05 | 05 | 50 1 0.5 2 1 05 | 50 4.00 | 1.00 | 1.00 | 2.00 | 2.00
9 0 3 1 05| 05| 70 1 0.5 2 1 05| 70 143143143 |143 (214
10 0 3 1 0.5 | 0.5 | 100 1 0.5 2 1 0.5 | 100 2.50 | 2.00 | 2.50 | 2.50 | 2.00
11 0 3 1 05 | 0.5 | 150 1 0.5 2 1 0.5 | 150 2.67 | 2.00 | 2.67 | 2.33 | 2.33
12 0 3 1 0.5 | 0.5 | 200 1 0.5 2 1 0.5 | 200 3.25( 2.75] 2.75| 2.50|10.25
13 0 3 1 05| 05| 30 1 0 2 1 05| 30 3 3 07 | 03 |-05| 30 |11.11| 6.67| 5.56 | 6.67 | 6.67
14 0 3 1 05 | 05 | 50 1 0 2 1 05 | 50 3 3 0.7 | 03 |-0.5| 50 |8.00|6.67|6.67 | 6.67 | 8.00
15 0 3 1 05| 05| 70 1 0 2 1 05| 70 3 3 07 | 03 [-05] 70 |810|6.67|571|6.19 | 7.62
16 0 3 1 0.5 | 0.5 | 100 1 0 2 1 0.5 | 100 3 3 0.7 | 0.3 | -0.5| 100 | 8.00 | 7.67 | 8.00 | 8.33 | 8.67
17 0 3 1 05 | 05 | 150 1 0 2 1 0.5 | 150 3 3 07 | 0.3 [-0.5] 150 | 6.67 | 5.56 | 5.56 | 5.78 | 6.44
18 0 3 1 0.5 | 0.5 | 200 1 0 2 1 0.5 | 200 3 3 0.7 | 03 |-0.5| 200 | 9.17| 7.83| 7.67 | 7.67 [15.50
19 0 3 1 05 | 0.25| 30 1 0.5 2 1 [(075] 30 3 3 07 | 03 |-05| 30 |8.89|7.78]|3.33|6.67 | 889
20 0 3 1 05 | 025 50 1 0.5 2 1 |075| 50 3 3 07 | 0.3 [-0.5] 50 |13.33| 6.67| 8.67 | 9.33| 9.33
21 0 3 1 05 | 0.25| 70 1 0.5 2 1 [(075] 70 3 3 0.7 | 03 |-05| 70 |10.00( 6.19| 5.24| 7.62| 8.10
22 0 3 1 0.5 | 0.25 | 100 1 0.5 2 1 [0.75] 100 3 3 0.7 | 0.3 | -0.5| 100 | 7.33 | 6.67 | 5.67 | 6.00 | 6.67
23 0 3 1 0.5 | 0.25 | 150 1 0.5 2 1 [0.75] 150 3 3 0.7 | 03 |-0.5| 150 | 8.22 | 6.89 | 6.67 | 6.67 | 6.67
24 0 3 1 0.5 | 0.25 | 200 1 0.5 2 1 [0.75] 200 3 3 0.7 | 0.3 |-0.5| 200 | 8.00| 7.00| 7.17| 7.17 {10.17
25 0 3 -05] 30 1 0 05| 30 0.00 | 0.00 | 0.00 | 0.00 | 0.00
26 0 3 -05| 50 1 0 05 | 50 0.00 | 0.00 | 0.00 | 1.00 | 1.00
27 0 3 -05] 70 1 0 05 ] 70 214|214 (000 | 214|143
28 0 3 -0.5| 100 1 0 0.5 | 100 1.50 | 1.00 | 0.50 | 1.00 | 1.00
29 0 3 -0.5| 150 1 0 0.5 | 150 0.00 | 0.33 | 0.00 | 0.00 | 0.00
30 0 3 -0.5| 200 1 0 0.5 | 200 1.00 | 1.00 | 0.75 | 0.75 | 1.00
31 0 25 -0.5] 30 | 05 0 05| 30 1.67 | 3.33 | 1.67 | 1.67 | 1.67
32 0 25 -0.5] 50 | 0.5 0 05 | 50 1.00 | 1.00 | 1.00 | 1.00 | 3.00
33 0 25 -0.5] 70 | 05 0 05| 70 3.57 | 357|214 | 357 | 4.29
34 0 25 -0.5] 100 | 0.5 0 0.5 | 100 3.00 | 2.50 | 1.50 | 2.00 | 2.00
35 0 25 -0.5] 150 | 0.5 0 0.5 | 150 2.67 | 2.00 | 2.00 | 2.67 | 2.67
36 0 25 -0.5] 200 | 0.5 0 0.5 | 200 3.00 | 3.00 | 2.50 | 2.50 | 2.75
37 0 175 -05] 30 | 05 0 05| 30 6.67 | 6.67 | 3.33 | 6.67 | 6.67
38 0 175 -05] 50 | 0.5 0 05 | 50 6.00 | 6.00 | 5.00 | 7.00 | 7.00
39 0 175 -05] 70 | 05 0 05| 70 6.43 | 7.14 | 5.00 | 6.43 | 7.14
40 0 1.75 -0.5] 100 | 0.5 0 0.5 | 100 5.00 | 5.00 | 3.50 | 5.50 | 5.00
41 0 1.75 -0.5] 150 | 0.5 0 0.5 | 150 4.33 433267 |5.00 | 567
42 0 175 -0.5] 200 | 0.5 0 0.5 | 200 4.75 | 450 | 3.00 | 3.00 | 3.75

Obrézek 5: Tabulka parametru simulovanych dat spolu s celkovym procentem
nespravné klasifikovanych objektt pro klasické i neparametrické metody diskrimi-
nace.

Vysledky srovnéni neparametrické diskriminace s linedrni a kvadratickou diskri-
minaci jsou uvedeny v tabulkach na obrazku 6, kde znaménka po fadé "+”, 7=" a
7.7 znadi lepsi, stejné a horsi vysledky neparametrické diskriminace vuci klasickym

metodam na zakladé celkového procenta Spatné klasifikovanych objektu.
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Pomoci simulaci se ukazalo, Ze neparametrickéd diskriminace zalozend na jadrech
88_2 davéa nejlepsi vysledky, o néco horsi neparametricka diskriminace zaloZena na ja-
drech 8&,2 a vyrazné horsi vysledky dosahuje neparametrickd diskriminace zalozena
na jadrech S§,2 (v disledku p#ilis sirokych vyhlazovacich oken poskytnutych algorit-
mem popsanym v praci [4]).

Pro tyto prvotni simulace se tedy ukazuje, Ze neparametrickd diskriminace, tak
jak je popsanad v predchozim odstavci, muze byt srovnatelnou ndhradou klasické
diskriminace dokonce i v pfipadé normalnich smési a muze byt uzitecna v situacich,
kdy neni dostatecna informace o typu rozdéleni ve smési.

Normal Mixtures

method lin.discr. quad.discr.
+ = - + = -
ng k.discr. 75.00 12.50 12.50 37.50 41.67 20.83
8(1]2 k.discr. 75.00 16.67 8.33 29.17 33.33 37.50
s2 kdiscr. 62.50 417 33.33 12.50 20.83 66.67
Nonnormal Mixtures
method lin.discr. quad.discr.
+ = - + = =
ng k.discr. 72.22 16.67 11.11 77.78 2222 0.00
8(1]2 k.discr. 27.78 27.78 44.44 38.89 33.33 27.78
ng k.discr. 27.78 27.78 44.44 33.33 33.33 33.33

Obréazek 6: Tabulky srovnani parametrické a neparametrické diskriminace
(hodnoty jsou uvedeny v %).
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ADAPTIVNI PRISTUP V KALMANOVE FILTRU

PETR FRANEK

ABSTRAKT. V préci je navrzena adaptivni modifikace Kalmanova filtru pro gaus-
sovsky stavovy model invariantni v ¢ase s jednorozmérnou posloupnosti po-
zorovani obsahujici odlehld pozorovani. Modifikovany filtr je vyuzit k detekci
a zpracovani odlehlych pozorovani.

An adaptive modification of the Kalman filter is proposed for gaussian time-
invariant state-space model with univariate observations and additive outliers.
This modified filter is used for detection and processing of additive outliers.
Pesziome. B eToii paboTe mpemyioskeHa adanTUBHAA MOIUDUKAIUSA (HUI-
Tepa Kanmana nns monmenu ¢ oamHoMmepHbIM Habionenwem. Moamdrko-
OaHHBIM PUITEP UCIOI30BAH AJS JETEKIIUU U 0OpabOTKU OTAATEHHBIX HA-
0110 NEeHUIA.

1. Uvop

Kalmaniv filtr (KF) byl navrzen Kalmanem (viz [4]) jako rekurentni odhad ne-
znamého stavového vektoru x; ve stavovém modelu. Poté byl pomérné tspésné vy-
uzivan pfi feSeni tloh z oblasti navigace a zpracovani signalu. Pro jeho pfiznivé
vlastnosti (jednoduchost, rychlost, flexibilita) byl pozdé&ji pouzivan také v ekonome-
trickych tlohach. Z této doby se také datuji prvni ¢lanky, jejichz autofi poukazuji
na nedostatec¢nou robustnost Kalmanova filtru vici vlivu odlehlych pozorovani.

V souvislosti se stavovymi modely se rozlisuji dva typy odlehlych pozorovani:
aditivni odlehld pozorovéni (AO), kterd jsou generovana pfi transformaci stavu do
pozorovani a ovliviiuji tedy pouze jediné pozorovani, a inovacni odlehld pozorovani
(I0), kterd jsou generovéna ve stavové rovnici a ovlivituji v§echna nésledujici pozoro-
vani. Detekce a zpracovani druhého typu odlehlych pozorovani je pomérné nesnadna
a v literatufe neni témér zastoupena.

V této praci je studovana moznost konstrukce adaptivni modifikace KF tak,
aby vysledny filtr umoznil on-line identifikaci a zpracovani aditivnich odlehlych po-
zorovani. Tato prace vznikla v ramci pfipravy disertacni prace. Nepodava prozatim
Uplné feseni problému robustnosti KF, ale otevird, doufejme, slibny smér pro dalsi
vyzkum.

2. KALMANUV FILTR A JEHO VLASTNOSTI
2.1. Definice stavového modelu. V této praci je uvazovan stavovy model v né-
sledujicim tvaru:
yr = hx+u
(1) r, = Fxi_ 1+ wy.
Zde x; je n-rozmeérny stavovy vektor a y; je jednorozmeérné pozorovani, F' je znaméa

matice typu (nxn), h je zndmy vektor typu (1xn) a v; a w; jsou nezavislé centrované

2000 Mathematics Subject Classification. Primary 62M10; Secondary 62F35.
Klic¢ovd slova. Kalmanuv filtr, ARMA procesy.
Tato prace vznikla za podpory grantt GACR, 201/00/0770 a MSM 113200008.
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néhodné slozky s nezndmym rozptylem varv; = o2 a zndmou kovarianéni matici

varw; = R;. O pocateénim stavu x se predpokladd Exg = xy a varxg = Py.
Stavovy systém v tomto tvaru zahrnuje celou fadu jednorozmérnych modeli ¢aso-

vych fad, naptiklad strukturalni ¢asové fady nebo modely ARMA a umoziiuje jejich

~7y

unifikaci a rozsifeni (viz napf. [3]).

2.2. Kalmanuv filtr. Oznac¢ime-li Y; = {1, ..., y:} historii pozorovéani do ¢asu ¢,
je nejlepsi nestranny linedrni odhad @;; neznamého stavu x; zalozeny na historii Y;
a jeho kovariancni matice Py, = E (x; — &) (2 — @4¢)" dan rekurentnimi vztahy
Kalmanova filtru jako

Ty = Typ—1t Pt\tflh/dt_2(yt —hy_q)
i:t\tfl = Fi:tfl\tfl
Pt|t = Pt|t71 - Pt|t71h/dt_2hpff\t—1
Py, = FP,_,, .F' +R,
2) & = hP,,_ K +ob.

Hodnoty I; = (y: — h&;—1) se nazyvaji inovace. Z vlastnosti Kalmanova filtru (viz
[1]) vyplyva, Ze inovace jsou centrované, vzajemné nekorelované a proménné d? jsou
jejich rozptyly.

Mezi stavovymi modely se rozeznavaji dva specialni ptipady. Pokud jsou ndhodné
slozky vy a w; gaussovské, nazyvé se model (1) gaussovsky, pokud se rozdéleni na-
hodnych chyb neméni v ¢ase (v piipadé modelu (1) tedy o7 = 02 a R, = R Vt),
nazyva se model invariantni v ¢ase. V gaussovském modelu je Kalmanuv filtr do-
konce nejlepsim odhadem x; ziskanym pomoci historie Y; a vystupy filtru (24, a Py;)
jsou stfedni hodnotou a rozptylem normélniho rozdéleni £(z; | Y;). Inovace I, maji
v tomto pripadé také normalni rozdéleni. V modelu invariantnim v case, ktery vyho-
vuje podmince stability |A\;(F)| < 1, kde A;(F") jsou vlastni ¢éisla matice F' (viz [1],
str. 77), konverguje filtr exponencidlné rychle do tzv. vyrovnaného stavu (steady-
state), v némz jsou rozptyly inovaci d? a kovarianéni matice P,; také invariantni
v Case.

Déle v této praci bude pfedpokladano, ze model (1) je stabilni, gaussovsky a in-
variantni v Case.

2.3. Odhad %, v pfipadé odlehlého pozorovani. I v piipadech, kdy pfipus-
time znalost systémovych matic F' a h, vétsinou nelze predpokladat znalost rozptylu
o?. V piipadé, Ze pfi vipodtu je pouZita nespravna hodnota tohoto rozptylu, je vy-
sledny odhad &, odchylen oproti odhadu ziskanému se spravnou hodnotou rozptylu
smérem k pozorovani y; a podobné diagondlni prvky matice P;; podhodnocuji sku-
tecny rozptyl jednotlivych slozek vektoru &, Napiiklad v ptipadé, Ze y, je aditivni
odlehlé pozorovani, je skute¢na hodnota rozptylu o2 mnohem vétsi nez pouzita hod-
nota a filtrovany stav &, je vyrazné odchylen smérem k odlehlému pozorovani (viz
obrazek 2).

3. ApAPTIVNI KALMANUV FILTR

3.1. Odhad rozptylu o2. Je zfejmé, ze klicovym faktorem, ktery v uvaZovaném
modelu urc¢uje kvalitu odhadu, je rozdil mezi skute¢nym a pouzitym rozptylem na-
hodnych slozek v;. V prvé fadé je proto tfeba hledat adaptivni (a konzistentni) odhad
tohoto rozptylu. Vzhledem k tomu, Ze dale v této praci se pracuje s inovacemi, je
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ziejmé tcelné odhadovat d? misto o2. Pfi hleddni vhodného on-line odhadu lze vy-
uzit predpokladu, ze model (1) je gaussovsky a invariantni v ¢ase a inovace jsou
tedy nezavislé a stejné rozdélené s rozdélenim N (0, d?). Tato vlastnost oviem plati
az po ¢asovém okamziku tg, kdy se filtr dostane do rovnovazného stavu. Prvnich tg
pozorovani je proto pouZito ke spusténi adaptivniho filtru: nejprve se (pro rozumny
pocéteéni odhad o?) uréi ¢asovy okamzik tq jako prvni doba, kdy pro néjakou miru
vzdalenosti mezi maticemi plati ||Pyyq); — Pt‘t,1||2 < €. Z prvnich tg pozorovani
se poté pomoci EM-algoritmu odhadne poc¢ate¢ni odhad Effo (EM-algoritmus je po-
drobné popséan naptiklad v [3].) Podateéni odhad rozptylu inovaci d? v ¢ase to je
pak dan jako d?o = hP,;,—1h' + 6} . Po &ase to lze odhad d? rekurentné inovovat
pomoci vztahu:

N 1 t—tg—1 -
(3) o= —— +———d, t>t+ 1
t—to t—to
Diky vlastnostem Kalmanova filtru v uvazovaném modelu plati pro ¢ > tg + 1 vztah

(t —to — 1)d7 /d® ~ X7y, 1

3.2. Model odlehlych pozorovani. Vznik odlehlych pozorovani typu AO lze mo-
delovat nahrazenim nahodné slozky v; néasledujicim ¢lenem:

(4) (1= Z e + Z] .

Zde vy ~ N(0,02) odpovid4d ndhodnému ¢lenu z modelu (1), ¢; ~ H (H je centrované
symetrické rozdéleni) je ndhodna slozka generujici odlehld pozorovani a Z) ~ Alt(vy)
jsou nezavislé ndhodné indikatory odlehlych pozorovani. V modelu (4) se tedy pied-
poklada, ze v pripadé v 100% pozorovani je bézna ndhodné slozka v; nahrazena né-
hodnou slozkou pochéazejici z rozdéleni s tézkymi konci a zbytek pozorovani pochazi
z bézného modelu.

Tento model vede k nasledujici avaze: klasicky KF predstavuje pro vétsinu pozo-
rovani stale nejlepsi odhad (zejména z hlediska rychlosti vypoctu), pfedpokladany
stavovy model neplati pouze pro zlomek pozorovani. Pouze tato pozorovani je tedy
tfeba zpracovat pomoci jiné metody, pripadné vhodné modifikace Kalmanova filtru.

Hledani modifikace KF se vénovala jiz fada autord. V pfevazné vétsiné navrhuji
odlehld pozorovani ofiznout pomoci Huberovy funkce (napt. [9], [11]) nebo zpraco-
véavat pomoci bayesovského prechodu ([5], [7], [10]). V prvnim piipadé je zachovéina
jednoduchost rekurentni aktualizace odhadti, odstranéni nebo sefiznuti pozorovani,
které prekroc¢i urcitou hranici, vSak znamend ztratu informace. Ve druhém piipadé
se pracuje s negaussovskymi rozdélenimi a neexistuje obdoba Kalmanovych rovnic
(viz [7]). PouZivaji se proto metody numerické integrace nebo metody Monte-Carlo,
pricemz slozitost takovych feSeni roste pro delsi ¢asové fady nad rozumné meze.

3.3. Detekce a zpracovani odlehlych pozorovani. Vzhledem k vlastnostem od-

hadu rozptylu inovaci uvedenym vyse lze psat I;/4/ 22;10 Ij2 ~ ti_t,—2. Pozorovani

y¢, t > tg + 2, tedy bude detekovano jako odlehlé, pokud

) A a2,
Zj =to IJ2
kde « je troven nastavena pred spusténim filtru. Tato hodnota odrazi pfistup ana-
lytika k odlehlym pozorovanim.
V pfipadé, Ze je pozorovani y; identifikovano jako odlehlé, mél by byt odhad
&y, zkonstruovdn pomoci rozdéleni generujictho odlehld pozorovani. Samoziejmé
by bylo mozné zvolit rozdéleni H s dostatecné tézkymi konci tak, aby jim bylo mozné
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modelovat i velmi odlehld pozorovani. Elegantnéjsim fesenim je uréeni systému rizné
tézkych rozdéleni, z néhoz bude adaptivni filtr vybirat vhodné rozdéleni s dostatecéné
(nikoli vSak zbytecné) tézkymi konci.

Nejjednodussi takovy systém lze definovat jako

2

(6) &= {nia) - o 3L e

Jedna se o systém normalnich rozdéleni, v némz je smérodatnd odchylka p pouzita
k rozliSeni jednotlivych rozdéleni v systému. Prace s timto systémem bude zfejmé
velmi snadnd, vysledny adaptivni filtr ale nebude zbaven nechténych vlastnosti zpt-
sobenych pravé predpokladem normality ndhodné slozky wv;.

Naésledujici systém byl navrzen v knize [2]:

(7) c2={h<q>=§exp [—%'ﬂ ﬂ,wo,pe[o,u},

¥

kde 1/k = T'((3 + p)/2)2B3+2)/2, Rozptyl ndhodné veli¢iny X s rozdélenim s hus-
totou h(g) z tohoto systému je var X = 2P 2T (3(1+p)) /T (5(1+ p)). Jak je
patrné, hodnota p = 0 odpovida normélnimu rozdéleni, hodnota p = 1 dvojité ex-
zpracovani éasové fady by mél byt parametr ¢? nastaven na hodnotu c}fo, tedy tak,
aby rozdéleni s p = 0 odpovidalo rozdéleni slozky v;.

Volba parametru p by v konkrétnim piipadé méla souviset se vzdélenosti po-
zorované hodnoty y; od oc¢ekavané hodnoty ¢;;,—1. K tomuto tcelu se ptimo nabizi
dosazena hladina testu (5), tedy py = 2 (1—Fi, , _,(|1:])), kde F}, , _, je distribu¢ni
funkce t-rozdéleni s t —to —2 stupni volnosti. Je tedy p = R(p:), kde funkei R lze volit
libovolné tak, aby v systému £, platilo: R(p:) — 64, pro pr — a— a R(py) — oo
pro p; — 0+; a v systému Lo platilo: R(p;) — 0 pro p — a— a R(p:) — 1
pro p; — 0-+. Volba funkce R opét odrazi pozadavek analytika na stupen zajisténi
modelu proti vlivu odlehljch pozorovani.

Navrh adaptivniho filtru ma dvé uskali: je tfeba urcit, jak ma byt proveden reku-
rentni vypocet odhadu &;; a Py, v pfipad¢, Ze pozorovani y; je identifikovano jako
odlehlé a bylo vybrano vhodné rozdéleni H, a déle je tfeba urcit, jakym zptisobem
se ma v Case t + 1 filtr vratit zpét do gaussovského rezimu.

Druhy ze spornych bodt lze vytesit nasledujicim zptsobem: odhad Z;; a jeho
kovarian¢ni matice P, ziskané n&jakou metodou negaussovské filtrace lze chapat
jako apriorni rozdéleni pro spusténi Kalmanovych rekurzi v ¢ase ¢ + 1. Rozdéleni
L(x¢|Yy), které v tomto piipadé neni gaussovské, je tedy nahrazeno normalnim roz-
délenim se stejnou stfedni hodnotou a rozptylem. Tento pristup lze obhajit diky
skutec¢nosti, ze vliv pocatecniho rozdéleni mizi v Casové invariantnim filtru expo-
nencialné rychle. Chyba zpisobend nahrazenim skute¢ného rozdéleni normalnim je
tedy systémem vstfebana exponencialné rychle. Podrobnéjsi diskuzi této vlastnosti
je mozné vyhledat v praci [7].
odlehlé a na jeho zdkladé je vybrano rozdéleni H; (), je tfeba provést rekurentni pre-
chod. V obecném stavovém modelu lze tento prechod popsat pomoci bayesovského
kalkulu. Zajiméme-li se pouze o stfedni hodnotu a rozptyl rozdéleni L(x:|Y:), je
mozné vyuzit nasledujici vétu vyslovenou v préci [8]:
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Plati-li £(2¢]Y;—1) ~ N(&41—1, Py¢e—1) a je-li podminéné rozdéleni p(y:|Y;—1) dva-
krat diferencovatelné, pak

Ty = Typ-1+ Pt|t71h/gt(yt)
(8) Pt\t = Pt\t—l - Pt\t—lh/Gt(yt)hPtlt—l
kde g:(y:) = — I)(ytllyvt,—l) 9p (yég“l) je inovacni funkce urcujici vliv nového pozorovani

na odhad &, a G¢(y:) = agé',—f/i’") je inovaéni funkce urcujici vliv nového pozorovani
na kovarianéni matici Pyj;.

Pro provedeni filtrace je tfeba hustota p(y: | Yi—1) a jeji prvni a druha derivace
v bodé y;. V podstaté jde o nalezeni konvoluce N (hd 1, hPt‘t_lh') xH.V systému
L1 je jeji nalezeni snadné a Masrelieziiv filtr prejde na Kalmanuv filtr. V obecném
pripadé vétsinou nelze konvoluci explicitné vyjadrit.

Tak je tomu i v piipadé systému L. Oznacime-li §y;—1 = h&,;—; a 72 =
hPt|t,1h' je tfeba vypocitat integral

1 k[ 2eted’ ey
B s——— 2 72 2
(9) Py | Yie) mﬂo/me e H= g,
Numericka aproximace funkce g; pro rizné hodnoty p je zobrazena na obrazku 1.
Tuéné je zobrazena celkova inovacni funkce pouzita pfi zpracovani odlehlych pozo-
rovani. Z jejiho tvaru lze dospét k nasledujicimu zavéru: vliv odlehlych pozorovani
na &;; je omezen podobné jako v piipadé Huberovy funkce. Na rozdil od ni je vSak
v adaptivnim filtru dana vétsi vaha mirné odlehlym pozorovani - to odpovida urcité
mife nejistoty, od které hodnoty je treba pokladat pozorovani za odlehld. Matice
Py, zé&visi na derivaci inovac¢ni funkce. V piipadé Huberovy funkce je tato derivace
pro vSechna ofiznutd pozorovani nulovd, vliv odlehlého pozorovani se na hodnotach
matice neprojevi. Oproti tomu v pfipadé adaptivniho filtru ma pro mirné odlehla
pozorovani inovacni funkce g; zapornou derivaci, tzn. matice P,; se oproti matici
Pyj;_y zvEtsi o pozitivné semidefinitni matici, coz opét odpovida zvysené nejistoté
v pripadé mirné odlehlych pozorovani. Pro velmi odlehld pozorovani je derivace
blizk4 nule, velmi odlehld pozorovani tedy nemaji na odhad &, téméf zadny vliv.

3 -

2,

- 200 OO 100 200

OBRAZEK 1. Inova¢ni funkce pro systém Lo

3.4. Piiklad. Ze systému
Y = [ 1 0 ] Tt + Ut

(10) 2, — [0.8 0.2

1 0 ] i1 + W
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bylo generovano 200 pozorovéni, pfi¢emz ndhodné slozky v; byly nahrazeny modelem (4)
so?=4,v=0.01aH~ N(0,10000). Adaptivni filtr identifikoval 3 odlehld pozorovani
a zpracoval je pomoci systému L. Vysledky jsou zobrazeny na obrazku 2.
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OBRAZEK 2. Skuteéna (kolecka), filtrovand klasickym KF (pferusovang)
a adaptivnim KF (plné) prvni slozka stavového vektoru (horni panel) a
odhadnuty rozptyl P, ziskany klasickym KF se skute¢nou hodnotou
o (plné) a adaptivnim KF (pferusované) (dolni panel)
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BAYESOVSKE ODHADY V EXPONENCIALNIM MODELU
KONKURUJICICH SI RIZIK

MICHAL FRIESL

ABSTRACT. The paper deals with the competing risks model with independent
exponential distibutions of risks, conjugate priors are considered for parameters
of the model.

Bayes estimators under quadratic loss are explored, the stress is put on Bayes
risks (or their asymptotic expansions). The latter are used to measure sensitivity
of the estimators to changes in the prior distribution.

PE3IOME. ABTOp 33aHMMAETCS MOLEJIbIO KOHKYDPUPYIOIINX PUCKOB C He3a-
BUCUMBIMU TTOKA3aTEJILHBIMU PACIPENETIeHUIMU, I TapaMeTPOB MOIEIN
npearnojaraeT CONpshKeHHbIe allpUOPHBIe PYHKIIMU TTJIOTHOCTH.
Usyuarorcs GalieCOBCKME OIEHWBATENU MApaAMETPOB IPU KBAAPATUUHON
(QyHKIMM TOTEpH, mpekae BCero GalieCOBCKMe PUCKM (MM MX ACUMIITO-
TUUECKUe DPa3jioykeHus). [IOKa3aHO UX NMPUMEHEHVEe Ha aHAJIN3 UyBCTBU-
TEJIBHOCTU OHeHHBaTeJ’[eﬁ Ha U3MEHEHUs aHpHOpHOﬁ IIJIOTHOCTMU.

1. Uvop

Model konkurujicich si rizik predpoklada, ze sledovani muze byt ukonceno z k pii-
¢in, které nastavaji v casech
X1,..., Xk,

coz jsou nezavislé nezaporné nahodné veli¢iny pozorovatelné pouze hypoteticky. Ve
skutec¢nosti zname jen dobu sledovani a pri¢inu ukonceni

(12) W:mian, (Ila~'~7Ik):(I[W:Xl];“'a[[W:Xk])'

S takovym modelem se setkdme v fadé aplikaci (zjistovani spolehlivosti souc¢dstek
v zafizeni, zkoumani doby zivota a pfi¢in smrti, pti £ = 2 dostavame model pro na-
hodné cenzorovani, napf. [2], [3] nebo [11]). Pfedpoklad nezavislosti dob X1, ..., X
nelze vzhledem k neidentifikovatelnosti sdruzené funkce P[Xy > x1,..., Xk > xi]
z pozorovani (1.2) testovat.

Jsou-li rozdéleni veli¢in X; spojitd, mtzeme je, kromé distribuc¢nich funkei F; a
hustot f;, charakterizovat také intenzitami

)\j(ac):}ILLIrloP[XjE(x,x+h)|Xj>x]/h, x>0,

tedy A;(z) = f;(z)/(1—Fj(x)), Fj(x) = 1—exp(— [; A;(t)dt). Miizeme potom psat
PlI; = 1| W] = X\;(W)/ >, Xi(W), nezavislost W a (I, ..., I;) odpovida modelu
proporcionélnich rizik.

V tomto prispévku se budeme zabyvat modelem s nezavislymi exponencialné roz-
délenymi dobami X, ..., Xy. Vychdzime z autorovy dizertac¢ni prace [4], kde lze
nalézt podrobnéjsi dikazy, zobecnéni pro doby s intenzitami A;(z) = 0;u;(z), p;(x)

2000 Mathematics Subject Classification. Primary ; Secondary 61F15.
Kli¢ovd slova. Nahodné cenzorovani, Bayesovské odhady, Bayesovské riziko, exponencialni
rozdéleni.
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znamé, a aplikaci ve vicestavovém modelu. Modelem nahodného cenzorovani se za-
byva [7], odhadiim v exponencidlnim rozdéleni se vénuji [1] a [9].

2. MODEL

Piedpokladédme nahodny vybér (X3,...,X}), i = 1,...,n, k-tic nezavislych ex-
ponencialné rozdélenych ndhodnych velicin, X JZ ~ Exp(A;). Z kazdé k-tice je pozo-
rovano jen jeji minimum, véetné jeho identifikace,

W' = j:H11,i.I},kX;’ (I1,...,I;) = (I[Zwi:X{-], e ,I[Zwi:X;]), i=1,...,n.
Oznacime-li dale
n

W=> W a Ij:ifj, j=1,...,k,
=1

i=1

celkovou dobu pozorovani a podet pozorovani ukonéeny z pficiny j (veli¢ina W mé

gama rozdéleni a je nezdvisld s multinomicky rozdélenym vektorem (I1,..., 1)),
vérohodnostni funkce pro A1,..., A\x ma tvar
n k ) N4 k
(2.3) L:HH()\je_)‘fW He_)‘EW ) ! :e_z’\fWH)\JI-j.
i=1j=1 15 j=1

Pii i-tém pozorovani, ukonéeném v éase W, pravé jedna z pficin nastala jako prvni
(ta pro niz je Ij # 0). O té tedy vime, Ze nastala v ¢ase W, zatimco o ostatnich
mame jen informaci, ze nastaly nékdy pozdéji.

Kromé intenzit A;, j = 1,...,k, se budeme zajimat také o dalsi parametry mo-
delu: stfedni hodnoty a funkce spolehlivosti zkoumanych dob, parametr exponencial-
niho rozdéleni W1 (tj. celkovou intenzitu) a pravdépodobnosti vyskytu jednotlivych
pricin,

(2.4) Hj = 1/)\j, Rj(t) = e_)‘ft, A= Z)\j, p; = )\j/)\,

pfipadné o pomér v, = (A — X;)/A\; =1/p; — 1.
Pro parametry modelu budeme ptredpokladat konjugovana apriorni rozdéleni a
budeme studovat jejich bayesovské odhady.

3. APRIORNI HUSTOTY A ODHADY

Zagnéme s pfirozenym konjugovanym systémem {7, q,.... q.; @ > 0,q; > 0} pro
vérohodnostni funkci (2.3) tvofenym hustotami

(3.1) Tagrsgn Mooy Al) X H )\?rl exp (— aZAj), Aj >0,

tedy nezavislymi gama rozdélenimi A\; ~ G(a,q;), 7 = 1,...,k. Ekvivalentné jsou
nezévislé A ~ G(a,q) a (p1,...,px) s Dirichletovym rozdélenim D(qy, ..., qx), kde
znafime (a to v celém piispévku) ¢ = > g;. Rozdéleni veli¢in z (2.4) jsou po-
stupné inverzni a logaritmické gama, gama a beta, konkrétné 6; ~ IG(a, g;), R;(t) ~
LG(a,q;), A ~ G(a,q) a p; ~ B(gj,q — ¢;). Parametr ; ma beta rozdéleni druhého
radu.

Aposteriorni rozdéleni ma hustotu (3.1) s parametry a + W, q1 + I1 ..., qi + I,
ihned také dostavame bayesovské odhady pii kvadratické ztratové funkci.
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Tvrzeni 3.1. Predpokldddme-li apriorni hustotu (3.1), bayesovské odhady pii kva-
dratické ztratove funkci jsou

)

~ I]—i-q_] ~ W+a == t —(Li+q;)
= C b= BO=(1 )
W+a 7 Ij+gq—1 i) " Wia
ntq . Liteg L ntqg—g -1
b=/ VT
n+q li+q—1

i

pro §] a 7; poZadujeme I; + q; > 1.

Dikaz. Bayesovské odhady pii kvadratické ztratové funkce jsou stfedni hodnoty
aposteriornich rozdéleni parametr. O

V dalsim se uplatni, Ze pfi apriorni hustoté (3.1) jsou veli¢iny (I1,...,I;) a W
nezévislé i nepodminéné a ze veli¢ina 1/(W + a) mé az na nasobek beta rozdéleni,
1/(W +a) ~ (1/a) B(g, n).

V hustotach (3.1) z pFirozeného konjugovaného systému je parametr ¢ apriorniho
gama rozdéleni pro A souctem parametri Dirichletova rozdéleni pro pravdépodob-
nosti (p1,...,px). Uvazme jako apriorni rozdéleni pro A obecnéji A ~ G(a,q + r)
nezavislé s (p1,...,pr) ~ D(q1,...,qx), pfitemz stéle znacime ¢ = Zj qj, COZ zna-
mena

(3.2) Tasgrognr Ay ooy Al) X H )\‘“_1(2 Aj) exp (— aZ)\j), Aj > 0.

Zde mame zavislost mezi A1,..., Az Systém {74 g, .qrr; @ > 0,¢; > 0,7+ ¢ > 0}
je konjugovany s (2.3), aposteriorni rozdéleni rozdéleni mé parametry a + W, 1 +
L, ..., qx + I, 7.

Tvrzeni 3.2. Predpokldddme-li apriorni hustotu (3.2), bayesovské odhady jsou
n+q+r . Li+qg . _ntq—g—1

Wta @ PIT n+q’ i I +q¢ -1
X'_n-l—q—i-rlj—i—qj 7. — n+qg-—1 W+a

7 n+q WHa 7 n+qt+r—1I+q¢ -1

/)::

)

pro 7; za predpokladu I; +q; > 1 a pro 02 v pripadé n+q+r > 1.

Dikaz. Pii vypoctu aposteriornich stfednich hodnot vyuzijeme 2= Zj Xj, diky
nezévislosti v apriornim (aposteriornim) rozdéleni také Xj = XﬁJ a 6A'] = (1/X)(1/pj).
]

I v tomto pfipadé zname rozdéleni 1/(W + a) ~ (1/a) B(q + r, n).

Hodnoty a = 0,¢; = 1/2,r = —k/2 v (3.2) odpovidaji Jeffreysové (nevlastni)
apriorni hustoté.

Jiné zobecnéni (3.1) pocita s riznymi hodnotami parametru a pro jednotliva gama
rozdéleni veli¢in A;, j =1,..., k. Vezmeme-li apriorni hustotu

(3.3) Taroaisgieags M- ) o< [[ A2 Hexp (=3 a0y), A >0,

ze systému {7, ap.q1....qn; @ > 0,q; > 0}, ktery je konjugovany s (2.3), mame

nezavisld \; ~ G(aj,q;), 7 = 1,...,k. Veliéiny A a (p1,...,px) jsou zéavislé, (X |
p1,---,0k) ~ GO ajpj,q), navic (p1,...,pr) nyni nemaji Dirichletovo rozdélen,

ale hustotu 7(p1,...,pr) (Hpg-jfl)/(z ajp;)? na Y p; = 1.
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Tvrzeni 3.3. Piedpokldddme-li apriorni hustotu (3.3), bayesovské odhady jsou

~ I+ q; ~ W + a; — t —(I;+45)
No= e = R = (1 )
] W+aj J I+qj71 J() +W+aj
I+qj A_ W+QJ ZIE+Q€
W +a;’ g Ij—i—qj—ll#jW—i—ag’

)

pro §] a 7; predpokladdme I; + q; > 1.

Diikaz. Tvrzem uvadi aposteriorni stfedni hodnoty parametrd, vyuzivame = > )\
an; = 6‘ . 2i A O

Chybi nam odhad pro pj;, coz je dano slozitym tvarem hustot v tomto pfipadé.
Pokud bychom se omezili na k = 2 (2 pfifiny smrti), bylo by mozno jej vyjadfit
pomoci hypergeometrické funkce jako

~ n—+
p1= LR (L L+ g2n+ g+ 1,1 — (W +a)/(W + az)),
L +q
kde
— (a)x(
2Fi(a,b,c, z) = kZ_O On k" @) =2z(xz+1)...(x+k—1).

Vsechny tfi uvedené apriorni hustoty spadaji pod spole¢né zobecnéni predstavo-
vané hustotou

Tay,...,ak,qiye-qr,r X H N Z)‘j)r €xp ( B ZQJ')‘J)

P1i hledani odhadt odpovidajicich této hustoté vsak dochézime k integralim

1.,.-.,%7771*/ / ZGJP q+m’

-sPk >0

> pi=1
jejichz vyjadfeni pro m # 0 predstavuje problém. S nim se lze vyrovnat v pripadé
m € N, kdy je muzeme explicitné vyjadrit, v jiném specialnim pripadé, k = 2, opét
dochéazime k o F7.

4. KONVERGENCE

Zakon velkych ¢isel a centralni limitni véta pro posloupnosti nezavislych a stejné
rozdglenych velicin WY W2, ... a (I},...,I}),(I3,...,I}),... poskytuji pti rostou-
cim poctu pozorovani n — oo konvergenci skoro jisté a v distribuci také pro nase
odhady.

Tvrzeni 4.1. Pro odhady z turzeni 3.1, 3.2, 3.8 plati

Vi = ) =2 N(0,X2/py), V(B — ;) ——— N(0,6%/p;),

—

VA (D) ~ Ry(1) =2 N0, P02 /), vai(h - A) =2 N(0,22),

n—oo

Vi@ =) —— N0, (1+93),  Va; —p;) —— N0, p;(1 - py)).
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Dikaz. Napft. pro Xj z Tvrzeni 3.1 je asymptoticky pro n — oo

NIYEPHE \/ﬁ(M - >\j)

W+a
1 I; w 1
o (S ) A - D] v aney),
W/n {\/ﬁ(n pJ) iV no A } (0.p5)
Podobné nalozime s ostatnimi odhady, pfi¢emz tvar R/J(\t) vyzaduje jemné&jsi zacha-
zeni. |

Uvazujeme-li 0 odhadu funkce spolehlivosti R, (t) = (%)Iﬁqi jako o ndhod-

ném procesu v C([0, oo]), mizeme ukédzat nasledujici slabou konvergenci.
Tvrzeni 4.2. Pro odhad R;(t) = (et%_)1i+4; funkce spolehlivosti R;(t) = e~ *,

Wta;+1
t > 0, plati

Vi(R; — R;) —2— Z  na O([0, o)),

n—oo

kde Z je Gaussouvsky proces s EZ(t) =0 a cov(Z(s), Z(t)) = ste*’\i(sﬂ))\?/pj,

Dikaz. Uplatnime stejné argumenty jako [6]. Nejdfive se Taylorovymi rozvoji do-
pracujeme k procesu e‘AJt\/ﬁ(éﬁ%‘Zt— A;t). Ten se od \/H(EJ —R;) 1isi o ¢len, ktery
podle pravdépodobnosti konverguje k 0, a jeho kone¢nérozmérna rozdéleni konver-
guji k odpovidajicim rozdélenim Z. Ze Z je jeho limitou na C([0,00]), plyne po
ovéreni podminek tésnosti. O

5. BAYESOVSKA RIZIKA

Pii kvadratické ztratové funkci je bayesovskym rizikem bayesovského odhadu
stfedni hodnota aposteriorniho rozptylu odhadované veli¢iny. Aposteriorni rozptyl
v nasem pripadé zname, zbyva tedy spocitat stfedni hodnotu. Pro konkrétnost po-
¢itdme s pfirozenou konjugovanou apriorni hustotou (3.1) (podobnym zplisobem
bychom postupovali pfi (3.2), (3.3), ¢i v pfipadé dalsich odhadu, viz [4]).

Pro nékteré z odhadt z Tvrzeni 3.1 umime bayesovské riziko explicitné spocitat,
jako priklad zvolme Xj.

Tvrzeni 5.1. Pii apriorni hustoté (3.1) je bayesovské riziko bayesovského odhadu

~ 1 glg+1) _ glg+1)1 1
.1 BR ), = J ) = —
(5.1) R n+q+1 a2 a? n+0(n2)

P n — 00.
Dikaz. Vyuzijeme (nepodminéné) nezavislosti I; a W, znalosti rozdéleni 1/(W +
a) ~ (1/a)B(g,n) a podminéného (I | p;) ~ Bi(n,p;),

q(qg+1)
a?(n+q)(n+q+1)

BR; = E(I; + ¢;)(W 4+ a) 2 = (n% +q5)
O

Pro jiné odhady vSak nejsme schopni bayesovskeé riziko explicitné vyjadrit, a proto
se uchylime k jeho asymptotickému rozvoji pro n — oo. Mame vyjadrit rozvoje
stfednich hodnot funkeci velicin W/n a I;/n, kdyz W a I; jsou souétem podminéné
nezavislych a stejné rozdélenych veli¢in. Pravé kvili podminéné nezavislosti je tfeba
postupovat opatrné. NaSe rozvoje vyuzivaji tvrzeni z [5], zaloZzena na rozvojich z [10],
viz Dodatek. R

Jako piiklad uvedme riziko odhadu 6;.
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Tvrzeni 5.2. Pii apriorni hustoté (3.1) je bayesovské riziko bayesovského odhadu

A. _ a2(q73) 1 i
BRE; = (g —D(g; —2)(q; —3)n + O(n2>’

za predpokladu q; > 7.

Diikaz. Pro 0; s aposteriornim inverznim gama rozdélenim mame
(W +a)

(I +aj —1)*(+q;—2)

kdyz I; + q; > 2. VyuZzijeme opé&t nezévislosti W a I; a piSeme

var(f; | W, I) =

~ 1
BRO,; = — E(W + a)’E g, (1;/n),
kde funkce g, je ddna vztahem

gn(@) = (@ + (g —D/n) @+ (¢ —2)/n)"",  i€[0,1].

Prvni ze stfednich hodnot neptsobi vzhledem k pifihodnému rozdéleni W + a pro-
blémy, ve druhé rozvijime pfi daném p; kolem E(I;/n | p;) = p;. V Tvrzeni 7.1
pocitame s ¢ = 1, k = 3, mame g, (i) < const - (¢; — 2)~>n3. Vidime, Ze g,(p;)
g, (p;) a g}’ na (pj/2,3p;/2) jsou pro vSechna n omezené nasobkem p]g’, resp.
p;4 a p;“r’. Pii g; > 7 jsou stfedni hodnoty Epé- prot: = —7,...,8, Ep;?’pj. pro
i = —1,0, Ep;4pj. proi = 0,1 a Ep;“r’p;- pro ¢ = 1,2 konecné a muzeme psat

Egn(Ij/n) = Egn(p;) + O(1/n), coz vede k vysledku

BRO, = %E)FQEpf’ + 0(1/n?)

1 a’ (—1)(g—2)(¢—3) +0(i)
n(g—1)(g—2) (g —1)(g; —2)(g; —3) n?
O
Jesté komplikovanéjsi je pripad rizika odhadu R/j(\t), kde je tfeba pouzit dalsich
Taylorovych rozvoji. Vysledkem je, Ze pro ¢ > 6 je mozno psat

— 2t \ —(i+4) t —2(I;+q)
BRRj(t)E[(1+W+a> () ]

—ot(Iitas I +qj
— 2 2t(Lj+q;)/(Wa) 23 T 45 2
E(t e W (W+a)2) +0(1/n)

1
= Et2 Ee 2%ip, A2 4 O(1/n?),

podrobnosti a rizika dalsich odhadt v [4].

6. CITLIVOST
Nakonec se podivame, jak je bayesovské riziko citlivé na nepfesnost predpokladu
o apriorni hustoté, jako piiklad poslouzi odhad parametru A;. PouZzijeme-li misto
bayesovského odhadu J; jiny odhad A;, je
BR); = E(\; — A,)> = BRA; + B(), — A))%
Maji-li rizika téchto odhadu rozvoje pro n — oo
c b

1 ~ 1
)’ BR)‘J':_""_""O(E)?

~ C a
(6.2) BRA; = 0+ 5 o3 -t
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definujeme (dle [8]) asymptotickou deficienci A; vzhledem k X; jako (b — a)/c.
Prikladem jiného odhadu muze byt takové Xj, které bychom dostali jako bayesov-
sky odhad pfi (nesprdvném) predpokladu, Ze apriorni hustotou je (3.1) s parametry
Ay q1y -y Q-
Tvrzeni 6.1. Deficience odhadu Xj = (I;+q;)/(W+a) vzhledem ka Jje pri apriorni
hustoté (3.1)
q+2

q . . - 1 gq;
—(0 - @) —27——(g; —@)(e - @) + -

9 i CRRICR Cal

Diikaz. Rozdil koeficient b — a v (6.2) ziskdme z rozvoje
W(g; — @) — Lila—a) +gja — aja)Q
(W +a)(W +a)

W +a)(gj — g;) — Ii(a—a)\? 3
=E 1

( ey ) +oa/m’)

1 ~ ~ ~ ~
= B[ = 3)*N* = 2(q; — §)(a —@)p;\* + (a = @)*pjNT] + O(1/n?),

kde jsme nakonec postupovali podobné jako v ditkazu Tvrzeni 5.1. Koeficient ¢ ¢teme
v (5.1). O

BR), —BRX; =E(}; — \,)>=E (

7. DODATEK

V dtikazu Tvrzeni 5.2 (i dale) bylo pro asymptotické rozvoje stfednich hodnot

pouzito tvrzeni z [5], které se hodi pro ndhodné veli¢iny s momenty omezenymi
mocninami stfedni hodnoty.
Tvrzeni 7.1. Necht ndhodné veliciny Y1,Ys, ... jsou pri daném 0 nezdvislé a stejné
rozdélené, veliciny X, = % Sr Y, n=1,2,..., maji hodnoty v intervalu A C R a
g = E[Y1]6] € A je kladné. Necht funkce g,: A — R, n € N, maji spojité derivace
fadu (¢4 1) na My = (pg/2,3up/2)NA. Necht k > 0 je celé a pro momenty Y1 plati
E[Y{10] < S°0_, ciptly s néjakgmi konstantamicy, ..., c; > 0,5 =1,...,q+0+1+2k
(kde § = 0 pro q liché a 6 =1 pro q sudé). Jestlize existuje 0 < u < k a ddle pro
kazdé 0 konstanty a(0),a0(0),a1(0),...,aq+1(8) > 0 tak, Ze pro viechnan € N

|g7(zj)(ﬂ0)| <a;(), j=0,...,q
V@) < agn(®) na My, lgn()] < a@)feln* na Mg = A\ My,

a jsou-li stfedni hodnoty Eaguly proi = —(q+0+2k),...,q+ 5+ 1+ 2k a Eajou}
proi=7—q—90,...,5+06 (j=0,...,q+ 1) koneéné, pak

a ) _
Bon(X,) = EY S BI0X, — ) [0+ 0/ prin — s
=0 7
Diikaz. Viz [5], Proposition 2.3. O
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IMPLICITNI DEFINICE PODMINENE PRAVDEPODOBNOSTI
EXISTENCE A NEKTERE SPECIALNI PRIPADY

DANIEL HLUBINKA

ABSTRAKT. In the paper we consider implicit definitions of probability measu-
res. The definitions depend on an initial condition and hence can be understood
as definitions of conditional probability measures given the initial value. The na-
tural question is whether it is possible to construct two dimensional distribution
such that its first marginal is some distribution on initial conditions and con-
ditional distributions are solutions of given implicit problem for the respective
initial value. The sufficient conditions for the existence of solution are given.
As a special case we study problem with convex set of admissible solutions and
extremal solutions.

Pesrome: B crarbe n3ydaercs HeSBHOE OINpeIeIeHNe BePOSATHOCTHBIX Mep.
5TU ONPEAEesIeHNsI 3aBUCUT OT HAUAJIBLHOBO YCJIOBUS U IJIsI TOMO BO3MOKHO
paccMATPUBATL UX KAaK OMPENeJEeHUSs] YCIOBHBIX BEPOSTHOCTHBIX MEpP MpU
NAHHOM HAUaJbHOM 3HauUeHuUM. HaTypaJibHOU sBJIseTCs npobiyiemMMa Ccy-
IECTBOBAHUS ABYXPO3MEPHOrO PACIPENEIeHUs BEPOATHOCTEN TAKOTO, UTO
ero nepBas MapryuHaJa sIBJASETCS PACCIPEAETEHNM HAUaJIbLHBIX 3HAUEHUMN
U YCJIOBHBIE PACCIIPEAEJICHUS SIBISIOTCS PEIIeHUEM MAHHBIX HESBHBIU OIl-
peneneHuii AJsi COOTBENTBYIOIIMX HAUAJbHBIX 3HaueHuii. /locTtaTtouHoe
YCJIIOBUE IJIsI CYIIECTBOBAHUS PEIIEHUS MTOKA3aHO0. MbI M3yUaeM CIIeruaib-
HYIO MPOOIEMMY BBIMYKJIBIX MHOMKECTB MOIYyCKAEMBIX PENICHUN U UX Kpa-
HBbIE TOUKU.

Uvop

Tato prace vychazi ze zkoumani existence a konstrukce sdruzeného rozdéleni na-
hodného vektoru, maji-li jeho podminéna rozdéleni spliiovat pfedem dané podminky.
Hled4dme-li odpovéd na tuto otdzku s pozadavkem, aby podminénd rozdéleni hle-
daného vektoru méla dané barycentrum, dostavame se k implicitné zadané tloze.
Implicitné zadané tlohy pak lze zobecnit a ziskat tak velmi Sirokou t¥idu problémd.
V clanku se budeme zabyvat pfipady existence a konstrukce implicitné definované
podminéné struktury nahodného vektoru, zejména ve specialnim pripadé afinni pro-
vadéci funkce. Déale vénujeme pozornost vlastnostem mnoziny feSeni a existenci ex-
tremalniho feSeni predlozeného problému.

Pfipomenme, ze implicitné zadand mnozina mér

(1) P ={ne Mi(Y):b(n) = f}

pro néjaky polsky prostor Y, borelovské zobrazeni b mezi polskymi prostory M (Y)
a Z a f € Z tvoii borelovskou podmnozinu pravdépodobnostnich mér.

2000 Mathematics Subject Classification. Primary 28A35; Secondary 28B20, 46A55, 60A10,
60B05.

Klicovd slova. Markovska jadra, podminéna struktura ndhodného vektoru, momentovy pro-
blém, konvexni mnoziny, extremalni body, nosi¢ miry.
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Rozsifime implicitni definici mnoziny mér pfidanim zavislosti na pocateéni pod-
mince do tvaru

(2) Pp = {p € Ma(Y) : bz, ) = f(2)},

3) P = {(z,p) : Iu € M1 (Y),b(z, ) = f(2)},

kde x € X, né€jaky polsky prostor, b a f zobrazeni do polského prostoru Z. Je zfejmé,
ze pro b borelovské zobrazeni v p je pro libovolnou deterministickou poc¢atec¢ni pod-
minku & mnozina feseni P, borelovska. Tyto mnoziny lze nahlizet jako mnoziny
pfipustnych podminénych rozdéleni za podminky x. Poznamenejme, Ze méritelnost
mnoziny P neni viubec zfejma, ale jak uvidime je velmi podstatna.

V teorii pravdépodobnosti je obvyklé v takovych pfipadech hledat moznost pre-
chodu od deterministické pocateéni podminky ke stochastické. Tedy k mife \ €
M (X). Potom zkouméame existenci pravdépodobnostni miry P* € M;(X x Y) ta-
kové, zZe jeji marginalni rozdéleni na X je A a podminénd rozdéleni na Y pifi daném
2 jsou v mnoziné ptipustnych feseni P, skoro jisté [)].

Tim navazujeme na studie [10] a [11], ve kterych byla mnozina P zaddna expli-
citné pomoci fezit P,. Tak byla zkoumana existence ndhodného P wektoru a jeho
vlastnosti. Nyni mame mnoziny P, zadany implicitné pomoci provddéciho zobrazeni
b, které pro pevné x prevadi pravdépodobnostni miry na hodnoty v prostoru Z, a
7idictho zobrazeni f.

V prvni ¢asti si ukdzeme, jak takové feSeni konstruovat, jaké podminky jsou po-
stacujici k existenci feseni a nastinime zakladni matematické techniky pouzité v této
souvislosti, zejména teorii multifunkeci a selekci. V dalsi ¢asti zobecnime ponékud za-
déani, abychom mohli pokryt vice tiloh. V posledni ¢asti rozvedeme diskusi o existenci
feSeni v pfipadé afinity zobrazeni b(-, p1). VSimneme si také extremalnich feSeni, které
v takovém pfipadé mohou existovat, nékdy i nutné, a umozni dale rozvijet predlozeny
problém napiiklad pomoci Choquetovy teorie.

1. RESENT (b, f) ULOHY A JEHO EXISTENCE

V celé praci budeme uvaZovat trojici lokalné konvexnich polskych (separabil-
nich metrizovatelnych dplnych) prostort X,Y,Z. Ozna¢me standardné G, F,K,B
a U systémy otevienych, uzavienych, kompaktnich, borelovskych a universalné meé-
Fitelnych mnozin. Pfipomenme, Ze prostor M; pravdépodobnostnich mér na pol-
ském prostoru je opét lokalné konvexni polsky prostor, a ze kazda borelovska prav-
dépodobnostni mira na separabilnim metrickém prostoru je regularni ve smyslu
w(B) =inf{u(G),BC GeG},BeB.

Jak jsme jiz uvedli, hleddme pravdépodobnostni miru P* na sou¢inovém prostoru
X xY. Tato mira by méla byt rozdélenim ndhodného vektoru (&, n) tak, aby £(§) = A
a L€ = x) € Py sj. [A], kde P, je mnoZina pripustnyjch teSeni dané (b, f) ulohy,
ktera je zadand implicitné podminkami (2). Jinymi slovy marginalni rozdéleni & je
pfedepsané a podminéné rozdéleni n pfi & = x fesi zadany problém s pocatecni
podminkou z. Nazvéme takovou dvojici (b, f) vektorem.

Resenim uvedené tlohy je pravdépodobnostni mira ve tvaru

(4) PNBxC) = / P*(C)\(dx), B € B(X),C € B(Y), P* € P,.
B

Aby tato mira byla dobfe definovdna, musime mit zaru¢enu universalni méritelnost

zobrazeni K : z +— P®. Tim ovSem fikame, Ze hleddme universdlné méritelné mar-

kovské jadro (UMK) fesici (b, f) ulohu. Takovéto jadro tvoii jakakoliv méritelnd

selekce z mnohoznac¢ného zobrazeni x — P,. Jest tedy mozné hovorit o markovském
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jadru Fesicim (b, f) tlohu, (b, f) selekci ¢i ndhodném (b, f) vektoru a pfitom mit na
mysli stale jediné—pravdépodobnostni miru P*. V dal$im textu proto nebudeme
zv1asté rozliSovat mezi témito pojmy.

1.1. Mnohoznaéna zobrazeni a selekce. Pfipomerime si nyni zdkladni pojmy
z teorie mnohoznaénjch zobrazeni. Zobrazeni ¥ : X — 2V se nazjva mnohoznacné
zobrazend. Je-li navic ¥(z) # () pro kazdé x, nazgvdme toto zobrazeni multifunkct.
Multifunkce s uzavienymi obrazy se nazyva korespondence.

Jelikoz budeme pracovat pouze s méfitelnosti mnohozna¢ného zobrazeni, nemu-
sime dale rozliSovat mezi multifunkci a mnohozna¢nym rozdélenim. Omezime-li se
u mnohozna¢ného zobrazeni na mnozinu Dy = {z : ¥(x) # 0}, dostdvame multi-
funkci. Méftitelnost takové multifunkce posuzujeme vzhledem k Dy, nikoliv vzhledem
k celému prostoru X.

Selekci multifunkce rozumime takové zobrazeni f : X — Y, ze f(z) € ¥(x) pro
vsechna x. Poznamenejme zde, Ze jde o stejny problém jako vybrat pro mnozinu
A € X XY zobrazeni f : X — Y takové, ze graf f lezi v A. Zde pochopitelné
ztotoznujeme A s grafem ¥. Uvedme si postacujici podminku pro existenci méritelné
selekce, tedy i postacujici podminku pro existenci feseni (b, f) tlohy.

Pripomenme, ze multifunkce je

(1) B-meévitelnd, kdy% {z : ¥(z) NG # 0} € B(X) pro G € G(Y) a

(2) U-mévitelnd, kdyz {x : ¥(x) NG # 0} € U(X) pro G € G(Y).
7Z teorie multifunkci vyplyva, ze pro B- i U-méfitelnou korespondenci existuje uni-
versalné méritelnd selekce. Tato problematika je popsédna v monografiich [1], [9],
dulezitym néastrojem jsou zde véty typu ,, Cross-sections®, napiiklad v [2] 8.5.

1.2. Existence implicitniho Feseni. V této ¢asti se budeme zabyvat podminkami
kladenymi na zobrazeni b a f, které se ukazi jako postacujici k existenci feSeni
(b, f) tlohy. UkéZzeme si, Ze misto ovéfovani méfitelnosti multifunkce, pFipadné jejiho
grafu, postaci overit méfitelnost provadéciho a fidiciho zobrazeni. Nasledujici véta
je dokézana v [5].
Véta 1. Méjme zadanou (b, f) dlohu. Obé ndsledujici podminky jsou postacujici pro
existenci méritelné (b, f) selekce.

(1) Zobrazeni b(x, 1) je borelovské a v proménné p navic spojité, zobrazeni f je

universdlné méritelné.
(2) Zobrazeni b i f jsou borelovskd.

Poznamka 2. Predchozi véta netvrdi nic o neprdazdnosti mnoziny P,. Musime ji
Cist s timto na paméti. Presnéji Tikd, Ze pro libovolnou miru A € M;(X) takovou,
ze \*(CD) = 0, kde

Di={z € X:3ue Mi(Y),b(x, p) = f(2)},
ezistuje P* mira vesici danou (b, f) tlohu zkonstruovand predpisem (4).

V této chvili ndm nezbyva nic jiného nez existenci neprazdné mnoziny D predpo-
kladat. Miru A € My (X), \*(CD) = 0 nazveme pripustnou pocdtecni podminkou.

1.3. Prvni piiklad. Zakladni piiklad je zdroven jednim z nejuniversalnéjsich né-
stroju teorie pravdépodobnosti. Jde o momentovou ilohu. Pfipomenme, Ze obycejna
momentova tloha je definovana pomoci zobrazeni g;(y) a hodnot f;,i € I pfedpisem

(5) / i (@)n(dy) = fi, tedy P = (i € My(Y) : Eulgs(n)] = £i}.
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Véta 1 nyni snadno vede k moznosti tento predpis zobecnit na
©) [ aeuldn) = i), tedy P = s € Mi(¥) : Bulaia )€ = a] = fi)}

a ziskat dvourozmérny vektor (£,7), jehoZ prvni slozka mé predepsané marginilni
rozdéleni a druhé slozka podminéné resi libovolny pocet momentovych tloh. Posta-
Cujici podminkou je spocetnost I a borelovska métitelnost zobrazeni g; a f;. Pokud
bychom chtéli slevit z pozadavkd na f; smérem k universalni métitelnosti, pozadavky
na g; se zpfisni. Kromé borelovské méfitelnosti bychom museli pfidat omezenost a
spojitost zobrazeni ¢;(-,y) v proménné y.

Specidlnim pfipadem je zde zédkladni momentovy problém, kdy g;, f; jsou realné
funkce, Y = R a tiloha zni

2. ZOBECNENI (b, f) ULOHY

Zadani (b, f) tlohy ve tvaru (2) miZze nékdy byt pfilis svazujici kvili pozadavku,
Ze jedind piipustnd hodnota vysledku provadéciho zobrazeni b(-, u)je déna Fidicim
zobrazenim f(-). Zde v8ak miizeme ponékud slevit a pozadovat splnéni obecnéjsi
(b, F') podminky, kterd definuje mnoziny pfipustnych feseni

(7) Pr i={p € My(Y) : bz, ) € F(x)},

kde F' je néjaka multifunkce.
Zakladnim existen¢nim vysledkem je nyni

Véta 3. Méjme ddnu (b, F') dlohu. Pak méritelna (b, F') selekce existuje, jestlize je
splnéna jedna z téchto podminek.

(1) Zobrazeni b je borelovské a v proménné u navic spojité, korespondence F je
U-méritelna.
(2) Zobrazeni b je borelovské a F je B-méfitelnd korespondence.
Vsimnéme si, ze poznamka uvedend za vétou 1 zlustava v platnosti i nyni.
Prikladem takto rozsirené tilohy je zobecnény momentovy problém, kdy naptiklad
pro realné prostory a funkce g;, f; definujeme F;(z) = (—oo, fi(z)] a hleddme FeSeni
tlohy pro

gi(z,y) =y', tedy Eu[n'|¢ = 2] < fi(x).

3. AFINITA PROVADECIHO ZOBRAZEN{

V nésledujici ¢asti budeme pracovat s jednodussi (b, f) tlohou. Vétsina uvedenych
vysledki se snadno rozsifuje i pro (b, F') tlohy a proto ponechame tyto pfipady na
Ctenafi.

Na piikladu momentové tlohy si povSimnéme, ze v mnoha vyznamnych tilohach je
zobrazeni b(z, p) afinni v p. Pipomenime, Ze afinni je zobrazeni tehdy, je-li zéroven
konvexni i konkavni, neboli

b(x,ap + (1 — a)v) = ab(z, 1) + (1 — a)b(x,v),Va € (0,1).

V takovém ptipadé neni obtizné si uvédomit, ze mnoziny P, piipustnych feseni (b, f)
tlohy pri pocateéni podmince x jsou konvexni.
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3.1. Konvexni mnoziny. Konvexni mnoziny maji v matematice vyznamné misto.
Pfipomenime, ze mnozina A je konvexni, jestlize

(8) r,y€A =ar+ (1—a)y € A,Va € (0,1).

Ezxtremdlnim (téZ krajnim)bodem konvexni mnoziny A rozumime takovy bod z,
Ze mnozina A\ {z} je opét konvexni. Jinymi slovy je to téZ takovy bod x € A,
ze neexistuji dva rizné body v A, jejichZz konvexni kombinace je rovna x. MnoZina
extremélnich bodi se obvykle znadi ex(A). Je ziejmé, Ze nékteré konvexni mnoziny
nemusi mit zadné extremalni body, jako je tomu napfiklad u oteviené jednotkové
koule v R3.

Oznacéme si coA konverni obal mnoziny A, tedy nejmensi konvexni mnozinu ob-
sahujici A. Je zfejmé, Ze
©)) coexA Ccod =A

pro kazdou konvexni mnozinu A. Nejmensi uzavienou konvexni mnozinu obsahujici
A nazveme konvernim uzdvérem A a budeme ji znacit coA. Pro uzaviené konvexni
mnoziny zfejmé plati
(10) toexA CTA =coA=A,
kde rovnost nastava pro konvexni kompaktni mnoziny v metrickém prostoru. Rov-
nost C0A = coA je obecné vlastnosti konvexniho uzavéru.

Hezkym prikladem konvexniho uzavéru je prostor pravdépodobnostnich mér na
(zde stac¢i Gplné regularnim) prostoru X, kde plati

(11) My (X) =T6{0,, x € X}, 6,(B) = Ig(x) (Diracova mira).

Obecné jsou Diracovy miry extreméalnimi body prostoru pravdépodobnostnich mér
na jakémkoliv prostoru, tedy specialné pro polské prostory plati

(12) M1 (X) =T exM;(X).

O konvexnich mnozinach a topologickych vlastnostech pravdépodobnostnich mér se

lze dozvédét vice napiiklad v [7] a [12].

3.2. Obor hodnot provadéci funkce. Piedchozi ivahy nds mohou dovést k vy-
tvoreni postacujicich podminek pro existenci neprazdné mnoziny P, zadefinované

v (2).
Nejprve si vSimnéme, Ze mnozina
(13) B(z) = {b(z, p), n € M1(Y)}

je konvexni, coz okamzité plyne z konvexity Mj (Y) a afinity b(x, 1) v p. Aby mnoZina
pripustnych feSeni byla neprézdnd, musi platit f(z) € B(z). K tomu vsak jisté
postaci

(14)  f(2) € cofb(z,5,),y € ¥} = {b(z, p). 1 € cofd,,y € Y}} C B(a).

Ovéime rovnost v predchozim vyrazu. Ziejmé plati inkluze C, nebot obé& zkou-
mané mnoziny jsou konvexni. Je-li 4 € co{d,}, pak

(15) Eai,yi:ai>0,Zai:1,u:2ai5yi.
i=1 i=1

Diky afinité zobrazeni b je tedy b(x, 1) = > a;b(z,d,,) a tim jsme ovéfili i obracenou
inkluzi.

Postaci tedy ,,pouze” prozkoumat mnozinu obrazti Diracovych mér a zaméfit se
na jeji konvexni obal, ktery vsak, jak ukazuji rovnosti (11) a (14), je dostateéné
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reprezentativni. Jesté lepsi situace nastava pro b spojitou a afinni v p, kdy mizeme
uvazovat slabsi podminku

(16) f(x) e co{b(z,6y),y € Y} = {b(x, ), p € ©o{dy,y € Y}} = B(x).

3.3. Momentova tiloha podruhé. Podivejme se podruhé na uréité momentové

ulohy, na kterych si ukdzeme piisobeni pravé odvozenych vysledkii. Nejprve uvazujme

prvni dva momenty realné nadhodné veli¢iny, tedy tilohu s provadéci funkci nezavislou

na pocatecéni podmince x

(17) b(k) = (Byun, Byun®).

Dosadime-li za ;¢ Diracovu miru d,, dostavame jako vysledek provadéci funkce dvojici

(y,y?). Mnozina vSech vysledkii pro Diracovy miry tedy tvoif parabolu y = a2

v roviné R?, jejiz konvexni obal je ziejmé jeji ,,vnitiek“ {(z,y) : y > 22,2 € R}.
Postacujici podminkou existence neprazdného feseni pro uvedenou provadéci funk-

ci b proto je nasledujici podminka na fidici funkci f

(18) f(@) = (21, 20)(2) tak, 7e z(x) > 27 (2), z1(2) € R,z € X.

Vsimnéme si, Ze nyni jde zdroven o podminku nutnou, nebot neexistuje pravdé-
podobnostni mira na realnych é&islech takové, ze En? < (En)?. Déle poznamenejme,
zZe body b(d,) jsou pravé vsechny extremalni body mnoziny {b(u) : p € M1 (R)}.

Jako druhy ptiklad uvazujme prvni a tfeti moment realné ndhodné veliciny, tedy
b(u) = (E,n, Eun?). Diracovy miry se zde zobrazuji na kubickou kiivku y = z3 v R?
a jak si snadno predstavime, konvexnim obalem této kiivky je celd rovina R2. Z toho
plynou dva zavéry. Za prvé pro libovolnou realnou fidici funkci f : X — R? splitujici
predpoklady véty 1 existuje feseni piedlozené (b, f) tlohy. Druhy zavér je ten, Ze
obrazy extremalnich bodi, tedy Diracovych mér, nejsou extreméalni body konvexni
mnoziny vSech obraz.

3.4. Existence FeSeni. Nyni mizeme pfedchozi ivahy shrnout do zavéreéného tvr-
zeni, které podstatné zjednodusuje ovéfeni existence neprazdného reseni ve specil-
nich pripadech. Ozna¢me nyni

(19) Beat(z) = {b(z,,),y € Y}.
Véta 4. Necht pro zadanou (b, f) dlohu plati jedna z ndsledugicich podminek
(1) Zobrazeni b(x,un) i f(x) jsou borelovskd, b je afinni v 1 a f(x) € cOBegt(x)
pro vSechna x € X.
(2) Zobrazeni b(xz, ) i f(x) jsou borelovskd, b je afinni a spojité v u a f(x) €
C0Bcyt(x) pro vSechna x € X.
(3) Zobrazeni b(x, i) je borelovské a navic afinni a spojité v u, f(x) je univer-
salné meétitelné a f(x) € COBeyi(x) pro viechna x € X.
Pak pro libovolnou pocdatecni podminku A € M;(X) existuje veSeni zadané (b, f)
ulohy.

4. EXTREMALNI RESEN{

Konvexita mnoziny P, pii afinnim provadécim zobrazeni podsouva myslenku za-
byvat se extremalnimi body této mnoziny. Vice bychom vsak chtéli védét o moz-
ném fFeseni se stochastickou pocatecni podminkou prochézejicim pouze extremalni
body mnoziny feseni s deterministickou poc¢atec¢ni podminkou. Uvazujme v této ¢asti
pouze (b, f) tlohy splitujici podminky véty 4, abychom nemuseli dbat na mnoZzinu
pfipustnych pocatecnich podminek. Zobecnéni neni tézké, pouze vyzaduje dalsi zna-
¢eni a znepiehlednuje vysledky.
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4.1. Charakteristika extremalniho reSeni. Chceme nyni studovat extremalni
markovskd jadra Fesici zadany (b, f) problém. Ozna¢me si proto
(20) T =A{K: (X UX) = (M(Y),B(M1(Y))): K je feseni (b, f) tlohy}.
Vsimnéme si, ze pro afinni provadéci zobrazeni je J konvexni mnozina universalné
méritelnych markovskych jader. Existuje néjaka souvislost mezi extremalnimi body
J aP.?

Je-li markovské jadro J extremalni bod vSech feseni J, pak
(21) J=aK+(1—-a)L,a€(0,1),K,LeJ=K=L=.
Pokud by existovalo z € X takové, Ze J(z) neni extremalni bod P,, najdeme dvé
ruzné feSeni K, a L, a 0 < a < 1 takova, ze
J(z)=aK,+(1—-a)L,
J=aK+(1—a)L,K(z)=L(x) = J(x),x # 2, K(2) = K,,L(z) = L,.
Zobrazeni K a L jsou zfejmé méfitelnd feseni (b, f) Glohy a J neni extremélni bod
J, coz je spor.

Je-1li naopak pro kazdé = € X bod J(x) extremélnim bodem P, pak
J=aK+(1—-a)l = J(z) =aK(z)+ (1 —a)L(z)

= Lz)=K(z)=J@x)VeeX=J=K =1L.

(22)

(23)

Tim jsme dokazali nasledujici tvrzeni.

Tvrzeni 5. Necht pro (b, f) dlohu spliiujici podminky véty 4 existuje TeSeni J :
X — My (Y). Pak J je extremdlni bod J prdvé kdyz J(x) je extremdlni bod P, pro
vSechna x € X.

Pokusme se najit néjakou dalsi charakterizac¢ni vlastnost extremalniho feseni. Jiz
jsme si vsimli, Ze extremalni pravdépodobnostni miry jsou Diracovy miry. Tedy miry,
které maji nejmensi mozny nosi¢, jediny bod. Nosicem miry p, zna¢enym supp(pu)
rozumime nejmensi uzavienou mnozinu takovou, ze u(supp(u)) = 1. Jak vypadd
nosi¢ extremalniho bodu mnoziny P,?

Podivejme se na feSeni u € P., jehoZ nosi¢ je nejmensi. Presnéji tak, ze pro
libovolnou miru v € P, plati, ze supp(v) ¢ supp(u). Pak mira p musi byt extremélni.
Pokud by totiz nebyla extreméalni, pak

(24) p=avy + (1 - a)vz = supp(p) = supp(v1) Usupp(ra) = supp(v;) C supp(p).
Plati tedy néasledujici tvrzeni.

Tvrzeni 6. Jestlize pro p € P, plati supp(v) ¢ supp(u) pro vdechny miry v € Py,
pak mira p € exPy.

nepotiebujeme afinitu zobrazeni b. V kazdém pripadé jiné ze specialnich feseni, feSeni
s nejvétsim moznym nosicem, zjevné stoji na opa¢ném pélu mnoziny reSeni.

4.2. Extremalni body momentovych mnozZin. Podivejme se opét, jak vypada
extremalni feseni v konkrétnim pf¥ipadé momentové tlohy. V ¢lanku [16] jsou extre-
malni body momentovych mnozZin o nejvyse koneéném poc¢tu momentovych podmi-
nek primo charakterizovany. Véta 2.1 uvedeného ¢lanku fika

Tvrzeni 7. Méjme dané méritelné funkce gi,...,g, definované na prostoru Y a
redlnd cisla f1,..., fn. UvaZujme mnozinu

Q= {u € M1(Y) : g; je p-integrovatelnd a /gidu = fi} .
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Pak je Q konvexni a

er:{ué Q:M:Zaiéyi,ai>0,Zai:1,yi€Y,1§m§n+l
(25) i=1 i=1

vektory (g1(yi)s .-, 9n(v:),1),1 <i < m, jsou lin. nezdvislé}.

Prozkoumejme nyni extremalni body pro momentovou tulohu zadanou prvnimi
dvéma momenty, tedy b(n) = (E,n,E,n?). Podle predchoziho tvrzeni jsou extre-
malni body pravé ty pravdépodobnostni miry, které fesi zadanou (b, f) tlohu a maji
nejvyse tfi body nosice. VSimnéme si, ze pro libovolné t¥i rizné body y1, y2, y3 plati

vy 1
(26) hodnost %2 %3 1| jerovna 3,
ys y3 1

neboli jakékoliv feseni (b, f) lohy s pravé tfemi riiznymi body nosice je extremélni.
Déle si uvédomme, 7e kazdd dobfe zadana tloha tohoto typu (tedy takovd, kde
f? < f2) méa feseni s dvéma body nosice a to {—+/f2,v/f2}. V takovém piipadé
ovSem plati, Ze pro libovolné feseni y se tiemi body nosice plati —/f> & supp(u)
nebo +/f> & supp(u). Jedingm Fesenim v piipadé fZ = f2 je 67, a loha nema FeSeni
pro 2 > fo.

V tomto pripadé tedy mizeme dojit k zavéru, Ze extremalni feseni je pravé takové
feSeni i, Ze

(27) Vv € Q : supp(v) ¢ supp(pu),

tedy v tvrzeni 6 plati ekvivalence. Diivod je ten, Ze trojice bodi (y;,y?) splitujicich
(26) tvoii simplex a tedy existuje jedind konvexni kombinace téchto bodii jejimz
vysledkem je bod (f1, f2).

Extremalni feSeni momentové tlohy zadané provadéci funkei b(n) = (E,n, E.n?)
jsou vSechna feSeni s nejvyse tfemi riznymi body nosi¢e kromé piipadu miry s no-
si¢em {y1,y2,y3} takovym, ze

(28) (1, 53), (42, 12), (s, y3) lez v jedné pFmce.

5. ZAVERECNE POZNAMKY

Momentové tlohy, na nichz jsme vesmés ilustrovali predkladanou teorii jsou zdan-
livé jen tzkou tfidou tloh. Ve skutecnosti vSak jde o mnohem universalnéjsi nastroj,
nez je na prvni pohled patrné. Momentové mnoziny, tedy mnoziny feSeni momento-
vych tloh, zahrnuji napfiklad i mnoziny pravdépodobnostnich mér omezenych shora
v Choquetové usporadani danou mirou, mnoziny reSeni martingalovych problému a
mnoho dalsich. Zajemce odkazujeme na literaturu [13]-[15], kde se 1ze také seznamit
s problematikou integralni representace na momentovych mnozinach.

Kromé extremalnich feseni, ktera maji uplatnéni pti hledani integralnich represen-
taci, maximalizaci mirové afinnich funkcionald a dalsich tlohéach spjatych se Choque-
tovou teorii, 1ze se zabyvat téZ hledanim Teseni s nejvétsim moznym nosicem. Exis-
tence takového Feseni je zajiSténa splnénim CS-podminky (viz [10])

(29) V(z € X, (in)nen C P(z)) 3 (an > O,ian = 1) : ianun € P(x).
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V [5] je dokdzano, Ze afinita provadéciho zobrazeni b(x, 1) v proménné u je posta-
¢ujici podminkou ke splnéni CS-podminky a tedy existuje Feseni (b, f) tlohy s nej-
vétsim moznym nosi¢em. Vztahu nosice sdruzeného rozdéleni a nosi¢tt marginalniho
a podminénych rozdéleni je vénovéana prace [4].

Poznamenejme jesté, ze zde predvadéné vysledky obvykle plati i pro obecnéjsi
(b, F) ulohy za dodate¢ného pfedpokladu konvexity obrazii F(z).

(16)
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RCA(1) MODEL WITH HETEROSCEDASTICITY

HANA JANECKOVA

ABSTRACT. The paper is concerned with a zero mean stochastic process {X}
that follows RCA(1) model of the form X; = b:X;t—1 + Y:. It is supposed that
the process of random coefficients {b; } consists of independent random variables
with constant expectation 3 and the second moment ag, while the error process
{Y}:} of independent random variables is permitted to be heteroscedastic. In the
paper there are presented strong consistency and asymptotic normality of OLS
and WLS estimators of the unknown parameter 3. All these results are then
generalized to the case of a non-zero mean process with unknown expectation.
In the last part some simulations are presented.

AbcrpakTt. B 70l cTaThe MBI COCPEIOTOUNM BHMMAHME HA IIPOIECCE aB-
TOperpeccun MepBOro MOPSAAKA CO CIIyJYalHbIM TapaMeTpOM. DTOT IPOT-
cecc umeer Bun X¢ = bt X¢—1 + Y. CHauana Mbl npeanoJsiaraeM, uro X¢
MMEIOT HyJIeBbIe CpefHUe 3HaueHusa. [Iporecc ciydapHbIX DapaMeTpoB
{bt} cocTonT M3 NOCIENOBATEIBHOCTY HE3ABUCUMBIX CJIyJalHBIX MEPEMEH-
HBIX CO CPEeJIHUM 3HaUeHUEM (3 U MOCTOSHHON Aucnepcuei og, [IOKa AUCIIep-
cuu uryma Yz 3aBUCAT OT t. B cTaTbe Mbl IPeACTABIIAEM aCUMITOTUUECKIE
cBOliCcTBa OIEHOK mapamerpa ( UCIOJBL3YA METOAbl HAMMEHBIINX KBAJApa-
TOB UM B3BEIIEHHBIX HAMMEHBIINX KBaAPATOB. Bce pe3ysnbrarhl 0606MIEHb!
JULSL TIPOIECCA CO CPeQHUM 3HAUEHUEM [ U A0OABIIEHBI CUMYJIAIMAMI.

1. INTRODUCTION

Random coefficient autoregressive models (RCA), which were firstly introduced
by Andél in [1], are natural generalization of AR models . Well-arranged review of
results for homoscedastic RCA models is given in [10]. Through the time a lot of
generalization of these basic models were studied. This paper is focused on the case
when the disturbances in the RCA(1) model consist of independent random variables
with heteroscedastic variances. For this model strong consistency and asymptotic
normality of two types of estimates of parameter § are proved.

In a literature it can be found several papers in which asymptotic properties of
estimators of unknown parameter (§ are studied in closely related models but none of
them concerns exactly with this case. Weak consistency in heteroscedastic AR pro-
cesses with independent errors is presented in [12]. Heteroscedastic AR model with
martingale difference errors are studied for example in [11], [3]. While in the former
one asymptotic normality is proved, in the latter one rate of convergence to normal
distribution is moreover given. Further, in [9] generally explosive heteroscedastic
AR processes are discussed. Fixed AR models with more general structure of het-
eroscedastic disturbances are studied in [5].

In the field of RCA models one can find for example [2] where authors derived
rate of convergence to normal distribution in the RCA model with almost surely
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bounded and homoscedastic errors that follows martingale difference structure. In [6]
asymptotic properties of estimators in the generalized RCA model in which processes
of random coefficients and disturbances are permitted to be correlated are derived,
but again under homoscedastic assumption. The only one paper concerned with
heteroscedastic RCA models, we know about, is [8]. But strong consistency and
asymptotic normality are proved under stronger assumptions there and moreover
only for the OLS estimator and a zero mean case.

2. ZERO MEAN CASE

2.1. Model definition and assumptions. Suppose that the behaviour of a sto-
chastic process {X;} is described by the RCA(1) model

(1) Xt:tht,1+}/;g, til,...,’n.

Through the whole paper we will assume that EXy = 0,0 < EX2 = 02 < o0,
Y;,t = 1,...,n are random variables with EY; = 0Vt,0 < EY? = 0?7 < oo
which are independent of Xy and that b;,t = 1,...,n are random variables with

Eb; = 3,0 < Eb} = 07 < ooVt which are independent of X, and of {V;}.
It is useful to rewrite model (1) in the following way

(2) X =X 1+ B Xo 1 + Y = BXi1 + uy,

where u; = Bi X;_1 +Y; and By = b; — 3. To keep unified notation let us denote
0% := EB?, so the equation 0% = o7 — 3% holds.

In this paper we will study two types of estimators of the parameter 3 in model (2)
together with their statistical properties, namely strong consistency and asymptotic
normality. We will focus on ordinary least squares (OLS) and weighted least squares
(WLS) estimators which are given by (3) and (4), respectively:

A Z XXy
(3) f=——,
> XP
t=1

> XX
(4) Bw = —F——

n 1 9
Z Fthl
t=1 1

Since the space for this contribution is limited, there is given only a brief summary
of the most important theorems together with main ideas of their proofs. Complete
proofs and all important lemmas on which the proofs are based can be found in [7].

2.2. Strong consistency. To establish strong consistency of the above-mentioned
estimators we have to define an additional set of assumptions:

AO0: both {Y;} and {b,;} are processes of independent random variables,
Al: w; = E|Y;|**° < K < 0oVt and for some § > 0,
A2: wy, = sup E|by|**° < 1 for some § > 0,

t

A3:
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The proving methodology in this field is substantially based on the theory of
martingale difference sequences and mixingales. Definitions of these two concepts
can be found in [4]. In this case these properties are defined with respect to the
filtration F = (Fi,t > 0), where Fo = 0(Xo), Fr = 0(Xo, Y1, B1,...,Y;, By).

Remark 2.1. It can be shown that {u;} is an Fi-martingale difference sequence
(Fi-m.d.s.). Combining this fact with (2) we could see that the random coefficient
RCA(1) model (1) with independent errors can be represented as the fized coefficient
AR(1) model (2) with martingale difference errors of a structure uy = BiX¢—1 + Y.
But the results about these models that can be found for example in [11] cannot
be applied directly, since the crucial assumption of this paper, i.e. E(u?|Fi—1) =
Eu? a.s, is in our model satisfied in a degenerate case X} = EX} a.s, only.

Theorem 2.1. Under Assumptions A0-A3, BA 2%, 3 holds.

n n -1
Proof. Combining (2) and (3) we get § — 8 = (% > thut) (% > Xf_1> .In
=1 =1

n
the first step it is shown that % S Xpoquy —2% , 0. This arises from the fact that
t_l n—oo

{Xi—q1ui} is an Fi-m.d.s. (see Lemma 1.3. in [7]) and from Theorem 20.11 in [4].
Further, it can be proved that the sequence {X? — EX?, F;} is an L;,.-mixingale
of an arbitrary size for some £ > 0 (see Lemma 1.4. in [7]). This fact together with

Theorem 20.16. in [4] yields that > X7 | —= - ) > 0, which concludes
i=1

o
n—oo 1—(524-(7123

the proof. 0

In case of the WLS estimator (4) we have to add one more assumption:
A4: 0< N <o? VWt
Theorem 2.2. Under Assumptions A0-A/, BW 2%, 3 holds.

Proof. The proof can be done similarly as in the previous case. To ensure existence
of all a.s.-limits, it is necessary in this case to rewrite the difference Sy — G in

the way fw — 3 = (nin > g—ngt—lut> <ml:n > %?(Xf—l - EX}? )+ 1) , where
=17 i=1

=1

n
Cn = %t; ,%gEXtZ—r O
2.3. Asymptotic normality. In order to find an asymptotic distribution of given
estimators of the parameter 3 in model (2), we have to suppose a stronger set of
assumptions than in the previous paragraph. In the following let us assume:

A0: both {Y;} and {b;} are processes of independent random variables,
A1’: 5 := E|Y;|*T® < K < ooVt and for some 6 > 0,
A2’: m = sup E|by|**% < 1 for some § > 0, moreover Eb} =, Vt,

¢

n
A3: L3 0 —— 02 >0,
t:1 n—oo
n
A5: L5~ — v, where 3 := EY/!,
t=1 oo
n
A6: LY 02EX? |, —— 52 > 0.

n—oo

~
Il
—
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Theorem 2.3. Under Assumptions A0, A1°, A2’ and A3, A5, A6, the asymptotic
R 2.8 2
distribution of \/n(B — B3) is N(O, A (%) ), where

6 2 2 \=2
(5) A = o3 8 J;UB)U 9 472
— Vb

Proof. The proof is based on analyzing asymptotic behaviour of the expression
n n —1
vn (B - ﬂ) = (% > thut) ( /&% Xf_l) . Firstly, it can be derived that
" =1 [ |

s2 —— A holds for s2 := Y E(X}? ,u?). Thus, in the rest of the proof it is
=1

3=

n—oo

n
sufficient to show that } >~ Xi—1u has the asymptotic distribution N (0, 1), which
=1

n

requires again theory of martingale differences and mixingales (see the proof of The-
orem 1.3. in [7]). O

To get asymptotic results about Bw we would need, next to Assumption A4, at
least two additional assumptions that would guarantee the existence of the limit

n
lim £ > FE (%Xt{luf) . The assumptions are as follows:
n—oo ™ /T I

n—oo

n
AT: LY LEXE | —— 0% >0,
t=1"*%
n
A8: 1Y LEXE — . q >0,
t=1 t n—oo —
Since Assumptions A6—-A8 seems rather technical and complicated we formulate the
following theorem with the stronger version of Assumption A3 of the form:

A3’ 02 —— 0% > 0.
n—oo

Theorem 2.4. Under Assumptions A0, A1°, A2’ A3’1 A4 and A5, the asymptotic
distribution of /n(Bw — B3) is the same as that of /n(8— B) given in Theorem 2.5.

Proof. The proof can be done analogously as for the OLS estimator (. Existence of
all corresponding limits is ensured by Assumption A3’. g

Remark 2.2. Under Assumption A8’, all three limits defined in Assumptions A6-
A8 exist and they are of the following form:

52:704

1— (6% +03)

1
2
0" = —— 5,
- 1= (P +op)
0_4

L _ LS ob) gy
L7 4 :

g 17’)/1,
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3. NON-ZERO MEAN CASE

A situation described by model (1) and all asymptotic results presented in Sec-
tion 2 can be generalized to the case of a non-zero mean process.

3.1. Model definition and assumptions. Let us consider the stochastic process
{V;} with EV; = u Vt that follows the model

(6) (Vt_M):bt(V;:—l_M)‘f'Y;:a tzlavn

Put X; := V; — i and let us suppose that all assumptions of Section 2.1 for X, Y;
and b; are satisfied.

In case of known parameter u, all previous results remain valid with X; := V; — pu.
Mostly, the parameter p is unknown and has to be estimated. Consequently, all
estimators of 8 have to be modified using the estimated value [i instead of a true
unknown parameter y. In the following we will give results about strong consistency
and asymptotic normality of modified OLS and WLS estimators of the form:

(Ve = 1) (Vier — f2)

=

t=1

(7) f=EL_ ,
t;(Vt—l — [1)?
X AV - )
(8) BW = =l n )

Py g%z(V%—l — 1)?

where [ is a natural estimator of p given by the following expression:

1L
9) HZEZVQ-
t=1

It can be proved that all asymptotic results stated in the previous section remain
valid in non-zero mean case. All proofs are however a little bit complicated and they
can be found in [7]. Moreover, asymptotic properties of i can be derived which is
summarized in the sequel.

Theorem 3.1. Under Assumptions A0-A2, ji —=— 1 holds.

n—oo

Proof. Since i — p = % > (Vi — p) the statement is a direct consequence of the fact
t=1

that {V, —u, F;} is an Li4.-mixingale (see Lemma 1.4. in [7]) and of Theorem 20.16.

in [4]. O

Remark 3.1. In case that only strong consistency of the parameter i is of interest,
Assumptions A1 and A2 required in Theorem 8.1 could be weakened to analogous
conditions for absolute moments of an order 1+ ¢ for some € > 0 instead of 2+ 6.

Theorem 3.2. Under Assumptions A0-A3, the asymptotic distribution of \/n (fi — 1)
; o” (148)

1S N<05 (1ﬁ)(1(ﬁ2+023))) .

Proof. After some algebra it can be derived that /n (& — pu) =

1 v n - -ttt 2 N 9 2
O o Y gt || (/= , where pn; = S = > P Eui and
t=1 " t=1
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U, is a random variable for which U, —%— 0 holds. Firstly, it is shown that

%si 1(:2[3 [17(;;5023)] Further, it has to be proved that i len,tut has
n—o00 ra

the limiting distribution N(0,1) (see the proof of Theorem 2.4. in [7] for more

details). O

4. SIMULATIONS

To demonstrate asymptotic behaviour of previously studied estimators we present
here results of a short simulation study.

The error process {Y;} considered in (1) was generated from the distribution
N(0,0%) with o chosen to satisfy one of the following models (sample size in each
case was 500 observations):

H1: homoscedastic with o7 =3 fort =1,...,500,

H2: heteroscedastic with stepwise ascending o? having successively values
1, 1.5, 2.5, 4 with breaking points at times n = 80, 180, 300,

H3: heteroscedastic with linearly descending o given by o7 = 6 — 0.01¢ for

t=1,...,400 and then constant at the value 2.

For the process of random parameters {b;} normal respectively uniform distribution
were supposed, exact parameters of which are given in Table 1. These parameters
were chosen in order to study the influence of the stability condition 5% + 0% < 1
on one side, and the individual impact of 3? respectively of 0% for the fixed value
of % + 0% on the other side.

case A B C D E F
by N(0.2;0.2) N(0.5;0.7) N(0.75;0.2) N(0.25;0.7) U(-1;1) U(0;1)
3 0.2 0.5 0.75 0.25 0 0.5
o2 0.2 0.7 0.2 0.7 1/3 1/12
B2+ 0% 0.24 0.95 0.7625 0.7625 1/3 1/3

Table 1: Parameters of distribution of b;

Combining all these possibilities we simulated 18 different types of model (1). Con-
vergence of estimates towards the true parameter 8 was studied for generated series
with ascending number of observations n = 50, 100, 150, ...,500. In each case esti-
mated parameters were based on 50 independent realizations.

In addition to the previous part of the paper, in this section we also consider
conditionally weighted least squares estimator (CWLS), which is defined as

(10) Bcwzfj Xi X Z X

2 v2 2 2 2
=1 opXi_1t+o; =1 opXi1+0;

Since E(uf|Fi—1) = 05 X}? | + 07, weights in (10) should better correspond to char-
acter of heteroscedasticity in model (2) rather than o7 alone. This hypothesis is
numerically demonstrated by our results, while the theoretical derivation of asymp-
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totic properties of Bew is a subject of the future research. For generalized RCA(p)
model with homoscedastic disturbances it has been already proved in [6].

Graphs 4-4 demonstrate convergence of all estimates of 3 together with devel-
opment of their estimated variances in cases C and D and under all types of het-
eroscedasticity H1, H2 and H3. Summary of selected results for n = 50,200, 500 in
remaining cases is given in Table 2.

gncl.eps
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From numerical and graphical results it is clearly seen that in all cases WLS, esti-
mates are slightly preferable to OLS ones in both criteria convergence and estimated
variance. Improvement of CWLS estimates is much more significant than that of
WLS ones.
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In case A, the differences between weighted and unweighted estimates and their
estimated variances are not so big since both 3 and % are relatively small. On the
other hand in case B, where both parameters are quite big, better convergence and
smaller estimated variances of CWLS estimates are evident. It is well known that
if the value of stability condition is close to 1, both OLS and WLS estimates can
be unstable. In this light very good behaviour of CWLS estimates in case B could
seem quite surprising.

Results of cases C and D demonstrate that under the fixed value of 32+ 0%, higher
values of 0% lead to greater improvement of estimated variances of WLS and mainly
CWLS estimates in comparison with OLS ones. Benefit from estimated variances of
weighted estimates is not as big as in case C where % is small.

In cases of uniform distribution, the situation is analogous with the only one
difference, namely that better convergence of CWLS estimates is not as significant
as in cases of normal distribution.

N(0.2;0.2) N(0.5;0.7) U(-1;1) U(0;1)
n || A 82 | B 82 | B 82 | B 82
50 || 0.1565 0.0219| 0.3684 0.0407| -0.0315 0.0263| 0.4511 0.0226
OLS 200( 0.1736 0.0068| 0.4413 0.0221| 0.0055 0.0093| 0.4844 0.0061
H1 500 0.1880 0.0022| 0.4527 0.0161| 0.0032 0.0038| 0.4955 0.0020
50 || 0.1667 0.0212]| 0.4707 0.0238| -0.0387 0.0184| 0.4558 0.0233
CWLS 200|| 0.1782 0.0070| 0.4892 0.0068| -0.0018  0.0064| 0.4865 0.0062
500] 0.1926 0.0020| 0.5058 0.0030| -0.0002  0.0024| 0.4960 0.0018

50 || 0.1895 0.0191] 0.3753 0.0442| -0.0117  0.0241| 0.4737 0.0143
OLS 200] 0.1941 0.0059| 0.4269 0.0260| -0.0004  0.0073| 0.5084 0.0055
5001 0.1935 0.0035| 0.4525 0.0150| 0.0007  0.0036| 0.4986 0.0026
50 || 0.1895 0.0191] 0.3753 0.0442| -0.0117  0.0241| 0.4737 0.0143
H2| WLS 200| 0.1928 0.0044| 0.4306 0.0238| 0.0031  0.0069| 0.5068 0.0048
5001 0.1948 0.0024| 0.4536 0.0157| 0.0031  0.0028| 0.5011 0.0021
50 || 0.1946 0.0188| 0.5047 0.0311| -0.0082  0.0218]| 0.4824 0.0131
CWLS 200 0.2004 0.0042| 0.5033 0.0085| 0.0161  0.0055| 0.5117 0.0047
5001 0.2032 0.0021| 0.5048 0.0034| 0.0087  0.0030| 0.5049 0.0022

50 || 0.2205 0.0176| 0.4108 0.0345| 0.0408  0.0238| 0.5260 0.0160
OLS 200] 0.2023 0.0050| 0.4457 0.0228| 0.0132  0.0100| 0.5075 0.0033
5001 0.1958 0.0025| 0.4397 0.0145| 0.0068  0.0036| 0.5011 0.0013
50 || 0.2206 0.0178| 0.4105 0.0346| 0.0411  0.0237| 0.5264 0.0159
H3| WLS 200} 0.2012 0.0050| 0.4423 0.0245| 0.0113  0.0102| 0.5055 0.0034
5001 0.1975 0.0025| 0.4388 0.0128| 0.0059  0.0031| 0.4994 0.0013
50 || 0.2271 0.0173] 0.5503 0.0277| 0.0288  0.0237| 0.5331 0.0169
CWLS 200|| 0.1968 0.0047| 0.5212 0.0078| 0.0143  0.0072| 0.5069 0.0035
5001 0.2001 0.0027| 0.5091 0.0027| 0.0038  0.0028| 0.4997 0.0014

Table 2: Estimates of parameters 3 and their estimated variances

In practice we rarely know the true values of variances o7 and 0% and hence
we could not compute estimators [?W and BCW directly. However, we can use the
two-stage estimation procedure. It the first stage, OLS estimate BA is computed and
then unknown variances o7 and 0% are taken as OLS estimates of parameters S; and
Sp from the regression model of the form 42 = S, + SpX? | + & ,where @; denotes
OLS residuals from the first stage. In the second stage, WLS and CWLS estimates
are then computed using values 67 and 6% instead of unknown o? and o%.
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We also applied this two-stage procedure to all 18 types of models in order to
compare estimated variances with the true ones and subsequently to compare WLS
and CWLS estimates of § computed using true and estimated variances.

From our simulation results (which are not presented here) it can be seen that
the biggest differences between 67, o7 and 6%, 0% are realized in cases B and D,
where the random coefficients have quite high variance. In the remaining cases the

estimates are very accurate. We can also see that estimates &f always overestimate

true values o7 in contrast to 6% that are lower than o% in all cases. It can lead to

the conclusion that this procedure is not able to separate well the variation in the
data due to the variation in coefficients and due to random errors. It seems that it
moves certain part of the variation 0% into the variation o7. On the other hand,
an interesting observation could be the fact that differences in estimated variances
from the first stage do not have as significant impact on the second-stage WLS and
CWLS estimates of § as we have expected, not even in cases B and D. This is in
our opinion a positive result, since it allows us to compute weighted estimates based
on estimated variances without committing any significant deviations from truly
computed WLS and CWLS ones.
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TEST EXISTENCE VNEJSIHO POLE V ISINGOVE MODELU

MARTIN JANZURA A KAREL VRBENSKY

ABSTRAKT. The null hypothesis for the external field in the Ising model is
tested. The proposed test is based on the pseudolikelihood approach and works
both from theoretical and practical points of view even in the phase transition
area.

Pesioms. B pabore n3yuaercsi TECT HyJIEBOUM I'MIIOTE3bI [JIs BHEITHErO MO~
asi B momesin V3unra. [IpesoyKeHbiii TeCT OCHOBAH HA MPUHITANE MAaKIUA-
MaJILHOTO TMCEBAONPABAONOA00Uss 1 paboTaeT XOPOIIO C TEOPEeTUUECKOMN
U MPAKTUUYECKON TOUKU 3PEHUs Jaxke B 00JaCTU (HA30BLIX MIEPEXOI0B.

1. Uvop

Isingtiv model je povazovany za nejjednodussi netrividlni pravdépodobnostni mo-
del pro statistickou analyzu bindrnich dat v roviné (obecnéji prostoru), napiiklad
pro binérni (Gerno-bilé) obrazy. Pies svou relativni jednoduchost vSak p¥inasi vét-
Sinu komplikaci, které souviseji se zobecnovanim vysledkt z dimenze 1 do dimenzi
vyssich. V pozadi vSech obtizi lezi neexistence prirozeného linearniho uspotadani
a nésledna neexistence rozlozitelnych (rekurentnich, acyklickych, souéinovych) mo-
delt typu Markovova fetézce.

Markovské modely ve vy$si dimenzi (mezi néz napt. Isingtiv model nélezi) zobec-
fuji vlastnost “oboustranné markovosti” (zaloZené na pojmu “okol”), kterd je v di-
menzi 1 ekvivalentni s obvyklou “jednostrannou markovosti”. Tato ekvivalence vsak
ve vySsi dimenzi nema primou analogii, coz ovSem neni dano néjakou chybnou kon-
strukei ¢i nesikovnou parametrizaci. Jedna se o pfirozené vlastnosti nahodnych poli,
které se u nadhodnych procesii v dimenzi 1 prosté nevyskytuji. Podstatnym kva-
litativnim rozdilem je existence tzv. fazovych prechodu, které maji velmi dobrou
interpretaci z hlediska statistické fyziky. Matematicky to znamena existenci riznych
nekonecénérozmérnych distribuci (ndhodnych poli) se stejnym systémem koneénéro-
zumérnych podminénych margindlnich rozdéleni. Podrobnéji viz Georgii (1988) nebo
Ellis (1985).

Takovy fenomén prinasi ovsem komplikace i pfi statistické analyze. Problémy,
s nimiz se lze setkat pfi analyze zaloZené na vérohodnostnim pfistupu, lze rozdélit
zhruba do dvou (vzdjemné souvisejicich) oblasti:

(1) vypocetni — absence analytickych formulek, absence realizovatelnych vypo-
¢etnich algoritmi;

(2) teoreticko-matematické — neregularnost (nespojitost, nehladkost, nejedno-
znacnost) stéZejnich charakteristik, neplatnost limitnich vét.

Ukéazeme, Ze analyza zaloZena na pseudovérohodnostnim pfistupu (Besag (1975),
Comets (1992), Comets a Janzura (1998), Janzura (1999a)) umoziuje vypofadat se
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Klicovd slova. Isingiiv model, analyza obrazu, Gibsovska ndhodné pole, MCMC.
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s obéma typy problémi. Konkrétné zde pfedvedeme, jak lze testovat hypotézu (ne-)
existence vnéjsiho pole (jednoho z parametr)v Isingové modelu. Problém budeme
fesit jako Ulohu testovani sloZené hypotézy; navrzenou testovou statistiku lze rela-
tivné snadno numericky vypocitat a metoda funguje jak teoreticky tak prakticky
i v oblasti fazovych prechodii.

2. ISINGUV MODEL

2.1. Definice. Dvourozmérny Isingtiv model je pravdépodobnostni rozdéleni P/
na prostoru {—1, +1}Z2, kde Z oznacuje mnozinu celych cisel. Je to tedy rozdeé-
leni ndhodného procesu (pole) v diskrétni roving, s hodnotami v dvoubodové mno-
7iné {—1,41}. Rozdéleni ndhodného procesu byva zpravidla definovdno prostfednic-
tvim systému koneénérozmérnych marginalnich rozdéleni. Ta byvaji nékdy explicitné
zndma (jako u gaussovskych procesti)nebo mohou byt vyjadiena pomoci urcité re-
kurentni (napf. sou¢inové) formule (jako u markovskych Fetézcit). Nic takového zde
neni k dispozici, proto bude Isingtiv model P*” uréen pomoci “piibliznych” vztahi:

1) Pl (zy)=exp{ h- Zazt +J Z xxs —c(V, h, J) + O(|]OV])

teVv t,seV:|t—s|=1

pro kazdé zy € {—1,1]V a koneénou V C Z2, kde h, J € R jsou realné parametry,
P‘&’J je marginalni rozdéleni na {—1,+1}V a

ce(Vyh; J) =log Z expi{ h Z ze+J Z T

zye{-1,1}V teVv t,seV:|t—s||=1
je normaliza¢ni konstanta. Pracujeme s normou ||t — s|| = max;—12 [t; — s;|; tudiz
It = s|| = 1, jsou-li ¢, s nejbliz§i sousedé v horizontalnim nebo vertikdlnim sméru,

a 0V ={s € Ve mingey ||t — s|| = 1} je nejblizsi okoli mnoziny V.

Vliv parametra h, J na vlastnosti rozdéleni je zifejmy:

(1) Pokud h > 0, budou pravdépodobnéjsi konfigurace s pfevahou hodnot +1,
pro h < 0 nastava opak. Tento parametr ma v modelech statistické fyziky
(zejména v modelu ferromagnetu) smysl “vnéjsiho pole”, které ve sméru
svého pisobeni nataci jednotlivé “spiny”.

(2) Jestlize J > 0, budou pravdépodobnéjsi konfigurace s pfevahou stejnych
hodnot v sousedicich bodech. Tento parametr ma tedy vyznam interakce

mezi sousedy, je kladny pro ferromagnet a zaporny pro antiferromagnet.

Vyse uvedend definice I pro Isingtiv model je ekvivalentni s nasledujici podminkou:

exp{as (h+J Y e )}

2cosh (h+ J Y cop @s)
kde P4} je podminéné rozdéleni veli¢iny v bodé t € Z 2p¥i zadanych hodnotéch ve
viech ostatnich bodech diskrétni roviny Z2, ot = {s € Z?%;||s — t|| = 1} je nejblizsi
okoli bodu ¢t € Z2. Vzhledem k tomu, Ze podminéné rozdéleni zévisi pouze na nej-
blizgich sousedech, ma rozdéleni P"” vlastné (prostorovou) markovskou vlastnost.

Na prvni pohled je mozna prekvapivé, ze “priblizné” urceni v definici I je ekviva-

lentni s “pfesnymi” vztahy v definici II. Dikaz implikace I = II skute¢né neni zcela
trividlni, vyplyva z varia¢niho principu pro gibbsovska ndhodnd pole (viz napt. Ellis
(1985), kapitola IT1.8, Georgii (1988), kapitola 15.4, nebo Janzura (1999b)).

(1) Pl (@ilegne) = Pl (widar) =
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2.2. Fazové piechody. Otazka existence pravdépodobnostni distribuce p™”/ s vyse
uvedenymi vlastnostmi neni obtiZzna, feseni zde vyplyva pfimo ze znamych vlast-
nosti mér na kompaktnich prostorech. Mnohem zavaznéjsi je problém jednoznac-
nosti. Jestlize pro dané parametry h, J spliiuje podminku I (nebo II) vice nez jedna
pravdépodobnostni distribuce, nastava jev nazyvany ve statistické fyzice fazovym
pfechodem. (To odpovida pfirodnim tkazim, kdy se pfi ur¢ité teploté muze vyskyt-
nout dand latka v rizngch skupenstvich.)

Problém fazovych prechodu je pomérné dobfe popsan pro pripad Isingova ferro-
magnetu, tj. kdyz J > 0. Potom P™” je ddno jednoznaé¢né, pokud

h#0 asoucasné J >0
nebo
h=0 asoufasné 0<J < J.
Proh=0aJ > J. plati
ph7 e la P 4 (1—a) PP a € (0,1]},

kde PM7+ a PM7~ jsou tzv. &isté faze; vechny ostatni distribuce splitujici definici
I (nebo II) jsou jejich konvexni kombinaci.
Pritom kritickd hodnota parametru J je dana jako
1
Jo = 5 log (1+\/§) = 0,44
Oznacime-li .
W = B[] = PRI (1) - PR (1)

potom pfi pevném J > 0 je
h,J
1
spojita rostouci funkce h, zdporna na intervalu (—oo, 0) a kladnd na (0, +00). Pfitom
plati 4%/ = 0 pokud J < J. a p%7 € [u®7 =, %7 F] pro J > J., kde

} ' _411/8
pO It = 00 = [1 — (sinh(2.J)) 4] .

Pfi pevném J > J. se pak v bodé h = 0 funkce ;7 stava multifunkei. Podobné viz
napt. Ellis (1985), kapitola V.5.

2.3. Uloha. V tomto ¢lanku budeme Fesit statistickou tlohu, jak v ramci Isingova
modelu testovat hypotézu
H() :h=0
na zakladé dat 2y, = (Z1)iev, € {—1,+1}"", kde napt. V,, = [-n,n]? C Z2% je
(¢tvercova) pozorovaci oblast. Piiklady takovych datovych soubort vidime pro h = 0
aJ =0,125 resp. J = 0,625 na obr. 1a) resp. 1b).
Obr. 1a) Obr. 1b)

Vzhledem k interpretaci parametru h budeme fikat, ze testujeme (ne-)existenci
vnéjsiho pole v Isingové modelu.

Vidime, Ze ani jedna z hodnot +1, —1 neni parametrem favorizovana, intuitivné
by se dalo ocekavat, ze se za platnosti hypotézy budou obé vyskytovat ptiblizné
stejné casto, tedy, oznacime-li

7’n = |‘/n|71 Z jt»
tevy,
mélo by byt
P%(—e <X, <e) =0 pron— oo
pfi kazdém € > 0.
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Tato predstava je vSak pro J > J. vyvracena existenci fazovych pfechodii, nebot
méme zaruceno pouze (diky vété o velkych odchylkdch — viz napf. Janzura (1987))

po.J (NO7J7_ —e< X, < ,uov‘]?"" + g) —1 pron — oo

pfi kazdém ¢ > 0. Hypotézu bychom tudiz mohli zamitnout jenom v pfipadé na-
prosto extrémnich hodnot, nebot nap¥. uz pro J = 0,5 mame p%7+ =0,9.

Je proto evidentni, Ze test hypotézy Hy nemiize byt zalozen na statistice X,, ani
jiném odhadu stfedni hodnoty. Ulohu zformulujeme jako problém testovani sloze-
nych hypotéz v obecnéjsim modelu gibbsovskych ndhodnych poli a feseni ukazeme
v nasledujici kapitole.

3. GIBBSOVSKA NAHODNA POLE

3.1. Definice. Necht A; je kone¢ny prostor stavii a Z¢ je d-rozmérna celo¢iselna,
miiz se systémem koneénych podmnozin V = {V C Z4;|V| < oo}.

Zobrazeni ® : X7 — R pro néjaké pevné V € V nazveme potencidlem. Mnozinu
V muZeme povazovat za “Fad” (nebo “rozsah”) potencidlu a potencidl s koneénym
fadem budeme nazyvat lokalnim.

Pravdépodobnostni miru P na Xf * nazveme gibbsovskym ndhodnym polem vzhle-
dem k potencidlu ®, piseme P € G(®), jestlize jsou ddna kone¢nérozmérna podmi-
néna rozdeéleni

P (zp|zac) =103 (zp|zac)  prokazdé A €V, o = (zp,2p0) € XOZd,
kde
I} (walzac) = NY (zac) Pexpq Y @(avyy)
JEA-V

s normalizac¢ni konstantou

NR(zae)= > expq > @ (yw+jna Zvrinac }
yaexd JEA-V

(zde znac¢ime A —V ={A—v; e A,veV}={je Z45(G+V)NA#D}).
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Poznamka 1. VSimnéme si, Ze
I} (24| wae) = II} (za|T0A),

tedy ®, zévisi ve skutecnosti pouze na hodnotdch xg kde A = AU JA a OA =
(A =V +V)\ A. To znamend, 7e i obecné gibbsovské ndhodné pole (s lokdlnim
potencidlem ®) mé prostorovou markovskou vlastnost pfislusného fadu. ]

Poznamka 2. Mohli bychom opét zformulovat ekvivalentni definici, zobecnujici de-
finici I. Isingovu modelu, tedy

Pa(zp) = exp Z (zv45) — c(A, @) +6(]0V])
Jij+VCA

pro kazdé A € V. L]

Systém markovskych jader (lokalnich charakteristik)

{H?\)}Aev
je evidentné konzistentni, nic tudiz nebrani, abychom s pomoci kompaktnosti pro-
storu X# * ukézali existenci gibbsovského pole P € G(®), tedy obecné plati

IG(®)[ = 1.

Soucasné vsak problém jednoznacnosti je pomérné velmi komplikovany. Mnozina
gibbsovskych poli mtize obsahovat i pole neergodicka, ale i zcela nestacionarni (pfes-
toze lokalni charakteristiky H?\’ jsou homogenni, tj. invariantni na posunuti v pro-
storu Z%). Napi. v Isingové modelu jsou ¢isté faze P%/+ a P%/~ ergodické, jejich
kombinace pak jsou stacionarni neergodické. Nestacionarni stavy se vyskytuji az ve
vyssich dimenzich d > 3, kdy spolu mohou koexistovat rtizné faze v rtiznych ¢astech
prostoru. Podrobnéji viz Georgii (1988) nebo Ellis (1985).

3.2. Parametricka rodina a odhad parametru. Uvazujme nyni vektor poten-
ciala
..., 7 Xy - R

a oznac¢me pro kazdé 6 € RP

P
oY = Z 0, .
i=1
Budeme uvazovat parametrickou rodinu

{P"Ygere

kde P? € G(®%) pro kazdé 6 € RP.

Pfedstavujme si véc tak, ze PY je (v piipadé |G(®%)| > 1) n&jaké pevné vybrané
gibbsovské pole vzhledem k potencidlu ®°. Nemame tudiz pfedem zaruceno, ze PY
je ergodické nebo alespon stacionarni.

Pro rozumné feseni statistickych tloh potfebujeme podminku identifikovatelnosti,
ktera bude mit v tomto ptripadé nasledujici tvar:

jestlize G(®%) = G(®?), potom 6 = 6.
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Poznamka 3. Tato podminka je ponékud silnéjsi nez obvykl4d podminka linedrni ne-
zévislosti; redukuje se vSak na ni, pokud doplnime néjakou normaliza¢ni podminku
(napf. se omezime na tzv. vakuové potencidly), kterd neni na tkor obecnosti. Pro-
blém ekvivalentnosti potencialti (potencidly jsou ekvivalentni, jestlize G(®) = G(¥))
zde nebude detailné FeSen, viz napf. Georgii (1988), Kapitola 2, nebo Janzura (1997).
UZite€na a relativné jednoduse ovéfitelna podminka zni takto:

® a ¥ jsou ekvivalentni, jestlize Hf{t’o}(-|-) = HT{I'O}(-|-).

]

Mame tedy parametrickou rodinu pravdépodobnostnich rozdéleni, kterd ovsem
obecné neni regularni. Vidéli jsme, Ze zobrazeni

0 — P

nemusi byt dokonce ani spojité, natoz pak hladké. To ovSem znacné komplikuje
konstrukci a vySetfovani vlastnosti maximalné vérohodného odhadu, jehoz vypocet
navic vede na ulohu, pro niz neexistuje efektivni deterministicky numericky algorit-
mus. Je sice mozné vyuzit pravdépodobnostni metodu “stochastického gradientu”
(viz Younes (1988)), ale ta je vypocetné velmi ndro¢na. Navic nereguldrnost para-
metrické rodiny souvisi i s neplatnosti standardni verze centralni limitni véty v plné
obecnosti, coz bychom potfebovali pro odvozeni asymptotického rozdéleni prislusné
testové statistiky.

Budeme tedy postupovat jinak a testy (sloZenych) hypotéz zalozime na odhadu
maximalné pseudovérohodném. Pro dany datovy soubor Zy;,, € XOV”' a pevneé zvolené
Ay € V definujme

g2 = argmax PL(6)
0eRP

kde

PLYO) = > logIf, (Eae4ilE0r+s)
jGVn(AO)

Va(Ao)={j€Z%j+Ro CVi}.

Pro jednoduchost piseme IT? misto e’

Je znamo, ze maximalné pseudovérohodny odhad gr-to existuje (s pravdépodob-
nosti rostouci k 1), je konzistentni (viz napt. Comets (1992)) a také asymptoticky
normalni — Comets a Janzura (1998). (Neni vSak plné eficientni, jak ukazuje srovnani
s Rao—Cramérovou mezi tam, kde je to mozné, tzn. v oblasti regularity (jednoznac-
nosti) — Janzura (1997)).

Poznamka 4. Piimo na asymptotické normalité odhadu 8™ je mozné zaloZit test
jednoduché hypotézy Hgo : 6§ = 6°. Pro sloZenou hypotézu Hy : § € © vsak po-
tfebujeme obecnéjsi verzi centralni limitni véty. Neni cilem této prace zabyvat se
problematikou limitnich vét, zdiraznime pouze, ze diky fazovym prechodim jsme
v netypické situaci. Jsme schopni dokazat centralni limitni vétu pouze ve “studenti-
zované” formé

(E")7% S, = N, (0,1),

kde ale odhad kovarianéni matice X" sam o sobé nekonverguje.
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3.3. Testovani sloZenych hypotéz. Budeme tedy testovat hypotézu
HO HUNS @0,

kde ©g = {# € RP; 0, = --- = 6, = 0} pro néjaké ¢ < p.
Testovou statistiku zalozime na porovnani odhadu za hypotézy s odhadem v sa-
turovaném modelu. Oznac¢me tedy navic

0y = argmax PLA(f)
[ASSH)

a hledejme takovou posloupnost matic M (6), pii které
A ~ T ~ A A
X%,AO _ (9717/&0 _ eg,Ao) M’rjzxo (9”,1\0) (en,Ao _ eg,Ao) — Xg
Vynechame-li ze znaceni zavislost na n a Ay, dostaneme

M(8) = B0)pjx(1.q) [C(0) A®) C(O)T] ™ B(O)qix (11

kde
Al0) = Z Vlogﬂf\0+t(-|-)Vlogl_[f\0+s(-|-)T,
t,5€ Vi (Ao):(t+A0)N(s+A0)#0D
B) = > Vloglj ,(|)
teV,(Ao)
a

-1
C(9) = (73(9)(1,11]X[q+1,p] [B(e)[qﬂm]x[q-lrlm]] ’ I[Lq]X[I,IJ]) :
Dukaz je zalozen na platnosti centralni limitni véty ve tvaru

(Co(0) An(6) Ca(8)T) "2 Co(6) S (6) = N, (0, 1)
kde

Sa(0) = > VlegI§ ,,(]).
teVn(Ao)

Podrobnéji viz Janzura (1999a), pro p = g také Comets a Janzura (1998).

4. TEST EXISTENCE VNEJSIHO POLE V ISINGOVE MODELU

Budeme nyni tvrzeni predchozi ¢asti specifikovat pro tlohu formulovanou v od-
stavei 2.3.

Méjme tedy opét stavovy prostor Xy = {—1,1} a dimenzi d = 2. Pro parame-
trickou rodinu povazujeme za fad potenciald mnozinu V = {(0,0), (0,1), (1,0)}
a konkrétni baze bude dana vektorem

Qi(zv) = w00
Qa(zv) = (0,0)T(0,1)
Q3(rv) = (0,00 T(1,0)

tedy p = 3. Pro 6 = (01, 02,03) € R? méame tedy napt

1Yo, (z 0y lza0) =

exp{f1 2(0,0) + 02 7(0,0) ((0,1) T (0,-1)) + 3 70,0)(T(1,0) + T(-1,0)}
2 cosh{f + 02(z(0,1) + 2(0,—1)) + 03(z(1,0) + T(=1,0))} .




Test existence vnéjsiho pole v Isingové modelu 99

Porovname-li tento vyraz s funkci v definici II v odstavci 2.1, shoduji se pro h = 61,
J =0y = 03. V ¢asti 2 byl totiz uvazovan izotropni model, kde vertikalni a horizon-
talni interakce jsou stejné. Zde vsak budeme pracovat s obecnéjsim modelem, ktery
pripousti anizotropii.

Poznamka 5. Kdybychom chtéli dostat presné izotropni model, vzali bychom p = 2
a bazi

Qi (zy) = L(0,0)

O2(2v) = 200 (z01) +200)-

]

Poznamka 6. Snadno ovéfime, Zze podminka identifikovatelnosti je splnéna. Vy-
uzijme Poznadmku 3 a predpoklddejme, zZe H?O}(-|-) = H?o}('|')~ Nyni pii (g1) +
x(—1,0) = 0 a soucasné x (g 1) + T(9,—1) = 0 dostaneme

exp{61 :r(op)} exp{ /1 :r(op)}

2cosh{1} ~  2cosh{f}

a odtud 6; = ;. Podobné dostaneme i ostatni rovnosti a tudiz 6 = (. ]

Pro maximalné pseudovérohodny odhad zvolme pro jednoduchost Ag = {0}. Po-
tom pro pozorovaci oblast V,, dostaneme V,,(Ag) = V,,({0}) = {¢;t C V. }.

Hypotéza Hy : h = 0, jak byla formulovana v ¢asti 2.3, mize byt pfepsana
v podobé

HO HUNS @0,

kde ©¢ = {0 € R3;0, = 0}, tedy ¢ = 1.

Na zékladé pozorovanych dat &y, € {—1,1}V» ziskdme odhady 6%} resp. ég’{o}
pomoci procedury popsané v odstavcich 3.2 a 3.3. A do vzoreckl pro matice A(f)
resp. B(6) dosadime

Viog I,y (ze|zar) = (2 — 2(t,0)) y
VZ1og I,y (welzar) = (1—2(t,6)%) vy,
kde
1
Yt = | Ze40,1) T Tr—(0,1)
Ti4(1,0) T Te—(1,0)
a

0
“00) = B [aulao] = 10 (leor) — Ty (<1faor) =
= tgh (01 + O2(Tey(0,1) + Te—(0,1)) + O3(T1(1,0) + Te—(1,0))) -

Vsechny vypocty jsou pomérné snadno numericky realizovatelné.

5. PRIKLAD

Zkouseli jsme ucinnost testu pomoci simulovanych dat. Pro simulaci jsme pouzili
metodiky MCMC (Markov Chain Monte Carlo), jmenovité Gibbstv sampler (viz
napf. Winkler (1995)). Abychom ovéfili pouzitelnost asymptotickych vysledkt na
konec¢né rozsahy vybéru, volili jsme postupné

I. V,=50x50 II. V, =100 x 100 III.  V,, =200 x 200.
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Pro kazdou hodnotu parametru jsme opakovali experiment 100 krat. V nasledujicich
tabulkéch jsou uvedeny ¢etnosti zamitnuti hypotézy Hy na hladiné 5 % pti nékterych
hodnotach parametru. V tabulce 1 zustava fixni hodnota ; = h = 0, méni se pouze
parametr 0o = 3 = J. Hypotéza by tedy zamitdna byt neméla (ofekdvany pocet
zamitnuti by nemél pfekrocit 5). V tabulce 2 ztstane fixni hodnota 0y = 03 =
J = 0,5 a méni se parametr #; = h. Hypotéza by neméla byt zamitana pro h = 0
a naopak méla byt zamitana pro h > 0.

J=0 0,25 0,5 0,75 1 1,25
V, =50 x 50 0 0 0 0 3 25
100 x 100 0 0 0 0 0 17
200 x 200 0 0 0 0 0 6
Tabulka 1: 91 =h= 0, 92 = 93 =J
h=0 0,1 0,2 0,3 0,4 0,5
V., =50 x 50 0 13 88 90 100 100
100 x 100 0 67 100 100 100 100
200 x 200 0 99 100 100 100 100

Tabulka 2: 91 = h, 92 = 93 =J= 0,5

7Z vysledki vidime, Zze metoda funguje i po prekroceni kritické hodnoty J. = 0.44.
A to tak, Ze zfejmé naprosto bezpecné pro dostateény rozsah vybéru 200 x 200.
Chyby v obou tabulkach jsou zptsobeny riznymi davody. V tabulce 1 se zda, ze
interakce J = 1,25 je jiz natolik silna, ze dochazi k velkym nepfesnostem uz pfi
simulaci (pfipomeiime, ze metoda MCMC je pouze pfibliznd). V tabulce 2 zfejmé
nastava klasicky efekt nedostateéného datového souboru: pro slabé vnéjsi pole neni
rozsah 50 x 50 dostatecné velky, aby byla hypotéza o jeho absenci zamitnuta.

Poznamka 7. Efekt fizovych pfechodt (a tudiz nenulové stiedni hodnoty pti h = 0)
se mize pii simulaci docilit volbou okrajové podminky, tj. fixni konfigurace na “hra-
nici” mnoziny V,,. Volbou konstantni okrajové podminky generovana data vykazo-
vala empirické stfedni hodnoty az v rozsahu +0,3. Presto i takové vychyleni ve
prospéch +1 nebo —1 nema vliv na Gcéinnost metody, jak ukézaly dodatecné expe-
rimenty. Vyse uvedené vysledky byly spoc¢teny pri datech generovanych s ndhodnou
okrajovou podminkou, kde byly vychylky pfirozené mensi, maximélné +0, 1.
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ODHAD BODU VZNIKU KVADRATICKEHO TRENDU

DANIELA JARUSKOVA

ABSTRAKT. The problem of least squares method estimation of the parameter

7* in the regression model

Yi= B (i/n = )5 47 (i/n— 70} e
is considered. Supposing v* # 0 and 7* € (0, 1) it is shown that the distribution
of (7 —7*) is largely affected by the value of 3*. In the case 8* # 0 the variable
V/n (7 — 7*) is asymptotically normally distributed whereas in the case 8* =0
the variable \/n (# — 7%)? has the same distribution as max (0, Z) where Z has
a zero mean normal distribution.

The problem of least squares method estimation of the parameter 7* in the

regression model

Y; = B5(i/n— 1)+ (i/n =) +ei
is considered. Supposing v* # 0 and 7* € (0, 1) it is shown that the distribution
of (7 —7*) is largely affected by the value of 3*. In the case 8* # 0 the variable
V/n (7 — 7*) is asymptotically normally distributed whereas in the case 8* =0
the variable \/n (# — 7%)? has the same distribution as max (0, Z) where Z has
a zero mean normal distribution.
Pezrome: YBarkaeTcs npobiaema OIeHNBAHU HapaMeTrpa 7% B MOLEIN JIN-
HEUHOU DPerpecuu

Y =B (i/n— ) + 7" (i/n -7} +e
[P UCIIOJb30BAHMN METO1a HAVMEILIINX KBAAPATOB. I[IOKA3BIBACTCS, UTO
npennosoras v* # 0 u 7* € (0,1), 3Hauenne napamerpa (* mmeer 6ospmIOE
BiIMsAHUE HA pacnpenenenue (7 — 7*). B caymae korma B* # 0, motoMm
(7 — 7*) mMmeeT acMMIOTOTMUECKM HOpMaJbHOE pacupenenenue. HaoGopor,
koraa * = 0, moroMm (7 —7*) obranaer Temske nacnpenesnenneM kak (0, Z),
KIe Z cienyeT HOPMaJbHOE PACIPEAesIeHNe C HyJIOBBIM CPEIHUM.

1. Uvop

V praxi obc¢as narazime na problém, kde se linearni zavislost v neznamém ¢asovém
okamziku zméni v zavislost kvadratickou. Sledujeme-li napiiklad u jistych typt slitin
zavislost napéti Y na zatizeni X, ukazuje se, ze pfi malém zatiZeni je zvySovani napéti
linedrni (elastickd oblast), zatimco po pfekrocéeni urcitého kritického zatizeni se méni
kvadraticky (quasielastickd oblast), tj. Y = f(X), kde

fl@)=p+qz+p" (@—7) +79" (z - 73,
pfi oznaceni a4 = max(0,a).
V nasem ¢lanku si pon€kud zjednodusime situaci tim, ze budeme predpokladat,
Ze parametry p a ¢ jsou zndmé, a tedy je bez jmy na obecnosti mizeme polozit

rovny nule. Dale budeme pfedpokladat, Ze veli¢ina X je méfena v equidistantnich
vzdalenostech A, 2 A, ..., nA, a tudiz ji lze transformovat na veli¢inu nabyvajici

2000 Mathematics Subject Classification. Primary 62F12.
Kliéovd slova. Detekce bodu zmény (change-point problem), nelinedrni regrese, odhady.
Préce byla ¢aste¢né podporovana granty GACR 201/00/0769 a MSM 210000001.
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hodnot 1/n, 2/n, ..., 1, to jest veli¢inu, ktera nabyva hodnot pouze v intervalu [0, 1].
Jestlize predpokladdme aditivni vliv ndhodnych chyb {e;} na naméfené hodnoty
nezavisle proménné Y, dospivame k regresnimu modelu

(1) Yi= 8" (i/n—7"), 7" (i/n -7 + e

kde B*, v* a 7* jsou neznamé parametry.

Pro jednoduchost pfedpokliddejme, Ze ndhodné chyby {e;} jsou nezavislé stejné
rozdélené s rozdélenim N (0, 02), kde o2 je znamé, a tudiz opét bez Gjmy na obecnosti
miizeme polozit o2 = 1.

Ulohou, kterou se budeme zabjvat, je odhad neznamjch parametr 3*, v* a
7*. Pfedevsim nas bude zajimat odhad parametru 7%, ktery se nazyva bod zmény.
Budeme ptedpokladat, ze 7 € (0,1). Parametr 8* odpovida prvni derivaci zprava
a 2" druhé derivaci zprava regresni funkce v bodé 7*.

Vzhledem k normalité chyb {e;} 1ze maximalné vérohodné odhady ziskat metodou
nejmensich ¢tverca.

2. BODOVY ODHAD PARAMETRU

Model (1) je specidlnim modelem nelinedrni regrese, kterému se nékdy ikéa se-
milinedrni model, viz Knowles et all. (1991). Kdybychom totiZ znali hodnotu 7 pa-
rametru 7*, tj. 7* = 7, pak by model (1) byl modelem linedrni regrese s dvéma
vysvétlujicimi proménnymi, tj. linedrni model s matici planu experimentu

0 0

0 :
Xn(r) = bt 7 (T—T)
)

[n7;]l+2 g ([n‘r]-‘rl

1—.7' (1;7’)2

Oznacéme
(Br 30T = (X (1) X a(r) T XT (1Y,
kde Y = (Y1,...,Y,)T, a

7, 3,7) :i( ( Tl*’r) +’y(/n—7')j_)>2.

i=1
Pak

Sn Aa/\v/\ = i Sn s My = Sn Ty VT
(7.5,7) 5o (7,6,7) ng)n (7, By ).

vevs

Nejcéastéj$im numerickym postupem pro nalezeni pfibliznych hodnot odhadu 7,
ﬂ, ~ spo¢iva v tom, Ze pro hodnoty 7 z dosti husté miize bodu T v intervalu (0,1)
poc¢itdme residudlni soucet ¢tvercit Sy, (7, ﬁT, ¥+) a pak hleddme min, e S, (7, ﬁT, Fr)-

Statistik se vSsak obvykle nespokoji s bodovym odhadem neznamych parametri,
ale zajima se téz o intervaly spolehlivosti, respektive oblasti spolehlivosti.
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3. OBLASTI SPOLEHLIVOSTI V NELINEARNI REGRESI

Uvazujme obecny model nelinearni regrese s k - rozmérnym vektorem parametrt

0* = (05,...,00)T
K:fl(e*)—’—el? i=1,...,n,

kde {f;(-)} jsou zndmé funkce a {e;} jsou nezdvislé stejné rozdélené ndhodné veliciny
s rozdélenim N(0,1).

Ozna¢me S,(0) = > (Vi — fi(0))2 a 8 odhad 6* metodou nejmengich &tverci,

. A . 2 ) o Y Y

tj. Sn(6) = ming, . o, Z(Y; — fi(01,09,. .., Hk)) . Déle oznaéme (6‘2(6‘1), e ,Gk(Ol))

odhad metodou nejmensich ¢tverct pii pevné hodnoté prvniho parametru rovnaji-
. . ~ ~ . 2
ciho se 91, t_]. Sn(el, 92(91), e ,Hk(Hl)) = ming,....6, Z(K — fi(Hl, 92, e ,Hk)) .

Uzivané konfidené¢ni oblasti pro cely vektor parametrti 8 jsou obvykle dvou typt:

1a) {0,(0 — 0)T A(6 — 6) < Cy}, kde A je néjaké symetrickd matice,

2a) {0,5,(0) < S,(0) + Cs}.
Prvni oblast je eliptickd, zatimco druh& muze mit naprosto obecny tvar a muze byt
dokonce nesouvisld. Druhé oblasti se nékdy Fikd exaktni, nebot je odvozena pfimo
z poméru vérohodnosti.

Analogické konfiden¢ni oblasti pro jeden parametr, feknéme 67, maji tvar:
1b) {917|917§1J<K1}7 _ =N
2b) {91, Sn(é'l, 92(91), . ,Hk(Hl)) < Sn(G) + K2}.

Konstanty C1, C2, resp. K1, K3, jsou obvykle odvozeny z asymptotického rozdéleni
60— 6% aS,(0)—S,(07), resp. 61 — 65 a S, (0) — S, (07,62(07),...,0,(07)).

Je-li splnéna celd fada podminek, viz napiiklad podminky A(1), ..., A(9) nebo
B(1), ..., B(8) v knize Seber & Wild (1989), kapitola 12, pak /(6 — 6*) ma
asymptoticky normélni rozdéleni. Vétsinou mezi tyto podminky patii existence spo-
2£:(0) 9% £i(8)

0, 96,.00,
1,...,k, na n&jakém okoli spravné hodnoty 0*. Navic se pfedpoklads, Ze matice

L(Fu(8))" (Fu(6)), kde

jitych prvnich i druhych parcidlnich derivaci i=1,...,n, 1,8 =

of Of
001 e 00
Fn(H) = 5
Afn Ofn
20, 96

konverguje stejnomérné na néjakém okoli 8° k nesinguldrni matici G(6). Matice
G '(0%) je pak limitn{ varianéni matici vektoru /n (6 — 6*).

4. OBLASTI SPOLEHLIVOSTI V MODELU (1)

Je patrné, Ze v modelu (1) nem4 regresni funkce vzhledem k parametru 7 jiz
ani prvni derivaci. Presto se vSak da ukazat, ze v pripadé, ze 8" # 0, v* # 0
a7 € (0,1), md /n (7 — ™, B - 0%, — ") asymptoticky normdlni rozdéleni se
symetrickou varian¢éni matici G™*, kde
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1—7* 2 *\3
20— ) +agry LTS 3 L a2
1—7%)2 1—7*)3 1—7*)3
G- PAEES & (L e
g, ! @)t -y
3 4 4 )
Ziejmé G = lim,, o0 2 F:" F? kde
0 0 0
. 0 0 0
F, = _BF 2y ([n'r;’;]+1 _ T*> [n'r;]Jrl g ([n‘r;]+1 B T*)z
_B*_QV*(I_T*) 1_7.* (1_7_*)2

K dukazu lze pouzit stejny postup, ktery pouzila Huskova (1998) pro jednodussi
model typu

(2) Y= 0" (i/n—17), + e,
a ktery spociva v tom, ze na okoli spravné hodnoty aproximujeme funkci nejmensich
¢tvercu kvadratickou funkci. Specidlné ukazala, Ze na okoli bodu 7* lze aproximovat

Sn(Tv B‘r) - Sn(T*a B‘r*)

funkci
—Cn(t—7)+2XVn(r—1%),
kde X/C mé normalni rozdéleni N(0,1/C).
Jiny postup pouzil Feder (1975), ktery modely (1) i (2) povaZuje za specidlni
pfipady regresni funkce
f(z,0)= fi(x,01) pro 0<z<7*
= fo(x,02) pro 7 <z <1,

kde fi(z,0) = Zf{:(i) 0;; fi;(x). Za pfipustnou mnozinu parametrit © pak uvazuje
jen takové parametry, pfi kterych se funkce fi(z,01) a fo(x,02) protinaji uvnitf
intervalu (0,1). Ukazuje, Ze limitni rozdéleni 0 — 6" zévisi na tom, zda 0 je vnitinim
nebo krajnim bodem mnoziny ©. Parametr 7* pak odhaduje jako prisecik funkeci
fi(z, 51) a f2($,§2). R4d konvergence 7 k 7* zavisi na tom, v kolika derivacich se
shoduji funkce fi(x,0") a fa(z,0") v bods 7*.

V pfipadé modelu (1) s 8* # 0, v* £ 0 a7* € (0,1) lze z pristupti Huskové (1998)
i Federa (1975) odvodit asymptotickou normalitu (7 — 7%, B—pB* 79— ~v*). Specidlné
plati

a Sy (7%, By, Vo) — Sn (T, B, ) mé asymptoticky x? rozdéleni o 1 stupni volnosti.

Vsimnéme si, Ze asymptoticky rozptyl odhadu 7, viz (3), zalezi na poloze 7*,
coz je jakasi globalni vlastnost regresni funkce. Je pfirozené, Ze parametr 7* lépe
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odhadneme, mame-li moznost pozorovat kvadraticky trend del$i dobu. Dale vsak je
asymptoticky rozptyl 7, a tedy i délka intervalu spolehlivosti typu 2a), ovlivnéna
prvni derivaci kvadratické funkce v bodé 7*, coz je lokalni vlastnost regresni funkce.
Je-li * malé, miizeme (pouzijeme-li postup 1b)) dostat pro koneénad n dokonce
interval spolehlivosti, jehoz krajni body leZi mimo interval (0,1). V teorii nelinedrni
regrese se tento jev nazyva $patni podminénost. Spatna podminénost je zpiisobena
tvarem regresni funkce.
Horni ¢ast obrazku 1 predstavuje regresni funkci

(4) fla, 7, 857" ) =B (@ = 7")4 + 7" (@ - 7)1
pro 7" = 0.5, §* = 10 a v* = 24 a dolni ¢ast obrazku zobrazuje odpovidajici funkci
nejmensich ¢tverci B, (7,7*) pro n = 500 a 7 € (0.2,0.6) za pfedpokladu, ze model
neobsahuje zadné chyby, tj.

n

Bu(rir) =2 3 (£(5m ) - f(%,f*,ET*,%))Q.

i=1

12

60

50 b

40t 8

30 b

20 1

10 b

-10 I I I I I I I I
0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65

Obrazek 1

Jestlize uvazujeme model (1) s regresni funkci (4) véetné ndhodnych chyb, pak
miize funkce nejmensich ¢tverci a 95% oblast spolehlivosti typu 2b) vypadat napfi-
klad jako na obrazku 2.



Odhad bodu vzniku kvadratického trendu 107

14

12

10

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
560
550 - |
540 - |
530 =
520 |
510 |
500 ‘ . . ‘ e~ ‘

0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65
Obrézek 2

Ackoliv k tomu nemame zadny teoreticky divod doporucujeme ze zkuSenosti po-
uzivat spise oblast spolehlivosti typu 2b), kde K3 je ptislusny kvantil x? - rozdéleni
o 1 stupni volnosti. V kazdém pripadé doporucujeme vzdy pii statistické analyze
vykreslit pribéh funkce S, (7, ET, Vr)-

V krajnim ptipadé, kde f* =0, v* #0 a 7* € (0,1), lze ukazat, Ze v okoli bodu
7* lze rozdil funkci ¢tvercta

Sn(Ta ﬁ‘ra A'Y'T) - Sn(T*a BT* ) ﬁT*)
aproximovat funkci
—Cn(r—7m)"+2X Vn(r—1°)2
kde X/C ~ N(0,1/C) a C = v**(1 —71%)/9. Je ziejmé, 7e funkce
—C2*(2? —2X/C)
nabyva maxima v nule, pokud X je zaporné, a hodnoty X/C, pokud X je kladné.
Odtud vyplyva, ze \/n (T — 7*)? mé4 asymptoticky stejné rozdéleni jako max (0, Z),
kde veli¢ina Z mé normaélni rozdéleni

9

(5) ZNN(QW)
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Vysledek (5) lze pouzit pro konstrukci symetrického intervalu spolehlivosti 2a).
MiuZeme téZ zkonstruovat oblast typu 2b) s vyuzitim toho, ze S, (7%, BT*ﬁT*) —
Sn (T, B, 4) mé asymptoticky stejné rozdéleni jako (max(0,Y))2, kde Y mé stan-
dardni normalni rozdéleni.

Pro zajimavost uvedme, Ze pokud odhadujeme parametr 7* v modelu

YV, =7*(i/n—71) + e, i=1,...,n,

pak \/n (T — 7*) m4 asymptoticky normalni rozdéleni N(O, 12/(7*2(1 - T*)3)) . Od-
tud je zfejmé, Ze informace, zda-li je prvni derivace v bodé zmény nulova, je pri
odhadovani tohoto bodu velmi velmi dulezité.
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VYUZITI DVOUROZMERNEHO PRIMEHO AGLOMERATIVNIHO
SHLUKOVANI PRO ANALYZU IMUNITNI ODPOVEDI
REKOMBINANTNICH KONGENNICH KMENU

IGOR KARNIK A MARIE LIPOLDOVA

ABSTRAKT. Various components of the immune response are controlled by mul-
tiple genes. We have used a special tool for genetic analysis of these multigenically-
controlled biological traits: the Recombinant Congenic Strains (RCS). The series
of RCS comprises homozygous mouse strains. Each RC strain of OcB / Dem
Series contains a different, random, set of about 12.587.5used at least 10 mice
from each strain (total number 200 ¢ 300 mice). One task of the statistical
analysis was to establish whether RC strains statistically differ in immune re-
sponse to different factors (e.g. alloantigens or infection by Leishmania major).
We have used mainly MANOVA with mixed effects, in some cases we have also
used MANCOVA. Another studied question was to find similarity between indi-
vidual Recombinant Congenic Strains. We have used aglomerative methods of
hierarchical cluster analysis (mainly complete linkage and Ward method) and
the direct two-way cluster analysis. This paper describes this interesting method
and gives examples of some practical applications. This work was supported by
grants NM/28-3 and OK 394 from the Ministry of Health and the Ministry
of Education of the Czech Republic, respectively. We have used programmes
STATGRAPHICS PLUS 7, SPSS 8.01, and STATISTICA 4.3 (for two-way di-
rect cluster).

Abcrpakr. B oTOll crarhe m3ydyaer Cs KJIACTEP AHAJIU3 [AJs CTATUCTU-
[IIECKOT'O0 KOHTPOJIA B [€HETUKe.

1. VECNY UVOD DO PROBLEMATIKY

Vétsina dtlezitych civiliza¢nich chorob (hypertenze, diabet, alergie, dusevni onemoc-
néni) jsou polygenné kontrolovany, to znamena, ze jejich vznik je ovlivnén mnoha
riznymi geny. K jejich studiu pouZivame novy geneticky model, specidlné pripraveny
pro analyzu polygenné kontrolovanych biologickych znakt, rekombinantni kongenni
kmeny (RCS) (Demant and Hart, 1986). V tomto systému je kiizenim dvou rodi¢ov-
skych kmentl pfipravena série 20 homozygotnich RCS. Jeden rodic¢ovsky kmen slouzi
jako kmen zékladni, druhy je darcem genetického materidlu. Kazdy z 20 raznych
RCS nese asi 12.5darce a 87.5geny darce, které se podileji na multigenni kontrole
vnimavosti k onemocnéni, rozdéleny mezi rtizné kmeny, kde mohou byt studovany
oddélené. Systém RCS tak pfevadi rozdil v mnoha genech mezi darcem a zakladnim
kmenem na Fadu rozdili v jednom genu (nebo nékolika mélo genech) mezi jednot-
livimi RCS a kmenem zakladnim. Odlisnosti ve funkci jednoho genu pak mohou
byt pfedmétem vazebné analyzy a funkcnich studii. Jednotlivé RCS jsou analogické
s tzv. izolovanymi populacemi, zndmymi z lidskych studii vazebného disekvilibria
(Frankel and Schork, 1996). Tento systém je zvlasté vhodny ke studiu infekci, jak
jsme ukézali na pfikladu studia vnimavosti k parazitu Leishmania major (Demant et

2000 Mathematics Subject Classification. Primary 62P20.
Kli¢ovd slova. Shlukova analyza.
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al., 1996; Lipoldova et al., 2000). Déle jsme sledovali produkei cytokint, proliferacni
odpovéd stimulovanou cytokiny, mitogeny a antigeny.

Jako priklad pouziti dvourozmeérné shlukové analyzy jsme vybrali jeden z nasich
experiment, v nichz byla sledovana odpovéd rekombinantnich kongennich kment
série OcB/Dem k lymfocyttim mysich kmentt DBA/1, CBA, BALB/c a C57BL/10.
Kazdy kmen této série nese rtiznou kombinaci 12.5gentt kmene B10.020 a 87.5analy-
zovali odpovéd minimélné 10 mysi. Rodi¢ovské kmeny 020 a B10.020 se v odpovédi
k témto antigenim nelisi, zatimco RCS vykazovaly zna¢nou heterogenitu odpovédi
(Havelkova et al., pfipravovany manuskript).

2. STATISTICKA ANALYZA SE ZVLASTNIM PRIHLEDNUTIM K VYUZITI
DVOUROZMERNEHO PRIMEHO CLUSTEROVE ANALYZY

Uvodem poznamenejme, ze do kazdého experimentu vstupovalo 200 ¢ 300 mysi
(v ndmi uvddéném piipadé jich bylo konkrétné 230). Hlavnim tkolem statistické
analyzy pak bylo vytipovat jednotlivé faktory, resp. jejich interakce, statisticky vy-
znamné pusobici na odlinosti mezi jednotlivymi kmeny. Pro tuto tlohu byla pouzita
MANOVA se smiSenymi efekty (nékterych pfipadech i MANCOVA). Druhym hlav-
nim tkolem statistické analyzy pak bylo uréeni podobnosti mezi jednotlivymi kmeny.
Pro tento ucel byly pouzity aglomerativni metody hierarchické cluster analyzy (z in-
terpretacniho hlediska se pak jako nejvhodnéjsi ukazala metoda nejvzdalenéjsiho
souseda a metoda Wardova). Jako reprezentanty proménnych u jednotlivych kmeni
jsme prevazné uvaZovali aritmetické priméry téchto proménnych (v nékterych pii-
padech i jejich mediany).

Pro clusterovou analyzu jsme pouzivali programu STATISTICA a pfi této prile-
Zitosti jsme se setkali s dvourozmérnou shlukovou analyzou (v originle Two ¢ way
Joining), kterd je popsana (pokud jsme zjistili) pouze v publikaci Hartigan (1975).
Zvlastnosti této metody je fakt, ze vytvari dvourozmérné shluky mezi radky a sloupci
datové matice. V citované praci jsou uvazovany jak divizni, tak i aglomerativni va-
rianty této metody (autor vsak pouzivd ponékud jiné terminologie). Program STA-
TISTICA pak pouziva pouze aglomerativni metodu. S velmi podrobnym popisem
algoritmu jednotlivych metod a programi ve FORTRANu se ¢tenaf mutze seznamit
v citované préci na str. 251 ¢ 298.

Uvedme vsak, Ze citovana publikace byla vydadna v roce 1975 a neni orientovéana
na graficky vystup, zatimco z interpretacniho hlediska je zajimavy pravé graficky
vystup poskytovany paketem STATISTICA.

Konkrétni interpretaci si ukdzeme na nami uvedeném piikladé. Disponujeme vy-
stupy jak pro vSechny uvazované kmeny, tak i bez kmene OcB - 3. Interpretace je
pro druhy pfipad. Graficky vystup je uveden v priloze. Datova matice byla uspo-
rfadana tak, Ze ve sloupcich byly uvedeny jednotlivé kmeny a v fadcich aritmetické
prameéry jednotlivych proménnych. V grafu pak jsou na ose x uvedeny cisla jednot-
livych kmenti a na ose y jednotlivé proménné. UvaZzujme napf. proménnou BALB/c.
Je zfejmé, Ze z hlediska této proménné tvori 1. shluk kmeny 020, OcB -19, OcB
-8, 0cB -1, OcB - 15, OcB - 2, OcB - 10, OcB - 12, OcB - 7, B10.020. Druhy
shluk je tvofen kmeny OcB - 21, OcB - 5, OcB - 14 a OcB - 11. Kmeny OcB-16
a OcB - 17 jsou slouceny do tfetiho clusteru, zatimco kmeny OcB - 6 a OcB -9
tvoii samostatné shluky (tedy ¢tvrty a paty). Analogickd interpretace by byla i u
dalsich dvourozmérnych clustert. Zavérem uvedme, Ze pofadi kment na ose x od-
povida priblizné shluktm hierarchického aglomerativniho clustrovani podle metody
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nejvzdalengjsiho souseda, ¢i pribuzné Wardovy metody. Pro dobrou interpretaci je
tedy vhodné pouzit hierarchického i dvourozmérného shlukovani.

Tato metoda ndm muze podat prvni informaci o genetické podobnosti zkouma-
nych kmenti a na jejim zakladé mtzeme lépe vybrat kmeny pro dalsi studium. Pro-
toze kmen OcB ¢ 9 od vSech ostatnich nejvice 1isil, pouzili jsme jej pro genetickou
analyzu a identifikovali jsme lokus Alan2, ktery kontroluje odpovéd aloantigentim
C57BL/10, BALB/c a CBA (Havelkové et al., v tisku).

Twa-Way Joining Results

careLMO

CBA

BEE 259
Bl 455
B 5,200
= 7569
0,520
111,122
12,89
14,608
Bl 16,162

D19 521 115 2012 F 22 5414 11 16 17 &5 g9 EET7ET

DBAM

BALESC

3. ZAVER

Samotnym zavérem pouze poznamenejme, Ze pies zcela evidentni prednosti a znac-
nou aplikabilitu, m& nami predklddand metoda i slabiny. Za nejvétsi z nich povazu-
jeme to, Ze de facto chybi jeji pfesny matematicky popis. Pokud je ndm znamo je
totiz uvedena v nami citované praci Hartigan (1975), kterd je napséna ryze progra-
matorskym stylem. Obsahuje pouze sahodlouhé algoritmy a programy. V Hartiganem
citované literatute k této metodé jsou uvedeny pouze odkazy na ¢tyfi FORTRANov-
ské subrutiny. Dale je nutno si uvédomit, ze dana publikace byla vydana jiz v roce
1975, tedy v obdobi velkych sdlovych pocitaci, kdy byl rozvoj pocitacové grafiky
na samém pocatku a neobsahuje byt i jen zminku o grafickém vystupu zmifiované
metody (viz P¥iloha), ktery je na ni beze sporu nejzajimavéjsi.Uplnym zavérem kon-
statujme, %e podobnou problematikou se zabyvaji napf. prace Lefkovitch (1987),
Bezdek (1987), Legendre (1987) a Pleszynska et al (1995) aj.

Priloha
Kmen 0 ptitom znac¢i kmen 020.
Kmen 22 pfitom zna¢i kmen B10.020.
Ostatni kmeny pak OcB ¢ Dem (kmen 19 jest identicky se kmenem OcB ¢ 19).

Pomocny slovnic¢ek

Leismania major = paraziticky prvok.

Cytokin = (rustovy faktor) bilkoviny produkované butikami, které ptsobi na dalsi
buriky.

Mitogen = latka stimulujici mnoZeni bunék.
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Antigen = latka schopnd vyzvat imunitni odpovéd.

Proliferace = bunéény riast kdy dochazi ke zmnozeni bunék.

Lymfocyt = typ bilych krvinek.

BALB/c, DBA, CBA, C57BL/10 = nazvy my$ich kmeni.

Alan 2 (Alloantigen response 2) = gen, ktery kontroluje odpovéd k aloantigentim
(antigeny stejného zivocisného druhu).
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DVOUVYBEROVE PODMINENE PORADOVE TESTY
V ANALYZE PREZITI

LENKA KOBLIZKOVA

ABSTRAKT. The present paper deals with conditional rank tests in survival ana-
lysis for two sample problem with randomly censored data. Conditional rank
tests are exact permutation tests under null hypothesis of randomness if equal
censorship is included (restricted null hypothesis). Mainly their asymptotic pro-
perties are studied under this hypothesis.

Peziome. B crarbe n3yuyaroTcs yCJIOBHBIE PAHIOBbIE KPUTEPUU IJIS IBYX-
BBIOOPOUHOI IPOOIEMBI C IEH3Y PUPOBAHMEM U AAHBI UX ACBIMITOTUUECKUIE
cBoiicTBa.

1. Uvop

Prispévek pojednava o nékterych poradovych testech shody rozdéleni dvou cenzoro-
vanych vybéri, které se pouzivaji v analyze preziti.

Je zaméfen na testy podminéné, které jsou zalozeny na vlastnostech podminé-
ného rozdéleni ptislusnych statistik pfi pevné realizaci indikatorovych veli¢in uda-
losti sdruzeného vybéru. Na zakladé permutaci 1ze urcit presné hodnoty kvantil
podminéného rozdéleni uvazovanych statistik. Dostavame tak exaktni testové krité-
rium. Tento permutacni test vyzaduje rovnost rozdéleni dob do cenzorovani obou
uvazovanych vybéria.

Véazené logrankové statistiky patii do t¥idy zobecnénych linearnich poradovych
statistik a lze na né pouzit jiz vybudovanou teorii porfadovych testti pro necenzoro-
vané data. S ohledem na tuto skutecnost je odvozeno limitni chovani podminéného
rozdéleni téchto statistik za platnosti hypotézy nahodnosti a rovnosti rozdéleni cen-
zorovani (omezené nulové hypotézy). V tomto piipadé podminéné rozdéleni nezavisi
na podmince a testovanou hypotézu pak zamitidme nebo nezamitdme na zikladé
kvantili normovaného normalniho rozdéleni N(0, 1).

2. FORMULACE PROBLEMU A JEHO TESTOVANI

Predpokladejme dvouvybérovy model nahodného cenzorovani, kde Ti1,Tio, ..., Tin,
je ndhodny vybér z néjakého rozdéleni s absolutné spojitou distribu¢ni funkci Fj,
1 = 1,2. Necht oba tyto vybéry dob do selhdni jsou na sobé nezavislé.

Necht Ci1,Cia, . .., Cin, je ndhodny vybér z néjakého rozdéleni s absolutné spoji-
tou distribuéni funkci G;, i = 1,2. Nechf oba tyto vybéry dob do cenzorovdni jsou
na sobé nezavislé.

Dale predpokladejme, ze nahodné veliciny T;;, C;; jsou nezdvislé a S; =1 — F; je

funkce preziti velicin Tj;, j =1,2,...,n;, ¢ =1,2.
Skuteénému pozorovani pak odpovida ndhodny vektor (X;;, ;) , j =1,2,...,n,,
i=1,2, kde

2000 Mathematics Subject Classification. Primary 62G10; Secondary 62N03.
Klicovd slova. Poradové testy, analyza preziti, cenzorované data.
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1 T < Cii X,; mnecenzorovano
X in(T. > ig > Uiyg, ij 5
ij IIllIl( i Cij)ﬂ 5ij {

0, Ti; >Ci;, Xij cenzorovano.

Ozna¢me )N((V) = (X, X(2), -+, X(n))" vektor pofadkovych statistik pfislusny na-
hodnému vektoru X = (X1, Xo,.... X)) = (X121, -+, Xiny, Xo1,. -+, X2, ) anecht
6 = (0p11,9j2, - - -, Opny)” je vektor odpovidajicich indikatorovych veli¢in udélosti

1, X(j) necenzorovino,

o) = . .
0, X cenzorovéano.

Vzhledem k tomu, ze distribu¢ni funkce Fy, Fb, G1, G2 jsou absolutné spojité, na-
stava jev X(1) < X(9) <+ < X(n) s pravdépodobnosti jedna.

Oznac¢me Y;; pocet objektt z i-té populace, které pozorujeme tésné pred udéalosti
v case X(j), tzn. Yi; = 30 I(Xix > X(;)). Polozme Y; = Y1 4+ Yo =n —j + 1.
Necht Z; = 1 (0), jestlize ndhodna veli¢ina X j), j = 1,2,...,n, pochazi z prvniho
(druhého) vybéru. Polozme p; = YTIJ] agi=1-pjprol<j<n.

Predmétem zajmu je testovat platnost omezené nulove hypotézy
(2.1) Hy: Fy = F; = F (neznamé), G7 = G2 = G (neznamé)
proti jednostranné alternativé stochastického usporadani
(2.2) Kyi: Fi(t) > F5(t) proVt, Fy+# Fs.

K testovani vySe formulované hypotézy (2.1) proti alternativé (2.2) uzivame vd-
Zenou logrankovou statistiku T, tvaru (viz [5], ¢ast 3, popf. viz [3], ¢4st 2)
(2.3) T, =Tn(Z,0) = an )0 (Z5 — py),

kde w,, je nezaporna stochastickd vahova funkce. Pfitom se omezime na vahy tvaru

o . vi\* . n—j+1\"
(24)  wa(h) = wn(X)) = S°(X()—) (#) = 57(X(5-) (T)
Ve vzorci (2.4) jsou koeficienty p,x > 0 a S'(X(j)f) znadi tzv. Kaplaniv-Meieriv
odhad (podrobnéji viz [1], kapitola 3) funkce preziti S(t) tésné pied okamzikem X|;,
tj.

j—1
~ 6[k] ~
2.5 S(Xin—) = 1————, kde S (X)—)=1.
(2:5) (X()-) ll( n—k+1>’ e 8 (X))
V praxi se béZné pouzivaji statistiky logrankovd (p = 0, k = 0), Prenticeova—

Wilcozonova (p =1, k = 0) a Gehanovova—Wilcozonova (p =0, k = 1).

informace o tom, z jakého rozdéleni vybér pochézi (podrobnep viz [ ], oddil 7.4).

Ze vztaht (2.4) a (2.5) vyplyvd, ze vahova funkce w,, (j) zavisi pouze na indikdtoro-
vych veli¢inach d(1y, djg), - - -, 0[j—1) a pj, ¢; = 1 —p; zéviseji pouze na 71, Zs, ..., Z;j_1:
Yy S I > X)) om0 Z

2.6 —
(26) P Y; n—j+1 n—j+1
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Tedy statistika T}, definované v (2.3) zavisi pouze na vektoru Z = (21, Zs, ..., Zn)
a vektoru § = (5[1],5[2], RN 6[n])/.
K myslence podminénych testd se dostavame pres nasledujici tvrzeni.

Tvrzeni 2.1. Za platnosti omezené nulové hypotézy Hy jsou nshodné vektory B
a Z nezavislé a nahodny vektor Z mé rozdéleni jako nahodny vybér bez vraceni
z populace obsahujici ny jednicek a ng nul.

Diikaz. Tvrzeni lze nalézt v [5], str. 1765, lemma 3.1. O

Podminény test je sestaven ve dvou krocich:
(1) Na zakladé pozorovani (z1,09), ..., (zn,d°) uréime 6° = (0015 O3y - - )"
(2) Spoc¢teme hodnotu statistiky 7, pro pozorovand data podle vzorce (2.3)
a uzijeme rozhodovaciho kritéria pro pevné 5

1, T, (%,6°) > cn(a, 6°),
P50 (2) = $v(a,6°), Tn(2,0°) = en(@, 87), (e, 6°) € [0, 1,
0, T,(%,0°) < cn(a,0°),

kde c,(a,6°) je (1 — a)-kvantil podminéného rozdéleni £(T},(Z,,0)|0 = §°).

Pricemz Zg je nadhodny vektor, ktery obsahuje pravé n; jednicek a ny nul a na-
byva kazdé permutace ny jedniek a ng nul se stejnou pravdépodobnosti 1/ (:1)
Z tvrzeni 2.1 dostavame, e za platnosti Hy je £(Z) = L(Z,).

Pii malych hodnotéch n lze stanovit podminéné rozdéleni pravdépodobnosti sta-

tistiky T’, tak, ze pro kazdou hgdnotu T, = t stanovime pocet permutaci k: k ni
vedoucich, tzn. Pg (T, = t|d = 6°) = k;t/(gl) Odtud ur¢ime kvantil ¢, (a, §°).

Pozndmka 2.2. Podminény test ¢, 5, patii mezi tzv. testy permutacni (podrobnéji
viz (2], str. 42-45).

V§se zminény zptsob vypoctu kvantilu ¢, (a, 50) se stava velmi pracnym pro vétsi
rozsahy ni a neo, proto v praxi vyuzivame simulaci, kdy provedeme ndhodny vybér
ze vSech mozZznych permutaci o rozsahu m (m dostatecné velké) a uréime kvantil
cn (e, 0°) z tohoto vybéru. Jinad moznost je sestavit rozhodovaci kritérium na zakladé
limitniho chovani podminéného rozdéleni £(T,,(Z,6)|6 = 6°). K tomu pot¥ebujeme
ur¢it podminénou stfedni hodnotu a rozptyl statistiky 7T5,.

2.1. Podminéna stfedni hodnota a rozptyl statistiky. Pro nasledujici vipocet
je tfeba si uvédomit toto: E(Z;|Z1,...,Z;-1) = p;. Standardnim vypoctem pak
odvodime (podrobnéji viz [4], str. 31-32):

E(T,6) =0 s.j.,

n

N 2/ nin2 .
(2.7)  var(T,|0) = an(j)é[j] nn—1) n—J + 1 Zw ) Epja; 5. 4.

j=1

Je uzitecné si uvédomit souvislost s poradovymi statistikami pro necenzorovana
data. Statistiku T),(Z, 6°) definovanou vzorcem (2.3) lze upravit nasledovné
n

(2.8) T.(Z,5) :an )0 (Z; —ps) =Y _ Z;aj,

Jj=1



116 Lenka Koblizkova

kde skoéry jsou urceny vztahem

(2.9) a; = wy(J) o) — an

_— 1 =1,2,...
7Z+1 j =D 7n

Jedna se tedy o zobecnénou lmea’mz poradovou statistiku.

Poznamka 2.3. Vyse deﬁn?vané skéry a} zdviseji na oy, 2, - - -, Opy),
funkeci ndhodného vektoru d, coz kvili zbytecné slozitému znaceni nebudeme expli-
citné vyjadrovat.

a tudiz jsou

Pro skéry typu (2.9) plati (viz [4], str. 35)

n

L N = . n—j n(n—1 =
(2100 Sat=0, 3@ =3 w2()oy ——I =" )
=1 =1

= n—j7+1 ning

3. ASYMPTOTICKE VLASTNOSTI TESTU

Tvrzeni 3.1. Nechf existuje limita lim,, .o n;/n =n; € (0,1), i = 1,2. Pak za plat-

nosti omezené nulové hypotézy Hy skéry a} definované v (2.9) s vahami tvaru (2.4)

splnuji podminku

maxi<j<n (a})° p 0 n o

_— — 00.
>j—1(a})? ’

Diikaz. Skéry a} definované v (2.9) lze omezit s. j.:

(3.1)

Odtud a z (2.10) obdrzime

*\2
maxi<;<p (a* -
(3'2) 0 S 1"SJS *(QJ) S ni ng - = 1” :
Zj:l(a’j) n T on— 1 Z] 1( )2 o var(T,|0)
Pricemz uzijeme vlastnosti ¢astecného souctu harmonické rady s,, = 22:1 % a vlast-
nosti pfirozeného logaritmu In(n) (viz [6], str. 331-332, bod 6, a str. 365-366, bod 7)

33 1m 2 o 4s0 >0, lim (s, — In(n)) = c,

n— o0 nﬁ n— o0

kde ¢ = 0,577215665 je tzv. Eulerova konstanta. Opakovanym pouzitim (3.3) dosta-
neme, Ze lim,, .. s2/n = 0. Tedy ¢itatel vyrazu na pravé strané v (3.2) konverguje
k nule pro n — oco. Pokud jmenovatel uvazovaného zlomku bude konvergovat v prav-
dépodobnosti ke kladné konstanté pro n — oo, coZ nyni ovéfime, podminka (3.1)
bude splnéna. Jinak fe¢eno, chceme, aby za Hy platilo:

1 -
(3.4) = var(T,|9) L, const >0, n— .
n

n

Oznacme V,, = = Z] L w2(7) 811 pj 4j- Pro Vi, s vahami tvaru (2.4) za Hy plati
(viz [5], oddil 2.2, podrobnéji viz [1], oddil 7.2)

(3.5) V, =502, n— oo,

1/2
kde o2 je asymptoticky rozptyl statistiky (m" ) T,. Pro nase potieby staci, ze

nz
se jedna o kladnou konstantu.
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Abychom ovéiili (3.4), stadi dokazat tvrzeni, Ze za hypotézy Hy

1
— (m 12 Vi, — var(T, |5)) — 0, n— oo,
n\ n
P
(3.6) tj. z (2.7) Zw ) o (pja; — Epjq;) — 0, n — oo,
nebot z (3.5) vyplyva, ze ™32V, F, M N2 02 pi n — oo.

Zvolme libovolné malé pevné ¢ € (0,1) a vyuzijme vlastnost vah |w,(j)] < 1
pro 1 <j <mn, pak

1 1 1
= > wa(i) oy (e —Bpig))| < — D> Ipjai —Epjgl <~ > 1<es .
1<j<ne 1<j<ne 1<j<ne
Stejnou nerovnost dostaneme i pro soudet pies vSechna j, n(1—¢) < j < n, ponévadz
ho lze pfevést na predchozi pripad tpravou k =n — j.
7 vyse uvedeného vyplyva, ze staci vysetfovat konvergenci podle pravdépodob-
nosti pro soucet pfes vSechna j splitujici nerovnost ne < j < (1 —e)n:

> Ipigj — Epigl
ne<j<n(l—e) ne<j<n(l—e)

1 .
<~ > (Ipj = Epjl 11 = (p; + Epj)| + varp;) s.j.
ne<j<n(l—e)

3

| .
~ > i) 8y (e — Epigy)| <

K dalsimu potfebujeme odhad rozptylu varp;, ne < j < (1 —¢)n, (viz [4], str. 41):
ni N2 1 < ny no 1
n2 n—j+1~ n?2 ne+1

(3.7) 0 <wvarp; <

Vezmeme-li v tvahu, Ze |1—(p; +Ep;)| <1s.j.pro1l < j < nspolus odhadem (3.7),
pak

nin9 1

1 2

-y ) 851 (ps0; — Epja)| < — Epy| + 122

w2 w0y ey~ Bpjgy)| < | max p; — Epjl 4 =5 oy s
ne<j<n(l—e)

Pricemz vyraz na pravé strané bude konvergovat podle pravdépodobnosti k nule
pro n — oo, pokud
P

3.8 ma i —Ep; 0, n—oo.
( ) naﬁjgn}(cl—a) |pJ pJ| Y -
Tuto zbyvajici vlastnost dokazeme:
Pro pj, viz (2.6), plati p; = = (1 - Hnl(X(j)f)), kde H,,(r) je empiricka
distribuéni funkce posloupnosti ndhodnych veli¢in X;, X», ..., X,;. Oznacme H, (z)
empirickou distribuéni funkei posloupnosti ndhodnych veli¢in X1, X, ..., X,,. Déle
necht H; znaéi distribu¢ni funkci veli¢in X, j = 1,2,...,n,,¢ = 1,2. Za platnosti Hy
je Hy(x) = Hy(z) = H(z) pro V. B

K odvozeni vlastnosti (3.8) uzijeme Glivenkovu vétu, tedy za platnosti Hy

(3.9) sup |H,, (z) — H(z)] =0, n1 — oo,
zeR
(3.10) sup |H,(z) — H(z)] =0, n— .

zER
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Dale vyuzijeme

(3.11)

ni ni n—oo M1 .
< - rone < i<n(l—e).
n—j—i—l_na—i—l;) € P sj=nl )

Rozdil p; — Ep; upravime prictenim a odectenim vhodnych vyrazt

p; —Ep; = # { [1 — My, (X(—) — (1= H(X(j)*))} +

+ [1 — H(X(;) - (1 - ﬁn(X(j)))} + [1 - Hu(X(;) - %Em} }

Vzhledem k tomu, ze Ep; = %+ a f[n(X(j)) = < méme

n n

{[H(Xm) — Hay (X)) + (X)) = H(X)] : } :

n

ni
n—j+1
Za platnosti Hy 1ze ndhodnou veli¢inu mMaX,.<j<n(1—e) [Pj — Epj| omezit s. j. nésle-
dovné:

pj —Ep; =

ma. —Ep| < suﬁsz:r‘ su
o byl < e (s [ 0) = )| s

Z vlastnosti (3.9), (3.10) a (3.11) plyne vlastnost (3.8). Tim jsme dokonéili di-
kaz (3.6), a tedy i tvrzeni 3.1. O

o () —H(z)‘ + %) :

Z tvrzeni 3.1 vyplyva, Ze za platnosti omezené nulové hypotézy H standardizovana
statistika ——Z2——, kde T}, je tvaru (2.8), ma asymptoticky podminéné p¥i daném &

v/ var (T, |6)

normované normalni rozdéleni N(0, 1) (viz [2], str. 194-195, dodatky 4 a 8), tj.

T, <
lim P ¢ sup |P 7§x)5 —®(x)| >, =0, Ve>0.

R var(T,|4)

Pozndmka 3.1. Vzhledem k této vlastnosti standardizovana statistika \/ﬁ
mé i asymptoticky (nepodminéné) normované normalni rozdéleni N(0,1) (viz [2],
str. 195, dodatek 5).

Na zékladé ziskanych poznatk® stanovime asymptotické kritérium podminéného
poradového testu v pripadé velkych hodnot ny a ns:

L T, (var(T,|6 = 6°))"Y/? > u;_,, zamitdme hypotézu Ho,
Pnde = 0, T, (var(T,|6 =6°))""/2 <wu;_,, nezamitame hypotézu Hy,

kde u1_q je (1 — a)-kvantil normovaného normélniho rozdéleni N(0,1).
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MATEMATIKA MEZI §...§ ANEB
NECO MALO O DISKRIMINACI

ARNOST KOMAREK

ABSTRAKT. If somebody wants to distinguish objects from two groups, he can
use a statistical model to achieve this target. Three possible statistical models
are discussed a bit in this paper. Models are as follows: normal discriminant
analysis (NDA), logistic regression (LR) and mixture of normal distributions
(MND). The sense of this article is to reveal for another author’s paper where
those models are discussed many more. One of the supposed models (MND)
is used for analyzis of the entrance examination at the Faculty of Law of the
Charles University in Prague in 1999. We try to distinguish between honest and
fraudulent candidates of studying at this college.

AGcrpakr. B eTOll crare m3ydaercs AMCKPUMUHAIMOHHBIN AHAJIN3 IS
CTATUCTUIIECKOrO OOCY»KIAEHUS MIPUHNMATEJHBIX €K3aMEHOB B Y HUBEPCU-
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Ter Kapuma.

Cilem pfispévku je upozornit na praci [1], jeZ se zabyva nékterymi modely, pomoci
nichz lze provadét diskriminaci. Konkrétné se jedna o modely norméalni diskriminacni
analyzy (NDA), logistické regrese (LR) a smési normalnich rozdéleni (MND). Vzdy
mame za ukol zafadit dané objekty do jedné za dvou skupin na zakladé hodnot jis-
tych znakl na nich naméfenych. Znaky namérené na daném objektu miZeme repre-
zentovat pomoci hodnoty ndhodného vektoru X a zafazeni tohoto objektu pomoci
hodnoty ndhodné veli¢iny Y, jez nabyva hodnot 0 a 1, jelikoz v nasi praci rozlisSujeme
pouze mezi dvéma skupinami. Jednotlivé modely jsou potom definovany nasledovné.

(LR):
PY=1X=21)=[1+exp(—F — B'ac)]_l ,
PY =0|X =2) =[1+exp(B + B2)] ",
kde By a 3 jsou parametry modelu (Gy € R, 5 € RP).
(NDA):
PY=1)=X€(0,1),
‘C(X|Y = 0) = NP(MO? 2)5

LX]Y =1) = Np(u1, %).

2000 Mathematics Subject Classification. Primary 62H30; Secondary 62P25.

Kli¢ovd slova. Diskriminacni analyza.
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Parametry jsou tentokrat A\, pi # po a .

(MND):
X ma4 hustotu

f(@) = A(x) + (1 = A)fo(x),

kde fi je hustota N,(u1,X) a fo hustota N,(po, X). Parametry jsou opét A € (0, 1),
7 po a X

V préci [1] jsou jednotlivé modely podrobné popsany a porovnany. Jsou zde téz
uvedeny postupy pro odhadovani neznamych parametra v jednotlivych modelech v
praktickych situacich. Soucasti je samoziejmeé téz odvozeni diskriminac¢nich pravidel.
Na prilozené disketé je mozno nalézt procedury v MATLABU pro vypocet odhadt.
Na tomto misté poznamenejme, Ze modely (LR) a (NDA) vyzaduji k sestaveni dis-
krimina¢ni procedury uéici skupinu objekti, zatimco model (MND) nikoliv.

Cast prace [1] je vénovana néasledujicimu ptikladu, ktery se pokousi analyzovat
vysledky pfijimacich zkousek na Pravnické fakulté UK v Praze v roce 1999. Tyto
prijimaci zkousky jsou nechvalné znamy moznosti, ze nékteri uchazeci o studium
na zminéné fakulté znali znéni prijimacich testi pred vlastni pfijimaci zkouskou.
Pomoci studovanych modela se pokusime rozlisit studenty, ktefi neznali zadani pii-
jimacich testi (bé&Zni studenti), a studenty, ktefi mohli znit pfedem znéni téchto
test (zvyhodnéni studenti).

K dispozici jsou vysledky jednotlivych uchazeci v nasledujici podobé: pocet bodu
za test z ciziho jazyka (proménnd jazyk), z historie a vSeobecného ptehledu (pro-
ménnd historie) a za test z logiky (proménnd logika). Dale je u kazdého uchazece
uvedeno poradové ¢islo terminu zkousky, kterého se ztucastnil. Termint bylo dohro-
mady tfindct, pfitom ten tfindcty byl ndhradni za termin ¢islo dvanact, ktery byl
anulovan kvuli podezfeni na podvodné jednani nékterych uchazeci. V analyze ne-
budeme tedy pracovat s daty z tfindctého terminu, nebot se ho ztdastnili studenti,
ktefi jiz prijimaci zkousku absolvovali v terminu dvanactém. Pridani dat ze tfinac-
tého terminu do celého souboru by mohlo zpisobit poruseni nezavislosti jednotlivych
pozorovani. Kazdého z prvnich dvanacti termini se zac¢astnil pfiblizné stejny pocet
uchazect v rozmezi od 426 do 488. Za test z jazyka bylo pfitom mozné ziskat maxi-
malné patnact bodu, za test z historie a vseobecného prehledu maximalné Ctyficet
pét bodi a za test z logiky maximalné ¢tyticet boda.

Veli¢ina Y, jez indikuje zafazeni jednotlivych uchazecd, bude nabyvat hodnoty
jedna pro zvyhodnéné a hodnoty nula pro bézné uchazece. Diskriminaci budeme
provadét na zakladé vektoru X, jehoz slozky budou odpovidat po fadé proménnym
jazyk, historie, logika. Skupinu pro vypocet odhadt tvoii v tomto pripadé vsichni
uchazeci, ktefi se ztcastnili jednoho z prvnich dvanacti terminti. U zadného z nich
nevime, zda ho zaradit mezi bézné nebo zvyhodnéné studenty. K sestaveni diskri-
minacéni funkce tedy musime nyni pouzit model smési normélnich rozdéleni. Pro
podporeni domnénky, ze zkoumana data jsou skutecné smési dvou normalnich roz-
déleni, jsou v [1] uvedeny histogramy dosazenych bodu u jednotlivych testii zv1ast
pro prvni a dvanacty termin. Vysledky uchazect z prvniho terminu by smés tvo-
fit nemély, naopak vysledky dvanactého terminu by mély tvorit smés z rozdéleni,
z néhoz pochazeji data u ostatnich termint a rozdéleni, z néhoz pochazeji data zvy-
hodnénych uchazect. Histogramy pro druhy aZ jedenéacty termin se od toho pro
termin ¢islo jedna pfilis nelisi a proto nejsou uvedeny. My zafazujeme histogramy
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pro test z historie, jelikoz zde se smés projevuje nejvice a histogramy pro bodovy
soucet.

Historie Historie
1, termin 12, termin
1} 8
)
(1)
i ;!
H H
5 §4ID
i)
0
0
)
T1011222922222223833333333 44441414 TTU11222922222223833333333 44441414
SOET8O0 1234567890123 456T7890123435 567890 1234567890123 4567890123143
historie historie
Bodovy soucet Bodovy soucet
1. termin 12, termin
3”_

celnost
cetnost

T888888388899599999891 A4 4555555355566660666667 99999999891
B90123456789D123450 7890123456 789012345678%0 (1234367890123 4367890123456T890123436 7890123436 T89012345678%0

[} 1)

012345678901231

hodory soucet hodovy soucet

Smés dvou rozdéleni 1ze odhalit v podstaté na vSech histogramech odpovidajicich
dvanactému terminu, pfitom nejvice se promichani dat ze dvou vybértd projevuje
praveé u testu z historie a vSeobecného prehledu. Naproti tomu histogramy prvniho
terminu pomérné dobfe odpovidaji hustoté normdélniho rozdéleni. Na zavér jesté
uvadime tabulku s prameéry vysledka jednotlivych testt a celkového bodového souctu
zvl43t pro prvnich jedendct terminii a pro termin dvancty.

Priiméry ziskanych bodu

1. - 11. termin 12. termin
(5110 studenttt) | (440 student)
jazyk 10,11 10,95
historie 27,51 34,11
logika 28,64 32,05
bodovy soucet 66,27 77,11
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7Z tabulky vidime, Ze pruméry dosazenych bodi jsou u dvanactého terminu vzdy
vyssi. Pfitom rozdil je vécné zanedbatelny pro jazyk a nejvyssi pro historii. Avsak
statistické testy indikuji vyznamny rozdil u vSech uvazovanych veli¢in. Jednostranny
Wilcoxonuv (Manniv-Whitneytiv) test (s alternativou vyssich hodnot u dvanactého
terminu nez u zbylych jedendcti termint) dosahoval pro vSechny uvazované velic¢iny
hladiny nizsi nez 0,0001. Také tato zjisténi nas utvrzuji v domnénce, ze mame co do
¢inéni se smési dvou rozdeéleni.

Podrobnéji se Ize s duvody, jez vedou k predpokladu, Ze data jsou smési dvou
rozdéleni, seznamit na siti Internet na adrese

http://www.prf.cuni.cz/pr99/Komentar.html,
kde je zvetejnén Komentdr ke statistickému zpracovdani vysledkd prijimacich zkousek
na Prdvnické fokulte UK v Praze v roce 1999.

Pro vlastni sestaveni diskriminac¢ni funkce pouzijeme vysledky vSech uchazeci,
ktefi se zucastnili prvnich dvanacti termint. Takto ziskdme ndhodny vybér ze smési
dvou rozdéleni, pfi¢emz nyni jiz promichanost nevynikne tolik, jako v p¥ipadé dva-
nactého terminu. Prvnich dvanécti termina se zucastnilo 5550 uchazec¢t. Odhady
budeme pocitat pomoci MATLABU. Po provedeni vypoctu ziskdme nasledujici vy-
sledky:

) 11,57 10,09 ) 707 248 231
X=0062, jin=| 3884 |, o= 2732 |, S = 248 2084 3,61
33,61 28,60 2,31 3,61 15,70

Vidime, Ze odhad stfedni hodnoty bodovych zisk béznych uchazeci je témér shodny
s pruméry bodovych zisk® studentti, ktefi se zicastnili prvnich jedenacti termind.
Odhad stfedni hodnoty bodovych ziskti zvyhodnénych uchazeéi je o néco vyssi nez
prumeér bodovych ziskt dosazenych v ramci dvanactého terminu. Tento fakt je zpu-
soben skute¢nosti, ze dvanactého terminu se ztcastnili téz bézni studenti. Vzhledem
k uvedenému se zd4, ze data odpovidaji domnénce, Ze prvnich jedenacti termini se
patrné nezucastnil zadny zvyhodnény student.

7 uvedenych odhadi spocitame odhady koeficientt v diskriminacéni funkci:

5 5 —0,04
Bo = —25,92 | 8= 0,52
0,20
Tedy uchazece, ktery u prijimaci zkousky dosahl bodového zisku reprezentovaného
vektorem X = (jazyk, historie,logika)’, zafadime mezi zvyhodnéné, pokud

—0,04 - jazyk 4 0,52 - historie + 0,20 - logika > 25,92.

Pokud aplikujeme toto rozhodovaci pravidlo na vysledky uvazovanych uchazeci,
ziskame néasledujici odhady poc¢tu béznych a zvyhodnénych uchazec¢i na jednotli-
vych terminech prijimaci zkousky. Odhady poc¢tu béznych uchazect jsou ve sloupci
oznaceném nulou, poc¢tu zvyhodnénych uchazeci ve sloupci oznac¢eném jednickou.
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Odhady poc¢tu béznych a zvyhodnénych uchazedi

zafazeni podil
termin | 0 1 | soufet | zvyhodnénych (%)
1.1 420 6 426 1,4
2.| 451 0 451 0
3.1 468 13 481 2,7
4.| 443 7 450 1,6
5. 467 2 469 0,4
6. 464 5 469 1,1
7. 458 7 465 1,5
8. ] 470 3 473 0,6
9.] 460 3 463 0,6
10. | 468 7 475 1,5
11.| 478 10 488 2,0
12.| 279 161 440 36,6
soucet | 5326 224 5550 4.0

Samozriejmé, ze ne kazdy uchazeé, ktery je podle naseho diskriminac¢niho pravidla
oznacen za zvyhodnéného, jim skutecné je. Diskriminac¢ni funkce musi totiz pomoci
roviny rozdélit jednoznac¢né trojrozmérny eukleidovsky prostor na dvé casti. Takto
se do ¢asti se zvyhodnénymi uchazec¢i muze dostat i ten, ktery prirozenym zptisobem
(vlastnimi védomostmi) dosdhl vys$siho bodového zisku. Proto se mezi ,zvyhodné-
nymi“ uchazeci objevuji téz studenti, ktefi se ztcastnili jednoho z prvnich jedenacti
termind, nikdy jich vSak neni mnoho (maximalné 2,7 %). Naproti tomu v pi¥ipadé
dvanéctého terminu bylo za zvyhodnéné oznaceno 161 studentt, tj. 36,6 %, coz pod-
poruje domnénku, ze néktefi uchazeci, ktefi se ziCastnili tohoto terminu piijimacich
zkousek, znali zadani testd predem.

Pro srovnani jesté spocitame odhady neznamych parametri pouze s vyuzitim
dat z kritického dvanactého terminu. Po provedeni vypoctti dostaneme nasledujici
odhady:

§ 12,09 10,08
M2 =0431, g2 = 41,19 |, pp2=| 28,75 |,
35,18 29,68
} 6,83 1,47 1,64
»12 = 147 12,12 2,74

1,64 274 14,92

Odhady /112, 2 a 312 jsou pomérné blizké odhadiim ji, fig, 3. Odhad A2 s od-
hadem \ srovnavat nemuzeme, nebot se vztahuje k podilu zvyhodnénych uchaze¢t
v ramci dvanactého terminu, ktery byl podstatné vyssi nez v ramci celého ptijima-
ciho fizeni. Odhady koeficient v diskriminacni funkci jsou nésledujici:

) § 0,04
12 = 40,94 62 =1 098
0,18

Pokud pomoci této diskriminaéni procedury zaradime uchazece, ktefi se zucastnili
dvanéctého terminu, bude jich 185 oznaceno za zvyhodnéné, coz je o 24 vice, nez
pfi diskriminaci provadéné pomoci ptivodni procedury. Pfitom zadny z uchazect,
ktery byl pivodni procedurou oznacen za zvyhodnéného, nebude nyni nezvyhod-
nény. Nova procedura tedy pouze k puvodnim zvyhodnénym studentim ptidala
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dalsich 24 uchazec¢t. Tato skute¢nost mize byt zptusobena faktem, ze nyni byl podil
zvyhodnénych uchazec¢l v uicim souboru podstatné vyssi, nez pfi sestavovani pu-
vodni procedury. Zarazovat uchazece z ostatnich termini pomoci procedury urcené
koeficienty 5“32 a 512 nebude mit prili§ velky smysl kvili chybnému odhadu podilu
zvyhodnénych uchazec¢i v souboru vsech studentid, kteri se zacastnili pfijimacich
zkousek. Upravime-li tento odhad do tvaru

Vi2,an _ (12 Pocet uchazecl v 12. terminu  0,431-440
A =\ —— — = = 0,034
pocet vSech uchazeci 5550

NI v v - Y . “12.all o
a spo¢itdme pomoci fi12, ji§2, 212 a A2 koeficienty 3,7, pL2all

, jez vyjdou

0,04
B’élall — 4400 gzl — | o8 ||
0,18
ziskdme diskrimina¢ni proceduru, pomoci niz jiz muzeme zafazovat téZ studenty
z ostatnich termint. Tato procedura oznaci studenta za zvyhodnéného, pokud

0,04 - jazyk + 0,98 - historie + 0,18 - logika > 44,00.
Toto rozhodovaci pravidlo se na prvni pohled pomérné lisi od ptivodniho pravidla za-
lozeného na BVO, BV , ale pokud porovnédme rozhodnuti u¢inéna na zakladé téchto dvou
procedur, zjistime, Ze odlisnost neni prilis velka, jak je mozné se presvédcit v nasle-
dujici tabulce, ktera obé procedury porovnava. Ve sloupci oznaceném 0 — 1 je pocet
uchazect oznacenych novou procedurou za zvyhodnéné, ale starou za bézné, sloupec
oznaceny 1 — 0 obsahuje naopak pocet uchazec¢li oznacenych za zvyhodnéné pouze
puvodni procedurou. Sloupce ptuvodni a nova procedura prinaseji pocty uchazeci,
ktefi byli oznaceni za zvyhodnéné uzitim prislusné diskriminacni funkce.
Porovnani dvou procedur

plvodni nova pocet odlisné

termin | procedura procedura 0-1 1-0| =zafazenych
1. 6 5 0 1 1
2. 0 0 0 0 0
3. 13 11 1 3 4
4. 7 7 1 1 2
5. 2 2 0 0 0
6. 5 4 0 1 1
7. 7 9 2 0 2
8. 3 3 0 0 0
9. 3 3 0 0 0
10. 7 8 1 0 1
11. 10 12 3 1 4
12. 161 160 1 2 3
soucet 224 224 9 9 18
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ASYMPTOTICKE TESTY HYPOTEZ V MODELECH
S RUSIVYMI PARAMETRY

MICHAL KULICH

ABSTRAKT. We discuss likelihood ratio, Wald and Rao test statistics for testing
several parameters in a finite-dimensional model with nuisance parameters. A
proof of their asymptotic x2 distribution is presented. Three examples on the
use of the Rao score statistic are included.

Pesiome: ETa crars 3aHMMaeT Csi KpUTEPUEM OTHOIIEHMUS TIPAaB 0o n00us,
kputepuem Basna n kpurepuem Pao mis mpoBepKu HECKOJbKA IapaMeT-
POB B KOHEUHOMEPHBIU MOJAEJSY C MENIAIOCUMMU rMapamerpaMu. [Tokasbi-
Baelsd JOKA3aTeJLCTBO WU IMpeAesbHOro X2 pacmpenestenus. Ilpuvenenve
HAKOIJIEHHO] CTATUCTUKU Pao MIIIIOCTPUPOBAHO TPEMs IPUMEPAMMU.

1. Uvop

Uvazujme pozorovani X7i,...,X,, kde X; jsou méfitelnd zobrazeni (Q, A) —
(X, B). Pro jednoduchost zde budeme predpokladat, Ze pozorovani jsou nezavisla a
stejné rozdélena, ale tento predpoklad neni obecné nutny. Necht je ddna mnozina
pravdépodobnostnich mér P = {Pg; 0 € O} na (12, A) a necht rozdéleni kazdého
X; jest Py = Pp, pro néjaké 6y € ©. Mnozinu P budeme nazyvat model a budeme
vyzadovat, aby pro libovolné parametry 8,0’ € © takové, 7e 8 # @', platilo Py # Py.
V tomto ¢lanku se omezime na © C R?, takze 0 je vektor o d slozkach.

Zname-li skuteény parametr 8y nebo umime-li jej dobfe odhadnout, vime vse o
rozdéleni kazdého X;. V fadé praktickych piipadu nés vSak nezajima celé rozdéleni
kazdého pozorovani, ale jen néjaky jeho aspekt. Predstavme si tedy, ze kazdy para-
metr @ € © muzeme rozdélit na dvé ¢asti, 81 o m slozkach a 85 o d — m slozkach,
takze 7 = (0],0,). Parametr 8; necht obsahuje vie, co nis zajima o rozdéleni
X1,...,Xn (pocet jeho slozek m je obvykle maly), a parametr 2 necht zahrnuje
zbytek. Nazyvejme 61 cilovy parametr a O rusivy parametr. Stejnym zpusobem
rozdé€lime skuteény parametr Oy na 0y a 8p2. Chceme testovat hypotézu, ze cilovy
parametr Bgy; je roven néjaké hypotetické hodnoté Oy;. Vzhledem k modelu, s nimz
pracujeme, se vlastné jedna o test slozené hypotézy

H:00 €0}, kde O} ={0€c©:;0, =0}

proti alternativé H : 6y & Of;.

Tento prehledovy c¢lanek pojednava o testech takovychto slozenych hypotéz a
podava souhrn teoretickych vysledku, na nichz jsou zaloZeny. V kapitole 2 kratce
shrneme teorii maximalné vérohodnych odhadu parametru 8 a zavedeme znaceni. V
kapitole 3 definujeme testové statistiky pro testovani hypotézy Hj a odvodime jejich

2000 Mathematics Subject Classification. Primary 62F03.

Klicovd slova. Test Raovy, Waldovy a vérohodnostnim pomérem, rusivé parametry.

Tento ¢lanek vznikl za podpory vyzkumného zaméru MSM 113200008 ,,Matematické metody
ve stochastice“.
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asymptotické rozdéleni. Kapitola 4 bude vénovana prikladum a kapitola 5 zobecni
predchozi vyklad na jiné nez maximalné vérohodné odhady.

2. ODHADY METODOU MAXIMALN{ VEROHODNOSTI

Vzhledem k formulaci problému, jak jsme ji popsali v pfedchozi kapitole, se jako
vhodny nastroj k feSeni jevi teorie maximalné vérohodnych odhadi. Proto si zde
zavedeme vhodné znaceni a kratce shrneme jeji zdkladni vysledky, které budeme
potfebovat. Budeme odhadovat cely parametr @ na zakladé pozorovani Xi,..., X,
za predpokladu, Ze plati model P.

Necht p(z;0) je hustota rozdéleni Py vzhledem k néjaké o-koneéné mite p. Defi-
nujme

Ln(6) =[] p(x:6), 6€o,
1=1

(,(0) =InL,(0) = ilnp(Xi; 0).

Funkci L,, nazyvame vérohodnostni funkce.

Definice. Vektor gn € O se nazyva maximalné vérohodny odhad parametru 6 v

-~

modelu P, pravé kdyz L,(0,) > L,(0) V6 c ©.

Nyni pfedpokladejme, ze p(x;0) je dostatecné hladka funkce @ v n&jakém okoli
0o, a definujme nésledujici vektory a matice (odborné terminy pro tyto objekty,
existuji-li, jsou uvedeny v zavorkach).

Znaceni.
61 Xi; 0 , /
Uue|Xx,;) = % (skérové funkee),
Un(0) =) U6 | X)) (skérova statistika),
i=1
9% Inp(Xi; 6)
10| Xi) = ————=—,
0000
1,(0) = Z 100 | X;) (vybérova informaéni matice),
i=1
1(6) =Eg I(0 | X;) (Fisherova informad¢ni matice).

O Fisherové informacni matici pfedpokladame, ze existuje a je positivné defi-
nitni v okoli 8. Puvodni definice maximélné vérohodného odhadu je z praktického
hlediska ponékud nesikovna a proto budeme nadéale pracovat s upravenou definici.

Definice. Vektor gn € O se nazyva maximalné vérohodny odhad parametru 6 v
modelu P, pravé kdyZ fesi vérohodnostni rovnici U, (gn) =0.

Pro platnost asymptotickych vysledkl teorie maximalni vérohodnosti potfebu-
jeme mit splnény podminky regularity, které zarucuji dostatecnou hladkost a ,ro-
zumné“ chovani vérohodnostni funkce v okoli 8g. Moznou formulaci téchto podminek
lze nalézt napfiklad v knize Lehmann (1983, kap. 6.4). At uz jsou vSak tyto pod-

minky formulovany jakkoli, vzdy zarucuji, ze plati
EQOU(H() |Xl):0 a
varg, U(OO | X,L) = H(eo) > 0.
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Za platnosti podminek regularity lze dokazat vétu o existenci a konsistenci ma-
ximalné vérohodného odhadu (viz Lehmann, 1983, véta 6.4.1) a také nasledujici
tvrzeni.

Tvrzeni. Necht jsou splnény podminky regularity a necht 0, L 6,. Pak

(i) %Unwo) % N,(0,1(65)).

. ~ 1T d _
(i) vn(0, —6o) = ﬁﬂ L(00)Un(00) + 0p(1) = Ng(0,171(8y)). (1)
Uvazujme nyni jednoduchou hypotézu Hy : 8¢ = Oy pro néjaké 8y € ©. Zavedme
nejprve tii testové statistiky pro testovani Hy proti oboustranné alternative.
Definice.
(i) Statistika
L (6n)
Ln(eH)
se nazyva vérohodnostni pomér (Neyman a Pearson, 1928).
(ii) Statistika

An =

Wn = n(/én - HH)Ti(an)(an - HH)
se nazyva Waldova statistika (Wald, 1943).
(iii) Statistika
1
R, = EUn(eH)Tﬁfl(aH)Un(oH)
se nazyva Raova (skdérova) statistika (Rao, 1947).

Matice ﬁ, jez se vyskytuje v definici Raovy a Waldovy statistiky, predstavuje
bud primo Fisherovu informac¢ni matici I anebo jeji jakykoliv konsistentni odhad,
napiiklad n=11,.

P¥iblizné kritické hodnoty pro vSechny ti statistiky lze ziskat z kvantild x? roz-
déleni o d stupnich volnosti, nebot za platnosti Hy mame

2In A\, ;
Wn 25 X3
R,
U W,, a R, tento vysledek plyne rovnou z ptredchoziho tvrzeni, u 2In A, je tfeba
vhodnym zplsobem rozvinout logaritmus vérohodnosti v Taylorovu fadu.

3. TESTY S RUSIVYMI PARAMETRY

Nyni se vratme k problému testovani slozené hypotézy. Rozdélili jsme kazdy pa-
rametr na dvé &asti @' = (6], 6, ), kde prvni st ma m slozek. Podobné rozdélime
~T N
skute¢ny parametr 6] = (0], 0(,), maximalné vérohodny odhad 8, = (6,,,,6,,),
skore a informac¢ni matici

w0 = (i) ) 0= (506 o )

Zde Ty; je matice typu m x m, I;2 je matice typu m x (d —m) atd.

Chceme testovat hypotézu Hf, : 0y € O}, kde ©F; = {0 € 0;0; = 01 }. Tato
hypotéza se ¢asto nepfesné zapisuje jako Hf : @p1 = O, coz svadi k nésledujicimu
naivnimu pfistupu, ktery ignoruje ptfitomnost rusivych parametra. JelikoZ nezname
092, odhadneme jej maximalné vérohodnym odhadem §2n, jenz jest konsistentni.
Motivovani timto faktem nadale pfedstirame, ze 6g2 je presné rovno 05, a fakticky
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pfejdeme k m-rozmérnému submodelu P* = {Py;0 € 0,002 = Egn} Toto ovsem
neni korektni pristup, nebot 6271 je nahodné veli¢ina. Déle pouzivame teorii ma-
ximalni vérohodnosti, jak byla popsina vysSe, aplikovanou na submodel P*, tj. se
skérovou statistikou Uy, a informacni matici I;;. Oznac¢ime-li hodnotu parametru
za hypotézy v submodelu P* jako

0
i (o))

o~

Ln(an)
Ln(01)’

dostaneme testové statistiky

Ap =

Wy, = ’fl(gm - 9H1)Ti11(§n)(§1n — 6m1),

R =~ U (03T (05U (65)

Bohuzel, tyto statistiky za platnosti hypotézy obecné nemaji ofekévané x2, roz-
déleni. Testy s pozadovanou hladinou takto dostaneme jen v nékterych special-
nich ptipadech. Naptiklad je-li hustota pozorovani normalni, testovany parametr
je stfedni hodnota a rusivy parametr je rozptyl, pak limitni rozdéleni testovych sta-
tistik vskutku nezavisi na tom, zda rozptyl je znam ¢i nikoli. Tento fakt je vSeobecné
znam jiz z tvodnich statistickych prednéasek, coz v praxi muZe svadét k slepému
pouzivani naivniho pristupu i tam, kde neni opravnény.

Jak tedy dostaneme spravné testové statistiky v pfitomnosti rusivych parametru?
Piedpokladejme, ze hypotéza Hj plati a zkoumejme submodel Py = {Pp;0 €
0,607 = 0111 }. Toto je na rozdil od P* opravdu submodel modelu P, a to (d — m)-
rozmérny. Oznacme 6n maximalné vérohodny odhad parametru 6y v submodelu

Py. Plati
~ [ 6m S Om \
0, = ( 5% ) ,  kde 05, tesi Uy, ( . ) =0.

Odtud Ugn(én) =0, ale Uln(E,L) # 0. Plati-li submodel Py, tj. hypotéza Hj, dosta-
neme aplikaci tvrzeni z pfedchozi kapitoly
1

n

~ 0 0
Vi(On = 60) = ( LI (60)Uan (60) + 0p(1) ) - ( N (0,13 (60)) ) - )

Asymptoticky rozptyl v/n(02, — 802) v submodelu Py je tedy Iy, (8). Co je viak
asymptoticky rozptyl v/n(02, —0g2) v modelu P? PouZijme nésledujici lemma, které
se snadno dokaze roznasobenim matic.

Uan(6o) < Nag—m(0,122(60)),

Iy Iao

1 Hll 1[12
I~ :<H21 122 )a

Lemma. Nechtl = ( Lo e ) je reqularni blokovd matice a blok 111 je ctvercovy.

Potom
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kde
' =171, % = 17105 T2 = I1g — Tyl oy,

I =1, 12t = —1,} Iag I, Too.1 = log — gy 137 Tya.

TakZe asymptoticky rozptyl ﬁ(@gn —002) je (Ixg 711211[17111[12)’1 > ]I;;. Odecteny
soucin tfi matic je dan za neznalost parametru 6y; v modelu P. Tuto tvahu muzeme
obratit a vidime, Ze asymptoticky rozptyl \/ﬁ(éln — 001) za neznalosti rusivého
parametru Og2 je (I;1 — ]1121127211121)*1, zatimco kdybychom rusivy parametr znali
presné, rozptyl by byl I;;'. Pokud matice I;5 neni nulova, tyto rozptyly nejsou stejné
a naivni pristup proto selhava.

Nyni muzeme definovat testové statistiky pro testovani hypotézy Hp:

(i) Vérohodnostni pomér

)\;; _ L7L(€7z)’
L(0)

(ii) Waldova statistika
wWr = n(aln — 0H1)Tﬁ11.2(§n)(51n — 0m1),

(iii) Raova (skdérova) statistika
1~ ~ o 1 ey ~
R}, = ~Un(82)'T 1 (0)Un (1) = ~ Urn(6) T11'5(82) U1 (B).

Waldova statistika pro test Hy : 6p1 = 0 p¥i m = 1 je vlastné druhou mocninou
podilu odhadu parametru a jeho odhadnuté smérodatné odchylky. Vzhledem k tomu,
ze tyto podily tisknou takika vSechny statistické programy, je Waldova statistika v
praxi nejpouzivanéjsi.

Nyni definované statistiky jiz maji o¢ekavané limitni rozdéleni:

Véta. Jsou-li splnény podminky regularity, pak za platnosti Hj

(i) 2ln\;
T VAR
(i) R}

Tvrzeni (ii) je trividlni, ale dukaz (i) a (iii) neni jednoduché ve statistické literatuie
najit. Tvrzeni (i) je dokdzano naptiklad v knihdch Rao (1978, oddil 6e.3) a Serfling
(1980, oddil 4.4.4). Serflingiv dukaz vSak obsahuje chybu. Proto zde tvrzeni (i) a (iii)
dokazeme.

Diikaz. Dokazme nejprve (i). Rozvojem £,,(6,,) v Taylorovu fadu kolem bodu 8,
dostaneme

~ ~ ~ ~

0 (B0) = £0(02) + Un(0)T (B = 8,) + 5 (00 — 8)T [ 11(03)] (B — Br).

kde @F lezi na pfimce mezi 6, a 6,.. Za platnosti Hg tedy n—'1,(0%) % 1(6y).

~

Jelikoz U,,(0.,,) = 0, plati
210\ = 2[6,(8,) — £a(0,)] = V(0 — 0,)T1(80) /(8 — 0,) + 0p(1).
7 aproximaci pro v/n(8,, — 00) a v/n(8, — 6,) uvedenych v (1) a (2) ihned plyne, Ze

V(B — 8,) = [1}(60) — B(6o)) %Unwo) T op(D),
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kde
B(6o) = ( : ]1;;?00) )

je matice d x d. Limitni rozdéleni 2In A} je tudiz totozné s rozdélenim nahodné
veli¢iny ZTAZ, kde Z ~ N4(0,T) a

A=T'-B)II'-B)=I"-B.

Argument 6 jsme u matic B a I pro zjednoduseni ptestali psat. Jezto AT je idempo-
tentni matice, ZTAZ ~ xfr(M). Zbyva ur¢it tr(AT) = r(AT) = r(TAT). Ale snadno

se overi, ze
(T2 O
IAT = ( 0 0 ) .

TakZe hledany pocet stupiia volnosti je r(IAT) = m.
Nyni pfistupme k ditkazu (iii). Za platnosti Hi mame 1-1(8,,) 2 1-1(8,). Vime,
7e Us,(0,,) = 0 a Taylorovym rozvojem dostaneme

1 ! LOUL(0L) 7
\/ﬁ - \/ﬁUln(GO) + n 801— \/7_7'(071 00)7

kde 67 2 6y a n’laUla"TfTeZ) 2 —(111(00),T12(80)). Z aproximace (2) pro v/n(8,,—6)
plyne

Uln(én)

1 ~ 1 1
rm (@) =8 NG

Jelikoz n=1/2U,(8,) 4, N4(0,1(8y)), limitni rozdéleni ﬁUln(én) je m-rozmérné
normaélni s nulovou stfedni hodnotou. Snadno se spocte, ze asymptoticky rozptyl je
roven ;1 2(6o).

Oznaéime-li Z libovolny nahodny vektor s rozdélenim N, (0,111.2(6)), hned vi-
dime, ze limitni rozdéleni R} je totozné s rozdélenim nahodné veli¢iny

Uin(80) + T12(00)155 (80) —=U24(60) + 0p(1).

(Z)'174(80) (%) = Z'1'(60)Z = Z"11}',(60)Z
a Z'115(00)Z ~ X2, O

Vsechny t1i testové statistiky tedy maji za hypotézy stejné limitni rozdéleni. Jsou
vSak mezi nimi jiné rozdily. Za prvé, k vypoctu Raovy skérové statistiky staci od-
hadnout parametr jen za platnosti hypotézy, tedy v ¢asto mnohem jednodussim
submodelu Py. Pro Waldovu statistiku potiebujeme odhad v obecném modelu P
a pro vérohodnostni pomér odhady oba. Tyto dvé statistiky jsou tedy vypocetné
limitnimu rozdéleni mnohem pomaleji nez skérova statistika nebo pomér vérohod-
nosti a proto pfi béznych rozsazich vybéru testy zalozené na Waldové statistice casto
nedodrzuji pozadovanou hladinu. Toto tvrzeni vychazi z praktickych zkusenosti od-
borniki, ktefi tyto testy pouzivaji, je vSak obtiZzné najit pro né teoretické zduvodnéni
ve statistické literatufe.

4. PRIKLADY

V této kapitole uvedeme nékolik prikladu testovych statistik, které lze odvodit
jako Raovy skérové statistiky v modelech s rusivymi parametry.
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Piiklad 1. Znaménkovy test. Andél (1999) ukazuje odvozeni testové statis-
tiky pro znaménkovy test doplnény testem na potadi, kterou publikovali Rayner
a Best (1997). Mdme dvé oSetfeni A a B. Prvni skupina n;. osob vyzkousi nejprve A
a pak B a zaznamena, kterému oSetfeni dava prednost. Druha skupina sloZena z
jinych no. osob testuje oSetfeni v opacném poradi a také zaznamena své preference.
Chceme rozhodnout, zda je mezi obéma oSetfenimi né&jaky rozdil. Andél (1999) pred-
pokladal, Ze ny. = na., ale my tuto podminku klast nebudeme.

Oznac¢me N1 pocet lidi z k-té skupiny, ktefi preferovali oSetfeni A a Nyo pocet
lidi z k-té skupiny, kteii preferovali B. Necht dale Ni; + No; = N, j = 1,2 a
ni1. + ng. = n. Situaci muzeme popsat néasledujicim modelem: Mame dva nezavislé
binomické vybéry, Ni; ~ Bi(ni.,p1) a Noy ~ Bi(na.,p2). Parametr py vyjadiuje
pravdépodobnost, Ze ¢lovék z k-té skupiny preferuje osetfeni A. Chceme testovat
hypotézy Ho : (p1 + p2)/2 = 1/2 a Hy : p1 = p2. Hypotéza Hy znamend, 7e nenf
rozdil mezi oSetfenimi a hypotéza Hj, znamena, Ze nezdlezi na potadi, v jakém byla
osetieni testovana. Vzhledem k témto hypotézam zavedeme nové parametry ¢ a &
tak, ze p1 = 1/24+ &+ ¢ apy =1/2+ £ — ¢. Hypotézy ted muzeme psat Hy : £ =0
aHy:¢=0.

Sestavme nyni skérovy test hypotézy Hp : € = 0. Mame parametr 8 = (£,¢)7 a
parametricky prostor © = {(£,¢)T € (=1/2,1/2)? : [€ + ¢| < 1/2,]¢ — ¢| < 1/2}.
Cilovy parametr je £, jeho dimense je m = 1 a ruSivy parametr je ¢.

Logaritmus vérohodnosti je, az na konstantu,

n(0) =

ann(%+§+¢)+N12ln(%—§—¢)+N211n(%+€—¢)+N221n(% —£+9).

Derivovanim podle £ a podle ¢ spocitame skére

N N N. N-
Ur(6) = - un_ i 12 : 21 i 2
s5té+o 5-E—¢ S5+E—9¢ S-E+0

Usn(0) = Nu N2 Noy Noo

— — + .
3té+e 3-6-¢ 3+E-0 F-E+¢

Odhadem Fisherovy informac¢ni matice je vybérova informace délend n:

R R dns. ans.
111(0) = 122(0) = 1— LIZ(ZT¢)2 + 1— il(z/_n¢)2,
any./n 4ny./n

I15(0) = 11 (0) =

1—4(E+0)  1-4(6-9)*

Nyni potiebujeme odhad (E ruSivého parametru ¢ za platnosti Hy : £ = 0. Vime,
7e ¢ fesi Uz, (0,0) = 0, coz dava ¢ = (N11 + Nag — N1z — Na1)/(2n). Zbyva spocitat
U1n(0,¢) a I11.2(0, ¢). Po tpravé dostaneme

~ Ni1 — Nag  Noj — N12>
Ui, (0,0) =n
1n(0.9) <N11 + Naa  Najy + Nia

~ ~ 4n1.n2./n

112.2(0,9) (N11 + No2)(Nig 4 Nop)’
Vsimnéme si, ze je-li n1. = no., pak za platnosti hypotézy I12 = I3 = 0. V takovém
piipadé I11.2(0, 5) = 111(0, 5) a tudiz zde nezalezi na tom, zda ruSivy parametr ¢ je
znam ¢i nikoli.
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Raova skérova statistika po upraveé vyjde

R* = UP.(0,9) _ <i i) (N11N21 — N12Nao)?
" 71]/‘\11,2(0,5) ni. n2. (Nll +N22)(N12 +N21)'

Jeji limitni rozdélent je x? a v piipadé ni. = na. je totozn4 se statistikou, kterou uvadi
Andél (1999). Stejnym zpusobem se odvodi statistika pro test hypotézy Hj, : ¢ = 0.

Priiklad 2. Test exponenciality proti weibullovské alternativé. Necht jsou
déna nezavisla a stejné rozdélend pozorovani Xy, ..., X,,. Chtéli bychom védét, zda
maji exponencialni rozdéleni, a jako alternativu budeme uvazZovat rozdéleni Wei-
bullovo. Kazdé X; tedy ma hustotu

p(z;0, 8) = s (g)ﬁile}{p {— (g)ﬁ] ., >0, aB8>0.

(%

Parametr je @ = (o, )7 a parametricky prostor © = (R+)2.
Chceme testovat hypotézu Hy : § = 1, nebot za jeji platnosti maji X; rozdéleni
Exp(1/«) se stfedni hodnotou a. To je rusivy parametr. Skérovy vektor ma slozky

mo =35 e () - (2) m(2))

Fisherova informa¢ni matice ma po upraveé tvar

82 -1
1) = 2 :
( 2k [F -9
kde v = 0.5772 je Eulerova konstanta.

Za platnosti Hp : 3 = 1 snadno odhadneme « jako & = X,, = n~!1 3" X;. Dale
spocitame

_ n 1 n
Us(@,1) =n+ ZlnXi -5 ZXZ- In X;
" i=1

i=1

2 o]

Ipi(a,1) = [E +(1—7)?
Takze skoérovéa statistika ma tvar

" onlypi(a, 1) w2

2
1 — 1 «
1+E;1HXF X ;XilnXi

a jeji limitni rozdéleni je x?. V tomto piikladé mizeme jen ocenit, 7e jsme nemuseli
pocitat odhady parametri obecného Weibullova rozdéleni.

TABULKA 1. Délky telefonnich hovoru prof. X (min:sec)

0:18 3:42  0:48 0:48 0:54 0:18 1:48 3:24 1:42
0:12 0:36 1:12 2:00 0:42 4:06 3:42 2:00 0:30
2:54  3:42 12:06 0:36 2:12 3:36 1:06 2:30
2:12 2:54  2:18 0:06 1:54 1:24 1:12 3:24
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V tabulce 1 jsou uvedeny délky vychozich telefonnich hovort nejmenovaného za-
méstnance KPMS za jeden mésic (n = 34). Pfesvéd¢éme se s pomoci nasi skérové
statistiky, zda tato data neodporuji obecnému presvédceni o exponencidlnim rozdé-
leni doby telefonniho hovoru. Snadno spocitame, Ze v tomto pripadé R} = 1,158, coz
je mnohem mensi nez 3,842, 95% kvantil x7 rozdéleni. Nemizeme tedy zamitnout

exponencialitu ve prospéch Weibullova rozdéleni.

Priklad 3. Test exponenciality proti gama alternativé. Opét mame nezavisla
a stejné rozdélend pozorovani X1, ..., X, a chceme testovat, zda maji exponencialni
rozd€leni. Za alternativu tentokrat vezmeme gama rozdéleni. Hustota X; ma tedy
tvar

—ax

f(x;a,p):@xp’le , >0, a,p>0.

Parametr je @ = (a,p)" a parametricky prostor © = (R+)2.
Chceme testovat hypotézu Hy : p = 1. Za platnosti Hy maji X; rozdéleni Exp(a)
se stfedni hodnotou 1/a. Rusivy parametr je a. Skérovy vektor ma slozky

£ _1
H(e) = < “ 7/}”&7) ) s
kde ¢ (p) = a? IHE(P) — F”((P) _ [F/(P)}%

dp T'(p) T'(p) ~
Za platnosti Hp : p = 1 odhadneme a jakoa = 1/X,,. JelikozI'(1) = 1, T7(1) = —y
aT”(1) = 72/6 + 2, snadno zjistime, Ze

B 1 n X'L
sar-n (14150 )

i=1

alypi(a,l) = 7> _ 1. Raova skérova statistika mé tvar

6
2
U2 (a,1) 671 1 & _
R =2’ — = ' nX;,—-InX,
" n[gzl(a, 1) 7T2 —6 ")/+ n; n n

a jeji limitni rozdéleni je opét x3.

Spocitame-li tuto statistiku z dat uvedenych v tabulce 1, dostaneme 1,509. I to
je hluboko pod kritickou hodnotou a exponencialitu tedy nemtzeme zamitnout ani
ve prospéch gama rozdéleni.

5. ZOBECNEN{

Maximéalné vérohodny odhad samoziejmé neni jedinad moznost, jak odhadnout pa-
rametry modelu P. Casto se pouzivaji i jiné odhady, zaloZené na kvazivérohodnosti
nebo obecnéji na néjaké rovnici odhadu U(@n) =0,kde U(@) = > 1", (0 | X;)
jiz neni skére odvozené z néjaké vérohodnostni funkce, ale obecnd funkce parametru
a pozorovani. Budeme ji nazyvat pseudoskére. Do této tfidy odhadu spadaji na-
pfiklad mnohé M-odhady, parcidlné vérohodny odhad zavedeny Coxem (1972) pro
model proporcionélniho risika, Wedderburniv (1974) kvazivérohodnostni odhad pro
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zobecnéné linearni modely, zobecnéné rovnice odhadu (GEE) Lianga a Zegera (1986)
pro korelovand data, pseudovérohodnostni odhad Breslowa a Claytona (1993) pro
zobecnéné lineiirni modely s ndhodnymi efekty a fada dalSich dulezitych odhadu.

Aby feseni 8,, rovnice U (/én) = 0 meélo nadéji byt konsistentnim odhadem, musi
platit Eg, ¥(0¢) = 0. Na rozdil od maximalné vérohodného odhadu v8ak nyni obecné

varg, 1(6o) # — Eg, %ﬂo).
00

Oznac¢me tedy levou stranu této nerovnosti (rozptyl pseudoskdre) ¥ a pravou stranu
(minus derivace pseudoskére) D. Obé matice typu d x d rozdélime na ¢tyfi bloky
odpovidajici cilovym a rusivym parametrum. Budeme predpokladat, ze odhad En je
slabé konsistentni a ze n~/2U () je asymptoticky normalni s nulovou st¥edni hod-
notou a rozptylovou matici X. Z toho jiz plyne, ze \/ﬁ(énfeo) 4, Ng(0,D~1ED~1T).

Jak je to s testovanim slozené hypotézy Hp : 6p1 = Ow1 v tomto pripadé? Je
ziejmé, Ze test pomérem vérohodnosti neni mozné zavést zcela obecné. Walduv test
je zato diky asymptotické normalité 8,, snadno aplikovatelny. Raovu skérovou sta-
tistiku je nutné upravit:

1 ~ ~
R, = EUl(Gn)TV_lUl(Gn),

kde 5n je odhad parametru za hypotézy,

1,
—1 m
V= ( I 7]])12]])22 )E< *D2721D12 )

a I,, zde pfedstavuje jednotkovou matici typu m x m. Stejny postup, jakym jsme
odvodili limitni rozdéleni Raovy statistiky v pfedchozi kapitole, nam ukaze, ze i tato
statistika m4 asymptoticky rozdéleni x2,.
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KONFIDENCNI A PRAHOVE ELIPSOIDY
V DEFORMACNICH MERENICH

PAVLA KUNDEROVA

ABSTRAKT. Confidence and joint confidence ellipsoids, threshold and joint thre-
shold ellipsoids within a regular multiepoch linear regression model with nui-
sance parameters are derived.

Pesrome. B cTaThe BBEIEHBI MOBEPUTEIBLHBIE U COBMECTHBIE JOBEPUTEILHBIE
€JLJINTICONbI, TIOPOrOBbIE M COBMECTHBIE MMOPOrOBBIE EJIJUNCOUILI B JIV-
HEApHOU PErpeCcCUOHHON MO C MENIAIONNMU TapaMeTPaMU.

1. UvoD, OZNACEN]

Oveéfeni stability velkych inzengrskych staveb (mosti, pfehrad a pod.) resp. sledo-
vani jejich pfipadnych deformaci v ¢ase se provadi méfenim boda urcité geodetické
sité, kterd se opakuji ve vhodné zvolenych ¢asovych okamzicich-epochéach (viz [1],
kap. 9).

Pribéh deformaci je modelovan pomoci multiepochového linearniho regresniho
modelu. Existuji dva zakladni typy multiepochovych modeli (viz [1], str. 366):
a) Modely s pevnymi a proménnymi parametry:
opakovana méreni, kterad slouzi k popisu priubéhu deformaci urcéitého objektu se re-
alizuji na geodetické siti, kterd je specielné navrzena k tomuto ucelu. Sklada se ze
skupiny podptirnych bodt, jejichz polohu poklddame za stabilni (tento pfedpoklad
se ovéfuje v pritbéhu méfeni) a ze skupiny pohyblivych (nestabilnich) bodt, jejichz
pozice vzhledem k pevnym bodtm jsou méreny. Soufadnice pevnych bodi jsou apri-
ori nezndmé. Po méfeni v kazdé epose se urcuji (odhaduji) jak soufadnice stabilnich
bodu tak soufadnice nestabilnich bodi. Zjisténé souradnice pevnych bodu slouzi
k ovéreni hypotézy o jejich stabilité.
b) Modely pouze s proménnymi parametry:
sleduji se soutadnice nestabilnich (pohyblivych bodt) vzhledem ke geodetické siti
pevnych bodt, jejichZ soutfadnice jsou v tomto modelu pokladany apriori za znamé.

Uvazujme model prvniho typu. Pfedpokladejme, ze se deformac¢ni méfeni prova-
déji v m epochéach, kdy sledujeme celkem k& stabilnich bodu a [ nestabilnich (pohyb-
livych) bodi. Body uvazované geodetické sité jsou charakterizovany soufadnicemi,
které mohou byt z R* k =1,2,3,....

V tomto ¢lanku budeme piedpokladat, Ze soufadnice sledovanych bod jsou z R?,
tj. méfeni v j-té epoSe (j = 1, ..., m) charakterizuje 2k-rozmérny vektor 3y tzv. rusi-
vych parametri (soufadnice pevnych bodd) a 2{-rozmérny vektor 3 ; tzv. uziteénych
parametrii (soufadnice pohyblivych bodt).

2000 Mathematics Subject Classification. Primary 62J05; Secondary 62P30.
Kli¢ovd slova. Linearni regresni model, geodetické sité, konfiden¢ni a prahové elipsoidy.
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P1i hodnoceni stability resp. nestability objektu v ¢ase jsou velmi uzite¢né kon-

fidencni elipsoidy. Prahové elipsoidy umoznuji ocenit spolehlivost tvrzeni: “poloha

stejnych bodt se ve dvou riznych epochdch méfeni nezmeénila” (viz [2], str. 157).
Budeme uzivat nazev elipsoid i kdyz v nékterych pfipadech jde o intervaly nebo

o elipsy.

V dalsim textu budeme uzivat nasledujici oznaceni

R” prostor vSech n-rozmérnych redlnych vektori;
Uy, Amon realny sloupcovy p-rozmeérny vektor, redlna m x n matice;
A" R(A), transpozice matice, prostor generovany sloupci matice A;
N(A),r(A), nulovy prostor a hodnost matice A;
A®B Kroneckertv (tensorovy) souéin matic A,B;
A~ pseudoinverzni matice k matici A (spliujici AA™A = A);
AT Moore-Penroseova pseudoinverzni matice k matici A
( splimjici AATA = A,ATAAT = AT (AAT) = AAT,
(ATA) = A*A);
Pa ortogonalni projektor na R(A);
My=1-Py ortogonalni projektor na R*(A) = N (A');
I k x k jednotkova matice;
1p =(1,...,1) € RF,
Om,n m X n nulova matice;
x2(0) centralni y2-rozdéleni o r stupnich volnosti;
2(6) necentraln{ x2-rozdéleni o r stupnich volnosti
s parametrem necentrality §;
x2(0,1 — ) (1 — a)-kvantil pfislusného rozdéleni.

2. MULTIEPOCHOVY LINEARNI REGRESNI MODEL

Uvazujme nésledujici model méfeni provadéného v m epochach

Yy X1, Xz, 0, 0 <

1) Yo = Y.2 [ X 0, Xo, oo 0 52.,1 e
Y, X1, 0, 0, X Bam

kde

Y™ = (Y),...,Y.) je mn-rozmérny vektor pozorovani,

var(Y(m)) =20 =1, ®%, kde ¥ je znama, pozitivné definitni matice,
Y, je n-rozmérny vektor hodnot naméfenych v j-té epose, j=1,...,m,
n x 2k matice X; je matice planu p¥islusné vektoru rusivych parametra 31 € R2*,
n x 2] matice X5 je matice planu odpovidajici vektoru uzite¢nych parametrt

Ba,; € R%, j=1...,m.

Model (1) 1ze zapsat ve tvaru

vm) — (Xgm)7xgm)) ( 212 ) +€(7n)’

kde

X" =1,0X;, Xy =

m®X2;
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P21
B2,2
52 = .

, soufadnice pohyblivych boda ve vSsech epochéch.

ﬂ?,m
Véta  Necht jsou v modelu (1) méreni po m-té epose splnény tyto predpoklady:
r(X1) =2k <n, r(X2) =2l <n, r(X1,X2) = 2k + 21. Potom pro globdlné nejlepsi
linedrni nestranné odhady (BLUE) parametri 81 a By, B2, j=1,...,m, plati

m

(2) B = [mX} (Mx, XMy, )" X;] 71 X] (Mx, 5Mx, ) F (O Y0),
=1

(3) var[By] = [mX}(Mx, XM, ) Xq] 7Y,

(4) By = {[Ln ® (X557 1Xp) T 1X,2 Y]

L1, ® (X557 X) T IXEE X [mX) (Mx, My, ) X1 ] 71X (Mx, SMx, ) T} YO,

(5) V= UGT[B\Q] = [Im b2y (XIZZ_IXQ)_l]
+1, 1) (XL 71X,) TIXE N TIX X (Mx, EMx, ) T X | 7 X ST X (X8 1X,) 7,

(6) oy = (XpE1Xp) T 1X,T
Y5 = X mX] (M, EMx, ) X0 7 X (M, BMx) D Yl G =1,...,m,
=1
(7) Vi = var[Ba] = (X4T1X,) !

+(XLETIX) TIXEETIX (mX] (Mx, XMy, ) TX 0 X BT X (X2 1X,) L,

j=1....,m,

(®) Vs = cov[fa,r, Ba.s]
= (X527 1Xy) T IXL S TIX X (M, My, ) P X0 71X B (X8 1X,) 7
Vr,s=1,...,m, r#s.
kde
(Mx,XMy,) " =271 = ST (XE871X,) T 1X, St
Dukaz: [5], Theorem 1.

Predpoklad

Dale budeme predpokladat, ze Y™ ~ Ny, {(Xgm), x ™) ( gl ) I @ E} .
2

Potom

—

ﬁ2 ~ NZlm(lg27V)~
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3. KONFIDENCN{ ELIPSOIDY

Nejprve uvedeme obecnou definici konfidenéni oblasti. Méjme linearni regresni
model Y = XB+¢, B €8 C RF, necht By oznacuje tfidu borelovskych mnozin
v prostoru RF.
Definice 1 (viz [4], str. 87)
Necht zobrazeni C(.) : R™ — Bj, m4 nésledujici vlastnost

WBept PslBeC(Y)=1-a, ac(0,1).

Ndhodnd mnozina C(Y) se nazgvd (1 — «)-konfidenéni oblast pro parametr (3.
( V praxi se uzivd vyraz konfidencni oblast pro realizaci C(y) ndhodné mnoziny
C(Y)).

Vratme se k multiepochovému regresnimu modelu (1). Oznaéme

(1)
BZJ'
B2, = ,souradnice [ pohyblivych bodi v j-té epose méfeni,j = 1,...,m.
O]
BZJ'
7 predpokladu vime, zZe
ﬂZ,j ~ NQI(BZ,ja ‘/jj)a ] = ]-7 s, M.
a) Zajimejme se nejprve o soufadnice i-tého pohyblivého bodu v j-té epose.

Zvolme blokovou matici H; = (022,...,I2,...,022), kde i-ty blok
(i=1,...,1), je tvofen jednotkovou matici, ostatni bloky jsou nulové. Potom

05 = Hiflay ~ Na(B5)), HiVy, H)).
Podle Pearsonova lematu [ ~ Ng(O,W) = n/W™n ~ Xf(W)(O)] plati, ze

(B = B3 (Vi HI) MBS = B5) ~ x3(0),
a proto (1 — a)-konfidencni elipsoid pro soutadnice i-tého bodu v j-té epode,
i=1,...,1,j=1,...,m, ma tvar

B = {u € 85 — YV, 1 - ) < 0.1 - o).

b) Uvazujme odhad soufadnic r-tého a s-tého bodu ve stejné (j-té) epose,
r,s=1,...,1, j=1,...,m, tj. ndhodny vektor

37 — )
o | TG Na{ ) ) He Vi Hy )

2,J

kde
022 12 022
H.. — 129 ’ ) ,
e < 02_’2, 12, 0272
je blokova matice o dvou fadcich a [ sloupcich tvorena bloky o rozméru 2x 2, v prvnim
radku je matice Is na r-tém misté, ostatni bloky jsou nulové, ve druhém radku je
matice I3 na s-tém misté, ostatni bloky jsou nulové.

Opét uzitim Pearsonova lematu dostaneme, Ze
I

30 _ ) 30 _ 5r)
g =Py |, vyE )t | P2 T P 2(0),

Ba) = 85 - o5
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a tedy pro (1 — a)-konfidencni elipsoid pro soutadnice r-tého a s-tého bodu v j-té
epose mereni plati

el %
523‘
_ 4, _ 553 / S 1-1 _ g:]) 2 _
R H,.,V..H < 0,1
=4qu € Fu /(:) V' Hs Vi H g 7 [u ’(?) ] < xi1(0, @)
2,j 2,7

c¢) Stabilitu i-tého bodu posoudime pomoci konfidenéniho elipsoidu rozdilu soufad-
nic tohoto bodu v sousednich epochich méfeni, tj. uréime-li tzv.relativni konfidencni
elipsoid.

Uvazujme rozdil odhadi

B8 — B = CVB,,
kde
9) CY) = (02,2,...,022,12,022,...,022,—I5,023,...,022),

je blokova matice s ml bloky o rozméru 2 x 2, ve které je matice I na [i+(j—1){]-tém
misté, matice —I5 na [i + jI]-tém misté, ostatni bloky jsou nulové.
Obdobné jako v bodech a), b) odvodime, Ze
P8 = B)10) € B(BY) — B 10)] =1- o,
kde _ _
B (5 - 0)40) =

&eR%w—wgﬂﬁ%mwww%memﬁ—@%msﬁmrﬂﬁ.

4. SDRUZENE KONFIDENCNI ELIPSOIDY

Méjme opét obecny linearni regresni model Y = X3 +¢, 3 € R¥, necht o € (0,1)
je predem zvolené ¢islo.

Definice 2 (viz [2], str.158)
Néahodné elipsoidy E1_4(8;),i =1,..., k, takové, ze

P[V{ZZ]-a,k} 6i€E17a(ﬂi)]217a7

se nazyvaji (1 — a)-sdruzené konfidencni elipsoidy zaloZené na observacnim vektoru
Y.

a) Odvodime nejprve sdruzené elipsoidy pro soufadnice jednoho (pevné zvole-
ného) bodu ve vSech epochich méfeni. Uvazujme odhady soufadnic i-tého bodu ve
vSech epochach méfeni

—

) i
i

_ (0 _ By

A= P2 B~ e || Lavey
(i) ngn
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kde
02_’2,...,02_’2, 12,0272,...,0272, ............... 0272,...,0272

G — 02,2,...,022, 02,2,022...,022, I2,022,...,022 022,...,022
1 b)

02,2,...,02,2 0272,02,2,...,02,2, ............... 12,0272,...,022

je blokova matice typu m x Im takova, ze v 1. fadku je matice Is v i-tém sloupci,
ve 2. fadku je matice Iy v (I + 4)-tém sloupci, atd., v m-tém fadku je matice Iy
v [(m — 1)l + i]-tém sloupci, ostatni bloky jsou nulové.

Uzitim Pearsonova lematu

(10) P (B —BIYIG VG B — B5) < X2 (0,1 - )| =1 —a.

V dalsich ivahach uzijeme zobecnénou Scheffého vétu.

Zobecnéna Scheffého véta Necht n ~ N,(u,V), kde V je pozitivné definitni
matice. Necht A je tfida vSech ¢ x s matic A takovych, ze r(A) =¢ < s. Potom

Pln—p)V ' —p) <x20,1-a)]=1-a

(1) & PMA€A}:[A(— )] (AVA) A —p) <X2(0,1-a)] =1~ a.
Dukaz: [3], Theorem 2.2
Ozna¢me A; = (02,2,...,022,12,...,022) blokovou matici sloZzenou z m bloka

rozméru 2 X 2 takovou, ze j-ty blok tvori jednotkova matice I, ostatni bloky jsou
nulové, j =1,...,m. Potom

—

B = AB, G =1, m
Podle uvedené zobecnéné Scheffého véty plyne ze vztaht (10), (11), Ze

P{\f{j Sy A — B (A CVGIAL) T A (B — B) < 20,1 — a)}

>1—q, tj.

PLG = 1o} BE) = Y bar G ) — A0) < 0.1~ ) > 1.

Elipsoidy

B a(05) ={u € R (u =) [oar(B5))] ™ (u = 65)} < x3m (0,1 — @)},
tvoti (1 — «)-sdruZené konfidenéni elipsoidy pro soutadnice pevné zvoleného i-tého
bodu (i=1,...,1) ve vech j epochdch (j =1,...,m).

b) Stejnym postupem jako v odstavci a) odvodime sdruzené elipsoidy pro rozdily
soufadnic pevné zvoleného i-tého bodu (i =1,...,1) ve vech sousednich epochich.
Uvazujme blokovou matici
oy

cy

DO = , kde matice Cy) jsou dané vztahem (9).

)
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—_—

B ~ B ) - 83
i i (2) (2)
Y-S ﬂ()iﬂ() 22 M23 i i
D( )/62 = »2 . >3 ~ N2(7n—1) . 7D( )V(D( ))/
O g0 St~ B3
2,m—1 2,m :

UZijeme-li opét Pearsonovo lema a zobecnénou Scheffého vétu pro blokové matice
BJ = (02,23 o 7123 oo 702,2)’

o m — 1 blocich rozméru 2 x 2, ve kterych je jednotkovd matice na j-tém miste,
ostatni bloky jsou nulové, j = 1,...,m — 1, dokdzeme toto tvrzeni:

B5_ (8 - 8),,) =

fu € R [u— (055557, )V (warl B3 =5 ) ™ (8555 s )] S X3 1) (0. 1=},
tvori (1 — a)-sdruzené konfidenéni elipsoidy pro rozdil soutadnic pevné zvoleného
i-tého bodu (i = 1,...,1), ve viech sousednich epochdch mérent [j-té a (j + 1)-ni,
Vj=1,...,m—1].

5. PRAHOVE ELIPSOIDY

(1—a)-konfidenéni elipsoid E (3) pokryva skuteénou hodnotu parametru 5* s prav-
dépodobnosti 1 — a. Je to pojem, ktery pfimo souvisi s presnosti uréeni odhadu
nezndmého parametru.

Pojem prahového elipsoidu souvisi s testovanim hypotéz o parametrech. Vyjad-
feme pro zjednoduseni zapist model (1) ve tvaru
(12) Y™ = X3+ ™ ~ Ny (X8,20M),
kde

X=X, B ( g ) erme

B

Pomocna véta 1
Necht Y™ splituje predpoklady regularity z véty 1. Potom plati
1.
R3 = min {(Y(m) —XB)[E™]L(Y™ —Xg8): 8 e R2k+2lm}

= (Y = XB) S = XB) ~ XD bt (0),
kde R
B= (X’[E(m)]71X)71X/[2(m)]71Y(m)

2. Jsou-li dany matice Hy (ox421m) & vektor hogyopm, takové, ze r(H) = g < 2k+-2Im,
potom

R? = min {(Y(’”) ~XB)[E™]LY™ — X3): B e R2FHAm HB 4 h = o}

= R} + (HB + b)Y [H(X'[2(™)]'X)"'H]~*(HB + h).
Dukaz: [4], diikaz véty IV.1.4.

Necht nulov4 hypotéza o parametru 3 m4 tvar

Hy: HB3+h =0,
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a alternativni hypotéza
H,: H3+h=¢ #0.
Tuto hypotézu testujeme pomoci testovaciho kriteria T(Y(m)) = R} — R%

Pomocna véta 2

T(Y™) = R? - RZ ~ Xg (0), plati-li nulova hypotéza Hy,
T(Y™)=R?-R2 ~ x3 (0), plati-li alternativni hypotéza H,.
Pro parametr necentrality plati
5 = (HB" + by [H(X'[20")]1X) ")} (HB" + b,
kde 8" je skuteénd hodnota parametru (3.
Dukaz: [4], véta IV.1.4.
Sila testu v alternativé H, je rovna
Plzamitnuti Hy|plati H,] = P[xg(é) > xz(O, 1—a).
Je-li § = 0, tj. jestlize Hy plati, potom se sila testu rovna riziku zamitnuti pravdivé
nulové hypotézy
P[zamitnuti Ho[plati Ho] = P[x2(0) > x2(0,1—a)] = o
V dalim textu uréime v parametrickém prostoru hranici takové mnoziny (hranici

tzv. prahové oblasti), na které dosdhne sila testu hodnoty k., kde k, je ¢islo dost
blizké ¢islu 1. Uvnitt prahové oblasti je sila testu mensi nez k.

Definice 3 (viz [2], str. 158)
V modelu (12) nazveme & -prahovym elipsoidem pro parametr 3 oblast

Tr.(B) ={u € R*'"™ . (u — By)T(u—By) <c’},ce R,
kde symetrickd matice T a ¢islo ¢ jsou zvoleny tak, ze T_(3) splituje nasledujici
pozadavky:
a) B, je hodnota parametru 3 uréend nulovou hypotézou
Hoy: B =B,
kterou testujeme proti alternativni hypotéze H, : B # 3 za rizika a,

b) lezi-li skute¢na hodnota 3* parametru 3 na hranici Ty (3), je hodnota sily testu
pro alternativu H, pravé rovna k.

Pozndmka 7 definice je zifejmé, ze jakékoliv vyboleni 3% z elipsoidu T, zjisti

testovaci procedura s pravdépodobnosti nejméné rovnou k.

Uréeni prahového elipsoidu pro parametr 3,
V modelu (1) budeme testovat hypotézu o uzite¢nych parametrech

Ho: By = 53 proti Hy: By # 53

Uzijeme Pomocnou vétu 2, ve které zvolime Hyyp,, (264-2im) = (02im,2k, Totm), h = —39.
Pro testové kriterium

T(Y™) = (B, - B3 [(0,D(X'[=) %) (0,1)]1(B, — 62)

plati
T(Y(m)) ~ X3 (0), je-li Hy spravna,
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nebo
T(Y™) ~ x2,.(6), je-li spravna H,,
kde
0= (85 — B [(0, DX X)H(0,1)]7H(85 — B3).
a kde 3" je skute¢na hodnota (3.

Sila testu je konstantni na mnoziné téch vektori 3,, pro které

(8, — B2)'[(0,)(X/[Z™]71X)71(0,1)]71(B8, — B3) = 6.

Pro zvolenou silu testu (tiroveii spolehlivosti) &, uréime kritickou hodnotu para-
metru necentrality Ot (kq) ze vztahu

(13) P[X%hn((sk”'t(lia)) Z X%hn(O? 1- Oé)] = Ra-

Pozndmka Pri feSeni této rovnice se uziva aproximace nahodné veli¢iny s necentral-
nim x2-rozdélenim ndhodnou veli¢inou, ktera mé centralni y2-rozdéleni.
d(kqa) dostaneme FeSenim rovnice

{%m +25 4

2 —
2im -+ o Vgmar (02201 =@ = e

interpolaci v tabulkdch kvantiléi x2-rozdéleni (viz [4], str.106).
7 predchozich avah plyne

Tvrzeni 1 ko-prahovym elipsoidem pro parametr By v modelu (1) je
(14)

T, (Ba)={u € B2 (u = B3Y[(0, D)X %) 7 (0,1)] " — 3) < By ()}

kde Okrit(Ko) je parametr necentralniho x2-rozdéleni s 2im stupni volnosti uréeny
vztahem (13).

6. SDRUZENE PRAHOVE ELIPSOIDY

Definice 4 (viz [2], str. 159)
V modelu (1) nazveme ko-sdruzenymi prahovymi elipsoidy pro parametry Bég-,
i=1,...,1, j=1,...,m, takové mnoziny
i i), i),0
T, (55)) = {u€ B*: (u—53;") Ti(u— 45)") <}, c € Ry,

i=1,...,0, j=1,...,m, _
ve kterych jsou 2 x 2 rozmérné symetrické matice T; a ¢islo c zvolené tak, ze T\ (ﬁg;)
vyhovuji nasledujicim pozadavkim

a) Béfz.’o, (j=1,...,1, j=1,...,m), jsou hodnoty uréené nulovou hypotézou

Ho =00 & o8 =000 & ke o, = 400

2m — M2m>
kterou testujeme (za rizika «) proti alternativé

i)70.

H, : existuje asponi jedna dvojice indexu i, j takova, ze ﬂélj #+ ﬂ; [

b) lezi-li skute¢na hodnota (. * libovolného subvektoru J6; () vektoru 3, vneé elipsoidu
2,j 2,7 2

Tk, (ﬁg;), nulova hypotéza se zamita s pravdépodobnosti aspon k.
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Tvrzeni 2 _
V modelu (1) jsou sdruZené prahové elipsoidy pro parametry ﬁg;, i=1,...,1,
j=1,...,m, dany vztahy

s i 4,0 O i),0
T3, (05) = {u € B*: (u — B5°) (war(Bg)) M (u — B55°) < Srue(ra)},
kde 0gpit (ko) je definovana vztahem (13).
Toto tvrzeni plyne z vyrazu (14) pro prahovy elipsoid T, (85) a ze vztahu pro

sdruzené elipsoidy pro parametry 6513 (viz odst. 4, bod a)).

Piiklad (zadani formuloval prof. Kubacek,DrSc.)

V ¢&lanku jsme piedpokladali, Ze soufadnice sledovanych bodi jsou z R?, v tomto
prikladu se pro jednoduchost vykladu omezime na pripad jednorozmérny, kdy se
budou méfit vysky sledovanych bodt. V geodetické praxi je totiz pri sledovani plos-
nych soufadnic nutno do méfeni zahrnout i méfeni vzdalenosti a Ghli a to vede ke
slozitym modelim. Metodika zpracovani namérenych dat v jednorozmeérné situaci je
stejnad s metodikou uzivanou ve vicerozmérnych situacich.

Pfedstavme si, Ze na stavenisti velké stavby sledujeme (po provedenych zemnich
upravach) jeden pevny bod a t¥i pohyblivé body ve t¥ech epochach. Pro potieby
simulace zvolime “skutec¢nou” pocatecni vysku pevného bodu 105.032 m, “skutec¢né”
pocatecni vysky pohyblivych bodt: 107.061 m; 106.968 m; 107.210 m.

Pfedpoklddejme, Ze pokles podlozi 1ze modelovat funkci

(15) §) = B = 0.5(1— e M), 4, >0, i =1,2,3,

16 =05 —0.5(1—e %), 4 >0, i=1,2,3,
2,3 2,2

tj. Cas méfime ve dnech, prvni méfeni probéhne v ¢ase 0, druhé méfeni za 14 dnu a
posledni méreni za dalsich 14 dnt.

Predpokladejme, Zze 1 = 3, tj. Ze chovani podlozi je v téchto dvou bodech stejné,
odlisné je ve druhém bodé. Se stavbou na upraveném terénu se mize zacit v dobé,
kdy je pokles podlozi jiz zanedbatelny, napf. bude-li pokles mezi druhou a treti
epochou méfeni v 1. a 3. bodé 1 cm, resp. ve 2. bodé 0.5 cm. Z tohoto pozadavku
pro nasi simulaci dostaneme

v =5 = 0.277956, 5 = 0.328215.

Dosazenim do funkei (15),(16) vypocteme “skute¢né“ hodnoty parametrii ve 2. a 3.
epose, vysledky v Tabulce 1.
Tabulka 1
(1) (2) (3)
52 7

2,5 2,5
7=11107.0610 106.9680 107.2100
7 =21106.5712 106.4731 106.7202
7 =31106.5612 106.4681 106.7102

Experiment 1ze popsat nejjednodussim modelem méfeni

le 1 0 0 0 ﬁl
Y; -1 1 0 0 (1)
Y4 0 0 -1 1 2
Yj5 0 1 0 -1 2,7

Piedpoklddame var(Y;) =X = ¢%I, o = 0.001m.
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Hodnoty vektori Y1, Y2, Y3 nasimulujeme pomoci ndhodnych ¢isel z norméalniho
rozdéleni, napf. hodnotu Y11 pro p = 105.032, hodnotu Y35 pro p = 2.029, hodnotu
Y13 pro p = —0.093, Y14 pro u = 0.242, Y15 pro u = —0.149 atd., vzdy pro
o = 0.001.

Vysledky simulaci

Y; = (105.031;2.02933; —0.092810; 0.241155; —0.148574)',
Y2 = (105.033;1.53815; —0.097792; 0.246624; —0.148653)’,
Y3 = (105.032;1.52894; —0.092345; 0.242152; —0.148996)'.
Uzitim vzorci (2), (3) vypoéteme
f1 =105.0320, wvar(f1) = 0.33333.107°,
podle vztaht (4), (5)

Bzz( (1) 5(2) 5B3) 5(1) 5(2) 5(3) (1) 5(2) (3))/

2,10 M2,1572,1> P22, P22 P2 2592 3,92 3, P23

(107.0613; 106.9686; 107.2098; 106.5701; 106.4723; 106.7189; 106.5609; 106.4683; 106.7102)’,

~ A, B, B
var(B,) =1 B, A, B |,
B, B, A
kde
0.1333 0.1333 0.1333 0.0333 0.0333 0.0333
A=10"° 0.1333 0.2000 0.1667 ,le()f5 0.0333 0.0333 0.0333
0.1333 0.1667 0.2000 0.0333 0.0333 0.0333

i) Konfidenéni intervaly pro jednotlivé parametry

Protoze mame parametry v R;, konfidenéni elipsoidy pro jednotlivé parametry,
které byly odvozeny v odstavci 3.a, budou konfiden¢nimi intervaly, napf. pro prvni
bod v prvni epoSe méfeni a pro o = 0.05

1 D) (D) ()
B(AY) = {ue R : (u— A1) warB] ™ (u— AY) < x3(0,1 - )}
= {ue R": |u—107.0613] < /3.8415 x 0.1333 x 10-5}.

Intervalové odhady vSech parametri uvedeme v nasledujici tabulce
Tabulka 2

()| 107.0613 - 0.0022629 | < 107.05904; 107.063562 >
)| 106.9686 — 0.0027718 | < 106.96583; 106.97137 >
)| 107.2008 T 0.0027718 | < 107.20703: 107.21257 >
§ | 106.5701 2 0.0022629 | < 106.56784; 106.57236 >
)| 106.4723 = 0.0027718 | < 106.46953; 106.47507 >
%) | 106.7189 T 0.0027718 | < 106.71613; 106.72167 >
(O | 106.5609 — 0.0022629 | < 106.55864; 106.56316 >
)| 106.4683 - 0.0027718 | < 106.46553; 106.47107 >
@) | 106.7102 - 0.0027718 | < 106.70743;106.71297 >
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Je vidét, ze vSechny nalezené intervalové odhady pokryvaji “skutecné” hodnoty

parametri (viz Tabulka 1).

ii) Konfidenéni elipsa pro rozdily vySek 1. a 2. bodu mezi druhou a prvni

epochou

0 0

Piedpokladdme opét ,6'\2 ~ N(By, var(B,)), oznacime-li
1
0

-1
c_< .
plati
5 (A
C = g =
P2 2) A2
2,2 2,1

0 0 0 0O
10 0 0 0)’

o [ -
2 (2) _ 5( )
2,2 2,1

-1 0

) , C[var,B'Q]C'

Uzitim Pearsonova lematu odvodime, Ze konfiden¢ni elipsoid pro rozdily uvedenych

soufadnic je tvaru

50 _ 5

={uecR?: |u— [ &2 2l
(2) _ 5(2)

2,2 ~ P21

Po dosazeni (pro o = 0.05) obdrzime

i -
El &
2,2

(11 +0.4912; up+0.4963) [106

(

Pomoci této elipsy mizeme testovat nulovou hypotézu

(1 _

2,1 =

Hy : 5;12) -

§%) — 652 proti alternativé 439 — 55 # 559 — 557

A Folry
(C[’UarﬁQ]C/) ! u— 72,2 2,1 < X%(Oa 1_@)}
(2) _ 52
52,2 5271
(1)
%721) ={u=(u,uw) € R*:
2,1
1.2500 —0.7500 u; + 0.4912
—0.7500  0.7500 )] ( 1 + 0.4963 ) < 5.9915}.

Protoze elipsa neobsahuje zadny bod primky y = z, nulovou hypotézu zamitneme.

iii) Konfidené¢ni elipsoid pro rozdily vySek vSech t¥i pohyblivych bodu

mezi druhou a prvni epochou

Zcela stejnym postupem jako v odstavci ii) dostaneme nésledujici konfidenéni

elipsoid (opét pro oo = 0.05)
(1) (1)

0

E 2,2 — M2,1

(B) a3

2,2 2,1

u +0.4912 \ ' 1.5000
us + 0.4963 108 [ —0.5000
us + 0.4909 —0.5000

= {u = (ug,up,u3)’ € R*:

—0.5000 —0.5000 u; 4+ 0.4912
1.0000  —0.5000 uz + 0.4963
—0.5000  1.0000 us + 0.4909

iv) SdruZené konfidenéni intervaly

< 7.8147}.

Uvedme pro ilustraci sdruzené konfidenéni intervaly pro 1. bod ve vSech tiech
epochéch. Na zékladé teorie uvedené v odstavci 4a (o = 0.05)

EC@Y) = {ue R

—_

— B2 warBS] Tt < X3(0,1 - )}
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={ue R : [u—107.0613| < \/7.8147 x 1075 x 0.1333} =< 107.05808; 107.06452 > .
Obdobné vypocteme

E ()(35) =< 106.56688; 106.57332 >, E ()(35) =< 106.55768; 106.56412 > .

Tyto intervaly soucasné pokryvaji parametry 65711), 512), élg (vysky 1. bodu ve

vSech t¥ech epochach méfeni) se spolehlivosti alespon 95%.

v) SdruZené konfidenéni intervaly pro rozdily vysek vSech t¥i bodu mezi
druhou a prvni epochou

Uvazujme matici
-1 0 0
D= 0 -1 0
0o 0 -1
ktera z vektoru B, vytvori rozdily zminéné v nazvu odstavce. Z predpokladu nor-
mality uzitim Pearsonova lematu odvodime, ze plati rovnost

— — !

) - A - (4 - A
)

1.0 00
01 00
0 010

222 21 :

P (2) _ (2)7(@)75
)

2.2 = 221

3 3 3 3
§) — 653 — (8% — B8%)

Oznac¢me
A1 =(1;0;0), Az =(0;1;0), Az=(0;0;1).
Podle zobecnéné Scheffého véty

PIvi = 1,2,3: [555— 51— (542~ B51)P[AiD(varBy) D'A ™ < x3(0,1-0)] > 1-a.
Proto 95%-n{ sdruzené konfidenc¢ni intervaly pro rozdily vysek vSech t¥ bod mezi
druhou a prvni epochou jsou nasledujici

E (s)( 51) (1))

2 P21

={u € R : |u+0.4912| < \/7.8147 x (5.10°)~1} =< —0.4951531; —0.4872466 >,

E (s)( (2) (2))

2,2 — P21
= {ue R": |u+0.4963| < \/7.8147 x (3.105) 1} =< —0.5014038; —0.4911962 >,

E (s)( (3) (3))

2,2 ~ P21

={u e R":|u+0.4909] < \/7.8147 x (3.105)~ 1} =< —0.4960038; —0.4857962 > .

Pozndmka Pro srovnani uvedme “obycejné” konfidencni intervaly pro uvedené roz-
dily.

E (855 — B3)) = {u e R': (u— 84 — B [var(853 — B50)7F < x3(0,1 - o)}

) ) ) )

= {u € R": |u+0.4912| < \/3.8415 x (5.105)1} =< —0.4939718; —0.4884282 > .
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Obdobné
E (553 — B5)) =< —0.4998784; —0.4927216 >,
E (859 — A%]) =< —0.4944784; —0.4873216 > .
vi) Prahové elipsoidy

Podle Twrzeni 1 je 95%-nim prahovym elipsoidem pro parametr 3, mnoZina

To.05(82) = {u € R : (u— B,) [varB,] " (u — B,) < 24}.
Cislo 6yri¢(0.95) = 24 jsme uréili interpolaci ze vztahu
9+25 ,

pPl——— » > x2(0;0.95)] = 0.95.
[9+5 X(gigg —XQ( )]

Podle Tvrzeni 2 jsou mnoziny
To.95(05)) = {ue R*: (u— B5)°)2[varBy)] "t < 24}, i=1,2,3, j=1,2,3,
sdruzenymi prahovymi elipsoidy pro parametry Bélz, 1=1,2,3, j=1,2,3.

Jsou-li ﬂ;}’o projektované hodnoty parametri 5513, (tj. hodnoty zadané projek-
tantem), lze s pravdépodobnosti vétsi nez 0.95 pomoci experimentu zjistit, zda se
skutecné hodnoty téchto parametri odlisuji od projektovanych hodnot o vic nez 5.6
mm pro 1. bod a o vic nez 6.9 mm pro 2. a 3. bod.
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PROCES ODHADOVANI PARAMETRU MODELU

PETR LACHOUT

ABSTRACT. Tento pspvek souhrn rekapituluje a diskutuje proces odhadovn parametr
modelu. Nejdve je vysvtleno, co se mysl modelem njak reln situace a co jsou jeho para-
metry. Pak je zaveden pojem odhadu parametr, Ipe eeno, odhad t sti parametr, kter je
pro chovn modelu podstatn. Diskutuje se kvalita tchto odhad a jejich optimln volba.
Je pipomenuta metoda maximln vrohodnosti a zbyl kapitoly pinej konstrukce odhad
zaloen na minimalizaci empirick chyby modelu linern regrese. V prci je teoreticky dis-
kutovn M-odhad a jsou zmnny jeho speciln volby, jako je OLS-odhad a Lji-odhad. V
zvren kapitole je zmnn LMS-odhad.

Abstract: The paper presents an overview on parameter estimation process. An ex-
planation of the concept of mathematical models and model parameters starts the
discussion. After that, the idea of parameter estimation is presented together with
a discussion of convenient and optimal properties an estimator should fulfill. Hence,
we proceed to constructions of estimators. We present maximal likelihood estimator
and estimators based on minimization of empirical errors. The last section considers
a linear regression model. M-estimators are treated as a generalization of OLS- and
L1-estimator. The text finishes with a note on LMS-estimator.

Pezrome:Crars NOABITOXRUBAET U AUCKYTHUPYET MHPOLECC OLEHKU MapaMeTpOB
monenu. C HAUaMa MOHSATUE MOIEJU, MApaMETPOB MOIEIU U OIEHKU MapaMeT-
poB mnosicHeHbI. [lociie eTOro BBeOEeHUs AMCKYTUPOBAHA MpobiiemMaTnka BbIOOPA
OLIEHKU MMEIONIEN MMOJIe3HbIEe WU ONTHUMAJIHBIE CBOUCTBA. JIpyrue riaaBbl MOCBsI-
IEHHBI BO3MOYKHOCTSM [IOCTPACHUS OIEHOK. [IpencTraBiaeH MeTOn MaKCUMAJIHOMN
BEPOSITHOCTU U METOJ MUHUMAJIU3AINN EMITUPUUECKON OIMUOKN, KATOPBIN MOKa-
3aH Ha MOJEJIBI INHEeHHOM perpecun. TeopeTnueckn AVcKy TUpOBaHa M-OLeHKa u
eé yacTtHble ciayuan, kak OJIC-omenka u Li-onenka. [Tocaennas riaaBa moCBAIIEH-
nas JIMC-omenke.

1. POZOROVANI, MODEL, ODHAD PARAMETRU

Predstavme si, ze studujeme néjaky konkrétni systém, napt. prazskou burzu, ekono-
miku néjakého primyslového odvétvi, rodinny rozpocet, atd. U tohoto systému jsme
schopni opakované mérit néjaké veli¢iny, které jsou timto procesem ovlivnény, vstu-
puji do néj nebo jsou systémem plné urceny. Na burze sledujeme ceny akcii, objem
jejich obchodovani atd. V pramyslovém odvétvi mame informaci o zasobach vyrob-
nich surovin, o kapitalu ulozeném v budovach a strojich, o vyrobnich nakladech, o
nékladech na zménu vyroby, atd. V rodiné zname piijmy jednotlivych ¢lent, jejich
stafi, vydaje a celkové uspory. Oznacme tato opakovana pozorovani X, Xo,..., X,
a mnozinu, kde se nachézeji vSechny mozné hodnoty méreni, ozna¢me X. Aby bylo
mozno studovat stochastické chovani, musi byt mnozina X opatfena o-algebrou,
oznacme ji X'. Poznamenejme zde, Ze na zakladé samotnych pozorovani nedokazeme
ur¢it nebo popsat chovani pozorovaného systému. Tento problém je principialni,
zjednodusené fe¢eno ,nemame se o¢ oprit“.

1991 Mathematics Subject Classification. 62F10, 62J99.
Key words and phrases. Odhady, regrese.
Vzniklo za podpory grantu MSM 113200008
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Na pomoc musi pfijit znalost mechaniky sledované situace, zkuSenost a také intu-
ice. Na jejich zakladé navrhneme matematicky model sledovaného systému, ktery te-
oreticky vysvétluje vznik a vnitini strukturu pozorovani X, X, ..., X,, to znamena,
7e zndme rozdéleni £(X1, Xo,...,Xpn) = pin(;6,). Tento model obsahuje neznamy
parametr 6,, o kterém mame apriorni informaci 6, € ©. Prostor parametri © musi
byt také opatien o-algebrou, budeme ji oznacovat Q. Takovym parametrem mohou
byt technické koeficienty, koeficienty ve vztazich mezi proménnymi, rozptyly ndhod-
nych chyb obsazenych v modelu. Mohou to vsak také byt polynomy do fadu 5, spliny
3 stupné, nebo i funkce majici 3.derivaci nebo néjakou jinou predepsanou vlastnost,
napi. v modelu obecné regrese, pfi odhadu hustoty. Parametrem vsak muze byt i
celé rozdéleni ndhodnych vlivia. Pokud je dimenze © konecné, pak se casto mluvi o
parametrickém modelu. V opac¢ném piripadé se mluvi o modelu semiparametrickém.

Model sice zavisi na parametru 6, € ©, ale z praktického hlediska nebo ze zadani
alohy nas nemusi nezajimat piimo parametr 6,. Casto je diileZita pouze jeho ,,¢ast"
nebo, 1épe feceno, néjaka jeho transformace. Dobre je toto ¢lenéni vidét na modelu
linedrni regrese Y; = X; 0, + e;, kde (X, e;) jsou i.i.d., X; je nezavislé s e; a chyby
e; maji nulovou stfedni hodnotu a kone¢ny nenulovy rozptyl. Zde jsou parametrem
regresni koeficienty 3, € R¥, rozdéleni regresortit G, € G a rozdéleni chyb F, € F.
Pro praktické ucely nas vSak zajimé pouze odhad regresnich koeficienta a pro odhad
kvality jejich odhadu jesté potfebujeme odhadnout rozptyl chyby. Misto parametru
0o = (8o, Go, F,) € R¥ x G x F nas proto zajima pouze jeho transformace (6,) =
(Bos [z €2 dFy(e)) € RF x Ry

Uvazujme tedy dale, ze je dana funkce ¢ : © — ¥ a pro kazdé n € N hledame
méFitelné zobrazeni 7, : X" — ¥, které budeme nazyvat odhad parametru ¢(6).
Nasim cilem je nalézt odhad tak, aby byl ,,rozumny* a pfipadné i v néjakém smyslu
,optimalni“. Zakladnim pozadavkem je, aby odhad v limité konvergoval ke spravné
hodnoté parametru modelu, t.j. bud

slaba konzistence ~ V0 € © : 7,,(X1, X2,..., X,,) Do, 1(0),

n—-+oo
nebo ‘
(silnd) konzistence ~ V8 € O : 7, (X1, Xo,..., X,) PL:J> 1(6).

Pokud chceme testovat néjaké vlastnosti parametru 6, naptiklad nulovost nékterych
slozek, pak musime jesté pro kazdé 6 € © znat (alesponn vhodny odhad) rozdéleni
Lo(tn (X1, Xo, ..., Xpn) — t(0)). Pokud toto neumime nebo je to nevy¢islitelné, vyu-
zivame k testovani asymptotické rozdéleni tohoto rozdilu, t.j.

d

existuji 0 < m,, /" +oo tak, ze VO € © : ny, (1(X1, Xo,..., X5) — ¢(6)) ff(@),

kde rozdéleni Ly (£(0)) je zndmo a zévisi pouze na parametru modelu. Casto se jedna
o regularni normélni rozdéleni. Normaliza¢ni konstanty 7,, se nazyvaji fad konzisten-
ce odhadu a je zndmo, Ze zavisi na mohutnost mnoziny ¥. Presny vztah i teorie kolem
ného nejsou jednoduché; viz 777 | 777 .

Odhady casto hledame pouze mezi funkcemi splnujicimi néjakou specialni vlast-
nost. Budeme tedy uvazovat pouze odhady 7,, € ', kde T',, C {T": X" — ¥}, napfi-
klad uvazujeme pouze linearni kombinace pozorovani, nebo pouze nestranné odhady,
t.j.

nestrannost ~ V0 € © : Eg[T(X1, Xo,...,X,)] = ¢(0).
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2. ODHAD MINIMALIZUJICI RIZIKO

Nasi snahou je nalézt odhad tak, aby byl v néjakém smyslu optimalni. V této kapitole
vylozime teorii odhad minimalizujicich riziko. Budeme pfi tom vychazet ze skript
777, kde je potfebna teorie pékné a prehledné vysvétlena. Tuto teorii vsak aplikujeme
na odhad transformovaného parametru.

Kvalitu odhadu méfime ztratovou funkci L : ¥ x ¥ — R, | coz je vlastné zadana
,vzdalenost® na ¥. Od ztratové funkce kromé nezapornosti jesté vyzadujeme, aby
rozliSovala body z ¥, t.j.

Vo € Ui L(ih,p) =0 <= 1 = o
Nasim tikolem je v néjakém smyslu minimalizovat ztratu L(7, (X1, Xo, ..., X,),¢(0))
Po odstranéni vlivu ndhody tedy minimalizujeme rizikovou funkci

R(7,,0) = Eg[L(70 (X1, X2, ..., Xp), ()] =

/ L(tn(z1, 22, ..., xn),0(0)) dun (1, 22, . - ., 203 0) .

V ptipadé i.i.d. pozorovani bude rizikova funkce mit tvar

R(mn,0) = /n L(tn(z1,22,. .. 20),0(0)) dpa(z150) - dpa(22;6) - ... - dpa(2n;0)

Chteli bychom nalézt odhad 7, € '), tak, aby pro kazdé § € © minimalizoval ri-
ziko R(T, ) ptes vSechny T' € I',,. Takovému odhadu fikdme stejnomérné eficientni
odhad v tfidé odhadu I'),. Takovy odhad vSak obecné nemusi existovat. Je tomu
tak naptiklad, kdyz I';, obsahuje supereficientni odhady, t.j. odhady, které maji pro
néjakou hodnotu parametru nulové riziko. Nejjednodussim prikladem supereficient-
nich odhadt jsou konstantni odhady T3, = 9 pro ¢ € ¥. Nésledujici tvrzeni ukazuje,
ze staci, aby I',, obsahovala dva konstantni odhady, a jiz se muZeme s existenci
stejnomérné eficientniho odhadu rozloudit.

Tvrzeni 1: Necht X = R? a &,1 € O jsou takové, Ze 1(§) # 1(n) a Ty, Ty € .
Kdyz pro kazdé A € X", Pe((X1,Xo,...,X,) € A) =1 jePy((X1, Xo,..., X,,) € A)
> 0, pak stejnomerné eficientni odhad v tridé odhadu '), neexistuje.

Dukaz: Predpokladejme, Ze odhad 7,, € T';, je stejnomérné eficientni v t¥idé odhadu
T,,. Pak ovSem musi platit R(7,,&) < R(TL(E),E) =0a R(7n,n) < R(Tb(n),n) =0.
Odtud Pe(L(7(X1, X2,...,Xn),t(§)) =0)=1a

Po(L(1n (X1, X2,..., Xpn),t(n)) =0) =1.

Ztratova funkce rozlisuje body z ¥ a tak Pe(7, (X1, X2,..., X,) = ¢(€)) =1 a zdro-
ven také

Pn(Tn(Xla X25 s 7Xn) = L(n)) =1

To vsak ale neni mozné nebot t(§) # «(n) a 7, : X™ — ¥ je méfitelné zobrazeni.
Predpokladand vlastnost pak totiz implikuje, ze

Pn(Tn(Xla X27 cee 7Xn) 7& L(ﬁ)) Z Pn(Tn(X17X25 e 7Xn) = L(E)) > 0.

Stejnomeérné eficientni odhad tedy nemiize v této tiidé existovat.

Tento problém se odrazi i v lidové slovesnosti:
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Otazka: Které hodiny jdou nejpresnéji?
Odpoveéd: Ty které stoji.
Zdavodnéni: Takové hodiny ukazuji dvakrat denné pfesny cas!

Mame v podstaté dvé moznosti jak tento nedostatek odstranit. Prvni moznosti je
uvazovat jen takové ti¥idy odhadu, pro které stejnomérné eficientni odhad existuje.
Naprtiklad tfidu linedrnich nestrannych odhadt pti odhadovani stfedni hodnoty i.i.d.
posloupnosti, viz 777 .

Druhou moznosti je zjistit, nebo pfiblizné odhadnout, frekvenci vyskytu para-
metri v praxi. To znamend mit k dispozici miru @ na (0, Q) a minimalizovat

priimérné riziko [o R(T,0) dQ(6).
3. EXTRAKCE INFORMACE UKRYTE V POZOROVANICH

V pozorovanich X7, Xo, ..., X, jeskryta ,informace* o skute¢né hodnoté parametru.
Otazkou je, jak tuto ,informaci“ z vybéru extrahovat a jak ji vyuzit pro odhadovani.

Cilem je vlastné zredukovat rozmérnost pozorovani a misto nich pouzivat pouze
néjakou statistiku 73, : X" — Y,,, kterd by obsahovala stejnou informaci o parame-
tru jako vlastni pozorovani a byla, co ,,nejmensi“. Matematicky je tento pozadavek
vyjadfen pojmy postacujici statistika a uplna statistika.

Statistiku 7, : X — Y,, nazveme postacujici, jestlize pro kazdou dvojici para-
metri 6,n € © plati
Lo(X1,Xo, .., X | Tn(X1, Xo, ..., X0)) = Ly)(X1, Xy oo, X | Tn( X1, ..., X))

Statistiku 7}, : X" — Y,, nazveme uplnou, jestlize pro kazdou méfitelnou funkeci
h:Y, — R vlastnost V8 € © je Eg[h(T,, (X1, X2, ...,X,))] = 0 implikuje VO € O je
Po(h(Thn(X1,X2,...,Xp))=0)=1.

Pro kazdy problém existuje postacujici statistika, nap¥. T, (X1, Xa,..., X,)
(X1,Xs,...,X,), a také vzdy existuje aplna statistika, napt. T, (X1, Xo, ..., X,)
1) pro né€jaké ¢ € U. Pro odhadovani je vSak dilezité nalézt statistiku, kterd ma obé
tyto vlastnosti. Jeji dulezitost ukazuje nasledujici véta.

Véta 2: Kdyz U C R* a pro studovany problém existuje postacujici iplnd statistika
T, a nestranny odhad 1, pro 1(0), pak podminénd stredni hodnota

Tn(X1, .., X0) = Eo[nn (X1, .., Xo)| Tn( X1, ..., X0))

nezdvisi na parametru 0 € © a je stejnomérné eficientnim odhadem pro 1(6) ve tiidé
vSech nestrannijch odhadt pri ztrdtové funkei L(6, p) = ||6 — p||°.

Dukaz: Obecné je podminéné stfedni hodnota funkci podminky a tak

Tn(X1, .o, X0n;0) = BEg[nn(Xa, .o, X)) | T (Xq, .o, X)) -
Statistika T, je postacujici a proto 7,(X1,..., X,;0) nezavisi na parametru 6 € ©
a muzeme psat pouze 7,(X1,...,X,). Tudiz 7, je odhad pro ¢(f) a je nestrannym
odhadem nebot je podminénou stfedni hodnotou nestranného odhadu.

Uvazujme t,, néjaky jiny nestranny odhad pro ¢(6). P¥i kvadratické ztrétové funkci
pro néj dostavame rizikovou funkci

R(tn,0) = Eg|||tn(X1, ..., X,) — u(0)]?
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7 Jensenovy nerovnosti pro podminénou stiedni hodnotu dostavame

R(ta,0) =Eo[Eo [ 1ta(X1, ..., Xa) — (0) | 1] | =
>Eg[[|Eolta(X1, .., X)| To] = (0] = R(Eo[ta| Tu] . 6).
Postacitelnost statistiky 7;, fika, ze existuje funkce
T (X1,..., Xpn)) = (X1, ..., X0) — Eg[tn (X, ..., Xo)| T (X1, ..., X))
7 nestrannosti odhadd 7,,t, plyne
Eo[h(T0(X1,...,X,))] =0 VO € O.
Uplnost statistiky 7}, proto dava
Tn (X1, o, X)) = Bo[tn (X, ..o, X)) | Th (X, ..., X)) s.j. VO € 6.
Tudiz zjistujeme, ze V0 € © R(t,,0) > R(r,,0).

Jinymi slovy, odhad 7, je stejnomérné eficientni v t¥idé vSech nestrannych odhadd.
Q.E.D.

Pokud existuje dominujici o-koneéna mira pro sledovanou tlohu, pak lze z tvaru
hustoty vycist nékteré postacujici statistiky.

Tvrzeni 3: Necht u,, je o-koneénd mira na X™ a (X1, ..., X,) md hustotu f,(x1, ...,
X3 0) vzhledem k pn. KdyZ fr(z1,...,2050) = gn(Tn(x1, ..o, 20 ); O (21, ..., 20),
kde gn( 0): Y, >Ry, T, : X" = Y, a hy, : X® — Ry jsou méfitelné funkce, a
fx x) dpn(z) < 400, potom T, je postacujici statistika.

Duikaz: Pro kazdé A € X", B € ), definujme

p.4) = [ () dn ().
[Ty, (z)EB,z€A]

Diky pfedpokladu [ () dpn(x) < 400 jsou p(., A) koneéné miry.
Evidentné pro kazdé A E X™ je mira p(., A) absolutné spojitd vzhledem k mife
p(., X).

Tudiz podle Radon-Nikodymovi véty existuje s:Y, x X" — R, tak, ze pro kazdé
Ae X", Be Y, plati p(B,A) = [, s(y, A)p(dy,X).
Pro A€ X", B € )), plati

/ S(Th(X), A)dPy = / S(Ta(), A)ga (To(2); 0) i () dptn (1) =
[T, (X)€eB] [Tn(z)€B]

— [ s a0 = [ glopn )= [ TixendPa.
lyEB] [yeB] [Tn(X)€B]
Oveérili jsme, Ze Po(X € A| T),(X)) = s(T(X), A).
TudiZ rozdéleni vektoru pozorovani podminéné statistikou 7}, nezavisi na parametru
0 € © a T, je postacujici statistikou.
Q.E.D.
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Jesté si uvedme priklad.

Priklad 1: Necht X;, ¢ = 1,2,...,n jsou ii.d. n.v. s normdlnim rozdélenim
<I>(.;M,02), weER, o >0.
Pak vektor (X7, ...,X,) ma sdruZenou hustotu

w3

1 1 n
ful@; p,0%) = <27mz> eXP{—F Z(l’z - M)2}
i=1
1 \? 1 [& a
= <2ﬂ02> exp{ﬁ <Z$?2ﬂz$i+nu2>}~
=1 =1

Podle predchoziho tvrzeni je statistika (3 | @i, > i, @7) postacujici. Zaroveii lze
také dokazat, ze je tato statistika uplna.

Snadno se pfesvédéime, zZe (X 1, W) je nestranny odhad parametru (u,o?).
Tudiz
(X1 - X2)”\ | x- ~ 2
E,o2 [(Xl, — dOXi > X
i=1 i=1
2
1 n 1 n 1 n
=| - X\, — X;—— X; ..

je stejnomérné eficientni odhad parametru (i, 0%) ve t¥idé nestrannych odhadi a p¥i
ztratové funkei L((u1,01), (p2,03)) = (p1 — p2)? + (07 — 03)2.
A

Teorie postacujicich a uplnych statistik je vylozena také v kapitole XV.5, 777 .
4. MAXIMALNE VEROHODNE ODHADY

Nyni jiz pfistupujeme k obecnym navodim pro hledani odhadt. Zde jiz neni obecné
kritérium, které chceme minimalizovat. Zde pristupujeme rovnou k datim a nasim
cilem je minimalizovat néjakou ztratu rovnou pro né.

Metoda maximéalni vérohodnosti je zalozena na rozdéleni pozorovanych veli¢in
na ¢ast s rozdélenim spojitym vzhledem k Lebesguevé mife a na zbytek nabyvajici
pouze spocetné hodnot. V jinych pfipadech tuto ideu nelze aplikovat.

Piedpokladejme, ze pozorovani lze zapsat ve tvaru X; = (Z;, D;), i € {1,...,n},
kde Z; € R* a D; € D pro né&jakou nejvyse spo¢etnou mnozinu D. Déle pro kazdy pa-
rametr 6 € © predpokladdme existenci hustoty fi,(z1,d1; 22, do;. . . ; 2n, dn; 0) vzhle-
dem k soudinové mife (A, ® ép)®". Poznamenejme, 7e &taci mira ¢4 je defino-
vana pro kazdou mnozinu B C A, jako pocet bodii obsaZenych v mnoziné B, t.j.
¢a(B) = card(B).

Principem ML-odhadu (Maximal Likelihood) je ,maximalizace* vérohodnosti
fn(X1, Xo,...,Xp;0). Odhad konstruujeme nasledovné.

Odhadneme ptivodni parametr

0, € argmax f, (X1, Xa, ..., X,;0) = argmax f(Z1, D15 Za, Da; .. .5 Zn, Dyy3 0)
[UdSC] 0coe

a polozime 7, = L(@L).
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Tento postup viak neni vidy vypocetné realizovatelny. Casto se proto voli mo-
difikace tohoto postupu vyuzivajici odhadu ¢asti parametrd, t.j. mame k dispozici
informaci (odhad), ze hledany parametr lez{ v mnoziné 0, C ©. V tomto pripadé
odhadneme ptvodni parametr

@‘\n € argmax [, (X1, Xa, ..., Xn;0) = argmax f,,(Z1, D1; Z2, Da; . . .5 Zp,, Dyy; 0)
0€6,, 0€6,,

~

a polozime 7,, = L(@n .

Na zaver kapitoly uvedme jesté priklady.

Priklad 2: Necht X;, ¢ = 1,2,...,n jsou ii.d. n.v. s normdlnim rozdélenim
@(.;u,az), pLER, o >0.
Pak vektor (X7, ...,X,) ma sdruZenou hustotu
2 1 \*? 1 ¢ 2
fo(x1, @2, .. @p; 1y 0°) = 502 exp —ﬁizl(ﬂci—ﬂ) =
n 2 2
1 \?2 1 1< 1<

Pri hledani ML-odhadu budeme maximalizovat vérohodnostni funkci

f’n(XlaX2a s 7X’IL;M7O.2) =

5 2
1 2 1 n 1 n 1 n
e (e i
i=1 i=1

i=1

2

Nejprve budeme odhadovat oba parametry naraz. To znamend © = ¥ = R x R,
t(p,0%) = (1, 0*). Minimalizaci vérohodnostni funkce ziskéme ML-odhad

2

T = . P P .
fin = — ;_1 Xiy 0%n = — ;_1 Xi— jg_lXJ

Povsimnéme si, Ze [, je stejnomérné eficientni odhad parametru p ve tf¥idé ne-
strannych odhadt pfi Lo-kritériu, jak je ukazano v predchozi kapitole. Ale o2,, neni
nestrannym odhadem pro parametr 2. Vime, Ze 0%, je stejnomérné eficientni

odhad parametru o2 ve tiidé nestrannych odhad® pii Lo-kritériu, jak je ukdzano v
predchozi kapitole.

Odhadujme nyni pouze stfedni hodnotu p.

e Kdy7 je rozptyl 02 znamy, pak © = ¥ = R, () = p a ML-odhad vyjde fi, =
% Dlimy Xi

e Kdy7 je rozptyl 0 nezndmy, pak © = R x R, ¥ = R, L(u, 02) = 1 a ML-odhad
opét vyjde i, = 370 | X

e Kdy# je rozptyl 02 neznamy, ale mame jeho odhad s2, pak © = R x Ry, ¥ =R
a 1(p, 0?) = p. Pouzijeme modifikovany postup s 0, = R x {s2} a ML-odhad
vyjde opét fi, = £ 370 | X;.
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Odhadujme pouze rozptyl o2.
e KdyZ je stfedni hodnota y zndmé, pak © = ¥ = Ry, 1(0?) = 0% a ML-odhad
vyjde

- 1 n
02n = - Z(Xi — ).
i=1

e Kdyz je stfedni hodnota p nezndma, pak © = R xRy, U =R, L(M,U2) =0%a

ML-odhad vyjde
2

1 n 1 n
O'2n:EZ XiiE;XJ

i=1

e Kdyz je stfedni hodnota p neznadmd, ale mame k dispozici jeji odhad m,, pak
© =R xRy, ¥ =Ry a(p0?) = o’ Pouwzijeme modifikovany postup s ©,, =
{mn} x Ry a ML-odhad vyjde

Priklad 3: Regrese 0-1 nahodnych veli¢in
Pozorujeme dvojice (Y, x;), i € N svdzané 0-1 regresi

Y;=F (2]B) + e, i €N,

kde Y; € {0,1}, i € N jsou ndhodné veli¢iny, x; € R¥, i € N jsou nendhodné vektory,
e; € RF, i € N jsou nahodné chyby, které jsou nezavislé a maji nulovou stiedni
hodnotu, 3 € R neznamé parametry a F je znamé d.f. Pokud F = ®, pak mluvime
o probit modelu. Pokud F' je d.f. logistického rozdéleni, t.j. F(t) = Vt e R,
pak mluvime o logit modelu.

Tento model m4 jediny parametr a to 3 € R¥. Na zakladé n pozorovani sestavime
vérohodnostni funkci

1
1+e—t

L) =[] - F o) Fap)”.

=1

Maximalizaci vérohodnostni funkce L ziskdme ML-odhad pro parametr (. Diskusi o
jeho vypoctu a vlastnostech mizeme nalézt v kapitole 16.4 v 777
A

Priklad 4: Tobit model
Povsimnéme si nyni modelu z ¢lanku 7?77 a navrzeného odhadu z ¢lanka 777 |
7?77 . Pozorujeme trojice (Y;,x;, ;) svdzané modelem cenzorované regrese:
Y; = @i + ei kdyz i3 + e; > 0,

=0 jinak i = H[w;ﬁ‘i‘@iZO]a 1€ N,

kde x; € R¥, i € N jsou nendhodn4 a e;, i € N jsou i.i.d. s rozdélenim F(.;0), 6 € O,
E[ei] =0.
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Tento model m4 parametr (3,60) € R* x ©. Mame-li kdispozici n pozorovani,
mizeme se pokusit odhadnout parametr 8 pouze na zakladé téch pozorovani, u nichz
vime, Ze jsme regresi skutecné pozorovali. Mame tedy nédhodnou mnozinu indext
N*={ie{l,2,...,n} : §; =1} aregresi

Y; = 2.3 +e; proi € N*.

KdyZ pro odhad parametru § pouZijeme néjaky odhad, ktery je nestranny (pfipadné
asymptoticky nestranny) v béZném modelu regrese, ziskdme vychyleny odhad. Je
to proto, ze stfedni hodnota Y; za podminky, Ze pozorujeme regresi, neni regresni
pifmka z!'3. Spo¢téme si tuto podminénou stfedni hodnotu pfi pevném 6 € ©
presné:

E[Y;] 6 = 1] = E[(2}8 + €i) [ju; e, >0 | 278 + €5 > 0] =

1 e
j— /. _— M ’ =
- (%B T P@rez0) /ziﬁ carte 9)> teirezo

1 teo
= ! S dF'(e; 0) | I, >0l
<x16 + 1_ F(—ZE;B; 9) /xiﬁ € (67 )) [z} B+e; >0]

400

Pokud by pro kazdé i € Nbylo [ edF(e;0) = 0, pak by odhad zalozeny pouze na
—z;3

oCisténém vybéru byl konzistentni. To vSak je mozné pouze v ptipadé F(—x}3;0) =

P(x}8+e; <0) = 0 pro v8echna i € N. To znamend, k cenzorovani s.j. nedojde a

my stale pozorujeme regresi.

Pro odhad regrese zalozeného na oc¢isténém souboru musime mit k dispozici odhad
druhého ¢lenu v podminéné stfedni hodnoté. Pro normélni rozdéleni s neznamym
rozptylem je situace jednodussi, ale hlavné nazornéjsi.

UvaZujme tedy © = Ry a F(e;o0) = © (g), kde ® oznacuje d.f. standardniho

normaélniho rozdéleni a ¢ je jeho hustota. V tomto pripadé dostavame

/::edF(e;J) J/Jr:): ed® (e) = O’/:':) ep(e)de=op (‘?ﬂ) =op <$;5>

o

1— F(—2!B;0)=1—® (zm) -3 <ﬁ>

g g

Tudiz
(%

E[Yi|z)8+e; >0]=|zi8+0

o

— 5z gtei>0]
()

m([i‘

i

L =
Pokud by jsme znali podily ———<, nebo méli alespoii konzistentni odhady, pak by
o Ll
jsme dokazali konzistentné odhadnout oba parametry modelu, t.j. 3, o > 0, tfeba
pomoci OLS-odhadu.

Pozorovani §;, i = 1,2, ...,n nabyvaji pouze hodnot 0 nebo 1 a spliuji

(61 =pets e >0 -1 (Z2) — o (22)

g g
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Jsou tedy Tt rlzeny probit modelem. Na zakladé teorie probit modelu ziskdme konzis-
tentni odhad A, pro podil ¢ 8. tfeba ML-odhadem viz predchozi priklad, jiné moznosti
jsou uvedeny v kapitole 16 v 777

Dosazenim do ptedchoziho ziskéme

A
E[Yi|z,8+e; >0]= |20+ 0(7A L/ gtei>0]-
@ (2h)

Nyni z o¢isténého vybéru spoéteme odhad (tfeba OLS-odhad) pro parametry regrese

(1)
P (achn)

Konzistence a asymptotickd normalita je ukdzana v ¢lancich 777, 777 .
Druhou moznosti je sestavit vérohodnostni funkci

L(3.0) - 1_1 (10 (?)) (- wgﬂ)

Odhad parametri pak ziskdme metodou maximéalni vérohodnosti, t.j. maximalizaci
vérohodnostni funkce L. Konzistence a asymptotickd normalita tohoto odhadu je
ukazana v ¢lanku 777 .

Tento postup je tedy teoreticky dobfe zduvodnén. Potize jsou vSak s nalezenim
maxima vérohodnostni funkce. Funkce je velmi nelinearni a déla problémy pii nu-
merickém feSeni. V ¢lanku 777 je proto navrzen jiny odhad a je zde také ukazana
jeho konzistence a asymptoticka linearita. Tento odhad se da zlepsit jednim, pfi-
padné vice, kroky Newtonovy metody. Konstrukce tohoto odhadu je také uvedena v
kapitole 16.6.2 v 777 .

Yi=z8+0 +e;, 1€ N

A
5. ODHADY V MODELU LINEARNI REGRESE

Vénujme se nyni odhadovani parametri v modelu linedrni regrese. Zde pozorujeme
dvojice
(Y1, X1), (Y2, X2), ..., (Yo, X0), Vi €R, X; € R,

které jsou svazany predpisem
Yi=Xi0o+ei, i €R, Vi=1,2/....n
Parametry modelu jsou 3, € R¥ a sdruzené rozdéleni £((X1,e1),. .., (Xn,en)).
Ozna¢ime-i Y = (Y1,Ys,...,V,), X = (X, X}, ..., X)) ae = (e1,62,...,6n),
pak 1ze model zkracené zapsat

Y =X06,+e.

Aby byl model dobfe uréen musime ucinit nékteré predpoklady.
Predpoklad: Matice X méa plnou sloupcovou hodnost.
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Jinak by existovalo § € R* tak, ze X = 0. Pak ovSem regresni koeficienty nejsou
urceny jednoznaéné, nebot Y = X3, + ¢ = X (6, +9) +e.
Piedpoklad: Chyby musi byt néjakym zptusobem ,,centrovany®.

V opacném pripadé by parametry modelu nebyly jednozna¢né urceny. K chybam
by se jinak dal pri¢ist libovolny vektor z linearniho obalu fadka matice X a dostali
bychom stejny model se zménénymi parametry: Y = X ,4+¢ = X (8, —v)+(e+Xv).
Jak takové ,centrovani“ vypadd, uvidime pozdéji u jednotlivych odhadi.

Predpoklad: Chyby maji nesingularni rozdélenim; t.j. neexistuje a € R™, a # 0
takové, aby a”¢ byla nendhodn4 konstanta.

Singularnost rozdéleni znamena, ze soustava obsahuje deterministickou zavislost.
Tuto je tfeba nalézt a pouzivat jako omezujici podminku na regresni koeficienty.

Predpoklad: Chyby nejsou ovlivnény regresory. To znamena € a X jsou nezavislé
nebo alespon nekorelované.

Matice X byva casto nendhodna a pri nékterych experimentech lze jeji hodnoty
predem nastavit, nebo fidit.

Nasim cilem je odhadnout parametr §,. Popfipadé jesté odhadnout néjakou cha-
rakteristiku rozdéleni tohoto odhadu, napfiklad varianéni matici.

Odhad zalozime na reziduich e;(b) = Y; — X;b pro kazdé i € {1,2,...,n}, b € R*.
Rezidua muzeme vyjadiit také jako e;(b) = &; + Xi(B, — b), coZz je vyhodné pro
teoretické vysSetreni asymptotického chovani.

Proberme nyni nékolik nejpouzivanéjsich postuptt odvozeni odhadu.

5.1. OLS-ODHAD (ORDINARY LEAST SQUARES)

OLS-odhad je zalozen na minimalizaci souctu ¢tverci rezidui, t.j. hleda se mini-
mum

Bn € argmin Zei(b)2 = argmin Z (Y; — Xib)2 .

bER® 2y bER® 2y

Pokud je matice X plné hodnosti dostaneme @L = (XTX)_1 XTY. OLS-odhad je
pak mozno zapsat ve tvaru

Bo= (XTX) T XTY = (XTX) T XT(XBy+¢) = Bo+ (XTX) " X7
7 tohoto rozpisu okamzité vyplyva nestrannost a silna i slaba konzistence.

Véta 4: Kdyz X, € jsou nezavislé, E[g] =0 a E[(XTX)_1 XT} existuje, pak By je

nestrannym odhadem parametru (,.

Véta 5: Kdyz %XTX ﬁo» Q, kde Q je reguldrni matice, a %XTE ﬁg 0, potom

~

n—-+oo

Véta 6: Kdyz %XTX %» Q, kde Q je reguldrni matice, a ~ X e —2 .0, potom
n—-1+:0oo

n n—-+0o0o
Bn £ Bo-
n—-+oo
Pro OLS-odhad je tedy prirozené chtit, aby chyby méli nulovou stfedni hodnotu.
To je vlastné to avizované ,centrovani“ chyb modelu.
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5.2. M-ODHADY V MODELU LINEARNI REGRESE

V této kapitole si stru¢né vysvétlime, co je to M-odhad. Uvedeme také jeho za-
kladni vlastnosti. Podrobnou informaci o M-odhadech je mozno nalézt v monografii
77 .

Je déna funkce p : R — R.. Pro kazdé b € R¥ definujeme

n

Ma(5) =+ 3 plea(®)

=1

. Pak M-odhadem nazveme kazdé reSeni minimalizace této funkce, t.j.

Bn € argmin M, (3) .
beRFk

Aby byl odhad ,,rozumny“ musi byt splnény nékteré predpoklady.

Predpoklad: Existuje nendhodna funkce M : R¥ — R, takova, ze pro kazdé b € R”
plati

n—-+4oo

ELM(8) — Ma(50)) = + D~ Elples(h) = plea)] —— M),
a pro kazdé D € R plati

sup | Ma(b) — M, (B,) — M(b)| —L— 0.
l[o]| <D n—+o0

Funkce M ma jediné globalni minimum v bodé 3 € R, t.j. {B} = argmin M (D).
beRF
Za celkem mirnych predpokladi lze dokézat konvergenci M-odhadu k bodu 3.
Véta T: KdyZ p je spojitd funkce na RF a existuje kompakt K C RF, A > 0 a
no, € N tak, Ze pro kazdé n > n, je blél}f{ M, (b) — M, (Bo) > M(B) + A, potom pro

kazdé n > n, odhad Bn ezistuje a plati Bn —Si—> A.
n— o0

Tudiz, aby jsme odhadovali spravné, musi byt 8, = (. V jiném piipadé bude
nas odhad systematicky vychylen. Pfipojme proto dalsi dva predpoklady, které nam
tuto rovnost zaruci.

Predpoklad: Nahodné veliciny X a ¢ jsou nezavislé.

Predpoklad: Prokazdéi € {1,2,...,n} aprokazdé u € R plati E[p(e; + u) — p(&;)]
> 0.

Pak totiz plati

ELMa(8) — Ma ()] = 5 > Elples + Xi(Fo — 1) — ple)] =
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kde Ri(u) = Elp(e; +u) — p(e.)].

Limitnim prechodem zjistime, ze (3, je globadlnim minimem funkce M. Z pfedpo-
kladané jednoznac¢nosti tohoto minima okamzité plyne, Ze 5, = B

Uvédomme si, ze druhd podminka je vlastné tim ,,centrovanim® chyb, které jsme
inzerovali na zacatku kapitoly o modelu linearni regrese.

Nyni si povSimnéme, co tato podminka znamené pro nékteré konkrétni volby
funkce p.

Lemma 8: Nechl existuje 1 : R — R takovd, Ze pro kaZdé u,v € R plati p(u) —
p(v) = [(t)dt a necht existuje § > 0 tak, Ze sup|, <5 E[[{)(e 4 1)]] < +00. Potom

limsup ~ (E[p(e: + u) — p(e)]) < limsup E[(=: + )]
u—04+ U u—0+

1
lim inf — (Elp(ei + ) — p(e:)]) = lim inf E[p(e; +w)],

fimsup + (Elp(e; — ) = ple0)]) < ~limjnf Elp(e, — )]

1
timinf - (E[p(e: — )~ p(e)]) > ~ limsup Efu(e; — )]

Dukaz: Proi € {1,2,...,n} mame rozpis

Elo(es +) — )] = €| [ otei+ o]

Ptedpoklad supy, s E[[¢)(¢ + t)|] < 400 umoziiuje pro |u| < ¢ zaménit poradi inte-
grace:

Elp(e: +u) ~ ple)] = | Elwle: 1) dr
0
Limitni pfechodem pro integral vydéleny délkou u dostavame
1 1 [
limsup — (E[p(e; + u) — p(&;)]) = limsup — / E[(g; +t)] dt < limsup E[¢)(e; + u)]
u—04+ U u—0+ U Jo u—0+
Obdobné ziskame i zbylé nerovnosti

1
liminf — (Elp(ei + ) — p(e:)]) = lim inf E[p(e; +w)],

1
liillsolip o (Elp(ei —u) = p(eq)]) < —liminf Bty (e; — )],

1
liminf = (E[p(e; —u) = p(ei)]) = - lim sup El(ei — w)]

Q.E.D.
Tvrzeni 9: Necht jsou splnény predpoklady lemmatu 292 a necht pro kaZdé i €

{1,2,...,n} a pro kazdé u € R plati E[p(e; +u) — p(e;)] > 0, potom pro kazdé
i€{1,2,...,n} je

limsup E[¢(g; + )] > 0, liminf E[¢p(e; — u)] < 0.
u—0+ u—0+
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Duikaz: Tvrzeni je pfimym disledkem lemmatu 777 .
Q.E.D.

Tvrzeni 10: Necht jsou splnény predpoklady lemmatu ?9? | funkce p je konvexni
a necht pro kazdé i € {1,2,...,n} je

liminf E[¢)(e; +w)] > 0, limsup E[¢p(e; — u)] <0
u—0+ u—0-+

potom pro kazdé i € {1,2,...,n} a pro kaZdé u € R plati E[p(e; + u) — p(g;)] > 0.

Dukaz: Kdyz p je konvexni, pak je konvexni i stfedni hodnota E[p(g; + u) — p(&;)],
jako funkce proménné u. Z této konvexity a z lemmatu ?77 jiz plyne vlastni tvrzeni.
Q.E.D.

1) OLS-odhad

OLS-odhad je specialnim pifpadem M-odhadu pii volbé p(t) = 2. Tato funkce je
konvexni a ma hustotu ¥ (t) = 2t. Pak podle tvrzeni ??? , je vhodné pfedpokladat
E[e;] = 0 pro kazdé i € {1,2,...,n}.

2) Ly-odhad

1 prot;0
Zde p(t) = |t|. Tato funkce je konvexni a ma hustotu¢(t) = ¢ 0  prot=0 a tak,
—1 protj0

podle tvrzeni 77?7 | je vhodné pfedpokladat E[i)(e;+)] = Pg(e > 0) — Pg(e < 0) > 0,
E[¢(ei—)] = Pg(e > 0) — Pg(e < 0) <0 pro kazdé i € {1,2,...,n}.
Jinymi slovy 0 je medidnem chyby ¢; pro kazdé i € {1,2,...,n}.

5.3. LMS-0DHAD (LEAST MEDIAN OF SQUARES)

Uvedme jesté piiklad odhadu regresnich koeficienti, ktery neni M-odhadem. Jed-
nim z takovych odhadd je LMS-odhad navrzeny v knize 7?77 . Jedna se o odhad
minimalizujici median empirické chyby.

Tento odhad je zaloZen na absolutnich reziduich |e1 ()], |e2(d)]. .. |en(d)|, které
usporadame podle velikosti, od nejmensiho po nejvétsi. Tyto usporadané statistiky
oznacme ef1)(b) < ejg(b) < -+ <epy(b).

Minimalizaci j-té uspofddané statistiky ziskdme odhad M; ,, € argmkin er;1(b), zde

beR
je{1,2,...,n}.

Tento odhad muzeme popsat také jinym zptisobem. Z pozorovani vybereme vSemi
zpusoby j pozorovani na jejichz zakladé udélame odhad tak, Ze minimalizujeme
maximum vSech rezidui. Pak vybereme tu j-tici pozorovani, kterd dava minimalni
rezidua.

Odhad je rozumnym odhadem pro 3, pokud j > 3. Pfi j < § odhadujeme vlastné
charakteristiku kontaminace ptvodnich dat.

Odhad M [mtht1] , S nazyvé LMS-odhad (Least Median of Squares) a je konzis-

tentnim odhadem parametru 3,, viz 777 .
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STATISTICKE METODY PRO HODNOCENI HOMOGENITY
TEXTILNICH MATERIALU

ALES LINKA A PETR VOLF

ABSTRAKT. Clanek poskytuje piehled statistickych metod pro sledovani nestej-
nomeérnosti textilniho materidlu na zakladé ziskané obrazové informace. Detail-
néji je zkoumano vyuziti ndhodnych poli, specidlné Isingova modelu, pro sledo-
vani nestejnomeérnosti netkané textilie.

Pesioms. B crarbe pacCMOTPEHBI MOAEIN U CTATUCTUUECKUE METOAbI aHa-
au3a o6pa30oB C NPHUMEHEHHWeM K KIACCUGUKAINM U AHAJIN3Y OAHOPOI-
HOCTHW TEKCTUJIbHBIX MATEPUAJIOB. VICMOM30BAHHBI MOIEIN CIyYANHBIX TTO-
sneit Mapkosa (Hampumep mozaenan VICHMHra) M XapaKTEPUCTUKUA PACCIpe-
NEeJICHUN BEPOATHOCTU B DTUX TIOJIAX.

ABSTRACT. The contribution presents a selection of methods for the analysis
of textures, with the application to the inspection of nonhomogeneity of textile
materials. A set of statistical characteristics of textures is reviewed and used for
the classification of real textile material images. Further, the models of Markov
random fields are recalled, their parameters are estimated and then utilized for
the characterization of a texture.

1. Uvop

Jednim z kritérii hodnoceni kvality textilie je i sledovani rovnomeérnosti uspora-
dani materidlu. P¥ipadnd nerovnomeérnost se mize projevit kolisinim hmotnosti,
mechanickych a fyzikdlnich vlastnosti, ¢i nestejnomérnou strukturou (prodysnosti,
porositou). Pro méfeni takovéto nestejnomérnosti existuje fada pfistupt, od sub-
jektivniho vizualniho hodnoceni az k pocitacovym metodam analyzy obrazu, napf.
Militky (1998), Cohen (1991), Finsker (1997).

V praci popiSeme nékteré z metod statistické analyzy nestejnomérnosti materi-
alu a zaroven se pokusime provést klasifikaci podle stupné nestejnomérnosti. Pfitom
budeme predpokladat, ze analyzovana data byla ziskdna snimanim digitalnich ob-
razi textilie, a Ze zkoumany vzorek materidlu je rozdélen do obdelnikové sité bunék
(pixlit), pficem# kazd4 butika vykazuje konstantni ,barvu® (troven $edi). Skala pro
,barvu® zavisi na nasem vybéru, v nejjednodussim pripadé pracujeme s binarnim
obrazem, tj. s dvémi hodnotami 0 (bild) a 1 (Gernd).

Budeme se podrobnéji vénovat pouziti modelu Markovskych ndhodnych poli pro
sledovani nehomogenity netkané textilie. Modelovani textur pomoci nahodnych poli
a jejich klasifikace na zakladé odhadu parametr modelu ndhodného pole byla zkou-
ména v poslednim 20 letech napf. Cross (1983), Winkler (1998), Johansson (2000)
atd.. V fadé pfipadt byla rovnéz aplikovdna na textilni struktury Cohen (1991),
Carstensen (1992), Finsker (1997). Pfedevsim nedostateénd rychlost a efektivnost

2000 Mathematics Subject Classification. Primary 68T10; Secondary 62P30.

Kli¢ovd slova. Nestejnomérnost, Fizeni kvality, Shewharttv diagram, ndhodné pole, Isingtiv mo-
del, textilni material.

Price na této problematice je podporovana z projektt MSMT & VS 97084 a VZ
J11,/98:244100003.
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vypoctu odhadu parametru ndhodného pole, zatim brani jejich rozsahlejsimu na-
sazeni pro ,,on-line“ sledovani textilii. Z tohoto divodu pracujeme s jednoduchym
Isingovym modelem pro binarni obraz textilie. Nutno ovSem konstatovat, ze i tento
zvoleny postup ma fadu uskali véetné predzpracovani snimaného obrazu.

Abychom mohli efektivné porovnat vysledky ziskané z Isingova modelu, byla nej-
prve provedena texturni analyza a na zdkladé€ zjiSténych texturnich charakteristik
byla provedena klasifikace nehomogenity rozlozeni materialu v netkané textili pomoci
klasifika¢niho stromu. Tento pFistup, ktery obvykle vyuzivéa texturni charakteristiky
vypoc¢tené na zakladé matice vzadjemného vyskytu trovni Sedi (,grey level cooccu-
rence matrix“), byl studovidn v fadé praci, za vSechny uvedme Weickert (1998) a
Bodnarova (2000), jez se pfimo vztahuji textilnim texturdm.

2. KLASIFIKACE S VYUZIT! TEXTURNICH STATISTIK

Textura je dilezitou ¢asti interpretace obrazu. Jeden z pfistupid k texturni analyze
vyuziva Ciselné charakteristiky vypoctené z matice vzajemného vyskytu urovni Sedi
pro charakterizaci prislusné textury. Poprvé byly tyto Ciselné charakteristiky pou-
Zity pro analyzu textur v préci Harlick (1973). Zde rovnéz nalezneme prvni pokusy o
vyuziti téchto charakteristik ke klasifikaci, v tomto pfipadé mikrofotografii piskovce.
Problematikou klasifikace textur na zakladé zjisténych charakteristik se zabyvala
celd fada dalsich autorii, za vSechny uvedme Wezska (1976), Conners (1980), de
Buf (1990) a Berry (1990). Carstensen (1992) testoval informativnost charakteristik
pomoci metody klasifika¢nich stromti na 15 vybranych Brodatzovych texturach, pii-
¢emz ve vybéru byly jak textury deterministické, tak stochastické, v obou pripadech
velmi podobné texturdm textilnim. V praci Bodnarova (2000) jsou tyto texturni cha-
rakteristiky pouzity pro detekci kazi tkanych textilii, vysledky jsou pak porovnany
s vysledky ziskanymi na zdkladé spektralni analyzy.

Texturni statistiky jsou velmi casto klasifikovany do skupin - statistiky 1. fadu,
statistiky 2. fadu a statistiky vyssich rada. Statistiky 1. fadu se vztahuji k margi-
nalnimu rozdéleni drovné Sedi. Statistiky 2. fadu charakterizuji sdruzené rozdéleni
arovni Sedi dvou pixli, statistiky vyssich fadi se potom tykaji sdruzeného rozdéleni
drovni Sedi t¥1 a vice pixli.

V dalsi ¢asti nejprve podame prehled texturnich statistik pouzivanych v analyze
textur. Déle se pokusime s pomoci texturnich statistik rozklasifikovat obraz netka-
ného materialt do ptiblizné homogennich skupin. K vlastni klasifikaci bude pouzita

OBRAZEK 1. Ukéazka 7 pruhti netkané textilie, u kterych byla po-
suzovana homogenita rozlozeni materialu.
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metoda klasifikac¢nich stromi, specidlné vyuzijeme porceduru pro klasifikacni stromy
v programu Splus2000.

2.1. Texturni statistiky 1. fadu. Texturni statistiky 1.Fd4du mohou byt vypoc-
teny ze zjisténych Cetnosti {ni}ic‘:ol arovni Sedi v obraze, N oznacuje celkovy pocet

1o o . N L s G-1 .

pixli v obraze. Oznacime-li G pocet Grovni Sedi, potom ) . " n; = N. Oznacme
p Ny oy , vy s ~1G=1 - . .

dale p; = % relativni Cetnost Grovné Sedi i, potom {p;},”; je zaroveni odhadem

pravdépodobnostniho rozdéleni tirovné Sedi. Pro odhady texturnich charakteristik
1. fadu plati:

Al. Odhad stredni drovné Sedi

A2. Odhad rozptylu drovné Sedi
g2=) (i—p)’pi

A3. Odhad variacniho koeficientu

=@

A4. Vybérovd sikmost irovné sedi

A5. Vybérovd $picatost irovné Sedi

AG6. Energie drovné Sedi

A7. Entropie drovné Sedi
G-1
§=-2 bilogh
i=0

Texturni statistiky 1. fddu velmi zévisi na svételnych podminkach. Je béznou
praxi, ze se snazime tento vliv eliminovat. Obvykle to provadime tak, ze se tirovné
Sedi transformuji do nového obrazu. V novém obrazu jsou vétsinou jednotlivé jasové
drovné zastoupeny rovnomeérné, tomuto postupu fikame ekvalizace obrazu a vede na
zvysSeni kontrastu obrazu.
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2.2. Texturni statistiky 2. fadu. Statistiky 2. fddu jsou obvykle zaloZeny na
matici vzajemného vyskytu drovni Sedi, kterd zhruba Feceno popisuje prostorové
zavislosti mezi jednotlivymi trovnémi Sedi. Matice vzajemného vyskytu trovni Sedi
{cij(h),i=0,...,G-1,7=0,...,G—1} je definovana vzhledem k danému posunuti
h = (k,1) a prvku (4, j), pfiemz hodnota ¢;; oznacuje kolikrat se objevuje uroven
Sedi j v pozici h relativné k bodu, jez ma troven Sedi ¢. Oznacime-li ny celkovy
pocet dvojic s posunutim h, pak
Cij(h) = cii(h)
Nh
odhaduje sdruzené rozdéleni Grovni Sedi v zavislosti na daném posunuti h (dale C;;
bude oznacovat C;;(h)). V praxi se velmi ¢asto voli pro h hodnoty (0,1),(1,0), (1, 1)
a (—1,1). Z matice vzajemného vyskytu tirovni Sedi miizeme vypodéitat texturni cha-
rakteristiky sdruzeného rozdéleni tirovni Sedi, které lze pouzit pro popis a klasifikaci
textur. Mezi texturni statistiky 2. fadu z matice vzajemného vyskytu trovni Sedi
zarazujeme nasledujici statistiky:
B1. Energie (Druhy anguldrni moment)
G-1G-1

o 2
éc = E Ci;

=0 j=0

B2. Entropie

kde [z, [iy, 0,0, jsou odhady stfedni hodnoty a rozptylu zalozenych na odhadech
marginalnich rozdélenich Cf a C7.

B5. Diagonalni moment
d = i = jl(i +j — Fa — iy)Cij-

7 matice vzajemného vyskytu trovni Sedi mizeme obdrzet odhad rozdéleni ab-
solutnich hodnot rozdilt Grovni Sedi dvojic pixli
G-1G—1

Dp=> Y Cy, k=0,....G- 1.
i=0 j=0
——
li—jl=k
Na toto rozdéleni muzeme divat jako na odhad rozdéleni vzdalenosti od hlavni dia-
gonaly v matici vzajemného vyskytu trovni Sedi.
Texturni statistiky 2. fadu vypoctené z odhadu rozdéleni absolutnich rozdili
arovni Sedi dvojic pixli:
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B6. Energie rozdeélent absolutnich rozdili urovni Sedi

Q

ed=Y D3

>
Il
=)

B7. Entropie absolutnich rozdili drovni sedi
N G—-1
sd =~ Dj log Dy.
k=0

B8. Variogram (Inerce, Kontrast)

vd = GzleDk =25(1—p).
k=0
B9. Lokdlni homogenita
. ¢l p |
= 1+ k2

7 matice vzajemného vyskytu trovni Sedi mizeme rovnéz obdrzet odhad rozdéleni
souctu hodnot drovni Sedi dvojic pixla

G-1G-1

Se=>_> Cij, k=0,...,2G 2.
i=0 j=0
——
itj=k
Pro vybérovy pramér tohoto rozdéleni plati

2G -2

Sa=)  kSk=lio+ iy
k=0

Texturni statistiky 2. fadu zaloZené na rozdéleni souctu trovni Sedi dvojic pixli:

B10. Energie rozdeéleni souctu drovni Sedi

B12. Odhad rozptylu rozdéleni souctu urovni Sedi
2G—2
05 =Y (k- sa)* Sk
k=0

B13. Odhad tretitho momentu rozdéleni souctu drovni Sedi (,,Cluster Shade*)

2G -2

hs = > (k- 5a) Sy

k=0
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B14. Odhad étvrtého momentu rozdélent souctu drovnd Sedi (,,Cluster Prominency)

2G-2
ps = § (k — sa)* S
k=0
B2<8.65281 B7<3.74483
B4<(.923633 B7<8.82431
B2<8.56516 B1<(.00019
E G
4
A C

(a) (b)

OBRAZEK 2. Klasifika¢ni stromy pro klasifikaci homogenity rozlo-
zeni materidlu v netkané textilii v pfipadech: (a) P¥ima nefizena
klasifikace kusii textilie A-G (viz obrazek 1) pomoci klasifika¢niho
stromu, (b) Nezavislym posuzovatelem byla provedeno rozdéleni
¢asti textilie do 4 skupin (viz obrdzek 1) a néasledné byl pouzita
metoda klasifikacniho stromu.

T T T T T T T T T T
8.0 82 8.4 86 88 8.0 82 8.4 86 88
B2 B2

(al) (a2)

OBRAZEK 3. Graf rozdéleni hodnot statistiky B2 proti hodnotdm
statistiky B4 (al), resp. hodnot statistiky B2 proti hodnotdm sta-
tistiky B7 (a2) v piipadé klasifikace (a).

2.3. Priklad. Obraz netkané textilie byl rozdélen do 7 pruhua velikosti 200x100
pixlt (viz obrazek 1). Jednotlivé pruhy jsou oznaceny pismeny A-G. Kazdy z pruht
byl rozdélen do dvou oken velikosti 100x 100 pixli. Za predpokladu homogenity
kazdého z jednotlivého pruhti mizeme kazdému ze dvou oken pfifadit stejny faktor.
Pro kazdé okno byly vypocteny Ciselné charakteristiky B1 — B14 zalozené na ptislusné
matici vzédjemného vyskytu trovni Sedi pro horizontalni posunuti h = (0,1) v okné
(100x100 pixla). Pomoci metody klasifika¢nich stromt byla na zakladé zjisténych
texturnich charakteristik B1 — B14 provedena nerizena klasifikace textur. Ptislusny
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Trida E: 9 10 11 12
—— =~
E F
Trida G: 13 14
——
G
Trida A: 1 2 3 4
<~ <~
A B
Trida C: 5 6 7 8
C D

TABULKA 1. Pfifazeni jednotlivych oken (obrazek 1) k uzlim v
ptipadé klasifika¢niho stromu (obrazek 2a).

klasifika¢ni strom je na obrazku 2a. Pro klasifika¢ni strom 2a ma vypis s programu
Splus2000 nasledujici podobu:

Classification tree:
tree(formula=cvy20,na.action=na.exclude,mincut=2,minsize=5, mindev=0.001)
Variables actually used in tree construction: [1] "B2" "B4" "B7"

Number of terminal nodes: 4

Residual mean deviance: 1.664 = 16.64 / 10

Misclassification error rate: 0.4286 = 6 / 14

Vidime, ze jako typické tiidy byly vybrany A, C, E, G, ostatni 3 k nim byly pfifa-
zeny. P¥i bliz§im prozkouméani koneénych uzlt (viz tabulka 1) zjistime, Ze do stejnych
skupin byly pfiblizné zafazeny pruhy, které jsou stejné homogenni co do rozlozeni

vvvvv

materidlu. Nejdilezitési charakteristikou pro klasifikaci byla B2 (entropie).

24 000101

0.0008 |

o
0 8.4 @ 0,0006 1

824 3 0.0004 | 3

80 0.0002 2 2 2

T T T T T T T T
36 37 38 39 36 37 38 39
B7 B7

(b1) (b2)

OBRAZEK 4. Graf rozdéleni hodnot statistiky B7 proti hodnotam
statistiky B2 (bl), resp. hodnot statistiky B7 proti hodnotam sta-
tistiky B1 (b2) v pfipadé klasifikace (b).

Obrazek 3al ilustruje rozdéleni statistiky B2 proti B4 a obréazek 3a2 rozdéleni
statistiky B2 proti B7. V pripadé klasifika¢niho stromu na obrazku 2b byly okna nej-
prve z pohledu homogenity rozlozeni materidlu posouzeny nezavislym posuzovatelem
a rozdéleny do 4 skupin (viz obrézek 1). Toto rozdéleni bylo nasledné spolu s hod-
notami texturnich statistik B1 — B14 pouzito pro konstrukci klasifika¢niho stromu.
Prislusny klasifikac¢ni strom je na obrazku 2b a ma vypis s programu Splus2000 mé
nasledujici podobu:
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Tfida 3: 10 12 13 14
—_—
3

T¥ida 1: 12
=~

1
Tfida 2: 3 5 6
—
2
Trida 4: 4 78911
~N
2 4
TABULKA 2. Pfifazeni jednotlivych oken (obrazek 1) k uzlim v
pripadé klasifika¢niho stromu (obrazek 2b)

Classification tree:

snip.tree(tree=tr2,nodes=7)

Variables actually used in tree conmstruction: [1] "B7" "B2" "B1"
Number of terminal nodes: 4

Residual mean deviance: 0.5004 = 5.004 / 10

Misclassification error rate: 0.07143 =1 / 14

Pouze jedno okno (7.143%) nebylo klasifikovano spravné (viz tabulka 2). Nejdulezi-
t83i charakteristikou pro klasifikaci byla B7 (entropie rozdéleni absolutnich rozdild).
Obrézek 4b1 ilustruje rozdéleni statistiky B7 proti B2 a obrazek 4b2 rozdéleni sta-
tistiky B7 proti B1.

Zavérém tohoto odstavce poznamenejme, Ze oba stromy klasifikuji podle statistik
B1,B2,B4 a B7, z pohledu nehomogenity rozlozeni materidlu dostadvame srovnatelné
vysledky.

3. VYUZITI MODELU NAHODNEHO POLE

Tento pristup vyuZiva toho, Ze je moZné popsat digitalni obraz textilie (a speci-
alné textilie netkané) jako realizaci ndhodného pole uréitého typu. Obraz je tvofen
konfiguraci stavi x = {x;, i € I} v dvourozmérné siti indext I = {1,2,..., N}, kde
index 4 € I oznacuje ur¢ity element (pixel) obrézku. Zpravidla z; nabyvaji jen néko-
lika hodnot (odpovidaji nap¥. riiznym barvdm) a predpoklada se, ze jsou vzdjemné
svazana, alespon s hodnotami v sousednich polich tak, Zze ndhodné pole vykazuje
Markovskou vlastnost.

Predstavme si nejjednodussi pripad, kdy obrazek je bindrni, hodnoty x; jsou bud
0 ¢i 1. Formulujme rozdéleni pravdépodobnosti ndhodné veli¢iny x, Q(x), tj. pravdé-
podobnost pro konfiguraci hodnot x; davajici vysledny obraz. Jednim z pouzivanych
modell je IsingGv model, Janzura (1990), Winkler (1995), Tjelmeland (1998):

lnQ(x) = C+Ozz:ri +6Z Z i T,
i i JEO;

kde C je neznama normujici konstanta také zavisici na «, 8 a O; predstavuje okoli
bodu i. Druhy ¢len tedy vyjadiuje vzadjemnou vazbu sousednich poli, napt. § > 0
znamena, %e spolu sousedi spise stejné barvy. Dale napf. a = % 0 znamena, Ze
obé barvy jsou stejné pravdépodobné, kde |O| je poet bodi v okoli. My budeme
pracovat s okolim slozenym ze vSech sousednich, tj. 8 bod.

Snadno odvodime podminéné rozdéleni pro hodnotu v jednom bodé, pfi danych
hodnotach v ostatnich bodech:

(1) In Qi(wi | x(—i)) = ax; + fx; Z z; + Cj,

JjEO;
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coz vede na pravdépodobnost (logisticky ¢i logitovy pravdépodobnostni model)

1
Qs =0lx(p) = 7 exp(a+ Y0, ;)
a pfirozené Q;(z; = 1|x(_y) = 1 — Qi(w; = 0] x(_y)).

Je také pomérné snadné pro dany Isingtiv model vygenerovat jeho reprezentaci, tj.
charakteristickou konfiguraci, obraz, pomoci Gibbsova nebo Metropolis—Hastingsova
algoritmu, tzn. postupt zndmych jako Markov chain Monte Carlo (generované Mar-
kovovy Fetézce, MCMC, Geman (1984) Bernardo (1994), Tjelmeland (1998)).

Na druhou stranu, neni zcela jednoduché pro dana data — konfiguraci nul a jedni-
¢ek — odhadnout parametry modelu (pfedevsim diky neznalosti normujici konstanty
C, kterd na parametrech zavisi a jejiz zjisténi komplikuje rozsahlost tlohy).

Ulohu maximalné vérohodného odhadu (MLE) je mozné fesit opét pomoci inten-
zivnich simulaci metodou MCMC. Je nutno vsak nejdfive obejit fakt, ze nezname
normujici konstantu. K jejimu alesponn ”relativnimu” odhadu se pouziva Gibbstv
algoritmus, Tjelmeland (1998b). Potom pomoci dalsi MCMC procedury, napf. al-
goritmu Metropolise—Hastingse, se generuje reprezentace aposteriorniho rozdéleni
nezndmych parametri « a §, s vyuzitim naméfenych dat. Timto postupem zaroven
ziskame i empirické kvantily aposteriorniho rozdéleni, coz nadm opét umozni testo-
vat shodu dat s oéekdvanym standardem (Isingovym modelem pro “idealni” textilii)
a také odhalit zmény modelu — tj. zmény charakteru struktury materialu. Tento
postup je v8ak piili§ vypocetné (tj. i ¢asové) ndro¢ny pro operativni on-line analyzu.

Proto se pouzivaji metody zvané maximalné pseudo-vérohodny odhad, MPLE,
Besag (1986), Tjelmeland (1998b), které pracuji s aproximaci vérohodnostni funkce.
Nejjednodussim pristupem v dané situaci je pouzit jako pseudovérohodnostni funkci
prosté sou¢in podminénych jednorozmérnych pravdépodobnosti (1):

Q*(X,Oé,ﬁ) = HQi(xi|X(—i)aa?ﬁ)'

i€l

Logaritmus této funkce se maximalizuje pfes a a (. Dostavame:
nQ* = Zmi(a + 0 Z xj) — Zln(l +exp(a+ 06 Z xj).
el Jjeo; el Jjeo;
Oznacme S1 =3, @, J; =), v, S11 =73, ;x;J;. Potom

on@* . exp(a + BJ;) olnQ* 3 Jiexp(a + BJ;)
o =51 Z 1+ exp(a+ BJ;)’ B =S Z 1+ expla+ 8J;)

JEO;

il iel
K vyfeSeni rovnic 0Q*/0a = 0, 9Q*/0F = 0 mizeme pouZzit napf. algoritmu
Newtona-Raphsona, ktery iteruje posloupnost feseni néasledujicim zptisobem:

00D = 9(s) — D21 D1,

kde pro nas je 6 = (a, 3)’, ) je s-ta iterace feSeni, D1 = (0Q* /0, Q*/IB)’ je
vektor 1. derivaci InQ* a D2 je matice 2. derivaci:

92nQ* exp(a + BJ;)
D21, = = —
L1 a2 zezl (1+ exp(a+ ;)
InQ* Jiexp(a + BJ;)
D213 =D2 = ——— = —
92InQ* J2exp(a + BJ;)
D2y =t —— : '
2,2 032 Z (1 + exp(a+ BJ;))?

iel
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Lehce se ukaze, ze D2 je negativné definitni matice, ¢ili Ze funkce InQ* je konkavni.
Navic, protoZze D1 protind zjevné bod (0,0), nutné jej protind v jediném bodé
(tj. odhad existuje s pravdépodobnosti 1), ke kterému tedy sméfuje nase FeSeni
maximalizace funkce InQ* (a to z jakéhokoli pocateéniho bodu #(®)).

Teorie MLE ftiké, ze odhad metodou MLE je za urcitych podminek regularity
konzistentni a asymptoticky norméalni. Tato limitni normalita se pak vyuziva jako
aproximace pro praci s konecnymi soubory dat. O MPLE je dokazana jejich konzis-
tence, alesponi pro takové piipady, jaké uvazujeme zde, Tjelmeland (1998b). Mélo
je vSak znadmo o rychlosti konvergence. Jsou také zndmy vysledky o asymptotické
normalité odhadt parametri metodou MPLE, Janzura (1992), Tjelmeland (1998b).
Presto je vhodné se o vhodnosti aproximace rozdéleni MPLE norméalnim rozdélenim
presvédcit simulacnimi studiemi, zejména z proto, Ze praktické metody pouzivaji
vlastné nékolikerou aproximaci. Pfes tyto nejasnosti, metoda zde navrzena pro ex-
ploratorni analyzu nestejnomérnosti materidlu pfedpokladu o priblizné normélnim
rozdéleni odhadt parametru vyuziva. Metoda je pouzitelnd jak k testovani homo-
genity, tj. stability parametri v riznych ¢astech analyzovaného pole (tento postup
ukdZeme v nasledujicim ptikladé), tak na testovani shody parametrt s oéekdvanym
standardem.

Pro pfipad poli s vice hodnotami ¢i s jinak pojatymi vazbami jednotlivych hodnot

jsou k dispozici dalsi typy modelid, od dvourozmérnych Poissonovskych procesi az
po tzv. Gibssovskd ndhodna pole, Winkler (1995), Tjelmeland (1998).
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OBRAZEK 5. Pruh netkané textilie v Sedé skdle a pfislusny seg-
mentovany bindrni obraz vytvoreny pomoci funkce im2bw(I,0.6)
z matlabského packetu Image Processing Toolbox

3. Priklad. Budeme analyzovat nestejnomérnost pruhu netkaného textilniho mate-
ridlu, jehoz binarni obraz je na obrazku 7. Budeme postupné hodnotit neptekryvajici
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OBRAZEK 6. Pocty ¢ernych bodii a vazeb sousednich ¢ernych bodu
v jednotlivych oknech
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OBRAZEK 7. MPL odhady parametrii Isingova modelu v jednotli-
vych oknech

7 M7

se tseky délky 50 (a celé sifky 200), tj. dostaneme postupné 14 poli. V kazdém vy-
hodnotime
(1) poéty S1=> x; a S11 =3 J;, viz obrazek 8,
(2) MPLE odhady parametrii «, 8 Isingova modelu, viz obrézek 9. Navic v hor-
nim grafu jsou rovnéz ¢arkované zobrazeny hodnoty —4 B Kladné hodnoty
& — 4[3 znamenaji, ze hodnoty “1” jsou preferovany pifed hodnotami “0”.
Kladné hodnoty 3 zpisobuji, ze model podporuje shlukovani bunék stejné
hodnoty.
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7 takto ziskanych 14 hodnot kazdé veli¢iny jsme také spocetli priméry a smérodatné
odchylky. Do grafi jsme pak vynesli i tyto priméry a pasy kolem prameéri tvorené
2, resp. 3 - nasobky smérodatné odchylky.

Pro iteraci a, 3 stacilo vzdy jen nékolik (< 10) krokd Newton-Raphsonova algo-
ritmu, zaéinali jsme v a(9) = 0, 3°) = 0. Porovnanim grafu odhadu o a 3 zjistime,
ze je stale a > —40, i v oknech, kde prevazuji bild mista. Zdtivodnénim muze byt,
ze skute¢na data neodpovidaji Isingovu modelu s jednoduchymi interakcemi.
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(8]
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DOTAZNIKY O KVALITE ZIVOTA

MAREK MALY

ABSTRAKT. In the last decade, the assessment of quality of life became one of
the important endpoints in epidemiological studies, especially in clinical trials.
The aim of this paper is to point out the properties and psychometric features
of questionnaires for measuring this higly subjective concept and to address the
statistical issues present in analysis of quality of life data. The problems arising
from the large number of variables measured, repeated mesurements, and from
missing data are discussed and the suitable methods for their treatment are
mentioned.

Abcrpakr. B 3TOl cTaThe M3ydaeT Csi Kak ONMUCUOATH KallleCTBO »KU3HU
GOJILHBIX.

1. Uvop

V poslednich 10—15 letech se v 1ékaiské oblasti velmi zvysil zajem o posouzeni
kvality zivota pacientd. V rznych epidemiologickych studiich, ale zejména v klinic-
kych pokusech je nyni znac¢na vaha prikladana nejen délce zivota, ale i jeho kvalité,
jejiz hodnoceni se stalo jednim ze standardnich vystupt. Statistické aspekty méfeni
kvality Zivota jsou nesmirné rtiznorodé, protoze se dotykaji jak procesu zjistovéni,
tak hodnoceni a interpretace dat, k jejichz typickym rystim patii zejména mnohoroz-
mérnost a opakovand méfeni. Nékterych aspektd bychom se chtéli dotknout v tomto
prispévku.

K hlavnim faktortim ovliviiujicim kvalitu Zivota se pocitaji zdravotni stav, vék,
socialni a ekonomické podminky, zalezitosti duchovniho razu a v neposledni fadeé i
prani, Zivotni cile a o¢ekavani toho kterého jedince a jeho zazemi. D4 se Tici, Ze je to
pocit vznikajici z rozdilu pfani a miry jejich (ne)splnéni v zivoté. Mnohé studie uka-
zaly, Ze se tato subjektivni vypovéd muze silné liSit od objektivni lékafské informace
a e ani lékaf ani nejblizsi pFibuzni nemocného nejsou schopni jeho odpovéd dobfe
odhadnout. Last (1995) definuje kvalitu Zivota jako subjektivné vnimanou trovern,
jiz 1idé hodnoti své fyzické, emocionalni a socidlni schopnosti.

Kaplan a Bush (1982) zavedli pojem kvalita zivota ve vztahu ke zdravi (health-
related quality of life; HRQoL), aby vymezili tu éast kvality Zivota, ktera je prvotné
urcovana zdravim jedince a zdravotni péc¢i a kterd mize byt ovlivnéna klinickymi in-
tervencemi. HRQoL vychézi hlavné z oblasti socidlni, télesné a psychologické funkce
jedince, arovné chorob, schopnosti postarat se o sebe a citové pohody.

Vzhledem k povaze a obsaZznosti pojmu HRQoL vykrystalizoval jako nejvhodnéjsi
néastroj ke zjistovani kvality Zivota dotaznik, nejc¢astéji vypliiovany samotnym pacien-
tem pii kontaktu se zdravotnickym zafizenim. Dotazniky bézné obsahuji cca 20-150
otazek seskupenych do nékolika tzv. dimenzi ¢i domén, které koresponduji s vyse

2000 Mathematics Subject Classification. Primary 62P10.
Klic¢ovd slova. Kvalita zivota pacientu, klinické pokusy, vybérova Setfeni.
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zminénymi oblastmi lidského byti (napf. od fyzické k duSevni). Dnes je zndmo mi-
nimélné 800 funkénich dotaznikovych néstroji, orientovanych bud obecné na velmi
sirokou gkalu nemoci, anebo specificky na urcitou nemoc, populaci, dimenzi.

Prehledny souhrn informaci o nastrojich pro méreni kvality zivota poskytuje néko-
lik zakladnich publikaci (McDowell, Newell, 1987; Fallowfield, 1990; Bowling, 1996;
Bowling, 1997; Spilker, 1996). K velmi rozsifenym obecnym dotaznikéim patii napf.
SF-36 (Ware, Sherbourne, 1992), ktery obsahuje 36 otazek v 8 dimenzich a byl pie-
lozen do mnoha jazykt véetné Gestiny (Vondra a spol., 1999; Skalska a spol., 2000).

Kvalita Zivota se méni v Case v zavislosti na zménach samotného pacienta i jeho
okoli. Je ovliviiovana vékem, nemoci a jeji lécbou i tim, jak se jedinec vyrovna
s riznymi stavy a stadii, jimiz prochézi. Rizné dimenze jsou navic rtzné citlivé
k riznym podnétiim a i rychlost, s jakou se zména kvality promitne do méreni,
zéavisi na povaze dimenze. Napi. u pacientd s ruznymi stupni chronické obstrukéni
plicni nemoci reaguji na zhorsovani stavu velmi citlivé fyzické domény, ale hodnoceni
dusevni domény casto neni extrémné Spatné ani u téch, ktefi jsou zcela odkézani
na domaci kyslikovy pristroj. Kvalita Zivota je tedy mnohorozmérny, subjektivni a
dynamicky ukazatel, v psychometrii oznacovany jako konstrukt. Muzeme jej mérit
pouze nepfimo a pouze v ur¢itém (malém) poctu ¢asovych intervalt (Schumacher,
Olszewski, 1991).

K oblastem, v kterych nachazeji miry kvality zivota uplatnéni, patii

1) Klinicka praxe - screening a monitorovani psychosocidlnich problému v ramci
individualni péce o pacienta, vybér osetieni

2) Populaéni studie zaméfené na vnimani zdravotnich problémi, dopad riziko-
vych faktora

3) Hodnoceni vyzkumnych studii a zdravotni péce (zde ¢asto jako findlni mira),

4) Klinické pokusy - porovnani u¢innosti 1ékii, hodnoceni pritbéhu nemoci, vy-
hledani rozhodujicich zdravotnich ¢initeli

5) Hodnoceni finanéni ndkladnosti a efektivity 16¢by, uréeni priorit pfi alokace
zdroja.

Diskriminac¢ni vlastnosti dotazniku se uplatni v priifezové studii, kdy je potifeba
rozlisit kvalitu zivota v riznych skupinidch nemocnych v jednom ¢asovém okamziku,
evaluacni vlastnosti poslouzi pfi studiu zmén kvality zivota v Case ve studiich lon-
gitudinalniho typu a pfi predikci jistych ukazateltl zdravotniho stavu véetné délky
prezivani. Pro rizné tcely je nutna rozdilna struktura, irovné proménnych.

2. OTAZKY KONSTRUKCE DOTAZNIKU

Pii konstrukci novych dotazniki se zpravidla vychazi ze sirsiho poc¢ate¢niho okru-
hu otazek shromazdénych na zékladé vyjadieni expertd ¢i cilenych pohovort s pa-
cienty (Donner, 1997). Téméi vzdy se pouzivaji otdzky uzaviené, kdy respondent
vybird pouze z predepsanych variant odpovédi. Uzaviené alternativni otazky pii-
poustéji jen dvé varianty odpovédi, selektivni nabizeji vybér z vice variant - v tomto
kontextu vétsinou z 3-7 odpovédi s logickym usporadanim od nejmensiho po nejvétsi
dopad nemoci a davaji tak vzniknout ordinélni veli¢iné.

Kromé obsahové spravnosti, relativni strucnosti a snadnosti vypliovani musi
kazdy dotaznik spliiovat zakladni psychometrické vlastnosti, zejména validitu a re-
liabilitu (Nunnally, Bernstein, 1994). Ty by se mély vzdy znovu ovéfit pro novou
jazykovou mutaci i pro pouziti v kontextu jiného onemocnéni. Validita udava, do
jaké miry méri pouzity dotaznik skutecné to, co zamysli mérit. Jednim z aspekti
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validity je také citlivost (ke zméné). Citlivost je sila metody, mira schopnosti dete-
kovat u konkrétniho jedince klinicky vyznamnou zménu zdravotniho stavu, v ¢ase,
v priibéhu studie. Spolehlivost (reliabilita) je mirou stability, tedy schopnosti dotaz-
niku poskytovat stejné vysledky, kdykoli je méfeni opakovano za stejnych podminek.
Rik4, zda méfeni nebo dotaznik jsou opakovatelné (reprodukovatelné). Reliabilita je
nutnou, ale nikoli postacujici podminkou validity. Se spolehlivosti je tizce spjata
vnitini konzistence, ktera ukazuje, do jaké miry spolu otazky v ramci jedné dimenze
souviseji.

3. OVEROVANI VALIDITY A RELIABILITY

V literature je popsano kolem 20 typt validity. Jejich hodnoceni je velmi obtizné
a do zna¢né miry individualni podle typu problému (Streiner, Norman, 1995; Ri-
¢an, 1977), ¢asto vychazi z korela¢nich koeficientt a faktorové analyzy (Juniper a
spol., 1997). Van Knippeneberg, de Haes (1988) analyzuji zptisoby hodnoceni vali-
dity uzivané v kontextu kvality zivota. V ramci pojmové validity se zkouma, do jaké
miry méfi test pravé to, co se ocekava, ze méri, tedy to, k ¢emu byl konstruovan.
Pokud se napr. studovana vlastnost méni s vékem, méla by se tato zména odrazit
v méfeni pojmové validity. Obsahovd validita popisuje, zda test primérené pokryva
celou studovanou oblast. Kriteridlni validita empiricky zkouméa stupen asociace ¢i
korelace posuzovaného nastroje a urcitého externiho kritéria. Kritériem by, obecné
vzato, méla byt proménna, kterou se testem snazime diagnostikovat ¢i predikovat,
¢i ktera je obecné uznanym absolutnim (”zlatym”) standardem. V piipadé méfeni
kvality zivota vsak neni zadné takova jasné definovana a pfimo pozorovatelnd mira
dostupné, protoze se jedna o subjektivni, pfipadné experimentalni fenomén. V praxi
se Casto se na misté standardniho kritéria pouziva néktery z nejrozsitenéjsich déle
uzivangch dotaznikt. U¢innou technikou, ktera vSak vyzaduje specialni plan studie,
je pfistup ”multitrait-multimethod” [MTMM] (Campbell, Fiske, 1959), kdy jsou dvé
¢l vice riznych (a pokud mozno malo souvisejicich) dimenzi méfeny dvéma ¢i vice
metodami. Ziska se tak srovnani kvalitativné riznych typi korelaci. Nejvyssi by mély
byt reliability vSech nastroju a rtizné miry stejné dimenze by si mély vice odpovidat
neZ rizné miry rtznych dimenzi, mezi nimiz by vlastné nemél byt vztah (Streiner,
Norman, 1995). Pro vypocet citlivosti se nékdy pouziva koncepce nejmensiho zévaz-
ného rozdilu (minimal important difference), coz je nejmensi zména ve skéru uréité
domény, kterd je jiz klinicky anebo z pohledu pacienta povazovana za vyznamnou
(Jaeschke a spol., 1989; Juniper a spol., 1994).

Jednou z metod zjistovani reliability (Rehdk, 1998) je opakované vyplnéni do-
tazniku (postup test-retest) po nékolika tydnech, kdy se jiz snizil efekt zapamato-
vani ptivodnich odpovédi a jesté nedoslo ke zméné zkoumané vlastnosti (zdravotniho
stavu). Mirou reliability je pak korela¢ni koeficient. P¥i jednorazové distribuci do-
tazniku lze vySetfovat vnitini konzistenci, kdy se hodnoti stejnomérny vztah dil¢ich
otazek ke skéru dimenze. Je nutno si uvédomit, ze délka testu zpravidla zvysuje
reliabilitu. Zakladnim ukazatelem je Cronbachovo alpha (Cronbach, 1951), které lze

kcov /var
T+(k—1)cov/var
zkoumané dimenze a var je jejich pramérny rozptyl. Koeficient vychézi z tvahy,
ze polozky v ramci jedné dimenze maji do urcité miry stejny predmét, zabyvaji
se stejnou entitou, a primeérna korelace stanovuje do jaké miry jde o stejny ptfed-
mét. Je mozno jej interpretovat jako korelaci mezi pozorovanym skérem dimenze a
kterymkoli jinym testem, ktery by obsahoval stejny pocet otazek z hypotetického
souboru vSech moznych otazek vazanych k dané dimenzi. Podobné avahy vedou

vyjadrit jako a = kde ¢ov je prumérna kovariance mezi k otazkami
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k hodnoceni reliability pomoci Pearsonova korela¢niho koeficientu mezi jednotlivou
polozkou a skérem pfislusné dimenze spoctenym po jejim vypusténi ze zbyvajicich
polozek (item-scale correlation). Na zakladé tzv. ”split-half” metody se cely dotaz-
nik ve vSech dimenzich rozdéli do dvou ¢ésti (napf. na sudé a liché otazky) a jako
odhad vnitini konzistence se pocita korelace mezi témito dvéma ¢astmi pomoci tzv.
Spearmanova-Brownova vzorce (Lord, Novick, 1968). Nevyhodou je, Ze metoda silné
zévisi na zpusobu rozdéleni dotazniku.

4. SKALOVANI ODPOVEDI]

Je nezbytné, aby jednotlivé testy a dotazniky mély nejen standardizovany obsah
(Jones, 1997), ale i proces ohodnoceni odpovédi, protoze jediné tak jsou vysledky
interpretovatelné a porovnatelné navzajem mezi studiemi. Jakékoli zmény obsahu ¢i
vyhodnocovani mohou snadno pfivodit vychyleni skért (bias) a ovlivnit validitu i
reliabilitu.

Pro kédovani odpovédi se vétsinou pouzivaji pfirozena c¢isla 1,2,3,... . Ta mohou
slouzit i jako skdry pro zpracovani, pokud je realisticky pfedpoklad linearniho vztahu
mezi skéry a jim odpovidajicimi kategoriemi zdravotnich problémt. Pak se lze na
pouzitou stupnici divat nejen jako na pofadovou (ordinélni), ale i jako na interva-
lovou (kterd ma stanovenu miru vzdélenosti mezi pozicemi na stupnici). Opalny
pripad vede k neekvidistantnim ohodnocenim (vlastné k véZeni odpovédi) a skdry
jsou odvozovany empiricky na zakladé néjakého zkuSebniho vzorku pacientti pomoci
riiznych analytickych metod, napf. faktorové analyzy ¢&i regrese (Olschewski, Schu-
macher, 1990), distanéni analyzy a nékdy bohuzel i dosti libovolné bez raciondlniho
podkladu. Neéktefi autori doporucuji prihlizet pti uziti ¢isté matematickych metod i
ke klinickému posouzeni.

Vyznam pfidélovani skéri je naprosto zasadni. Jejich rozsah by nemél byt ex-
trémni, protoze jinak miZe dojit k nezddoucimu potlac¢eni ¢i uprednostnéni nékterych
stavl a tim i k mimofadnym zavérim. Je zfejmé, Ze ruznymi postupy se ani zda-
metody vazeni kritizuji a davaji pfednost prostym celociselnym skorim, pripadné do-
poruc¢uji vychézet z diskrimina¢ni analyzy, normaélnich skért (pro odpovédi ptiblizné
symetricky rozlozené kolem centralni hodnoty), exponencidlnich skérti (pro odpovédi
koncentrované na jednom konci). Néktefi autofi voli mirny odklon od celoéiselnych
skoru ke skéram typu 1, 2.1, 2.9, 4.3, atd.

5. STATISTICKE OTAZKY PRI MERENI KVALITY ZIVOTA

Pii feseni studii o kvalité zZivota je nutno preferovat statistické postupy, které
jsou schopny vzit v ivahu mnohorozmeérnoua ordinalni povahu dat, strukturu jejich
zavislosti v Case (sousedni mé¥eni téhoz pacienta, zejména kdyz jsou nepfili§ ¢asové
vzdalen, jsou nepochybné kladné korelovand) a pomérné ¢asty vyskyt chybéjicich
pozorovani (cenzorovani).

Kdybychom se snazili posuzovat rozdily mezi skupinami pacienti, ¢i vyvoj v Case
pro kazdou z mnoha otazek dotazniku separatné, byly by vysledky dosti neprehledné,
ale hlavné by doslo k vyraznému posunu hladiny vyznamnosti v disledku mnoho-
nasobného srovnavani a metodologické problémy zistavaji i pii pouziti korekci typu
Bonferroniho nerovnosti (Miller, 1981). Vhodny kompromis, pfi némz je omezen po-
¢et testovanych hypotéz a zjisténa informace kondenzovana, ale zaroven zachovana
ve své mnohorozmérnosti, predstavuji skéry pro jednotlivé dimenze, pripadné dopl-
néné celkovym skérem ze vSech otazek. Ty lze i snaze interpretovat. Celkovy ukazatel
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v8ak pozbyva smyslu, pokud dochézi k interakci mezi 1é¢bou a dimenzemi, tj. pokud
s pozitivni zménou v jedné dimenzi prichézi negativni zména v jiné. Celkové skore
pak mnohdy neni schopno zachytit jakykoli efekt 1é¢by. Vzhledem k tomu, Ze jed-
notlivé polozky dimenze maji zhruba stejny vztah k méfenému aspektu zdravotniho
stavu a ze zadna z polozek neni vyuzita ve vice nez jedné dimenzi, doporucuje se
vytvorit skére dimenze jako nevazeny soucet ¢i prumér skért odpoveédi a vyjadrit jej
procentualné jako podil maximalniho mozného hodnoceni.

Jako hlavni statisticky néstroj pak ¢asto slouzi (mnohorozmérnd) analyza roz-
ptylu (resp. analyza kovariance) s opakovanymi méfenimi, pokud u skéri dimenzi
miizeme predpokladat normalni rozlozeni, a zobecnéné linedrni modely v ostatnich
situacich (Agresti, 1989), mj. pfi specifikaci korela¢ni struktury (Liang, Zeger, 1986).
Flexibilni je hierarchicky model s ndhodnymi koeficienty, ktery popisuji Beacon a
kaze 1épe zohlednit strukturu daného dotazniku, ordinalni povahu proménnych a
psychometrické pozadavky uplatnéné pfi tvorbé dotazniku (Douglas, 1999).

Chybéjici pozorovani a ztrata pacientd ze sledovani (véetné neochoty ¢ neschop-
nosti k dalsi spolupraci) pfedstavuji zna¢ny problém zejména proto, Ze mechanismus
chybéni Casto souvisi se stavem pacienta. Moderni statisticka literatura rozliSuje tii
hlavni mechanismy vzniku chybéjicich pozorovani (Rubin, 1986). Udaj chybi ”zcela
nahodné”, pokud pravdépodobnost, ze k vypadku dojde, nezavisi na zddném jiném
udaji, ktery byl nebo bude zaznamenan (napf. nemocny piehlédl otazku, oSetfujici
sestra se na ni zapomnéla zeptat). Udaj chybi "ndhodné&”, pokud pravdépodobnost
vypadku souvisi s pfedem zndmymi doprovodnymi udaji (vék, pohlavi) nebo zavisi
na dfive zjisténych skdrech, ale nemd vztah k soucasnym ani k budoucim (napft.
odpovédi chybi prevazné u prislusnikti jednoho etnika, ¢i spiSe neodpovidaji pa-
situace nastava, kdyz data chybi "nendhodné” a pravdépodobnost chybéni mtze
zéviset nejen na diivéjsich (zndmych) zjisténich, ale i na soudasnych a budoucich
(nezndmych) skdérech (napf. kvalita Zivota konkrétniho pacienta je viceméné kon-
stantni v pribéhu vsech dosud zaznamenanych méreni, ale odmitnuti spoluprace
prichézi v okamziku, kdy se HRQoL vyrazné zhorsuje, takze proces zhorsovani neni
v datech zachycen). Nendhodné chybéni mize ale zéroven byt z lékarského hlediska
dobrym prognostickym faktorem zavazné zdravotni udalosti véetné tmrti. Jediné
v pripadé zcela ndhodného chybéni neni zdsadni chybou omezit zpracovani jen na
jedince s uplnymi daty, jindy by tak snadno mohlo dojit tfeba k podcenéni vedlejsich
efekt nového 1éku, protoze neziskdme tidaje pravé od probandi, ktefi maji nejvetsi
problémy.

Pro osetfeni chybéjicich dat o kvalité Zivota bylo aplikovano a nové vyvinuto
mnoho metod. Této tématice (v kontextu klinickych pokust pti 1é¢bé karcinomil) je
napf. vénovano celé trojéislo ¢asopisu Statistics in Medicine (Vol. 17, No. 5/6/7).
Pokud u daného jedince v daném case chybi jen nékteré tidaje, je nékdy mozno je
nahradit primérnym skérem z pfibuznych otézek (zpravidla v rdmeci jedné dimenze).
Troxel a spol. (1998) systematicky zpracovali situace, kdy pro uréity ¢as chybi cely
dotaznik. Shrnuji feseni pro data chybéjici zcela ndhodné ¢ ndhodné v kontextu
linedrniho modelu se smisenymi efekty, zobecnéného linedrniho modelu a modelu
GEE (generalized estimating equations - zobecnéné rovnice odhadu; Zeger a spol.,
1988). Nevychylené odhady pro spojitd data s nendhodnym mechanismem chybéni
1ze ziskat v modelu sdruzeného rozlozeni kompletniho datového vektoru a indikatoru
chybéni (Diggle, Kenward, 1994).
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Alternativu k dosud uvedenym modelim predstavuje analyza opakovanych mé-
feni pomoci dvou typil tzv. sumédrnich mér (Senn a spol., 2000). V prvnim pfi-
padeé probihd primarné redukce dat oddélené pro kazdého jedince. Sumarni ukazatel
Sik = 27:1 w; f(Yijr) vznikne jako vazeny soufet n méFeni Yj;; i-tého jedince v
k-té skupiné, transformovanych vhodnou funkci f (Fairclough, 1997). Index j mize
probihat bud ¢asové okamziky nebo jednotlivé dimenze. O’Brien (1984) navrhl nepa-
rametricky (f jsou pofadi a vahy w; = 1/n) i parametricky (f jsou standardizované
normélni odchylky) test tohoto typu. Pfistup Coxe a spol. (1992) vychézi ze sumdrni
miry predstavované plochou pod kiivkou prubéhu HRQoL v case. Jindy lze za f
Ize zvolit rozdil prvniho a posledniho pozorovani jedince, pramér vSech pozorovani,
atp. Pfi druhém pristupu k sumarnim méram se nejprve ziskaji odhady mnohoroz-
mérnych parametri oddélené pro kazdy z n Cast ¢i dimenzi a posléze pro kazdou
skupinu jedinct suméarni ukazatel S = Z?Zl w;9(Bkj), kde g(Br;) jsou odhady
pruméru j-tého méreni v k-té skupiné, které jsou adjustované vzhledem k dilezitym
kovariantam (Fairclough, 1997).

Olschewski, Schumacher (1990) diskutuji modelovani kvality Zivota vhodnymi
stochastickymi procesy, vychazejicimi z popisu priibéhu nemoci nékolika stavy (se
smrti jako trvalym, absorbujicim stavem). Pravdépodobnosti pfechodu mezi stavy
1ze dobfe odhadovat, pokud je realny predpoklad, Ze proces kvality Zivota spliiuje
Markovskou vlastnost. Vétsinou je tfeba pracovat s nehomogennim Markovskym
fetézcem, nebot pravdépodobnosti pfechodu mezi stavy se mohou ménit v ¢ase. Po-
kud je misto vypoc¢tu pravdépodobnosti pfechodu cilem srovnani skupin, 1ze propojit
HRQoL s analyzou pfezivani a vychazet z modelu proporcialniho rizika, v némz jsou
efekty oSetfeni zafazeny jako kovarianty (Kay, 1982).

6. KVALITA ZIVOTA A ANALVZA PREZIVANI

Komplexnéjsi obraz zivota jedince s ohledem na jeho zdravotni stav a klady a
zapory terapie poskytuje soubézné hodnoceni kvality Zivota s jeho ”kvantitou”, tj.
délkou prezivani. Zaroven je tento pristup vyuzivan k méfeni efektivity zdravotnic-
kych néklad metodou cena-prospéch (cost-utility) (Drummond, 1991; Zacek, Hol-
¢ik, 1992). Pro tyto uely byly vyvinuty jednodimensionalni miry kvality Zivota, tzv.
indexy ¢ ”profily”, které se pohybuji v rozmezi od 1 (plné zdravi, maximaln{ kvalita
zivota) az po 0 (smrt) a které lze v zavislosti na Case zobrazit tzv. Carlensovym
vitagramem (Olschewski, Schumacher, 1990). Plocha pod touto kfivkou byla pou-
zita jako vhodna sumarni mira v pivodni definici tzv. kvalitativné upravenych roki
zivota QALY (quality-adjusted life years). Koncepce QALY vychéazi z myslenky, Zze
urcita doba optimalniho zdravi mé vyssi hodnotu nez stejna doba Zivota nizsi kvality
(Torrance, 1986). Jeden rok plného zdravi tak odpovidd dvéma roktim s indexem 0.5,
coz koresponduje s tim, Ze nékdo muze davat prednost kratsimu bezproblémovému
zivotu pred delSim s vyraznymi omezenimi. Etické otazky, zvlasté v souvislosti s eko-
nomickym vyuzitim této charakteristiky jsou nasnadé. Ze statistického pohledu je
kritizovana prilisna redukce jevu, ktery je charakterizovan vysokou interpersonélni
variabilitou, na jedinou hodnotu, ktera navic vychazi z nedostate¢né presnych méteni
(tmrtnost, priamérnych nakladi). Cox a spol. (1992) upozoriuji na tskali vznikajici,
kdyz urcita 1é¢ba méa protichidné ucinky z pohledu kvality Zivota a prezivani. Pak
miry téchto dvou fenoméni jednoznac¢né nesmi byt kombinovany do jediného indexu.

Zasadni problémy se objevuji, pokud v prubéhu sledovani dochéazi k cenzorovani
(Cox a spol., 1992). Jakou kvalitu Zivota méme pfifadit nezndmému tseku Zivota
pacienta? Jeden z pfistupt, oznadeny jako Q-TWiST (Time Without Symptoms and
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Toxicity), definuje sérii trovni zdravotniho stavu, vypoéte primeérny cas straveny
v kazdé urovni na zakladé ”po Castech” provedené analyzy pfezivani a pfi vypoctu
finalni miry typu QALY vézi kazdou troveni odpovidajici kvalitou Zivota (Gelber a
spol., 1995). Pro pfipady, kdy jsou pfechody mezi trovnémi stavu nezietelné ¢i kdy
stavy adekvatné nekoresponduji s vykyvy v kvalité zivota navrhli alternativni postup
Glasziou a spol. (1998). Metoda je zaloZzena na separaci prezivaci kiivky, odhadnuté
standardni Kaplan-Meierovou metodou, a tzv. funkce kvality zivota, odvozené z
opakovanych individudlnich stanoveni kvality Zivota. Ribaudo a spol. (2000) navrhli
sdruzenou analyzu kvality zivota a prezivani v trojrozmérném normalnim modelu.
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O ODHADU PARAMETRU V JEDNODUCHEM
NELINEARNIM MODELU KLOUZAVYCH SOUCTU

TOMAS MAREK

ABSTRAKT. The paper is concerned with a parameter estimation in the simple
non-linear moving average time series model given by X; = et +aet—1+8eter—1.
The model mentioned in Tong (1990) is a stochastic perturbation of the linear
MA(1) model, where the constant coefficient « is substituted by a random one
a + Bet. Moment and maximum likelihood estimators are presented.
ABcTpakT. B 2T0l cTATBU MBI 32aHUMAEMIS OLIEHKONW MapaMeTpOB B CIydae
[IPOCTOI HEJWHEHMHOW MOAeJM CKOJL3smero cpennero. VcciiemoBaHHBIA
nporecc uMeeT Bun Xy = ¢ + ag¢—1 + Bet€¢4—1, OH YIOMAHYTBHIE B KHUIE
Torra (1990) 1 nMeer POpMy CTOXACTUUECKOW mepTypbammy JMHEHHOro
[IPOIECCA CKOJIL3SAIIEr0 CPeqHero, rae HaxOOUTCA BMeCTO KoehduimeHTa
a ciydJalinas nepemenHas o+ (e¢. Mbl nccaenyeM MeTOAbl MCIOJIL3Y IOIINe
MOMEHTHI ¥ (hYHKIIO IPaBIOIOn00U.

1. Uvop

Nelinearni modely klouzavych souctti jsou velmi obecnou tfidou ndhodnych pro-
cest, které jsou definovany néjakou nelinearni transformaci bilého sumu. V tomto
¢lanku se budeme zabyvat specidlnim modelem danym vzorcem

Xt =&+ aci_1 + Berer—1,

kde ¢; je posloupnost nezavislych stejné rozdélenych nahodnych veli¢in s nulovou
stfedni hodnotou a koneénym rozptylem o2, parametry «, 3 jsou z intervalu (0;1).
Néami zkoumany model ve srovnani s dobfe zndmym linedrnim modelem M A(1)
obsahuje navic jesté soucin poslednich dvou hodnot bilého Sumu. Tento soucin je
také pfi¢inou nékterych zajimavych vlastnosti ndhodného procesu, které zminuje
Tong (1990). Pati{ mezi né napiiklad schopnost produkovat ndhle velké hodnoty
X, stejné jako naptiklad nékterd hydrologickd data. V dalSich ¢astech na zakladé
pozorovanych hodnot X; odhadneme parametry a a # a to momentovou metodou
a metodou maximalni vérohodnosti. Cast vénovana metodé maximani vérohodnosti
navazuje na publikaci uvedenou ve sborniku WDS’99 - viz. Marek(1999). Na zavér
pak zminime nékteré vyhody a nedostatky obou metod.

2. MOMENTOVE ODHADY

Predpokladejme v této ¢asti, ze bily Sum £, ma koneéné momenty asponi ¢tvrtého
rfadu. Za této podminky oznacme

a = EX?=(1+a%0?+ %",
b - EXtXt—l = 040'2,
¢ = EX/ X 1Xi_ o= afo?.

2000 Mathematics Subject Classification. Primary 62M10.
Klicovd slova. Nelinearnim model klouzavych soucti.
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Snadno ovéifme, Ze c¢/b = 302 a a — (c¢/b)? = (1 + a?)o?, z éehoz vyplyva, Ze a je
jednim z kofent rovnice

Pii znamém « je pak
b c
2 _ 2 _
o = a f=—.
@ ao
Vyse zminéna uvaha vede k nasledujici konstrukci momentovych odhadi nezna-
mych parametri. Oznac¢me

1 N
N N 2
oy = NZHX“

1 N

bN = NZXtXt_l’
t=2
N

R 1
en = N;XtXt—lXt—Q-

Budiz déle & kofen rovnice

ktery padne do intervalu (-1;1), a

by . N

= a f[= ~ 4
N QNO N

i

Tuto metodu navrhl Robinson (1977), ktery rovnéz dokézal konsistenci a asympto-
tickou normalitu takto definovanych odhadd. Nasledujici tabulka udava primérné
hodnoty a smérodatné odchylky zkoumanych odhadu ziskané ze 100 simulaci pro
kazdou délku casové fady a uvedené hodnoty parametri, za predpokladu, ze veli-
¢iny €; maji rovnomérné rozdéleni na intervalu (-1;1).

a=0.3 6=0.1 c?=1/3
N | pramér | sm. odch. | pramér | sm. odch. | pramér | sm. odch.
100 | 0.338 0.210 0.053 1.554 0.269 1.062
500 | 0.319 0.062 0.110 0.481 0.314 0.030
1000 | 0.310 0.043 0.104 0.277 0.326 0.013
5000 | 0.303 0.018 0.082 0.107 0.332 0.005
10000 | 0.299 0.013 0.097 0.090 0.332 0.004

3. ODHADY METODOU MAXIMALNI VEROHODNOSTI

Predpokladejme nyni, ze bily Sum £; ma néjakou znamou hustotu g. Z nezavislosti
veli¢in ; tak zndme sdruzenou hustotu vektoru ey = (o, ...,en)7, kterd ma tvar

gn(to, ... tn) = Hg(ti).
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Ozna¢me h zobrazeni, jez pievadi vektor en na vektor Zy = (g0, X1,..., Xn)7 a
Jac(h) budiz jeho jakobidn. Snadno zjistime, Ze

N-1

Jac(h) = H (1+ Bei)

i=0
a zobrazeni je tedy skoro jisté regularni kdykoliv je P(e; = —1/8) = 0. Uzitim
véty o transformaci tak lze najit sdruzenou hustotu Zy, kterda obecné bude tvaru
|Jac(h)|"*gn (h"H(ZN)) . Zobrazeni h™! je uréeno rekurentnim vztahem
N Xt — Q&1

e 14 841

Je ziejmé, Ze pro rostouci N je explicitni predpis pro h a tudiz i pro sdruzenou hus-
totu Zy stale slozitéjsi, coz do znac¢né miry komplikuje vypocet marginalni hustoty
fn vektoru pozorovani Xy = (X1,..., Xn)7, nebot ta je déna integralem

m@m:/mUMWF@Wmmﬁ

— 00

1<t<N.

)

Vynechame-li nyni pozorovani X, Xo,... pro k > 2, zbyvajici veliiny tvoii
vzdjemné nezavislé podvektory Xé-k) = (X14jks---» Xp—1+45)T, j > 1, s hustotou
fr_1. Pfi nékterych rozdélenich bilého Sumu tak miZeme ziskat explicitni vzorec pro
vérohodnostni funkci vektoru zbyvajicich pozorovani, kterd ma tvar

I (Xyo, ) = > log [fk_l (ng))} .
j=>1

Jak ukaze i nasledujici priklad, je maximalizace vérohodnostni funkce /;; mozna pouze
numericky pres uréitou pfedem zvolenou sit bodi.

Priklad:

Nejjednodussi ptiklady pro k = 2 uvadi Marek(1999). Zabyvejme se nyni proto
ponékud slozit&jsi situaci, jez nastava, jestlize k = 3. Necht e, ~ R(—1;1). Odvodme
sdruzenou hustotu podvektoru (X, X;_1)?. Uzijeme zobrazeni

U Et , Xt X
Vi l=|eaa1 | 5| X | =V
147 Et—2 Et—1 Z
Jakobian transformace je roven
1+0v a+ fu 0
Jac(h') = 0 1+pw a+pPv |=—(14+pv)(a+Pv).

0 1 0

Pro zjednoduseni budeme predpokladat, ze ¢isla f% a f% lezi mimo interval (—1;1).
Inverzni zobrazeni je dano predpisem

T —az
v = —,
1+ 62
voo= oz,
y—2z
w o = .
o+ Bz
Oznac¢me x4 indikdtor mnoziny
T —az y—2z
A= (z,y,2) € R: <1l & <1 & <15p.
{anem: 15 4 <)
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Podle véty o transformaci tedy sdruzenou hustotu vektoru (X, Y, Z)T miizeme zapsat

ve tvaru
XA

x,Y,2) = .
9@.9:2) = S B2y + 52)
Hledanou hustotu vektoru (X,Y)” vypoéteme vyintegrovanim proménné z

fa(z,y)

1 S2
B [10+B a+ﬁ@

z)(
= < 1 ) dz
8(1— ) o+ 62 1+ 32
_ 1 log (1+ﬁ$1)(0&+ﬁ82).
3801 —a) (1 + Bs2)(a + Bs1)
Integracni meze s1, s2 ur¢ime jako
z—1 y—al . z+1 y+al
s1 :max{—l;m; 1+51}, So :mm{l;aﬂl; 151}.

Na nésledujicim obrézku je graf fo(x,y) a rozdéleni roviny podle hodnot s1, s2

pro hodnoty parametra o = 0.3 a § = 0.1.

0.4+

,//l//llllll iy
i ’”MM‘ \\
Wmflll’};;;;;f;;ﬂ/f”” 'Iﬂl«t\

Oblasti

Dalsi obrazek ukazuje vérohodnostni funkci I3 ziskanou z N = 500 pozorovani pii
vyse zminéném rozdéleni.
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-260
: -265
: -270
: -275
-280
-285

005 01 015 02 025 03 035 04 045 05 055
o

Nasledujici tabulka udava primérné hodnoty a smérodatné odchylky zkoumanych
odhadt ziskané ze 100 simulaci pro kazdou délku casové fady a stejné hodnoty
parametru jako v ¢asti vénované momentovym odhadtm. Veli¢iny €; maji i tentokrat
rovnomérné rozdéleni na intervalu (-1;1). P¥i maximalizaci byla pouzita sit boda

(a, B8) s krokem 0.001 v « a 0.0005 v 5.

a=0.3 6=0.1
N | pramér | sm. odch. | primér | sm. odch.
10 | 0.285 0.279 0.215 0.256
20 | 0.300 0.211 0.217 0.205
50 | 0.270 0.118 0.137 0.121
100 | 0.263 0.073 0.116 0.077
200 | 0.276 0.045 0.106 0.046
500 | 0.294 0.020 0.103 0.024

4. ZAVER

7 obou zminénych metod odhadu neznamych parametri zkoumaného modelu je
momentova metoda méné narocnd na vypocetni cas, jeji nevyhodou je pomalejsi
konvergence. Metoda zalozena na maximélni vérohodnosti konverguje rychleji, pfi
nékterych rozdélenich bilého Sumu vSak nejsme schopni najit explicitni vyjadfeni
hustoty vektoru X§k) a numerickd integrace znacné zvySuje naroky na vypocetni
cas.
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DVE POZNAMKY O METODE KRIGING

JAROSLAV MICHALEK

ABSTRAKT. Kriging techniques are frequently used for the evaluation of conti-
nuous spatial processes. When the covariance structure of a considered spatial
process is not known then it is necessary to estimate it from the data. Thus
the first part of the article is devoted to the estimate of a variogram function
which describes the covariance structure of the considered spatial process. In
the second part of the article a problem is considered how some additional
information about the observed spatial process can be incorporated into the
statistical model. Two possibilities are considered. One is the application of
Bayesian statistics the other is to use the minimax technique.

Pestome. Cratucruuecknii meTos Ha3biBaeMmblid kpuruar (kriging ) uacto
ynoTpebiisaercsa mis o6paboOTKM HEMPEpPBLIBHLIX MPOCTPAHCTBEHHBLIX CJIY-
yaliHbIX TporeccoB. Korma koBapualnMoOHHAS CTPYKTYypPa pacCMaTpuBae-
MOTrO IPOIlecca HEM3BECTHA, TOTJa HAZO OIEHUTh ee U3 AaHHBIX. [1o aToMYy
nepsas 4yacTh pabOoThl MOCBSAIIEHA OILIEHKE BaPUOrPAMMBbI, KOTOPAas OIU-
ChIBaeT KOBAapHUAIMOHHYIO CTPYKTBIPDY pacCcMaTpuBaeMoOro mpoiiecca. Bo
BTOPOI yacTu paboThl NCCIen0BaHA IPOOIeMa KAK MOXKHO KaKYIO-HUOY Ib
JIOTIOJTHUTEJbHY O MHGOPMALMIO O HAaDJII0AAaeMOM IPOCTPAHCTBEHHOM
mIporecce BKJIIOUUTH B CTATUCTUUECKYIO MOOenb. B craThbe MN3J103-
XeHbI 1Ba BO3MOYKHOCTU: IIpUMeHeHue BaftecoBCKOiI CTATUCTUKU U MeTOR
MUHUMAKCaA.

1. Uvop

V prostorové statistice (zejména v geologii, meteorologii apod.) je mezi inZzenyry
velmi oblibena metoda kriging. Jeji nazev pochazi od Matherona [7], ktery ji pojme-
noval po D.E. Krigeovi, jihoafrickém inzenyrovi, ktery v padesatych letech rozvinul
empirické statistické metody v dilnim inzenyrstvi. Podstatou této metody je nale-
zeni optimalni predikce kovariancéné stacionarniho ndhodného procesu definovaného
v dané oblasti vzhledem ke stfedni kvadratické chybé. Problémem je, ze obvykle
neni znama kovarian¢ni struktura tohoto procesu a je potifeba ji odhadnout z dat.
Castéa je téz situace, ze experimentator mé k dispozici jistou informaci o paramet-
rech procesu, které je tfeba odhadnout a problém je v nalezeni modifikace klasické
metody, kterd by umoznila zaclenénit tuto dodate¢nou informaci do modelu. Pravé
tyto dva problémy budou v tomto prispévku diskutovany.

Po tvodnim popisu modelu a zavedeni odhadu typu ”kriging” bude prvni po-
zndmka (odstavec 5) vénovana otdzce odhadu kovarianéni struktury prostorového
procesu, zejména odhadu variogramu. V druhé pozndmce (odstavce 6 a 7) pak bu-
dou zminény vybrané postupy, jak zaclenit do modelu pfedem znédmou informaci
o parametrech. Zejména bude diskutovan piistup bayesovsky (viz [12,13]) a mini-
maxovy pfistup pro hledani odhadt pfi zndmé dodatecné informaci o parametrech.

2000 Mathematics Subject Classification. Primary 62C20; Secondary 62M30.

Klicovd slova. Prostorova statistika, kovariogram, variogram, metoda kriging, bayesovské od-
hady, minimaxové odhady.

Vyzkum byl podporovan grantem MSMT MSM 143100001.
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2. ZAKLADNI POJMY A OZNACEN{

Nejdrive uvedeme oznaceni a zdkladni pojmy, s nimiz budme dale pracovat.
Necht Z(s) je ndhodny proces pozorovany v jisté oblasti D C RY, ktera mé kladny
d—rozmérny objem. Tedy Z(s) je pro kazdy bod s € D ndhodné veli¢ina definovand
na pravdépodobnostnim prostoru (2, .4, P). Pfedpokiddame, Ze existuje stfedni hod-
nota

a kovariané¢ni funkce
C(Sl, SQ) = COU(Z(Sl), Z(Sg)).
Jestlize kovariancéni funkce zalezi pouze na rozdilu argumenti, tedy kdyz
C(S1,52) = C(S1 - 52),

fikdme, Ze proces je kovarianéné stacionarni a funkci C'(h), h € D, kterou zna¢ime
stejnym pismenem, jako funkci kovariancni, nazyvame kovariogramem. V piipadé,
kdyz C zavisi pouze na délce h, zjednodusené zapsano, kdyz C(h) = C(||/h]|), kde
|h|| zna¢i Euklidovskou normu vektoru h, budeme fikat, Ze kovariogram je izotro-
picky stacionarni. V nékterych situacich je praktictéjsi pracovat s jinou charakteris-
tikou korelovanosti slozek procesu Z, kterou je variogram. Jestlize rozptyl pfirtstka
procesu var(Z(s1) — Z(s2)) zavisi pouze na rozdilu argumenetii, pak funkci

2v(h) = 2y(s1 — s2) = var(Z(s1) — Z(s2)), h=s1 — 82

nazyvame variogramem procesu Z a funkci v(h) semivariogramem procesu Z. Po-
dobné jako v pfipadé kovariogramu nazyvame variogram izotropickym, kdyz 2y(h) =
2v(||n||), kde stejné jako u kovariogramu, uzivdme pro oznaceni obou funkei ~(h)
a y(|/h||) stejné pismeno.

S ohledem na tyto definice je potom zvykem mluvit o stacionarité druhého fadu
procesu Z, kdyz Z mé konstantni stfedni hodnotu a je kovarian¢né stacionarni. V pii-
padé, ze proces Z méa konstantni stfedni hodnotu a existuje jeho variogram, fikame,
Ze proces je vnitiné staciondrni (intrinsically stationary ). Lze snadno ukdzat, Ze
stacionarni proces druhého fadu je vnitiné stacionarni, opak vsak neplati. Jako pii-
klad mtze poslouzit d—rozmérny Wienertv izotropicky proces, jehoz semivariogram
je

7(h) = var(W(s + h) — W(s)) = [/hl|,

ale jeho kovariogram je tvaru
1 1 1
cov(W (1), W(s2)) = 3 1] + 521l — 5131 — 5.

Proto néktefi autofi (viz napf. [1]]) davaji pfi popisu korelovanosti procesu Z pied-
nost variogramu pred kovariogramem.

3. MODEL

Nejdrive popiseme model, ktery je znam pod nazvem univerzdlni kriging model
(viz [1]). Budeme piedpokladat, ze proces Z(s) je tvaru

Z(s) = uls) +3(s), s € D

kde u(s) je stiedni hodnotou Z(s) a tedy p(s) je deterministicka slozka Z ktera po-
pisuje tak zvanou large-scale variabilitu procesu Z. Déle predpokladame, ze druhy
¢len v uvedeném rozkladu, ndhodny proces 4(s) je korelovany chybovy proces a po-
pisuje smeés tzv. smooth-scale variability dale mikro-scale variability a chyb méfeni.
O ndhodném procesu 4(s) budeme déle pfedpoklddat, méa nulovou stiedni hodnotu
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a je kovarianéné stacionarni. Jeho kovariogram oznaéime C'(h) a vyjdeme ze situace,
kdy funkce C(h) je zndma.
Piedpokladejme déle, ze stfedni hodnota p(s) procesu Z, je linedrni kombinaci

znamych funkei fo(s),--- , fp(s), s € D, pri¢emz koeficienty této linearni kombinace
jsou neznédmé parametry o, - - - , B3p, které potfebujeme odhadnout. Tedy predpokla-
dame, Ze

u(s) = Bifils)-
j=0

Je-li proces Z(s) pozorovan v n rtznych bodech si,--- s, oblasti D, pak cilem
metody zvané univerzdlni kriging je nalézt nejlepsi linearni prediktor

Z*(SQ) = Z)\ZZ(Sl)

procesu Z(s) v bodé s = sy vzhledem ke stfedni kvadratické ztratové funkci. To

znamena, ze hledame realna ¢isla Ay, - - - , A, kterd minimalizuji stfedni kvadratickou
chybu
(1) MSE(so) = E(Z"(s0) — Z(s0))” = E(Z(s0) = Y _ \iZ(si))”

i=1

predikce Z* v bodé sg, pficemz pozadujeme, aby tento odhad byl nestranny, tedy
minimalizujeme (1) za podminky

(2) EZ*(s0) = EZ(so,)

S ohledem na pfedchozi zavedené oznaceni lze podminku (2) vyjaddfit ve tvaru

(3) 1(so0) = Zﬁjfj(So) = Z Aipi(si) = Z Ai Zﬁjfj(si)-

Uzijeme-li maticové oznaceni

fols1) - fu(s1) fo(so) A Bo
x=| A N e L
fo(sn) -+ fo(sn) Ip(s0) An By
dostaneme (3) v maticovém tvaru
(4) x'3=NXp

Z podminky nestrannosti (2) prediktoru Z*(s) pak plyne , ze (4) plati pro kazdé
B € RPTL a tedy ze (4) plyne x = X’\. KdyZ mnozina U = {\ € R” : x = X'}
je neprazdnd, pak universalni kriging estimator Z* mize byt nalezen minimalizaci
stfedni ¢tvercové chyby (1) za podminky, ze A € U.

4. KRIGING ODHADY

V piipadé, Ze chybovy proces §(s) je stacionarni druhého fadu, se zndmym kova-
riogramem C| je snadné najit kriging estimator Z* ndhodného procesu Z.

Ozna¢me nejdiive Z = (Z(s1),-- -, Z(syn))’ vektor pozorovanych hodnot procesu
Z vbodech sy, ,8, ad = (d(s1), - ,d(spn)) odpovidajici vektor nahodnych chyb.
Pak pomoci oznaceni z predchoziho odstavce miZzeme psat

Z(s0) = p(so) +6(so) = %'+ d(so)
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a tedy
n
Z*(s0) =Y NZ(s i) = NZ=NX3+Ns.
i=1
Tudiz pro stredni kvadratickou chybu predikce v bodé sy dostaneme vyjadreni

(5)  MSE(s) = E(Z NiZ(si) — Z(s0))? = E((x — X'\ + d(sg) — N'0)?

a minimalizace M SE(so) za podminky A € i vede k minimalizaci
E(5(s0) — N6)? = NCX — 2¢'A + C(0),

kde
C(O) C(S1 - 52) ce C(Sl - Sn)

C(sp—s1) C(sp—s2) --- C(0)
je varian¢ni matice vektoru ¢ a
¢ = cov(d,0(s0)) = (C(s1 —s0), -+, C(sn —s0))
je vektor kovarianci mezi § a 0(so).
Je-li matice C regularni a matice X je plné sloupcové hodnosti, pak pomoci
Lagrangeovych multiplikdtord (viz [1]) snadno nahlédneme, ze
(6) A=Clc+X(X'C'X)}x -X'C ')

minimalizuje M SE(sg) a tedy Z*(sg) = N'Z, kde A je ddno rovnici (6), je universalni
kriging estimator procesu Z(sp). Ze vztahu (6) 1ze snadno ziskat univerzalni kriging
estimétor Z*(sg) ve tvaru

(7) Z*(s0) = ZN=c'CT'Z+ (x — X'C7'¢) BoLs

kde Bgrs = (X'C~1X)~1X'C~'Z je odhad zobecnénou metodou nejmensich ctverct
(GLS-odhad) parametru 8. Pro minimalni stfedni kvadratickou chybu predikce (kri-
ging variance) pak dostaneme vyjadieni

o2(so) = &neigllMSE(so) = C(0)-c'C e+ (x—X'C7le)(X'CI X)) (x—X'C 7 Le).

V pfipadé, ze stfedni hodnota u(s) = EZ(s) je znamé, pak mluvime o prosté
metodsé kriging (simple kriging) (viz [8]). V tomto ptipadé je zndmy vektor 5 a vzorec
(7) pro predikci Z(sg) prostou metodou kriging pak lze zapsat ve tvaru

Z*(s0) =c'C'Z + (x - X'C ).

Uvedené odhady lze snadno modifikovat pro p¥ipad, Ze proces d je vnitiné stacio-
narni. V tom pfipadé misto s kovariogramem pracujeme s variogramem 7 (h) procesu
0. Oznacime-li

7(0) Y(s1—s2) -+ 7(s1i—sn)
Ysn—s1) Asn—s2) - (0)
v = (v(s1 —0),- -+ ,¥(sn —s0)),

pak za predpokladu, ze fo(s) = 1, (ktery zaruci, ze Y . ; \i = 1,) lze odvodit (viz
[1]),%e hledany vahovy vektor A pro odhad metodou univerzalni kriging, je opét tvaru
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(6), kde matice C je nahrazena matici I', vektor ¢ vektorem ~ a misto C'(0) je 0.
Pro kriging varianci pak dostaneme vyjadieni

o2(so) = min MSE(sg) =y/T7 1y — (x = X'T71)(X'T7!'X) ! (x — X'T™ ).

5. ODHAD VARIOGRAMU

P1i praktickych aplikacich metody kriging ztistava hlavnim problémem skutec-
nost, ze kovariogram C' nebo variogram 2-(h) procesu Z je neznamy. Potom nale-
zeni kvalitniho odhadu C nebo 2v(h) neni jednoduchy problém, protoze chybovy
proces ¢ neni piimo pozorovatelny a k odhadu jeho kovariogramu nebo variogramu
je zapotiebi uzit néjakych specifickjch rysit uvazovaného modelu. Casto se vychazi
z predpokladu izotropie a skutecnosti, ze funkce p je v néjakém sméru konstantni
apod.

Protoze vnitiné stacionarni procesy zahrnuji tfidu procesi druhého radu staci-
onarnich, dame v tomto odstavci pri popisu korelovanosti sledovaného procesu Z
pfednost variogramu pied kovariogramem a budeme se vénovat zptisobu jeho od-
hadu za predpokladu, Ze sledovany proces je vnitiné stacionarni .

Klasicky odhad variogramu pochazi od Mathorna viz [6] a je dan vztahem

1
2j(h) = (Z(si) = Z(s5))*,
[N (b)] J%) !
kde N(h) = {(si,s ;) : si—s; = h; ¢,7 = 1,2,...n} a |[N(h)| je poCet prvka
v mnoziné N(h). ProtoZe uvedeny odhad je velmi citlivy na odlehld pozorovéni,
navrhli Cressie a Hawkins v [2] dvé varianty robustniho odhadu variogramu. Prvni
je tvaru

27(h) = {m J%) |Z(si) — Z(sj)|%r/(0.457+ %).

Druhé varianta je zalozena na medianu a pfislusny odhad méa pfi asymptotické ko-
rekci vychyleni tvar

23 (h) = [med{|Z(si) —Z(s;)F i (si—s ) € N(h)}]4/0.457.

Praktické i simulacni zkuSenosti ukazuji, ze tyto robustni varianty davaji podstatné
kvalitnéjsi odhady, nez ptvodni klasicky odhad navrzeny Mathornem. Motivace.
které vedly ke konstrukei téchto robustnich odhadt nalezne étenaf v [1]. Na dosud
uvedené odhady variogramu se dale budeme odvolévat jako na odhady empirické.
Z teoretickych analyz vlastnosti variogramu viz napf. [3] plyne, Ze variogram
27v(h) je podminéné negativné definitni funkeci a tedy musi splitovat nerovnost

Eg’;lE;’;laiaﬁ’y(si -s;) <0

pro kazdou konefnou mnozinu bodi {s;; ¢ = 1,...,m} oblasti D a pro libovolna
realnd Cisla a1, ..., am,, kterd splituji nerovnost 2121 a; = 0. Tato vlastnost vario-
gramu odpovida zndmé vlastnosti kovariogramu, totiz tomu, Ze kovariogram musi
byt pozitivné semidefinitni funkci. Proto je pfirozené, ze na odhad variogramu kla-
deme pozadavek, aby byl také podminéné negativné definitni. Potom za pfedpo-
kladu, Ze sledovany proces je izotropicky, je mozné uvést zakladni typy modelovych
variogramil a jim odpovidajicich semivariogrami v(h) (viz [1], [4]), které tomuto
pozadavku vyhovuji a zaroven maji pfi praktickych aplikacich nej¢astéjsi uplatnéni.
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Linedrni model pro d > 1:

0 h=0
h) = ’ ’
= 8 g, nro
kde ¢y > 0 a b > 0 jsou parametry.

Sféericky model pro 1 < d < 3:

0, h=0,
3
(B) = co+e {30 -1 (L)L 0 < || <a,
co + Cs, ||hH > s,

kde ¢g > 0,¢cs > 0 a as > 0 jsou parametry.

Ezponencidlni model pro d > 1:

L 0, h=0,
v(h) = co—l—ce[l—exp{—”a—he”}}, h # 0,
kde ¢y > 0, c. > 0 a a. > 0 jsou parametry.

Racionalni kvadraticky model pro d > 1:

0, h =0,
v(h) =9 o4 edbl oy g

2
14 1212

kde cg > 0,¢,- > 0 a a, > 0 jsou parametry.

Mocninng model pro d > 1:

0 h=0
h) = ’ ’
(b) {crmmmw,h¢m
kde ¢p > 0,b,, > 0 a 0 < A < 2 jsou parametry.

Prislusny odhad semivariogramu pak dostaneme prolozenim nékterého z vybra-
njch modelii empirickym variogramem vhodnou statistickou procedurou. Casto se
pro odhad parametri uvedenych teoretickych modeli pouzivd nelinedrni metoda
nejmensich ¢tverct. Jiny postup vychéazi z postupné volby parametrii modelu a vi-
sualnim porovnanim empirického odhadu s prolozenym teoretickym modelem. Oba
tyto postupy jsou implementovany v softwareovém baliku S+SpatialStats (viz [5]).

Zajimavy pfistup k modelovani variogramu je popsan v ¢lanku [14]. Vychézi se
z faktu, Ze realnd funkce g(h),h € R? je piipustny variogram, je-li spojita v R?
s pifpadnou vyjimkou pocatku, nezdporna , symetricka (tj. g(h) = g(—~h),h € R%)
a podminéné negativné definitni. Pf¥icemz vhodnou podminéné negativné definitni
funkci g lze ziskat z vhodné pozitivné semidefinitni funkce f(h) pomoci vztahu
g(h) = — f(h)+¢, kde ¢ je vhodn4 konstanta. Volbou f s vySe uvedenymi vlastnostmi
pak dostaneme specialni typy variogramu.

Na piiklad pro d = 2 je piipustny model semivariogramu v(h), h = (hy, he) € R?
funkce g(h1, h2) = ¢ — f(h1, ha), kde

miy mo

f(hl, h2) = Z Z aj1j2 COS(hltjl + hgtjz),

J1=—m1 jz2=—ma2
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pri¢emz m; a ms jsou dana pfirozend ¢isla, t;,,t;,, aj,,, jSOU Pro j1 = —my,..., My
a pro jo = —ma, ..., mo vhodné redlné konstanty vyhovujici podmince
ma mo
¢ — E E Ajy 52 > 0.
Ji=—m1 j2=—m2
Jejich doporucend optimalni volba vychazi ze simulaci (viz [14]).
Polozime-li (viz [14])

glh1,ha) =c =Y " Jo(tj\/ (h3 + h3)ay),
j=1

kde Jy je Besselova funkce prvniho druhu (viz [15]), dostaneme, za podminky, Ze

uvedené konstanty spliiuji nerovnost ¢ — 2311 la;| > 0 izotropicky variogram.
Vyhodou téchto modeld je, ze umoziuji modifikovat odhad variogramu na realna

data a ze zahrnuji také t¥idu modeld, které nevychéazeji z predpokladii izotropie.

6. ODHADY V MODELU S DODATECNOU INFORMACH

Odlisny pfistup k metodé kriging, kde se predpoklada, ze variogram neni zndm, ale
je k dispozici dodateéné informace o neznamém vektoru parametrd 3 zalozili Omre
and Halvorsen v [12,13] na bayesovské metodé odhadu. Pfedpoklddaji, Ze parame-
tricky vektor 0 je ndhodny a sdruZené rozdéleni vektoru § a Z je mnohorozmérné
normalni. Pak, za pfedpokladu, Ze apriorni rozd€éleni parametru (§ je znamé, tedy za
predpokladu normality vektoru (3 jsou apriori znamé stfedni hodnota

E(B) = Bapriori
a varianc¢ni matice
var(B) = Yapriori-
Pak je snadné v pfipadé, Ze Z je kovarianéné stacionarni odvodit (viz [13]) bayesov-
sky odhad Z(sg) ve tvaru

(8)  Zi(so) = Fex + <'C(Z — Xfg) = /CZ + (x — X'C o) p,
kde (g je aposteriorni stfedni hodnota § a muze byt vyjadiena ve tvaru
9) Bp=XC'X+2 1. NVIXC'Z+X,),, i Bapriori)

apriort apriort

nebo, zapsano ekvivalentné
(10) ﬁB = 2&p7'i07'ixl (Xzapriorixl + C)_l(z - Xﬁaprim‘i) + ﬁapriori
Z (10) je zfejmé, ze aposteriorni stfedni hodnota Op je souctem apriorniho ”kva-
lifikovaného” odhadu Bgprior; @ linedrni transformace vektoru rozdili pozorovani
a kvalifikovaného odhadu jejich stfedni hodnoty.

Déle ze srovnéni klasického odhadu (7), ktery dava univerzdlni kriging metoda
a bayesovského odhadu (8) je zfejmé, Ze tyto odhady maji stejnou strukturu. Kdyz
v odhadu Z* procesu Z nahradime odhad BeLs aposteriornim odhadem (g, ktery
je dan vzorcem (9), pak univerzalni kriging odhad pfejde v bayesovsky odhad Z75.

Bayesovsky odhad mé dalsi zajimavou vlastnost, kterou Omre a Halverson v [13]
nazvali bayesovsky miistek mezi prostou a univerzalni metodou kriging. Jednoduse
lze tuto vlastnost charakterizovat nasledovné. Pfi zndmém vektoru g je jeho vari-
ancni matice X,pr0r; NUlova a bayesovsky odhad prechéazi v odhad metodou prostého
krigingu (simple kriging). Na druhé strané, kdyZz neni zndma zadna dodatecnd in-
formace o parametrech, pak 1ze pfedpokladat, ze variabilita parametrid Go, - - , 3, je
velka, coz odpovida tomu, Ze varianéni matice Egplnom- je priblizné nulova a tedy 8p
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je blizko BerLs a bayesovsky odhad ptechédzi v odhad (7) ziskany metodou univerzélni
kriging.

Celkoveé lze shrnout, Ze kvalita bayesovskych odhadu procesu Z podstatné zavisi
na tom, jak dobry je kvalifikovany odhad Bupriori & Zapriori- Jejich nalezeni mutze
byt v fadé praktickych situaci velkym problémem. Ovsem na druhé strané jsou
popsany experimentalni situace, kdy je mozné tyto kvalifikované odhady spolehlivé
stanovit (viz [12, 13]) a ziskat pomoci bayesovskych metod kvalitni odhady, vhodné
pro praktické pouziti.

Jiny zpisob, jak se vyrovnat s problémem zacleni dodatec¢né informace o parame-
trech modelu pfimo do modelu, mtze byt zaloZzena na minimaxové metodé odhadu
a bude ji vénovan nasledujici odstavec.

7. MINIMAXOVY ODHAD

V tomto odstavci budeme predpokladat, Ze chybovy proces § je druhého Fadu
staciondrni a zavedeme minimaxovy estimator pro Z(sp), so € D. Z (5) plyne, Ze
ze predpokladu nevychylenosti odhadu predikce, tedy kdyz A € U, je MSE odhad
Z(so) dan vztahem

E(Z*(so) — Z(s0))? = NCA —2c/ A + C(0) = (1, ) C,, (1, \)

_ !
kde C,, je blokova matice C,, = < CL(g) CC )
Ziejmé matice C,, je kovarian¢ni matici vektoru (—d(sp),0(s1), -+ ,d(s,)) a tedy

je to matice positivné semidefinitni.

Pro ziskdni minimaxového estimatoru pro Z(sg) pak lze uzit princip minimaxu
podobnym zptisobem jako byl uzit pro odhad regrenich parametrt v [10,11].

Predpokladejme nejdiive, Ze je k dispozici dodatecna informace o kovariogramu
C, specialné, Ze je znamo, ze matice C,, lezi v néjakém okoli positivné definitni
matice 3, typu (n + 1) x (n + 1). Zapsano formélné, kdyz X,, je néjakd positivné
definitni matice typu (n+1) x (n+1) a ¢ > 0 dané realné ¢islo, pak predpokladame,
ze Tr(Z,, — Cn)? < ¢%, kde Tr(W) znaéi stopu ¢tvercové matice W a ¢ > 0 je
dané reélné éislo. Dale necht R = {W : Tr(W — £,,)2 < ¢*} je uvazované okoli
matice 3,,, do néhoz matice C,, patfi. Pak uZitim principu minimaxu dostaneme
odhad vahového vektoru A minimalizaci funkcionalu

J(\) = sup E(Z*(s0) — Z(s0))? = sup (1, \)Cp (1, X
BERPHL.C,eR BeERPHL . C,,eR

pro A e U.

Z [10] lemma 5.2. plyne, Ze funkcional J(\) miZe byt vyjadien ve tvaru

J()‘) = (1’ )‘I)(Em + q2I)(1, )‘I)I
a tedy vektor \*, ktery vyhovuje vztahu
(11) JO) = inf TV

je minimaxovym odhadem vahového vektoru . Zavedeme-li oznadeni A,, = (1, \')’,
0, =(0,---,0) eRF x,, = (1,x) aX,, = < Oln 0%2“1 ) , pak A € U pravé kdyz
Am € U, = {Am = (Mo, N) @ xp = X, A} a je zfejmé, Ze minimimalizace (11)
vede k nalezeni A\, vyhovujicitho vztahu

(12) J(An) = | inf LA;n(Em + @D\

mEUR
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Nyni snadno nahlédneme (viz [9]), Ze vahovy vektor
(13) A= (LA = (B 4+ 1) ' X (X, (B + 1) 71 X00) " %,

kde matice (X/,(X,, + ¢*I)7'X,,)~ znadi libovolnou zobecnénou inverzi matice
(X! (Z, + ¢°I)71X,,), je hledany vektor A%,. Jeho subvektor A\* je pak hledany
vahovy vektor, ktery uréuje minimaxovy kriging prediktor veli¢iny Z(sg). Kone¢né
z [9] plyne, Ze minimaxovy "kriging” rozptyl estimatoru Z*(s o) = Y., ; Af Z; je dén
vztahem

T(A5) = X (X0, (B + 1) 7 X)X
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ON CONVERGENCE OF A CLASS OF STOCHASTIC
ALGORITHMS

LADISLAV MISIK, JOSEF TVRDIK AND IVAN KRIVY

ABSTRACT. V tomto prispevku sa skimaji otazky spojené s konvergenciou
obecnej triedy algoritmov pre globalnu optimalizaciu. Za istych predpokladov
su dokdzané nutné a postacujice podmienky konvergencie takychto algoritmov.
Dalej je ukazana jednoducha metéda modifikacie lubovolného algoritmu uvazo-
vanej triedy na konvergentny algoritmus tejto triedy. Tato modifikdcia méze byt
pritom fubovolne mal4, aby podstatne neovplyvnila prakticky beh péovodného al-
goritmu. V experimentalnej casti st aplikované dosiahnuté vysledky na niektoré
konkrétne algoritmy uvazovanych tried. Vysledky tychto pokusov potvrdzuju,
ze z praktického hladiska nemé splnenie poziadavky konvergencie vyznamny
vplyv na chod algoritmu.

Pezrome: B »T0il paboTe paccMaTpuBalOTCs BOMIPOCHI KACAIOIIMECS KOH-
BEPreHIMu ODIIero KaacCa AJTOPUTMOB IJIsS [IIOBAILHON ONTUMU3AIUN.
Wmons n3 BeCbMa OOIIMX HPEANOIOKEeHNI 30eCh JOKA3BIBAIOTCI HEODXO-
QUMBbIE U [OCTATOUHbBIE YCIOBUS KOHBEPIEHIIUU 3TUX AJTOPUTMOB. Jlasbiine
[IpeJIaraeTcsi IPOCTOM MeTO[ NPUBENEHUs JI000r0 aJropmuTMa paccMaT-
PUBAEMbBIX KJIACCOB K KOHBEPIrEHTHOMY AJIOPUTMY TOrO K€ CAMOr0 KIIACCA.
Dra MOAMPUKALINA MOYKET OBITH IPOM3BOJIEHO MAJIEHbKas, UTOOBI HA TIPaK-
TUKEe HE BJIUATHL HA NEUCTBUE OPUTHMHAJLHOTO aJroputMma. B skcmepu-
MEHTAJIBLHON UacTU pabOTHI MOJYUEHHBIE PE3YyJILTATHI IPUMEHAIOTCS K He-
KOTOPBIM KOHKPETHBIM AaJIrOpuTMaM OOOMX KJIACCOB. Pe3ynbTaThl 3TUx
SKCIIEPUMEHTOB MOKA3BIBAIOT, UTO BBLIMTOJHEHUE YCJIOBUN KOHBEPreHIUU HE
MMeeT Ha MPAKTHKe CyUECTBEHHOE BJIUSHWE Ha AeMCTBUE aJrOPUTMA.

1. INTRODUCTION

Let D C R%. Denote by L the system of all Lebesgue measurable subsets of D
and A the Lebesgue measure on L. Let f be a real Lebesgue measurable function
defined on D. The number m = inf{t; A\(f~!(—o0,t)) > 0}, where f~1(A4) = {z €
D; f(x) € A}, is called the essential minimum of f. The task is to find an arbitrary
good approximation of m.

1.1. Evolutionary algorithm. Let py be a probability measure on (D, L) which
is positive on each open subset of D. Let NV be a positive integer called the size of
population and DV the set of all populations. Let 7 be a mapping defined on DV
assigning to each population P the probability measure 7(P) on (D, £). Finally, let
{mn} be a sequence of numbers from interval (0, 1) and let C be a rule according to
which some points in the old population are replaced by new ones. We will consider
a class of evolutionary algorithms described as follows:
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I: Generate an initial population Py = {1, 2, - ,2n} chosen as an indepen-
dent identically distributed sample according to the probability measure pg
and set n = 0.

C,: Copy a portion of M best points of P, directly into the new population.
Here, the best points means the points at which the function f has its lowest
values and M is an integer from the set {0,1,2,--- /N — 1}.

Syt Select a new point at random according to the probability measure p, 41 =
7(Py) and include it to the new population when fulfilling the condition C.
Repeat this procedure until the new population is complete.

M,,: With the probability m,,+1 replace a randomly chosen point by its mutation.
R: Set n =n+ 1 and go back to C,.

Mutation of a given point is a point in D generated according to the specified rules.
Algorithms using only steps I, C,, S, R we will call CRS algorithms (Controlled
Random Search). In other words, CRS is an evolutionary algorithm, for which all
m,, are equal to zero.

1.2. Convergence of an algorithm. By convergence of an algorithm we mean the
convergence with probability 1, i.e. an algorithm is convergent if for any measurable
function f

P(nlLIgO min{f(z); v € P,} =m) =1

2. CONVERGENCE OF CRS ALGORITHM

2.1. General conditions for the convergence of CRS algorithm.
Definition. We will say that an CRS algorithm saves the best point if
e the best point in the old population is copied into the new population directly
at step Cp,, i.e. M > 0.
e if a point selected at step S, has lower f value than any point in the old
population then it is included into the new population by rule C.

The following theorem provides the necessary and sufficient condition for the conver-
gence of an CRS algorithm and it is similar to Global Search Convergence Theorem
by Solis and Wets in [5].

Theorem 1. Suppose that an CRS algorithm saves the best point. Then it is con-
vergent if and only if for each set S of positive Lebesgue measure, we have

(1) I (1= pa(S)) = 0.

Proof: First suppose that the equation (1) holds. The infinite product on the left
side expresses the probability of repeatedly missing the set S when selecting new
points of population. Let f be a measurable function and denote by m its essential
minimum. Choose ¢ > 0. Let us consider the probability that a point y in the set
F. = f~1(—o0,m +¢€) of a positive Lebesgue measure (by definition of essential
minimum) will be selected at latest at the step S,,. This probability is greater than
or equal to 1 —II7"; (1 — pi(F.)N M. According to the assumption of Theorem 1
point y can be removed from the population only if a better point will later be
selected. Denote by x,, the best point in population P,,. Then, by equation (1)

lim Pz, € F.) >1-1, (1 - p(SH)V M =

=1- (H'?zozl (1 _pn(S)))N_]M =1
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and, as € > 0 was arbitrary, the algorithm is convergent.
Now suppose that the equation (1) does not hold for some set S of positive Lebesgue
measure. Define the function f by

{ 0, z€8

flz) = 1, xeD-S.
Then f is a measurable function and the algorithm does not converge to the essential

minimum of f.

2.2. Necessary condition for the convergence of CRS. In the case when M =
N — 1 and the rule C is as follows

If f(ynt1) < mazx{f(z); x € P,} = f(x;) replace x; by ynp41 in Py,
to produce Py, 1, otherwise set P11 = Py,
where a new trial point y, 11 is generated from P,, by a heuristic,

the following theorem provides the necessary condition for the convergence of CRS.

Theorem 2. If an algorithm is convergent then for any collection {Uy, Us, -+ ,Un}
of open subsets of D and for every measurable set S C D of positive Lebesgue mea-
sure there is a selection P = {x1 € Uy, z3 € U, ---xn € Uy} such that 7(P)(S) > 0.
Proof: Suppose the contrary and, without loss of generality, let (Ui\; E) ns =40.
Consider the measurable function

-1, z€8

N
flx)= 0, zelJ,1Ui
1, een-(sU(ULD))

As py is positive on open sets, the probability a of the choice Py = {1 € Uy, 22 €
Us,---xn € Un} is positive. For such a choice we have P, = Py for all integers n
and the algorithm will never reach the essential minimum in S. Thus

P(lim min{f(z); c€Pp}=m)<l—a
and the algorithm does not converge with probability 1.

2.3. Modification of a nonconvergent algorithm. The following theorem pro-
vides a simple way how to modify an arbitrary CRS algorithm to a convergent one.

Theorem 3. Let two algorithms A; and As work with the same size of population
and let they use the mappings m and ms, respectively, to determine the corres-
ponding probability measures. Further, let for every S C D of positive Lebesgue
measure there exists a positive constant dg such that m(P)(S) > ds holds for all
P € DV. Finally, let 220:1 ¢n, be an arbitrary divergent series of real numbers from

the interval (0,1). Then the algorithm .4 using the mapping
m=cpm + (1 — cp)mo
is convergent.

Remark 1. It is evident that the algorithm A; itself is convergent. (If ¢, = 1 for all
n then A is identical with A;.)

Remark 2. The expression ¢, 71 + (1 —c¢;, )2 should be interpreted in the way that the
new probability measure p, 1 is generated with the probability ¢, by the function
m1 and with the probability (1 — ¢,,) by the function .

In the proof of Theorem 3 the following simple Lemma is used.
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Lemma 1. Let v, € (0,1) for all integers n and let the infinite series Y .-, a, be
divergent. Then [[ 2 ,(1 — ay,) = 0.

Proof of Lemma 1: Note that the condition [] - (1 — ay,) = 0 is equivalent to the

condition [, (1_—1a) = 00. An easy calculation
o0 1 oo o0 o0
k
gy =11 (Z%) > 14 ) o =00
n=1 n n=1 \k=0 n=1

completes the proof.

Proof of Theorem 3: Let S C D be of positive Lebesgue measure. According to the
definition of the algorithm 4 and the properties of 71

ay = W(Pn)(s) > Cn65

holds. The series >~ | a, is divergent and, by Lemma 1, [])° (1 —ay) = 0. An
application of Theorem 1 completes the proof.

3. CONVERGENCE OF EVOLUTIONARY ALGORITHMS

3.1. Conditions for the convergence of evolutionary algorithms. The in-
troduction of mutation into an algorithm can influence its convergence in both the
positive and the negative direction. It may adapt the nonconvergent CRS algorithm
to the convergent evolutionary algorithm and vice versa.

The positive role of mutation may be described as follows. Suppose that the
corresponding CRS algorithm is not convergent and that the sequence (of best points
of populations) generated is far from the essential minimum. Since the new point
created by mutation need not depend on the history of populations, there can be a
positive probability that its value belongs to the small neighbourhood of the essential
minimum. Of course, it depends on the way how the mutation does work.

Now suppose that the value of the best point of population is close to the essential
minimum. There is a positive probability that the best point will be replaced via
mutation by much worse point. Thus it is possible that the mutation can break
the convergence of corresponding CRS algorithm. The following definition can be
motivated by the above discussion.

Definition. We will say that the mutation excludes the best point if the best point
of population must not be replaced by its mutation.

Note that the condition of exclusion of the best point is not too restrictive in the
case when the size of population is relatively high. Now we can state the sufficient
condition for the convergence of evolutionary algorithms.

Theorem 4. Let for each set S € D of positive Lebesgue measure, the probability
that the new point created by mutation belongs to S be positive. Further suppose
that the mutation excludes the best point and that the series Y~ ; m,, is divergent.
Then the evolutionary algorithm is convergent provided the corresponding CRS
algorithm saves the best point.

Proof: Let e >0 and F, = f~! (—oo,m + ¢). It suffices to show that
lim Pz, € F.) = 1.
k—o0
Denote by s the positive probability that the new point created by mutation belongs

to F,. Then the probability that a point from F, is included to the population P,
via mutation is equal to s m, and the probability that a point from F, will be



202 Ladislav Misik, Josef Tvrdik and Ivan Kiivy

included to the population P,, either via mutation or via selection at step [Sy] is
greater than or equal to s m,,. Now, because of saving the best point and excluding
it from mutation, we have

Pxy € F.)>1-1F

n=1

(1—smy).

Lemma 1 and the Theorem 1 show that the algorithm is convergent.

3.2. Examples. The assumptions of Theorem 4 provide only a sufficient condition
for the convergence of evolutionary algorithms. Thus, in connection with this the-
orem, some natural questions arise. We will touch two of them here.

Question 1. What can be said about the convergence, when the assumption of exc-
luding the best point is removed in Theorem 27

Question 2. What can be said about the convergence, when the positive probability
of selection of a mutant is restricted only to a part of the domain?

We conjecture that in no one of the above questions the positive answer about the

convergence can be stated. Let us give a short informal explanation of the reasons
why.
Concerning Question 1: For a general evolutionary algorithm, the probability of
creation a new point in a sufficiently small neighbourhood of global minimum can be
smaller than the probability of its removing from the population via mutation when
the point is not protected. We illustrate this possibility by the following example.

Let a € (0,1), € € (0,1) and let ¢, be a measurable function defined in the
interval (0, K ) such that ¢, (0) =0, ¢g.c(1) = 1, ¢g.c(K) = €, let ¢q  be increasing
in the interval (0,a) and ¢ decreasing in the interval (a, K). Further, let D C
{X e R4IX| < K} and foo(X) = ¢ac(|X]) forall X € D. Let d = 2, N =
10, M =5, D = {[z,y]; Vx2+y?> < 100}, m, = 0.1, for n = 1,2,... and
consider the function f, .. For simplicity suppose that all new points and mutants
are chosen by the uniform probability distribution. Then the probability that a
point in a sufficiently small neighbourhood of the global minimum will appear when
forming new population is less than 1— [1 — 7a?/ (7100?)] N=M 1 (1-a21071).
On the other hand, the probability that such a point will be mutated to a point
outside the neighbourhood {[z, y]; /22 + y? < a} of the global minimum is equal to
Mn. 5 [1 —ma?/ (7100%)] = 155 (1—a?10~*). One can show that for sufficiently small
values of a, the probability of disappearance of ”good” points is greater than the
probability of their appearance. Consequently the algorithm can not be convergent.

Concerning Question 2: Consider the same function f, . as in the previous exam-
ple and suppose, for example, that mutation changes only a one randomly chosen
coordinate of a point. Thus the new mutant can belong to a sufficiently small neigh-
bourhood of global minimum only in the case when all but one coordinates of the
original point are very close to 0. On the other hand, the probability of existence
of such a point in population is not very high by the nature of the function f and
one can demonstrate the non-convergence of algorithm in a similar way as in the
previous example.

4. EXPERIMENTAL COMPARISON OF ALGORITHMS

4.1. Algorithms selected for tests. Modified controlled random search algorithm
(MCRS) is described in [2, 3, 8]. It starts from a population P of N uniformly
distributed points in D. A new trial point x is generated from a simplex S (d + 1



On Convergence of a Class of Stochastic Algorithms 203

points chosen at random from P) by the relation

(2) x=g-Y(z-g),

where z is one (randomly taken) pole of the simplex S, g the centroid of the remaining
d poles of the simplex and Y a random multiplication factor. Several distributions of
Y were tested in [3] and it was found that good optimization results were obtained
with Y distributed uniformly in (0, ) with « ranging from 4 to 8. Point x may be
considered as resulting from the reflection of point z with respect to centroid g. Using
the reflection procedure, initial population P is iteratively contracted by replacing
the worst point with a better point (with respect to f-values). Input parameters of
MCRS are: population size N and parameter « of uniform distribution in randomized
reflection.

Differential evolution (DE) algorithms [7, 6] work with two populations: P (old) and
@ (new). Basically, for each vector (point) x; p, i =1,2,..., N, of old population P
a mutant vector v; ¢ is generated by adding the weighted difference of vectors from
P to another vector from P. In order to increase the diversity of the new vectors,
crossover is introduced. Therefore, trial vector u; ¢ of new population @ is created by
replacing some elements of vector x; p by corresponding elements of mutant vector
ViQ-

Two different strategies are used to generate mutant vectors [7, 6]:

e strategy using three randomly taken vectors of P (DERAND algorithm),

e strategy using the best vector and four randomly taken vectors of P (DEBEST
algorithm).

The strategies as well as the crossover procedure are described in [6] in detail. The
input parameters of DE algorithms are: population size IV, dilatation coefficient of
vector difference F' > 0 and parameter C influencing the number of elements L to be
exchanged by crossover, L being drawn from (1, d) with the probability P(L > t) =
Ct-lfort=1,2,...,d, C € (0,1). No proof of convergence of differential evolution
has been yet known [7].

Evolutionary search (ES) algorithms [2, 8] also work with two populations: old po-
pulation P and new population ). The new population inherits the properties of
the old one in two ways: directly by surviving a number M of the best points (with
respect to f-values) and indirectly by applying the reflection to the old population.
Moreover, a point with new properties (even with a larger f-value) is allowed to
arise with a small probability p (mutation probability). The convergence of evolu-
tionary search under specific circumstances is proved in Theorem 4. An example of
the evolutionary search is the ES5 procedure.

procedure ES5
generate P (an old population of N points taken at random from D)
repeat
copy M best points of P into new population
find the worst point in P, Xy orst
if condition for the mutation is true
then mutate any point of P except the best point
repeat
repeat Reflection applied to a simplex from P
until the next trial point is better than x,,rst
insert the next trial point into @
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until @ is completed to N points
replace P by @
until stopping condition is true

The two kinds of mutation were used in the experiments:
e Uniform, when a mutant point is taken at random from the uniform distribution
ODDZH?:1 <a;,b; >, a;<b, 1=1,2,...,d,
e Normal, when point x selected to mutation is changed into point y ~ N (x, 02),
where 02 = diag (012, 092, ... ,0d2), o; = (b — a;) /6.
In the next text the algorithms are called ES5UNI and ES5NOR, resp. Both the
ES5UNI and the ESSNOR fulfill the conditions of convergence given in Theorem 4.

The ES5 algorithm without any mutation (when condition for mutation never
occurs and M < N — 1) can be considered as a kind of modified controlled random
search working with two populations and we call it MCRS2.

When compared with MCRS algorithms, ES algorithms have two additional tu-
ning parameters: probability of mutation p and number M of the best points survi-
ving from old population P to new population @ or its upper limit.

Mixtures of the heuristics mentioned above were also tested in this research, namely:
e DExRF12, where in each generation the heuristic DERAND was followed by
2N reflections according to (2),

e DExRF11, where in each generation the heuristic DERAND was followed by
N reflections,

e DExRF21, where in each generation the heuristic DERAND was followed by
N/2 reflections,

e DExES5N, where the heuristic DERAND was combined with the heuristic
ES5NOR with one mutation in each generation.

4.2. Test functions. For the testing of the algorithms we used such problems where
at least one of the nonconvergent heuristics, i.e. MCRS or DE, sometimes failed in
searching for the global minimum. From this point of view the following functions
[7] were chosen:

Shekel’s Foxholes
24

1 ) -1
- 2
ot T 1+ Zj:1($j —a;;)8
where the elements of A matrix are defined as follows:

a;1 = —32,—16,0,16,32 for 0,1,2,3,4, resp.,

f(x) = (0.002 +

i1 = Qi(mod 5),1 for @ 2>5,
ais = —32,-16,0,16,32 for i=0,5,10,15,20, resp.,
a2 = aiyp2 for k=1,234.
The global minimum is x* = (—32, —32) and f(—32, —32) ~ 0.998004.

Corana’s parabola

0.15a; [2; — 0.05 O if |m — 2] < 0.05
f(X)Z{ a; [z sgn(z)]” it |x; — zi

— a;T;? otherwise
1=

where z; = 0.2 sgn(z;)||5z;:| + 0.49999] and a = (1, 1000, 10, 100).
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The global minimum is x* = ((—0.05,0.05), ..., (—0.05,0.05)) and f(x*) = 0.

Griewangk’s function

d d
1 2 X,
f(x) 2000 Zzzlac il;[lcos <\/;> +
The global minimum is x* = (0,0,...,0) and f(x*) =0.

4.3. Experimental conditions. The stopping condition for all the tests were de-
fined as it follows. Suppose that f1, fo,..., fn is a nondecreasing sequence of the
function values in a given iteration of the algorithm. The optimization process was
stopped when f5 — f; < 1077,

For each optimization task 100 independent runs were carried out. The common
tuning parameter « for MCRS and ES5 was adjusted to the same value, a = 8.
In each generation the additional tuning parameter M for ES5 algorithms was set
at random from (1,|N/2|), where | N/2] is the largest integer less than or equal
to N/2. Concerning DE algorithms the tunning parameters were set ' = 0.9 and
C=0.9.

Three basic characteristics of the algorithms were considered in the experiments:

o reliability R defined as (100 — percentage of failures), the failure being consi-
dered as the stopping at a local minimum;

e convergence rate measured by the average number of objective function evalua-
tions IVE for stopping at global minimum;

e number of objective function evaluations NE1 needed for reaching a state very
close to the global minimum, specially when f(Xpest) — f(Xopt) < 1 x 1073,

4.4. Results for CRS. Using Theorem 2, it can be shown that the modified con-
trolled random search heuristic (MCRS) fails to be convergent. In agreement with
Theorem 3 we tested its modification based on a combination of the MCRS and the
simple random search with new trial points uniformly distributed on D, ¢,, = ¢ for
all integers n, ¢ € (0, 1). This combined algorithm was tested on well-known fifth De
Jong’s function (Shekel’s Foxholes), for which MCRS stopped at a local minimum
in about 60 % of runs [8]. The relative frequency of the simple random search is an
input parameter ¢ of the algorithm. Value ¢ = 0 reduces the algorithm to MCRS,
value ¢ = 1 gives the simple random search. The switching between the MCRS and
the simple random search is made at random in each step with the probability c
for the simple random search and (1 — ¢) for the MCRS. Searching space D was
constrained to H?Zl[—40, 60] in these experiments.

From Fig. 1 it is evident that the reliability of the combined MCRS increases
almost linearly with increasing c. Fig. 2 shows the dependence of number of the
function evaluations (NE) on the reliability for the combined MCRS (Fig. 1 — left)
and the original (nonconvergent) MCRS ( Fig. 1 — right). In both cases the growth
of NE is approximately exponential but in the case of the nonconvergent MCRS the
growth of NE is much slower. Moreover, the original nonconvergent MCRS enables
to achieve the same level of reliability even at smaller values of NE by increasing
the population size. By increasing the population size from 10 to 35 the reliability
of 100 per cent was achieved, see Fig. 2 — right .
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4.5. Results for evolutionary algorithms. Population size N and the size of
searching space D = H?Zl < a;,b; >, a; <bi,i=1,2,...,d were set to be the
same for all the algorithms depending on the tested function, see Table 1.

The experimental results are summarized in Tables 2, 3 and 4. As we can see in the e
2, any general conclusion cannot be made on nonconvergent heuristics. We obtained

100

RELIABILITY
8
I

@
=}
1

40 7 o

FI1GURE 1. Empirical dependence of reliability on ¢

40 60 80 100
COMBINED MCRS

4.3 7

log.NE

3.1 T T T T

40 60 80 100
RELIABILITY

FI1GURE 2. Empirical dependence of log NE on reliability
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TABLE 1. Population size and searching space

Function d N (az, b)
Shekel 2 10 (—65.536, 65.536)
Corana 4 20 (—1000, 1000)
Griewangk | 10 100 (—400,  400)

TABLE 2. Nonconvergent simple heuristics

Corana Shekel Griewangk
Algorithm R NE R NE R NE
DEBEST 97 6855 69 845 100 327810
DERAND 96 4503 37 700 100 199015
MCRS 100 6577 39 2136 23 63256
MCRS2 97 11124 71 2921 100 219342

very different values of R and NE for the three functions under considerations.
For Corana’s function the MCRS was found to be the only reliable optimization
algorithm. On the contrary, the MCRS is the only unreliable algorithm for the
optimization of Griewangk’s function but it is significantly faster than the others. In
the case of Shekel’s function all the heuristics are not reliable, both DERAND and
MCRS being heavily unreliable.

TABLE 3. ES5 — dependence R and NE on probability of mutation
p for Shekel’s function

Uniform Normal

P R NE1 NE R NE1 NE
0.2 71 2157 3072 72 2272 3173
0.4 69 2269 3189 69 2272 3020
0.6 67 2221 3116 80 2272 3240
0.8 75 2380 3272 79 2417 3395
1.0 82 2273 3252 71 2471 3609

As regards the ES5 algorithm, we can see in Table 3 that for Shekel’s function
the reliability increases very slowly with increasing probability of mutation and NE
values are also slightly increasing. The overall results are not significantly better
than the results of simple nonconvergent heuristics (compare with Table 2). For
Griewangk’s function the full reliability was achieved by the MCRS2 algorithm and
additional mutation in ES5 only slightly increased NE values, i.e. it did not bring
any improvement of the results.

The results of the mixtures of different heuristics are summarized in Table 4. Inte-
resting results were achieved by using the DEXESSN algorithm in the case of Grie-
wangk’s function. The DEXES5N is the combination of DERAND and ES5NOR
with one mutated point in each generation. The results are shown in Fig. 3. We can
see that the DExES5N is much better with respect to NE than the both parental
algorithms.
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TABLE 4. Mixtures

Corana Shekel Griewangk
Algorithm R NE R NE R NE
DExRF21 98 3722 51 776 100 162098
DExRF11 93 3380 58 815 100 180115
DExRF12 91 3240 58 949 96 169796
DExES5N 95 9044 80 2467 100 127476

250000

200000

NE

150000 -

100000 -

\ \ \
DERAND ES5NOR DEXESSN

FIGURE 3. Griewangk’s function - comparison of NE for a mixture
of DERAND and ES5NOR

5. CONCLUSIONS

The proof of convergence for a stochastic algorithm may bring some useful ideas
for its implementation. However, the proof of convergence with probability 1 is very
weak result from practical point of view. A nonconvergent heuristic can give more
reliable results than a related theoretically convergent algorithm even at a smaller
number of objective function evaluations. There is no guarantee that the evolutionary
algorithm with proved convergence is more reliable than a nonconvergent heuristic
in solving a concrete problem of the global optimization of a multimodal function.

Sometimes a mixture of different heuristics can bring a substantial decrease in
the number of objective function evaluations and/or an increase in reliability, but
any commonly used guideline for such a mixing is not yet available.
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REGRESSION MODELS FOR LONGITUDINAL DATA

MARTINA ORSAKOVA

ABSTRACT. V ¢lanku referuji vlastnosti parametrického odhadu v regresnim
modelu ZF = m(6p,X;(TF)) + €%, kde TF predstavuje ¢as k-tého pozorovani
vysvétlované proménné Z u i-tého subjektu. Obecné mnohorozmérny proces
kovaridt X;(s) = (Xi(l)(s)7 ...,Xi(d)(s)) zavisi na udélostech do ¢asu s, tj. na
{(ZF, TF)|k : TF < s}. Odhad nezndmych parametrii 6y je zaloZen na metodé
nejmensich vdzenych ¢tvercu.

Pesioms. B pabore pedpepupyio kadecTBa IapaMeTPUYIECKOIO
OIICHUBAHUA B PErPECCHUBHON Momenu ZF = m(fy, X,(TF)) + ¥, roe
Tk ecTb BpeMsA k-HAOJIyIE€HUA 3aBUCHUMOI INEPEMEHHUU Z NI i-
cyoberra. Boobie MHOrOMEpPHOU IpOIEecC HE3aBUCUMBIX Mepe-
MeHUR X,(s) = (Xi(l)(s),...,Xi(d)(s)) 3aBUCUT OT COOBLITHA IO Bpe-
MeHU s, T.e. OT {(ZF,TF)lk : TF < s}. OueHuBaHUe HEM3BECT-
HLIX ITapaMeTpOB 6p OCHOBAHO Ha METONE HAMMEHLIINY B3BIII-
€HLIX KBaJpaTOB.

1. INTRODUCTION

Consider the triples (TF, ZF,X;(TF)), where TF is the time of the k-th observa-
tions of i-th subject, Z¥ is dependent variable and X;(7) is a d-dimensional process

of covariates: X;(s) = (Xi(l)(s), Xi(2) (8)yees XZ-(d)(s)). We assume that we have n i.i.d.
replicates from a generic model. The T;’s can be exposed to different censoring sys-
tems. The covariates X;(s) can depend on the events prior to time s, i.e. on the
{(ZF, TF)|k : TF < s}. The process X;(s) may include quantitative as well as quali-
tative variables, and could include indicators of sex, treatment group, geographical
regions or age, and various other continuous measurements. In this paper we inves-
tigate properties of a particular estimator for the regression parameters in the model

2. PARAMETRIC MODEL

Assume that m(.) is a regression function - known and (sufficiently) smooth func-
tion of unknown regression parameters 6 :

(1) sz = m(eoaxi(j-‘ik)) + Efv

where i = 1,.n, k = 1,..N}, &F is a noise. The process N} counts number of

observations for i-th subject in [0,¢], i.e. Nf =S I(TF <t).
%
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N
2.1. Assumptions. Define R = Y ZF and a filtration
k=1

Fi=0(R,N:s<t i=1,.n)VA,

the history of the process R: and Nj for i = 1,..n. A is assumed to be a o-algebra
independent of o(R{, N/ : s < t, i = 1,..n), and represents knowledge prior to
time 0. It is assumed that no two of the counting processes N} jump at the same
time (almost surely). Let X;(s) is predictable process with respect to the filtration
Fs and is "cadlag” - the right continuous with left limits process. The process N has
a random intensity \! > 0, which is ”cadlag”. One particular form for the intensity
is Aalen’s multiplicative model: X! = a(t)Y}!, where (.) is deterministic function
and Y} is F;-predictable process. In practice, censoring indicators play the role of
Y}, i.e. the variable is 1 if the i-th subject is at risk and 0 otherwise.
The conditional distribution of the noise terms ¥ is denoted

2) Fu(z) = PN < 2|7, TV = ),

and it is assumed that e} have conditional mean and variance given by

N’+1| N:+1

(3) E( ]:uaT * 3):07

(1) B LT = 5) = 02 (X(s)),
where 02(.) is deterministic, continuous and bounded function.

2.2. Estimation. Let B denote the Borel o-field on R. For A € B, define the
counting process

(5) Ni(A) =Y I(Z} € AT} <),
k

that counts the number of observations of "size-A” in the time interval [0,¢] for the
i-th subject, and the associated marked point process P(ds x dz) : P¥([0,s] x A) =
Ni(A). Note the notation

//Hi(s,z)Pi(ds x dz) =Y Hi(T}, ZH) (T} < t).
0 k

Our estimator 6 of 6y is based on the conditional weighted least squares. The
objective function is

n t

(6) ;ZZW (0, X (TE)PW (5 (TF),

i=1 k=1

where W(.) is some weight function independent of §. Denote
1

Hi(0,5,2) = (2 = m(0, Xi(s))*W (Xi(s))

and (6) can be rewritten as

n t

(7) L(6,t) = % Z//Hl(t?, s,2)P'(ds x dz).

=17
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Denote U(6,t) = ((ﬁ)L(G,t))k:L“d and I(6,t) = ((#;%)L(H, t))jk=1,.4- The
estimator @ is defined as a solution to the equations:
(8) Uo,t)=0.

Such a 6 does not necessarily minimize L(6,t), it may not be a consistent estimator
and may not exist. However, if we assume that there exists a unique maximum for
L(0,t), the estimator is consistent.

Before giving the asymptotic results about the estimator of 6y, some further con-
ditions must be stated. We discus the specific model where the processes R!, ...R"
are assumed to be independent and identically distributed. These assumptions could
be weakened, for more general results see [6].

ASSUMPTION A
Assume that m(0,z) is three times continuously differentiable in a neighborhood
B(6y,r) around 6.

ASSUMPTION B ,
Let further W(.), E([ Aids) and the derivatives of m(.,.) in a neighborhood B(6p, r)
0

are bounded.

ASSUMPTION C
The processes

g = d%jkmwo,Xz-(s))%jm(eo,xxs))W(Xi(s))Az
and p p
Q. = d—okm(‘%aXi(s))dfojm(%»Xi(S))UQ(Xz‘(S))WQ(Xi(S)))\i
satisfy

E| sup |¢¢] | <oco, E| sup |Q}] < o0
s€[0,t] s€[0,t]
foralli=1,..n,and j,k=1,...d.
Assume further that there exist non-negative definitive symmetric matrices X7, Xy

such that ¥; = (E(ft qids)) and Yy = (E(ft Qids))
0 0

Jik=1,...d Jik=1,...d

The following theorems give the asymptotic results about the estimator 6. All
proofs can be found in [6].

Theorem 1:
Under the assumptions A-C there exists a consistent solution to U(6,t) = 0, that
provides a local minimum of L(6,t) with probability tending to one. O

Theorem 2: R
Under the assumptions A-C and with € a consistent solution of U(6,t) = 0, one has

Vi(h = 6o) 25 N(0,57 'S5 Y.
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Further — ,t) and Sy prov1de consistent estimates of ¥; and Xy respectively,
n t )

where Sy = (1 30 [ f( (6, s z))(df‘ngi(H,s,z))Pl(ds X dz))
=10 3k=1,...d

O

The following result is of interest for the purpose of testing a simple hypothesis

H : 0 = 0y against the composite alternative G : 6 # 6. Let Wy(X) denote the

Wishart distribution corresponding to a d-dimensional normal distribution N (0, X).
Theorem 3:

Under the hypothesis H and under the assumptions A-C and if 6 is a consistent

solution of U(6,t) = 0 one has

n(L(,t) — L6y, 1)) —= Wy (%E;UQEUE;UQ) .

O

When the conditional variance 2(.) of the error term 7 is a known function, a na-

tural choice of the weight function is W(.) = 021(_).

Theorem 4: R
The asymptotic variance of \/n(f — ) is minimized by choosing the weight function
W (.) as the inverse of the conditional variance, 02() that is Pt < R7'8p2!

where Y7 is the asymptotic variance of \/n(f — ) for the choice W(.) = 021(.).
O

The conditional variance, o2(.) is usually unknown and in some cases one can replace
02(.) by a uniformly consistent estimator, 62(.), and still obtain the theorems of
this section. In the case of Aalen’s multiplicative intensity model, Sheike in [6]
proposed a non-parametric estimator of o%(.), which is uniformly consistent under

some regularity conditions. An estimator is 62(y) = ‘;((5)) where
% - J m 1 J J I(sz>
) = —ZZZ OISR
1=1 j=1 Ts

7

S SpaETIIY LR

=1 j=1

o
—
<
=

I

K(.) is a d-dimensional kernel, b = (by,...,bq) is a bandwidth, 8 = b;...by and
Ji(s) = I(Y? > 0). The kernel estimation of the regression function (see [7]) is
defined as

n Ni

Z;X%ZJK@ X;(T7),b)
m(y):Zn]N

Z%ZK(Z/ X;(T7),b)

Sheike in [6] proved that under some ”technical assumptions” and provided 6 is

a uniformly consistent estimator of the o2, theorems 1-3 remain true for W(.) = 2.
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3. SIMULATION STUDY

We studied the properties of our estimator in the following limited simulation
study. We simulated a two-dimensional longitudinal data. Suppose the covariate
process X;(T7) = (Xi(T}),T}), where X; is an additional covariate for the i-th
individual and Tij is the j-th random observation time of i-th individual.

The covariate processes X; were generated from the random variables with den-
sity function % + § for € [0,1]. For each individual the observation times were
generated from the Poisson process over the unit time period of [0, 1] with parameter
A, where A = 10, if the previous response value Zf_l < 0.8, and A = 20 otherwise.
Notice that the random observation time depends on the value of the previous mea-
surement. The response values were generated as Z] = 01 + 65 - T + 03 - X + ¢/,
where 61 = 0.2, 5 = 0.8 and 03 = 0.4 and 5{ has a normal distribution with mean
zero and standard deviation 0.3. This linear regression model satisfies needed as-
sumptions. We generate 80 individuals in the sample. On the average there are
about 13 observations for each individual. Together we have got 1068 observations.

The following figure provides a plot of a non-parametric estimate of the regression
function. The estimate of the conditional variance of the noise term o2(.) is plotted
in the second figure. We used Gaussian kernel with bandwidth b; = by = 0.002.

The kernel estimation of regression function The kernel estimation of variance of error term

The estimation of 0y is done for two different choices of the weight function. The
first weight function examined is W(.) = 1. For this choice the estimate of 6y and
the estimate of their standard errors and correlations are given in the table:
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Estimates | Standard errors Estimated correlations
i éi Vvar 0; 1 2 3
1 0.1912 0.0026 1 -0.6838 0.0285
2 0.8158 0.0034 - 1 -0.6401
3 0.3799 0.0034 - - 1

The second choice of the weight function is W(.) =

1

6-2

(.), where 62%(.) is the

Sheike’s estimate of 02(.). The weighted estimate of 6, standard errors and corre-
lations are given in this table:

Estimates | Standard errors Estimated correlations
) 6‘1 vvar 0; 1 2 3
1 0.2019 0.0021 1 -0.6585 0.0123
2 0.8125 0.0029 - 1 -0.6397
3 0.3684 0.0028 - - 1

The last pictures show the estimated parameters and the distance of the estimated
parameter and its true value for different sample size. The estimate was computed
for the choice of weights W(.) = 1.
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4. SOME REMARKS

The Sheike’s methods mesh well with the modeling in terms of the conditional
distribution of the current observation given the past. When there is a strong time
dependence, the conditional least square methods seem preferable to the generali-
zed estimation equations. It was mentioned that the optimal choice of the weight
function is the inverse of the conditional variance. Some caution has to be taken in
choosing the smoothing parameters b. The appropriate choice of the bandwidth en-
sures that the regression function estimates are not too unstable and at the same time
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do not introduce too much bias. A small difficulty arises from our non-parametric
estimator: the bias is more severe at the edges of the data and therefore one must
limit the results to nonedge areas.
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A CLASS OF TESTS ON THE TAIL INDEX USING THE
MODIFIED EXTREME REGRESSION QUANTILES

JAN PICEK AND JANA JURECKOVA

ABSTRAKT. Jureckova (1999) proposed a class of tests on the Pareto-type tail
index of the distribution of errors in the linear regression model, based on the
extreme regression quantiles. Regarding that there are not many tests on tails
even in the location model, though they would be useful, we construct analogous
tests on the Pareto index in the location model, modifying the .i.d. observations
into a two-samples model. The proposed tests are based on two extremes of a
splitted sample, and on the empirical distribution functions of their mean. The
main idea behind the tests is that the tails of the test criterion distinguish
sharply between the heavy and light tails of the basic distribution.

The asymptotic null distribution of the test criterion is normal, the tests are
consistent against the Pareto type tails with a larger index as well as against
the exponential tails. The simulation study shows that the tests distinguish the
tails already for moderate samples.

Abstrakt: Jureckova (2000) navrhla tfidu testt indexu Paretovych chvosta

pro rozdéleni chyb v linedrnim regresnim modelu. Testy je zalozeny na extrém-
nich regresnich kvantilech. V tomto prispévku uvazujeme analogické testy pro
model polohy. Simula¢ni studie ukazuje, Ze testy rozlisuji chvosty pomérné dobre
i pro neprilis§ rozsdhlé vybéry.
Pesiome: FOpeukosa (2000) nmpemsiorknia KiIacC KPUTEPUEB U MHAEKCA
ITapeToro xBOCTa B MOAEJNU JUHEAPHOU perpeccun. Kpurepun BbIBeIEHBI
HA OCHOBE KPAHUMX PErpecChbIOHHBIX KBAHTUJIOB. B 3TOI cTaThe Mbl KOH-
CTPYUPYEM KJIACC AHAJOTMUHBIX KpPUTepueB B Mozeau ciasura. Cumyiu-
POBAaHBIN 3TION HOKA3BIBAET UTO PAbOTAIOT XOPOIIO TOXKE s HeOOJAbIIoe
BBIOOPKU.

1. INTRODUCTION

If we are interested in the extremal events such as the high flood levels of the
rivers or extreme values of environmental indicators, then we are rather interested
in the tails of the underlying distribution than in its central part. A goodness-of-fit
test would not provide us with a sufficient information on the shape of tails. Our
first step would consist of a decision whether the underlying distribution function
F is light- or heavy-tailed; the next steps would consist of a more precise study of
its shape. The model is semiparametric in its nature, involving an unknown slowly
varying function, besides the real-valued parameters of interest.
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Let Y1,...,Y, be independent observations, identically distributed according to
distribution function F(y). We distinguish two broad classes of distributions corre-
sponding to two types of tails of F':

o Exponentially tailed F' (type I): for some b > 0 and r > 1, F satisfies
—log(1—F
(1.1) lim —log(1 — F(a))

=1.
a—00 ba"
e Heavy-tailed F (type II): for some m > 0, F satisfies

—log(l — F

(1.2) lim 180 = F(@)

a—0o0 mloga
A typical example of a distribution of type II is the Pareto distribution with the
distribution function

Fl)=00-a2"™)I[z>1].
Applying the 'Hospital rule to (1.2) and taking the von Mises condition into account
(see [2], Chapter 3), we get that the distributions of type II satisfy

(1.3) 1—F(x)=2""L(z), z€R
where L(z) is a function, slowly varying at infinity.
We would like to test the hypothesis:
H,,, : Fis of type I and lim,_, _[z™ (1 — F(z)] > 1
against the alternative
K, @ the right tail of F' is lighter than that of Pareto’s distribution with index my.

Generally, the problem of identifying the tails is semiparametric in nature, invol-
ving a nuisance slowly varying function.

Jureckova (2000) proposed a class of tests on the Pareto-type tail index of the
distribution of the errors of the regression data, based on the extreme regression
quantiles. Because there are not many tests in the literature, distinguishing between
heavy and light tails even in the case of the i.i.d. observations, we construct ana-
logous tests on the Pareto index in the location model, where we can apply the
test proposed by Jureckova, after transforming the observations Y7, ...,Y, into two
samples, differing by a shift in location. A similar trick was used by Hajek (1970)
for a construction of a partially adaptive rank test.

Let us modify the observations Yi,...,Y,, n = 2v, in the following way: Fix
A > 0 and put
« v . o+, i=1
(14 N L B
Hence, Y%,,..., Y, follow the linear regression model

with (p = 2)-dimensional parameter (0, A), where the i.i.d. errors U; have d.f. F
(and 6 = 0). Following Portnoy and Jureckova (1999), we shall define the mazimal
regression quantile for the model (1.5) as the solution (6, A) of the minimization
(1.6) 6 = min subject to 0+cn(A=AN)>Y; i=1,...,n.

Solution of this simple minimization takes on the form

v v

(1.7) 0= SR
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A vt - v
(1.8) A=A+ T

where ;! = max{(Y1,...,Y,} and v = max{Y,11,..., Y, }.

Let us repeat the sample of size n independently N times, or partition the given
data set into N independent samples of sizes n. Split every sample in the above
manner and calculate the extremes of the respective subsamples. The test of H,,, is
based on the empirical distribution functions of the averaged extremes of the splitted
subsamples. The asymptotic power of the test is equal to 1 against the exponential
tails and the test is consistent against the alternatives of lighter tails. The asymptotic
null distribution of the test criterion is normal.

Another test of H,,,, based on the subsample extremes, is constructed by the
same authors in [6].

The performance of the tests is illustrated on the simulated data; we see that they
distinguish well the tails even for moderate samples. The proposed test is described
in Section 2 along with the asymptotic null distributions of the test criterion and
with a numerical illustration. The asymptotic null distribution is proved in Section
3 and Section 4 contains some consistency considerations.

2. THE TEST AND ITS NUMERICAL ILLUSTRATION

The test criterion for the hypothesis H,,, is based on the following construction:

Observe N independent samples of the fixed sizes n = 2v and each of them order
randomly; without loss of generality, let Y; = (Y;1,...,Y}n), 4 =1,..., N denote
already the samples after random permutations. Let

A (1 (2
(2.1) b = (7 + V),

Y =max(Yji,.... V), VP =max(Yiys1,..., V), j=1,...,N.

J

Then (él, . ,éN) is a random sample from distribution F* (say); denote FZ’{, the
corresponding empirical distribution function, i.e.
N
(2.2) F(a) =% > 10 <al.
j=1
Put
(2.3) aN_,m:%N%Jn#, 0<do<l, m>0.

We propose the test with the critical region
{(Yl, ..., YnN): either 1 — Flf,(aN,mo) =0
(2.4) or 1 — F¥(anm,) >0 and
NO/2 [~ log(1 — F(an.my)) — (1 — 6)log N| > &~ 1(1 — a)}

for testing H,,, against K,,,; ® is the standard normal d.f. and o € (0,1) is the
asymptotic significance level. The asymptotic distribution of the test criterion (2.4)
under H,,, is given in the following theorem:

Theorem 2.1. Let Y; = (Yj1,...,Yjn)), j = 1,...,N be independent, rando-
mly ordered samples from a population with distribution function F and density f,
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F(z) <1, Vx € R and F being strictly monotone on the set {x : 0 < F(z) < 1}.
Let 01,...,0N be the statistics defined in (2.1).
Then, if ™ (1 — F(x)) = 1 as x — oo,

1-6

A~ 1—-0 1
(2.5) J\}gnoo P, (0 < FR(an,mg) < 1) =1, anm, = %Nmo nm, 0<d<l1
and

Jim P,,LO{N‘W [ —log(1 — F¥(anm,)) — (1 —0)log N| >z,

(2.6)
0 < F¥(an.mg) < 1} =1-9(x), z eR.

The test rejecting Hy,, : 0 < m < mg provided

(2.7) N°/2[—log(1 — F¥r(anme)) — (1 —8)log N| > &~1(1 — a)

has the asymptotic size o for the whole Hyy,,, i.e.

(28) lim P {NW[_ 1og(1 — F%(an.mg)) — (1 — ) log N] > ®~1(1 — a)} <a

for all F satisfying Hp,, .
Proof: The proof of the theorem is postponed to Section 3.

Let us illustrate the performance of the test on the simulated random samples:
The replications (N=25, N=50 and N=100) of samples with sizes n = 10, n = 20,
n = 50 were simulated 1000 times from the following distributions:

Normal N(0,1) flx) = 7=e"7, zeR
1 22 —(m+1)/2
Student tp,, m=2,5 f(z):m(lJrE) , x€R
Pareto m=1,3 f(@) = 7, 21
Cauchy (0,1) f(z) = m, z eR.

m
m2 "
T
5(3 3)
Tables 1 — 4 give the numbers of non-rejections (among 1000 tests) of H,,, for
mo = 1,...,5, for the above distributions of observations, for § = 0.1 and 0.5, and

for various n a N. The bold digits in the tables mean that H,,, is satisfied for the
distribution under the simulation.

Notice that lim, .. 2™(1 — F(x)) = A, = for the Student t,,.
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Table 1.
Numbers of non-rejections of Hy,, among 1000 cases on level o = 0.05
N=25,n=10
Real distribution | § |mg=1 mog=2 mpy=3 mog=4 mog=5 mog==~6
Normal 0.1 0 0 0 0 1 2
0.5 0 0 0 0 0 0
Student—to 0.1 35 428 817 952 984 995
0.5 6 424 819 938 970 984
Student—ts 0.1 0 3 42 155 303 440
0.5 0 0 12 63 136 220
Pareto-m=1 0.1 981 1000 1000 1000 1000 1000
0.5 1000 1000 1000 1000 1000 1000
Pareto-m=3 0.1 1 79 384 707 880 947
0.5 0 58 441 778 909 964
Cauchy 0.1 694 992 1000 1000 1000 1000
0.5 819 1000 1000 1000 1000 1000
Table 2.
Numbers of non-rejections of Hy,, among 1000 cases on level o = 0.05
N=25,n=20
Real distribution | § | mg=1 mg=2 mg=3 mg=4 mey=5 my==56
Normal 0.1 0 0 0 0 2 10
0.5 0 0 0 0 2 2
Student—to 0.1 60 740 987 1000 1000 1000
0.5 76 923 998 1000 1000 1000
Student—ts 0.1 0 5 109 403 670 840
0.5 0 1 138 452 712 847
Pareto-m=1 0.1 1000 1000 1000 1000 1000 1000
0.5 1000 1000 1000 1000 1000 1000
Pareto-m=3 0.1 3 191 697 956 997 1000
0.5 1 345 938 997 1000 1000
Cauchy 0.1 932 1000 1000 1000 1000 1000
0.5 997 1000 1000 1000 1000 1000
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Table 3.
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Numbers of non-rejections of Hy,, among 1000 cases on level o = 0.05

N=50,n=20
Real distribution | § |mg=1 mog=2 mpy=3 mog=4 mog=5 mog==~6
Normal 0.1 0 0 0 0 0 3
0.5 0 0 0 0 0 0
Student—to 0.1 33 733 993 1000 1000 1000
0.5 6 952 1000 1000 1000 1000
Student—ts 0.1 0 1 74 328 642 866
0.5 0 0 52 418 789 930
Pareto-m=1 0.1 1000 1000 1000 1000 1000 1000
0.5 1000 1000 1000 1000 1000 1000
Pareto-m=3 0.1 0 134 660 970 999 1000
0.5 0 168 962 999 1000 1000
Cauchy 0.1 924 1000 1000 1000 1000 1000
0.5 999 1000 1000 1000 1000 1000
Table 4.
Numbers of non-rejections of Hy,, among 1000 cases on level o = 0.05
N=100, n=50
Real distribution | § | mg=1 mg=2 mg=3 mg=4 mey=5 my==56
Normal 0.1 0 0 0 0 0 1
0.5 0 0 0 0 0 0
Student—to 0.1 43 980 1000 1000 1000 1000
0.5 24 1000 1000 1000 1000 1000
Student—ts 0.1 0 4 129 650 976 1000
0.5 0 0 439 999 1000 1000
Pareto-m=1 0.1 1000 1000 1000 1000 1000 1000
0.5 1000 1000 1000 1000 1000 1000
Pareto-m=3 0.1 1 236 959 1000 1000 1000
0.5 0 693 1000 1000 1000 1000
Cauchy 0.1 1000 1000 1000 1000 1000 1000
0.5 1000 1000 1000 1000 1000 1000
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3. PROOF OF THE ASYMPTOTIC NULL DISTRIBUTION

Let Y7,...,Y, be randomly ordered observations, n = 2v and let 0 be defined in
(1.7). Define the measure of the tail behavior of 6 as the function

~10g Py (30-0)2a)  _log vy 4 YO > 40) -
—log(1—F(a)) —log(1 — F(a)) LT

Similar measure was considered in [4] and later in [8] in the context of extreme

(3.2) B*(a) =

regression quantiles, to which 6 closely relates. We shall first show that the tail
behavior of 6 (1.7) distinguishes sharply between the two types of tails, while the
extreme of the whole sample is insensitive to the tails.

Lemma 3.1. Assume that the distribution function F of Y;—0, i = 1,...,n satisfies
F(z) <1, z € R and is strictly increasing on the set {z : 0 < F(z) < 1}. Then

(3.3) 2" <lim,  B*(a) <lim,_B*(a) <2"""  for F of type I
lim B*(a) =1 for F of type II.

On the other hand,

. —log Py (max(Y1,...,Y,) > a)
4 |
(3-4) s “log(1 — F(a))
for F' of both types I and II.
Proof. We have

(35) Po(YW +Y® >40) < B(YW > 2a) + Py (Y® > 2a) = 2(1 — F¥(24a)),

=1

hence

—log Po(Y®M +Y@ >4 —log (1 - F(2

(3.6)  lim —2° oV + VT > da) gy, Zlog (1= F20))

P —log (1— F(a)) a—oe —log (1 — F(a))
On the other hand,
3.7 PYY4+Y® > 440) > Py(YV > 24) By(Y® > 2a) = (1 - F¥(2a))?,
hence

. —log Py(YM) +Y® > 4q) . —2log (1 — F(2a))
3.8 1 <1 :
B8 T e T m @) R leg (1= Fa)

and that leads to (3.3) for F of type I and II, respectively.
For the maximum of the whole sample we get

39 R (fg&xﬂ)@ > a) =1-F"(a)=(1-F(a))(1+4 F(a) + ...+ F" a))
hence

1_F(a)§P0<mainZa) <n(l - F(a)),

1<i<n
what implies (3.4). 0

Remark. Lemma 3.1 shows that the tail behavior of the sample maximum does not
distinguish between types I and II.

Proof of Theorem 2.1. Let first F' have exactly the Pareto tail with index my, i.e.
(3.10) lim [2™°(1 - F(x))] = 1.
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Then, because 6 is an average of two extremes, it follows e.g. from Lemma 1.3.1 in
[3] (see also Lemma A3.26 in [2]) that d.f. F** satisfies

(3.11) Tim [270(1— F*(2))] = QZO.

(01,...,0x) is a random sample from d.f. F* and F* belongs to the maximum
domain of attraction of the Fréchet distribution with the distribution function
(3.12) D, () = exp {—ﬁ} Iz > 0]

hence,

(3.13) P(g;vlél < :c) — By, ()

as N — oo with &y satisfying limy o [N(1 — F*({n))] = 1; thus &y = %(n]\])l/m”.
Denote V) = max{éj, j=1,...,N} and 6 = min{éj, j=1,...,N}. Then
(3.13) implies that

(3.14) Py (é<N> < aN7m0> — P, (gg,lém < 2N*5/m0) 0 as N — oo

for an m, defined in (2.3). Similarly we conclude that P, (é(l) > aN?mf)) — 0 as
N — oo. This further implies that (2.5) holds provided F' has Pareto tails with index

If 1 — F¥(anme) > 0, then

_ (g 1/2 R
N2 (LN’”)) {—1og(1 = F(amy)) +log(1 — F*(anmo))}

(3 15) F* (aN,nLo)
. = Nl/Q[F*(aN,mo)(l - F*(aNJnO))]_1/2[}7;{,(@]\[7,”0) — F*(an,mo)]
+ O,(N7/2).
If we apply Theorem 4, Chapter VIIL, in [7] (Cramér type large deviations) to
the triangular array (I[01 < 2an me] —F*(aN,mo)s - - -, L[ON < 2aN me] — F*(aN,my)),
N =1,2,... and take (2.5) into account, we conclude that, given € > 0, there exists

Ny such that, for N > Ny,

P W12 (i) ) - 081 - Fi(awna)

+ log(1 — F*(aN_’mO))] > x}

(3.16) 1— F*(anmg)\ .
< 1/2 N,mo . e
_Pmo{N (—F*(am) ) [ —1og(1 = Fi(anmy))

+log(1 — F*(aN_’mO))} >x,1— F*(anmg) > 0} +e
=[1-2()](1+o0(1)+¢
for 2 = o (N'/°). Hence, regarding (3.11), we conclude
PmU{N5/2[—log(1 — Fi(anm)) — (1 = 0)log N] >z, 1 — F(anmg) > 0}

- (1—®(z)) as N — o0, x €R
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and we arrive at (2.6). Further,
(817) P { N[~ log(1 — Fii(anmy)) = (1= 0)logN] 2 @7 (1—a)} — 0

as N — oo. If F' has a heavier tail than Pareto with index mg, then 1 — FY}; is
ultimately stochastically larger than in the exact Pareto case, hence

- P{NW2 [f log(1 — % (an.my)) — (1 — ) 1ogN} >¢1(1 - a)}
(319 < PmO{N5/2 [f 1og(1 — F% (an.my)) — (1 — ) 1ogN} >o1(1— a)} S a

as N — oo; this means that the test (2.4) is of asymptotic size « for the whole
hypothesis H,,,,,. 0

4. CONSISTENCY OF THE TEST

If F has a lighter right tail than Pareto with index mg, then 1 — F ¥ is ultimately
stochastically smaller than in the exact Pareto case and it follows from (3.17) that
@) lim,, o P{N%/2 [<10g(1 = F5;(an.m,)) = (1= ) log N| = &7} (1 - )}

' > a,
hence the test is asymptotically unbiased against alternative K.

Let now F' be of type II (1.2) with index m > my; let F* be the corresponding

distribution function of 8. Then Lemma 3.1 implies that, given an € > 0, there exists
Ny such that, for N > Ny,

(42) a&%iJrE) <1- F*(G/N,mo) < afm(lfs)

N,m()

If 1 — E(anm,) = 0, we reject the hypothesis. Let 1 — Ff(anmo) > 0; then it
follows from [1] that there exists a Brownian bridge By depending on él, ey On
such that for N > Ny

N/ [~ 1og(1 = F3y(a,m,)) = (1~ 6)log N]

oo (R 1)

—log(1 — F* m
(4.3) + N§/2( OgT(n og aN(aNl’ O))mlog anme — (1 —9)log N)
, Mo

13 . m(l—e)
>N~ 2 }BN(F (aN,mo))‘aN,mo

+ (1 —8)N2?1og N ((1 - s)mﬂ - 1) + 0,(N7/?)
0

hence
(4.4) P{NW2 [_ log(1 — F (anmy)) — (1 — 0) logN} > 311 - a)} —1

as N — oo, and we reject H,,, with probability tending to 1.
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METODA SUBSAMPLING A JEJI APLIKACE
V CASOVYCH RADACH

ZUZANA PRASKOVA

ABSTRAKT. In the paper, some basic results concerning subsampling in time
series are reviewed. The method is then applied to estimate parameters of au-
toregressive model with heteroscedasticities and consistency of such estimators
is proved.

Pesiome: B »TOli craThe M3ydaer Ccsi NPUMEHEHME MeTOa IIOABBIOODKM
K AQHAJU3Y BPEMEHHBLIX PANOB. [[OKA3BIBAET CsI COCTOSATEJLHOCThL OIIEHOK
mapamMeTpoB IPOLECcCa aBTOPErpecCUr B CJydae HEOAMHAKOrO PacIpeie-
JIBHHBIX OMINOOK.

1. Uvop

Méjme pozorovani nahodnych veli¢in X7,..., X;, které nutné nemusi byt neza-
vislé a stejné rozdélené; neAcht’ H,Lje odhad neznamého parametru 6 spocteny z po-
zorovani Xi,...,Xp, tj. 0, = 0,(X1,...,X,), a necht R, = R, (X1,...,X,) je
statistika, na které je zaloZeno statistické usuzovani o @‘\n

V naSem ptispévku budeme uvazovat statistiku R,, = 7, (6‘An —0), kde 7, je kon-
stanta zavisld jen na n; nejéastéji se voli 7, = y/n. Zabyvat se budeme aproximaci
distribuéni funkce statistiky R, a odhadem rozptylu @‘\n metodou subsampling.

Na rozdil od metody bootstrap, ktera je zaloZena na mnohonasobném opakovani
prostého ndhodného vybéru s vracenim ze souboru X3, ..., X,, (étenéfe, ktery se chce
vice dozvédét o metodé bootstrap, zde odkazujeme na monografie Efron a Tibshirani
(1993) nebo Shao a Tu (1995)), spoéivd metoda subsampling v praci s mensimi
soubory dat, které vybereme urcitym zptisobem z X1, ..., X,. Zptsob, jakym budou
tyto podsoubory pofizeny, je jiny pro nezavisla pozorovani a jiny pro zavisla data,
napf. pro ¢asové fady. Témi se budeme zabyvat podrobnéji, nejdfive vSak uvedeme
zékladni zndmé vysledky metody subsampling pro nezavisla pozorovani.

2. METODA SUBSAMPLING PRO NEZAVISLA POZOROVAN{

Necht Xi,..., X, jsou nezavislé stejnd roAzdélené nahodné veli¢iny s distribuc¢ni
funkci F, 6 = 6(F) je nezndmy parametr a 6,, jeho odhad. Necht Y1,...,Y n jsou
vSechny mozné podsoubory o rozsahu b < n pofrizené prostym nahodnym vybérem
bez vracent ze souboru Xy, ..., X,, tj.

Y,=x9, . x"™), i=1,...,N,

kde N = N, = (Z) Necht ’9\”_,1,71- je odhad 6 spoc¢teny z vybéru Y ;. Potom rozdéleni
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~

(1) Hy(2) = Plrn(6n — 0) < 7]

je aproximovano empirickym rozdélenim zalozenym na hodnotéch 7,(6,,5.; — 65), ti.
empirickou distribuc¢ni funkci

N
1 ~ ~
(2) Ln,b(x) = N ;I[Tb(en,b,i - Hn) S .I'],

kde I[A] znaéi indikdtor mnoziny A.

Pozndmka 1. V ndhodném vybéru s vracenim, ktery teoreticky pripousti metoda
bootstrap, je N = n".

Konzistence tohoto postupu je zarucena nasledujici vétou (Politis, Romano a Wolf
(1999), Theorem 2.2.1).

Véta 1. Necht H je distribucni funkce takovd, Ze
H, — H slabé, kdyz n — oo,
ddle necht b — o, % — 0, E: — 0. Plati ndsledujici turzend.
(i) Jestlize x je bod spojitosti H, potom
Ly y(z) — H(z) v pravdépodobnosti.
(ii) Jestlize H je spojitd, potom
sup |Lyp(z) — Hy(x)| — 0 v pravdépodobnosti.
z
(iii) Necht o € (0,1) a necht c(1 —«) je (1 — a)-kvantil rozdélent H a ¢y (1 — @)
je (1 — a)-kvantil rozdéleni Ly, p. Jestlize H je spojitd v ¢(1 — «), potom

-~

Pl (0, —0) <cpp(l—a)] > 1—a.

3. SUBSAMPLING VE STACIONARNICH CASOVYCH RADACH

Nyni predpokladejme, ze X1, ..., X, jsou pozorovani striktné stacionarni nahodné
posloupnosti {X;}*° , kterd ma vlastnost strong mizing (jinak téz a-mizing), tj.
plati ax(m) — 0 pro m — oo, kde koeficient ax(m) je definovany pfedpisem

ax(m) = sup sup |P(ANB) — P(A)P(B)|,
n AeFn" BEFF..,
aFm =0{X,,...,Xm} je o-algebra generovand ndhodnymi veli¢inami X,,, ..., X,.

7 ptredpokladu striktni stacionarity plyne, ze vSechny nahodné veli¢iny X; maji stejné
rozdéleni, nemusi vSak byt nezavislé.

Poradi ndhodnych veli¢in je v tomto pripadé dutlezité, proto chceme-li pouzit
metodu subsampling, nelze postupovat jako v pripadé nezavislych stejné rozdé-
lenych ndhodnych veli¢in a uvazovat vSechny mozné vybéry bez vraceni o roz-
sahu b ze souboru Xj,...,X,. V tomto pfipadé se uvazuji klouzavé bloky délky
b, (X1,..,Xp)y -y (Xn—bt1,.-., Xn), v bloku (X¢,..., X¢1p-1) se stanovi odhad

~

On.p,t parametru 6 a rozdéleni H,, definované v (1) se aproximuje rozdélenim

1 n—b+1

B — 0, —0.) <z
(3) Lnp(2) = — ) t; 1[0 0 — 0,) < 7]
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Néhodné vektory (X¢,...,X¢4p—1) prot = 1,...,n — b+ 1 maji vzhledem ke
striktni stacionarité stejné rozdéleni a lze ukazat, Ze tvrzeni (i) — (43i) Véty 1 plati
i pro striktné stacionarni posloupnosti s vlastnosti strong mixing a pro distribu¢ni
funkci (3) (viz Politis, Romano a Wolf (1999), Theorem 3.2.1).

Rozptyl empirického rozdéleni (3) je (n —b+ 1)1 Y 7~ 1b+1 Ty (@n bt — 0p)?, kde
1 n—b+1 .
Oy = ——— On.,t5
I
je tedy prirozené odhadnout rozptyl @‘\n jako
( ) 7_2 1 n—b+1

4 |74 A A — O 1 — 0p)2.
() n,b T72Ln_b+1 t:Zl( bt b)

Pro n = kb a nepiekryvajici se bloky délky b, tj. pro vektory (X—1)p+1,- -, Xip)
ai=1,...,k, dostaneme odhad

??‘I»—l

3w|°‘w

(5)

kde

k
E nbz ;

o1&
-3,
a @z,b,i je odhad v i—tém bloku. Podmmky konzistence téchto odhadu byly studo-
vany riznymi autory a jsou shrnuty v Politis, Romano a Wolf (1999), Lemma 3.8.1.

P#i pouziti metody subsampling vzniké problém jak stanovit délku bloku, nebot
véty o konzistenci jsou formulovany za pfedpokladu b — co a % — oo pron — 0.

Napt. rozptyl vybérového priméru X,, = % Z?Zl X;, kde X1,...,X,, jsou pozo-
rovani striktné stacionarni posloupnosti se stfedni hodnotou E X; = 0 a autokovari-
anéni funkei R(k) = E(Xj41 — 9)(X1 —0),]

+2"§<1__) o

anVarX, — o2 pron — oo ay . |R(k)| < oo, kde 02 = > R(k) (Brockwell
a Davis (1991), Véta 7.1.1). Pokud autokovarianéni funkci nezname, mizeme VarX,,
odhadnout tak, ze do vzorce (6) dosadime vybérové autokovariance

(6) VarX,

n—k
. 1 _ _
R(k) =~ t_zl(Xt = X0)(Xerk — Xn).
Pro velké hodnoty k (blizké n) vSak jsou odhady E(k) zna¢né nepiesné.
Pro odhady (4) a (5) zkrécené oznacené jako V) V2 vy tomto piipadé plati, ze

nV® anV® jsou konzistentnimi odhady o2 , a délka bloku, kterd minimalizuje
asymptotickou stfedni kvadratickou chybu téchto odhadd, je pfiblizné

7) ) ((2?__00 |k|R<k>>2> '

4
col,

kde ¢ = % pro odhad V) a ¢ = 1 pro odhad V® (Politis, Romano a Wolf (1999),
kap. 9). Je zfejmé, Ze takto lze délku bloku stanovit jen pii zndmé autokovarianéni
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no|vaX, | 7O x| Pe e
50 |0.04460 | 0.03300 | 2 | 0.03333 | 2
(0.00910) (0.00936)
100 | 0.02240 | 0.01840 | 3 | 0.01700 | 2
(0.00444) (0.00343)
200 | 0.01122| 0.00975 | 4 | 0.00972 | 4
(0.00178) (0.00194)
400 | 0.00562 | 0.00504 | 5 | 0.00493 | 4
(0.00070) (0.00070)
500 | 0.00450 | 0.00406 | 5 | 0.00396 | 4
(0.00051) (0.00050)
1000 | 0.00225 | 0.00208 | 7 | 0.00203 | 5
(0.00022) (0.00020)
2000 | 0.00125 | 0.00106 | 8 | 0.00105 | 8
(7.85¢-005) (7.25e-005)
5000 | 0.00045 | 0.00043 | 10 | 0.00043 | 10
(2.34e-005) (2.77e-005)

TABULKA 1. Odhad rozptylu priméru metodou subsampling pii
optimalni délce bloku.

funkci R(k).

V tabulce 1 jsou uvedeny vysledky simulaci, které srovnavaji skute¢nou hodnotu
rozptylu spo¢tenou podle vzorce (6) a jeho odhady VD a V@ metodou subsampling
pro riizné poéty pozorovani n a odpovidajici délky bloku b1, b(2) poéitané podle (7)
a zaokrouhlené na celd ¢isla. Posloupnost X1, ..., X, byla generovina jako MA(1)
podle predpisu X; = Y; + %Yt_l, kde {Y;} byl striktné staciondrni bily Sum s rozdé-
lenim A(0,1). Smérodatné odchylky pro 1000 opakovéni jsou uvedeny v zévorkach.

Dale jsme studovali chovani odhadu rozptylu VarX,, metodou subsampling v za-
vislosti na délce bloku pfi pevném poctu pozorovani.
Byly generovany posloupnosti

1
(8) MAQ1) : Xy = Vi + 5Yi
9) MA2): X, =Y+ Y1+ Yo
(10) AR(): X, = BX,_1+ Y, 5=03a8=0.8

pro rozsahy n = 100,n = 160,n = 200 a n = 400. Posloupnost Y; byla ve vSech
ptipadech generovéana jako striktni bily Sum s rozdélenim A(0,1).
Pozndmka 2. Takto definované posloupnosti jsou striktné stacionarni a maji vlast-
nost strong mixing (Davidson (1994), véta 14.9).

Pro kazdou fadu byl spocten odhad rozptylu priméru metodou subsampling pro
klouzavé bloky (odhad \7(1)) a nepfekryvajici se bloky (odhad \7(2)). Pro kazdou
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délku bloku bylo provedeno 1000 opakovani a spocten prumér a smeérodatna od-
chylka. Vysledky byly porovnany se skute¢nou hodnotou rozptylu, ktera byla spoc-
tena podle (6). Na obrazcich je skuteénd hodnota rozptylu vyznacena +, hodnota
odhadu V) jako e a hodnota odhadu v jako . U neprekryvajicich se blokiu se
rozsah, pfi kterém bylo dosaZeno nejlepsi shody se skute¢nou hodnotou, pohyboval
mezi 2 — 5, u klouzavych blokt ve vétsiné pfipadt mezi 10 — 20, ale odhady mély
v nékterych pripadech velkou smérodatnou odchylku. Vysledky simulaci pro rozsahy
n = 100 a n = 400 jsou demonstrovany na obrazcich 1 a 2. Z obrazku je patrna ur-
¢ita stabilita odhadid ziskanych metodou klouzavych blokt, které maji i jinou nez
optimalni délku.

Na obrazku 3 je pro ilustraci také aproximace skuteéného rozdéleni metodou
subsampling z jedné vybérové realizace.

Urcitym feSenim jak zvolit délku bloku, i kdyz nedava optimélni vysledky, je po-
uzit kalibra¢ni metodu nebo metodu minimalni volatility. Obé metody jsou popsany
v Politis, Romano a Wolf (1999).

4. SUBSAMPLING V NESTACIONARNICH GASOVYCH RADACH

Nyni ptfedpokladdejme. Ze posloupnost {X;}°°  neni striktné staciondrni, ale ma
vlastnost strong mixing. Podobné jako v predchozim odstavci je metoda subsampling
pro odhad obecného parametru 6 zaloZena na klouzavych blocich (X, ..., Xi1p—1)
prot = 1,...,n — b+ 1. Tyto ndhodné vektory vsak jiz nemaji stejné rozdéleni.
Necht §n, é\n’byt a L, ; jsou definovany stejné jako pro stacionarni posloupnosti, H,
je definovana v (1), necht

~

(11) Hy(x) = Plmp(Onpe —0) < z.

O konzistenci L, ; lze dokdzat nésledujici vétu (Politis, Romano, Wolf (1999), The-
orem 4.2.1).

Véta 2. Necht {X:}>°, je ndhodnd posloupnost s vlastnosti strong mizing. Predpo-
kladejme, Ze existuje distribucni funkce H takovd, Ze
(a) H, — H slabé, kdyz n — oo,
(b) V kazdém bodé spojitosti H a pro kaZdou posloupnost indexi t, plati
H(htb (l’) - H(ZE), kdyzv b — oo.

Necht ddle 7> — 0 a necht Ly je empirickd distribucni funkce definovand v (3).
Potom plati turzent (i) — (iii) Véty 1.
Pozndmka 3. Predpoklad (b) lze nahradit slabsim pfedpokladem

(b)) V kaZdém bodé spojitosti H a pro m — 00,b— 00 a % —0

n—b+1

> Hyu(x) — H(x).

t=1

1
n—b+1

Vysledky lze zobecnit na vicerozmérny parametr.

Nyni uvazujme pozorovani Xi,...,X,, autoregresni posloupnosti AR(1) defino-
vané jako

(12) X, =08Xi1+ Y, t=0,%1,...,
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kde |8] < 1 a Y, jsou nezavislé ndhodné veli¢iny s nulovou stfedni hodnotou a
rozptyly oZ. Posloupnost (12) neni obecné staciondrni. Necht 3, je odhad parametru

(3 spocteny metodou nejmensich ¢tverct z pozorovani Xy, ..., X,, tj.
n
> XiXi
a3 i=2
Brn=—r.
2
>, Xi
=2

Ukéazeme, ze rozdéleni \/ﬁ(an — ) je mozné aproximovat metodou subsampling.
Mame tedy 7, = \/n, Hy(z) = P[\/ﬁ(ﬁn — ) < x]. Necht me,t je odhad 8 z pozo-
rovani Xy, ..., X¢yp—1, tj.
t+b—1
> XX
Brpt = JHTa

> X3

j=t+1

Hy1(z) = PVb(Brpe — B) < 7,

a 1 n—b+1 N -
L,p(x) = P — 1:—21 IIVO(Bnpi — Bn) < .

Nyni Ize zformulovat podminky konzistence.

Véta 3. Necht X; je definovand v (12), kde |8| < 1, Yz jsou nezdvislé s nulovou
stredni hodnotou, rozptyly o? a stejnomérné ohranicenymi momenty 4. Fddu a maji
hustoty f: pro které plati

1 oo
(13) sup ﬂ/ |fi(z +a) — fi(2)|dz < M pro vSechna |a| < 7y
¢ lal J_ oo
kde M,~ jsou kladné konstanty. Necht ddle plati
1tk
(14) % Z 0]2- — 02 > 0 stejnomérné v t, kdyz k — oo,
j=t
| bk
(15) T Z 0EX? | — 7 > 0 stejnomeérné v t, kdyi k — oo.
J=t+1

Potom pro odhad parametru 3 metodou subsampling plati

sup | Ly, 4 (z) — Hp(x)| — 0 v pravdépodobnosti

L 04 Ly a Hy, jsou distribucni funkce definované vyse.

jestlize n — 00, b — o0,
n

Dikaz. Staci ovéfit predpoklady Véty 2. Podminka || < 1, pfedpoklad o stejno-
mérné ohrani¢enych momentech a podminka (13) zaruc¢uji, Ze posloupnost {X;} méa
vlastnost strong mixing (Davidson (1994), véta 14.9.)
Dale uvazujme schéma nédhodnych veli¢in
€tb,v :th+'u—1 tbzl,...,n—b—i—l,v :1,...,b—1,
Vi w = Yy, 40 tp,=1,....n—b+1, v =1,...,b—1,
Ctb.,v :th+v71}ftb+7j ty = 1,...,77,7b+1, v = 15"'7b7 1,
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kde b = b(n) a b — oo, kdyz n — oco. Zfejmé je

ty+b— 1

5 — D XY F T G
ty+b—1

Zab tb+1X2 qu 1§t,,v

Pro kazdy index ¢, jsou ndhodné veli¢iny vy, , nezavislé, s nulovou stiedni hodno-
tou, s rozptyly E(uy, )* = afb 1y & se stejnomérné ohranicenymi momenty 4. radu,
tedy podle zédkona velkych ¢isel a podminky (14) plati

(16) V(B —

b—1
1
(17) 3 ZVth,'u — 02 pro b — oo skoro jisté.
v=1
Nahodné veli¢iny (;, ., tvofi posloupnost martingalovych diferenci, pro které podle
Praskova (1997), viz téz Basu a Sen Roy (1990) a za platnosti podminky (15) plati

b—1
(18) L (\/LE ;Ctbﬂ)) - N(OaEQ) pro b— o0

pro kazdy index ty.
Konecné, kdyz vyuzijeme (12), dostaneme

b 1

b—1
1 1
(19) l_ﬁQ Zé-tbﬂ = E Xt2b+b 1 +26 thln Ezyfbvv.
v=1

Prvni ¢len na pravé strané (19) konverguje v pravdépodobnosti k nule pro b —
oo vzhledem k predpokladu o stejnomérné ohrani¢enych Ctvrtych momentech Y;
(1ze snadno ukazat, Ze potom i X; maji stejnomérné ohrani¢ené momenty 4. fadu.)
Druhy ¢len konverguje v pravdépodobnosti k nule podle zakona velkych c¢isel pro
martingalové diference (z, ,, coz spolu s (17) implikuje, ze

11— o? . .

7 thl)ﬂ/ — 1——52 v pravdépodobnosti pro b — oo

pro kazdy index t;. Odtud tedy plyne, ze pro kazdy index t, a b — co,n — co mé
V5(Br .t — 3) asymptoticky normalni rozdgleni A(0, A2), kde
A2 —_ (1 — 52)252
ot ’
tj. Hy, () — H(x) = ¢(5%) stejnomérné v = a pro kazdy index ¢, coz je podminka
(b) Véty 2. Podminka (a) je splnéna, polozime-li b =n, ¢, = 1. a

Uvazujeme-li model AR(1) s nenulovou stfedni hodnotou, tj. model
(20) th,uzﬁ(thl7#)+K7t:05i15"'7

potom momentové odhady parametri jsou

i (Xt - 7n)()(tfl - 7n)

R 1 n . R 2
n:_§ Xt:Xn; 6n:t_2
n
t=1

S (X1 — X)?

t=2
a jejich rozdéleni lze opét aproximovat metodou subsampling. Oznacime-li jako fin p ¢

a fnp,+ odhady spoctené z bloku pozorovani Xy, ..., X;ip—1, 1ze zformulovat nasle-
dujici tvrzeni o konzistenci.
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Véta 4. Necht X1, ..., X, jsou pozorovdni, kterd se 7idi modelem (20) a necht jsou
splnény podminky véty 3. Nechf n — oo,b — o0 a % — 0. Potom plati

sup | Plv/n(fi, — p) < z] — L, y(x)| — 0 v pravdépodobnosti

a
sup |P[\/7_1(BH —pB) <z]— Lgb(x)| — 0 v pravdépodobnosti
kde
1 n—b+1
L (2) = ———— IVb(finss — fin) < 2,
n,b(x) n—b+1 t:Zl [\/_(,u ,b,t 1% ) = IE]

a Lg_’b(ac) md stejny vyjznam pro odhady ﬁn a ﬁn,bt.

Diikaz. Stejnym zplisobem jako v predchozi vété se ukéze, ze za podminky (14)
plati stejnomérné v = a pro kazdy index ty, ze P\/n(fi, ., — 1) < x| — H"(z),
kde H*(x) je distribu¢ni funkce normélniho rozdéleni (0, 02(1 — 3)~2) (Praskova

(1997)). Déle se aplikuje postup z véty 3 na pozorovani X; — . O
Tvrzeni véty 3 lze déle zobecnit na model autoregrese vyssiho fadu
P
(21) Xe=> BiXi j+Yy, t=0,41...
j=1

Model lze psat ve vektorovém zapisu jako

(22) Xe=X(t-1)"B+Y,
kde X (t) je vektor (X¢, X¢—1,...,Xt—p+1)T a B je vektor autoregresnich parame-
tri B = (B1,...,0,)". Odhad parametru 3 metodou nejmensich ¢tvercli spoéteny
z pozorovani Xi,..., X, je

n -1 5
(23) B,= > Xt-Xt-1"| Y X(t-1Y.

t=2 =2

Véta 5. UvaZujme model (21). Predpoklddejme, Ze nahodné chyby Y: jsou nezdvislé
s hustotami a momenty, které splriuji podminky véty 3 a ddle necht koteny polynomu

)\p_gl)\pfl_i_..._ygp

jsou v absolutni hodnoté ostie mensi nez 1. Predpoklddejme, Ze plati podminka (14)
a podminka
1tk o
(24) Z Z JJQ-EX(j —1)X(j - 1) = X stejnomerné v t, kdys k — oo,
j=t+1

kde X je pozitivné definitni nenulovd matice.
Potom rozdéleni ndhodného vektoru /n(B3,,— 3) lze aproximovat empirickym roz-

o~

délenim spoctengm z hodnot \/E(Bn,b,t -B,),t=1,....n—b+1.

Dikaz. Postupuje se stejné jako v jednorozmérném ptipadé. Podminka na kofeny
spolu s podminkou (13) zarucuji, Ze posloupnost (21) mé vlastnost strong mixing
(Davidson (1994), Corollary 14.13). Déle se vyuzije vlastnosti vektoru martingalo-
vych diferenci X (¢t —1)Y; a jeho asymptotické normality podle Tjgstheim a Paulssen
(1985) (tam dokézané Lemma 3.1 plati i za nasich pfedpokladil) a ukéze se, ze jsou
splnény predpoklady 4.3.2 z Romano, Politis a Wolf (1999) (str. 106-107). O
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MA(1) MA(2)
0.2
0.15
0.1
0.05
+ o+
0
0 10 20 30 30
AR(1),p=0.3 AR(1),p=0.8
0.2 0.8
0.15 0.6
0.1 0.4
++H +
0.05 0.2
0 0
0 10 20 30 0 10 20 30

OBRAZEK 1. Zavislost odhadu rozptylu primeéru na délce bloku,
100 pozorovani.

MA(L) MA(2)
0.2 0.8
<
0.15 0.6
3
0.1 0.4
0.05 0.2
0 T+ + 0 bpe 4t - —
0 50 100 0 50 100
AR(1), p=0.3 AR(1), B=0.8
0.2 0.8
0.15 0.6
3
0.1 0.4
0.05 0.2
o > o= - o » cm— 0 ]
0 50 100 0 50 100

OBRAZEK 2. Zavislost odhadu rozptylu primeéru na délce bloku,
400 pozorovani.
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MA(1) b=2 MA(1) b=4

MA(1) b=5 MA(1) b=10

N\ 60 7[
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OBRAZEK 3. Aproximace rozdéleni odhadu rozptylu metodou sub-
sampling, 400 pozorovani. Tmavé jsou oznaceny nepiekryvajici se
bloky.
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BAYESUV PRINCIP

ZDENEK PULPAN

ABSTRAKT. PoukaZeme na moznost rozhodovani pomoci Bayesova principu.
Ten vychazi z odhadu podminéné pravdépodobnosti a z predpokladu disjunkt-
niho rozkladu zékladni mnoziny (nebo z pfedpokladu disjunktnosti vzhledem k
zavedené pravdépodobnosti). Navrhneme jedno jeho rozsifeni i pro fuzzy mno-
ziny.

Pezrome: B aT0ii craTrhe mn3yuaer cs npuMeHeHue merona baeca u ¢asu
MHO3ECTB.

1. KLASICKY BAYESUV PRINCIP

Mgéjme danu zakladni mnozinu {2, jevové pole Aq na Q a pravdépodobnost P na
Agq. Pak podminénou pravdépodobnost p(A/B) za podminky B € Agq, indukovanou
pravdépodobnosti P, definujeme pro kazdé A € Aq vztahem

) waym) = T

=0, kdy# P(B)= 0.

O tom, ze A — p(A/B) je pravdépodobnost, se miizeme snadno pfesvédcit:

p(B/B) =1; p(A/B) > 0; p(UA;/B) ZpA/B

, kdyz P(B)>0

kde A; jsou navzajem disjunktni prvky z Agq, i € I a I je nejvySe spofetnd mnozina.

Budeme pouzivat rozkladu prostoru 2. Rozklad prostoru Q2 je takovy, nejvyse
spocetny systém neprazdnych mnozin B; € Aq, i € I, kde I je nejvySe spoletna
indexova mnozina a plati

a) B; N Bj = pro i # j (vzajemna disjunktnost)

b) Uier B; = Q (pokryti mnoziny ).

Mé&jme nyni jisty rozklad S = {B; }ic; mnoziny Q, kde B; € Aq, i € I, a libovolné
A € Agq. Pak plati vzhledem k (1) a vlastnostem P na Aq

P(A) = P(ANQ) = P(AN (UB,)) = P(U(AN B})) =

(2) =Y P(ANB;)) =Y P(Bi)-p(A/B))

el il

a také pak
oL PBiNA) _ P(Bi)-p(A/Bi)
® B = T S S R(BY)  ABY
=0, kdyz P(A) = 0.

Vztah (2) se nazyva vztahem pro tplnou pravdépodobnost a vztah (3) je Bayestv.

kdyz P(A) > 0

2000 Mathematics Subject Classification. 62C10.
Kli¢ovd slova. Bayesuv princip, fuzzy mnoziny.
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Priklad 1: Uvazujme X jako kone¢nou mnozinu uréitych symptomi. Oznacme
znakem Q = 2% mnozinu viech podmnozin mnoziny X a vytvofme rozklad mnoziny
Q napriklad tak, Ze nékteré prvky rozkladu budou reprezentovat pritomnost resp.
nepritomnost zakladnich symptom1 jen jedné urcité choroby; mezi jistymi chorobami
a tf¥idami rozkladu B; tak bude vzajemné jednoznacny vztah.

Jsou-li odhadnutelné pravdépodobnosti jednotlivych uvazovanych diagnéz P(B;)
a podminéné pravdépodobnosti p(A/B;) souboru pozorovanych symptomit A pfi
kazdé z uvazovanych diagnéz B;,i € I, mizeme stanovit podle (3) pro kazdé i € I
podminénou pravdépodobnost p(B;/A). Rozhodovani zvazujeme vzhledem ke vza-
jemnym hodnotam p(B;/A),i € I.

Konkrétnéji, necht X = {x1, 29, ,zr} je koneénd mnozina zakladnich sympto-
mi (napf. z; ,zvySend teplota®, xo ,bolesti bficha“, ..., xp ,artréza kyéelniho
kloubu“) a pfifadime vzajemné jednoznaéné kazdému prvku w C § = 2% k-rozmérny
vektor v (w) = (a1,az,--- ,ax) tak, ze a; = 1 resp. 0, kdyz je x; € w resp. z; ¢ w.
Je-li systém symptom vzhledem k chorobam ni, ne, - - ,ny, | < 2%, dobfe vytvofen,
je moZné stanovit takovy rozklad S na Q (resp. na mnoziné vSech k-¢lennych 0-1
posloupnosti), ze nékteré jeho t¥idy rozkladu mohou byt ztotoZnény s chorobami
ni,ng, -+ ,n. Necht S = {B;}{_,, kde ¢ je pocet prvki rozkladu S; B; jsou tvoreny
jistymi k-prvkovymi posloupnostmi v (w), které jsou diagnézami. Bodové odhady
pravdépodobnosti P(B;) dostaneme sou¢tem relativnich ¢etnosti diagnéz obsazenych
v B;. Podobné dostaneme bodové odhady podminénych pravdépodobnosti p(A/B;)
jako soucty relativnich Cetnosti diagnéz z A v mnoziné diagndz patficich k B;.

Mame zde vsak nékolik problémi. Jeden spoc¢iva v tom, ze bodové odhady prav-
dépodobnosti jsou spolehlivé jen kdyz pochézeji z dostateéné rozsahlého ndhodného
vybéru. Vzhledem k tomu, ze napf. v lékarskych rozhodovanich potfebujeme i velké
mnozstvi diléich diagnoz, je potfebné odhady provadét z relativné velmi rozsahlého
vybéru. Druhy problém spoc¢iva v hodnoceni dil¢ich diagnéz, které pro seridznéjsi
celkovou diagnézu musi vychazet z presnéjsi charakterizace stavu nez napi., Ze pa-
cient ,,ma“ nebo ,,neméa bolesti bficha“. Nahradime-li napriklad polozku x; ¢iselnou
hodnotou télesné teploty, napt. s presnosti £0,1°C'; mame zde misto odhadu dvou
moznych stavi i kolem 50 novych moznosti télesnych teplot. To znamena, ze jiz napft.
prii 3 podobnych diagnézach mame zjisfovat odhady pravdépodobnosti pro 125 000
moznych stavi! A to zfejmé neni mozné. O

Poznédmka: Podminku rozkladu mnoziny €2 pro platnost Bayesova vztahu (3) lze
oslabit podminkou P-rozkladu takto:

Systém T = {B; }ic; mnoZin B; € Aq je systémem P-disjunktnich mnoZin, kdyz

a) P(B; N B;) =0 pro i # j,

b) P(U; B;) =1, (4)

c) P(B;) >0, iel

Platnost (3) za podminek (4) vyplyva z toho, Ze ze (4) plyne pro P(A) vztah (5):

(4) P(A) = P(ANUB;) = > P(ANBy).

wel

Vidéli jsme, ze uziti Bayesova rozhodovani pfi vétsim pocétu odhadovanych po-
lozek predpoklada rozsahla vybérova Setfeni. Pfitom si uvédomujeme, ze nékteré
diagnostikované polozky maji podobu vagnich dat. Zkusme proto nahradit rozsahlé
méfeni expertnimi odhady funkeci nalezitosti fuzzy mnozin Aa éi, 1€ 1.
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2. Fuzzy BAYESUV PRINCIP

Predpoklddejme, Ze mame opét zdkladni prostor 2, jevové pole Aq a pravdépodob-
nost P na Ag. Postupujme analogicky s klasickym piipadem.

Fuzzy jevem vzhledem k Ag je kazda fuzzy (pod)mnozina A mnoZiny €, pro jejiz
funkci pfislusnosti p4 plati
(5) pat (1) € Ag
pro kazdy interval I C (0;1).

Pravdépodobnost fuzzy jevu A s funkei prislusnosti 14 definujeme vztahem

(6) NA:AMM:MM»

Podminéna pravdépodobnost g pro fuzzy jev A za podminky fuzzy jevu B je
definovana podobné jako v klasickém piipadé ([4])
~ ~  P(ANB) ~
7 q(A/B) = ———=, kdyz P(B) >0
(7) (4/B) P(B) (B)
=0, kdyz P(B) = 0.

Méjme nyni danu nejvyse spocetnou posloupnost {Ez} 1 fuzzy jevl mnoziny .
Platnost fuzzy Bayesova principu je pak podminéna splnénim ekvivalentnich vztahi
(9) a (10) pro jakykoliv fuzzy jev A mnoziny Q:

(8) P(A) =) PANB)
iel
>_; P(Bi)-a(A/B)
Hledejme proto podminku pro fuzzy mnoziny Ei, i € I, k platnosti (9) pro kazdou
fuzzy mnozinu A mnoziny 2. Systém fuzzy mnoZin {B;}ics, ktery spliiuje (9) pro

kaZzdou fuzzy mnozinu A nazveme systémem fuzzy disjunktnich mnozin.
Rozebereme si problém fuzzy disjunktnosti nejprve na prikladech.

(9) q(B;/A) =

Priklad 2: Mé&jme Q = (0;10) a na ni rozlozeni pravdépodobnosti dané hustotou

/()

1
f(x):%ac; 0<z<5
= 1 +2' h<x <10
BT r=a

Systém fuzzy mnozin {E,L-l}i:LQ_’g bude nejprve systémem ostrych mnozin (zapsanych
ovSem jako fuzzy mnoZiny) s funkcemi p¥islusnosti:

pp:(w) =1 pro z € (0;3)
=0proz & (0;3),

up1(z) =1 pro z € (3;6)
=0 pro z & (3;6),

ppi(z) =1 pro z € (6;10)

=0 pro z ¢ (6;10).
Pak je P(B}) = [, pp: (x)f(x)dz = 0,18, P(B3) = 0,50, P(B3) = 0, 32; je jasné,
ze zde musi byt Zg’zl P(B;)=1.
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Pro fuzzy mnozinu A:

/LA(.Z’):%JJ—%; 1<z<4
:f%z+%;4§x§7
= 0 jinde,

vypoctem dostaneme ’P fQ pa(z) - flx)de = 0,444.

Uvazujeme-li pranik dvou fuzzy mnozin bud ve smyslu Zadehovy nebo Lukasiewic-
zovy (nebo i jiné) definice dostaneme v naSem prlpade volby systemu {B Yiz1,23
stejné hodnoty P(BI N A) = 0,062, P(BL N A) = 0,357, P(Bi N A) = 0,024.
Zde skuteéné plati (9). N4&§ systém fuzzy mnozin {éil}izl,lg, ktery je systémem
disjunktnich mnozin ve smyslu disjunktnosti ostrych mnozin je i systémem fuzzy
disjunktnich mnozin (ve smyslu zminénych definic priniku fuzzy mnozin) a plati
zde fuzzy Bayestuv princip.

Zavedeme si nyni jiny systém fuzzy mnoZin {é?}i:1,273 definovanych takto:

1
uBf(x):—gac—i—l; 0<z<3

= 0; jinde
3
ppz( ):—x—a; 6<2<10
= 0; jinde
1 1
ppz(x)==-2z—=; 1<x <6

=—x4+76<x<7

= 0; jinde.
Mtzeme si predstavit, ze dany systém fuzzy mnozin reprezentuje jistou neostrou
klasifikaci na Q. Dané fuzzy mnoziny nejsou disjunktni ve smyslu Zadehovy (zde

je pans(x) = min(pa(z), pp(x))) ani Lukasiewiczovy definice (zde je pagn(z) =
max(pa(z) + pp(z) — 1;0) priniku dvou fuzzy mnozin.

Pro tento systém fuzzy mnozin { B2},; 2.3 méme

P(B2)=0,06; P(B2)=0,107; P(B2) =0,043.

Vidime tedy, ze °_, P(B?) # 1.

Pro priniky fuzzy mnozin, urovanych ze Zadehovy definice minima mame
P(ANB}) =0,027;  P(ANB3)=0,010; P(ANB3)=0,347.

Plati tedy 3%, P(AN B?) = 0,384 # 0,444 = P(A A).

Provedeme-li vypocet priniku fuzzy mnoziny As fuzzy mnozinami Ef, 1=1,2,3,
pomoci Lukasiewiczovy spojky, dostaneme za predpokladu stejné zédkladni pravdé-
podobnostni miry dané hodnotou f (z):

P(A@B?) =0; PA©B3)=0,198 P(AeB3)=0.

Zde je Zl 173(/1®B2) =0,198 A P(A )

V obou uvedenych pfipadech tedy fuzzy Bayestv princip (9) neplati. Vidime, Ze
jsou sice pfipady, kdy (9) plati, ale v situaci, ktera je pro praxi dilezitd, tento princip
neplati. [J
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Pokusme se nyni zeslabit podminku (9) tak, aby fuzzy Bayesiv princip zahrnoval
i vSechny klasické pfipady (3) disjunktnich nonfuzzy mnozin systému {éi}ie I, ktery
pokryva Q.

Pro fuzzy - Bayesovské rozhodovani je dilezité vhodné odhadnout q(éz / Z), kde
Ei,i € I, jsou rizné fuzzy mnoziny, jejichZ sjednoceni nosi¢u je ; jak jsme pti-
pomnéli, ackoliv v klasickém (nonfuzzy) pfipadé tvoii B;,i € I, rozklad €, zde,
vzhledem k obecnéjSimu uziti, se nesnazime predpokladat pro fuzzy mnoziny Ei,
i € I, jejich vzajemnou fuzzy disjunktnost vzhledem k nékteré definici priniku ([5]).

Méjme déno j Jjevové pole Aq a pravdépodobnost P na AQ Déle méjme déan systém
fuzzy mnozin {B Yiers JeJlChZ nosic¢e pokryvaji Q a necht Bl, i € 1, jsou fuzzy jevy.
Pro kazdou fuzzy mnozinu BZ, 1 € I uréeme novou fuzzy mnozinu B0 takto

(10) ppo(®) = infizijer max(pp, (x) — pp,(2);0); =€ Qiel

Je jasné, ze E? je pak také fuzzy jev vzhledem k Agq.
Nyni definujme podminénou pravdépodobnost ¢(B;/A) fuzzy jevu B; za pod-
minky libovolného fuzzy jevu A (vzhledem k Ag) nové vztahem (12):

P(BY N A)

(11) m(R/Z) = P(ﬁ)

; 1el

Jsou-li fuzzy mnoziny B;, i € [ interpretovatelné jako disjunktni normélni mno-
ziny z Aq, pokryvajici Q, je BY = B;, i € I, a plati (2) i (3).

Primnik fuzzy mnozin ve vyrazu pro pravdépodobnost v éitateli vyrazu (12) mi-
Zeme konstruovat podle riuznych definic; pouziti zavisi na problému, ktery se zkouméa
a na zkusSenosti uzivatele.

Priklad 3: Poéitejme pro data z pifkladu 2 hodnoty ¢y (B°/A) a q1(B2°/A) pro
i =1,2,3 podle (12) a uzivejme Zadehovy interpretace fuzzy pruniku.

Nejprve uréime pfislusné fuzzy mnoziny: Plati B 10 — Bz7 i =1,2,3. Déle jsme
vypocetli

5.
ppz () pro z € (0;1)
pp(r) =4 —gr+2 proxe (;3)
0 jinde;
B,
=0 pro z < 3
ppz(r) = Sz — 4 pro—<ac<7
ppz(r)  pro7 <z <10
B0,
%x — g pro % <zr<3
tpz(x) pro3 <z <6
ppzo(x) = y

f%z+177 pro6<z§%
0 jinde.
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Pak je v prvnim pfipadé podle (12)

0(BLA) = o [ mintus (), pa(e) - S = g =014
a(B3/A) = 0,90; i (BL/A) = 0,02,

Ve druhém piipadé je podle (12)
q1(Bi/A) =0,02;  qi(B3/A)=0,00; q(B3/A)=0,68.0

Je jasné, ze vzhledem k definici fuzzy mnozin E? a k (12) nemiZeme ocekavat
obecnou platnost vztahu ) .., ¢1 (El / Z) = 1, analogického ke vztahu pro non fuzzy
podminéné pravdépodobnosti v zadné z interpretaci fuzzy pruniku.

Hodnoty ¢1(B;/ ﬁ)7 1 € I, muzeme chéapat jako miry spravnosti rozhodnuti pro
alternativu B; za podminky A a uvazovat o vektoru 6 A (kdyz card(I) =n)

(12) Qa=(@(B1/A), qu(Ba/A),--- ,q1(Bn/A)).

Tento vektor je mozné normovat tak, aby kazdé g, (B;/A) preslo v ¢} (B;/A) >0
tak, aby

(13) > qi(Bi/A) =1.

i€l

Normované hodnoty ¢} (B;/A) pak mohou byt interpretovany jako véhy jednotli-
vych rozhodnuti B; za pfedpokladu znalosti A (napf. pfedchoziho rozhodnuti A).
Nabizi se v8ak jesté druhd moznost uréeni ¢(B;/A), a to vztahem (15)

P(BY N A)

— —; 1€ 1.
Syer PBY N A)

(14) 42(Bi/ A) =

Zde bereme v tivahu, zZe jmenovatel ve (14) nemusi nabyvat hodnoty P(Z) a prislusné
q2(Bi/A) je pak mirou zastoupeni hodnoty P(B N A) v souctu y_.., P(Bj N A).
Pro g2 z (15) v8ak ale pfimo plati

S (By/A) = 1.

jel

jEI

Priklad 4: Pro data z predchazejicich prikladt 2 a 3 a opét pro Zadehovu interpretaci
priniku fuzzy mnozin mame

g7 (B} /A) = 0,03 = go(B}/A)

g7 (B3/A) = 0,00 = ¢5(B3/A)

q;(B3/A) = 0,97 = go(B3/ A).

V nasem pripadé jsou oba vysledky témér identické. [
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3. ZAVER

Byly naznaceny problémy, které vznikaji ve snaze zavést Bayestv princip i pro fuzzy
jevy analogicky s timto principem v klasické teorii pravdépodobnosti. Je uvedeno

jedno z moznych feseni tohoto problému ,,ipravou* fuzzy mnozin B;, ¢ € I, tvoficich
pak ,fuzzy pokryti“ zakladni mnoziny 2. Je také mozné vyuzit tohoto principu v
rozhodovani, zobrazitelném stromovym grafem.
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Conclusion

We have described the posibilities of decision making with the help of the fuzzy
- Bayes formula.

Konkludo
En tio artikolo ni evolugis la fuzzy - Bayes formula. Ni uzas tion formulon en la
decida procedo egz. en la medicino.
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KLASIFIKACE V PROGRAMOVYCH SYSTEMECH PRO
ANALYZU DAT

HANA REZANKOVA A DUSAN HUSEK

ABSTRAKT. The current classification methods are categorized. Their theore-
tical capabilities are discussed. The work includes the classification of cases,
variables and categories. Moreover, implementation of these methods in six sta-
tistical packages (MINITAB, S-PLUS, SPSS, STATGRAPHICS, STATISTICA
and SYSTAT) and their additional software systems (SPSS Answer Tree, STA-
TISTICA Neural Networks) is described.

[IpoBomuTcsa pa3sbuBKA HA KATErOPUU CYIMECTBYIOIMMUX METOMOB CTa-
Tuctuyeckoit knaccupuranuu. OOCYRIAIOTCA UX TEOPETUYECKUe OC-
HOBLI. B paBore paccMarpuBaeTcs KIaCCUUKALUA CIYyYaeB, IePEMeH-
HLIX 1 KaTeropuii. bomee Toro, maercsa onmcaHue UCIOIL30OBAHUS €TUX
METOLOB B IECTU CTATUCTUYECKUX OaKeTaX NPUKJIATHLIX IPOrpaMM
(MINITAB, S-PLUS, SPSS, STATGRAPHICS, STATISTICA u SYSTAT) u B
UX OONOJHUTENILHLIX IPOrpaMMHLIX cucteMaXx (SPSS Answer Tree, STA-
TISTICA Neural Networks).

1. Uvop

Pojem Eklasifikace pouzivany pfi analyze dat je spojen s Sirokym okruhem metod,
kterym vénuji zna¢nou pozornost jak statistikové, tak odbornici specializujici se na
takové oblasti jako jsou data mining, ziskdvani znalosti z databazi, véetné specia-
listt na neuronové sité. V nékterych zemich existuji odborné spole¢nosti zabyvajici
se touto tématikou, které jsou sdruzeny do mezinarodni spolecnosti International Fe-
deration of Classification Societies (IFCS). Pod zastitou IFCS se konaji konference
Data Science, Classification, and Related Methods. Existuje také specializovany ca-
sopis Journal of Classification.

Klasifikacni metody muzeme charakterizovat nasledujicim zpusobem. Sledujeme
urcité objekty, které se vice ¢i méné navzajem odlisuji, takze mize existovat nékolik
skupin téchto objektt. Cilem je zafadit bud nékteré z objektt nebo vSechny objekty
do skupin.

2. KLASIFIKACE KLASIFIKACNICH METOD

Metody obsazené v programovych systémech miZeme roztiidit podle ruznych
hledisek. Déle budou uvedena néktera z nich, budou specifikovany pfislusné skupiny
metod, pfipadné bude uveden konkrétni postup, ktery je bud jedinym nebo charak-
teristickym zastupcem dané skupiny. U c¢lenéni podle tietiho hlediska pak budou
vyjmenovany jednotlivé metody a postupy, které mizeme nalézt v programovych
systémech pro analyzu dat.

2000 Mathematics Subject Classification. Primary 62H30.
Klic¢ovd slova. Klasifika¢ni metody.
Tato prace vznikla v ramci grantu No.LN0O0B096 — Centrum aplikované kybernetiky.
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1. Jednim z hledisek je predmét klasifikace. P¥i analyze dat muZzeme rozlisit
nasledujici pfedméty klasifikace:
1.1. Objekty, tj. statistické jednotky
1.2. Proménné, tj. statistické znaky
1.3. Kategorie proménnych

1.3.1. Jedné proménné (napf. shlukova analyza)

1.3.2. Dvou proménnych (dvourozmérna shlukova analyza, kore-
sponden¢ni analyza)

1.3.3. Vice proménnych (optimélni skdlovéni)

2. Jiné hledisko mtze sledovat, kdy a jakym zptsobem je stanoven pocet skupin.
Podle ného miizeme rozlisit nasledujici kategorie:
2.1. Pocet skupin musi byt stanoven pred analyzou, jejimz cilem je klasifi-
kace

2.1.1. Déno nazorem uzivatele, ktery analyzuje data (nehierarchicka
shlukové analyza)

2.1.2. Déno po¢tem hodnot vysvétlované proménné (diskrimina¢ni
analyza). V této skupiné mizeme déle rozliit, zda vysvétlo-
vand promeénna je dichotomicka (logisticka regresni analyza),
nomindlni (multinomicka logisticka regrese) ¢i ordinalni (or-
dinalni regrese), u které se bere v tivahu, zda jsou kategorie
vys$i hodnoty, pripadné jsou vice zastoupeny extrémni hod-
noty.

2.2. Podet skupin je zjistovan analyzou, jejiz cilem je klasifikace

2.2.1. Metodou muze byt navrzen konkrétni pocet (faktorové ana-
lyza)

2.2.2. Pocet stanovuje uZivatel na zdkladé vysledki analyzy (hie-
rarchickd shlukové analyza)

3. Nejcastéji pouzivanym hlediskem je ziejmé to, zda se muzZeme pri klasifikaci
Fidit néjakym vzorem (existuje ,,uéitel“) nebo ne. Podle toho rozliSujeme

3.1. Uceni s ufitelem (supervised learning), které se vztahuje pouze na kla-
sifikaci objektd a zndmy pocet skupin (na zdkladé vzoru je vytvofen
model, ktery umoziuje zafazovani objektt do skupin); slouzi k odhadu
hodnoty vysvétlované proménné, ktera je kategoridlni. V literatufe za-
méfujici se na data mining jsou jako klasifika¢ni oznacovany pouze

tyto metody, jde tedy o klasifikaci v uzsim vyznamu:

3.1.1. Diskriminac¢ni analyza

3.1.2. Zobecnény linedrni model - GLM (Generalized Linear Mo-
del)

3.1.2.1. Logisticka regresni analyza
3.1.2.2. Multinomicka logistické regresni analyza
3.1.2.3. Ordindlni regresni analyza

3.1.3. Kategorialni regresni analyza

3.1.4. Klasifika¢ni stromy

3.1.4.1. Metoda CHAID (Chi-squared Automatic Inter-
action Detection) - vysvétlovand proménné muiize
byt jak nominalni, tak ordinalni (metoda je po-
uzivana i v pripadé spojité vysvétlované pro-
ménné)

3.1.4.2. Metoda Exhaustive CHAID
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3.1.4.3.

3.1.4.4.

3.1.4.5.

Metoda C&RT (Classification and Regression
Trees) - vysvétlovand proménnd miZe byt jak
nomindlni, tak ordindlni (metoda je pouzivéna
i v pripadé spojité vysvétlované proménné)
Metoda QUEST (Quick, Unbiased, Efficient Sta-
tistical Tree) - lze pouZzit pouze pro nominalni
vysvétlovanou proménnou

Dalsi metody (CART, CLS, ID3, C4.5, AID,
TREEDISC)

3.1.5. Neuronové sité

3.1.5.1.

3.1.5.2.

3.1.5.3.

3.1.5.4.

3.1.5.5.

3.1.6. GUHA"

MLP (MultiLayer Perceptrons) - vicevrstvy per-
ceptron

RBF (Radial Basis Functions) - radidlni bazické
funkce

PNN (Probabilistic Neural Networks) - pravdé-
podobnostni neuronové sité

LNN (Linear Neural Networks) - linedrni neu-
ronové sité

LVQ (Learning Vector Quantization) - vekto-
rova kvantizace

3.2. Uceni bez ucitele (unsupervised learning), které zahrnuje jednak shlu-
kovani ¢i segmentaci (objektl, proménnych i kategorii), jednak redukei
dat (proménnych ¢ kategorii). V literatufe zaméfujici se na data mi-
ning se tyto metody neoznacuji jako klasifikac¢ni, ale spadaji do skupiny
postupt, jejichz cilem je shlukovdni, ptipadné segmentace:
3.2.1. Shlukovéa analyza

3.2.1.1.
3.2.1.2.
3.2.1.3.

Hierarchicka shlukova analyza

Nehierarchicka shlukova analyza
Dvourozmérna shlukové analjza (two-way joi-
ning)

3.2.2. Faktorova analyza

3.2.3. Vicerozmérné skalovani

3.2.4. Koresponden¢ni analyza

3.2.5. Optimaln{ skdlovani (analyza homogenity, kategoridlni ana-
Iyza hlavnich komponent)

3.2.6. Neuronové sité

3.2.6.1.
3.2.6.2.

AR (Adaptive Resonance Theory)
KFM (Kohonen Feature Maps) - Kohonenovy

mapy

'K metodam klasifikace miizeme dale zafadit metody, které analyzuji vztahy mezi kategoriemi
ruznych proménnych. Zikladem je asociacni algoritmus pro odvozovani pravidel typu If X, then
Y, tj. implikace typu IF (logickd kombinace fakt) THEN fakt, pfi¢emz fakt je elementéarni logicky
vyrok. Je zjistovéno, kolik procent z urcité logické kombinace fakt (antecedentu) implikuje fakt
na pravé strané pravidla (succedent) a kolik procent zdznami se vyskytuje v této asociaci. Piikla-
dem programového systému, ktery je uréen pro vyse uvedené analyzy, je napt. GUHA +- (General
Unary Hypotheses Automaton). Na zakladé analyzovanych vztaht 1ze pro urcitou kombinaci kate-
gorii nékterych vysvétlujicich proménnych pfedpovédét hodnotu (kategorii) vysvétlované proménné
(obdobné jako pfi pouziti klasifika¢nich stromi). Metodu lze tedy vyuZzit pouze pro kategorizované

proménné.
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3.2.6.3. HNN (Hopfield like Neural Network) - sit Hop-
fieldova typu

3.2.7. Genetické algoritmy

3. POROVNANI MOZNOST{ STATISTICKYCH PROGRAMOVYCH SYSTEMU V OBLASTI

KLASIFIKACE

Sledovany byly vybrané moznosti Sesti statistickych programovych systémt, kte-
rymi jsou MINITAB 13 (demo verze), S-PLUS 4.5, SPSS 10.0, STATGRAPHICS
Plus 4.0 (demo verze), STATISTICA 5.1 a SYSTAT 9.0 (demo verze), a jich rozsifu-
jicich systémi (SPSS Answer Tree 2.0, STATISTICA Neural Networks 3.0). Metody
klasifikace byly rozdéleny do dvou zakladnich skupin, které 1ze charakterizovat jako
- predpovidani hodnot kategorialni vysvétlované proménné a

- shlukovéani.

Do podrobnéjsiho hodnoceni v ramci prvni skupiny nebyl zahrnut systém S-PLUS,
nebot neobsahuje diskriminaéni analyzu a pfi logistické regresni analyze nabidkovy
rezim neposkytuje vétsinu ze sledovanych moznosti. Zjisténé skutecnosti jsou uve-
deny v tabulkich 1 a 2, sledovany jsou nasledujici moznosti.

Moznost
Vybér prom.

Vahy dle poctu

Vahy dle uzivat.
Tab. Gispésnosti

- cross validation

Predpovédi

- text. vystup

- vystupni tab.

- do dat. editoru

- novy soub.

- pro zadané h.

- pravdeép.

Grafy

Piekéd. Y (0 a 1)
- automat.

Kdd. kat. prom.

Mezni hodnota

Uspésnost

Vysvétleni

nabidka metod, které umoznuji vybrat z mnoziny vysvétlujicich
proménnych takovou podmnozinu, jez nejlépe vysvétluje hodnoty
vysvétlované proménné (obvykle jsou nabizeny postupy forward a
backward)

jednotlivym skupindm lze prifadit vahy dle poc¢tu objekt v dané
skupiné

jednotlivym skupinadm lze prifadit vahy dle uzivatele

vystup obsahuje tabulku sdruzenych cetnosti pro skutecné a pred-
povézené hodnoty vysvétlované proménné

znamy objekt, pro ktery chceme ziskat pfedpovéd, neni zahrnut
do analyzy

zpusob zaznamu predpovédi hodnot vysvétlované proménné
predpovédi jsou zobrazeny jako textovy vystup

predpovédi jsou zobrazeny ve vystupni tabulce

predpovédi jsou hodnoty nové proménné, ktera je pridana do da-
tového editoru ke zdrojovym dattim

predpovédi jsou ulozeny do nového datového souboru

predpovédi jsou poéitany pro novy pfipad (zadany vektor hodnot)
jako vysledky jsou uvaddény pravdépodobnosti

pocet nabizenych typu graf

vysvétlovand proménné mtize nabyvat jinych hodnot nez 0 a 1
prekédovani provadi systém v pripadé potfeby automaticky
kategorialni proménna nabyvajici k kategorii je pfevedena na k-1
pomocnych proménnych

lze zadat hodnotu od 0,01 do 0,99 - jestlize je vypocitana hod-
nota vétsi nez zadana mezni, je predpovéd vysvétlované proménné
rovna jedné

zpUsob posuzovani uspésnosti pti predpovédich
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Co se tyce grafu, které ilustruji vySe uvedené analyzy, pak stejny pocet graf
neznamend stejné typy. Obvykle se grafické vystupy u jednotlivych programovych
systému ponékud lisi.

V systému S-PLUS, ktery nebyl do vySe uvedeného prehledu zahrnut, je k dispo-
zici logistickd regresni analyza (pfedpovédi lze ulozit do nového datového souboru,
nabidka obsahuje 8 typt grafi) a Poissonova regresni analyza. Soudasti systému
jsou dale klasifikaéni a regresni stromy, které zahrnuji 2 metody (jednu pro kvalita-
tivni, druhou pro kvantitativni vysvétlovanou proménnou). Neuronové sité obsazeny
nejsou.

Pokud jde o programové produkty umoznujici provadét analyzu dat pomoci neu-
ronovych siti, pak autori méli k dispozici pouze STATISTICA Neural Networks.
Tento systém poskytuje pro pfedpovidani hodnot kategoridlni vysvétlované pro-
ménné 4 typy neuronovych siti, které jsou ve druhé kapitole oznacené jako 3.1.5.1
aZ 3.1.5.4. Pro MLP (vicevrstvy perceptron) je k dispozici 5 algoritmi: back pro-
pagation (zpétné Sifeni), conjugate gradient descent algoritmus, Levenbergtv-Mar-
quardttiv algoritmus, quick propagation (rychlé $ifeni) a Delta-bar-Delta propa-
gation. MozZnosti jsou tedy pomérné znacné. Binarni proménné musi byt kédovany
Cislicemi 0 a 1, produkt poskytuje tabulku tspésnosti a predpovédi. Zvlastnosti sys-
tému je, Ze tabulka tispésnosti zahrnuje kromé statistickych jednotek zarazenych do
danych kategorii také statistické jednotky nezatrazené.
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MINITAB SPSS STAT STATISTICA | SYSTAT
GRAPHICS
Diskriminacni analyza
Vybér prom. Ne 5 metod Forward, Forward, Forward,
backw. backw. backw.
Vahy dle poctu Ne Ano Ano Ano Ne
Véahy dle uzivat. Ano Ne Ano Ano Ne
Tab. Gspésnosti Ano Ano Ano Ano Ano
- cross validation Ano Ano Ne Ne Ano
Predpovédi Do dat. Do dat. Text. vyst. Vyst. tab. Novy soub.
editoru editoru Novy soub.
Text. vyst.
(pro zadané
hodnoty)
Grafy 0 3 3 3 0
Logisticka regresni analyza (bindrni)
Piekéd. Y (0 a 1) | Automat. Automat. Ne Lze zadat Automat.
Vybér prom. Ne 3 forw., Forward, Ne Ne
3 backw. backw.
Koéd. kat. prom. Ano Ano Ano Ne Ano
Mezni hodnota Ne Ano Ano Ne Ne
Uspésnost Chi-kvadrat Tabulka Chi-kvadrat Ne Tabulka
test aspésnosti test aspésnosti
Predpovédi Ne Do dat. Ne Ne Novy soub.
editoru (pravdép.)
Grafy 8 1 7 7 0
Klasifikacni stromy
Produkt Ne Answer Ne Soucast Soucast
Tree paketu paketu
Moznosti X 4 metody X 3 metody 6 funkci
Neuronové sité
Produkt Ne Neural Ne Neural Ne
Connection Networks

Pozndmky. Produkt Answer Tree zahrnuje metody oznacené v kapitole 2 jako 3.1.4.1

az 3.1.4.4. Kvalita modelu je posuzovana na zakladé tabulky, ktera je obdobou tabulky

aspésnosti, avSak celkové je charakterizovana podilem chybnych pfedpovédi. V systému

SYSTAT lze v ramci klasifikacnich stromi vybirat z Sesti typa ztratovych funkci.
MINITAB umoziiuje kromé vysSe uvedenych analyz provadét téZz nominalni a ordindlni

regresni analyzu, avsak neposkytuje zadné ze sledovanych moznosti.

SystémSPSS nabizi kromé dvou vyse uvedenych postupti také kategorialni regresni analyzu.

Neékteré moznosti jsou porovnany v tabulce 2.

Tab. 2 Dalsi moznosti systému SPSS z oblasti regresni analyzy (RA)

Multinomicka RA | Ordindlni RA | Kategoridlni RA
(nomindlng)
Vybér prom. Ne Ne Ne
Tab. tspésnosti Ano Ne Ne
Predpovédi Ne Ano Ne
Graf Ne Ne Ano
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Pokud jde o oblast shlukovdni, porovnani je uvedeno v tabulce 3. Je zaloZeno
predevsim na moznostech nabidkovych rezimi, ve dvou pripadech jsou téZ zminény
moznosti dostupné pomoci prikaz, pomoci nichz lze dale ziskat napriklad vice typi
graf (SPSS). Byly sledovany nésledujici moznosti:

Moznost
Faktorovd analyza
Metody extrakce
Metody rotace
Grafy

Vysvétleni

pocet metod extrakce
pocet metod rotace
pocet nabizenych typu grafi

Hierarchickd shlukovd analyza

7 matice vzdal.
Shluk. prom.
Standard. hodnot

Miry vzdal.
Miry podob.
Miry nepod.
Miry pro bin. pr.
Transf. mér

Aglomer. metody
Metody déleni
Prisl. ke shlukim

- tab. v text. vyst.

Icicle graf
(banner plot)
Dendrogram
(tree plot)

vstupem pro analyzu muze byt matice vzdélenosti

1ze provadét shlukovani proménnych (sloupcii v datové matici)

lze zadat transformaci vstupnich hodnot — standardizaci (obvykle ode-
Cteni aritmetického primeéru a vydéleni smérodatnou odchylkou, v sys-
tému S-PLUS je misto smérodatné odchylky pouzivana absolutni od-
chylka), pfip. jiné transformace (napf. pievedeni do intervalu od = -1
do1l¢ od0dol)

pocet mér vzdalenosti

pocet mér podobnosti

pocet mér nepodobnosti

pocet mér pro binarni proménné

lze zadat transformaci mér (absolutni hodnoty, pfevedeni do int. od 0
do 1)

pocet aglomerativnich postupi

pocet metod pro déleni shlukt

zplsob zaznamu prislusnosti ke shluktim (moZnosti viz Predpovédi v
pfedchézejici skupiné metod), v SPSS lze pfislusnosti zaznamenat do
datového editoru pouze v pripadé, ze jsou shlukovany objekty
prislusnosti jsou zaznamenény do tabulky, kterd je soucasti textového
vystupu

smér kresleni grafu (pokud je obsazen) - vertikalni nebo horizontalni

smeér kresleni dendrogramu - vertikalni nebo horozontalni

Nehierarchickd shlukovd analyza

Metody

konkrétni metoda (k-means = k-priméri) nebo pocéet metod
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MINITAB | S-PLUS SPSS STAT STATISTICA | SYSTAT
GRAPHICS
Faktorovd analyza
Metody extrakce 2 2 7 2 6 3
Metody rotace 4 12 5 3 8 5
Grafy 3 2 2 2 2 2
Hierarchickd shlukovd analyza
7 matice vzdal. Ano Ano Prikaz Ne Ano Ano
Shluk. prom. Ano Ne Ano Ano Ano Ano
Standard. 1 1(+ 3) 6 1 0 0
hodnot
Miry vzdal. 5 2 5 3 6 8
Miry podob. 2 0 2 0 1 0
Miry nepod. 0 Prikaz 2 0 0 0
Miry pro bin. pr. 0 2 26 0 0 0
Transf. mér 0 0 3 0 0 0
Aglomer. metody 7 5 7 6 7 6
Metody déleni 0 2 0 0 0 0
Prisl. ke Do dat. Novy | Tab.vyst. Text. Ne Text.
shluktm editoru soub. v text. Do dat. vystup
vyst. editoru Do dat.
Do dat. editoru
editoru
Icicle graf Ne Horiz. Vert. + Ne Ne Ne
(banner plot) horiz.
Dendrogram Vert. Vert. Horiz. Vert. Horiz. Ne
(tree plot) + vert.
Jiné grafy 0 0 0 3 0 Polarni
Nehierarchickd shlukovd analyza
Metody k-means 3 (vé. k-means k-means k-means k-means
fuzzy) (i prom.) (i prom.) (8 mér)
Jiné€ techniky shlukové analyzy
Ne Ne Ne Ne Dvourozm. Additive
tree
Vicerozmérné skalovdni
| Ne | Ne | Ano Ne Ano Ano
Korespondencéni analyza
| Ne | Ne | Ano Ne Ano Ano
Analgza homogenity
Ne | Ne | Ano Ne Ano Ne
Kategoridlni analyza hlavnich komponent
| Ne | Ne | Ano Ne Ne Ne

Pozndmky.

V S-PLUS je pfi shlukové analyze jind nabidka pro transformaci vstupnich hodnot u kon-

krétnich analyz (pouze standardizace) a jind u vypoctu matice vzdalenosti (3 dalsi moznosti

- podle typt proménnych).
V systémech MINITAB a SYSTAT jsou do mér vzdalenosti zahrnuty i transformované miry
podobnosti (Pearsontiv korela¢ni koeficient). SYSTAT poskytuje miry vzdalenosti pro rizné

typy dat - intervalova, ordindlni a nomindlni data a ¢etnosti.
Systémy STATGRAPHICS a STATISTICA umoznuji aplikovat algoritmus k-praméra také
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na proménné, STATGRAPHICS a SYSTAT poskytuji v rdmci tohoto shlukovani zvolit
miru vzdalenosti.

Pokud jde o systém STATISTICA Neural Networks, pak z typu siti uvedenych v
3.2.6 tento produkt poskytuje pouze Kohonenovy mapy. Pro shlukovani a redukci
dat vSak mohou byt vyuzity rovnéz neuronové sité uvedené v 3.1.5, napiiklad line-
arni neuronové sité se pouzivaji pro analyzu hlavnich komponent. Pomoci radialnich
bazickych funkci lze provadét shlukovou analyzu odpovidajici algoritmu k-prameéri,
k dispozici je téz algoritmus k-nejblizsiho souseda. K vybéru podmnoziny vhodnych
vysvétlujicich proménnych lze pouzit genetické algoritmy.

4. ZAVER

V piispévku byla vénovana pozornost vybranym moznostem nékterych programo-
vych systému pro analyzu dat. U zakladnich metod byl sledovan predevsim komfort
nabizeny uzivateli z hlediska pozadavkd na vstupni data, naptfiklad moznost preko-
dovani hodnot dichotomické vysvétlované proménné ¢i prevedeni nominalni vysveét-
lujici proménné na pomocné proménné primo v ramci klasifika¢ni procedury, a dale
z hlediska poskytovanych vystupi, napt. zobrazeni tabulky tspésnosti a predpovédi
hodnot vysvétlované proménné. Dilezité jsou téz grafy, které hraji vyznamnou tlohu
pri snadné interpretaci vysledkii.

Jestlize programovy systém tyto moznosti neposkytuje, uzivatel musi ziskavat

dodatecné informace jinymi zpusoby. Naptiklad uzivateli nejde obvykle o to, aby si
vytiskl parametry modelu, ale o to, aby mohl zaradit neznamy objekt do nékteré ze
znamych skupin objektt, coz nékteré procedury bohuzel neumoznuji.
V oblasti shlukovani bylo sledovano spise mnozstvi riznych mér a algoritmu. Z
hlediska mér podobnosti ¢i nepodobnosti je tfeba vyzdvihnout systém SPSS s jeho
26 mirami pro binarni proménné. Je vSak otazkou, kolik procent uzivatel nékterou
z téchto mér vyuzije a zda pouZije miru sprdvnou, nebot ani manudl ani nidpovéda
neposkytuje zdkladni informace o typech binarnich proménnych (symetrickych a
asymetrickych).

Existuje samoziejmé celd fada dalsich faktori, podle kterych lze hodnotit progra-
mové systémy. Kromé snadnosti ovladani je to napriklad moznost vypoctu s daty
obsahujici chybéjici udaje. V odbornych kruzich jsou preferovany systémy S-PLUS a
SPSS, které poskytuji jednak rozsahlou nabidku metod, jednak moznost programo-
vani. Ve specidlnich pfipadech vSak miZzeme zjistit, ze ani jeden z nich nelze pouzit.

Jestlize napriklad chceme shlukovat asymetrické binarni proménné, matice vzda-
lenosti muze obsahovat chybéjici hodnoty i v pfipad€, kdy se ve zdrojovych datech
chybéjici udaje nevyskytuji. S-PLUS hlasi, Ze se nesmi vyskytovat zadna chybé&jici
hodnota, pro SPSS je na zavadu, kdyz chybéjicich hodnot je mnoho. ReSenim je
v tomto pripadé vypocitat matici vzdalenosti pomoci nékterého z téchto produkti
(SPSS je prijatelngjsi z hlediska ovladani) a shlukovani nechat provést v systému
STATISTICA. Postup je sice ponékud komplikovan tim, ze systém STATISTICA
vyzaduje matici vzdalenosti ve specidlnim tvaru (musi obsahovat navic 3 fadky,
které charakterizuji soubor), nicméné je zfejmé jedinym FeSenim dané tlohy.

Z hlediska mnozstvi typt metod vyuzitelnych pro tlohy klasifikace 1ze nejlépe hod-
notit systém SPSS, za nimz nésleduji systémy STATISTICA a SYSTAT. Nejméné
typt metod zahrnuje STATGRAPHICS. Jednoznacné vsak nelze doporucit zadny
systém, nebot kazdy ze sledovanych zahrnuje bud ur¢ity postup ¢i specidlni grafy,
které v jinych systémech zahrnuty nejsou. Jako priklady lze uvést specialni postupy
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regresni analyzy a specidlni miry vzdalenosti v SPSS, dvourozmérnou shlukovou
analyzu v systému STATISTICA, metodu additive tree joining a polarni graf u
shlukové analyzy v systému SYSTAT, Poissonovu regresni analyzu a specialni po-
stupy ve shlukové analyze (fuzzy pfifazovani do shlukii a postupy pro déleni shluk)
v S-PLUS.

V soucasné dobé jiz vysSe uvedené programové systémy poskytuji nabidkovy re-
7im pro snadné ovladani. Bohuzel u nékterych produktt (S-PLUS, SPSS) nezahr-
nuje tento nabidkovy rezim vsechny analytické moznosti systému a dokonce nékteré
zékladni moznosti musi byt nékdy zadavany pomoci piikazti (2D graf u faktorové
analyzy v SPSS).

Pro kazdy typ analyzy je nezbytnou soucasti prace s daty, pficemz zakladni moz-
nosti je vybér proménnych pro analyzu. Z tohoto hlediska je dle naseho nazoru
nejméné piizpisoben potfebam bézného uzivatele systém S-PLUS. Obtiznéjsi na
ovladani jsou pro uzivatele statistickych programovyjch systémi téz specialni pro-
dukty jako Neural Networks, nebot vyzaduji specificky zptisob zadavani.

Jak potvrzuji diskuse s kolegy, kteri se zabyvaji analyzou dat, obvykle nelze vy-
stacit s jedinym programovym systémem, je nutné mit nejméné dva a pii vypoctech
je kombinovat. Pokud lze vysledky ziskat prostfednictvim riznych produktt, mély
by byt porovnéany, nebot softwarové produkty se mohou lisit z hlediska spolehlivosti
vypocti.
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ENTROPY OF FUZZY DYNAMICAL SYSTEMS

BELOSLAV RIECAN

ABSTRACT. Using fuzzy partitions instead of set partitions we have defined a
new invariant of dynamical systems. In this communication we discuss the
notion and show how it can be modified to be useful.

Peziome: Vsyuaercs nuHamMuyeckas MHBAPUAHTHAA CUCTEMA KOTOPAS UC-
mose3yer “dasu” passianky Ha MECTe KIACCUUECKOW PA3JIaAKM MHOKECTB.

1. Fuzzy ENTROPY

Entropy of dynamical systems has been introduced for distinguishing some non-
isomorphic dynamical systems. The notion is based on the notion of the entropy

—Y pilogp;

of a set partition. Here we shall consider fuzzy dynamical systems defined by the
following way.

Definition. Let (2, S, P) be a probability space, F be the set of all S-measur-
able functions from Q to [0,1]. Fuzzy dynamical system is the triple (F,m, U), where
m : F — [0,1] is defined by the equality

f)=/QfdP

and U : F — F is a maping satisfying the following conditions:

) If f+9 <1, then U(f +g)=U(f)+U(g).
) U(la) = 1a.

) m(U ()): m(f) for any f e M.

) U(f-9)=U(f) Ulg) for any f,g € F.

uzzy partmon is a set A ={f1,..., fn} C F such that

Zfi =1q.
i—1

If A = {fla ~'~7lfn}7 then Ul(A) = {Ui(fl)v ) Uz(fn)}ﬂ where Uo(f) = f,
UH(f) =U = (U'(f)).

It is easy to see that U(A) is a partition for any partition A. As usual define the
entropy function ¢ : [0,1] — [0, 1] by the formula

§!
(2
(3
(4
fu

A

p(z) = —z log ,
if z >0,
¢(0) =0.

2000 Mathematics Subject Classification. Primary 28E10; Secondary 37-99.
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IftA={f1,..,fn},B={0q,..., gk} are two fuzzy partitions then we define
A\/B:{fng,Z: 1,...,n,j: 1,...,k},
the entropy

b m(f; - g5)
H(AIB) = 37 3 m(g,)e(7 7 5),

m(g;)

where the summands with m(g;) = 0 are ommited.
The entropy of a fuzzy dynamical system has been defined by the following for-

mulas:
n—1

h(AU) = Zimn_,oo%H( \/ U'(A)).

Finally, if G C F and P is the family of all fuzzy partitions, then
ha(U) = sup{h(A,U); A P,AC G}.

The following generalization of the celebrated Kolmogorov - Sinaj theorem holds:

Theorem. Let C' = {C4,...,C,} be a measurable set partition of Q such that
the o-algebra S is generated by the set [ J;=, U*(C)). Then for every fuzzy partition
A={q,-...,gx} there holds

k

WA <HED) + [ (Y el )aP

Q=

Of course, the definition has the following defect: If G contains all constant
functions, then hg(U) = oco. This defect is eliminated by the following correction.

2. HUDETZ ENTROPY

If A={f1,..., fn} is a fuzzy partition, then we define its Hudetz entropy

k k
HY(A) = 3 g(m(f)) = m(3- olf =),
PO = im0\ U )
=0

and for any G C F we define
he;(U) = sup{h’(A,U); A C G, A € Q}

where Q is the set of all fuzzy partitions. Then the following theorem holds:
Theorem. Let (2, S, P,T) be a dynamical system, F be the set of all functions
f : ©Q — [0,1] measurable with respect to S, U : F — F, U(f) = foT. Let
C Cc G CF. Then
he(U) = h*(C,U) = h(C,U).
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SROVNANi APROXIMACNiICH METOD V TEORII RIZIKA

MARTIN ROTKOVSKY

ABSTRAKT. One of the main terms of the risk theory is so called individual
model, which describes for example total aggregate claim from n insurance

policies.
. n n
gind.=%"X; =Y CiD;
i=1 i=1

For evaluating of distribution of S**% we must calculate convolutions of higher
order, what is unpossible in general case and very computationally difficult in
case of discrete distributions, so it is not the optimal way to get good (and
fast) results. We can approximate this model by various methods. In this con-
tribution I will compare different approximations. First theoretically and later
for a concrete example, where X; are i.i.d. with distribution C; ~ Ezp(0) and
D; ~ A(p).

Pestome: OHUM M3 OCHOBHBIX MOHATUN TEOPUM PUCKA SBJSIETLSATAK Ha-
3bIBAEMAaANHAVBUAY AJHAAMOIEJb, KOTOPAs OMUCHIBAET HAIIPUMED AKKyMYy-
JIMPOBAHHYIOMIOTEPIO U3 UNCJIA N ITPAXOBBIX MOJIMCOB.

n n
gind.=%"X; =Y CiD;
=1 =1

Ilns onpenpeneHus pacnpeneneHus S Mbl OJKHBI GBLIM GBI COCUM-
TaTHLMHOTOKPATHBIE KOHBOJIIOIUU, UTO, YUUTHIBAS CIAOYKHOCTDL PACUETA IUC-
KPEeTHBIX CHyQ&ﬁHbIX BEJIMUVH U IIOUTU HEBO3MOKHOCTH pacueTa 06U.U/IX
pacrpeesieHnil, He SBJISIeIsl ONTUMAJLHBIM MyTeM. [loeToMy eTta MOmIesnb
GBIB&BT YacCTO allllIPpOKCUMUMPOBaHA C ITIOMOIIBIO PAa3HBIX METOAOB. B HaCTO-
Amed CTaTbe Mbl 3aHUMAeMCs CpaBHEHMEM eTux MmeTonoB. CHauasa HaA
TeoOpeTnYeCKOM YPOBHE, U IIOTOM OTACJIBHBIE MEeTOAbl NIPAaBHUBAIOTIA Ha
KOHKPETHOM IpuMepe, koraa X; H.0.p.C.B. ¢ pacnpenenenuem C; ~ Exp(0)
u D; ~ A(p).

1. Uvop

Jednim ze zakladnich pojmi teorie rizika je takzvany individualni model, ktery
popisuje kumulovanou ztratu z n pojistnych smluv. Vychazi z toho, Ze i-ta pojistna
smlouva s urcitou nenulovou pravdépodobnosti 1 — p; nepfinese ani jednu skodu a
s doplnkovou pravdépodobnosti pfinese ztratu, jejiz rozdéleni je dano distribucni
funkci V;. Celkovou ztratu z i-té smlouvy je tedy mozno zapsat X; = C;D;, kde C;
ma d.f. V; a D; ma alternativni rozdéleni s parametrem p;. Celkova skoda z n smluv

je tedy
Sind = ZXZ = ZClDZ
i=1 i=1

Pro urceni rozdéleni S¢ bychom museli poéitat mnohonasobné konvoluce, coz je
vypocCtové narocné pro diskrétni a témér nemozné pro obecné rozdélené nahodné

2000 Mathematics Subject Classification. Primary 62P05.
Kli¢ovd slova. Teorie rizika, individualni model, aproximace, kumulovana ztrata.
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veli¢iny. Proto je tento model ¢asto aproximovan ruznymi metodami. V tomto pii-
spévku se zabyvame jejich srovnanim. Nejdrive teoreticky a pak jsou jednotlivé me-
tody srovndny pro konkrétni piiklad, kdy X; jsou i.i.d. s rozdélenim V; ~ Exp(f)
a D; ~ A(p). V tomto, v praxi hojné pouzivaném, ptikladé lze totiz uréit pomérné
snadno konvoluci libovolného po¢tu ndhodnych velic¢in a tim se dobrat i k pomérné
slusnym vysledkim. Na zavér je provedeno srovnani aproximace exponencialnim roz-
délenim vidi redlnym dattim konkrétni pojistovny.

0 - 1 Hruba vypocetni sila

Véta 0 - 1: Jsou-li X aY diskrétni ndhodné veli¢iny s n a m body nespojitosti ma
X +Y diskrétni rozdéleni s nejméné n + m — 1 a nejvice n.m bodu nespojitosti.

Pokud tedy délame konvoluci 2% i.i.d. ndhodnjch veli¢in s FeSetovitym rozdélenim,
které ma body nespojitosti pouze v bodech 0,...,md dosdhneme u konvoluce pii-
blizné m2* bodii nespojitosti. Pro vypodet konvoluce dvou veli¢in s m body nespoji-
tosti potfebujeme udélat fadové m? operaci. Pfiblizny celkovy pocet aproximaci pti
této metodé je dan nasledujici tabulkou:

m/k| 1 2 3 5 10 15

2 4 16 64 1024 | 1048576 | 1073741824
5 25 | 100 | 400 | 6400 | 6553600 | 6710886400
10 | 100 | 400 | 1600 | 25600 | 26214400 | 26843545600
50 | 2500 | 10000 | 40000 | 640000 | 655360000 | 6,71089E+11
100 | 10000 | 40000 | 160000 | 2560000 | 2621440000 | 2,68435E+12

Vzhledem k obvyklému rozsahu poé¢tu smluv > 2!3 by bylo spoéteni konvoluce pro
dostatecné jemna déleni nedostupné v redlném case.

Pozn. 1: Zabjvame se pouze polty m = 2F, pro ostatni m je mozné vysledek

dosdhnout tak, ze
0
_ k _
mfkg ar2”, kde ak{ 1
=0

X*?n _ X*kl Q- ®X*kl,

kde k1 je odpovida prvnimu k, pro néz ar = 1 a podle dvojkového rozkladu m
odpovidajii dalsi k;, ¢=1,...,1 vyskytum jednicky ve dvojkovém zapise m.

0-2 Jak porovnavat aproximace

Pro urcovani kvality riiznych druhii aproximaci S™¢ je potieba stanovit metriku,
ktera bude stanovovat ”vzdalenost” od puvodniho modelu.
Standartni volbou je tzv. stopp-loss metrika fadu 1:

di(X,Y) = sup| / (o= 0d(Fx (@) — Fy (@))] = sup [ E(X — )4 — B(Y — )]

Ve vyse uvedeném prikladu pojistnych smluv tato metrika urcuje odchylku dvou
stopp-loss pojistnych odpovidajicich jednotlivym modelum (Gerber 1981, str. 71).
Existuje zobecnéni dy na d,,, m € IN, ktera je takzvanou idealni metrikou radu m,
COZ znamena:

Definice 0-1: Pro nahodné veli¢iny X;, X3, Z, kde (X1, X2) je nezdvisly se Z a
nenunlovou konstantu ¢ plati:
(Z) d?rL(X1+ZaX2+Z) §d7n(XlaX2) a
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(Z’L) dm(CXl, CXQ) = |C|mdm(X1, Xg).
a tim plati i

Lemma 0-2:
(a)Pro X1,..., X, nezdvislé a Y1,...,Y,, nezdvislé a ¢; > 0

dim (Z i X, Zcm) < Zcmd (X:,Y5).
1=1 =1
(b)Pokud E(X7 —Y7) =0,1 < j < m, potom

En(X,Y) < |gm-t 1 _1
xX,y)<fm &) B e - < E|X|X[™ =YY"
() < ) = [ @)y (@)lde < BIXIX =Yy

Dikaz :(a)Z trojuhelnikové nerovnosti a ideality. (b) Rachev 1991, str. 320.

2. TEORETICKA POROVNANTI

Pro aproximaci individudlniho modelu se ¢asto pouziva tzv. kolektivni model,
ktery lze zapsat nasledujicim zpusobem:

Scoll Z Z“

kde Z; jsouiid.s Z; ~V a N ~ Po(u) a Z;, N jsou nezavislé.

n n .
M= Zpiv V:Z%V;
=1 =1

V prikladé pojistnych smluv lze N nahlizet jako celkovy pocet pojistnych udalosti z
n smluv a Z; jako vysi konkrétni skody. S miizeme tedy zapsat

Scoll _ Z Sf””, (+)

kde SOl = ZJ ; Zij, kde N; ~ Po(p;) a Zij ~ V;.
Pozn. 1: ES™® = BS! ale VarS™d =31 p;Var(Ci)+> 1, pi(1-p:)(EC;)? <

< Varset = ZpIVar i)+ZpZ-(EC’Z-)2

Pozn. 2: Vyjadfeni (4) lze upravit tak, aby se shodovaly oba momenty. Tento model
budu déle oznadovat Scok Pii a; := EC; a b; :== EC? vypad4 takto:

param*

N;
: pib; Pi
St = .ZZU’ Zij ~uwiCi,  Ni~ Po(pi) pi = m7 He M_:

I - 0 Specifické vypocéty pro exponencialni model
Nejprve provedeme nékolik pomocnych vypoctu pro piipad vyse zminéného homo-

geniho (p; = p) exponencidlniho (V; ~ Exp(f)) modelu, ty vyuZijeme pozdéji v
praktickych prikladech
dy (X1, S5y = sup
t

/t (x = t)d(Fx, () — Feeou () :rz from (z)erdz| =
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kde fr(g,x) () je hustota I' rozdéleni s piislusnymi parametry (pro k& = 0 uvazujeme
0— funkci a
[l—p—e? k=0
oL = p(l—e?) k=1
T k=2
coz odpovida rozdilu mezi jednotlivymi pravdépodobnostmi k-tych konvoluci C; tvo-
ficich X7 a S Odtud dostévame

®<Z/ |ex froo, k) (T )|dz—p1—e p6‘+z k: 2p(1 — e~ P)6.

Pfi pfechodu (a) jsme vyuzili znalost o T’ rozdelenl. Podobne spocteme ids:

da(X1, S50 Z/ |v2ck freo.mlde = p(1 — e7P) 292+Z 92 (k+k%) =

€

-p
— 4pf%(1 — e~ P) erz %92@: +1) = p20% + 4p0°(1 — e 77)

Nyni uvazujme jesté parametrizovany model S;gilam Vzhledem k tomu, Ze je for-

malni zapis stejny i pro tento model a lisi se pouze parametry, proto spoc¢teme
hodnotu téchto parametru a poté je dosadime do vysledku z predeslého modelu:
pibi 2p _pi_2-p

/=y = = = u =y
K Hi bi —pia; 2-p o 2

Rozdéleni zachovévaji typ a méni pouze parametr, tzn. Z;; ~ 2;’DEJL’p(H) ~ Exp(ﬂﬁ)

a N; ~ Po ( ) Odtud dosazenim do vysledku pro jednoduchy model obdrzime:

di (X1, S50 1) = 2p(1—e"T3P)0,  da(Xy, S 1) = P02 a2 P p6‘2(1 e~ TwP)

araml araml
I - 1 Prosté vyuziti vlastnosti metriky d;

Zde i v dalsich odstavcich je S pouzito pro teoretické vyjadieni obou modeld,
protoze jejich rozklad je formélné shodny.Pokud pouZijeme lemma 0-2 b) dostavame:

dy (Sind’ Scoll) < Z dy (X“ Sfoll)
i=1
Pro homogeni model dostavame:
= ndy (X1, S{°),
pokud bychom neméli informaci o exponencialité rozdéleni V; mohli bychom rozdil
odhadnout podle lemmatu 0-2 takto:

< n(E|X4| + EIS{)) < 2npf (1)
Pokud vyuzijeme jemnéjsi odhad d; z bodu I-0 dostaneme. Pro jednoduchy model:
dy (574, 5e0l) < 2np(1— e )0 (2)
Pro parametrizovany model:
ind gcoll _rzp
d1 (S, Sparam) < 2np(1 —e Py (3)

I-2 Vyuziti ideality metriky do

Ponékud sofistikovanéjsi metodou je vyuzit vztahu mezi d; a ds, kterou popisuje
nasledujici lemma:
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Lemma I - 1: Pokud E(X/ —Y7) =0, j = 1,2 plati nasledujici vztah

di(X,Y) < %dg(X,Y)

7 nutnosti shody prvnich dvou momentu lze odhad pouZit pouze pro parametrizo-
vany model. Budeme tedy nejprve odhadovat do (5S4, Seolt):

n
do (Sind’ Scoll) < Z do (Xia Sf””)
i=1
pro homogeni model tedy plati = nda (X1, S{°"), bez znalosti rozdéleni miizeme opét
pouze podle lemmatu 0-2 odhadnout:

1
do (X1, S77") < 5 (BXT + E(S7?")?) = EXT = pb
Pro parametrizovany model by tento hruby odhad odpovidal:
. 4
d Sznd Scoll < = /2 92 4
1( ) ) = \/7__(_ np ( )

P1i pouziti jemnéjsiho odhadu z bodu I - 0 dostaneme:

; 4 2—-p __2
ind coll o 55
dZ(S 7Sparam) - ﬁ\/n |:p292 + 4Tp92(1 —€ p) (5)
I - 3 Vyuziti vlastnosti d; a Poissonova rozdéleni

V nasledujicich dvou odstavcich budeme vyuzivat k odhadu podobnost rozdéleni
Zi; s C; (Zij = u;C;) a tim danou podobnost jejich pfislusnych konvoluci spoleéné s
vyuzitim znalosti o Poissonové rozdéleni. Nasledujici véta dava tedy jistym zptsobem
optiméalni odhad pokud nevime nic o rozdéleni C;.

Véta I - 2: Pro parametrizovany model a C; > 0 s.j. plati pro VA; > 1:

n
dl (Sind’ Scoll) < Zp?Ti’
i=1

kde
Ti ‘= a; + A{Ui + max(Aiaivi, 2(11171 + (]. + Alazvlpl)ul),
@ 1 <1-A7Y 4§ ai
V= —, Vi S 1 — T, V=
b T o it ’ " b —piaf

Dikaz: Rachev 1991, str. 329-331.

Po dosazeni vSech parametru dostaneme pro exponencialni model:

. 2 D 1 2—p
ind gcoll < 2 r 2
d (S, S )_np9[1+2_p+2}+np {Q—er 5 }(6)

I - 4 Vyuziti vlastnosti d a Poissonova rozdéleni

Analogicky jako v odstavci I - 2 odhadneme nejprve ds a z néj pak pomoci lem-
matu - 11id;. Postup odhadu dy bude analogicky odhadu jako v I-3:

Véta I - 3: Pro C; > 0 s.j. plati pro parametrizovany model:

, 1<
ind Qcoll 2 %
da (S, 5 < 3 E_l Pt
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kde 7 = b; + 3%2 + Aiaf + Qﬁib% + biuf + Aja;p;, kde Ay, vU; jsou stejné jako ve vété
I-2.

Tim mame
1

d (Sznd Scoll (Zp )
Dukaz: Rachev 1991, str. 331-333

Po dosazeni dostaneme

2 2-p\? 2
T —2? 302 p P2 gt D g (2P +60—1p
2—p 2—p D

a tedy

4 8 2 2 \1]*
ind Qcoll 94 -9 92 0
w578 )_\/_[np ( -p Tty P b+ ) 2-p )] @

I - 5 Vyziti vSech znalosti o modelu

Postup vypoc¢tu bude podobny jako u neuvedenych dukazu z ptredeslych dvou od-
stavcu. S tim, Ze na rozdil od obecného pfipadu jsme schopni piesné napocitat k-té
konvoluce C; ~ Exp(f), které maji gama rozdéleni Cf ~ I'(9, k) a tak dostaneme
velmi piesny odhad d; (S"?, S°°!!) pro tento model.

dy (84, 5y = sup |/ (x — t)d(Fgina(x) — Fgeou(z))| <
t t

| / (ZE — t) Z Ckfp(‘g,k)(l')dﬂ < Z CkEF(‘g,k)X = Z Ckko
0 k=1 k=1 k=1

kde pro neparametrizovany model plati

e

I - 6 Aproximace homogeniho modelu pomoci normalniho rozdéleni

V tomto odstavci bude na rozdil od vSech ostatnich daleko tézsi vyuzit plnou silu
véty pri znalosti konkrétniho rozdéleni C; a horni mez z véty budeme pro tento typ
rozdéleni pouze odhadovat.

Vé&ta I - 4: Pokud jsou X; i.i.d. ndhodné veli¢iny s a := a1 a 02 := Var(C1), p := p1,
pak plati

N1
dy (574, 5ol ) < 11,5[po” + p(1 — p)a?)? [T3(X1ay) + 73 (Z Cz-,Y>

i=1

kde Y ~ N(0,1), Ny ~ Po(u1) a pfi oznaceni
X -EX

3 Y
7(X,Y) := maz((E|X| + E|Y)), (E|X| +EYP)), X:= —

Dikaz: [2], str. 328 a v [5], str. 27 lze nalézt urcité zpfesnéni (zpfesnéni)
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Nejprve uvedme absolutni momenty norméalniho rozdéleni.

2 8
By|= 2. mve =y

Pro normalizaci je potfeba znat hodnotu rozptylu, ta je (Gerber 1981, str. 50)
VarXy = (1 - p)pb* + pb* = (2 — p)pb*

Nyni spo¢teme momenty:

0

E|X1 - EXi|=p(1-p)f+p U
7170

=p(1 = p)f + phe”® (1 — e(1 —p)) = pb [L — p+ " (1 — €”(1 — p))]

Spodist lze i hodnotu E|X|?, ale pouzjeme odhad:

1 * 1
zge””/ed:rJr/O :rgez/ed:r}

E|X: — EX1]> < (p9)® + pECS < (p9)® + 6p6°

v prostfednim ¢lenu odpovida prvni s¢itanec zaporné a druhy kladné ¢asti rozdéleni
X, —EX;.

Podobnym trikem budeme postupovat i pro odhad 73(S§°,Y). Vzhledem k para-
metrizaci zvolené tak, aby se shodovali prvni dva momenty je rozptyl stejny jako
pro X;

E|Scoll EScoll| <p0+z p ~ o< 2p9

a pro vypocet tfetiho momentu uvedeme nejprve hodnotu tietiho momentu I'(6, k)
rozdéleni:

Er(p,nX® = 0*(k® + 3k® + 2k)
s timto vyjde

2k +3k2 + k%) = 62(2p® + 6p% + 6p)

E|Scoll EScoll |3 (p9 4 93 Z

kl

Vyraz, ktery by vzniknul po dosazeni do véty I - 4 budeme oznadovat (9).

3. NUMERICKE APROXIMACE

Véta 0 - 1 7ika kolik bodu nespojitosti ma konvoluce diskrétnich n.v. a vime,

Ze minimalniho poctu lze dosdhnout v pripadé resetovitého rozdéleni. Ovsem i pro
toto rozdéleni ndm pocet bodu nespojitosti roste velmi rychle. Proto bude vhodné
rozdéleni konvoluce aproximovat novou ndhodnou veli¢inou, kterd ma méné bodu
nespojitosti.
Nejprve zvolme diskrétni ndhodnou veli¢inu K; aproximujici rozdéleni C;, aby se
od C; ve smyslu metriky d; prili§ nevzdalila. Pokud rozdéleni C; nema prilis tézky
chvost zvolim § tak, aby pro pouzitelné n platilo f (z — nd)dx < 4, pak rozdéleni
K; volim s nasledujici distribuéni funkci

v) = if[xm]Pw(é), kde  P;5(8) = P(Cy € [id, (i +1)d])
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st
Vzhledem k tomu, Ze C; > K; muzeme odhadnout

n—1 (
di(Cr, Kq) < Z/
k=0 k9

I pokud volime maly krok § < EX /1000 nebude pro rozdéleni s nerostouci intenzitou
poruch problém najit n dostateéné malé (n < 10000) pozadované vlastnosti.
Vlastni algoritmus pro redukci po¢tu bodu nespojitosti je takovy, ze pri kazdém
kroku vynecham liché nasobky délky predeslého kroku a jejich pravdépodobnost
pridame nejbliz§imu nizsimu sousedovi. Samoziejmé, Ze lepsim zpusobem redukce
bodu by bylo rozdélit pravdépodobnost mezi oba sousedy rovnym dilem (jak ukazuje
tabulka na této strance), ale pak bychom ztratili jistotu o tom, kterym smérem se
vzdalujeme od originalni ndhodné veli¢iny.

Tim ziskdme rozdéleni, které méa opét pouze n bodi nespojitosti je FeSetovité a
algoritmus nenabyva na vypoc¢tové narocnosti.

k+1)8 0o

xFc, (dz) — i6Ps(8) +/ (x —nd)Fe, (dz) <26
né

Pocet velicin | k d; | O¢isténa pro p = 0,1 | Obéma sousedum
21 1 1 0,19 1

8| 3 12 4,41373116 8

128 | 7 448 312,4872656 256

1024 | 10 | 5120 4035,898124 2816

8192 | 13 | 53248 44575,185 28672

Nyni jesté zbyva popsat metodu jak ziskat m-té konvoluce pro libovolné m € IN.
Nejprve najdu nejvétsi [ takové, ze 2!|m a pro néj najdu aproximaci m/2!-té konvo-
luce. Tu najdeme tak, e ve vSech diive vytvofenych aproximacich 2i-tjch konvoluci
vynechame body a preneseme jejich pravdépodobnosti do nejblizsich nizsich sou-
sedi, nasobki kroku 2™/ 2'§. Toto shluknuti ném zpusobi u kazdé veli¢iny chybu
2m/2'7' 5 Konvoluce takto vzniklych aproximaci nam pak dava aproximaci pozado-
vané konvoluce 2/ 2l, na kterou pak provedeme [ kroku puvodniho algoritmu. P¥i
tomto postupu se zvySuje pocet bodu, ale ten nikdy neptresédhne 2n.

Zalezi tedy pouze na zvoleném § jak pfesnd bude tato aproximace. Algoritmus
je mozné uvazovat za spocitatelny pro n Fadu 10%, nebof ma vypoctovou sloZitost
piiblizné (2n)2k.

V pripadé exponencialniho rozdéleni je potfeba uvazovat jesté distanci puvodni na-
hodné veli¢iny C; ~ Exp(#) od jeji aproximace K; a jejich pfislusnych konvoluci

B(CF K < 245,

vzhledem k vlastnostem metriky dy plati i pro obecné m vztah di (C7™, K}™) < 2md.
Skoda X; := C;D; mé nenulovou pravdépodobnost P(X; = 0). Proto pii jednotli-
vych krocich algoritmu bude mit neshluknutd ndhodna veli¢ina urcitou pravdépo-
dobnost toho, ze je rovna nule. S touto pravdépodobnosti shluknuti nic neudéla. O
tuto hodnotu je proto mozné odhad o¢istit (viz. pfiklad v tabulce).

4. SROVNANI APROXIMACNICH METOD
Pro konkrétni piiklady zvolme ruzné pocéty smluv n, rozdéleni s ruznou pravdé-
podobnosti vyskytu skody p, ale jeji vysi ponechme stejnou tak, jak vyjde v prikladu
uvedeném ve IV-té kapitole, t.j. 6 = 0, 13.
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| Formulka ¢islo | 1 | 2 | 3 | 4 |
n | 10000 | 10000 1000 1000
P 0,1 0,01 0,1 0,01
0 0,13 0,13 0,13 0,13

(1) | 260,00 | 26,000 | 26,000 | 2,6000
(2) [ 24,74 | 0,259 | 2,474 | 0,0259
(3) | 25,98 | 0,260 2,598 | 0,0260
(4) | 13,12 4,149 4,149 [ 1,3120
(5) | 6,42 0,655| 2,032| 0,207
(6) | 174,97 | 1,759 | 17,497 | 0,1759
(7) | 6,13 0,592 1,939| 0,187
(8) | 6,63 0,065 0,663 0,0065
(9) | 4,01 3,244 4,006 | 3,2445

Numericky | 5,19 | 3,851 | 0,288 | 0,1865

Je zfejmé, 7Ze neexistuje univerzalni odhad nejlepsi pro vSechny kombinacie n a p.
Pro vysokéd n a p je nejlepsim odhadem aproximace pies normdlni rozdéleni (9), pro
malé p je nejlepsi odhad pfes metriku dy (5) a (7), ¢ pfimy odhad (8).

5. PRIKLAD Z PRAXE

V predeslych kapitolach jsme se zabyvali rozdilem pro exponencidlni rozdéleni
C;. Nebyla ovSem feSena otazka jak dobrou aproximaci je pouziti tohoto rozdéleni
misto skute¢ného rozdéleni. Nasledujici graf ukazuje jak vypada rozdil distribu¢nich
funkei vyse skody ziskané z dat jedné pojistovny (z havarijniho pojisténi aut) vuci
exponencialnimu rozdéleni se stejnou stfedni hodnotou.

Poznamenejme, ze hodnota metriky d; pro skute¢nou vysi skod a jeji exponenci-
alni aproximaci zachovévajici stfedni hodnotu je 0,005183, coZ predstavuje 4,4589%
stfedni hodnoty vyse skod.

— Teorie

—— Praxe
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OPTIMALNI KLASIFIKACNI STROMY

PETR SAVICKY, JAN KLASCHKA A JAROMIR ANTOCH

ABSTRAKT. Classification and regression trees have been traditionally grown
by recursive partitioning, i.e. by a top-down search for “locally optimal” splits.
The “local”, or “one-step”, optimization of splits can to some extent, using the
present power of computer hardware, be substituted by the full optimization
of whole trees. In this paper, two bottom-up tree optimization algorithms are
outlined. Since our procedures guarantee the minimum classification error on
the training data only, some results of exeriments aimed at the investigation of
the generalization properties of the optimal trees are presented.

Pesrome: Meroanl aHasn3a AAaHHBIX [IPY IOMOLM MOAeJel B (Gopme ae-
peBa pa3BUBaAIOTCS ¢ 60-bIX JeT Halrero Beka. Kuaccudurammonasie u pe-
IPECCUOHHBIE AePeBa KOHCTPYUPYeMbleé B MPONLIBIX AECATUIIETUSAX HE 00-
JIa1aTu TII00ATBHON ONTUMAJBHOCTBIO, MOCKOJIbKY BBIUUCIAUTEILHAS TEX-
HUKa HE I103BOJIsLa BOJIbIIE UeM ONTUMU3ANWIO MHANBUAYAJIbHBIX BETBJIE-
uuii. Brarogapsi HeynepsKUMOMY TPOTrPecCyY TEeXHOJIOTUU, OMTUMUIAIMSI
[epeBbeB BCE-TAKN CTAJIA B CAMOM KOHIIE TBHICAUEIETUs DeaATU3NPyeMOit
3anaueii. B craTbe n3yyaloTcsa aBa aaropudmMa mOCTPOEHU KJIACCUPUIKA-
LMOHHBIX AepeBbeB 06/a4al0MMX MUHMMAJIBHON OMMOKON KJaccuduka-
MU UCIIOJb3YEeMbIX B MPOIECCEe KOHCTPYKIIMU NePeBa MaHHBbIX. TOUHOCTHL
[TOCTPOEHHBIX HAIIMMU AJTOPUPMaAMU AePEBBEB MPU KJIACCUDUKALN APY-
IMX HE3aBUCUMBIX HAHHBIX OOCYKIAeTCsA HA OCHOBE 5KCIIEPUMEHTA.

1. UvoD: STROMY VCERA A DNES

Na obr. 1 je naznacena tloha analyzy dat: Dva typy objekti, kolecka a kfizky, maji
byt od sebe oddéleny na zakladé hodnot vysvétlujicich proménnych X; a X5. Na
obr. 2 je klasifika¢ni strom, ktery problém dokonale fesi. Na prvni pohled je tedy
vidét, ze tloha je pro klasifika¢ni stromy jako stvorena. Na druhy pohled uz véc neni
tak jednoduché. Klasifika¢ni strom, ktery je perfektnim resenim, existuje, ale neni
jisté, jestli by se jej obvyklymi metodami konstrukce klasifika¢nich stromit podatilo
najit. Vétveni podle X; v kofeni totiz nepfinasi zadny bezprostiedni efekt — pro
X7 =01 X7 =1 jsou relativni Cetnosti kolecek a kiizki stejné. Teprve nasledné
rozvétveni podle Xo vede k oddéleni obou druhii objekti. Zalezi tedy na tom, jakym
zpusobem se feSeni v mnoziné vSech moznych klasifikacnich stromid hleda. Pokud
metoda sleduje jen bezprostiedni efekt vétveni “jeden krok vptred”, mize “minout”
velmi dobry klasifikator.

Prakticky vsechny metody analyzy dat zaloZené na stromech, které se objevily od
60. let do soucCasnosti, maji jedno spolec¢né: Vytvareji stromy “shora doli”. Nejdiive
vyberou vhodné vétveni kofenového uzlu a uréi jeho “potomky” (dva nebo vice,
podle toho, o jakou metodu se jednd), potom hledaji co nejlepsi vétveni pro tyto

2000 Mathematics Subject Classification. Primary 62H30; Secondary 62-07.

Klic¢ova slova. Klasifika¢ni stromy, kombinovand ztrita, optimalni stromy, algoritmy, procedury
zdola-vzhiru.

Préce prvnich dvou autort byla podporovana grantem GA CR 201/00,/1482, préce tfetiho autora
grantem GA CR 201/00/0769 a MSM 113200008.
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“potomky”, atd. Pfitom je dobfe znamo, Ze stromy, které timto zptsobem vznikaji,
nejsou obecné “globalné” optimélni. Jinymi slovy: Pokud existuje vynikajici klasi-
fika¢ni strom, k jehoz konstrukci jsou tfeba, jako v situaci na obr. 1, kroky, jejichz
efekt se neprojevi okamzité, mize se snadno stat, Ze tento strom nebude nalezen,
a prednost dostane méné kvalitni klasifikator.

Xo

0 1 X1

Obr. 1. Jednoduché modelova situace: Kolecka a kiizky
se maji oddélit na zakladé hodnot proménnych X; a Xo.

Breiman et al. (1984) obhajuji tento pfistup ve své klasické monografii o klasifi-
kacnich a regresnich stromech (viz paragraf 2.5.8) slovy: “At this stage of computer
technology, an overall optimal tree growing procedure does not appear feasible for any
reasonably sized data set.” Také Gelfand et al. (1991) fikaji o optimalizaci stromit
skepticky: “..it is clear that computing cost has some relevance in classification
tree design: nobody seriously suggests designing truly optimal trees (optimizing over
all possible sequences of splits, etc.).”

Vykonnost poéitaci od poloviny 80. let (i od zac¢atku 90. let) fadové vzrostla, takze
dnes si muzeme do urcité miry dovolit “péstovat” stromy optimalné. V tomto ¢lanku
budou popsany dva nové algoritmy umoznujici pii neprilis velkém poctu vysvétlu-
jicich proménnych konstruovat klasifikaéni stromy, které maji mezi vsemi mozZnymi
binarnimi klasifikacnimi stromy téze velikosti nejmensi chybu klasifikace na tréno-
vacich datech. Nase dosavadni experimentalni zkuSenosti ukazuji, Ze stromy, které
jsou v uvedeném smyslu optiméalni, maji ¢asto také dobré generaliza¢ni vlastnosti
(tj. dobfe se chovaji na datech, kterd nebyla pouzita ke konstrukei stromu). V néko-
lika prikladech klasifikacnich tloh, kde vztah mezi prediktory a zavisle proménnou
je slozity, byly generaliza¢ni vlastnosti optimalnich stromi prokazatelné lepsi nez
u stromi vytvorenych “klasicky”. Neni tplné jasné, jestli by Breiman et al. uznali,
ze v ulohach, které jsme dnes schopni pomoci optiméalnich klasifika¢nich strom fesit,
se vyskytuji “any reasonably sized data sets”, popft. zda by Gelfand et al. shledali,
ze optimélni stromy navrhujeme “seriously”.

Kromé klasické (zejména Breiman et al., 1984) a novéjsi (napf. Siciliano, 1998)
“stromové” literatury inspirovaly nas vyzkum také prace z posledni doby (napf. Pijls
& Bioch, 1999), které reprezentuji novy trend: Nékteré problémy analjzy dat jsou
sice velmi ¢asové a prostorové slozité (napt. jsou NP-tézké, popi. maji exponencidlni
slozitost), ale “rozumné velké” 4lohy se daji v inosném case tesit, kdyz se veskerd
data uloZi do operacni paméti.
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Obr. 2. Klasifika¢ni strom, ktery fesi tilohu z obr. 1.

2. ZAKLADN{ POIMY A ZNACEN{: KRYCHLE, STROMY A CHYBY

Budeme se zabyvat klasifika¢nimi modely s P > 1 prediktory (nezdvisle promén-
nymi) X1,..., Xp nabyvajicimi hodnot z {0,1} a K > 2 tfidami C1, ..., Ck. (Zobec-
néni pro vicehodnotové prediktory je mozné napt. s pouzitim pomocnych binarnich
proménnych.)

Data jednotlivého pfipadu sestavaji z vektoru prediktori x = (x1,...,xp) €
{0,1}F a kddu tridy C € {Cy,...,Ck}. Mnozina {0,1}" je prostor prediktorii.

Velmi frekventovanym pojmem je v této praci krychle. Krychlemi zde nazyvame
takové podmnoziny B = A; x - -- X Ap prostoru prediktori, ze pro kazdy index i je
budto A; = {0}, nebo A; = {1}, nebo A; = {0,1}.

Protoze zapis krychli ve formé kartézského soucinu je tézkopadny, pouzivame spise
reprezentaci krychli éisly (kédy) v trojkové soustavé. Je-li B = A x---x Ap krychle,
odpovida ji ¢islo s ternarnim rozvojem a; ...ap, kdeproi =1,..., P je a; = 0, kdyz
A; ={0},a; =1, kdyz A; = {1} a a; = 2, kdyz A; = {0,1}. (Toto kédovani krychli
vyuzivé také program, o kterém budeme referovat v paragrafu 3, pfi vypoctu adres
oblasti v paméti poc¢itace ptidélenych krychlim.)

Neékolik ilustrativnich ptikladt krychli (pro P = 3) je na obr. 3.

Symbol Bp bude znaéit mnozinu vSech 3” krychli B C {0,1}*. Krychle B je
podkrychli krychle B’, kdyz B C B’. V terminech ternarnich reprezentaci aj ...ap
aaj...ap krychli B a B’ to znamenad, Zze proi =1,..., P je a; = a}, kdykoli a} # 2.

Duvod, proc¢ se krychlemi zabyvame, spociva v tom, ze kterykoli uzel libovolného
klasifika¢niho stromu mizeme ztotoznit s krychli, a naopak kteréakoli krychle pripada
alespon teoreticky v tivahu jako mozny uzel klasifika¢niho stromu. Pokud cesta od
kofene k néjakému uzlu v diagramu popisujicim klasifika¢ni strom vede pres néjaka
vétveni, maji nékteré proménné v uzlu pevné dané hodnoty 0 nebo 1 (podle toho,
kde si ptislusné cesta “na rozcestich vybere” nuly nebo jednicky), ostatni proménné
jsou pak v uzlu “volné” a mohou zde nabyvat (ackoli v datech ne vzdy nabyvaji)
obou hodnot z {0,1}. Krychle jsou jakési “stavebni kameny”, které jsou k dispozici
pro konstrukei stromu jako potencialni uzly.

Cilem nasich metod samozifejmeé je sestrojit klasifikdtor stromového typu, ktery
prifazuje kéd tridy kazdé kombinaci hodnot prediktort, kterd se mize vyskytnout.
Jako pomocny technicky prostfedek konstrukce vSak potiebujeme “parcidlni kla-
sifikatory”, které kod t¥idy prifazuji jen tém hodnotdm vektoru prediktort, které
patii do urcité krychle. O téchto “parcialnich klasifikatorech” budeme mluvit jako
o stromech pro danou krychli.
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(0,1,1) (1,1,1)
(0,0,1) (1,0,1)
(0,1,0) (1,1,0)
(0,0,0) (1,0,0)

Obr. 3. Piiklady krychli (pfi P = 3). Zleva doprava jsou zvyraznény krychle s terndrnimi
kédy 122, 120 a 100.

Na binarni klasifika¢ni strom pro krychli B se mizeme divat jako na popis jistého
rozkladu B na podkrychle spolu s funkci definovanou na B, ktera je na kazdé z téchto
podkrychli konstantni a nabyvad hodnoty z {C1,...,Ck}. Je-li T strom, zna¢ime
prislusnou funkci fr a jeji defini¢ni obor Dp. Forméalnéji a pfesnéji fec¢eno, binarni
klasifika¢ni strom 7T je:

(i) budto trividing strom, kdyz Dr je krychle a fr je konstantni funkce s hod-
notou z {C4,...,Ck} definovand na Dr,

(ii) nebo sloZeny strom, ktery lze definovat jako dvojici stromta T = (T, Tr),
kde Dr, a Dry, jsou disjunktni a Dy, U Dr, je krychle. Potom plati Dy =
Dy, U Dr, a funkce fr se rovna fr, na Dy, a fr, na Dr,.

Stromovy diagram odpovidajici trividlnimu stromu sestava z jediného uzlu, ktery
je soudasné kofenem i listem (koncovym uzlem). Diagram slozeného stromu T =
(T, Tr) obsahuje krychli Dy jako kofenovy uzel, a kromé kotene dalsi uzly, totiz
uzly stromt 17, a Tg.

Tlustrativni ptiklad stromu pro krychli, ktera neni totozna s prostorem prediktori,
je uveden na obr. 4.

Asi kazdy tradi¢ni vyklad o klasifika¢nich stromech uvadi, Ze strom je v uzlu, ktery
neni uzlem koncovym, rozvétven podle hodnot nékterého prediktoru. To samoziejmé
plati i v pripadé stromu pro krychle, ale dosud zde nebylo explicitné feceno, jak je
prediktor, podle néjz je strom v uzlu rozvétven, dan. Formalné 1ze tento prediktor
urcit nasledujicim zpasobem: Je-li krychle B uzlem stromu Tj, a neni pritom uzlem
koncovym, je B kofenovym uzlem slozeného stromu T' = (T, Tr), ktery dostaneme
tak, ze funkci fr, ztzime na D = B. Podminka, ze Dr,, D1, i Dr = Dy, U Dy,
jsou krychle, pficemz Dz, a Dr, jsou disjunktni, mize byt splnéna jediné tak, ze
ternarni kédy al ...ak, resp. aff...af, resp. a1 ...ap krychli Dy, , Dr, i Dy jsou
shodné az na jednu — feknéme i-tou — pozici, kde a; = 2 a {a¥,al’} = {0,1}. Strom
Ty je pak v B rozvétven podle prediktoru X;.

Rikéme, Ze strom T zatazuje (klasifikuje) vektor prediktorti x = (x1,...,2p) € B
do tfidy C, kdyz fr(x) = C. Obdobné fikdme také o jednotlivém p¥ipadu, Ze jej
strom T zafazuje (klasifikuje) do t¥idy C, kdyz T klasifikuje do C' vektor prediktort
x = (x1,...,zp) € B tohoto pfipadu.

Velikost trividlniho stromu T je |T| = 1. Pro slozeny strom T = (T, Tg) defi-
nujeme velikost |T'| rekurzivné vztahem |T'| = |Tp| + |Tr|. (VSimnéme si, ze |T| se
rovna poctu listh stromového diagramu odpovidajiciho stromu 7T'.)

Mnozinu vS8ech stromt T pro krychli B, tj. stromi, pro néz plati Dr = B, bu-
pouzivat 7. Symbolem 7, (B) budeme oznacovat mnozinu vSech stromt pro krychli
B, jejichz velikost je rovna m (argument B budeme vynechivat, pokud B je cely
prostor prediktorit).
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Je-li £ datovy soubor (datovad mnozina) a B krychle, bude £p znagit mnozinu
téch pripadu z L, jejichz vektor prediktoru patii do B.

Necht je ddn datovy soubor L velikosti N > 0, krychle B € Bp a klasifika¢ni
strom T € 7T(B). Necht N; > 0 je pro i = 1,..., K pocet téch pfipadi z L, které
patii do t¥idy C;. Necht N;;(B) proi,j =1,..., K je pocet téch pfipadt z Lp, které
patii do tiidy C; a soucasné jsou stromem 7' klasifikovany do C;. Pro¢,j =1,..., K
zna¢ime symbolem Z,; ztratu pii klasifikaci (chybné, kdyz i # j) jednoho pfipadu
ze t¥idy C; do C;. Necht 1y, ..., 7k jsou apriorni pravdépodobnosti tid'.

Chyba (nepfesnost) R(T'|Lp) klasifikdtoru T na Lp je definovana jako

K K
™
(1) R(T|Lp) =) N > ZiiNij(B).
i=1 """ j=1
Vsimnéme si, ze pro T = (T1,Tr) € T(B), T, € T(Br) a Tr € T(Bgr) plati
R(T|Lp) = R(TL|LB,) + R(TR|LBy)-

X, =0 Xy =1
X, =0 X, =1
s B T
X1 =0 X; =1
Cy
X;=0 X5 =1
Cs C,

B= {(Xl,...,X5) € {0,115 Xs = 0, X, = 1}
= {0,1} x {0} x {0,1} x {1} x {0,1} = 20212,

Obr. 4. Naznaceny diagram klasifika¢niho stromu, P = 5, K = 3. V ramecku je zndzornén
strom 7" pro krychli B = Dr s ternarnim kédem 20212. Tento kéd fika, ze cesta od celého
prostoru prediktorti, kédovaného 22222, ke krychli B ve stromovém diagramu vede pres
volby X2 = 0 a X4 = 1. (Kd6d v8ak neinformuje o tom, v jakém pofadi tyto volby nastavaji.)
Fukce fr nabyva na krychlich s kédy 00212, 10210 a 10211, které jsou koncovymi uzly
stromu T a tvori rozklad krychle B, hodnoty Ci, Cs a Cs. Strom T je slozeny a lze jej
zapsat jako T = (T, Tr). Strom 77, je trividlni a jeho kofenem a jedinym listem je krychle

Viz napf. Breiman et al., 1984, kde jsou uvedeny ruzné zpusoby zadéani a pouziti apriornich
pravdépodobnosti implementované v programu CART.
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s kédem 00212. Strom Tr je slozeny, jeho kofenem je krychle s kédem 10212 a mé dva listy
s kédy 10210 a 10211.

Casto (a jmenovité v piikladech, které budou uvedeny v paragrafu 6) pokladame
m; = N;/N proi=1,..., K (tj. apriorni pravdépodobnosti ztotoZiiujeme s relativ-
nimi frekvencemi t¥id v datech), Z; =0 proi=1,...,K a Z;; = 1 pro i # j, kde
i,j=1,..., K. Chyba (1) se pak redukuje na
| KX T
R(T|Lp) = ~ > ) Ny(B) - ~ > Niu(B).
i=1 j=1 i=1

Pro B = {0,1} se tedy jedna o “obycejnou” relativni éetnost chybné klasifikovanych

pozorovani v souboru?.

3. OPTIMALIZACNI ALGORITMY

Pii tradi¢nim “péstovani” stromi tzv. rekurzivnim délenim (recursive partitioning)
se nejdiive hleda nejlepsi vétveni pro kofenovy uzel (tj. rozklad prostoru prediktort
na dvé podkrychle), potom se hledaji nejlepsi vétveni (tedy rozklady) pro podkrychle
ziskané v prvnim kroku, atd. Ve chvili, kdy se vybira nejlepsi rozklad néjaké krychle,
nejsou nejlepsi rozklady jejich podkrychli zpravidla jesté zndmy. (Vzacny piiklad
pokusu o “pohled o vice kroki dopfedu” se najde napf. v praci Friedman, 1979.)

Pro optimalizaéni pi¥istup, navrzeny poprvé v ¢lanku Savicky et al. (2000), je
charakteristické, Ze se hledd (v jistém smyslu) nejlepsi strom mezi v§emi mozngmi
stromy dané velikosti. NaSe algoritmy konstruuji stromy (na rozdil od klasickych
metod) “zdola nahoru”. V pritbéhu konstrukce optimélniho stromu (pro cely prostor
prediktort) se postupné piifazuji optimalni stromy vSem krychlim z Bp. Pofadi,
v jakém se krychle probiraji, je takové, ze ve chvili, kdy se vybird nejlepsi strom
(a tim také vétveni) pro néjakou krychli, jsou uz zndmy optimélni stromy piifazené
vSem podkrychlim dané krychle. Vybér vétveni pro kofenovy uzel (tj. pro krychli
B = {0,1}") neni pii konstrukci stromu tivodnim, ale zavéreénym krokem.

Za to, Ze naSe algoritmy skutecné vedou k cili, vdé¢ime tvrzenim, kterd nam
dovoluji pfi hledani optimélniho slozeného stromu T" = (1, Tr) v 7 (B) nebo 7,,,(B)
optimalizovat levou a pravou ¢ast stromu 77, a Tr oddélené. (Kdybychom se o zéddnou
takovou vétu nemohli opfit, museli bychom mnozinu 7 (B) nebo 7,,(B) prohledavat
exhaustivné, coz by z hlediska vypocetni slozitosti bylo, jak je dnes v mddé rikat,
“o néfem jiném”.) Tato tvrzeni budou pozdé&ji uvedena jako véty 2 a 3.

3.1. Minimalizace kombinované ztraty (Algoritmus I). Navrhli a implemen-
tovali jsme algoritmus, ktery pro datovy soubor £ a pro danou hodnotu parametru
sloZitosti o« > 0 sestroji klasifika¢ni strom minimalizujici kombinovanou ztrdtu (viz
Breiman et al., 1984, kde se pouziva termin cost-complexity measure) definovanou
jako

R.(T|L)=R(T|L) + o|T).

Pfipomenme, Ze pii profezévani zaloZeném na kombinované ztraté (minimal cost-
complexity pruning) v metodé CART (viz Breiman et al., 1984) se minimalizuje
tentyz vyraz. Je zde ovSem podstatny rozdil: Hledani nejlepsiho stromu se v metodé
CART omezuje na mnozinu stromu ziskanych profezdvdnim jednoho konkrétniho
stromu. Na§ algoritmus naproti tomu minimalizuje kombinovanou ztratu v mnoziné
vSech moznych stroma.

2V tomto ptripadé mluvime pravem o chybé, zatimco obecné by bylo vlastné spravnéjsi pouzivat
spiSe termin ztrdta.
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Piedpokladejme, ze plati R, (T*|L) = minger Ro(T|L), kde a > 0 a |T™*| = m.
Potom soucasné plati také R(T™*|L) = minrer, R(T|L). Mlzeme proto “zkouSe-
nim” riznych hodnot parametru a poéitat minger,, R(T|L) pro nékteré hodnoty m
a soucasné konstruovat stromy, které tato minima realizuji.

Stromy, které minimalizuji R, (T|£) pro n&jaké «, resp. velikosti takovych stromu,
museji spliiovat nasledujici geometrickou podminku.

Véta 1. Necht pro vSechna m, pro kterd je 7, neprazdna mnozina, je symbol o(m)
definovan jako
= mi T|L).
p(m) = min R(T|L)
Necht H je konvexni obal mnozZiny {(m,y);¢(m) je definovano,y > ¢(m)}. Necht
T* minimalizuje R(T|L) v mnoziné 7,,. Potom 7™ minimalizuje R, (T|L) v 7 pro
néjaké a > 0 praveé tehdy, kdyz bod (m, gp(m)) leZi na hranici mnoziny H.

Dukaz véty naznac¢ime obrazkem 5. Do bodi (m, gp(m)) v grafu se zobrazuji stromy
s minimalni hodnotou R(T'|L) pii dané velikosti. VSem stromtm pevné velikosti
m > 0 (pokud existuje alespoii jeden) pak odpovidaji vesmés body na polopiimce
{(m,y);y > ¢(m)}. Dané a > 0 ur¢uje smérnici pfimek tvoticich rovnobézny svazek,
pricemZ R, (T|L) nabyva téZe hodnoty pro vSechny stromy T', které se zobrazuji
do bodi téze pfimky svazku. Minimalizace R, (T|£) pii daném « > 0 je vlastné
hledanim pfimky odpovidajiciho svazku, na kterou se zobrazuje néjaky strom a ktera
lezi co nejblize poc¢atku souiadnic. Resenim je proto bod na hranici mnoziny H.

A

y=R(T|L) H

¢(1) A
—~—
<
S-
Al
>
=
Ne}

©(2) A =

ey
T

\\ |

] ] ]
T T

T >

] ] ] ] ]
T T T T T

1 2 3 4 5 6 7 8 9 m=|T

Obr. 5. Ilustrace véty 1. Minimalizaci Ro(T|L) pro dané a > 0 na datovém souboru £
dostaneme strom, ktery se zobrazuje do bodu na hranici konvexni mnoziny H. Vzhledem
k tomu, Ze v situaci na obrazku body (m7 w(m)) prom = 4 a m = 5 lezi ve vnitfku mnoziny
H, nemize R.(T'|L£) pro z4dné a > 0 minimalizovat strom velikosti 4 nebo 5.
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Algoritmus minimalizujici kombinovanou ztratu R, (7T'|£) mtZeme popsat nésle-
dujicim zpisobem.
Algoritmus I
Vstup: Specifikace proménnych, data L, «.
Vystup: Strom T* minimalizujici R, (T|L).
Popis:

e Pro kazdou krychli B z Bp obsahujici alesponi jedno pozorovani se provedou
nasledujici kroky, pfi¢emz krychle se probiraji v takovém potadi, ze libovolna
krychle prijde na fadu az po vSech svych podkrychlich:

(1) Vybere se t¥ida C € {C4,...,Ck} tak, aby veli¢ina R, (T|Lp) pro
trividlni strom 7' (s Dy = B a fr = C) byla minimélni.

(2) Pro kazdou takovou dvojici By,Bgr disjunktnich podkrychli krychle B,
ze jak By, tak Br obsahuje alespon jedno pozorovaniz £ a B = B, UBpg
(pokud takové dvojice existuje), se posoudi strom T = (Ty,Tr), kde
T, a Tk jsou stromy pritazené By, a Bpg.

(3) Ze stromii posuzovanych ve dvou predchazejicich krocich se vybere
strom T, ktery minimalizuje R,(T|Lp). (Pokud R,(T|Lp) minima-
lizuje vice stromt, vybere se kterykoli z nich.) Vybrany strom mini-
malizuje R, v mnoziné 7 (B). Informace, ktery strom byl vybran, se
ulozi.

e Po dokonceni cyklu je zkonstruovan strom 7 piitazeny B = {0,1}. Ten je
vystupem procedury.

Algoritmus I je zalozen na oddélené optimalizaci levé a pravé ¢asti slozeného
stromu, a tedy na nasledujici vete.
Véta 2. Necht B je krychle a £ je datovy soubor. Necht strom T* = (T1,TR)
minimalizuje pro dané o > 0 kombinovanou ztratu R, (T|Lg) v T (B). Necht By,
a Bp jsou kofenové uzly stromt T, a Tg (tj. B = Dr, a Bgr = Dr,,). Potom T},
a Tr minimalizuji Ro(T|Lp,) v 7(Br) a Ro(T|LB,) v T(BR).
Dtikaz. Tvrzeni je jednoduchym disledkem vztahu R, (T*|Lp) = Ro(TL|LB,) +
Ro(Tr|LBy). Kdyby napf. strom Ty, neminimalizoval R, (T|Lp,) v 7 (BL), musel
by existovat takovy strom 77 € T(Br), ze Ro(T1|LB,) < Ruo(TL|LB,). Potom
by ale pro strom 7" = (T7,Tgr) platilo Ro(T"|Lp) < R.(T*|LB), coz odporuje
pfedpokladu, ze T* minimalizuje Ry (T|Lp) v T(B).
Poznamka: Povsimnéme si, Ze dosadime-li za « nulu, sestroji algoritmus I strom
s nejnizsi hodnotou R v 7. Pokud vezmeme velmi malé kladné «, dostaneme nejmensi
strom mezi témi, které v 7 minimalizuji R. Specialné, pokud existuje alespori jeden
“presny” strom, tj. strom klasifikujici spravné vSechna pozorovani z daného datového
souboru, 1ze uvedenou metodou nalézt nejmensi takovy strom.

3.2. Minimalizace chyby pfi dané velikosti stromu (Algoritmus IT). Druhy
z nasich novych algoritmt konstruuje pro M > 1 posloupnost stromt minimalizu-
jicich ztratu R(T'|L) na souboru £ v mnozinich 7, pro m = 1,2,..., M. Tento
algoritmus vytvaii na rozdil od pfedchézejiciho algoritmu stromy wvsech velikosti od
1 do M, tedy i takovych velikosti, pro které neni splnéna geometrickd podminka
z véty 2. Dani za tuto vyhodu oproti algoritmu I je vyssi prostorova a ¢asova slozi-
tost.
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Popis algoritmu II uvedeme ve zhusténé podobé, protoze algoritmy I a II jsou
velmi podobné.

Algoritmus II

Vstup: Specifikace proménnych, data £, maximalni velikost stromu M.
Vystup: Stromy 77, ..., T7; minimalizujici R(T|L) v T1,. .., Tu.
Popis:

e Krychle se probiraji ve stejném poradi jako v pfipadé algoritmu I. Popis
algoritmu se lisi jen v bodech 2 a 3, kde jsou tyto zmény:

2’. Pro kazdou takovou dvojici By,,Bgr disjunktnich podkrychli krychle B,
ze jak By, tak Br obsahuje alespon jedno pozorovaniz £ a B = B, UBpg
(pokud takové dvojice existuje), a pro kazdou dvojici kladnych celych
¢isel mp, mp, pro néz mr, +mp < M, se posuzuji stromy T = (Tr,, Tr),
kde T, a T jsou stromy velikosti my, a mpg pritazené krychlim By, a Bg.
Vysledny strom je kandiddtem pfi vybéru stromu velikosti my + mpg
pro danou krychli.

3'. Strom z kroku 1 se pouZije pro velikost 1. Pro kazdé m = 2,3,..., M
se mezi kandidaty velikosti m z kroku 2’ vybere strom minimalizujici
R(T|Lp) (pfi¢emz piipadné shody se Tesi libovolné). Informace o vy-
branych stromech vSech uvazovanych velikosti se ulozi.

e Posloupnost M stromt piitazenych krychli {0,1}" je vystupem algoritmu.

Algoritmus II je podobné jako algoritmus I zalozen na oddélené optimalizaci levé
a pravé Casti slozeného stromu. Véta, ktera takovy postup umoziuje, mé tentokrat
nasledujici podobu.

Véta 3. Necht B je krychle, £ je datovy soubor a m je celé kladné &islo. Necht strom
T* = (T, Tr) minimalizuje chybu klasifikace R(T|Lp) v T (B), kde |Tr| = my,
a |Tr| = mg. Necht By, = Dr, a Bg = Dr,,. Potom 71, a Ty minimalizuji R(T'|Lp, )
v Ty, (BL) a R(T|‘CBR) v Z”R(BR)'

Dukaz je zalozen na vztahu R(T*|Lp) = R(Tw|Lp,) + R(Tr|LB,, ), jinak je analo-
gicky dikazu véty 2.

3.3. Software a algoritmicka slozZitost. Algoritmy I and II byly implementovany
(v témze programu) v jazyce C++. Program ve zdrojovém tvaru se nachézi na URL
http://www.cs.cas.cz/ savicky/trees. (TamtéZ jsou umistény také programy
generujici data pro experimenty.) SouCasnd verze programu je uréena pouze pro
vyzkumné Gcely — neni nijak “pratelska k uzivateli”, nemé zadné grafické rozhrani
a ovlada se parametry z prikazové Ffadky a fidicich textovych soubort.

Velikost paméti, kterou potiebuje algoritmus I, je pfiblizné ¢ 37 K, pfi¢emz kon-
stanta ¢ zavisi na implementaci a neni pfili§ velkd. (Pfipometime, Ze P je pocet
prediktort a K je pocet t¥id.) Algoritmus II spotfebuje v porovnani s algoritmem I
priblizné M-krat vice paméti. Doba vypoctu je u obou algoritmi zhruba pfimo
umérnd potfebné velikosti paméti (takze kdyz se tiloha vejde do opera¢ni paméti,
lze se také dockat vysledku).

Jako konkrétni pfiklad miizeme uvést tlohu rozpoznéni parity (viz paragraf 6),
kde P = 10 a K = 2. Na Pentiu III s opera¢nim systémem Linux spotfeboval algorit-
mus I pro 50 riznych hodnot parametru a pfi 1000 trénovacich a 10000 testovacich
pripadech 9 sekund a 1.6MB RAM. Vypocet algoritmem II na stejnych datech pro
M = 50 velikosti stromu trval 12 sekund a vyzadoval 58.2MB RAM.
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4. K CEMU JE OPTIMALITA DOBRA?

Otéazka v nadpisu nevypada na prvni pohled logicky, tedy alespon pokud se zaby-
vame takovymi problémy analyzy dat, kde se aplikace klasifika¢nich stromi jevi jako
adekvatni a naSe algoritmy nenarazeji na hardwarové meze pouzitelnosti. Na druhy
pohled vsak véci tak jasné nejsou. Nase algoritmy garantuji, ze vytvorené stromy
budou mit nejmensi moznou chybu pti dané hodnoté parametru (parametru slozi-
tosti & nebo velikosti stromu) na daném trénovacim datovém souboru. To, co nas
v8ak zpravidla nejvice zajiméa, je chovani stromu na datech, ktera nebyla pii vytva-
feni klasifika¢niho modelu pouZita, tedy (jazykem pfevzatym z oblasti strojového
uceni, kterému zde misty davime pfednost pfed “dialektem” statistickym) genera-
lizace. Co kdyz optiméalni stromy dosahuji nizké chyby proto, Zze do modelu jsou
zahrnuty i nahodilé vlastnosti dat, které se v novych datech s velkou pravdépodob-
nosti neobjevi? Pak by se optimalita (v tom smyslu, v jakém ji dosahujeme) mohla
stat nevyhodou, a z hlediska generalizace by mohly byt optiméalni stromy horsi nez
stromy s vySsi chybou na trénovacich datech (sestrojené podle jiného principu, napf.
nékterou z metod jako CART nebo C4.5).

Poznamenejme, Ze k tomu, abychom mohli pfesnéji Fici, co je mysleno “chybou
na jinych datech”, musime vyslovit urc¢ité pravdépodobnostni predpoklady — napft.
ze data, jak trénovaci, tak “jina”, jsou ndhodnym vybérem z néjakého sdruzeného
rozdéleni vektoru prediktort a kédu t¥idy. Pak mizeme definovat chybu klasifikatoru
T nejen relativné, tj. na daném datovém souboru, ale “absolutné”, jako tzv. skutecnou
chybu

K
R(T) = m Y Zijpij,
i=1  j=1
kde m; pro ¢ = 1,...,K a Z;; pro i,j = 1,..., K maji tyZz vyznam jako v (1)
a p;ij je pro ¢,j = 1,..., K (podminéna) pravdépodobnost, ze strom T klasifikuje
pozorovani ze tiidy C; do C;. Pokud Z;; =0proi=1,...,K a Z;; =1 pro i # j,
kde i,j=1,..., K, plati

K
R(T)=1- Zmpii,
i=1

coz neni nic jiného, nez pravdépodobnost chybné klasifikace ndhodné vybraného
pozorovani.

O vztahu mezi chybou klasifikdtoru na trénovacich datech a skutec¢nou chybou
(tedy generalizaci) lze filosoficky spekulovat, lze jej vySetfovat matematicky, a mi-
zeme jej také studovat experimentalné.

Souvislost s filosofii zde skuteéné existuje: Jednou z pohnutek, pro¢ jsme se pus-
tili do vytvafeni optimalnich stromt, je alespon ur¢ity stupeil apriorni davéry (ne
stejny u vSech autort) v tzv. princip Occamovy biitvy. Tim rozumime heuristicky
predpoklad, Ze ze dvou teorii, které vysvétluji néjaky jev, je tieba dat prednost té
jednodussi. V interpretaci bézné ve strojovém uceni to pak znamend, ze mezi mo-
dely, které se stejnou chybou popisuji trénovaci data, bude ten nejjednodussi obvykle
mit nejlepsi generalizac¢ni vlastnosti. Konkrétné v ptripadé klasifikacnich stromi lze
citovat Quinlana (1986): “Given a choice between two decision trees, each of which
is correct over the training set, it seems sensible to prefer the simpler one on the
grounds that it is more likely to capture structure inherent in the problem. The sim-
pler tree would therefore be expected to classify correctly more objects outside the
training set.”



Optimalni klasifika¢ni stromy 277

Ulohu optimalizace stromii sice neformulujeme piimo tak, Ze bychom minimali-
zovali velikost stromu pfi dané chybé, ale de facto fesime podobnou tlohu: Neékteré
ze stromu, které maji pii daném poctu listd minimalni chybu, jsou soucasné také
stromy s minimalni velikosti pfi dané chybé. (Pro nékteré optimalni stromy, které
jsou vystupem nasich algoritmti, mohou mensi stromy s totoznou chybou existo-
vat.) Podle principu Occamovy bfitvy tedy lze o¢ekavat, ze optimalizace chovani na
trénovacich datech povede ke stromim s dobrymi generaliza¢nimi vlastnostmi.

VysSetfovat generalizacni vlastnosti optimalnich strom matematicky zatim prilis
neumime. Uréitou moznost nabizeji odhady skutecné chyby klasifikace v modelu
PAC-learning (probably almost correct learning), viz napi. Blumer et al. (1987).

Experimentalnimu vySetfovani generalizac¢nich vlastnosti optimalnich stromt na
nékolika prikladech klasifikacnich uloh je vénovan paragraf 6.

5. SPRAVNE VELKE STROMY

Kazdy z algoritmt popsanych v paragrafu 3 dava jako vysledek rtzné velké stromy
v zévislosti na parametru — v pfipadé algoritmu II je parametrem samotné velikost,
u algoritmu I parametr slozitosti a urcuje velikost stromu nepfimo. Cilem konstrukce
stromu v praktickych situacich zpravidla bude sestrojit jeden klasifika¢ni model, ni-
koli celou sérii. Obvykle vsak chybi néjaké jasné voditko, podle kterého bychom pre-
dem dovedli urcit “spravnou” hodnotu parametru, tj. “spravnou” velikost stromu.
Rozhodnout by ziejmé mély generaliza¢ni vlastnosti. (P¥ili§ malé stromy nepostih-
nou vSechny zakonitosti “za daty”, prili§ velké stromy budou vedle téchto zakonitosti
odrézet i nahodilé vlastnosti dat.)

To samoziejmé neni nas objev — s problémem stanoveni vhodné velikosti stromu
se néjak vyrovnavaji prakticky vSechny dosavadni metody zalozené na stromech.
Neékteré ptidavaji ke stromu novéa vétveni, dokud to pfinasi (v néjak definovaném
smyslu) dostateény pokles chyby, potom je konstrukce ukoncena. Jiné metody po-
stupuji odlisné: V prvni fazi se také postupné pridavaji nova vétveni, ale kritérium,
podle kterého se tento proces zastavi, je velmi mirné, takze se vytvori velmi velky
strom. Ve druhé fazi se tento strom protfezava — studuji se stromy, které vzniknou
odstranénim vétsiho ¢ mensiho poétu vétveni z ptivodniho velkého stromu (profe-
zané podstromy). U kazdého z téchto profezanych podstromi se odhaduje kvalita
generalizace, a na zakladé téchto odhadu se pak vybere nejvhodnéjsi velikost stromu.

Vsimnéme si, jakym zptsobem se generaliza¢ni vlastnosti profezanych podstromu
odhaduji v rdmci metody CART. Jeden zpiisob je zaloZen na rozdéleni datového sou-
boru na dvé ¢asti, z nichz jedna slouzi k vytvoreni velkého stromu a jeho profezanych
podstromd, zatimco na druhou ¢ast jsou klasifikaéni modely reprezentované prore-
zanymi podstromy aplikovany a chyba na téchto datech slouzi jako odhad skutecné
chyby?. Druhy zptisob, tzv. kiizova validace (cross-validation), je o néco slozit&jsi.
K vytvoteni velkého stromu T™ a jeho profezanych podstromi jsou pouzita vSechna
data. Pro tucely odhadu skutecné chyby profezanych podstromi stromu T je da-
tovy soubor rozdélen na V' > 2 priblizné stejné velkych disjunktnich ¢asti £q,..., Ly
(bézné se pracuje s V = 10). Postupné pro v = 1,...,V se ze souboru vyjme L,,
na zakladé ostatnich dat je sestrojen pomocny velky strom T a posloupnost jeho

3Méme uréitou terminologickou vyhradu k tomu, Ze prvni ¢asti dat se v literatufe o metodé
CART tik4 “learning sample” a druhé “test sample”: Druha ¢ast dat je pouzita, byt jingym zptiso-
bem nez prva, k vybéru modelu, ktery bude vystupem metody, a neslouzi tedy vyhradné k otesto-
vani vlastnosti modelu vytvoreného bez prihlédnuti k témto dattm.



278 Petr SAVICKY, Jan KLASCHKA a Jaromir ANTOCH

profezanych podstromd, a £, se pouzije k odhadu skute¢né chyby profezanych pod-
stromi stromu T}}. Z téchto odhadt vypoctenych pro v =1,...,V se posléze zpt-
sobem, ktery zde nebudeme bliZe popisovat (viz Breiman et al., 1984), zkonstruuje
odhad chyby profezanych podstromt stromu 7.

At uz se odhady chyb profezanych podstromu sestroji tim, ¢ onim zptisobem,
jednodussi je uznat za nejlep$i ten strom T,, ktery dava nejnizsi odhad E() sku-
tecné chyby. Protoze vsak zpravidla existuje vice podstromu se “skoro stejnymi”
hodnotami odhadu skutecné chyby, povazuje se za lepsi vybrat spiSe nejmensi z téch
podstromit 7', pro néz se R(T) lisi od R(T.) nejvyse o néjaky zvoleny s-nésobek
smérodatné odchylky odhadu E(T,). (Vypocet této smérodatné odchylky viz Brei-
man et al., 1984.) Nejbé&znéjsi je volba s = 0 (v tom piipadé je vystupem metody
strom T,) — pak se mluvi o profezavani podle pravidla 0 SE, nebo s = 1, potom jde
o pravidlo 1 SE.

Tento exkurs tykajici se metody CART jsme uvedli proto, ze v otdzce vybéru
“spravné velkého” stromu hodlame do znac¢né miry postupovat analogicky. Sou-
Casna verze programu, v némz jsou implementovany algoritmy I a II, vSak zatim
poskytuje jedinou moznost: Stromy ruzné velikosti se konstruuji pomoci dat, ktera
nékdy oznacujeme jako g-data (“g” jako “growth”), a koneénym vysledkem je strom
s minimalnim chybou na jinych datech (valida¢nich datech, v-datech). Mame v planu
rozsifeni moznosti programu o dalsi varianty, pfednostné pak o kiizovou validaci.

6. NUMERICKE EXPERIMENTY

Vime uz, Ze u stromd vytvorenych nasimi algoritmy nelze a priori garantovat, Ze
nebudou mit horsi generaliza¢ni vlastnosti nez “neoptiméalni” stromy produkované
klasickymi metodami. V nékolika numerickych experimentech jsme proto zkouseli,
zda a v jakych tlohédch ziskdme nasi optimalizaci vyhodu oproti metodé CART.

6.1. Typy experimentalnich dat.

(1) Dekadické é&islice (DC). Jde o zndmou tlohu, kterou poprvé studovali
v souvislosti s klasifika¢nimi stromy Breiman et al. (1984), a kterd se vy-
skytuje v ruznych sadach problému, na nichz se bézné testuji klasifika¢ni
metody. Kazda z ¢islic C € {0,1,...,9} je kédovana pevnym vektorem
(€9, ... ,§7C ) € {0,1}7, ktery popisuje kombinaci rozsvicenych a zhasnutych
segmentli na jednoduchém displeji (viz obr. 6). Pro jednotlivy pfipad v da-
tech se generuje kéd t¥idy (neboli ¢islice) C' jako relizace ndhodné velic¢iny
s rovnomérnym rozdélenim na {0, 1,...,9}. V datech neni dostupny samotny
vektor (¢¢,...,£%), ale jen jeho modifikace (z1,...,27) € {0,1}7, ktera se
z (&, ... &9 ziska tak, ze pro kazdé i = 0,...,9 se nezavisle ndhodné vy-
bere mezi moznostmi x; = SZC ax;=1— fiC, jez maji pravdépodobnost 0.9,
resp. 0.1. V klasifika¢ni tloze se tedy urcuje Cislice z “poskozenych” udajiu
o rozsvicenych segmentech displeje — kazda jednotliva informace o segmentu
je s pravdépodobnosti 10% chybna.

(2) Vysoké a nizké &islice (VNC). Jedn4 se o variaci tilohy DC. Data jsou
generovana stejné jako v ptipadé DC, ale é&islice 0, . . ., 9 jsou transformovany
na kéd t¥idy 0 u “nizkych” ¢islic 0,...,4 ana 1 u “vysokych” ¢islic 5,...,9.

(3) Parita a zavadé&jici proménné (PZP). Tato tloha, stejné jako tloha
nasledujici, nesouvisi s problémem rozpoznavani dekadickych ¢islic. Pro jed-
notlivy pfipad v datovém souboru se nejdfive generuji hodnoty &i,...,&5
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jako realizace vzajemné nezavislych ndhodnych veli¢in s rovnomérnym roz-
délenim na {0,1}. Kéd t¥idy C € {0,1} je definovan jako parita souétu
téchto péti hodnot, tj. C = 1, kdyz 3°_, & je liché dslo, jinak C' = 0.
V datech nejsou dostupné hodnoty &1, ..., &5, ale jejich modifikace x1, . .., x5
ziskané z &1, ..., & obdobnym zpiisobem, jako se v uloze DC upravuji éisla
&,...,& naxy,...,r5 —s tim rozdilem, ze alternativy x; = fic ax; = lffic
maji pravdépodobnost 0.978, resp. 0.022. (Kéd t¥idy C se tudiz rovna pa-
rit€ souctu Z?Zl x; s pravdépodobnosti cca 0.9.) V datech jsou dale hodnoty

Tg,...,T10 Peti tzv. “zavadéjicich” prediktort Xg, ..., X19. Kazda z hodnot
x;, © = 6,...,10 je ndhodné a nezdvisle na ostatnich (ale v zavislosti na

zndmém kédu tfidy C) generovéna tak, Ze s pravdépodobnosti 0.6 je x; = C
a s pravdépodobnosti 0.4 plati xz; = 1 — C. Kazdy z péti “zavadéjicich” pre-
diktort Xg, ..., X190 sdm o sobé umoznuje spravné predikovat kéd tfidy C
v 60% pfipadii a jejich kombinovanim lze pfesnost zvySit na cca 68%. Predik-
tory X1, ..., X5 jsou jednotlivé pro stanoveni kédu t¥idy stejné uzitecné jako
héazeni minci, protoze pii dané hodnoté kterékoli z téchto veli¢in jsou jevy
C =0 a C =1 stejné pravdépodobné. Kombinaci prediktora Xi,..., X5
vsak lze ziskat predikci spréavnou v priblizné 90% pripadi.

(4) Interval a Sumové proménné (ISP). Kéd tiidy C je podobné jako u dat
PZP funkci souctu “skrytych” proménnych &, ..., &7, které jsou generovany
jako realizace vzajemné nezavislych ndhodnych veli¢in s rovnomérnym roz-
délenim na {0,1}. Jednd se v8ak tentokrat o jinou funkci sou¢tu, nez je
parita, konkrétné o charakteristickou funkci intervalu: Pokladame C' = 1,
kdyz 3 < 21'7:1 & < 4, jinak C' = 0. V datech nejsou hodnoty &1,...,&7,

ale jejich modifikace x1,...,x7, které jsou z &1, ..., &7 odvozeny stejné jako
v tiloze PZP, véetné pravdépodobnosti 0.978, resp. 0.022 jevii z; = £, resp.
z; =1—¢€Y proi = 1,...,7. Data dile obsahuji hodnoty tif “Cisté Sumo-

vych” proménnych Xg, X9 a X719, které maji vesmés rovnomeérné rozdéleni na
{0,1} a jsou nezavislé na kédu tfidy, na ostatnich prediktorech i navzajem.

6.2. Struktura experimenti. V kazdém z experimenti jsme pouzili uméle ge-
nerovand data predstavujici ndhodny vybér ze sdruzeného rozdéleni odpovidajiciho
jednomu z vyse uvedenych typu dat.

Pomoci datového souboru £; velikosti 500 jsme vzdy sestrojili

(i) algoritmem I stromy T, ...,Ty pro J hodnot « tvoficich geometrickou po-
sloupnost (J = 500 v experimentech DC, VNC a ISP, J = 50 u PZP),

(ii) algoritmem II stromy 77,...,T% velikosti 1 az J’ (v experimentech DC,
VNC a PZP bylo J’ = 50, u ISP pak .J’ = 200).

V dalsim kroku jsme ze stromt 17, ..., Ty, resp. T, ..., T} vybrali stromy T, resp.
T* minimalizujici chybu na valida¢nim souboru L, velikosti 500. Skute¢nou chybu
stromtt T* a T* jsme pak odhadli na testovacim souboru velikosti 10 000.

Tento postup jsme u dat typu DC, VNC a ISP opakovali (pokazdé s jinymi daty)
100krat. Vysledky experimentu PZP byly natolik jasné, ze stacilo 10 opakovani.

1

23456 1890 i
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Obr. 6. Dekadické &islice na displeji se sedmi segmenty (ilustrace k experimentéim DC
a VNC). Vpravo je znizornéno &islovani segmenttl — segmentu ¢. 1 odpovida prediktor X1,
atd.

Pro porovnani jsme tataz data analyzovali metodou CART, pricemz soubor £
byl pouzit pro konstrukei (péstovani) stromu, soubor Lo pro profezavani a testovaci
soubor velikosti 10 000 pro odhad chyby klasifikace vyslednych (profezangch) stromi.
Jako kritérium pro volbu nejlepsiho vétveni jsme v experimentu DC, kde bylo 10 t¥id,
pouzili tzv. twoing, v ostatnich pfipadech (kde byly t¥idy jen 2) pak Giniho miru.
Pfi profezavani jsme vyzkouseli pravidla 0 SE a 1 SE.

Poznamenejme, ze pfi aplikaci optimalizacnich algoritmii i metody CART jsme
za, odhady apriornich pravdépodobnosti tiid vesmés brali relativni frekvence trid
v datech a kazdy chybné klasifikovany pfipad jsme penalizovali stejné — veli¢ina R
je proto v naSich experimentech totozna s podilem chybné klasifikovanych pripadi.

6.3. Vysledky experimentt. V Tabulce 1 jsou pro kazdy typ dat a kazdou ze ¢tyr
metod konstrukce stromti uvedeny vybrané statistické charakteristiky empirického
rozdéleni velikosti stromt a chyby stromu na testovacim souboru velikosti 10 000 pfi
100, popt. 10 opakovanich.

Ve vsech ¢tyfech experimentech dosahoval algoritmus II lepsich vysledk® nez al-
pravidla 0 SE neZ podle pravidla 1 SE.

V experimentu DC nage algoritmy nepiinesly z4dné pfesvédéivé zlepseni oproti
metodé CART (twoing, pravidlo 0 SE). Algoritmus IT doséhl na testovacim souboru
varianta metody CART. Vyjadieno zptisobem obdobnym referatu o vysledku zapasu
v kosikové, algoritmus II zvitézil nad metodou CART 53:47. Algoritmus I s metodou
CART dokonce prohral 47:52 pfi jedné shodé. (V obou ptipadech je rozdil hodno-
ceny znaménkovym testem statisticky nevyznamny na hlading 5%.) Problém DC
je ziejmé pro CART, popf. jiné klasické metody konstrukce klasifika¢néch stromu
snadny, a nebude patfit k tém tloham analyzy dat, kvili kterym stoji za to algoritmy
konstruujici optimalni stromy vyvijet.

V experimentu VNC byla vyhoda, kterou jsme oproti metodé CART ziskali, pro-
kazatelna — algoritmus II porazil CART (Giniho mira, pravidlo 0 SE) v poméru 62:37
pri jedné shodé, algoritmus I pak 62:38 (v obou pfipadech se jedna pfi hodnoceni
znaménkovym testem o statisticky vyznamny vysledek na hladiné 5%). Zarovei je
vSak tfeba konstatovat, ze rozdil mezi chybami dosahovanymi pomoci optimalnich
a klasickych stromt neni nikterak velkolepy. Pfi¢itdme to tomu, Ze pro CART je
problém VNC sice o néco obtiznéjsi nez DC, ale také neni p¥ilis tézky.

V experimentu PZP je nase pfevaha naprosto jasna: Nase algoritmy byly schopny
najit “dobfe skrytou” zavislost ve tvaru funkce parity. CART naproti tomu prefe-
roval v kofeni a trovnich blizkych kofeni vétveni podle “zavadéjicich” proménnych,
rozdrobil tak soubor na malé podmnoziny, a v téch nebyl s to zakonitost zaloZenou
na parité odhalit. Optimalni stromy tak mély na testovacim souboru vesmés chybu
mezi 10 a 13%, zatimco chyba stromii vytvofenych metodou CART (Giniho mira,
pravidlo 0 SE) nikdy neklesla pod 30%.

V tloze ISP, kterd je pfirozendjsi nez PZP, byly naSe algoritmy také vyrazné
mus I pak zvitézil o néco skromnéji 70:30 (v obou pfipadech jde pii hodnoceni zna-
ménkovym testem o statisticky vyznamné vysledky). Metoda CART je sice schopna
na nékterych datovych souborech dosdhnout presnosti srovnatelné s nejispésnéjsimi
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optimalnimi stromy, ale chyby maji velkou variabilitu. U optimalnich stromi je va-
riabilita chyb mensi, takze napft. tfeti kvartil rozdéleni chyb u algoritmu II je nizsi
nez prvni kvartil u metody CART.

Optimalizace CART

Data Alg. Alg. 1T 0 SE 1 SE
R% listh | R% listh | R% listh | R%  lista
Dekad. min | 25.31 10 25.30 14 24.85 10 25.03 10

cislice Ql |26.34 22 26.29 22 12649 22.25 | 2717 12.25
med | 26.93 28 26.78 27 | 26.88 30 27.98 17
(100 Q3 | 2764 33.75 |27.38 32 | 27.48 36 29.00 20.75

soubortl) | max | 29.90 39 28.82 49 | 29.88 50 30.18 42
Vysoké/ | min | 13.22 5 13.22 5 13.50 7 13.73 6

nizké Q1 14.16  9.25 | 14.01 10 14.42 13 14.95 8
Cislice med | 14.76 13 14.66 13 14.90 18 15.64 10
(100 Q3 15.24 18 15.17 18 15.39 27 16.80 15

soubortl) | max | 17.16 27 17.16 48 17.73 40 18.33 32
Parita a min | 10.06 30 10.06 32 | 32.67 6 33.76 4
zavadéjici | Q1 | 10.06 32 10.06 32 | 33.72 850 | 3447 6
proménné | med | 10.60 32 10.56 32 | 34.89 41.50 | 35.00 7.50
(10 Q3 | 12.05 34.50 | 11.63 34.75 | 35.44 180.75 | 36.08 17.25
souborti) | max | 13.89 36 12.17 38 | 36.19 204 | 37.69 90
Interval min | 14.93 40 11.90 50 12.05 59 12.27 36
a Sumové | Q1 | 17.78 80 16.06 96.25 | 18.68 119 19.43 7
proménné | med | 19.20 95.50 | 17.47 167 | 20.75 135 22.24 108
(100 Q3 |20.38 100.75 | 18.52 186 | 23.62 157 | 24.86 134.25
souboril) | max | 24.56 115 21.37 200 | 31.41 197 | 33.72 185

Tab. 1. Vysledky experimentt. Minimum, maximum, medidn (med) a 1. a 3. kvartil (Q1,
Q3) empirického rozdéleni chyby na testovacim souboru (R %) a velikosti stromt ( “listd”).

7. OPTIMALNI STROMY ZITRA

Zpusob hledani “spravné velkého” stromu pouzity v dosavadnich experimentech roz-
hodné neni optimélni. V nejblizsi dobé hodlame implementovat kiizovou validaci,
kterda nam umozni hospodarnéji vyuzit data a usnadni ndm m)j. praci s realnymi
daty, kde nemiizeme (na rozdil od dat umélych) dle vlastniho uvaZeni zvétSovat
pocet pozorovani.

V popisu algoritmii I a II se skryva nefeseny problém. Chybu pii dané veli-
kosti nebo kombinovanou ztratu ¢asto minimalizuje ne jeden strom, ale velky pocet
stromid. O tom, ktery z nich se stane vystupem algoritmu, rozhoduji jednak pravi-
dla typu “pfi shodé mé prednost prvni (posledni) kandidat”, jednak mikroskopické
numerické chyby (souvisejici s koneénou pfesnosti redlnych ¢isel v poéitacich). Kdy-
bychom dovedli podle n&jakych charakteristik (jako napt. hloubka, rovnomérnost po-
¢t pozorovani v listech, atp.) odhadnout, které ze stromu se stejnou ¢éi skoro stejnou
chybou na trénovacich datech budou mit lepsi generalizac¢ni vlastnosti, mohli bychom
takovou znalost zabudovat do nasich procedur. Vytipovani takovych charakteristik
je jednim z namétt pro budouci vyzkum.

Velikost opera¢ni paméti, kterou potfebuje soucasné verze programu, roste jako
37, kde P je pocet binarnich prediktorti. Faktor 37 souvisi s tim, Ze se rezervuje
pamét pro kazdou ze 37 podkrychli prostoru prediktort {0, 1}7. Pfi sofistikovandjsi
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implementaci, konkrétné kdybychom pfidélovali pamét jen takovym krychlim, do
kterych patii néjaka trénovaci data, by asymptotika spotfeby paméti byla o néco
piiznivéjsi — faktor 37 by byl nahrazen faktorem N27, kde N je poéet riiznych hod-
not vektoru prediktorii v datech (tj. éislo ne vétsi nez velikost trénovaciho datového
souboru).

Podivejme se na dusledky. Dnes jsme schopni Fesit na dostupnych pocitacich ilohy
s maximalné cca 15 prediktory. Pfi velikosti trénovaciho souboru kolem 500 plati
zhruba stejny limit i pro implementaci s faktorem N2 misto 3. Extrapolujeme-li
do budoucnosti pravidlo, Zze vykonnost pocitact véetné velikosti RAM se zdvojna-
sobuje pfiblizné kazdych 18 mésici, potfebujeme nyni k rozsifeni nasich moznosti
o jeden prediktor cca 2.4 roku, lepsi implementaci mizeme tuto dobu zkratit na
1.5 roku. Ulohy s 20 prediktory pak budou jednim zptsobem fesitelné asi za 12 let,
druhym uZ za 7 a ptl roku, se 30 prediktory budto za 36 let, nebo jen za 22 a ptl
roku. Posledni cifra dava na rozdil od predposledni urcitou Sanci, ze se néktefi autori
dockaji resitelnosti tlloh se 30 binadrnimi prediktory béhem svého aktivniho zivota.

V praktickych tlohach se ovsem zpravidla vyskytuji kategorialni prediktory s vét-
$im poctem hodnot nez 2 a prediktory s usporadanym oborem hodnot. Problém
obsahujici takové proménné lze formalné prevést na tlohu s pomocnymi bindrnimi
prediktory, pocet téchto pomocnych proménnych vSak rychle presahne nase soucasné,
popf. i budouci moznosti. Abychom z optimalizace stromu uéinili Siroce pouzitelny
prakticky nastroj, potfebovali bychom maximalni pocet binarnich prediktort zvysit
nejméné na 100 (Etenaf si miize spoéitat, jak dlouho by to trvalo)*. Chceme-li v ro-
zumném case takovych parametri dosdhnout, nezbyva nam nic jiného nez od plné
optimalizace upustit. Hodlame se tudiz v budoucnosti vénovat studiu heuristickych
postupti, které budou na jedné strané vypocetné méné naro¢né nez optimalizace,
ale na druhé strané co mozna zachovaji prevahu nad klasickymi metodami tam,
kde optimalizace poskytuje podstatnou vyhodu. Na plnou optimalizaci pak mizeme
pohliZzet jako na prostfedek, ktery ndm umozni na tlohach, kde plnéa optimalizace
je realizovatelnd, zkoumat, nakolik se vysledky heuristickych postupt vysledkim
optimalizace skutecné blizi.

O praktické uzite¢nosti optimalizace stromii a pfibuznych metod (zaloZenych na
heuristické aproximaci optimalizace) se vSak bude rozhodovat jesté jinde: Experi-
menty uvedené v paragrafu 6 ukazuji, Ze v nékterych tlohach, kde vztah mezi pre-
diktory a zavisle proménnou je dosti komplikovany, dava optimalizace vyrazné lepsi
vysledky nez klasické metody, ale jinde pro zménu ziskame optimalizaci velmi mélo
nebo nic. Ulohy, kde optimalizace pfinasi podstatnou vyhodu, dnes umime uméle
konstruovat. Teprve budoucnost ale ukaze, zda se vyskytuji v nezanedbatelné mife
také mezi problémy realnymi.
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SHAPES OF RANDOM CLOSED SETS

IVAN SAXL AND PETR PONIZIL

ABSTRAKT. Abstract. The shape properties of Voronoi polytopes generated by
various point processes are examined and discussed.

A6ctpakt. CBojcTBa opMmbr obnactej Jdupuxie (BopoHOro) remepupo-
BaHHBIX PAa3JIMYHBIMUW TOUEUHLIMU IIpOHecCaMM MCCJIeJOBAaHbI U AUCKYTU-
pOBAHLI.

1. INTRODUCTION

Random tessellations are useful stochastic models of natural space filling sys-
tems (grains of polycrystal, cell of living tissues etc.) as well as of various products
of human activities (jurisdictions, districts of administration, allotments etc.) Non-
convexity of real tessellations is usually relatively small and convex tessellations
are quite suitable and acceptable approximations. Voronoi tessellation is perhaps
the most suitable model of such systems; its general definition is as follows: let
L be a a discrete set in R? (e.g. a lattice or point process) and let ¢ be a posi-
tive definite quadratic form on R?. Then the Voronoi cell generated by z; € L is
C; ={yeRYp(y —x;) < ¢(y —2) for all z € L — {x;}}. The union 7 of all cells
forms a face-to-face tiling of R? with properties depending on L. It is also an affine
image of another tiling whose tiles are Voronoi cells defined with respect to the stan-
dard quadratic form and another suitable discrete set L. Usually the term Voronoi
cell is used only to cell defined with respect to the standard Euclidean metric [10]
but it is useful to keep in the mind that the basic property of 7, namely tiling the
space, is not lost by affine transformation (e.g. tiling by rhombohedra can by obta-
ined by shearing a tiling by cubes). The general reference for Voronoi tessellations
is [10], more general aspects of congruent tilings are reviewed in [7, 18] and with a
particular respect to crystallography in [2]. The terminology is far from being unified
as it happens frequently when one idea is developed in several distinct branches of
science. Consequently, in a small review like this one, the various terms describing
the same property must be at least occasionally mentioned.

A tessellation is described by the distributions of its cell characteristics. The size
dependent characteristics are homogeneous functions of degree —k/d of the intensity
A=1/Ev, i.c. Ee(a)) = a */?Ee()\). In R?, k = 3 for the cell volume v, k = 2 for
the cell surface area s and k = 1 for the mean (with respect to projection orientation)
cell breadth w. Consequently, it is sufficient to examine the unit tessellations only.

The shape characteristics like mean dihedral angle ©, randomly selected dihedral
angle 0 - i.e. a "typical” angle of a "typical” cell, number of cell faces ny and
"isoperimetric” shape factors g = 6v\/7/s3, f = 6v/(7w?) are independent of A (the
shape factors g = f = 1 for a ball thus expressing the statement of the isoperimetric
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and Bierbach inequalities, namely that of all convex bodies of fixed volume, the ball
has the smallest surface area as well as mean breadth).

Any 3D tessellation 7 induces in section planes F a 2D tessellation 7/ = TN F of
intensity A’ = 1/Ev’ = AEw. The mean values of its size characteristics (cell area v',
perimeter s') obey the stereological relations [18] Ev' = Ev/Ew, Es’ = 0.257Es/Ew
and its shape parameters are edge number n, = 2/(1—E®'/7), random edge angle 0’
and shape factor f' = 4mv' /s’ % If the tessellation is stationary isotropic, the plane F
is arbitrary, otherwise the averaging relates to a suitably defined set of planes. The
properties of induced tessellations are of particular importance as e.g. the grain size
estimation so substantial in metallurgical praxis is completely based on the inference
acquired in planar sections.

A short paper on shapes of Voronoi cells covering only tessellations generated
by Neyman-Scott cluster fields with rather limited cluster cardinality N < 30 was
published two years ago [14]. From that time on, the range of examined tessellations
was considerably extended and generating processes L include displaced lattices of
several types, hard-core and Gibbs models at one side and locally inhomogeneous
Bernoulli cluster fields and mixtures on the other one. Shape properties of Voronoi
cells are, in fact, properties of space filling polyhedra. That is why the first part
of the paper - chapter 2 - reviews selected results concerning tiling by congruent
polyhedra - an old problem started by Plato and Aristotle and constituting also the
second part of the Hilbert’s eighteen problem (the term tiling instead of tessellation
is commonly preferred in this connection). Moreover, several such tilings are the
limit cases of random tessellations generated by displaced lattices. The body of the
paper reports the authors’ recent results obtained by computer simulation.

2. POLYHEDRAL TILINGS

2.1. Basic types.

2.1.1. Monohedral tilings, prototiles. Tiling T, in general, is the covering of R? by
sets - tiles - with pairwise disjoint interiors. It is monohedral if each tile is congruent
to a fixed set called the prototile, which is a homeomorphic image of the unit d-
ball. All possible prototiles are neither found nor at least classified even in RZ.
However, if a 2D prototile is bounded it must be a convex n-gon with 2 < n < 6.
In higher dimensions, the problem is intractable and many examples of n-hedra,
n = 4,5,6,7,8,10,12,14,18, ..., tiling R3 are described in the series of papers by
Goldberg (e.g. [5, 6]). It is not even known whether the number of combinatorial (=
isomorphic) prototiles is finite and whether there is an upper bound on the number
of faces. Consequently, a substantial restriction of the problem is necessary.

2.1.2. Isohedral tilings, stereohedra. Any Euclidean motion of R mapping each tile
of 7 onto a tile of 7 is called the symmetry of 7; the set of all symmetries of 7°
forms the discrete symmetry group S(7). Tilings in which S(7") acts transitively on
the tiles are called isohedral and their prototiles are called the stereohedra. Their sig-
nificant property is that the number of their faces has an upper bound. By Delaunay
theorem [2], ny < 2¢(1 + a) — 1, where a is the number of aspects of the prototile
(an aspect is a transitivity class of tiles with respect to the translation subgroup of
S(T) - for details see [2, 7]). In R3, the maximum number of aspects is 48, hence
ny < 390. However, the most complicated Voronoi cell found as yet had 38 facets [2].
The second part of the Hilbert’s eighteen problem can be formulated in the above
introduced terminology as follows [7]: Does there exists an anisohedral polyhedron
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in R?? The affirmative answer was given by Reinhardt in 1928. It is sufficient to find
planar anisohedral prototiles and to take them for bases of prisms. Several examples
of such planar prototiles with the corresponding references are shown in [7]; it should
be noted that they need not be non-convex, the congruence can be direct and a tiling
face-to-face (see below).

2.1.3. Voronoi and lattice tilings, plesiohedra and parallelohedra. Further restriction
of the problems is achieved by considering only tilings generated by point sets via
Voronoi cells; frequently also the terms Dirichlet domains or plesiohedra (m\notos -
neighbouring) are used. Voronoi cell (with respect to the standard Euclidean metric)
adjoins to any point of the generating system L all points of the embedding space
lying closer to it than to any other point of the system. Voronoi tiling generated by
an arbitrary point set is a face-to-face tiling (i.e. C; N Cj is either {) or a common
face of C;, C;). A tiling is called primitive (also the terms ordinary equilibrium state
or normal tessellation are used in stochastic geometry) if exactly d — k + 1 adjacent
parallelotopes meet in every its k-facet (O-facet is a vertex, 1-facet is an edge, (d—1)-
facet is a face). Voronoi [20] has shown that the necessary and sufficient condition
of primitivity is that this rule might hold for vertices, i.e. just (d + 1) cells meet
in each vertex. The numbers of k-facets of primitive prototiles are not independent;
e.g. the number of vertices n, = 2(ny — 2) and the number of edges n. = 3(ny — 2)
in R3. All random tessellations examined in chapters 3 and 4 are primitive and it is
sufficient to consider only the number of their faces ny.

Voronoi tilings generated by translation point lattices and called lattice tilings
are perhaps the best analysed subclass of isohedral tilings; their prototiles are called
parallelohedra. Voronoi [20] found the upper bound of the number of vertices for
parallelohedra n, < (d+ 1)! and also the upper bound of the number of faces has
been found by Minkowski [9] n; < 2(2¢ — 1) (two congruent sets have the same
aspect if one is a translate of the other, i.e. a = 1 in the Delaunay theorem).

The number Ny of combinatorial types of parallelohedra is limited; Ny = 2 - paral-
lelogram and centrally symmetric hexagon, N3 = 5 - parallelotope, hexagonal prism,
rhombic and elongated (eight rhombic and four hexagonal faces) dodecahedrons,
tetrakaidecahedron (Fedorov [3]). Three of them are the prototiles of common cubic
lattice tilings: cubic simple (cs - NaCl) - cube, cubic body-centred (cb - e.g. Fe, Cr,
Mo, W) - tetrakaidecahedron, cubic face-centred (cf - e.g. Cu, Al, Ni) - rhombic do-
decahedron. The prototile of the hexagonal close-packed lattice (e.g. Zn, Mg, Zr) is
also a dodecahedron with eight rhombic and four trapezoidal faces combinatorially
equivalent to the rhombic dodecahedron - see below. Tetrakaidecahedron has the
maximum attainable number n, = 24 of 3-valent vertices (the number of edges me-
eting in a vertex of an isolated polyhedron) and also the maximum possible number
of faces ny = 2(2% — 1) [9]. It is the only primitive of the Fedorov five basic space
fillers. Rhombic dodecahedron has six 4-valent vertices and eight 3-valent vertices
whereas cube with eight 3-valent vertices is the least primitive of them.

2.2. Packing, covering and extremum problems. Isohedral tilings are closely
connected with packings and coverings problems, namely in the selection of the
densest packing (the packing density dx < 1, which is intuitively the ratio of the
sum of the volumes of the packed bodies K to the volume of the covered space, is
maximum) and of the thinnest covering (the analogically defined covering density
¥k > 1 - the ratio of the sum of the volumes of the covering bodies K to the volume
of the covered space, is minimum) [4]. Packing and covering densities of monohedral
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tiles equal 1, but the to packing and covering densities of spheres inscribed and
circumscribed to particular tiles attract a considerable attention.

In the planar case, the closest packing of circles is that one of circles inscribed to
the tiling by regular hexagons (6 = 7/v/12 = 0.9069) and the thinnest covering is
that one of the circles circumscribed to the same hexagons (Vx = 27/v/27 = 1.209).
The hexagonal tiles are Voronoi cells of the circle centres and are also the solution of
another extremum problem: to find a it thinnest tiling, namely that one of minimum
perimeter at a given (unit, say) area. Thus the tiling by regular hexagons solves the
all three extremum problems in R2. A direct generalization of this idea to higher
dimensions is straightforward, namely we can look for tilings with the smallest size
characteristics like surface area, mean breadth etc., or in other words, for the thinnest
tilings with respect to w,s etc. The values of the corresponding characteristics of
a d-ball are the lower bounds due to already mentioned isoperimetric inequality
and its generalizations and it is therefore reasonable to introduce shape parameters
of the type introduced in chapter 1, namely normalized with respect to the values
appropriate for d-balls.

In R3, a different situation is encountered. Replacing the circles in the densest
hexagonal packing by spheres of the same radius, an elementary layer A of a three
dimensional packing is formed. The sphere centres may be then considered to be
the nodes of a {111} plane of the cubic face-centred lattice (cf). Shifting the la-
yers subsequently by % < 1,—1,0 > the layers B, C and again A are formed and
the whole half-space is filled by the stacking ABCABC...; similarly its complement
is formed by shifts in the opposite direction. The Voronoi tiles of the sphere cen-
tres are rhombic dodecahedrons, the packing density is dx = 7/ v/18. That this
is just the densest sphere packing was conjectured by Kepler or perhaps a few
years before by T. Harriot (Sir Walter Raleigh’s mathematical assistant). Fergus-
son and Hales claim to prove Kepler conjecture in 1998 by a sophisticated compu-
tational approach, but it seems that their proof is not yet generally accepted - see
http://www.math.lsa.umich.edu/~hales/.

Tab. 1 Packing and covering densities, prototile characteristics (v = 1).

(5[( 191( S w
tetrakaidecahedron (cb) 0.680 | 1.464 | 5.315 | 1.336
rhombic dodecahedron (cf) || 0.742 | 2.0946 | 5.345 | 1.375
cube (cs) 0.524 | 2.721 | 6 1.5

Harriot was also the first to notice that there is another packing of the same dg,
namely that one of the hexagonal closed packed lattice with stacking ABABAB...
created by the shift sequence % <1,-1,0 >— % <-1,1,0 > — % <1,-1,0 > ....
The Voronoi tile is again a dodecahedron with 6 rhombic and 6 trapezoidal faces.
The covering density is ¥ = 27/3 in the both cases. Spheres centred in the nodes
of the body-centred cubic (cb) lattice have smaller packing density (Tab. 1) but
the thinnest covering ¥x = 71/125/24. Hence the extremum properties are split
between face-centred and body-centred cubic tilings. The latter of them also solves
the problem of minimum surface density. Assuming a unit tiling, the thinnest tiles
must have minimum surface s - see Tab. 1. For a comparison, the spheres centred
in the nodes of the cubic simple (cs) lattice have dx = /6 only and ¥ = 7v/3/2.

Tab. 2 Shape characteristics of basic parallelotopes.
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ny | Ne | ny | f g 0 Eo’ 1! EJ | CV

cb || 14 | 36 | 24 | 0.800 | 0.868 | 24x2.186 | 2.0944 | 0.81 | 0.748 | 0.532
12x1.91

cf |12 |24 |14 | 0.735| 0.860 | 2.0944 2.0944 | 0.81 | 0.727 | 0.565

cs || 6 1218 |0.566 | 0.724 | /2 /2 0.67 | 0.666 | 0.642

The numerical values of packing and covering densities as well as the size characteris-
tics of cubic lattice tilings are shown in Tab. 1, shape properties of the corresponding
tiles are in Tab. 2. As another confirmation of the tetrakaidecahedron perfection,
also the values of the mean profile areas Ev’ and of the corresponding coefficients
of variation CV ¢’ in the 2D tessellations induced by cubic lattice tilings are shown.
The fraction of small profiles is small, the mean value Ev’ is the highest and CV v/
is the smallest. The shape factors are also the highest of all. Note for a comparison
that a unit ball has s = 4.836 and w = 1.241.

3. RANDOM TESSELLATIONS

3.1. Generating point fields. All examined point fields can be introduced in
terms of the germ-grain model [18]. The germs constitute either a point lattice
denoted by L or the stationary Poisson point process (PPP) denoted in this con-
text by P, their intensities are A,. The grains implanted in the germs include se-
veral alternatives as follows (for details see [11, 12, 13, 15] and the Internet page
http://fyzika.ft.utb.cz/voronoi/).

3.1.1. Displaced lattices (pseudo-hard-core models). Grains which are i.i.d. replicati-
ons of randomly shifted origin (random shift vector &) change the lattice of germs
L (nodes z;, say) into the Bookstein model on the lattice [19] (displaced lattice
process, points z; = z; + £). The model is widely used in physics and also in the
stochastic theory of shape. The shift distribution is usually 3D normal N (0, X2) dis-
tribution with the covariance matrix %2 = a2Z, where T is the unit matrix. The
process characteristics are the type of the displaced lattice and parameters of the
shift distribution.The generated tessellations accomplish the bridge between the ori-
ginal isohedral tiling (¢ = 0) and the Poisson-Voronoi tessellation (PVT) generated
by the stationary Poisson point process (¢ — o0). Above mentioned three cubic
lattices have been chosen as L; the notation is Bcs, Beb, Bef.

3.1.2. Hard-core models. If the grain is either the origin (the germ is retained) or
the void set (the germ is removed) then the resulting process is either independent
or dependent thinning of the germs; Bernoulli lattice process is perhaps the most
familiar example of the former case. Hard-core processes like Matérn I (MI) and II
(MII) type processes and SSI (simple sequential inhibition) process [18, 19] exemplify
the latter case - dependent thinning of the Poisson point process (PPP) of intensity
Ao- The attained intensity of the thinned process A\¢ = peAg, Where p, is the Palm
retaining probability of a ”typical point” [18], namely the average relative gain of the
thinning process; e stands for I, II and SSI. The key parameters are the minimum
allowable distance between points (the hard-core distance) D or, equivalently, the
packing fraction f,, attained by implementing balls of diameter D into the retained
germs.

3.1.3. Cluster fields. Grains are random point clusters Z characterized by the clus-
ter cardinality (usually Poisson distributed) Nz with the mean N, by the spatial
arrangement (globular - G, spherical - S) of points (daughters) forming the cluster
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BePG BePS

OBRAZEK 1. Planar sections of 3D tessellations generated Bernoulli
cluster fields BePG and BePS (N = 50,p = 0.5, = 0.05). The small
inner cells of BePG are not perceptible in the 2D section.

and by the cluster size (e.g. by the the embedding ball diameter D usually expres-
sed as the scale independent parameter do = D/pp(e), where p,(e) is the mean
nearest neighbour distance of the germs). Bernoulli cluster field [16] is a model of
independent clustering: random point clusters are implanted in the parent points
(which are then removed) with a probability 0 < p < 1; the resulting intensity is
A = (pN 4+ 1 — p)A,. The process represents a continuous passage between PVT
(p = 0) of germs and Neyman-Scott cluster field (p = 1) or germ lattice and lattice
of clusters (the notation PG, PS is used for the point fields as well as for tessellations
generated by them). If 0 < p < 1, 5 0.1 and N is high, the generated tessellation is
a (1 —p) : p mixture of large and only slightly corrugated parent cells and of similar
cells fragmented into Nz small cells - Fig. 1. A growth of the cluster size § leads to
a gradual dissolution of clusters and all cluster fields approaches PPP.

3.1.4. Mixtures. The last examined point field is the Bernoulli mizture process -
BeMX. Pieces of another process X of intensity A,, (PPP, displaced lattices) are
implanted with a probability 0 < p < 1 into the interior of pre-cells generated by the
parent process (PPP) of intensity A, < A.,,. The resulting point process of intensity
PAm + (1 — p)A, is the union of these pieces and parents of the void pre-cells. The
tessellation generated by it consists of cells corresponding to the implanted process,
somewhat reduced parent cells and of intermediate layers of elongated cells cutting
the original faces between fragmented and unchanged pre-cells - Fig. 2.

3.2. Basic features, inner and outer cells. An important feature of tessellations
generated by globular cluster fields are s.c. inner cells introduced in [12, 13]. Points
of spherical clusters fragment the parent cell into more or less similar pyramidal
cells nearly each of which has a base formed by a part of the parent cell boundary.
Consequently, nearly each generator has a neighbour belonging to another cluster -
hence the term outer cells.

For clusters of the G—type, the situation is similar only if the cardinality Nz of
the cluster Z is small. Starting with Nz = 5, it may happen that all neighbours
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OBRAZEK 2. Planar sections of 3D tessellations generated by Ber-
noulli mixtures (p = 0.1) with PVT (\,, = 200),) and Bcf
(Am = 30Xp,a = 0.0005, i.e. only a slightly disturbed isohedral
tiling). Pre-cells are in the both cases generated by PVT.

of a generating point are points of the same cluster; the cell generated by such a
point lies completely in the interior of the parent cell and will be called the in-
ner cell. The proportion ay of inner cells is a monotone increasing function of N
(20 = 0.25, agp &~ 0.4, agg = 0.6, agp & 0.7). Nearly all properties of tessellations
generated by cluster fields can be explained by using the concept of inner and outer
daughters. Only occasionally small false inner cells are formed in PS tessellations
at high values of N, namely when the distance of two parent points is comparable
with the ball size ¢ and two spherical clusters are mixed together. If the cluster
size is small enough in comparison with the distances of parents the distributions of
the majority of cell characteristics in tessellations generated by globular clusters are
bimodal and heavy-tailed. The cells of opposite types produce very distinct modes
and usually contribute to the opposite tails of the distribution in question. The type
(P,L) of the parent arrangement does not influence this behaviour. In contrast to
this situation, PS tessellations have unimodal distributions of cell properties.

In Bernoulli cluster fields, a particular mode in cell property distributions corre-
sponds to the original unbroken parent cells. Consequently, the cell volume distri-
bution is roughly bimodal with the mode ratio approximately 1:N in the case of
spherical clusters BePS and trimodal in the case of globular clusters BePG.

A suitable characteristic sorting the tessellations with respect to the regularity of
their spatial arrangement is the coefficient of variation of the cell volume CV v. The
examined tessellations have been generated by various random point fields described
in the literature [18, 19]; they cover a wide range of space filling systems from
isohedral tilings to highly locally inhomogeneous cases characterized by multimodal
distributions of cell properties and 0 < CV v < 8 - see Tab. 3. However strange the
Bernoulli cluster field may seem, they have been introduced by the authors in order
to model grain structures of rather common low alloyed steels after certain thermal
treatment.
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4. RESULTS OF SIMULATIONS

The method of simulation is described in [12]. In [14], the results obtained for
PG, PS cluster fields with N < 30 are described. In the present paper, the range of
the investigation is extended up to N = 200, § = 0.05, added are Bernoulli cluster
fields (at § = 0.05,p = 0.5 unless otherwise stated) and Bernoulli mixtures (PVT
& PVT at p = 0.1). Moreover, tessellations generated by hard-core processes and
displaced lattices are included. The former are represented by the Matérn type II
process at the maximum attainable value of packing fraction f, = 0.125 and by
SSI model at the packing fraction f, ~ 0.28. For related results concerning Strauss
model see [1]. A wide range 0 < a < 10 of the shift standard deviation was covered in
tessellations generated by Bcs, Bef and Beb displaced lattices; their differences from
PVT are negligible at the upper bound of a, at least as far as cell characteristics are
examined. However, the attention was given mainly to a small randomization of the
isohedral tilings; hence the values in tables relates to a = 0.05.

The results are presented mostly in tables. The arrows in their rows point in the
direction of growing cluster cardinality N (e.g. the left arrow in the PS row of Tab.
3 shows indicates that n; decreases with growing N).

4.1. Number of faces.

Tab. 3 Face and edge numbers, coefficient of variation CV v (the maximum values
relate to the sample size ~ 106).

Nora |varn | Maxn' | Eng varny | Maxny| CVw
Bcb 0.05 2.53 10 14.00 0.0013 15 0.043
Bef 0.05 2.17 12 14.09 1.10 18 0.044
Bces 0.05 2.54 13 15.93 4.68 26 0.054
SSI - 2.41 15 15.03 3.54 25 0.136
M II - 2.54 15 15.3 6.08 29 0.238
PVT - 2.863 |15 15.536 11.125 38 0.423
PS 30—200 | 2.6 15 15.2<16 | 25—29 58 1.10—1.28
PG 30—200 | 4.0 16 15.5<16 | 2128 | 50 1.74—3.07
BeMPVT || 50—200 | 3.5 21 15.1 18—19 86 1.55—2.97
BePS 30—99 | 5.5—6 | 27 14 - 15.5 | 65—100 | 130 2.94—5.29
BePG 30—200 | 5—6 27 14 - 15.5 | 35«40 | 120 3.03—7.86

4.1.1. Hard-core and pseudo-hard-core tessellations. Even the smallest shifts of ge-
nerating points double the face number of non-primitive tiling by cubes - Fig. 3a; the
tiles are truncated in all its vertices, the mode is 16 but pentakaidecahedrons and
heptakaidecahedrons have only slightly lower frequencies and the pdf is fairly stable
up to a = 0.05. Neither dodecahedronal tiling is primitive and an abrupt change
in ny is necessary however small is a. Nevertheless, the pdf of ny is narrow and
tetrakaidecahedra and pentakaidecahedra strictly prevail at small a (< 0.05). On
the other hand, the primitive tetrakaidecahedronal tiling is very stable, polyhedrons
with ny # 14 are nearly completely excluded and a wider range 13 < ny < 17 starts
to be covered not sooner then at a > 0.1. Note the great differences in var ny between
Bcb, Bef and Bes at a = 0.05 (Tab. 3). A relatively high value of var n’ in Bceb is
the consequence of more acute corners of the tetrakaidecahedron in the comparison
with rhombic dodecahedrons (the fraction of triangular profiles is 0.03 and 0.07 in
2D tessellations induced by cf and cb tilings, respectively). The both hard-core pro-
cesses are roughly comparable with the Bcs displaced lattice at a = 0.05; the effect
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OBRAZEK 3. a) The change in Eny in tessellations generated by
displaced lattices: Beb (full line), Bef (dashed) and Bes (dotted).
b) The change in shape factors Eg, Ef in tessellations generated
by displaced lattices (line styles as in Fig. 3a; for a comparison the
result for tessellations generated by the SSI hard-core model (dash-
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OBRAZEK 4. Probability density functions of the cell face number
ny in BePG (a) and BePS (b) tessellations (p = 0.5). The quasi-
symmetrical pdf belongs to PVT, the mode heights increase along
the sequence N = 30,50, 70,99, 200.

of doubled packing fraction f, and more pronounced ordering of SSI is reflected by
a lower value of var ny in comparison with M II.

4.1.2. Cluster field tessellations. Eny changes only moderately with increasing N,
however, var ny is much greater in the both cluster field tessellations than in PVT
(Tab. 3). The pdf’s of ny have heavier tails caused by the presence of inner cells with
low number of faces (tetrahedral and pentahedral inner cells are rather frequent at
N £ 10, say) and by outer cells with very high number of faces. However, in PG
tessellations at high N, the interior of the cluster embedding ball is already a small
piece of PVT, the inner cells with low n; vanish and simultaneously the proportion
of outer cells decreases; consequently, a slow diminution of var ny follows. On the
other hand, the growing number of interacting outer cells belonging to different
clusters ensure a steady growth of var ny in PS tessellations - see Fig. 4 and note
shifts of the nodes in the opposite directions in BePG and BePS tessellations. This
behaviour was already observed in the interval 1 < N < 30 and was discussed and
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OBRAZEK 5. Probability density functions of the random dihedral

angle 0 in tessellations generated by Bookstein models at a = 0.005
(full line), 0.05 (dotted) and 0.2 (dashed).

documented in [14] for PG and PS cluster fields.

In BePG and BePS tessellations, the lower bound of ny &~ 14 (without an arrow)
relates to p = 0.1, whereas the upper bound corresponds to PVT; the effect of N is
not substantial (the arrow was omitted accordingly). The maximum values of var n ¢
are attained at p = 0.5 when also CV v is maximum and they increase with growing
cluster cardinality. The mean value En’ = 6 is obligatory for all primitive (normal)
tessellations, var n’ is higher than in PVT but does not change substantially above
N = 30. In BePS and BePG fields, the fragmentation of the original parent cell
boundary without implanted cluster by small outer cells of fragmented neighbours
is so high that quite extremal values of Max n; can be observed (Tab. 3) and the
effect of increasing N is perceptible even in sections.

4.2. Dihedral and edge angles.
Tab. 4 3D dihedral angles.

Nora | EO var 6 EO6 var ©
Bceb 0.05 2.09 0.017 2.09 0.000002
Bef 0.05 2.09 0.043 2.09 0.0018
Bes 0.05 2.09 0.112 2.09 0.0043
SSI - 2.09 0.086 2.09 0.0021
M II - 2.08 0.122 2.08 0.0065
PVT - 2.06 0.179 2.07 0.0125
PS 30—200 | 2.04 0.503—0.563 | 2.04 0.024+0.027
PG 30—200 | 2.04—2.05 | 0.281+0.373 | 2.04—2.05 | 0.019+0.024
BeMPVT || 50—200 | 2.05 0.223 2.05 0.017+—0.019

4.2.1. Hard-core and pseudo-hard-core tessellations. The estimation of dihedral an-
gles confirms the great stability of the tetrakaidecahedronal tiling - Fig. 5, Tab. 4:
only the narrow interval between the two possible values in the isohedral tiling is
covered at ¢ = 0.005 and it becomes wider only slowly. The both Bcf and Bces tes-
sellations cover considerably wider interval of values. On the other hand, the small
differences in pdf’s of the edge angle ¢’ (Fig. 6) demonstrate how much of information
is lost in induced tessellations.
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OBRAZEK 6. Probability density functions of the random dihedral
angle 6’ in the induced 2D tessellations generated by Bookstein
models at @ = 0.005 (full line), 0.05 (dotted) and 0.2 (dashed).
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OBRAZEK 7. Probability density functions of the random dihedral
angle 6 (a) and of the 2D shape factor f (b) in PVT (full line) and
in PG, PS tessellations at 6 = 0.05. PG: N = 50 (densely dotted),
200 (dashed), PS: N = 50 (dash-dotted), 200 (dotted).

4.2.2. Cluster field tessellations. The main change produced in the boundaries of
parent cells are new edges created at their intersection with the symmetry planes
of closely spaced pairs of daughters; the corresponding dihedral angle is close to the
value of 7 and its frequent occurrence gives rise to the significant secondary mode
in the pdf of the random dihedral angles 6,6’ [14] - Fig. 7a.

The dihedral angle 6 examined here is the random dihedral angle - one dihedral
angle is selected uniformly at random from each cell. The mean value of € remains
nearly unchanged as together with the straight angles mentioned above also two
approximately right angles are created. The behaviour of pdf’s at NV < 30 is shown
and discussed in [14]. In PG tessellations, the pdf of § approaches that one of PVT
at higher values of N: the inner cells with low face numbers and low dihedral angles
gradually vanish. In PS tessellations, the mode systematically shifts to lower values
as a manifestation of growing proportion of flat, wedge and pyramidal cells and the
increasing fragmentation complexity of parent cells ensures a steady growth of var 6.
The distribution of the edge angles - in particular the presence of the secondary mode
at 8 — - in the induced planar tessellations is very similar, hence clusters manifest
themselves very clearly this way also in planar sections - Tab. 6.
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OBRAZEK 8. Probability density functions of the mean 3D shape
factors Ef (a) and Eg (b) in PVT (full lines) and at § = 0,05 in
PG, PS tessellations. PG: N = 50 (densely dotted), 200 (dashed),

PS: N = 50 (dash-dotted), 200 (dotted).

The values for BePS (BePQG) tessellations vary between PVT and PS (PG) tes-

sellations.

4.3. Shape factors.

Tab. 5 3D shape factors (the sample size ~ 10°).

Nora |Ef min f | Eg min g
Bceb 0.05 0.788 0.739 0.862 0.828
Bef 0.05 0.749 0.688 0.856 0.828
Bes 0.05 0.615 0.552 0.755 0.713
SSI - 0.686 0.535 0.804 0.691
MII - 0.639 0.400 0.772 0.580
PVT - 0.579 0.1 0.728 0.2
PS 30—200 | 0.13+0.32 | 0.00002 | 0.46«<0.57 | 0.0002
PG 30—200 | 0.34—0.39 | 0.00006 | 0.55—0.60 | 0.01
BeMPVT || 50—~200 | 0.524+0.01 | 0.01 0.69+0.01 | 0.2

4.3.1. Hard-core and pseudo-hard-core tessellations. The shape factors are f oc w3

and ¢ < s~2/% in unit isohedral tessellations. Tetrakaidecahedrons create the thin-
nest tiling with respect to the both surface area s and mean breadth w, hence the
both shape factors must have the highest values attainable by an isohedral tiling
in R3. Note also - Fig. 3b, that the remaining two displaced cubic tessellations be-
come thinner with respect to the both s, w on growing a, i.e. f, g increase in certain
interval of small values of a.

The range of shape factors f, g is relatively narrow in hard- and pseudo-hard-core
tessellations and in PVT, no extremely thin or flat cells develop. On the contrary,
there is no lower bound on f’ in the corresponding induced tessellations - Tab. 6;
highly elongated profiles are created whenever a section plane passes near an edge
approximately parallel with it.

4.3.2. Cluster field tessellations. A secondary mode near f ~ 0 in the distribution of
the shape parameter f - Fig. 8 - is observed in tessellations generated by cluster fields
of both types but it is insignificant and occurs at higher values of N in tessellation
produced by spherical fields. It is produced by rod-like cells of small volume v and



296 Ivam Saxl and Petr Ponizil

appreciable mean breadth w. A comparable fraction of plate-like cells would create a
similar mode near zero in the distribution of the shape factor g, but this distribution
is the only one which is strictly unimodal; hence plate-like cells must be rather rare.

Tab. 6 2D shape factor and edge angles (the sample size ~ 10°).

Nora |Ef min [’ | E¢’ var ¢’
Bceb 0.05 0.808 0.004 | 2.00 0.021
Bcf 0.05 0.808 0.003 | 2.02 0.020
Bes 0.05 0.712 0.002 | 2.01 0.030
SSI - 0.760 0.002 | 2.01 0.25
MII - 0.739 0.002 | 2.01 0.29
PVT - 0.579 0.003 | 2.000 0.349
PS 30—200 | 0.6 0.001 | 2.00 0.513<0.576
PG 30—200 | 0.62 ~0 1.96—1.97 || 0.584+0.61
BeMPVT || 50—200 | 0.694+0.01 | 0.003 | 1.99 0.39—0.41
BePS 30—99
BePG 30—200

A distinct bimodality was observed also in the distribution of planar the shape
factor f’, even in PVT [5]. The position of the secondary mode is rather stable.
Its probable cause is the abundant presence of triangular profiles formed whenever
a section plane hits a cell near its vertex (the mode value f’ = 0.6 is appropriate
to an equilateral triangle) and it is more pronounced in PG and PS tessellations -
Fig. 7. The values for BePS (BePG) tessellations vary between PVT and PS (PG)
tessellations.

5. SUMMARY

In the examined sequence of hard- and pseudo-hard-core tessellations, a gradual
passage is accomplished from a regularity of point arrangement in translation lattices
to a complete independence of points in PPP. This passage is reflected by the dual
representation of point patterns through the properties of Voronoi cells, namely as a
passage from dense (in the sense of inscribed sphere volumes) and thin (with respect
to cell boundary properties) tilings to PVT. Its main features are an increase (not
always monotone) of the values and ranges of the face, edge and vertex numbers and
the loss of equiaxiality (decreasing shape factors and a continuous range of dihedral
angles spanning finally the whole interval (0, )).

At small values of cluster size § and growing cluster cardinality N, globular clus-
ter fields gradually realize a local point concentration. At sufficiently high N, the
points are compressed within the cluster embedding balls separated by large point-
less regions. The majority of them generates inner cells gradually approaching a
piece of PVT, which explains the "left arrows” in the rows of the tables describing
PG tessellations. Only the points lying in the vicinity of the ball boundary generate
large outer wedge-, rod- and plate-like cells filling up the vast space between indivi-
dual clusters. These cells forming quasi-spherical bundles resemble cells of spherical
clusters and their properties differ from those of PVT - they have lower values of Ef
and of shape factors and cover wider ranges of § and ny. Their effect on the mean
values gradually fades out with growing N in PG cluster fields and the direction
of their gradual development - symbolized by ”right arrows” in the corresponding
table rows - must be examined in the PS fields only. Unfortunately even in such
fields, small PVT-islands are formed by clusters innate to PPP at high values of V.
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In the Bernoulli mixtures and Bernoulli cluster fields, the above described mixing
od various types of Voronoi cells can be better controlled than in pure PG and PS
fields.

Due to their scale independence, shape properties are very suitable for an explo-
ratory analysis of point patterns as well as of natural tessellations.

[1]
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ON SOME EXACT DENSITIES IN AN EXPONENTIAL FAMILY

MILAN STEHLIK

ABSTRACT. The aim of this paper is to give some results on the exact density of the
I-divergence in the exponential family with exponentially distributed observations.
It is shown in particular that the I-divergence can be decomposed as a sum of two
independent variables with known distributions. Since the considered I-divergence
is related to the likelihood ratio statistics, we present the method of computing the
exact distribution of the likelihood ratio test. One numerical example is provided to
illustrate the methods discussed.

Pesrome: YBaskaercs mpobJsema HAUTU pacrpenesenve V-nuBepreHmuu aJis
EIMOHEHIINAJLHOTO CeMEeNCTBA.

1 Introduction. Let’s consider a statistical model with N independent obser-
vations yi, ..., yn which are distributed according to the exponential densities

7i(9) exp{—i(9)y;}, fory; >0,
0, for y; < 0.

Fwild) = { 1)

Here ¥ := (¥1,...,9p) is the vector of unknown scale parameters, which are the
parameters of interest. The parameter space © is an open subset of R?, ; € C?%(0)
and the matrix of first order derivatives of the mapping v := (v1,...,7n) has full
rank on 6.

This model is motivated e.g. by a situation when we observe the time intervals
between (N + 1) succesive random events in a Poisson process, which is commonly
used in queueing systems (c.f. Kaufmann and Cruon, [5] and Kleinrock [6]), then
the parameters 7; () are equal to the (usually parametrized) intensity ~.

Another example is the software-reliability model of Moranda developed further
by Gaudoin and Soler [4]. Here the objective is to assess the failure rate based on
the observation of the successive failure times,

O<ti<ta< - <tp <...,
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Key words and phrases. Exponential family, I-divergence, likelihood ratio, maximum likelihood,
GLIM, Lambert-W function.
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which are observations of a random point-process.

Gaudoin and Soler(1992) suppose, that
’)/7;(191,192) = 191)\1(192), 1= 1, ,N

with ¥; € RT,95 € R. The parameter 1J; is a parameter of scale and the param-
eter 9, represents the change of the reliability of the software, resulting from the
correction after its i-th failure. In particular, when

Ai(V2) = exp{—(i — 1)U2}

(cf. Gaudoin and Soler (1992)), then ¥ = 0 if the reliability is stable and ¥2 > 0 if
there is a growth of reliability. Here is proposed a rather complicated expression for
the distribution function of the maximum likelihood estimator (MLE). In Pdzman
[8] the probability density of the parameter estimators is considered.

The other one interesting problem is a test on proportion of the exponential
distribution which can be used for constructing a statistical quality control sampling
plan (c.f. Rublik, [9]).

The last but not least example is GLM with exponential distribution (c.f. Mc-
Cullagh and Nelder, [3]).

Such set-ups motivate interesting statistical problems. In the present paper we
put stress on the testing problem and consider the likelihood ratio (LR) test. We
derive exact distribution function and the density of the LR test of the canonical
parameter. The table of critical constants is also given and we compare the exact
distribution of the LR with the asymptotic one.

2 The I-divergence. In this section we consider some structural properties
of the model to be used later. Model (1) is a regular exponential family which is a
subfamily of the family

N
(k) = T[re " brer. @

To relate this to the general theory of exponential families we can write densities (2)
in the form

{exp(—v(y) + )"y — £(7) }rer (3)

where

P(y) =0

K(y) =— Zln(%)

I'={(v,.~),% >0,i=1,..,N}.

The family (1) can be considered as a particular case of a nonlinear family with
densities

{exp(—v(y) + " (¥)¥(¥) — (v(¥)))}veo
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which is ”covered” by the family (3) in the sence that it is a subfamily of the family
(3), and

{tly) :y e Y} C{E,{t(y)} : v € I'} (c.f. Pazman, [7], chpt.9). (4)
Since in regular exponential families we have the relation (c.f. Barndorf-Nielsen, [1])

B, (1)) - 252,

by the ”covering” property (4) we can associate to each value of ¢(y) a value of 7,
denoted #,, which satisfies

20|, =) 6

From (5) it follows that 4, is the MLE of the canonical parameter 7 in the covering
family.

The Kullback-Leibler divergence

h(ylv*)
h(ylvy)

I(v,y) =By { bvyterl

in the model (2) is equal to
109 =N+ 3 {2 (),
i=1 i i

By the use of (5) we can define the I-divergence of the observed vector y

N
In(y,7) :==1(Yy,7) = —N + Z{yz% —In(yivi)}

i=1
For v > 0 let us introduce a function

z—vln(z), for x>0,
0, for x < 0.

Gofe) = {

Further GG := (G7 is used. This allows to write

In{y7) = Y {Gm) = GO}, ()

3 The geometric approach to the /-divergence.
In this Section we give our main results, Theorems 3.2.1. and 3.2.2..

Let us introduce notation y ~ exp(y1,...,7n), ¥ € I when y = (y1,...,yn) is
distributed according to the density h(y|y) (see (2)).

3.1 The case of one observation.
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Let’s have y ~ exp(¥). Then the I-divergence I; has the form I;(y,v) = —1 +
G(vy) (see (6)). The function G : (0, +00) —< 1,400) has as an inverse multifunc-
tion G~! :< 1, +00) — 2% with two differrentiable selectors min G~! and max G~!.
In the Appendix A is given that

min G~ (u) = —LW(0, —e™*), u > 1
and
max G~ (u) = —LW(—1,—e™"), u>1

where LW(k,w), k € Z, w € C is the value of the k—th branch of the Lambert-W
function at the point w (see Appendix A).

Let F(z) is the cummulative distribution function (c.d.f.) of I1(y,v). Then
F(z) =0 for z <0. For x > 0 we have

F(z) = P{G(vy) <142} = PlminG'(1+2) < vy < maxG (1 + 2)} =

= P{*%EW(O, —e ) <Ay < f%LW(—l, —e 7)) =
LW(0,—e 17%)
dF
To obtain the density f(z) = ﬂ
Appendix A. Thus we have proved the following proposition.

2R

ILW(—-1,—e"177)

=€ e

we follow the rules for derivatives explained in

Propostion.

Let y ~ exp(¥). Then the c.d.f. of I1(y,~) has the form
ILW(0,—e 7)1 LW(—1,—e 17%)
Fz) = e e , forx >0,
0, for x <0,
and the density of I (y,~) has the form

flz) = { q(1,2,2) —q(0,2,2), forxz >0,
0, for x < 0.

Here

SEW(=k,—e™"")  rw(ck—etr
q(k,r,s) = 1+£W(—k:,—e—1—")e (=k, )forkGZ; r,s > 0.

3.2 The case of N observations.
Let us consider the (N — 1)-dimensional Euclidean simplex
ON_1 = {UERN71 0<ur <1,.., 0<uny_1<1l—wu—..—un_2}
and the positive cone Ex = {z € RY z; > 0,...,2x > 0} of the N-dimensional

Euclidean space EV. It holds Exy = on_1 x &. For 4 € I' we define the map
I/ry:gl X ON-1 ‘>5N
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T, for 1<i<N—1,

=1 | (7)
— (1 —u; —us — ... —un-1), fori=N.
IN

N-1
drdu.

This map is regular and dy = 4

Y--YN

Theorem 3.2.1.
Let’s have y ~ exp(1, ..., 7n) and § > 0.
Then In(y,07) is the sum of two independent variables Ry and Sy where
RNZGN(5T)—GN(N) (8)
and
SN = —ln{NNul...uN_l(l—ul—...—uN_l)}. ©))
Here r is I'(N, 1)-distributed and (uy, ...,un—1) is uniformly distributed on the sim-

plex on_1.

Proof.
Into the characteristic function ¢ of the variable Iy (y, %) we introduce the co-
ordinates (r,u1,...,un—1) corresponding to the map vy (see (7)).

After the substitution we obtain () = 91 (u)12 () where

T,Nfl

+oo
b () = / exp{i G () = G (V) e

and
Ya(p) = / exp{—ipIn{Nui..uy_1(1 —u1 — .. —un_1)} }du

are the characteristic functions of the random variables Ry and Sy from the The-
orem 3.2.1.. This completes the proof.

Theorem 3.2.2.
The c.d.f. of the variable Ry from the Theorem 3.2.1. has the form

PN

FN(=N6~1 LW(=1,—e= "N )) = Fn(=N&~2 LW(=e="5")), p>0,
0, p<0

Fn(p) = {

and the density of the Ry has the form

h(Nﬂ 17p7 671) - h(N7 0’p’571)5 fO{r p > 07
0, for p <0.
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Here Fn(x) is the c.d.f. of the I'(N,1)-distribution and for N €N, k € Z; r,s >
0 we define

r+N AN

(NN AN {LW(k, == N Y noew(one SF)
IL(N) 14 LW(—k,—e="F")

h(Nﬂ k? T? 8) =

Proof. For p < 0 we obtain Fy(p) = 0. Let us have p > 0. Then

+N

Fn(p) = P{=N6"*LW(—e~ ¥ ) <r < =N6 ' LW(-1,—e~

p+N

2|

)} =

p+N

N ) = Fn(=N& LW (—e™

p+N

)

The density of the Ry follows after the differentiation of Fy(p) (see Appendix
A).

= Fn(=N&1LW(—1, —e~

O

3.3 The comparison to the normal model.

The components Ry and Sy (see Theorem 3.2.1.) are independent variables (it
means that our decomposition is also deconvolution), Ry is the ”radial” component
depending only on the "radial” coordinate r and Sy is the simplectic component
depending only on the simplectic coordinates (u1, ..., un—_1).

There is an analogy between the radial component of the I-divergence in the
normal linear regression and in the model (1). To see this we note that in the
normal regression with y ~ Ny (9, 02I) we have

1
In(t(y),v) = @H?J — 9|2

where ¥ € @ is the unknown parameter of the interest and o is a known variance
parameter. Here we must use the spherical coordinates (r(9), ¢1, ..., ony—1) of EV —
n(9¥) and the decomposition contains only the radial component

. 1
The LR test of the hypothesis Hy : 9 = g versus Hy : 9 # Y based on the
statistics —2In \ = 2R%(r, o) has x%-distribution under the null hypothesis.

To make the comparison to the exponential model let us consider the LR test of
the hypothesis Hy : v = o versus H; : v # v in the simple GLM y ~ exp(7, ...,7y)
(Poisson process, see Section 4). The LR statistics —21n A = 2Ry (r, 7o) is asymp-
totically x?-distributed under the null hypothesis (see Wilks, [10]).

4 Tllustrative example.

In this Section we show some applications of our results to the LR test of the
parameter of interest in the model (1).
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We consider a statistical model with /N independent observations yi, ..., yn which
are distributed according to the exponential density

~vexp(—~vy;), fory; >0,
flyily) =
0, for y; <0.

Here v is an unknown scale parameter (intensity) and the parameter space I' = &;
is the open subset of R. This model is a special case of the model (1).

4.1. The exact LR test of the intensity.
We consider the test

(10)

Hy : v =9 versus Hy : v # Yo (11)
in the model (10).
Theorem 4.1.1.
The test statistics —In X of the LR test to the hypothesis (11) has the form

N
T~ (y) = Gn (70 Zyz) -GN (N) (12)

and T = Ry, where Ry is the "radial” component of the In(y,vo) (see (8)) .

Under the null hypothesis the c.d.f. and the density of Ty is given in the Theorem
3.2.2. where we take 6 = 1 and the Wilks statistics —21n X\ has the c.d.f. of the form

FN(=NLW(=1,—e 173%)) — Fy(=NLW(—e 172F7)), >0,
b = { ZYENOVL ) S AN, 0
0, T<0,
and the density of the form
3{h(N,1,%,1) = h(N,0,3,1)}, forT>0,
0, for 7 <0.

fN(T){

The proof is presented in Appendix B.

Table 3 contains the critical constants ¢,y of the LR test —21n A on the level of
significance « in small dimensions N obtained from its exact distribution (13).

Table 3. Critical constants cq, N

a\ N 1 2 3 4 5

0.005 8.852997810 8.460579550 8.287166100 8.192107640 8.132601599
0.01 7.498403700 7.136930670 6.983699006 6.901147440 6.849915290
0.02 6.15478803 5.831756370 5.700796220 5.631435842 5.588746670
0.05 4.407670803 4.149077148 4.050520530 3.999436000 3.968318015

4.2 Comparison with the y2-asymptotics.

The MLE # of the parameter v in the model (10) is consistent and —21In A has
asymptotically x2-distribution (c.f. Wilks, [10]). In this Section we present how the
exact distribution of the LR test differs from the asymptotic one.

Let us present the Table 4 of the critical constants k, obtained from the asymp-
totic x2-distribution of the —21In X on the level of significance 0.005, 0.01, 0.02 and
0.05.
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Table 4. Critical constants kq, .

« ko
0.005 7.879438577
0.01 6.634896601
0.02 5.411894431
0.05 3.841458821
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The following Table 5 shows that the exact levels of significance . n of the critical
constants k, are higher in small dimensions N than the asymptotic ones.

Table 5. The exact levels of significance o, n -

a\ N 1 2 3 4 5

0.005 0.008224735 0.006771825 0.006204483 0.005908783 0.005728607
0.01 0.015599286 0.013037809 0.012058871 0.011552053 0.011244013
0.02 0.029448482 0.025065314 0.023424550 0.022579936 0.022067611
0.05 0.067701923 0.059361294 0.056314364 0.054754992 0.053810812
a\ N 10 20 30 40 50

0.005 0.005364607 0.005182040 0.005121267 0.005090910 0.005072708
0.01 0.010622626 0.010311006 0.010207222 0.010155366 0.010124268
0.02 0.021035190 0.00517344 0.020344780 0.020258532 0.020206799
0.05 0.051909321 0.050954881 0.050636560 0.050477398 0.050381907

Appendix A. The Lambert-W function satisfies

LW (2)eFVE) = .

As the equation yexp(y) = z has an infinite number of solutions yj, for each (non-
zero) value of z € C, Lambert-W has an infinite number of branches. Exactly one
of these branches is analytic at 0. Usually this branch is referred to as the principal
branch of Lambert-W, and is denoted by £LW(z) or LW(0, z). The other branches
LW(k,z), k € Z \ {0} all have a branch point at 0. The principal branch and
the pair of branches LW(—1,z) and LW(1, z) share an order 2 branch point at
point —exp(—1). The branch cut dividing these branches is the subset of the real
line from —oo to —exp(—1), and the values of the branches of Lambert-W on this
branch cut are assigned using the rule of counter-clockwise continuity around the
branch point. This means that £W(z) is real-valued for z € (—exp(—1),00) and
similarly, the branch corresponding to —1, LW(—1, z), is real-valued on the interval
(—exp(—1),0). For all the branches other than the principal branch, the branch cut
dividing them is the negative real axis. The branches are numbered up and down
from the real axis (this is very similar to the way the branches of the logarithm are
indexed by the multiple of 27i which must be subtracted from the imaginary part
to recover the principal branch).

The asymptotic behavior of the Lambert-W at complex infinity and at 0 (for the
non-principal branches) is given by
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{c(m,n) In(In(k, z)} 7+
111 k Z 7n+n+1 ’

LW(k,z) ~ In(k, z) — In(In(k, z) Z

m,n=0

where In z denotes the principal branch of the logarithm,
In(k, z) = Inz + 2kmi

and the ¢(m,n) are constants independent of k. The expansion for LW(—1,2) is
not valid for z — 0 along the negative real axis (the effect of the branch point at
—exp(—1) must be considered), but holds otherwise.

Without the proof (which is rather technical) we present the following Lemma:
Lemma.

Let v > 0. Then for u > G,(v) we have the following expressions in terms of
Lambert-W function:

u

min G (u) = —wLW(0, —%)

and

u

max Gt (u) = —vLW(—1, feTv).

Here min G, and max G, are selectors of the multifunction G, :< G, (v), +00) —
2R, Further let us define fi.(x) = LWV(=k,—e™®), x > 1, k=0,1.

Sul@)

Then fie € C*((1,+00),R) and fi(x) = 7

holds.

Previous Lemma shows that all densities and c.d. functions in this paper are
real-valued functions and gives the formula for computing of derivatives.

The Lambert-W function has a good implementation in mathematical software
such as Matlab 5.3 or Maple V Release 5.1. For more information see Corless [2].

Appendix B.

Proof of the Theorem 4.1.1. The LR to the hypothesis (11) is

f(ylo)
)\ =
W= Far) -
where f(y|y) = 7 exp{—y Z yi} and § = N{ Z y; }~1 is the MLE of the parameter

=1
~. Putting it into the (14) we obtam the formula (12). Application of Theorem 3.2.1.
completes the proof.
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KERNEL FRAME SMOOTHING OPERATORS

VITEZSLAV VESELY

ABSTRACT. Basics of frame expansions in separable Hilbert spaces are explained
in context with the theory of pseudoinverse operators. A new geometric ap-
proach is outlined connecting both areas. An iterative frame-based procedure
is suggested which finds, to a given function f, a finite frame or Riesz basis for
its expansion which is e-optimal in a certain sense. In particular a new type of
kernel smoothing operator based on dual frame expansions is introduced with
which the above procedure allows us to find easily not only e-optimal band-
widths (scales) as with common kernel smoothing, but also e-optimal shifts.

M3moskeHbl OCHOBBI HEOPTOMOHAJBHBIX pa3BUTUR Tuna ¢peim (frame) B
cenapabessHbIX MMJBOEPTOBBIX MPOCTPAHCTBAX B COOTHOIIEHUU K TEOPUN
ceBAOOOPATHBIX ONMEpaTOpoB. [[OKA3aH HOBLIE Mr€OMETPUUECKUA MTOAXO,
KOTODPBIM CBsi3biBaeT 3Tu obJsiactu. [IpemyiaraeM UTEPATHUBHYIO MPOIE-
nypy Ha 6as3uce »TUX pa’zBUTUIl, KOTOpasg HAXOAUT K MAHHON (yHKIIN
f xomeunnlii ¢petim mnam 6a3uc Puca nnas e€ pasmoskeHus, KOTOpOe eCThb
ONTUMAJLHOE B OIMPENeJEHHOM CMbICTe. B chnenmmuasbHOM ciiyuae BBEIASH
HOBBIIA TUII CrJIaXKMBAIOIIEr0 OINEePATOPA TUIA SAPA, KOTOPBIA OCHOBAH HA
pPa3sBUTUU IO AyaJbHOMY (peiiMy U MO3BOJSIET C MOMOIIO MPEAbLIYIei
[pOLEeyPhl JIEFKO HAliTW HE TOJHPKO ONTHMMAJbHYIO HIMPUHY rmosca (scale)
MOoMOOHO KAaK B OOLIKHOBEHHOM CJIyUae CTUIAYKUBAHUS [IPU MOMOIIU SIEP,
HO TOXe OHTI/IM&JLHBII/UI CABUTL.

1. INTRODUCTION

The origins of the frame theory date back to the work of Duffin and Schaeffer [5],
more details can be found in [16], too.

Section 2 contains symbol list along with some preliminaries of functional analysis
(see e.g. [4, 11, 15]) inclusively pseudoinverse operators [7].

Basics of frame expansions in separable Hilbert spaces are explained in context
with the theory of pseudoinverse operators (sections 3,4,5). Most of what is col-
lected here is scattered around specialized literature (mostly related to wavelets),
for example [1, 2, 3, 12], to mention a few. In addition, a new geometric approach
is suggested by the author for both areas leading to another (geometric) definition
of a frame equivalent with the widely used analytic descriptions, and making evi-
dent that frames are nothing but synonyms for bounded operators with closed range
space — exactly those operators for which bounded pseudoinverse exists [7]. From
the statistical point of view frame may play the role of a set of regressors (even
countable) for a generalized regression model the solution of which belongs to an
abstract H-space, typically a functional space, or a space of random variables, or
even random processes [8].

2000 Mathematics Subject Classification. Primary:  47B34, 65D15, 65F20 Secondary:
42C15,42C30.

Key words and phrases. Functional approximation, kernel operators, frame and wavelet expan-
sions, pseudoinverse operators.

Research partially supported by Czech Ministery of Education grant MSM 143100001.
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We suggest an iterative frame-based procedure in section 6 which finds, to a given
function f, a finite frame spanning a finite-dimensional H-subspace H.(f) (depend-
ing on f) of a fixed (even 1nﬁn1te-d1men51onal) space H C Hy giving nearly exact
(e- optlmal) least-squares approximation f. € H. of f in the sense that Hf f8H <e,
where f € H is the exact least-squares approximation (orthogonal projection) of f
in the space H.

New type of kernel smoothing operator using dual frame expansions is intro-
duced in section 7 allowing us, applying the above procedure, to find easily not only
g-optimal bandwidths (scales) as with the common kernel smoothing [6, 9, 10], but
also e-optimal shifts.

2. NOTATION AND THEORETICAL BACKGROUND OF FUNCTIONAL ANALYSIS

2.1. Notation and preliminaries.
e N Z,R,C ...natural numbers, integers, real and complex numbers, respec-
tively.

e Zn :={0,1,...,N — 1} ...residuals modulo N € N.
e |M]| ...cardinality of a set M.
o J Ji,Jo,... ...indexing sets; J, J; C Z, usually N, Z or Zy.
o X . X71,Xs5... ...complex normed linear spaces (NL-spaces) with norm ||-||
or inner product spaces (IP-spaces) with the inner product (-, -).
e B, B1,By... ...complete NL-spaces, alias Banach spaces (B-spaces).
e H Hy,Hy... ...completeseparableIP-spaces, alias Hilbert spaces (H-spaces).
e L(M), M C X ...linear subspace (L-subspace) in X spanned by M.
e M, M C X ...closure of a set M in X
o L(M), M C X ...closed lineare subspace in X spanned by M; Xcomplete =

L(M) is complete; X; C X complete = X7 is closed.

x1 L @95 1,29 € X ... 21 is orthogonal to z3 ({z1,22) = 0).

e x|l M;()#MCX ...zis orthogonal to M (z L yVy € M).

e M*; ) # M C X ...orthogonal complement of M in X: M+ := {z €
X |z 1L M}, Mt is a closed linear subspace in X, i.e. B- or H-subspace and
Mt =L(M)*+ = E(M)L; moreover it holds M1+ = L(M).

e E,E1,Fs,... ...orthonormal basis (ONB) in H,H;,Hs,..., respectively:
E = {en}nEJa E; =: {en}nEJi» en L em for m 7é n, HenH =1, m = H,
LE)=H;,i=1,2,....

e dim H = |E| =|J| ...dimension of H;
separability of H = dim H < X, we write also dim H = oo if dim H = Ry.

e L*(a,b), L? :== L?(—00,00) ...the H-space of all functions measurable and
absolutely square integrable (in the Lebesgue sense) on the interval (a,b) C
R, —00 < a < b < oo; dim L%(a,b) = oo

o (2(J), £? := (*(Z) ...the H-space of all J-indexed absolutely summable

sequences: {&nbnet, Y opeslénl? < 0o, dim2(J) = |J|.

&= {{6m‘rn}m€‘]}n€.] ...natural orthonormal basis in £2(.J).

L(X1,X5) ...complex vector space of all linear operators T : X7 — Xo.

D(T) := X1, T € L(X;,X2) ...domain of operator T'.

N(T) C Xy, T € L(X;1,X3) ...null space of operator T: N(T) := {z €

D(T)| Tz = 0}.

e R(T) C X3, T € L(X;1,X2) ...range space of operator T: R(T) := {y €
X |y =Tz for some x € D(T)}.
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o B(Xy,X3) C L(X3,X3) ...complex NL-space of all bounded (continuous)
linear operators T : X7 — Xo, |[Tz|| < |T|||z| Vx € X3; B(X,B) is a
B-space — consequently B(Hq, Hz) is a B-space as well.

o LT(X;1,Xs) C L(X7,X2) ...subset of all linear isomorphisms 7" : X; — Xo

(bijective linear operators); we write X 4 Xo if LI(X1,X2) # 0.
o TLI(X1,X2) C B(X1,X5) ...subset of all topological linear isomorphisms
T:X1—Xo:Te€ TEI(XI,XQ) s T e EI(XI,XQ) ﬂB(Xl,Xg) & T1 €

LT(Xs, X1) N B(Xa, X1); we write X1 = Xy if TLI(X1, Xs) # 0.

e UT(Hy,Hs) CTLI(Hy, Hs) ...subset of all unitary (=surjective isometric)
operators T : Hy — Ho, it holds:
T € UI(H1,Hs) & Hy; = R(T) & ||[Tz| = ||z||Vx € Hy (in particular

IT=1) & Hy =R(T) & Tz, Ty) = (x,y)Vo,y € Hy; we write Hy < H,
if UT(Hy, Ha) # 0.

o I, Ix ...identity operator, D(I) = X; clearly Ix € TLZ(X,X), ||I]| =1
and even Iy € UZ(H, H).

o T* ... adjoint operator of T € B(Hy, Hs): (Tx1,x2) = (w1, T*x2)V2; €
Hy, x5 € Ho; it holds:

(a) T* € B(Ha, Hy), |T]| = |[T°]| and [ 77" = |77 = | |2 = |T*|;
(b) T € TLL(Hy,Hy) = T* € TLI(Ho, Hy) and (T*)~t = (T~ 1)*
(C) T e Z/{I(Hl,HQ) & T e TEI(H:[,HQ) & T* =T

o T=T* TeB(H,H) ...self-adjoint operator; clearly Iy is self-adjoint.

e T >0 (T >0), T € B(H,H) ...(strictly) positive operator: (Tx,x) >
OVze H ((Tz,z) >0V0#z e H); it holds:

() T>00rT>0=T=T",
(b) T € B(Hy, Hy) = T*T,TT* > 0.

e P, Pe B(H,H) ...orthogonal projection operator, alias self-adjoint idem-
potent bounded linear operator (P = P* and P? = P); H; := R(P) is closed,
i.e. H-subspace in H; that is why we write also Py, instead of P.

e I := Py,x, Py, € B(H,H) ...the result of orthogonal projection of any
x € H onto the subspace H; C H.

2.2. Basic definitions and theorems for reference.

Theorem 2.1. Given T € B(Hy, H3) then the following holds:

(1) N(T) = R(T*)* = R(T*), N(T)* = R(T7)

(2) N(T*) = R(T)* =R(T) ", N(T*)* = R(T)

(3) Hy = R(T") @ N(T), Hy = R(T) & N (T*)

(4) If T =T* then N(T) = R(T)* = R(T) " and R(T) = N(T)*
(5) N(T*T) = N(T), N(TT*) = N(T*)

(6) R(T*T) = R(T*), R(IT*) = R(T)

Definition 2.2. For T' € B(H;, Hs) we introduce restricted operator T .= TlW S
B(R(T*),R(T)), i.e. Ta := T for all z € R(T™).
Theorem 2.3. The restricted operator and its adjoint satisfy:

(1) (T*y="1" )

(2) R(T) = R(T), R(I") = R(T")

G) TN =T = T[] = I~
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Proof. Put H := R(T), H* := R(T*), then by 2.1(3) Hy = H* ® N(T) and H, =
HaN(T™).
(1) z € H*, y € H arbitrary = (Tz,y) = (Tz,y) = (x,T* y) = (z,(T*)y) =
(T*y =T*.
@2) f=f+freH, f=PypfeH fre H =N(T)=>Tf=Tf+Tf" =
TF. Thus we have got R(T) = R(T). Similarly we prove R(T*) = R(T*).
(3) As ||T|| = ||T*| and ||T|| = ||T*|), it is sufficient to prove ||T'|| = ||T||. For any
f e H* wehave |Tf| = |Tf| < |T||Ifll= IT|| < ||T||. On the other hand,
for any f € Hyz |ITFI2 2 |TFI2 < ITI21A12 < ITIRAFI2 + 15412 =
ITIZILANZ = N7 A < ITIILA = 1T < 7).
O

Theorem 2.4. Let T € L(X1,X3). Then T € TLI(X:1,R(T)) if and only if there
ewists 0<m<M<oo:m|z| <||Tx|| < Ml|z|| for all x € X1. In such a case
HT T = m and |T|| < M are best bounds for T # 0, and R(T) = R(T) if X, is
complete (B-space).
Theorem 2.5. Let T € B(Hy, Hz). Then the following are equivalent:

(1) TeTLI(H,,R(T))

(2) R(T*) = Hy (T* is surjective)

(3) N(T) = {0} (T is injective) and R(T*) = R(T*)
Corollary 2.6. T € TLZ(H;, Hs) if and only if T*T € TLI(H,, Hy)
Corollary 2.7. Let T € B(Hy, H3) and be any ofR( ) or R(T*) closed. Then the
latter range space is closed as well, and both T and T* are TLI: T € TLI(R(T*), R(T))
and T* € TLI(R(T), R(T*)).

Proof. Applying 2.3(2), we get:

L. R(T*) = R(T*) closed (H-subspace) = T'is TLI by 2.5 and thus also R(T") = R(T)
is closed in view of 2.4.

II. Using the same argumentation: R(T') = R(T) = R(T**) closed = T* is TLI and
thus also R(T*) = R(T™*) is closed. O

Definition 2.8 (Bounded pseudoinverse of bounded linear operators).
Let T € B(Hy,Hy), R(T) = R(T). Then operator T+ € B(Ha,, Hy) is called
(Moore-Penrose) pseudoinverse of T if the following identities are fulfilled:

(1) TTTT =T

(I2) THTTH =T"

(I3) (TTH)* =TT* (TT is self-adjoint)

(I4) (TTTY* =T*T (T*T is self-adjoint)

The restricted operator T yields a geometrically transparent formula for 7:
Theorem 2.9. If T € B(Hy, H) and R(T) = R(T) then R(T*) = R(T*), both
T and T* are TLI and there exists exactly one pseudoinverse of T given by T+ :=
Tﬁlpr(T).

We have also R(TT) = R(T~') = R(T*) and
(1) TT* = Pr(ry,I =TT = Pyx(r+)
(2) THT = Pr(r+y, I = T*T = Py
(3) If T =T* then TTT =T%T = Pr(ry, I — TTJr =I1—-T%T = Py(r),
T= TPR(T) = PR( T and T+ = T+PR(T) ( )T+
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Proof. Tt is straightforward to verify that the operator T‘lPR(T) satisfies (I11)—(14).
Uniqueness is a pure algebraic consequence of identities (I1)—(I2) so as it is in the
case of standard matrix pseudoinverse, but may be seen immediately also from 2.10.
The remaining properties are easy to verify as well. O

Following the analogy with matrices, all well-known properties and identities of
the matrix pseudoinverse remain valid in unchanged or only slightly modified form.
Their geometrical proof based on T+ := T‘lPR(T) is in most cases a simple exercise
compared with standard algebraic approach relying only on identities (I1)—(I4).
The following two corollaries summarize some of the properties.
Corollary 2.10. x := Ty = argmin, ¢ g, ||y — Tz|| where xo € R(T™*) is the only
least-squares solution to the operator equation Tx =y having minimal norm among
all other possible solutions, more precisely: should x # x¢ be another least-squares
solution Tx = Txog =y then x ¢ R(T*) and ||z| > ||zo]|-
Corollary 2.11. Some more identities for TT:

(I5) 0t =0*

(I6) (T*)* = (T)*, in particular if T is self-adjoint then T is self-adjoint as

well and N (T+) = N(T*)

I7) T+t =T

(]:8) IfT € TEI(HhHQ) then T+ — T*l
1

(19) (¢T)* = ¢t T+ for any c € C where ¢t = { © forc#0
0 forc=0

(110) (T*T)t =TH(T*)t and (TT*)t = (T*)TTT are self-adjoint
(I11) T+ = (T*T)*T* =: R*T* where R := T*T, R(R) = R(T*)
(112) TT =T*(TT*)" = T*St where S :=TT*, R(S) =R(T)
(I13) (I'")y*=TR*t =5S*T

3. FRAMES AS A GENERALIZED CONCEPT OF RIESZ AND ORTHONORMAL BASES

3.1. Orthonormal bases.

Definition 3.1. (Bessel operator)

For @ := {¢n}nes C H the operator Lg € L(H,C/!) defined by Loz := {(z, ¢n),, }nes
is called Bessel operator of the sequence @. For fixed @, which will be the frequent
case later on, we put simply L := Lg.

Remark 3.2. (Adjoint to Bessel operator)

If TS = ), c;&nPn converges in H at least in the weak sense for any ¢ :=
{€ntnes € H1 2 R(L) and T € B(Hy, H) then (3, ¢ ; &ndn, ) = ey Snldn, ) =
Yones&nlfydn) for all f € H saying that (T, f) = (£, Lf), and consequently
L =T* € B(H,Hy). Conversely we have L* =T, alias L*§ = ; {néhn.
Theorem 3.3. If & = {¢n}nes C H is ONB in H then @ is an unconditional
Schauder basis allowing unique expansion of any f € H in the form f = L*¢ =
Znlengbn, En = (f, ) where & = {& ey = Lf € (2(J) and summation is
independent of the ordering of the basis elements ¢,. As L € UL(H,(*(J)) by
Parseval identity, we have |L|| =1 and L* = L~1.

Theorem 3.4. Every operator U € UZ(Hy, Hz) maps any ONB {¢n}nes in Hy
onto the ONB {U¢,, }ney in Hy. Conversely, the natural one-to-one correspondence
U, = Udy, between the elements of any pair of ONBs {¢n}nes in H1 and {n}nes
in Ho may be in a unique way extended to an operator U € UL (Hq1,Hs): Uf =
Zne.]<fa ¢n>1/)n
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3.2. Riesz bases.

In view of 3.4 a generalization close to ONB can be obtained by relaxing the strict
unitarity requirement on U and assuming just U € T LZ(H;, Hy) only. We arrive at
the following definition.

Definition 3.5. @ := {¢p}tnes C H is called a Riesz basis (RB) in H if there
exists operator T := Tg € TLI(H;,H) and ONB E = {e,}nes C Hp such that
¢n = Tey for all n € J (clearly H D {0} because ¢, # 0 in view of e,, # 0 ). As
(f,n) = (f, Ten) = (T*f,e,), we have L = LgT* € TLI(H,(*(J)).We can assume
without loss of generality H; = (*(J), E =€ and T = L* (Lg = I).

Theorem 3.6. If & = {¢n}nes C H is RB in H then & is an unconditional
Schauder basis allowing unique expansion of any f € H in the form f = T¢ =
L*¢ =3, créndn where §, = (T7Yf en) in view of T™1f = Y ney&nen.
Theorem 3.7 (Equivalent characterizations of a Riesz basis).

Let @ = {¢pn}tnes be a sequence in H and L its Bessel operator, then the following
statements are equivalent:

(1) @ is a Riesz basis in H

(2) Le TLI(H,*(J)) (L=T*)

(2') ¢n are independent in the sense ) . ; &ndpn = 0 implies &, = 0 for alln € J,
and there exist 0 < A < B < oo such that for all f € H holds:

AP < ILLIP = Y01 F on)* < BISI? (3.1a)

neJ
(3) L* € TLI((J),H) (L*=T)

Proof. Equivalence (1) < (2) is by definition 3.5 while (2) < (2’) is easy to see as
follows: L : H — (*(J) is TLI < L :H — R(L) is TLI and surjection on ¢2(J)
< L:H— R(L)is TLI and N(L*) = {0} by 2.5(2)(3), with R(L) closed due to
2.4 < (3.1a) is satisfied, using 2.4 once more, along with independence (which is
equivalent to N'(L*) = {0}). Clearly (2) < (3) holds as well. O

Example 3.8 (Matrices).

Let T = [¢1, ¢2, ..., dn] be a matrix M x N with columns ¢;, i =1,2,...,N. Then
T € B(t*(Zn),?(Zpr)) defines a Riesz basis @ = {¢y, }nezy in R(T) C 02(Zyy) if
and only if T is of full column rank N. T defines a Riesz basis @ in the whole space
0?(Zyy) if and only if T is regular.

3.3. Frames.
Relaxing still more the requirements on the defining operator Tg of a Riesz basis @,
we arrive at the most general concept of a frame.

Definition 3.9. @ := {¢,}nes C H is called a frame in H D {0} if there exists
a surjective operator T := Tg € B(Hy,,H) and ONB E = {e,}nes € Hp such
that ¢, = Te, for all n € J. As (f,¢n) = (f,Ten) = (T*f,e,), we have again
L= LgT* € TLI(H,(?(J)) in view of 2.5 (clearly there exists n € J: ¢, # 0 and
consequently 7" # 0 and L # 0). We can again assume without loss of generality
Hi=0J),E=fand T=L* (Lg =1).

Theorem 3.10. If & = {¢n}necs C H is frame in H then H = L(P), allowing
unconditional (generally non-unique) expansion of any f € H in the form f =T¢ =
L*¢ =3 c7&ndn where &, = (g,en) for some g € Hy satisfying f = Tg (thus ®
need not be a Schauder basis in general).

Later on we exclude the trivial case H = {0}.
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Theorem 3.11 (Equivalent characterizations of a frame).
Let & = {¢pn}tnes be a sequence in H and L its Bessel operator, then the following
statements are equivalent:

(1) @ is a frame in H

(2) Le TLI(H,R(L)), R(T*) =R(L) C*(J) (L=T%)

(2°) there exist 0 < A < B < oo such that for all f € H holds:

AP < ILLIP = Y 1KF on)* < BISI? (3.2)

neJ
(3) L* € B(¢*(J), H) is surjective (L* =T ).

Proof. Analogical to the proof of 3.7 when omitting the surjectivity assumption of
L on ¢%(J). O

Again, as with Riesz basis, equivalence (1) < (2°) is connecting the standard
definition of a frame with the geometrical one of 3.9.
Example 3.12 (Matrices).
Let T = [¢1, @2, ..., ¢n] be a matrix M x N with columns ¢;, i = 1,2,..., N. Then
T € B(t*(Zn),0?(Znr)) defines a frame @ = {¢p, }nezy in R(T) C £2(Zpr). T defines
a frame @ in the whole space £2(Zy) if and only if T is of full row rank M.

4. FRAME EXPANSIONS AND PSEUDOINVERSE OPERATORS

For simplicity we will assume in this section Hy; = ¢?(J) with natural ONB
E :=& = {ep}ney which results in Tp = Lg* and Ly = Tp".
Definition 4.1 (Operator terminology for frames).
Let @ = {¢n }nes be a frame in H, then we call
e [ := Ly ...representation or discretization operator of frame @.
e L* ...reconstruction operator of frame .
o S=TT*=L*L ...frame operator for ®.
e R=T*T=LL* ...correlation operator of frame .
Lemma 4.2. Let @ = {¢p, tnes be a frame in H, then for f € H and € := {&p ey €
02(J) the above operators evaluate as follows:

( Lf - {<fa ¢n>}nEJ; L* 6 Zn€J€n¢n
(2 Znej<f ¢n>¢n
(3) R«f {Znej ¢n’¢m>§"}mej If|J]| = oo, say J = N, then limy, o0 (Gn, dm) =
0 for each fiztedm € N (rows of ‘matriz’ [R] = [Rpmn|mnezs Bmn = (bn, om) =
(P, On) tend to zero), and conversely limy, oo {(Pn, dm) = 0 for each fized
n € N (columns of ‘matriz’ [R] tend to zero).
Theorem 4.3. Let ® = {¢y, }ney be a sequence in H such that L := Lg € B(H, (?(J)),
then the following statements are equivalent
(1) @ is a frame in H
(2) SeTLI(H,H)
(3) There exist 0 < A < B < co (the same as in (3.2)) such that

AlFIF < ISFIF < BIA (4.1)
Proof. (1)%3" Lis TLI £ §:= L*L is TLI, which is (2). (2) < (3) follows by 2.4

with the same A, B as in (3.2) in view of HLf||2 (Lf,Lfy={(L*Lf, f) = (Sf, f)
and the Schwarz’s inequality. O
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Theorem 4.4 (Dual frame).
Let @ = {¢n}nes be a frame (RB) in H, then the sequence &' = {¢', }nes, O, =

St 13 S~1¢,, is also a frame (RB) called dual frame (RB) to ®. We have
also ¢}, = ST L*e, (113) L*R*e,
Proof. Sis TLI by 4.3 = St = S~ by (I113) = &' is a frame according to definition
3.9 because S~1¢,, = S~ Tpe, where S~!Ty is surjective. O
Corollary 4.5 (Dual operator relationships using S).

(1) L' := Lg = LS™Y, L =L'S (relationship between L and L')

(2) L' = S=1L*, L* = SL'* (relationship between L* and L'")

(3) §'=5"1,8=5"" (relationship between S and S’)
Proof. S is self-adjoint and TLI = (S~1)" = (S*)~! = S~! and thus we get:

(1) L' =T = (S 'Tp) =T3S ' =LS™! & L'S=1L.

(2) L' =(LS™Y) =85"'L* & SL™ =L*

(3) ' =L*L =S 1L*LS =818 =571 & §=5""

O
Corollary 4.6 (Duality principle).
If @ is a frame in H then " = .
/1 Y N—1 47 Nn—-1q¢-1 4.5(3) -1

Proof. ¢ = ((bn) = (S) & = (S) ST =" S5 n = Pn. O
Theorem 4.7 (The main representation theorem).
If ® = {¢n}nes is a frame in H C Hy then Py = L*L' = L'" L, alias it holds

F=Y {0000 =D (f.0n)d), for all f € Hy. (4.2)

neJ neJ

Proof. For f = ]?+ ft € Hy we have in view 2.1(3) Lf = Lfand Lf=1L f Hence
rf =Y s =95 = Fos19f = 5L f Y e f =
LY. 0

5. FREQUENT SPECIAL CASES: (GABOR AND WAVELET FRAMES

In the following we mention two frequently used frame constructions with dou-
bly-indexed frame elements ¢, where (a,b) € J C A X B CZ x Z.

Definition 5.1 (Gabor frame).

Let H be a functional H-space and o(t) € H, ||¢|| = 1, such that & = {4 5(t)}(a,p)e.ss
ap(t) := p(t — b)e?™ constitutes a frame in H. We call  a Gabor frame in H
and ¢(t) its mother function (all frame elements are obtained from ¢(¢) via shifts
b € B and modulations €27 with frequencies a € A). We write & = G(p, A, B).
Definition 5.2 (Wavelet frame).

Let H be a functional H-space and o(t) € H, ||¢|| = 1, such that & = {©a ()} (a,p)e.s
©a,b(t) = la|™ 2<p( %) constitutes a frame in H ( =1if H = L?). We
call & a wavelet frame in H and ©(t) its mother wavelet function (all frame
elements are obtained from ¢(t) via shifts b € B and scaling with terms a € A). We
write @ = W(p, A, B).

Remark 5.3.
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(1) If A and B are finite, then Gabor and wavelet frames exist with arbitrary ¢(t)
in H = L(®). In the infinite case A, B, J C A x B and ¢ must fulfil certain
conditions to define a frame. The common setting is with A = {nag|n €
Z}, ap > 0 and B = {nby|n € Z}, by > 0. With more strict conditions
even Riesz bases or ONBs may be obtained. At present various wavelet
orthonormal bases for the dyadic case J = {(277,k277)|j € Z,k € Z} are
popular in many applications, giving ¢; 1 (t) = 22 (27t — k) — see also [14].

(2) ¢(t) may be of kernel type (p(t) > 0, t € R) in the case of Gabor frame
for the space L? because the modulation term €27 results in shifts in the
frequency domain allowing to span the whole space. That is in contrast
with the wavelet frame the mother wavelet of which has to be an oscillating
function.

6. FRAME SETTING OF THE GENERAL APPROXIMATION PROBLEM

6.1. Deterministic setting.
Let Hs be a functional H-space and G C Hj its subset spanning a subspace H :=

L(G), ||lg|ll = 1 for all g € G. We believe that a function f € Ho is well approximated
by functions from H. The best approximation in L?-norm is f = Py f. Given a

tolerance € > 0, we are looking for a H-subspace
H.:= H.(f) C H, dim H. < oo, such that ||f — Py._f|| < e. (6.1)

Observe that Py depends also on f. In the following we write briefly fg = Py_f.

Lemma 6.1. For every f € Hy and e > 0 there exists finite . := P.(f) C G which
is either empty or Riesz basis for a finite-dimensional H-subspace H. satisfying (6.1).

P?”OOf. f S H= (G) = 3{&1}7161\% Sn S L(G)a Sn = Cp191 + Cn2g2 +---+ Cnmngmna
cnj € C, g; € G such that ||f — s,|| — 0 for n — oo. Thus, given £ > 0, there exists
N: ||f = sn|| < e. If we put &, = {g1,92, .., gmx }, then sy € L(®.) =: H. and
Hf—PHEfH = |‘f—PH£f'|‘ < Hf—sNH <e. If H. = {0} we can put @, = ), otherwise
one can assume without loss of generality that g1, g2, ..., gm, are independent and
dim H. = my < oo. Consequently, @, is Riesz basis in H, because the associated
operator L* € LI((*(J.),H.) = TLI((*(J.),H.), J. = {1,2,...,mn}, where the
latter identity holds due to finite dimension of H, (cf. example 3.8). O

Theorem 6.2 (Algorithm: construction of @.(f)).
Suppose € > ||f — fH and |G| < Rg. The steps of an algorithm for finding @.(f) =:
{¢mt1<m<m and fg are as follows:
1° Initial step form =0: & := 0, Hy = {0}.
2° Repeated step for m > 0:
Let us denote @1 = {@1,...,dm—1} elements which already have been
constructed in previous steps and put Hy,—1 := L(Pr—1), compute fm,l =

Py, fand fi- | = f— fAm_l. Then we proceed in the order as follows:
(a‘) If ||fL 1” S g, then we can pU’t ¢8(f) = é’m—h M =m-— 1; fE = fm—l

and st;p.
(b) Elseif (f_1,9) =0 for each g € G—Pp,_1, then fi-_, | H saying that
fm—1 = [ is exact solution, consequently we put again D.(f) := Ppp—1,

M :=m—1, J?E = fm_l and stop.
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(c) Otherwise there exists g € G D1 {fi5_1,9) # 0 and we select
bm € G — D1 for which |{f;5_1, ém)| is sufficiently large,
Gm = argmaxy,cq g, |(fm_1,9)| being the best choice provided that
such ¢, exists. Afterwards we put m = m + 1 and continue with the
next step 2°.

Proof.

The algorithm will stop after finite number of steps:

Should this not be the case, denote Hy 1= L(P), where Pog = {1, ¢2,...} =
U,>_, P, lists all the elements selected by countably many steps (c) of our algorithm.
For any & > 0, by lemma 6.1, there exists @.: Hfoo — Py, f|| < ¢’ where foo 1=
Py f and Ho = L(P.r). Since &, C P, is empty or finite, there must exist
N € N such that Vm > N: &, C &5 C &, and Hr C Hy C Hm, y1e1d1ng
Hfoo - fm” < ||foo — Pp_, f|| < €' for any m > N. Thus we have proved Fn = Foo
for m — oo. Using this and the continuity of the inner product we are about to
show foo = f. It is sufficient to verify f — fOo 1L H, or, (f — foo,g> =0VgeG. If
there exists g € G: (f — foo,g> # 0, then (f, g) # <foo,g> and g € G — @, because
of f— fAOO 1 &. As, by continuity (fm,g> (foo,g> there exists mg such that
(f,g) # <fm,g) V'm > mg. Hence (f — fm,g> #0Vm >my = g € P (g had to be
selected into @, for some m). But this is contradiction with g € G — ®@,. Putting

now ¢ :=¢ — ||f — f|| >0, we have 0 < & < ¢ and the following estimate:

LN =W = Pry fIl S IF = Fooll + 1 foo = I I S If = Fooll + 1f = Pr, fII <
<If=fll+&=e
Thus stop condition (a) is fulfilled with m = N 4 1 which contradicts our original
assumption.
If the algorithm stops after completing M steps then
(1) @, := &)y is a correct choice:
Indeed, the algorithm has stopped either due to condition (a) or (b) with
m =M + 1: N
(a) f—fe€ H and f — Py, f € H (in view of Hyy C H) =
If = P 12 = 1f = FIP +1f = Pra fIP = |If = Pra fII? =
1 = Prty /12 =11 = FIP < I1f = Prayg £I = [If55117 < & due to fulfilled
condition (a).
d) = (fi, >fOVg€G @Mé<fM, g) =0Vg € G because fi; L ®y.
Thus fM 1 H and f fM = Py,, [ is exact solution =
O*Hf PHMf”Sg'
(2) Py is empty with M = 0 or Riesz basis of Hyy with M > 0:

e M =0= &) =0 in view of 1°.

e M > 0: Asdim Hy; < o0, it is sufficient to show that @pr = {1, ¢o, . . .,
¢m} are independent (cf. proof of 6.1). We are going to show by
induction on m that @, = {¢1,¢2,...,¢n} are independent for all
1 <m < M. Indeed, for m = 1 this is true because ¢, € G, ||¢1]| =1 =
¢1 # 0. Let by induction hypothesis ¢1, ¢2, ..., ¢m—1 be independent,
then due to (¢): @ = @1 U {¢m} where (fi£ |, ¢n) #0 = ¢, ¢
L(Pr—1) = Hpy—1 (because of fi- | | Hy 1) = ¢1,¢2,..., ¢y are
independent.

O
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Remark 6.3.
(1) By 4.7
m—1
fm—l :Ll;kn_le—l = Z <fa ¢]>¢_/] (62)
j=1
where &), 1 = {¢},...,¢},_1} is dual frame to Pp,—1 in Hy1, ¢ =
4.2(2 m—
Ly G = Leeoom — 1, where Spo1g XY S g, 6065, 9 € Huo,

and Sm—_1 € TEI( m—1,Hm—1) in view of 4.3. Computationally more
practical is the alternative formula ¢ = L R _e; (see 4.4) where the

correlation operator R,,—1 = Lyp,—1L},_; is standard matrix operator of size

(m — 1) x (m — 1) with entries Ry, +20) (v, Pu). Then R | is easily

evaluated as standard matrix pseudoinverse.

In practical computations f uses to be described only by the vector of dis-
crete samples f(t) := [f(t1),..., f(tn)]T at t = [t1,...,tn]T which intro-
duces additional systematic error into the computation of (6.2) in each step
because the inner products (f, ¢;) are to be evaluated approximately. For
example in L? the integral (f,¢;) = [~ f(u)$;(u)du ~ n; where n; are
approximate values obtained by a sultable (hnear) quadrature formula.

6.2. Stochastic setting.

A) Simple approach: With sampled f, in addition to the systematic er-

ror mentioned in 6.3(2), also random errors f(¢;) + e; may disturb the
computation of (f,¢;). Then a suitable estimator L1 (e.g. a linear
one based on the above mentioned quadrature formula) has to be used:
Lon—1f(t) & Ly_1f. If Ly_q is linear (matrix of size (m — 1) x N) then,
fortunately, with suitable choice of ¢; (e.g. of kernel type) and/or quadrature
weights, this estimator operates like weighted mean, reducing the corrupting
random noise.

Error propagation: Let V' denote the covariance matrix of corrupting noise

vector e = [eq,...,en]T, then fm,l(t') is estimated on arbitrary mesh
t'=[t),...,t]" also by linear formula

fm—l = [¢I1 (t,)’ SRR (bfmfl(t/)][’m—lf(t)
with covariance matrix V,,_1 = F’ Lm 1VLm | F"" when denoting F’ :=

[, #),..., 8., _(#)]. There Rpy_1 := Lp_1L%,_, may be viewed as an
estimator for the operator R,,_1 in cases where its entries are not easy to
evaluate by some reason.

B) Sophisticated approach: We operate in the stochastic setting from the

very beginning with Hy being a H-space of random variables or processes
(discrete or continuous) and H its suitable subspace spanned by g € G with
known (or estimated) cross-covariance structure. This allows for exact (or
approximate) computation of the associated correlation operators R,,_; via
suitable inner products, typically by stochastic integrals in case of processes.
Then estimates f,,—1 are obtained directly as a random variable or process
by linear combination of some g € G with coefficients evaluated by means
of R,,—1 and the observation of f € Hs.
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Example 6.4 (Time series).
Let X = {X;}ez be a time series, X; € L?(Q, A, P) — the IP-space of all
finite-variance (complex) random variables on probability space (£2,A, P)
with inner-product (X,Y) := EXY. That space is known to be complete
(H-space) but not separable in general. Preserving notation of this section,
we can put:
o Hy = m C L?(2, A, P) which is separable H-subspace as required.
If X is zero-mean process then, clearly, (X,Y) = cov(X,Y) and || X|| =

ox in HQ.

o f:= X, 4 for arbitrary but fixed n € Z and a k € N.

o G = {X;/o1}it<n, 0t = 0x,, the set of generators with unit norm
(variance).

L4 éa(Xn-‘rk) = {Xn-‘rl—hm}lSmSM» hm € N and hl << hM
o f. = X, nii the e-approximation to the best linear k-step prediction

Xntr of Xpqi in H := L(G).
We have by (6.2):

M ~
~ EXn it Xnit1oh,
Xe ik = E n(k, hi)o  where on(k,h;) 1= ————————2,
st j=1 ¢ ( j)¢j ¢ ( j) On+kOn+1—h;

If X is (weakly) stationary zero-mean with variance 02 and autocorrelation
function o(h) := cov(X¢yn, X¢)/0? then o, (k, h;) = cov(Xpii, Xnt1-n,) /0>
= o(k+h;—1),7=1,2,..., M, are independent of n. Thus e-level significant
autocorrelations have been selected by our algorithm from theorem 6.2 to
play the role of dual-frame expansion coefficients. With h; = j for j =
1,2,..., M (model X ~ AR(M)) it is straightforward to see that the above
formula is exactly the standard Yule-Walker-type k-step predictor. Indeed,
by theorem 4.4 ¢, = L*R*e; = Y1 REdi = S0 | RS- Xi1—; where R =
[R;;] and R = [Ruv]7 Ry = <X7L+1—U/U) X7L+1—u/a> =

cov(Xpnt1—vs Xnt1-u)/0% = o(u — v). Hence

N M M M M
Xs,n-i—k = Z Q(k +.7 - 1)(2 Rijn-‘rl—i) = Z(Z R;Q(kj +] - 1))Xn+1—i-
Jj=1 i=1 =1 j5=1

Denoting gy, := [o(k), o(k+1),...,0(k+M —1)]T then &k := [€x1, k2 -
&e)T is the vector of autoregression coefficients & ; 1= ZJAil R;;g(k +7 -
1) which, when written in matrix form &, = R"g,, is exactly the least-
mean-square solution to the well-known Yule-Walker system R, = o.
By functionality of algorithm 6.2 the frame elements have been selected
independent and constitute therefore Riesz basis (cf. proof of lemma 6.1).

Then R is TLI (regular) in view of 3.7(2)(3) and R™ B p-t However, in
practical computation with small tolerance € the matrix R may be close to
singular, that is why the pseudoinverse is more appropriate.

Representing an unknown object (data vector, function, random variable, random
process, etc.) in form of (even non-orthogonal) linear expansion in terms of other
fully or partially known objects is inherent in almost any approximation problem.
The theory of frames yields a fairly general methodological framework for modeling
and solution of many such problems. Dual frame expansion is to be preferred by
reasons of numerical stability.
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A variety of techniques, either known (see example 6.4) or novel (see section 7
below), may be obtained in this way avoiding technical details of the objects under
consideration or their uncertainty due to random effects. Then, at the final compu-
tational step, it is the matter of numerical analysis and statistics (under additional
assumptions if necessary) to quantify and minimize the errors due to finite nature
of estimators used instead of operators involved (see L and R in 6.2A) or commonly
used Yule-Walker estimators for L and R based on estimates of autocorrelation
function ¢ from example 6.4).

7. KERNEL FRAME SMOOTHING OPERATORS

We state a special approximation problem of 6 as follows:
t—>b
Hy=17,G = {so(T) [(a,b) € J C A x B}, AL B] < N

with a given (kernel) function ¢(t) € Hy. Clearly |G| < Rq satisfies the assumption
of algorithm from theorem 6.2.

Definition 7.1. The orthogonal projection operator Py, (f) € B(Hs, H.) from (6.1)
is called e-optimal kernel frame smoothing operator for f onto H. If &.(f) =
{d1,...,0Mm}, &i(t) = gp(t;fi), is the associated wavelet frame (RB), then b; are
called e-optimal shifts and a; c-optimal scales (bandwidths) for f onto H.

Remark 7.2. By the main representation theorem 4.7 the smoothed function evalu-

ates as
M M

Ry = (00610 = Yor e (), (71)

=1 i=1

The latter form confirms that Pp. belongs to the family of kernel smoothing oper-
ators [13]. In contrast with the classical case the usual expansion co-ordinates f(t;)
are replaced by more precise dual frame weighted discretization L'(f) = {(f,#})}:
and in addition to optimal bandwidths a; also optimal shifts b; may be found whereas
in the classical setting b; = t; are fixed [6, 10]. Nevertheless, if desired, the latter
restriction is easily incorporated by appropriate choice of index set J C A x B.

Figure la) visualizes a true six-element frame (not Riesz basis) @ := {¢1,..., ¢}
derived from lorentzian mother kernel function ¢(t) := Hﬁ’ t € [0,1], as follows:

¢i(t) == <p(t;:”) for i = 1,2,...,5, ¢6(t) := w1(t) + @3(t), with scales a; = 0.1,
as = 0.3, a3 = 0.5, ag = 0.3, a5 = 0.1 and shifts by = 0.1, by = 0.3, by = 0.5,
by = 0.7, b5 = 0.9. The associated dual frame ¢’ is shown in Figure 1b).

Afterward (Figure 2) the function f(t) 1= —¢1(t)+2¢p2(t)+3¢3(t)—2p4(t)+¢5(t) €
L(®P) (full line) has been reconstructed (dashed line) in terms of ¢/ (¢) from its discrete
samples corrupted with gaussian zero-mean white noise with variance o2. Three uni-
form sampling meshes in combination with two noise levels ¢ = 0.2 and ¢ = 0.6 con-
firm a very good performance of the kernel frame smoothing operator. Rectangular
rule was used as the simplest quadrature formula for approximate evaluation of inte-

gral scalar products (f, ¢;) which play the role of expansion co-ordinates according

to (7.1) — approximation L to the representation operator L.
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1-th frame element 1-th dual frame element
1 . . - . 01 . - . .
0.08
0.06
1 o004
1 002
o
-0.02
—0.04 . . . .
0 0.2 04 06 08 1 0 0.2 04 06 08 1
2-th frame element 2-th dual frame element
1 . . . . 01 . - . .
0.08
08 - 1 006
0.04
06 | 4
002
0
04 | 1
-0.02
0.2 1 -oo0s
-0.06
0 . . . . —0.08 . . . .
0 0.2 04 06 08 1 0 0.2 04 06 08 1
3-th frame element 3-th dual frame element
1 . . . . 0.08 . - . .
0.9 1 0.06
08 - 1 oo0s4
07 | 1
002
06 | 1
0
05 | 1
0al -0.02
03l 1 -004
02 . . . . —0.06 . . . .
0 0.2 04 06 08 1 0 0.2 04 06 08 1
4~th frame element 4-th dual frame element
1 . . - . 01 . . . .
08 | 1
06 | 1
04 | 1
02|
% 0.2 04 06 08 1 0%, 0.2 04 06 08 1
5-th frame element 5-th dual frame element
1 . . - . 015 . . . .
08 |
06 |
04 |
02|
% 0.2 04 06 08 1 00, 0.2 04 06 08 1
6-th frame element 6-th dual frame element
16 . . . . 0.06 . . . .
14 1
0.04
12 1
A 1 o002
08 | 1 o
06 | 1
-0.02
04
2 . . . . 004 . . . .
025 0.2 04 06 08 1 0%y 0.2 04 06 08 1

a) kernel frame basis functions ~ b) dual kernel frame basis functions

Figure 1: six-element lorentzian kernel frame (left) and its dual (right)



322 Vitézslav Vesely

Curve reconstructed (dashed) by dual frame expansion Curve reconstructed (dashed) by dual frame expansion

Curve reconstructed (dashed) by dual frame expansion Curve reconstructed (dashed) by dual frame expansion
5
T T T

Curve reconstructed (dashed) by dual frame expansion Curve reconstructed (dashed) by dual frame expansion
5 T T T 5

a) corrupting noise with o = 0.2 b) corrupting noise with o = 0.6

Figure 2: Dual frame reconstruction from 50,20 and 10 samples (top-down)

8. CONCLUSION

A novel geometric approach was outlined which is useful both for the construction
of pseudoinverse operators in Hilbert spaces (cf. 2.2, 2.3, 2.7, 2.9) and definition of
frames (cf. 3.9) preserving equivalence with the commonly used analytic descriptions
of frames (cf. 3.11). A one-to-one correspondence between frames and operators
having bounded pseudoinverse could thus be established in a transparent way.

A nearly optimal (in a least-squares sense) approximation problem has been for-
mulated and solved in section 6. The associated numerical discretization effects
along with the influence of corrupting random noise are briefly discussed as well.

For a new type of kernel frame smoothing operators introduced in section 7
e-optimal bandwidths and shifts are easily found as a solution to a special approxi-
mation problem stated above.
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REGRESSION WITH HIGH BREAKDOWN POINT

JAN AMOS VISEK

ABSTRACT. The paper discusses in details various aspects of the point esti-
mation, classic paradigm, Hampel’s program and a new paradigm, including
reliability of algorithm and its implementation, the role of accompanying pro-
cedures and of heuristics. A special attention in paid to the high breakdown
point estimation, corresponding prejudices and misleading ideas. It reports the-
oretical results as well as practical consequences, describes a reliable algorithm
for evaluation of the least trimmed squares and finally illustrates by the results
of analysis of real data how powerful tool the estimators with high breakdown
point can be.

CraTba DOAPOOHO OOCY:KIAeT pa3JIMUHbIE ACCIEKThl OIEHOK B KJACUY-
eckolinapaaurme, B ['ammnesose 1 B HOBOUNapaaMrme, KOTOPasi BKJIKOUAET
MIOCTOBEPHOCTH AJTCOPUTMA U TOXKE UMIIJIEMEHTAIINU, MECTO COMPOXKASAIINX
npouenype u reypuctukn. CroenuaJsHOe BHUMAHMUE MOCBEMIEHO OLIEHU-
BAHUIO C BBICOKMM OOIOM OTKA3aHUS, K HUM [IPUHAAIEKAIONIBIE TTpel-
naccyaku u ommbouHble TIpeAcTaBseHusa. OHa MPUHOCUT TEOPEeTUUECKUe
pe3yabTaThl TOUHO KAK W MPaKTUJeCKue cienctBusa. ONnUChIBAET mnocC-
TOBEPHBIN AJTOPUTMYC UL BBIUMCIEHUS HAMEHIINX OTPYyDOAHBIX KBAAPA-
TOB U MOTOM TMPUHOCUT KAK WIJIYCTPAIAIO PE3YJIIEATHl AHAJIBI3A PEATHbIX
[AHHBIX U MOKAa3bIBAET KAK MOIIHBIM MHCTPYMEHTOM MOI'YT OBbITh OLEHKU
C BBICOKMM OOIOM OTKA3AHUS.

INTRODUCTION AND NOTATION

It is sometimes claimed that nearly 95% of statistical applications are from re-
gression analysis. Of course, such a claims have their roots in fact that not only
linear regression is taken into account but also nonlinear models, analysis of vari-
ance, logit and probit (or generally probability) regression models, regression trees,
over seemingly unrelated equations up to, maybe, cointegration analysis. However,
it is not important how large the percentage of regression tasks really is, if it is
95% or “only” about 80 %. In any case, a large number of problems solved in the
framework of regression analysis indicates that we should pay an attention to the
following question:

What features of modern estimator of regression model we should ask
for 7 What accompanying equipment of the (robust) estimator is to in-
clude ?

2000 Mathematics Subject Classification. Primary 62F35; Secondary 62J99.

Key words and phrases. Point (robust) estimators, classic paradigm, Hampel’s program, a new
paradigm, high breakdown point, reliability of evaluation and implementation, diagnostics and
sensitivity studies, diversity of estimates, export and FDI..
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The present paper tries to find an answer to the question by discussing related
topics, starting with a bit of history over some well-known stories which appeared
in developing robust analysis and finishing with an illustrative example.

The regression analysis is for the most of its users still connected with the least
squares and of course with names of Adrien Marie Legendre (1805) and Carl Friedrich
Gauss (1809). Although both Gauss as Legendre used the least squares for fitting
models to data, it was Sir Francis Galton (1885) who gave the name to the branch.
He used the least squares due to their simplicity in comparison with others methods,
however it may be of interest that at least three statistical problems which would by
today classified as regression analysis, were solved before Legendre and Gauss and
what is even more interesting, they were solved by L; technique, see Galilei (1632),
Boscovisch (1757) and Laplace (1793).

It is well known that there was a discussion between Ronald Alyner Fisher and
Francis Ysidor Edgeworth which method is to be used but further development con-
firmed Fisher’s “solution” who preferred the least squares before Li-approach. Of
course, the main reason was the fact that this method offered a “simple” formula for
the estimator and hence it was feasible to compute it. As we shall see later, this is
and will be probably one of key requirement for any estimator to be useful, namely
an existence of a feasible and reliable algorithm(and better an available implemen-
tation of it). A lot of theoreticians in past considered “the process of establishing a
new estimator” to be finished when the theoretical properties as the consistency, the
asymptotic normality and representation were proved. Nowadays, it is very clear
that it is not true. A “discovery” of a reliable algorithm, implementation of it, eval-
uating the (approximation to the) estimator is a reasonable time, verification that
the algorithm gives really good results and developing of the “accompanying” pro-
cedures (as alternative estimator for the situations when collinearity or dependence
between explanatory variables and disturbances appear and corresponding tests for
recognizing that) are also very important. Without all this “equipment” the esti-
mator is handicapped, if not disqualified at all. For further discussion see Visek
(2000d).

First of all, let us introduce notations. Let IV denote the set of all positive integers,
R the real line and RP the p dimensional Euclidean space. We shall consider for any
n € N the linear regression model

(1) Y =X % +e, i=1,2,...,n

where Y = (Y1,Ya,...,Y,)" is the response variable, {X}* ; (X; € RP) is a se-
quence of vectors of explanatory variables, 3° is the “true” vector of regression coeffi-
cients and {e;}™; (e; € R) is a sequence of independent and identically distributed
random variables, representing random fluctuations (or disturbances, if you wish;
since the disturbances is shorter, we shall use it). The upper index “I» indicates
transposition. (As implicitly follows from this notation, we shall assume all vectors
to be column ones.) Finally, let us denote for any n € N by X = (X, X3, ..., X,))T
the design matrix and by e = (ey, e, ...,e,)T the vector of disturbances. Then we
can rewrite (1) into (sometimes) more convenient form

(2) Y =X8° +e.

We have omitted an indication of the dimension of matrix and of vectors which
would presumably unnecessarily burden the notation. Let us notice that in the
case that the intercept is included in the model the first coordinates of all vectors
X,’s are assumed to be equal to 1. In other words, if the explanatory vectors X;’s
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are assumed to be random, they have degenerated first coordinate. There are of
course, except of special cases, well-known reasons for inclusion of the intercept
into the model. Let us realize that in the case when we decide not to include
intercept into the model we implicitly assume, in some sense, an absolute character
of data and in fact simultaneously give up otherwise natural requirement of scale-
and regression-equivariance of the estimator of the regression coefficients. That is
why we shall assume in the rest of paper that the intercept is included into the model
(there is, of course, at least one other reason for it, for details see Visek (1997 a,b).

THE LEAST SQUARES AND CLASSIC PARADIGMA OF ESTIMATION

Let us recall that the (ordinary) least squares estimator of 3° is given by
FUEST = argin Z:(Yi — X[8)* = argmin (Y — Xp)"(Y — XB)
which yields
B(LS,n) — (XTX)—I XTY

where we have assumed that X is of full rank (since in the paper only cross-sectional
data will be assumed, this is not substantial restriction of generality).

May be that it is only a statistical folklore but probably already Sir Francis Galton
really knew a formula describing sensitivity of the least squares with respect to the
deletion of one observation. It reads

. . -1 .
BLSm) _ BLS 0 _ (X{e}TX{e}) X, (Yg _ X}ﬁ(LS,n))

where X1} is design matrix without the /-th row. We shall need it later.

It is clear that one can propose an estimator in thousand ways but then it is
necessary to prove that such estimator fulfills some collection of desirable properties.
Again one may prefer these and other may ask for another features of estimator but
we will presumably agree that there is a set of requirements which we all would ask
for. Such collection may be called a classic paradigm. It has probably following
items

e (unbiasedness),
e (y/n-)consistency,
e (asymptotic) efficiency,
e asymptotic normality.
The round brackets around the word unbiasedness should indicate that for many
estimators, especially for modern ones, we are not able to prove unbiasedness. Some-
times we even know that the estimator is not unbiased. In such a case we put up

with asymptotic unbiasedness and/or even with consistency (only). A similar facts
are indicated by the round brackets in the case of the consistency and the efficiency.

ROBUST APPROACH AND HAMPEL’'S PROGRAM

The very beginning of robust studies are connected with name of John Tukey
who in forties began studies of model for contamination of data. Although later
there appeared some technical reports by him on problems with the contamination
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of data, a substantial progress began in middle sixties and is associated with Peter J.
Huber and Frank R. Hampel. The first one initiated an approach based on (nearly)
strict application of classic statistical principles (as e. g. maximum likelihood or
the least favorable pair of distributions) but in his framework instead of (parame-
terized) families of distribution functions, families of “neighborhoods” of families of
distribution functions are taken into account. Converted commas around the word
neighborhoods hints that we do not have in mind in this case neighborhoods in the
topological sense (i.e. open sets) but some sets which contain a central model for
disturbances, as an inner point. This central model is usually one of classic stochas-
tic models, e. g. (standard) normal model (an example of such a neighborhood will
be given below - see definition of min-max bias estimator).

Hampel’s approach is based on the interpretation of any estimator as a func-
tion(al) of empirical distribution function and the studies of properties of the esti-
mator are performed then by means of the derivative along some trajectory in the
space of all distribution functions. To clarify this let us give a simple example, using
the most frequently used statistics, the mean. To make the explanation correct, we
shall use somewhat more complex notation than it is usual.

First of all, let us realize that we “interpret” the mean as a sum of n numbers
divided by n but, as the statistics, that is sum of n random variables divided by n.
So let us consider a sequence of independent identically distributed random variables
{Zi(w)};=,, defined of course on a basic probability space (©2,C, P). Then for any
w € Q we have Z(w) = 1 3" | Zi(w).

Secondly, let us recall what is the empirical distribution function for the consid-
ered sequence of random variables. Let us denote by I4(w) the indicator of the set
A, ie. ITp(w) =1if w e A and I4(w) = 0 otherwise. We usually speak about
empirical distribution function in the context of having at disposal of 21, 22, ..., 2,
the realization of the first n random variable. Then we consider the empirical distri-
bution function as a step functions, having all steps of magnitude equal to % at the
points z1, 22, ..., 2. We shall denote this empirical distribution function by F,(z).
The realization 21, 2o, ..., z, is nothing else than the value of the corresponding ran-
dom variables at some point wy, i.e. 21 = Z1(wp), 22 = Z2(wo), -y 2n = Zn(wp). The
empirical distribution function, now considered as a statistic, at any w €  is given

as
n

1
Finw(z) = - ZI{Zi(w)Sz}(W)-
1=1

Finally, let us return to the mean. Since we have z; = Z1(wp), 22 = Za(wo), .-, 2n =
Zn(wo), we obtain

Z(WO) = %ZZAWQ) = %Zzl
i=1 =1

:/ zan(z):/ 2dF,,(z,wp).
zER zER

The verification of the equality needs a few second, if we meet with such arguments
(and notation) for the first time but principally is straightforward.

The last equality shows that Z(w) = T'(F,, ,(2)), i.e. the empirical mean can be
interpreted as a functional T of the empirical distribution function. A theoretical
counterpart of it is the fact that the “theoretical” mean is the same functional T
of the theoretical distribution function, say F. Hampel’s approach then employs
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derivatives of functionals (as Frechét or Gateaux) to study the properties of given
estimator.

To make Hampel’s approach applicable for a wide class of estimators we usually
do not ask for existence of Fréchet or Gateaux derivative but we try to find derivative
of corresponding functional along such trajectories which go from the central model
to the distribution function degenerated at a point z € R. In other words, the
influence function is defined as

T((1—h)F +h-z) —T(F)
n

at the points where the limit exists. After all, as the name of the function hints, the
influence function indicates an influence of one additional observation, when we put
it at point z, on the value of the estimate. That is why some other characteristics
of robust estimators are defined utilizing it.

Nowadays the offer of robust procedures is nearly infinite. (Of course, we speak
now about theoretical results, not about available implementations.) But it is still
possible to claim that M-, L- and R-estimators are the most popular classes. The
first inherited the name from the maximum likelihood estimators since the most of
M-estimators are similar to the mazimum likelihood estimators, hence Maximum-
likelihood-like estimators. The second class is based on Linear combination of order
statistics and the third one employs the Rank statistics. Since in what follows we
shall need M-estimators, let us recall that they are given by

IF(z,F,\T) = }11111%

3) g = agpin > p(Yi = X1)
i=1

where the superindex 1) indicates that the derivatives of p (which stays in the normal
equations which are in turn used for finding the value of M-estimator) is just .

And quite unexpectedly there appeared one problem which was not felt so acute
when the classic, we mean maximum likelihood, moment estimators, etc., were
used. The problem was that the robust estimators were not generally scale- and
regression-equivariant. Since the requirements of the scale- and regression-equivariance
represents the fact that it should be irrelevant how the axes and units of measure-
ment were selected, they are not only very natural but from the application point
of view nearly unavoidable. The estimators which does not possess these properties
are seriously handicapped in the applications.

The statisticians were aware of it but they (tacitly) believed that the studen-
tization of residuals (in the case of robust estimators of regression coefficients) by
means of a preliminary scale-equivariant estimator of standard deviation is the rem-
edy. It appeared that the requirements on the estimator of standard deviation have
to be enlarged, namely that it must be also regression-invariant - to reach scale- and
regression-equivariance of the estimator of regression coefficients, see Bickel (1975)
or Jureckovd & Sen (1993). In other words, (3) has to have the form

s o~ Y- XTp
ﬁw’ ) = alb%%gn ZP(*)
i=1

S

where s is an estimate of standard deviation which is scale-equivariant and regression-
invariant. However it is not very easy to find (theoretically) such estimator, leaving
aside that the evaluation would be complicated. Nowadays there are only a few
proposals of such estimators, see again Jureckovd & Sen (1993) or Visek (1999a)
(the latter even without a theoretical background, being still only implemented and
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numerically tested). So it seems that it is preferable to employ the robust estima-
tors which are scale- and regression-equivariant, without any studentization. We
shall employ in the rest of this paper two such estimators, having moreover high
breakdown point.

The study of the influence function led to establishing some characteristics of
robust estimator. Later they were “collected” into a list which became known as
Hampel’s program. It may be viewed as an enlargement of classic paradigm. It reads

e acceptably low gross-error sensitivity,
e maximal attainable efficiency,
e not very large local shift sensitivity,
e preferably finite rejection point,

e as high as possible breakdown point.

Before giving definitions and an explanation of items of Hampel’s program let us
remark that the word “enlargement” is of course meant in a somewhat vague way.
E.g. for most of robust estimators we are not able to prove unbiasedness. As we
have already argued, they are defined (typically) by an extremal problem and hence
there is not usually any (simple) formula for them. It makes a proof of unbiasedness
nearly impossible. We usually put up with consistency.

DEFINITION 1. Gross-error sensitivity is given as
(4) VI, F) = sup |[F(z,F,T).
zE

An idea which is behind the definition of the gross-error sensitivity is given by
relation

(5) vn (g(w,m _ 50> — % ;IF(ZZ-, F,T)+ remainder term

which can be derived for M-estimators, see Hampel et al. (1986), p. 85. So
IF(z, F,T)) is a contribution of the observation z; to the value of the estimator.
On the other hand, we may consider the contribution of the i-th observation to be
the sensitivity of the estimator to the i-th observation. On the other hand, as the
sensitivity of the estimator to the i-th observation one usually considers the value of
the change of estimator when the i-th observation is deleted from data.

Does it coincide with the idea which is “behind” the gross-error sensi-
tivity?
The answer is: Sometimes yes sometimes no.

The asymptotic representation of the change of M-estimator of regression coefficients

is generally given by
) . Y, — XT3@w.m)
6) n (B(w,n) _ 5('¢m,e)) — _klQ X ( =2 B
On

>+Rna5n—>oo

where
e

K = G, 1By ( ) + > flor) [$lrit) — (re—)]
k=1

U7L
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with r1,79,...,7s being points of discontinuity (if any) of corresponding -function
and

( Zu(])ntu Zuwntu Z;ﬁ”ntu).

where W denotes Wiener process and uii (n,t,u) some appropriate stopping times,
see Visek (1996a). The last term of (6) is present in the formula (6) in the case
when 1-function is discontinuous.

Before proceeding further let us add that the influence function is in fact linearly
proportional to ¥-function which generated respective M-estimator. It means that
(5) can be rewritten as

@ (e o) =y

-
vn i=1

(notice that parameters F' and T of the influence function (seemingly) disappeared;
it is due to fact that the influence function of M-estimator does not depend of the
underlying stochastic model and T is in fact indicated by ). It means that in
the case when t-function is continuous (5) (or if you wish, (7)) and (6) give the
same indication of the magnitude of contribution of observation z; to the value of
estimator. However, in the case when v-function is discontinuous (5) and (6) do not
“agree”, i.e. the change of the estimate when we delete one point from data may be
much larger than the gross-error sensitivity indicates. What is however much worse,
is the fact that we cannot control, by an upper bound of the absolute values of the

discontinuous )-function, the maximal value of the norm Hn (B(w»”) — B(w,nl)) H’

X(z;) + remainder term

for more details see Vigek (1998¢c). It hints that in the case when' we decide
to employ M-estimator, it is preferable to use a continuous redescending
1-function. The last requirement, namely that ¥-function should be redescending,
is given by the fact that the M-estimators generated by redescending -functions
are able to cope, at least partially, with leverage points.

Of course, the second point of Hampel’s program has no definition but it is nearly
evident that it means. First of all, let us recall once again that usually we have at
hand no formula for robust estimator, only an extremal problem which defines the
estimator. So to prove, that the estimator in question, is the best one among all
estimators for all distribution from some Huber model of contaminacy (of some
central classic stochastic model), is nearly impossible. So, if we define efficiency, as
it is usually done, as the ratio of (asymptotic) variances, e.i. ratio of that minimal
attainable variance and the variance of the estimator in question, it is not usually
possible to evaluate it. That is why we usually only estimate efficiency in more or
less vague way, see Huber (1981).

DEFINITION 2. The local shift sensitivity is given as
(8) sup IF(z, F,\T)—IF(v,F,T) .
zZ,VER zZ—

The idea which inspired the definition of local shift sensitivity is transparent (and
moreover it is hinted by its name). It of course indicates how the estimator reacts
on (a large number of) small changes of observations, so, except of others, it also

1Despite of all what was said about the difficulties with a preliminary estimate of scale for
studentization of residuals.
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describes how the estimator takes into account that we do not measure the variables
in question “precisely”. Let us realize that except of discrete variables all others are
always measured as rounded to that level of preciseness which is given by smallest
amount of given entity which our instrument can still measure.

DEFINITION 3. The rejection point is defined as
(9) inf {J2] (o, o] 2 |2]) + TP(u, ;) = 0}.
z€

We have already mentioned that it is preferable, if employing M-estimators, to
use redescending 1-function. The requirement that they are to be directly zero,
instead of (e.g.) converging (steeply) to zero, is somewhat, more or less of technical
character since it is easier to cope with such estimators from both point of views,
theoretical and evaluationary.

BREAKDOWN POINT

The most prominent and probably the most misunderstood item of Hampel’s
program is the breakdown point.
Let us denote Prohorov distance by .

DEFINITION 4. The breakdown point of an estimator T, of the parameter § € ©

*= su : dK(e) C ©, K t
5 ogarg)l {e (e) (g) compac

m(F,G) <e= G(T,, € K(¢)) = 1 for n — oo}.

The idea which led to the definition of breakdown point is easy to trace out. It
says that we try to learn how high level of contamination data could be, without
breaking a “reasonable” behaviour of the estimator. The mathematical formalization
of course seems at the first glance somewhat strange since it “reflects” reasonable
behaviour as not escaping from a (fixed) compact set. As however the definition is
given in an asymptotic form, it is correct. For finite samples it gives the ratio of
“good” and “bad” observation which does not imply explossion or implossion of the
estimator. Let us add that it is usual to give the value of breakdown point in “%”,
not as it would follow from definition as a number from the interval [0, 0.5].

As an example of estimators, even from the classic statistics, which possess the
lowest and highest possible breakdown point are mean and median. An arbitrarily
large change of the former may be caused by one observation placed sufficiently far
away from other, however the latter can be substantially shifted only by moving at
least half of observations. On the other hand, just opposite situation is what concerns
the local shift sensitivity, which is the lowest for the median and the highest for the
mean.

ENLARGING HAMPEL’S PROGRAM

As we have already mentioned the breakdown point is one of the most discussed
points and, as from these discussion follows, probably the most misunderstood char-
acteristics of robust estimators. After all, an example of misunderstanding the be-
haviour of the estimators with high breakdown point, will be given below. Hence
before discussing properties of one of the estimator of regression coefficients with
possibly high (in fact even controllable) breakdown point we are going to make
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an excursion into the history of such estimation and evaluation of corresponding
estimators.

What is really worthwhile of our attention is the fact that building the theory
of robust statistics was always accompanied by “an empirical” studies made mostly
on some simulations, see e.g. Andrews et al. (1972), Huber (1973), Lax (1975),
Schweingruber (1980), Ruppert & Carroll (1980) and some papers in Directions in
Robust .... What is however sorrowful is the fact that most of the programs which
were used for these empirical studies were not included into any commercially avail-
able statistical package, so that there is evident lack of (reliable) implementations
of efficient algorithms.

We have already discussed the mean, with zero breakdown point, and the me-
dian, with 50% breakdown point. In the regression framework a lot of estimators (of
model) were established nevertheless no with very high breakdown point. Moreover
the result of Maronna (1976) (see also Maronna et al. (1979)) brought a disappoint-
ment since it appeared that the breakdown point of M-estimators cannot exceed
%. On the other hand, the existence of the estimator of location having breakdown
point as high as 50% was a challenge for statisticians to find also in the regression
framework an estimator with such a high breakdown point (or to prove that it is
not possible). The challenge can be viewed at least from two standpoints. The first
one is to interpret it just as a purely mathematical challenge to reach a boundary
of possibility (realize please that 50% breakdown point is the maximal possible, in
some sense). The second standpoint is to see the problem of reaching 50% break-
down point as the problem inspired by a hope that such an estimator (even probably
losing a lot of efficiency) can hint what is the true model behind the data. And since
the idea of a true model behind the data implicitly assumed that such a true model is
independent from contamination of data (any under 50%), the high breakdown point
was believed to be something which guarantees stability of estimator with respect
to nearly any change and/or damage of data.

Of course, this hope was tacit from the very beginning because the idea of some
true, “objectively existing” model behind the data is hardly justifiable and hence
misleading at all. Nevertheless, a disappointment which arrived when it appeared
that the estimators with high breakdown point work in other way than it was wrongly
and senselessly assumed is still at the roots of prevailing part of criticism of the
estimators with high breakdown point. We shall return to this discussion later when
we will be able understand better the arguments. Now let us perform the promised
excursion into the history.

As a winner of the contest for the construction of an estimator with 50% break-
down point is usually assumed the repeated median by Siegel (1982), although already
in Hampel (1975) can be found an idea which led to the least median of squares,
(mainly) for the framework of location parameter in details studied in Rousseeuw
(1984). We shall not recall the definition of the repeated median since it (the def-
inition as well as the estimator per se) is complicated and probably it was never
implemented, maybe not even for the experimental purposes. Fortunately, a bit
later appeared the least median of squares by Peter J. Rousseeeuw. The definition
in this case is quite transparent.

DEFINITION 5. The least median of squares is given as

(10) B(LMS,n) — a%%r}%]zjn med {rf(ﬁ)} .
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This is an original definition which gave, for the evident reasons, the name to the
estimator. Immediately however it was generalized on the least h-th order statistic of
squared residuals but this name is not used and the old one overlived. To be able to
introduce it, let us denote for any 5 € RP the i-th residual by r;(5) = YifZ’;:l Xi;06;
and the order statistics of squared residuals by r(QZ.) (8), it means that

rty(B) < 1y (B) < o <l (B) < g (B) < o <l (B).

Now, a modified definition of M5 reads as follows.

DEFINITION 6. For an h, 5 < h <n the least median of squares is given as

(11) B(LMS,n,h) _ a%%%gn T%h)(6)2~

As it was already noted the estimator was studied in details for location parameter
in Rousseeuw (1984) and for regression framework in Rousseeuw & Leroy (1987).
This reference contains also a short passage devoted to the least trimmed squares.
They are defined as

DEFINITION 7. For an h, % < h < n the least trimmed squares are given as

h
(12) BUTSI) = argain 3ty (B)*.
i=1

Both B(LMS’”’”) as well as B(LTS’”’”) have for h = [%] + [%] the highest attain-
able breakdown point (for the scale- and regression-equivariant) estimators, namely
e* = ([%} + 1) /n. Later there appeared a lot of estimators of regression coeffi-
cients with high breakdown point as S — estimators, minimum distance estimators,
minimum volume estimators, minimum determinant estimators, min-maz bias es-
timators, etc., to name at least a few among many others. The last ones, namely
min-magz bias estimators were studied in Martin et al. (1989). Let us stop for a
while with them.

Instead of giving a definition of the min-max bias estimators, let us try to describe
them in words, since it will clarify immediately the idea which led to their proposal.
We shall keep the framework for explanation as simple as possible.

So, let us consider a probability measure on the real line, say in a form of distri-
bution function F', e.g. standard normal distribution A(0,1). Denote by H the set
of all distribution functions on the real line. Further, for a fix § € [0, 1] denote

Frs) =1G, G(x) =(1—¢)-F(z)+e-H(x), HcH, 0<e<0}.

Moreover, denote by B = {B : IEFB = ﬁo}. Now, consider a fix estimator, say

3 ¢ , and find the distribution function 3¢ € F(r.s) for which the bias of the
#M € B, and find the distribution f GP™) € F(p 5 for which the bias of th
estimator B(l) from (Y is maximal. It means that

G = arg max H]Egﬁ(l) fﬁOH

(F,8)

and put (maximal bias) MB(M) = "EG(5<1))ﬁ(1) - BOH. Finally, put

(13) B(MinMazBias) _ argenl%in MB(B)

DEFINITION 8. The estimator given in (13) is called min-maz bias estimator.
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Of course, it is not simple to evaluate such estimator but in special cases it is pos-
sible. Since under some technical conditions they are equivalent with S-estimators,
we may find them as estimators which minimize scale (of residuals). It means, except
of others that we need not to specify F(p sy, B. etc., we just only minimize scale of
residuals. The following picture shows an example of their work (notice please that
except of data depicted by crosses there is one datum at the origin, given by a small
circle).

Figure 1 “Pure” data - S-estimate and normal plot of residuals.

The same or only indiscriminately different estimate of model we obtain by the
least trimmed squares, by the least median of squares, by M-estimator with Ham-
pel’s y-function etc.

Now, let us shift the datum given by circle (at the origin) somewhat right and
low

Figure 2 “Contaminated” data - S-estimate and normal plot of residuals.
(Notice the different scale of the right picture of Figure 1 and 2)

A large change of S-estimate quite contrasts with the other mentioned estimates,
namely the least trimmed squares, the least median of squares and M-estimate with
Hampel’s ¢-function, which remain nearly the same as they were for data given at
Figure 1. The normal plots of these estimates also remain nearly as the plot given
in the right hand side of Figure 1 while the normal plot of S-estimate (given on
the right hand side of Figure 2) is quite unsatisfactory. All these facts hint that for
the “contaminated” data a “true” model (or if you wish, reasonable model) is still
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that one given in at the left hand side of Figure 1. But it means that min-max bias
estimate is considerably biased, much more than the other estimates.

What is a reason for it 7

The reason is simple. The theory built up for min-max bias estimator in Martin
et al. (1989) assumed that the regression model is unknown but fix, let us say just
“true”, and that the distribution function belongs in F(r 5) for some F and § € [0, 1].
In fact § was just the only restriction which was prescribed a priori. But when
the estimator was applied on data it “took” into account several, let us stress, very
different regression models and according to the corresponding sets of residuals made
a conclusion about the underlying regression model and the distribution function of
disturbances. So Martin et al. (1989) were betrayed by the assumption (practically
always (unconsciously) accepted by most of us when applying any statistical method)
that “behind the data” is an objectively existing, unique true model and if we could
increase number of observations above all limits, we inevitably arrive at it. And
that objectively existing true models is hence included - or imprint, if you wish -
(in a strange way ?) into the world around us. The problems and traps which
such an approach implicitly contains were already known to Emmanuel Kant and in
modern philosophy of mathematical modeling they were discussed by Ilya Prigogine
and Isabella Stengers, see e.g. (1977) or (1984).

Our example demonstrates that S-estimators assumes quite different “true” model
from the “true” models assumed by other estimators (for “contaminated data”, i.e.
for data with one datum shifted). And for this model, S-estimator gave a model
which is minimally biased from “its true”. It may seem strange (at the first glance)
but as we shall see later it may be even formalized and then we conclude that for
one, fix sequence of data two (strongly) consistent estimators may give quite different
model for any size of data. Nevertheless, the conclusion from just closed discussion is
that (of course) any new proposal of an estimator is to have a heuristic background,
to be easier acceptable in applications, but the heuristics are to be well thought-out,
i.e. all pros and cons are to be taken into account to arrive at heuristics which really
work (especially for finite samples).

We have already mentioned how important is for any new (robust) estimator a re-
liable algorithm for its evaluation. Of course, it is much better, if there is an available
implementation of this algorithm. This “feature” of estimator was “underrated” in
the past due to the fact that there was usually available a formula for the estimator.
Of course, even then we may have some problems with an implementation, see e. g.
how much effort was spent to solve in a reliable way the problem of evaluating the
inverse matrix in the formula for the least squares, see Antoch & Vorlickova (1992).

We have also recalled that there is still a lot of misunderstandings or misbeliefs
connected with the robust methods. One very deeply rooted but completely mis-
leading was already discussed, namely erroneously assumed a large loss of efficiency.
Another one is a tacit belief that the estimators with high breakdown point are sta-
ble under any circumstances. In other words, statistical folklore still assumes that
since the estimators with high breakdown point are able to cope with a high level of
contamination of data, it would not change too much in any small change of data.

Let us give an example which will illustrate the problems discussed in last two
paragraphs and which will indicate how to cope with them. Previous to the example
let us recall once again that the robust estimators are defined typically as a solution
of an extremal problem. Since in the most cases we are not able to evaluate precise
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solution, we put up with a (tight) approximation. We shall return to this problem
in details later.

T. P. Hettmansperger é S. J. Sheather published in 1992 results of processing
data (originally studied by Mason et al. (1989)) recording dependence of number of
engine knocks on the spark timing, on the air/fuel ratio, on the intake temperature
and on the exhaust temperature. They reported that when they included the data
into memory of PC, they wrote wrongly 15.1 for the value of air/fuel ratio of the
second observation rather than the correct value 14.1. (In what follows we shall call
data with the wrong value 15.1 as damaged data and the data with the correct value
14.1 as correct data.) When they noticed the error they recalculate the results with
an expectation that the new results would differ from the previous ones slightly.
Let us add that they used B(LMS’"’h), i.e. the estimator with (asymptotically) 50%
breakdown point. However, to their great surprise, the change of values of the esti-
mate of regression coefficients was large, see next table. Unfortunately, they did not
write by which program (i. e. by which algorithm and by which implementation) they
evaluated results. Nevertheless the results, they gave in paper, were up to all given
decimal digits the same as the results, the program PROGRESS (see Rousseeuw &
Leroy (1987)) returns. (We are grateful to Peter Rousseeuw and Annick Leroy who
sent us a diskette with fortran source of PROGRESS, for the possibility to use it.)
The same values gives also S-PLUS (version 3.2 which was available at those days; I
am afraid that nothing changed). Both programs are based on algorithm which can
be called resampling algorithm. The algorithm randomly selects an elemental set of
p points, then it fits a regression plane to them and then performs (repeatedly) its
shift and rotation to decrease the value of the minimized order statistic. This step of
program has its justification in the geometric characterization of BLMS,n.h) which
was found by Joss & Marazzi (1990). It says that at least p+1 points are at the same
distance from the regression plane, given by any solution of (11). So reaching that
requirement this step of program is stopped and the whole procedure, of selecting
another elemental set of p points, is repeated. Of course, the LM S criterion, see
(11), is monitored and at the end, given by a stopping rule (e.g. by performance
of a priori given number of repetitions), program returns as estimate that vector of
regression coefficient for which the criterion was minimal.
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Table 1
Estimates of regression coefficients for Engine Knock Data
given in Hettmansperger & Sheather (1992)

Estimates for correct data | Estimates for damaged data

Intercept 30.08 -86.50
Spark 0.211 4.586
Air/Fuel 2.905 1.209
Intake 0.555 1.468
Exhaust -0.009 0.069

By a stroke of good luck, at the same time appeared an algorithm based on a dual
version of linear programming problem and corresponding form of simplex method,
later described in Boc¢ek & Lachout (1995) (let us call it BL-algorithm). Firstly,
BL-algorithm is (many times) quicker then the resampling algorithm. Secondly, we
did not yet found any set of data for which it gives larger value of the minimized
order statistics than the other methods, see Visek (1996 b) and (2000a). We would
like to express our gratitude to Pavel Boek who is the author of the implementation
for an offer to use his software. In the next table results of both algorithms are
gathered. (The abbreviations are nearly self-explaning, nevertheless let us say that
JUMS ™) g BLMS.nh) evaluated by PROGRESS while B4 MS™ M js f(LMS.n.h)
yielded by Boc¢ek’s implementation; finally T(Q,m) is h-th order statistics among the
squared residuals, h = 11).

Table 2
Estimates of regression coefficients given by
resampling algorithm and BL-algorithm

Estimates Estimates

for correct data for damaged data
Estimator A%L]MS,n,h) A(BLLMS,n,h) A%L]MS,n,h) A(BLLMS,n,h)
Intercept 30.08 30.04 -86.50 48.38
Spark 0.211 0.144 4.586 -0.732
Air/Fuel 2.905 3.078 1.209 3.393
Intake 0.555 0.460 1.468 0.195
Exhaust -0.009 -0.007 0.069 -0.011
T(th) 0.103 0.053 0.328 0.203

So, the conclusion is that “Hettmansperger-Sheather effect” was caused by poor
algorithm they used (and which was not yet abandon). It again underlines the
importance of availability of the reliable algorithm which is of course acceptably
quick (or not very slow, if you wish) to evaluate the estimates in a reasonable time.
The last requirement is also very important because when applying robust regression
we need to “experiment”. As we shall see later by the promised example we need to
evaluate the estimates for various sets of explanatory variables, as it is also usual in
the classic least squares analysis, but also for various h’s, i.e. for various numbers
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of observations which the least median of squares or the least trimmed squares take
into account. Let us add that for solution of the corresponding extremal problems
(which defines the robust estimators) the routine methods for finding the extrema
are not suitable due to the large number of local minima in the extremal problem
of type (11) or (12). Moreover the extrema are sometimes deep sometimes rather
flat. It means that in fact for every single robust estimator we have to find a
tailored approach which consists of two steps. Firstly, it is necessary to invent a new
algorithm (i. e. a trick) for finding an approximation to the theoretical value of the
estimator in question. Secondly, another trick has to be found for checking that the
algorithm gives really tight approximation.

But it is not yet the end of story. Even when we have verified that a new algorithm
gives good approximation to the theoretical solution of given extremal problem, we
should equip the estimator by some accompanying procedures. As we have already
briefly mentioned, it is clear that similarly as in the classic analysis performed by
the least squares we can meet with collinearity (hence we need a “ridge” version
of the estimator in question), we may get into a situation when the disturbances
are dependent with the explanatory variables (and hence we need a version of the
method of instrumental variables for given robust estimator and of Hausman test),
we can obtain AR(p) structure of residuals (and hence we need a version of Durbin-
Watson statistics for given estimator and a “remedy”, i.e. some version of Praiss-
Winston or Cochran-Orcutt transformations) etc. It is sufficient to look into a
monograph on classic regression to learn how much accompanying procedures the
(ordinary) least squares have to be able to cope with (any ?) situations in which
some assumptions are distorted (of course, the handicap of such monographs is that
they assume distortion of all assumptions except of the assumption of the (strict)
normality). Nowadays, there is not any robust estimator fully equipped by such
accompanying procedures. Moreover, it seems that there is not (even) a systematic
research in that field (unfortunately).

But it is not yet the end of story. Accomplishing all these steps, we should
“sell” new estimator to users (who are conservative and not too much eager to use
anything new, at least up to a moment when old methods evidently fail). And that
is task for the heuristics which initiated the proposal of the estimator. It is to be
so easy acceptable that it should seem to user that the estimator is as “natural”
as the least squares (converted commas of course indicates that there is nothing
natural on the least squares except of the fact that they are intrinsically connected
with Euclidian geometry which we have accepted as natural). Clearly, a few last
sentences somewhat played down the role of the heuristics. In fact, its role is, of
course, important also for the following reason. As it was already said, most of our
results are of asymptotic type. So the heuristic is inevitably also a support that the
estimator will work for the finite samples in an appropriate way, too.

It implies that we should establish a new paradigm (according to present level of
knowledge) to

e consistency,

e asymptotic normality,

e reasonably high efficiency,

e scale- and regression-equivariance,

e quite low gross-error sensitivity,
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e low local shift sensitivity,

e preferably finite rejection point,

e controllable breakdown point,

e available diagnostics, sensitivity studies and accompanying procedures,

e existence of an algorithm (better, of an implementation with accep-)
table complezity and reliability of evaluation,

e an efficient and acceptable heuristics.

THE LEAST TRIMMED SQUARES - THE THEORY

Now we are going to present somewhat more details about the least trimmed
squares B(LTS’"*h), then to describe an efficient algorithm for the evaluation and
employing the algorithm to illustrate and then to discuss some, at the first glance,
strange effect of (high breakdown point) estimation. Finally, we give an example
demonstrating the employment of B(LTS*”’h) in the applications. To be able to do
it we will need some assumptions.

First of all, denote G(z) the distribution function of ef. For some a € [0, 3), u2
will be the upper a-quantile of G(2), i.e. P(e? > u2) =1 — G(u2) = a. Further,
denote by [a] the integer part of a and for any n € N put h,, = [(1 — a)n]. Finally,
for an arbitrary sequence k = {k;}32; (k; € {0,1}) such that Y .  k; = h, put
Qn(k) = % S ki X; X', The promised assumptions are as follows.

Assumptions A. The sequences {X;}2, (X; € RP) is a fix sequence of nonrandom
vectors from RP. Further, the sequence {e;}32, (e; € R) is a sequence of independent
identically distributed random variables. The distribution function F(z) of random
fluctuation ey is symmetric and absolutely continuous with a bounded density f(z).
The density is positive on (—oo,00) and has bounded derivative. Moreover,

(14) oI = Ofm)

(15) Eei =02 € (0,00).

Uniformly with respect to k (i. e. uniformly with respect to any sequence k = {k;}5°,)

(16) lim Qn(k) =Q

n—oo

where Q is a reqular matriz (and convergence is of course assumed coordinatewise).

REMARK 1. The assumption (16) is somewhat stronger than the usually accepted
lim 1 > XX =Q.
=1

n—oo M
Since however we cannot guarantee which indeces will be selected by BULTSh) into
the subsample which is finally taken into account, it has to be given in this form. It

is easy to give an example of data demonstrating that without (16), BULTSh) peed
not be consistent.
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REMARK 2. [t follows from Assumptions A that we shall consider the setup
with nonrandom carriers (or explanatory variables, if you wish). The theory for the
setup with random carriers requires some modifications what concerns the assump-
tions (orthogonality and sphericality conditions), see Visek (1999b). However, what
concerns the results comparing those in Visek (1999b) and those given in this paper,
one concludes that they are nearly identical.

The absolute continuity of F' seems at a first glance rather strong assumption.
However, let us realize that firstly the (ordinary) least squares are optimal (among all
estimators) only under strict normality of random fluctuations e;’s. The argument
that without normality the least squares are still optimal among all linear estima-
tors is true but misleading, since the restriction on the class of linear estimators is
drastic. Secondly, any study of order statistics assumes the absolute continuity of
the underlying distribution, since without this assumption we have got into some
technical troubles as the probability that two order statistics attain the same value
need not be zero.

Also assumption that the density is bounded and has bounded derivative every-
where may be considered somewhat strong. As we shall see in the next, we shall
need (except of other) to estimate the probability

(17) P (uA <ei <un+ n*%?t)

(of course for the case when 21t > 0). Then it is clear that we need some assumptions
on ||X;| and on F(z). If we assume that for some K < oo

(18) sup |[.X;]| < K,
i€EN

it is evidently sufficient to assume existence of bounded derivative of density in
the neighborhood of uy and of —uy. However, the assumption (18) is considered
by some statisticians as inadmissibly restricting while they are willing to accept
the assumptions of type (14). Then of course, the norms || X;||, ¢ = 1,2,...,n are
not uniformly bounded and hence to be able to achieve the equality P (uy < e;
<wuy — n_%x?t) = ||Xi||(9(n_%), we need some assumption(s) about F(z) to be
fulfilled on the whole support of F(z). Of course, under (18) as well as under
(14), it is possible to estimate probability (17), nevertheless in the former case it
is straightforward while in the latter it requires rather involving considerations.
Moreover, Lemma A.1 shows that from the practical point of view, there is not
considerable difference between (14) and (18). Finally, results in Chatterjee, Hadi
(1988), Zvéra (1989) or Visek (1996b), (1997 a,b) (2000b) indicate that in the case
when the norm of some explanatory vectors is out of control, we cannot guarantee
anything about subsample sensitivity (see also Theorem 3 below). That is why we
shall also assume an alternative version of assumption .

Assumptions B. The sequences {X;}52, (X; € RP) is a fix sequence of nonrandom
vectors from RP. Moreover, (16) holds for some regular matriz Q. Further for any
nenN
max Xl = O(1).
i i 1= OW)
The sequence {e;}32, (e; € R) 1is a sequence of independent identically distributed
random variables with absolutely continuous distribution function F(z). There are
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neighbourhoods of us and of —us in which the distribution F(z) has a bounded
density f(z) which is positive and has bounded derivative. Finally, (15) holds.

THEOREM 1. Let Assumptions A or B hold. Then B(LTS’"’h) is \/n-consistent,

1. €.
N (B(LTS’”’}L) — ﬁo) =0,(1) asn— occ.

THEOREM 2. Let Assumptions A or B be fulfilled and (1—a)—uq (f(ua) + f(—ua))
% 0. Then

Vi (BUTS  ) = =B Qi (1~ @) — el f(ua) + F(—a))] ! x

XZ - X8 X; - I{e? <ul}+o,(1)
and Q(LTS*””Z) is asymptotically normal with mean value equal to B° and covariance
matrix
-2
V(RIS F) = @t (1= a) = ua(f(ua) + f(—ua)) / Z2dF(2),
1. €.

r (\/ﬁ (B(LTS,n,h) . 50)> — NY(O, V(ﬁ (LTS,n,h) F)) 4s T — oo,
THEOREM 3. Let

n

R =0 WS (7 +77)

i=1
where
7 = time for Wiener process W (s) to exit the interval (—a;,b;")
with 3
(—af, b)) = (uazi ull — 7], —uqz) 07) if 276 <0,
(=, b)) = (—uax] 67 uqr} 6[1 — 7;7]) if 216 > 0
and }
7, = time for Wiener process W (s) to exit the interval (—a; ,b; )
with B
(=a; ,b;) = (uax; 6[1 — 7} ], —uqa; 67; ) if 16 <0,
(—a;,b7) = (—uarfuity ,uqr) (1 — 7, ) if 216 >0
and where

d=n (B(LTS,n,h) _ B(LTS,n—l,h,g)>
= P(I{T?(B(LTS’WM)) < 1) (B(LTS’”A"Z))} >

I{TZZ(B(LTS,n,h)) < T(Zh) (B(LTS,n,h))})

A P(I{T?(B(LTs,nq,e)) < T(Qh) (B(LTS,nfl,é))}

< I{T?(B(LTs,n,h)> < T(Qh) (@(LTS,n,h))}).
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Moreover, let [(1 — @) — ta (f(ua) + f(—ta)) — Rn] ™" = Op(1). Then under As-
sumptions B we have

n (BUTS) — GUETSALRO) = (1~ 0) — o (F(ua) + F (=) = Ro] ! x

(19)
X (YZ _ XEB(LTS,n,h))) X+ Op(l) as n — oo.

More details can be found in Visek (2000¢) and in (1999b).
As follows from Theorem 3, n (B(LTS*”J” - B(LTS*”*M)) is, except of others, pro-

portional to R,, which, as we have seen, is a random variable obtained from Wiener
process by plugging in appropriate stopping times. Such variable is bounded in
probability but we cannot control upper bound of its absolute value by an a priori
selected parameter. It implies that change of the estimates of regression coefficients
evaluated at first for the whole data and then for the data from which the ¢-th obser-
vation was deleted may be considerably large. The asymptotic representation (19)

of n (B(LTS’”’”) — B(LTS’”_““Z)) is nearly the same as the asymptotic representa-

tion of the difference n (B(M*”) — B(M*”fl*e)» i.e. the difference of M-estimators

generated by discontinuous i-functions, see (6) and more details in Visek (1996 a).

May be that it is not possible to grasp it immediately and only from results
which concern 3(ETS:m:1) (which were given a few lines ago) but from the proofs it
is straightforward that the root of that behavior is in the “sharp” (or complete, if
you wish) rejection of some observations. Hence a first conjecture may be:

CONJECTURE 1. An estimator which comply with the new paradigm (except of
the equipment by the accompanying procedures) is the least weighted squares given
as

B(LWS,n,h) _

h

a%%l]?%in Zwi r(Qi) B)
i=1

(5 < h <n) for appropriately selected weights w;.

REMARK 3. Notice please that again, similarly as for B(LTS’"*h), the order of
words is substantial, i. e. this estimator differs from the classic weighted least squares.
For the former the weights are assigned to observations implicitly by the estimator
itself while for the latter the weights are generated by an external rule.

It is well-known that applying the ordinary least squares we may get in trou-
bles when the collinearity of explanatory variables takes place. It is nowadays also
well-known that in 1970 Hoerl and Kennard proposed ridge regression as a possible
solution of the problem. The corresponding estimator is biased but it has, under
some technical condition, smaller mean squared error than the classic least squares,
see e.g. Zvéra (1989). The ridge regression estimator is a special case of estimators
with linear constraints, see e.g. Visek (1997a). The estimators with linear con-
straints are in some monographs offered as one of classic solution of collinearity, see
e.g. Judge et al. (1985) (another one is the regression on the main components).
It is not difficult to see that the solution of (12) can be found (theoretically) by a
successive application of the least squares on all h-tuples which are subsample of
data. Practically this approach is feasible only for data having not more 20 obser-
vations. Nevertheless, the algorithm which will be described below for evaluating
a (tight) approximation to the solution of (12) applies also in an iterative way the



Regression with high breakdown point 343

least trimmed squares. Hence we may get due to collinearity of explanatory vari-
ables into the same troubles as the ordinary least squares got in. That is why we
have studied also the least trimmed squares under linear constraints. The following
theorem brings the asymptotic representation of such an estimator. First of all we
have to give a definition of the estimator.

DEFINITION 9. Let C' be a matriz of the type £ X p and full rank. Moreover let
v E RE. For an h, 3 < h < n the least trimmed squares with the linear constraints
giwen by matriz C are given as

h
(20) BUETSCmh) — a%%%gn {Z 7“(21-) (B)* with Cp = ’Y} )

i=1
THEOREM 4. Let Assumptions A or B be fulfilled and (1—a)—uqa (f(ua) + f(—ua))

£ 0. Moreover, let C' be a matriz of the type ¢ xp and full rank. Moreover let v € R’.
Denote

Q—l — Q—l . Q—lcT {CQ—lcT}71 CTQ_l.
Then

Vi (BETSEn g0) = nBQH (1 ) g (Fua) + Fa )] ¢

n
x> (Y= XT8%) Xi- 1{e} < ud} +op(1)
i=1
and FETS:mh) g asymptotically normal with mean value equal to B° and covariance
matrix

-2
U

V(B(LT&CW’M’ F) = Q;l (1 - a) - ua(f(ua) + f(_ua)) / ZQdF(Z)’

r (\/ﬁ (B(LTS,C,n,h) _ 50)) — NY(O, V(ﬁ(LTs,c,n,h)’F)) 4s T — oo,

THE LEAST TRIMMED SQUARES - THE ALGORITHM

Now we are going to describe algorithm which is suitable for evaluation of an
approximation to the precise solution of (12) and the way how we have confirmed
that the approximation is tight.

The algorithm is given by the following scheme:

Figure 3

Select randomly p + 1 points and find

the regression plane going through them.
!

Evaluate residuals for all points

with respect to this regression plane.

!
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Select h points with smallest squared residuals

and save the sum of these squared residuals.
no

Is the sum smaller than Go to A

the previous sum ?

l yes

Applying LS on h selected points,

find new regression plane.

l

Goto B

A

l

Has been the same model
found repeatedly (20 times)
(with the smallest sum of squared residuals)
or has been an a priori given number

of repetitions already accomplished ?

yes l l no

Go
to C

End

Let us add that an implementation by Pavel Cizek is possible to access on IN-
TERNET in XPLORE which is a statistical package organized by Wolfganag Hardle
from (and on) Humboldt University. By a request a version applicable under DOS
is available from present author and soon a WINDOWS-application will be available
(also from present author).

Due to the fact that a lot of attention was paid to the study of methods of
evaluation of the least squares, the steps in the previous algorithm which employ
the least squares do not represent any problem. Nevertheless it does not guarantee
that the algorithm is reliable. The next lines bring an information which approves
that the algorithm does give a tight approximation to the precise solution of the
extremal problem (12).

We have already mentioned that Hettmansperger €/ Sheather analyzed in 1992
data (let us call them the Engine Knock Data) which contained only 16 observations
(we have already described what the data recorded). For such data we may find pre-
cise solution of the extremal problem (12) by means of a complete inspection over all
subsamples of size 11 = [%] + [pTH} Since there is “only” 4368 subsamples of size 11,
we obtain a solution of the problem in a few minutes. We have also mentioned that

not too long after the time when Hettmansperger’s & Sheather’s results appeared
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we had at hand Boéek-Lachout’s algorithm and we evaluated estimates (after all we

have presented them already in previous). Let us give them once again, now in one
table with precise results for S(ETS:mh),

Example 1. Engine Knock Data, h = 11 (ﬁ(LTS*”vh) - precise values.)

Table 3
Correct data
Method Interc. | SPARK | AIR | INTK | EXHS. Z?Zl 7“(21.) (8) 7“(2h) (8)
BULMS.nh) 13004 | 0.144 | 3.078 | 0.460 | -0.007 0.423 0.053
BULTSmh) 13511 | -0.028 | 2.949 | 0.477 | -0.009 0.271 0.096
Table 4
Damaged data
Method Interc. | SPARK | AIR | INTK | EXHS. Z?Zl 7“(21.) B) r(Qh) (8)
GEMSmh) 48 4 -732 | 3.39| .195 | -0.011 1.432 0.203
BULTSmh) | 887 4.72 1.06 | 1.57 | 0.068 0.728 0.291

Let us turn our attention to the last two columns (successively in both tables,
i.e. for correct as well as for damaged data). The last but one gives the sums of
eleven smallest squared residuals in respective models. We see that smaller are the
sums which stay in tables for the least trimmed squares than the sums of the eleven
smallest squared residuals which belong to the least median of squares. But it is
0. K., since the method of the least trimmed squares is an “expert” for finding such
models in which corresponding sums of the i smallest squared residuals are minimal.
(Moreover in this case we have at hand precise solution of (12), so the sum is really
the smallest possible. After all, we see that the sum which corresponds to the least
median of squares is nearly two times larger.) So, since we found by the throughout
inspection “really good” model, we can expect that all residuals (up to the eleventh
one) are also small. Nevertheless, comparing items in the last column we notice
that Boc¢ek-Lachout’s algorithm gave even smaller eleventh order statistics among
the squared residuals. It hints that the Bocek-Lachout’s algorithm is really efficient.

In the case when the number of observations is however larger than, say 20, we
are not able to perform inspection of all subsamples of size h and we have to employ
the algorithm, we have just described. It is the case of the next example.

Example 2. Salinity Data (Ruppert, Carroll 1980), 21 cases, h = 16.
Concentration of salt in water in North Carolina’s Pamlico Sound probably depends
on

e on salinity 1afg%ed b{ltwo weeks,

e on numbér of biweekly é).erlods elapsed since ...... ,
e on the volume of rivet discharge into the sound.

Table 5
Method Interc. | SAL.LAG | TREND | DISCHR. 2?:1 7“(2i) (8) 7“(2h) B)
BILMSnh) [ 374 .362 -.086 -1.33 874 315
BUTSmh) | 367 .389 114 -1.31 .698 379

The items given in table show that the situation is analogous to that one described
in previous. Again the sum of the sixteen smallest squared residuals is smaller for
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BLTS.m:h) than for BLMSmh) while the sixteenth order statistics of squared residuals
is smaller for B(LMS’”7”) than that one for B(LTS7"’h).

The next example only confirm that the algorithms behave in the same way as in
previous also for somewhat larger number of observations.

Example 3. Educational Data (Rousseeuw, Leroy 1987), 50 cases, h = 27.
Expenditure on public education (per capita) in 50 U.S. states depends on

e on number of residents per thousand residing in urban areas in 1970,
e on personal income (per capita) in 1973,
e on number of residents per thousand under 18 years of age in 1974.

Table 6
Method Interc. | RESID. | INCM. | YOUNG | 37 iy (B) | rfy (B)
BEMS.nh) 979 4 | 090 034 1962 3734.8 16.78
BULTSmh) | 1435 | .043 .035 639 3414.5 19.04

Some other results of processing “famous” data sets may be found in Visek
(1996 b) and (2000a).

Let us return to Hettmansperger and Sheather’s study once again. We have said
that they expected, after correcting the error in data, that recalculated results would
be only somewhat different from the initial ones but they where surprised by the
magnitude of their change. We have also showed that the change of their results
was only miseffect caused by the bad algorithm they employed for evaluation of
the approximation to the solution of (11). Nevertheless, why they were surprised ?
Why they expected that the change of results would be small ? It was due to the
(well-spread) idea that the estimators with high breakdown point, due to the fact
that they are able to cope with a high contamination, are to be stable under any
change of data.

We are going to demonstrate that this idea is wrong. We are going to show that
it depends on the (character of the) change of data whether the change of estimates
will be small or large, even in a rather small change of data. We shall use once again
Engine Knock Data.

Example 4. Engine Knock Data, h = 11.

(Please remember that in this case estimates evaluated by B(

LTSmh) are precise values

of estimates, no approximation.)

Table 7

Data Interc. | SPARK | AIR | INTK | EXHS.

Correct data (with 14.1) 35.11 | -0.028 | 2.949| .477 | -.009

Damaged data (with 15.1) | -88.7 4.72 1.06 | 1.57 | .068

So, we see that a small change, even of one datum, may cause a large change of
estimate.
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To enlighten what is behind this behavior let us give an academic example. As
any other academic example also this is unrealistic, quite senseless, etc. but has one
advantage, it is immediately clear what was the reason for the behavior of B(LTS )
described by previous table.

“Decreasing true” model “Increasing true” model

The pictures hint that a small change, even of one datum, may cause a large
change of (our ideas about) the “underlying” model.

Returning to the table for damaged data of Example 1 we notice that the least
trimmed squares and the least median of squares offered quite different estimates of
underlying model. Let us recall that we gave arguments why we may expect that
for the extremal problem (11) we have at hand a tight approximation of its precise
solution. For the least trimmed squares we have at hand even the precise value of
the estimator. Keeping that in mind we may be surprised that the estimators gave
so different estimates of coefficients.

An academic example (again in the form of a picture) may enlighten the situa-
tion so that it is immediately clear what is the reason for a “strange” behavior of
estimators.

B(LIMS,n,h) B(LTS,n,h)

versus
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The fact that two consistent estimators may give rather different (even orthog-
onal) estimates of underlying model was already studied, formalized and in known
as the diversity of estimates. Since the formalization is in easy available sources,
see Visek (1996b), (1997 ¢) or (2000a), we shall not repeat it. Let us only add that
the formalization demonstrates that two consistent estimators may give completely
different estimates of regression coefficients and an increase of sample size need not
help. In fact, the phenomenon may appear both for strong as well as for weak
consistency and for any size of data.

Now let us turn to the promised example about the Czech economy.

EXAMPLE OF ANALYSIS BY HIGH BREAKDOWN POINT ESTIMATOR

In the study of data describing the Czech economy in 1994 we have looked for
factors having a significant influence on the export and on the foreigner direct in-
vestment, only. We shall present below results for foreigner direct investment. The
reason is that the paper is already rather long and moreover in both cases, as we
shall after all mention it in the next text, the conclusion were very similar. At the
beginning of study we have took into account the whole set of raw data recording
the export (X)?2, the import, the total sail (S), the labour (L), the quality of labour
given by number of the university educated workers and other labour, the total pro-
duction, total profit, the value added (VA), the wages (W), total expenditures on
labour (cost of labour), the capital (K), percentage of production sailed by 3 largest
producers (and so representing concentration in given industry), the development of
prices (DP) (given by weighted mean of inflation in given industry), Ballasa index
(difference of export and import divided by sum of export and import), the debts,
an increasing return to scale (IRS), negative externalities (waste, chemicals, etc.),
the total factor productivity (TFPW) (related to the level of wages) in the Czech
republic and Germany, the foreigner direct investments (FDI), the research and de-
velopment (R&D), sensitive products (there are industries which, due to a better
organized lobby, such as in textile, clothing, agricultural products, steel, automo-
biles and some chemicals, are subject to a higher protection tariffs), energy intensity
(including, coal, gas, oil and electricity), depreciations, kilogram prices, etc. were
collected for 92 industries. Finally, we have tried to use also some explanatory vari-
ables which were derived from these (which were just given) as unit labour cost,
capital per labour, profit per value added, etc.

It is not necessary to be expert on the Czech economy to be aware that such
industries as Tobacco (due to Philip-Morris) and Energy production (due to CEZ)
are completely atypical. Since both have a special status one can justifiably conclude
that they may damage the study and try to exclude them at first. It appeared that it
is sufficient to exclude Tobacco since the foreigner direct investment was completely
atypical, namely zero at respective year.

Moreover, it is clear that the industries have different sizes and that is why we
need some standardization of them. It need not be clear at the first glance that there
was no suitable unique variable for standardization of all variables. E. g. value added
may seem to be appropriate for such role but empirical results demonstrated that
it is not the case. So at the end we have standardized different factors (explanatory
variables) as well as the response variable by different variable (see model given

2 Abbreviations are given only for those variables which are used in below given reported results
of regression analysis.
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below). Maybe that in stabilized market economy with prices representing at least
vaguely real information about situation on the market, value added may serve well
for this purpose.

Of course, we have started with the least squares and due to not very large number
of observations (91) and a limited number of explanatory variables (about 30) we
could experiment with a lot of combination of them. We were not satisfied by the
results. Even the coefficients of determination were not very large leaving aside that
other characteristics (as e. g. normality of residuals) were also rather poor.

That was the reason we have applied the least trimmed squares (why just the least
trimmed squares is clear from the previous). In this case we were somewhat limited
in experimenting by time since the algorithm described in previous is of course a
bit slower than that one for evaluating the least squares. Nevertheless we have tried
more than twenty combinations of explanatory variables for several transformation of
response variable. Moreover, we had to try to fit the model for various value of h. For
each combination we started with h equal to 45 and increased it. At we end we have
arrived to the conclusion that the model given below is the best one. The reason was
not only the good statistical characteristics but also the fact that after fluctuations
of estimates of coefficients for several starting values of h we arrived to an interval
of values, approximately from 48 to 56, for which the corresponding subsamples of
data, i.e. corresponding collections of industries were nested and fluctuations of
the estimates of coefficients of regression models were small (in the next text we
call these subpopulations as main while the complementary ones are denoted as
complementary). Also the increase of the estimate of variance of disturbances was
acceptable. Outside this interval of values of h we met with (much) more “wild”
behaviour of all items in question.

FDI; X; VA;
10g< W, ) :ﬂo+51'm+52' W
D; .
(21) +0s - R‘;&A +B4-IRS; + 5 -DP; +e; fori=1,2,...h,

The next table is a pattern of results we have collected. (In all tables which follow
Estimates and Standard mean Estimates of regression coefficients and Estimates of
standard errors of estimates of regression coefficients, respectively.)

Table 8
Estimates of coefficients for main subpopulation for model (21)

91 cases h = 48

Ttem Estimates | Standard | t-value | P-value
Intercept -11.4878 0.4606 -24.9422 0
X/W 0.1785 0.0445 4.016 0.00024
VA/W 0.6082 0.0567 10.7189 0
R&D/PH 0.001 0.0003 3.4167 | 0.001419
IRS 4.5787 0.2182 20.9841 0
DP 0.304 0.0831 3.6601 | 0.000699
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Having gathered tables of results for h = 45,46, ...,62 we collected estimates of
coefficients and of other characteristics of models in the next two tables (of course,
for h = 48,49, ...,55 - see arguments given in previous).

Table 9
The estimates of coefficients for all models for h = 48,49, ..., 55.

Number
of cases 48 49 50 51 52 53 54 55

Intercpt | -11.49 | -11.02 | -11.40 | -11.41 | -11.16 | -11.15 | -11.13 | -10.88
signif. (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

X/W 0.1785 | 0.1592 0.19 0.204 0.2057 | 0.2142 | 0.2256 | 0.2194
signif. (0.0002) | (0.0014) | (0.0003) | (0.0002) | (0.0002) | (0.0002) | (0.0001) | (0.0003)

PH/W 0.6082 | 0.5661 | 0.5571 | 0.5517 | 0.5412 | 0.5504 | 0.5577 | 0.5661
signif. (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

RD/PH | 0.001 | 0.0009 | -0.0003 | -0.0003 | -0.0003 | -0.0003 | -0.0003 | -0.0003

signif. (0.0014) | (0.0027) | (0.0131) | (0.0192) | (0.0136) | (0.0233) | (0.0312) | (0.0297)

IRS 4.5787 | 4.4467 | 4.5885 | 4.6169 | 4.5003 | 4.4717 | 4.4377 | 4.3186

signif. (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)

DP 0.304 | 0.2953 | 0.3553 | 0.3394 | 0.3454 | 0.3259 | 0.3114 | 0.3066

signif. (0.0007) | (0.0015) | (0.0003) | (0.0006) | (0.0007) | (0.0018) | (0.0035) | (0.0056)
Table 10

Values of sum of squares (SS), estimates of variance, coefficients of determination,
Durbin-Watson (DW) and x?-statistics

Number

of cases 48 49 50 51 52 53 54 55
SS 14.01 | 15.76 | 17.29 | 18.94 | 20.60 | 22.62 | 24.59 27.44
&2 0.334 | 0.367 | 0.393 | 0.421 | 0.448 | 0.481 | 0.512 0.560
R? 0.941 | 0.936 | 0.942 | 0.937 | 0.933 | 0.926 | 0.920 0.911
DW 1.947 | 1.809 | 1.843 | 1.820 | 1.763 | 1.611 | 1.548 1.641
X2 1 8.84(8) | 6.42(7) | 9.01(9) | 7.12(9) | 5.48(9) | 8.33(8) | 6.97 (8) | 6.31 (8)

Now let us turn to complementary subpopulations. In the same way as described
in previous we have found also for complementary subpopulations regression models.
We concluded that the model

log< W )50+51' W TP 0 IRSi+ fBa- DP At

10The degrees of freedom (7, 8 and 9) were given as the results of the application of the x? test
procedure which automatically divided residuals into cells so that to have at every cell at least 5
in.
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(22) fori=1,2,...n—h—4¢,
is the best fitting to the complementary subpopulations.

Table 11
Estimates of coefficients for complementary subpopulation for model (22)

41 cases h = 37

Item | Estimates | Standard | t-value | P-value
Inter 3.099 1.6823 1.8422 | 0.07473
VA/W 1.5768 0.5000 3.1539 | 0.003493
RD/VA 0.0034 0.0007 5.0475 | 0.000017

IRS -2.9364 0.5448 | -5.3896 | 0.000006
TFPW | -3.3955 1.5883 | -2.1378 | 0.040269
Table 12
Other characteristics of models, estimates of coefficients of which are given in
Table 11
Number of cases / size of subsample, i. e. h | 38/36 | 41/37
Sum of squares 74.2522 | 63.2336
Estimate of scale 2.3952 1.976
Coefficient of determination 0.5988 | 0.6263
Durbin - Watson 1.9453 | 1.8932
X2 6.69(4) | 9.28(5)

There is of course (legitimate and interesting) question:

Is such division on the main and the complementary subpopulations jus-
tifiable 7
The answer is Yes.

At the late forties P.H. Douglas studied the question whether there is a model for
the production based on the labor and capital, and on the base of some empirical
material proposed the function which is nowadays commonly known as Cobb-Douglas
production function, see Douglas (1948) or Kmenta(1986). For further details see
e.g. Arrow et al. (1961), Greene (1993) or Judge et al. (1985)). It may be written
as

Qi = pL K}

where @; is the output in the i-th industry (and L and K are labor and capital,
respectively, as already denoted in previous). Moreover, the results given in tables
in previous text hint that there is a positive influence of the characteristic which
is called increasing return to scale in the main subpopulation and negative in the
complementary, we may try at the first analysis to fit this function to the subpop-
ulation given by our division. Assuming e.g. that A\ = 1 and taking into account
(again) that industries are of different magnitudes (and hence we have to standard-
ize corresponding items), we may try to estimate the coefficients of the regression
model

(23) %:a1+a2'L—:
where of course v; are some disturbances. Prior to reporting the results of such
experiment, let us say that we were successful for the main subpopulations but the
model was unsuitable for the complementary ones. Again, after some experimen-
tation we arrived to the conclusion that for the complementary subpopulations the

+ v
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best fit is evidently achieved by the model

24 == 2k
(24) W, Y1+ 72 Si-l‘fi

The corresponding coefficients of determination are given in Tables 13 and 14 below.

Table 13
Coefficients of determination for main subpopulations

Cases 48 49 50 51 52 53 54 55
Model (23) | 0.7436 | 0.7442 | 0.7399 | 0.7408 | 0.7432 | 0.7446 | 0.7456 | 0.7467
Model (24) | 0.1676 | 0.1694 | 0.1807 | 0.1816 | 0.1681 | 0.1375 | 0.1307 | 0.1319

Table 14
Coefficients of determination for complementary subpopulations
Cases 43 42 41 40 39 38 37 36

Model (24) | 0.0084 | 0.0343 | 0.1047 | 0.1092 | 0.1105 | 0.1162 | 0.1221 | 0.1288
Model (23) | 0.5444 | 0.5588 | 0.5572 | 0.5492 | 0.5576 | 0.5421 | 0.5443 | 0.5353
The results may be, with a grain of salt, interpreted so that the main subpopulations
behave like in the market economy while the others as in a centrally planned economy
(we stress once again that it is somewhat exaggerated). Moreover, the results given
in tables in previous text hint that there is a positive influence of the characteristic
which is called increasing return to scale in the main subpopulation and negative in
the complementary. It supports the same conclusion.

CONCLUSIONS

The conclusions are quite clear. Earlier, when the classic statistics studied the
estimators as the maximum likelihood or the minimum y?2, the evaluation of them
seemed to be not very difficult task. The evaluation of the modern (robust) estima-
tors is much more involving and a naive algorithm may betray us. So, the evaluation
of them is to be taken as seriously as the proving plausible the theoretical features.
Similarly, equipping the estimator by the accompanying tools, i.e. by test for the
verification of the assumptions is unseparable part of establishing new estimator.
Also searching for the consequences of under- or overfitting the model, presence of
an influential point and/or collinearity etc. should be included into that process.

The least trimmed squares fulfill nearly all items of a modern paradigm of point
estimation (the research on the least weighted squares which should rid us some
problems with the least trimmed squares, is under process). Moreover, the heuristics
of the least trimmed squares are so easy acceptable, that they may be apply even by
the believers into a traditional paradigm of mathematical modeling. Finally, and it is
also significant, the interpretation of results is not very far from the interpretation of
the ordinary least squares. The advantage of the estimator is that nowadays several
implementations are available
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1. Appendix
LEMMA A.1. Let us have Y ., ||lz;]| = O(n). Then for any A € (0,1] there is a
KA < oo such that denoting for any n € N
my, =#{i:1<i<n, |z > Ka}
we have m, < A-n (where “4A” denotes the number of elements of the set A).

PROOF. Due to the assumptions of lemma there is C' such that for all n € N we
have L 3" | [|z;]| < C. Fix A € (0,1] and put Ka = £ + 1. Then

1 & 1 1
C>=lall =9 > lal+ > il p > —muKa
i=1

{izllz:I<Ka} {E:llzil|>Ka}

andhencemn<n~%<n~A.

Table A1l
Data which were discussed in Figure 2
Datum given as a small circle is in the first column of the lower table.

x| 02| 0.39 0.6 | 0.87 1.2 1.94
v |-0.9-0.459 | -1.17 | 1.485 | 1.394 | 1.545

X 0.2 -0.21-039 | -06 | -0.87 | -1.2 | -1.94
y | -0.3844 | 0.9 | 0.459 | 1.17 | -1.485 | -1.394 | -1.545

Table A2

A pattern of data which were used in numerical illustration, i. e.
data about the Czech economy

case | OKEC | X/S | VS/PH [ SZ/PH | K/PH | R&D/PH | PH/W W)
1 101 |049| 285 | 379 | 5.21 51.2 2.16
2 1024103 |0.13 | 1.36 | 259 | 3.98 51.2 3.67
3 1114112018 | 151 | 2.87 | 3.98 1522 3.23
4 |120+132|0.05| 19.04 | 25.29 | 44.03 | 4417 0.37
5 | 1414142022 | 132 | 316 | 504 | 4729 3.4
6 | 143-145 | 0.31 | 246 | 4.68 | 4.88 | 4729 2.32
7 151 | 0.02| 344 | 566 | 4.1 10.1 2.2
8 152 004 0 501 | 2.26 10.1 2.91
83 | 352 |039] 281 | 432 | 42 312.4 2.49
84 | 353 |003| 646 | 242 | 254 | 29453 3.87
85 | 354 |056| 559 | 837 | 531 | 3124 1.71
86 | 361 |036| 287 | 671 | 2.97 4.2 2.09
87 | 362 |024| 0.8 3.04 | 177 | 2033 3.94
88 | 363-223 | 0.73 | 1.54 36 | 211 | 2033 3.33
89 | 364-365 | 0.47 | 5.85 7.7 2.9 203.3 1.99
90 | 296-366 | 0.54 | 2.82 | 5.12 | 2.48 38.7 2.53
91 | 401 |0.02| 084 | 076 | 133 2.3 10.67
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Table A2 (continued)

case | OKEC | CR3 | TFPW | BAL | DP | Ln(FDI/W)
1 101 0.99 1.05 0.69 | 1.56 -4.6
2 1024103 | 0.94 1.64 1 1.86 -3.58
3 111+112 | 0.94 1.5 -0.98 | 1.66 -5.52
4 | 1204132 1 0.16 |-0.74| 1.97 -6.62
5 1414142 | 0.22 1.45 0.32 | 2.35 0.43
6 143-145 | 0.94 1.12 (-0.14| 1.8 -0.46
7 151 0.15 1.14 |-0.08 | 1.38 -4.46
8 152 0.81 1.66 |-0.42|1.97 -3.85
9 153 0.31 1.13 |-0.46 | 1.39 -3.19
82 351 1 0.7 0.76 | 1.02 -3.21
83 352 0.59 1.23 0.86 | 4.12 -3.19
84 353 0.8 1.95 0.65 | 3.05 -0.72
85 354 0.6 0.88 0.09 | 3.24 0.28
86 361 0.27 1.21 0.29 | 2.02 -0.55
87 362 0.72 2.2 0.47 | 2.03 -1.84
88 | 363-223 | 0.39 1.86 |-0.11 | 2.11 -3.42
89 | 364-365 | 0.31 1.18 |-0.35| 2.27 -0.1
90 | 296-366 | 0.31 1.46 0.45 | 2.15 -2.8
91 401 0.77 2.41 0.35 | 3.01 0.82
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STATISTICAL MODELS AND ANALYSIS OF CUMULATED
DAMAGE PROCESSES

PETR VOLF

ABSTRACT. The contribution deals with a stochastic process which cumulates
random increments at random moments. It is described by the intensity of
random (counting) process of these moments and by a distribution of incre-
ments. The resulting process is here called the cumulative process. We derive
its martingale - compensator decomposition and then we propose the estima-
tor of characteristics of distribution of increments. An application deals with
the process of growing damage of a technical device leading to a break of de-
vice when the cumulated damage exceeds a certain level. We also discuss the
problem of prediction of the cumulative process behaviour.

V ¢lanku se zabyvame procesem kumulujicim nahodné pfirtustky v ¢asech danych
ndhodnym bodovym procesem. Uvazujeme pomérné obecny model s martin-
galovou strukturou “inovace” procesu, tj. proces rozlozitelny na martingal a
kompenzator adaptovany na piislusnou filtraci. Uvazujeme model jako regresni
a zabyvame se odhadem intenzity bodového procesu a charakteristik rozdéleni
prirustka. Je také zkoumdan problém predikce chovani procesu. Jako aplikaci
analyzujeme proces rustu poskozeni vyrobku ¢ materidlu.

Pesioms: B crarbe pacCMOTpeHBI CaydaliHbIe TOUEUHbIE U KyMYJIaTUBHBIE
[IPOIECCHl — ciydJalinble cyMMbl. [TokazaHO pas3JyoskeHUe MpoIecca B Map-
TUHTAJ U KOMIIeH3aTop. JlaJsiee mpencTaB/IeHbl OLEHBKU MHTEHCUBHOCTU U
XapaKTePUCTUK [IPUPAIIEHUH, 00CY»KIAeTCA BOMPOC MPEICKA3AHUA [IOBe-
JEHUsI Mpolecca. B KauecTBe NpuUMepa WCCJIENOBAHBI IIPOLECCHl HAKO-
[IJIEHUS TTOBPEXKIEHNA, KOTOPBIE BIUAIOT HA BEPOATHOCTH OTKA3a TEXHUU-
€CKOI0 TIPOAYKTA.

1. THE MODEL OF CUMULATIVE PROCESS

The counting process is a stochastic point process registering random events and
counting their number. The trajectory of such a process starts at zero and has jumps
+1 at random moments of events. The main characteristic is the intensity of the
stream of events. A review of theory and applications of counting process models is
given, for instance, in Andersen et al (1993), or Fleming and Harrington (1991).

In the present paper, we consider random process

1) ct) = / Y(s)dN(s).  (C(0)=0),

where N(t) is a counting process and Y'(t) is a set of random variables. Such a
process combining the counting process with the process of random increments is
called the compound counting process, or sometimes also the cumulative process
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bility, damage process, shock model.
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(Volf, 2000). Its model is suitable for the description of many real-world techno-
logical, environmental, biological and also financial processes (especially in the field
of insurance, cf. Embrechts et al, 1997, Rolski et al, 1999). The objective of the
present paper is to describe the process (1) with the aid of characteristics of both its
components, i.e. the hazard function of N(t) and the distribution of Y (¢), and to
apply it to the modeling of growing damage of a technical device. We also discuss
the problem of prediction of the cumulative process behaviour.

In the scenario considered in Volf (2000) it was assumed that each Y (t) was
independent of the history of the process C(s) up to t (on the other hand, the
intensity of N(t) could depend on the history). It is a rather strong condition which
in some cases is not fulfilled, though we can imagine a number of examples for which
such an independence of increments on the history is a quite realistic property.

In the present paper we propose a model allowing for the dependence of distri-
bution of Y (¢) on S(¢t7), where S(t) is a corresponding filtration, i.e. a nondecreas-
ing sequence of o-algebras defined on the sample space of {N(s), J(s), Z(s),Y (s),
0 < s <t}, so that S(¢t7) is its left-continuous version, a ’history’. Intensity of N ()
is A(t) = h(t, Z(t))J(t), cumulative intensity L(t) = fot A(s)ds, h(t,z) is a hazard
function, J(t) and Z(t) are S(t~) measurable predictable processes, e.g. an indica-
tor of observability of C(t) (J(¢t) = 1 if C(t) is observed, J(t) = 0 otherwise), and
a covariate process. It is assumed that they are left-continuous, while the processes
C(t) and N(¢) are right-continuous.

As regards the distribution of random variables Y (t), we assume that the con-
ditional distribution of Y (¢), given S(¢7), can be described via a density function
f(y;t, Z(t)), and it possesses the first and second conditional moments E(Y (¢)|S(¢t7))
= pu(t, Z(t)), var(Y (t)|S(t™)) = o%(t, Z(t)). These definitions imply that the pro-
cesses N(t),C(t) depend on S(t7) through Z(t) and J(t).

The processes are followed throughout a time interval [0, T, the covariate can be
multidimensional and its values are from a set Z € R¥ say. For the sake of better
estimability, let us assume that functions h, u, o are bounded and continuous. By
the way, if h(t, z) is a bounded function, it follows that the probability of two events
at one moment is zero, which is one of basic assumptions of the event-history models
based on continuous—time counting processes.

A similar case, with parametrized function p, has been studied in Scheike (1994),
with the focus on estimation of the parameter, and, eventually, on a kernel estimation
of both p, 0 in a nonparametrized scheme (cf. Orsédkovd in the present volume, and
references in Scheike, 1994). Our objective is to derive the estimator of the rate of
the cumulative process and of the characteristics of random increments. Then the
model will be applied to the description of processes of growing damage, with an
numerical example and with an attempt to predict the future behaviour of process.

1.1. The compensator of cumulative process. Let us now recall the compen-
sator — martingale decomposition of the counting process, namely N(t) = L(t) +
M(t), M(t) being the martingale adapted to c-algebras S(t), with variance pro-
cess L(t) (cf. for instance Andersen et al 1993). Notice also that under our as-
sumptions, Y (¢) is conditionally independent, given S(t7), of dM(t), where by
dM (t) we denote the increment of M (t) in a small interval [t,¢ 4+ dt). Similarly,
by d(M)(t) = var{dM (t)|S(t~)} we mean the increment of the variance process of
M (t), which we denote by (M) (¢t). This martingale innovation structure is crucial for
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the theory and methods of statistical inference, namely for the consistency and as-
ymptotic normality of estimates. That is why we search for a similar decomposition
of the cumulative process, too.

Let us denote Y*(t) = Y (¢) — u(t, Z(t)), so that E(Y*(t)|S(t~)) = 0. Then we

can write

ct) = / (V*(s) + (s, Z(s))) AN (s) = / (s, Z(5)) dL(s) + M),

M(t) = My (t) + Mt /Y* ) AN (s / (s, Z(s)) dM(s).

Proposition 1. The processes M(t), M;i(t), Ma(t) are martingales adapted to o-
algebras S(t), the variance process of M(t) is

(M)(t) = /0 (0% (s, Z(s)) + 11 (s, Z(s))) dL(s).

The proposition is proved in Volf (2000).
Corollary. Process fg (s, Z(s))dL(s) is the compensator of process C(t).

Evidently, process fot (s, Z(s))dL(s) is S(t~)-measurable and predictable (the
paths are continuous).

2. LARGE SAMPLE PROPERTIES

Let n realizations C;(t) = fo (s) of process C(t), together with cor-
responding processes J; (¢ ( ) Z,(t), be observed in an interval of the interest, [0,T].
More precisely, we observe the paths of processes J;(t), Z;(t), and, provided J(t) = 1
the moments of events T;; of counting processes N;(t) and increments Y;(T;;) (for
t=1,...,n, j=1,...,n; = Ni(T)). It is assumed that random variables Y;(t),i =
1,2,...,n have the same conditional probability densities f(y;t,z) and that N;(t)
are characterized by the same hazard function h(t,z). Now the common filtration
S(t) is constructed above all paths of {C;(s), N;(s), Ji(s), Z;(s),s < t i=1, 2, ey}
Counting processes N;(¢) have intensities A;(t) = h(t)J;(t), by L;( fo ds we
denote the cumulative intensity processes, M;(t) = N;(t) — L; (t) are martmgales.
As we assumed the boundedness of h(t,z), and also processes J;(t) are bounded,
than the probability of two increments at one moment is zero and the martingales
are mutually orthogonal, i.e. d(M;,M;)(t) = 0 for i # j. The same holds for
M;(t), the martingales defined in the same way as M(t) in the preceding section,
ie. d(M;, M;)(t) =0 for i # j. Actually, from this impossibility of simultaneous
events it also follows that the increments of C;(t) are conditionally orthogonal, given
the history of the process.

From the conditional independence of innovation of the processes the multiplica-
tive form of the likelihood process follows (it is actually a generalization of the
likelihood function of Poisson process):

n n; T

£= [T @) FOi(T): T, Zi(Ti5)) - exp{ / Mﬂdt},
1=17=1 0

where \;(t) = h(t, Z;(t))J;(t). Consequently, the part containing the intensities and

the part containing the distribution of Y’s are separated (and therefore both char-

acteristics can be estimated independently). In the case of parametrized function f,

its parameters can be estimated from the maximum likelihood estimation procedure
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based on L(f) = [[;=, [Tj, f(Yi(Ti;); Tij, Zi(Ti;)) only. In a nonparametrized case,
estimates of functions u(t z) 2(t, z) can be obtained with the help of the smooth-
ing (kernel) technique. Even the density f(y;t,z) could be then estimated via the
kernel method.

2.1. Estimates and their convergence. Let us first recall several results from
Volf (2000), where the influence of covariates was not considered. In such a case,
the most common estimator of the cumulative hazard function H (¢ fo s)ds is
the Nelson-Aalen one:

Z/ I = Bawi o) = [ H = Haws) 2)

where J(s) =Y i, Ji(s), N(s) = Y| Ni(s) (and we put 0/0 = 0 when J(s) = 0).
It is well known that such an estimator is uniformly consistent and asymptotically
normal (in the sense of the weak convergence of normalized residual process to a
Wiener process) on [0,T], provided J(s) tends to infinity uniformly in the whole
interval. Let us assume even a stronger condition:
Al. There exists the limit 7(s) = limy, o Z ff) in probability such that

a) the limit is uniform on [0, T,

b) r(s) > e on [0, T], for some e > 0.

As an analogy to (2), let us now define the following ”averaged” processes:

1) > 0Yi(5) o [ 1) s
Z/ avi(s). K= [ B,

where function K(t actually represents an averaged rate of the development of
the process C(t). Under assumption A1, the following large sample results can be
proven:

Proposition 2. Cy,(t) is a uniformly consistent estimate of K (t) on [0,7], i.e

limy, o0 SUP (0,77 [Cn(t) — K (t)| = 0 in probability.

If a proper version of Lyapunov condition is added, for instance that uniformly
bounded E{|Y ()3} exists, asymptotic normality can be shown, too:
Proposition 3. The process /n(C,, (t) — K(t)) converges weakly on [0, 7] to a contin-
uous Gaussian process with zero mean and independent increments, which has the

E )t 0) g (),

variance function w(t) = J; 2(s)

On the basis of this convergence, the statistical tests, both of the goodness-of-
fit and of homogeneity, were derived in Volf (2000). They used, similarly as the
Kolmogorov-Smirnov type tests, the crossing probability results of Brownian mo-
tion and Brownian bridge processes. An application to the analysis of sequences
of financial transactions, with particular attention to detection of atypical (possibly
"fraud’) set of transactions, was suggested.

Let us now return to the more complex setting with regression on covariates
(processes) Z(t). Then the average from n cumulative processes is

_ Yoils) oo " pls, Zi(s) . dM;(s)
ﬂ_;Aﬂﬂmm_;A{J® o) + 255}

where the first part (a compensator) characterizes again an average (random) rate
of growth of the process, while the second part tends to zero. It is possible to
formulate a set of ’stability’ assumptions, for instance requiring existence of limits
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A(t) = limy o2 327 | p(t, Z;(t))Ji(t), such that certain variants of Propositions 2
and 3 hold. However, the meaning of fi(t) is then rather vague.

2.2. Estimation of process’ characteristics. Another and more practical prob-
lem is the estimation of moments (and density function, say) of distribution of
Y (t) provided Z(t) = z. First, the distribution of the design of random points
(Tij, Zi(Ti;)), i=1,...,n, j=1,...,n, should be estimated, then it will be used
in the kernel estimation of “regression functions” u(t,z), o2(t, z).

The basic results from the field of kernel estimation of density function and of
regression function are summarized elsewhere, also in 'Robust’ papers of Antoch
(1982, 1986), Michdlek (1994). Let us consider the simplest versions of estimates
and their consistency at a given point (¢,z) (and the case with random design of
points (T35, Z;(T;;)). Let Wi (u) and Wa(w) be two kernel functions. At point (¢, 2)

let us define
P(t,2) = mé/;wl (td_13> W, (Z_TZQ(S)) dN;(s),
N(T) = é/OTdNi(t).

Further, assume that d; and dy — 0, while d1doN(T') — oo when n — co. Actually,
points (T3, Z;(T;)) are not i.i.d. variables, nevertheless, we just assume the following;:
A2: P(t, z) converges (at given (t,z)) to a value (¢, z) > 0, in probability,

where

where @(t, z) taken as a function on [0,T] X Z means a density of marginal dis-
tribution of one (observed) point (¢, Z(t)) for a set of processes Z(t), J(t).
Let us define the following estimator at point (¢, z):

it §(t,z) > 0, fi(t, z) = 0 otherwise. It is a kernel estimator of regression function
EY (t), given t and z and given the fact that ¢ is a point of corresponding point
process N(s). Notice, that the probability of the realization of point ¢ depends on
Z(t7). Continuity of p4 at point (¢, z), together with A2, suffice for the P-consistency
of Ji(t, z). The same holds for the estimate of uz(t, z) = E(Y?2(t)|Z(t) = z) (at point
(t,2)), which is

and, hence, also for 52(t,2) = fi2(t, 2) — (1i(t, 2))?.

3. DAMAGE PROCESSES

In many situations, the lifetime of an object is affected by a process of growing
damage. We can, for instance, imagine the process of wear, corrosion, growth of
cracks, in the field of technical products reliability. Similar processes cumulating a
certain important quantity influencing the risk of a crucial event can be encountered
in many other fields (e.g. chemistry, environmental processes, biological and even
medical studies). One of models used for the description of such a “damage process”
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is based on a trend function and the Wiener process describing the uncertainty, for
instance
D(t) = g(t) + cW(2).

The second class of models are the random sums, i.e. the point processes with
random increments, cumulative processes C(t). In both cases, it is assumed that
there exists an upper bound B, the lifetime ends when the damage process exceeds
the bound. Quite naturally, B may be a random variable, in certain instances it is
not observed directly but with censoring (it will also be the case of our example).
The damage modeled via C(t) increases at discrete time moments, therefore these
models are sometimes called the shock models. Their investigation can lead to a
deeper understanding to reasons of failures, compared to a mere analysis of lifetime
distribution.

In the present paper it is assumed that the most of processes are observed fully
(for instance like in assumption A1), though a certain censoring is allowed. Kahle
and Wendt (2000) consider also the cases when the damage processes are observed
in random moments when the actual level of process is registered (the scheme of
random inspections). Then, without any assumption that the number of processes
observed at each small interval At tends to infinity, the nonparametric inference is
not reliable. Nevertheless, the parametric model evaluation is still possible, with
consistent results. However, Kahle and Wendth do not consider the influence of
covariates, which, again, should be observed, or at least reliably predicted.

In the next example, the regression is described via the Cox’s model. Its general
form assumes that the hazard function can be decomposed to two factors, h(t,z) =
ho(t)-h1(z), the most common form then uses h(z) = exp(fz). Cumulative baseline
hazard function Hy(t) = fg ho(s)ds is then estimated as

— n t le(S)
Ho(t) = Z_Zl/o > i1 exp(BZ;(s)) Ji(s)’

while parameter [ is obtained by (iterative) maximization of log partial likelihood

LT ez |
loe Ly = Z/ MS S AT A L

Consistency and asymptotic normality are guaranteed by the conditions of stability
(the more complex variants of our A1) and by a version of Lindeberg condition —
see Andersen and Gill (1982), Andersen et al (1993).

3.1. Example. As an artificial example with simulated data, let us consider a point
process with events — failures of a car. Failures are repaired, the quantized seriousness
of failure is cumulated to the cumulative process, until, finally, a non-repairable
failure occurs and the lifetime of the car ends. Figure 1a) and b) shows the processes
observed for 40 cars. The reference time was the age of car, the maximal survival
was about 20 years while the mean survival was 17,4052. The cars were of different
year production, from new ones to cars produced 25 years ago. Figure 1c) shows the
development of the risk set, i.e. the number of cars of corresponding age remaining
in the study. Several (11) trajectories of N(¢) and C(¢) end by a dot — it means that
the lifetime of card ended by a non-repairable failure, while the other cars were still
in use at the time of data collection. The values of C;(t) at these dots represent the
distribution of upper bound B, they actually approximate the bound from below,
the “right” values of the bound are censored. Nevertheless, we took the average of
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Trajectories of counting processes of "shocks"
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FIGURE 1. Observed processes N;(t), C;(t) and process J(t)
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FIGURE 2. Histogram and estimated density of distribution of in-
crements Y (t)

these values (B = 30.6130) as a maximal damage limit used in the prediction of the
fate of cars, e.g. in Figure 4.
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Estimated mean increment, for Z2=1 (full), Z2=0 (dash)
T T T T T T

FIGURE 3. Estimated development of mean increment and STD of increments

In observed data, together 256 failures were registered. The distribution of incre-
ments is displayed in Figure 2, as a histogram and kernel-estimated density, together
with the best fitted Weibull distribution. Average increment was 1.8392, estimated
standard deviation 1.5039. Naturally, it was expected that both the distribution of
increments Y (¢) and the intensity of point process N(¢) depended on the time and
on covariates. Two covariates were considered, namely Z; — the year of production
(Zy = 1 for 25 years old cars, Z; = 25 for new cars) and Z,(t) characterizing the
conditions of car’s usage, Z»2(t) = 0 if conditions and service was good, Z»(t) = 1 if
conditions were hard and/or service was bad. The dependence on these covariates
was analyzed in standard Cox’s regression model. Estimated parameters, with corre-
sponding asymptotic 95 % confidence intervals, were §; = —0.0124 (—0.0405, 0.0156)
and B2 = 0.8306 (0.5959, 1.0664), i.e. the second covariate was statistically signif-
icant. Figure 3 shows kernel estimates of means and standard deviations of incre-
ments, as functions of time, separately for Zo = 0 and 1 (Z; was not taken into
account).

On the basis of these results, and for given process Z5(t), we are able to character-
ize (at least roughly) both components of damage process, the intensity of random
point process of events and the distribution of increments — the latter for instance
by Weibull distribution with means and variances depending on ¢t and Z (as in
Figure 3), dependence on Z; being neglected. Then, we are also able to generate
the trajectories of such a damage process and to predict the fate of a car. Figure 4
shows one randomly generated (predicted) trajectory of N(t) and C(¢), for a new
car and Z(t) = 1, and also for 5 year old car (with actual C'(5) = 3) and under
assumption that Z(t) will be 0 through the rest of its lifetime. Dotted line shows
the upper limit of damage B. Naturally, one randomly generated trajectory is not a
reliable prediction. It is better to generate a large set of trajectories and to compute
from them the mean trajectory, quantile intervals and prediction bands. The next
section discusses such a problem.
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Prediction of trajectory of counting and cumul. process. a),b): For new car, z2=1:
30 T T T T T T T T T
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101 b
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c),d): Prediction for 5 years old car, z2=0

FIGURE 4. Predicted trajectories N(t), C(t) for two cars

4. THE PROBLEM OF PREDICTION

The asymptotic normality shown in Proposition 3 yields actually the joint confi-
dence regions for the model functions (u, o, h), based on observed data, both on the
whole interval [0, 7] and at each fixed t, too. However, we are also interested, from
practical reasons, in « — prediction regions, i.e. the intervals (at fixed ¢) and the
regions, bands for all ¢ € [0,T], in which the trajectory of processes N(t) or C(t) is
expected to lie with a given probability «.

For instance, insurance mathematics solves the problem of the ruin probability,
which is equivalent to the problem of construction of prediction bands. In that field,
mostly a simple case of compound Poisson process and the linear ’ruin band’ are
considered.

In the case considered here, the development of process depends on the devel-
opment of covariates. So that, for reliable prediction, we need estimates of process
characteristics and we also have to be able to predict relevant covariate process. Let
us assume that such a prediction z(t) is available, so that we can compute would-be
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cumulated intensity L(¢) (assuming that J(¢) = 1, say). Then, as regards the pre-
diction of the counting process trajectories, the connection with Poisson process can
be utilized:

a-prediction intervals for Poisson process are derived directly from a-quantiles of
Poisson distribution. Intervals for counting process, conditionally for given intensity
process, are obtained by a time transformation from the Poisson intervals. This
transformation is possible due the continuous growth of cumulative intensity. Let
T; be times of events of a counting process with cumulated intensity L(t). Then
7; = L(T;) are times of Poisson process with intensity 1.

Practical a-prediction band for counting process can be selected as the curve
joining the end points of a*-prediction intervals, for a conveniently chosen a* > a.
Proper o* is obtained empirically, from analyzed or simulated data.

As regards the intervals and bands for the cumulative process, they depend on
a complicated (and random) convolution of distributions of increments. We may
consider an approximation depending only on cumulated means and variances of in-
crements, though they actually depend also on the shape of distribution. A practical
construction can for instance select the bound

b(t) = bo(t) - {ult, 2(t)) + co(t, 2())},

where bo(t) is the corresponding bound (i.e. of the interval or of the band) for
the counting process, ¢ is an constant derived empirically for the actual shape of
distribution of increments.

Another possibility consists in the simulation, i.e. in the ”empirical” deriva-
tion of prediction regions. At a fixed point ¢, the empirical prediction interval is
given directly by the empirical quantiles obtained from the sample of realized values
C;(t),i = 1,2,...,n. The derivation of the empirical prediction bands for trajecto-
ries of C'(t) on the whole interval [0, 7] is not so easy, though one can imagine an
algorithm shifting the bands joining the empirical quantiles until, for instance, 90%
of observed trajectories are inside the region.

5. CONCLUSION

The main purpose of the paper was to describe and analyze the random process
(called here the cumulative process) consisting in the combination of the counting
process with the process of random increments, and to show its application to the
models of damage processes in the field of reliability analysis. Successful use of
such models requires the development of the methods for estimation of the model
characteristics and also the methods for the prediction of process behaviour under
different conditions. Then, provided we are able to influence these conditions (i.e.
covariates entering the process), we are also able to control (to slower) the growth
of the damage and to prolong the lifetime of the device.
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VYPOCET NIEKTORYCH EXAKTNYCH ROZDELENI
POMOCOU CHARAKTERISTICKYCH FUNKCII

VIKTOR WITKOVSKY

ABSTRAKT. The inversion formula allows to evaluate (numerically) the distri-
bution function of a linear combination of independent random variables. The
method is not new, it is based on the result derived by Gil-Pelaez (1951). In
this paper we discuss the method for evaluation of the distribution function of
the linear combination of independent random variables distributed as x2(52)
(non-central chi-square distribution), 1/x2 (inverted chi-square distribution),
t, (Student’s ¢ distribution) and F,, ., (Fisher-Snedecor distribution). The
numerical evaluation of the distribution functions and the quantiles of the dis-
tributions is illustrated by several examples: the power analysis of one test,
distribution of the Durbin-Watson test statistic, exact confidence interval for
the common mean of several normal populations.

Pesrome. ObparHas popMyiIa H03BOIAET BEIUUCIUTD PYHKIUIO pacIpe-
OeMeHus] NUHEWHOW KOMOWHAIVU HE3aBUCUMLIX CIAyJYaWHBIX BEIUUNH.
Merox ocHOBBIBaeTCS Ha pe3ynbrarax moiaydeHuerx [ 'uia-Ilemaezom
(1951). B cTaTbu pacCMOTPEH METO BLIYUCICHUA (PYyHKIUU PACIPEae-
JeHUs, TUHEWHOW KOMOMHAINYN HEe3ABUCHUMBIX CIYyYalHLIX BEIUYUH, KO-
TOpEIE pacmpenencHsl o x2(52) (HemeETpasBLHOE XU-KBAAPAT PACIpe-
nmenernue), 1/x2 (oGpaTHOE xXu-KBaZpaT pacmpeznenesue), t, (pacupe-
nenerue Crynenta) u Fo, ., (pacupemenennue Pumep-Cremoxopa).
[Tonyuennrie 3HaveHus GyHKLUE pacnpeneneHus U KBAHTUILEH MIIILI-
YCTPUPYIOTCSA HECKOIBLKUMU IPUMEpPAMU.

1. Uvop

Gil-Pelaez (1951) publikoval verziu vety o inverznej transformécii charakteristickej
funkcie, ktord umoziiuje vypocet distribuénej funkcie (v pripade spojitého rozdelenia
aj hustoty) pomocou jednorozmernej numerickej integracie. V tomto prispevku pon-
tkame podrobnejsi prehlad metddy a jej aplikdcie na vypocet distribu¢nej funkcie
linedrnej kombindcie nezavislych ndhodnych premenngch s rozdelenim x2(62), 1/x2
(Go je Specidlny pripad inverzného gamma rozdelenia), ¢, a F), ,,. Charakteristické
funkcie inverzného gamma, ¢ a F' rozdelenia zavisia od $pecidlnych matematickych
funkcii (vo vSeobecnosti komplexnej premennej). Presnejsie, charakteristickd funk-
cia inverzného gamma rozdelenia a Studentovho ¢ rozdelenia zavisi od modifikovanej
Besselovej funcie druhého druhu a charakteristicka funkcia Fisherovho-Snedecorovho
F rozdelenia zéavisi od konfluentnej hypergeometrickej funkcie druhého druhu.

Prvou zaujimavou aplikdciou tejto metédy bol tzv. Imhofov algoritmus (pozri
Imhof (1961), tiez Davies (1973)), ktory odvodil formulu na numericky vypocet
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Key words and phrases. Characteristic function of the x2(62), 1/x2, t, and F,, ., distribution;
Linear combination of independent random variables.
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rozdelenia linedrnej kombinacie nezavislych necentralne rozdelenych chi-kvadrat na-
hodnych premennych. V pracach Witkovsky (1999), Witkovsky (2001a) a Witkovsky
(2001b) bola tato metéda vypoctu aplikovana na vypocet distribu¢nej funkcie, kvan-
tily a konfiden¢né intervaly pre linedrne kombinacie inverzného gamma rozdelenia,
Studentovho ¢ rozdelenia a Fisherovho F rozdelenia. Ako prehladovy ¢lanok o nume-
rickej inverzii charakteristickej funkcie ako nastroja na ziskanie distribu¢nej funkcie
mozno odporucit pracu Waller et al. (1995).

Tato metéda modze byt vyuzita aj na numericky vypocet hustoty a kvantilov roz-
delenia linearnej kombinécie nezavislych nahodnych premennych. V prispevku je
pouzitie metddy ilustrované na niekolkych prikladoch: analyza sily testu, rozdelenie
Durbin-Watsonovej Statistiky, Behrens-Fisherov problém, vipocet konfidenéného in-
tervalu pre spolo¢ni stredntt hodnotu vyberu z niekolkych normélnych populécii.

2. VETA O INVERZNEJ TRANSFORMACII

V tejto Casti uvddzame vysledok z prace Gil-Pelaez (1951), kde bola odvodena
verzia vety o inverznej transformaécii charakteristickej funkcie, ktora je vhodna na nu-
mericky vypocet hodnoty distribucnej funkcie pomocou jednorozmernej numerickej
integracie.

Veta 1. Nech ¢(t) = ffooo e dF (x) oznacuje charakteristicki funkciu jednorozmer-
nej distribucénej funkcie F(x). Potom, ak x oznacduje bod, v ktorom je distribucénd
funkcia spojitd, platia nasledujice vztahy:

P = Lo [T(Se0 ey,

2w 24t

(1) - %—%/:Nlm<w) d.

Navyse, ak ide o spojité rozdelenie, hustota je dand vztahom

flx) = % OOO (eitw¢(*t)fe_im¢(t)) dt
(2) = % /0 h Re (e"""¢(t)) dt.

Zakladné vlastnosti podintegalnej funkcie zo vztahu (1) charakterizované v hra-
ni¢nych bodoch st uvedené v nasledujicom tvrdeni:

Lema 1. Nech F(x) oznacuje distribuéni funkciu ndhodnej premennej X, pricom
existuje jej strednd hodnota E(X), a nech ¢(t) oznacuje jej charakteristickd funkciu.
Potom

(3)  limIm <w) =E(X)-z, a limIm (%) =0.

t—0 t—o00 t

Diikaz. Pre prvi rovnost plati:

lim Im <7€_im¢(t)> = lim l <e_itw¢(t)
t t )

-0 t—0 ¢
(o) _,

((=iz)e™ " (t) + e~ "¢ (1))],_,
(&' ()] g — i) = BE(X) — =

2—t€m¢(—t)>

S| e | e | =
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Druhé rovnost vyplyva priamo z faktu, ze funkcia e~#*¢(t) je ohrani¢end v mo-
dule. O

Uvazujme teraz linedrnu kombindciu nezévislych ndhodnych premennjych X =
> r_i MeXk. Nech ¢ x, (t) oznacuje charakteristickt funkciu ndhodnej premennej Xy,
k=1,...,n. Potom charakteristickd funkcia nahodnej premennej X je

(5) dx(t) = dx, (Mt) - dx, (Ant),

a jej distribuénd funkciu Fx(z) = Pr{X < z} moZno urcit zo vzfahu (1), pricom
d(t) = ¢x (t). VSimnime si, Ze podla lemy 1 plati

(6) Jim Im <M> - Z ME(X)) — =,

t—0 t
k=1

(7) lim Im (@) = 0.

t—o0

Vztah (1) moZno priamo vyuZit na priblizny numericky vypocet hodnoty distri-
bucnej funkcie Fx () pouzitim konecnej oblasti integrovania 0 < ¢ < T, T < co. Vo
vSeobecnosti, pri vypocte treba pracovat s komplexnymi funkciami. Stupen presnosti
numerickej aproximécie zavisi od chyby sposobenej useknutim oblasti integrovania
a od chyby spdsobenej numerickou integra¢nou metédou.

3. CHARAKTERISTICKE FUNKCIE X2(6%), IG4 3, t, A F,, ,, NAHODNEJ
PREMENNEJ

V tejto Casti uvedieme uzavrety tvar charakteristickych funkcii pre nahodné pre-
menné x2(6%) (necentralny chi-kvadrat) IG, s (inerzné gamma), ¢, (Studentovo t)
a Fy, ,, (Fisher-Snedecorovo F).

3.1. Necentralne chi-kvadrat rozdelenie.

Veta 2. Nech X ~ x2(62) oznacuje ndhodnii premenni s necentrdlnym chi-kvadrdt
rozdelenim s v stupriami volnosti a parametrom necentrality 6. Potom charakteris-
tickd funkcia ndhodnej premennej X je

(8) 5,252 t)=F (eitX) —(1- 2it)§”exp{ it } _

1— 24t

Diikaz. Pozri napr. Stuart & Ord (1987, str. 278). O

3.2. Inverzné gamma rozdelenie. Nech Z ~ G(«, ) oznacuje ndhodna pre-
menni s gamma rozdelenim, t.j. s hustotou fz(z) = F(al)ﬁa 207 1e=#/ kde a > 0
je parameter tvaru a 0 > 0 je parameter skaly. Centralne rozdelena chi-kvadrat
nadhodné premenné Y2 s v stupiiami volnosti je $pecidlnym pripadom gamma na-
hodnej premennej, x2 ~ G(%,2). Potom nahodnd premennd Y = Z ~! je znama ako
inverznd gamma nahodné premennd, Y ~ IG(«, 3). Jej hustota rozdelenia fy (y) je
definované pre y > 0 vztahom

o e () )
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Veta 3. NechY ~ IG(a, ) oznacuje inverzni gamma ndhodni premenni s husto-
tou fy(y) danou vztahom (9). Potom charakteristickd funkcia ndhodnej premennej
Y je

y o 2=itB) K, {2(—itp)} )
10 t)=FE (e =
( ) ¢a,ﬁ( ) (6 ) ﬁar(a) ;

pricom K, (z) oznaéuje modifikovani Besselovu funkciu druhého druhu.

Diikaz. S vyuzitim vzfahu (2.2.16.1) v préaci Prudnikov et al. (1981):

(11) / Y Tle VT dy = 2 <g) K, {2(pq)%} ,
0 p

kde v, p, ¢ st také komplexné ¢isla, ze Re(p) > 0 a Re(q) > 0, a K, (z) oznacuje
modifikovant Besselovt funkciu druhého druhu (podrobnosti pozri v Abramiwitz &
Stegun (1965, str. 374)), priamo dostdvame Laplaceovu transforméciu Y:

1 1
29 Ka {309) )
a peT(a)
Substittciou t za € — it, kde ¢ je malé kladné redlne c¢islo, a limitnym prechodom
€ — 0, dostavame charakteristicku funkciu (biGB(t) nahodnej premennej Y, ktora je

dand vztahom (10). O
Bez dokazov uvedieme niektoré vlastnosti charakteristickej funkcie (10).

(12) E(e7™)

Lema 2. Nech Y ~ IG(a, ) oznacuje inverzni gamma nahodni premennd s cha-
rakteristickou funkciou gbi%(t) danou vztahom (10). Nech Z =AY, kde X je redine
¢islo. Nech dalej kz(t) oznacuje kumulantovi vytvdrajicu funkciu ndhodnej premen-
nej Z, teda kz(t) = log ¢z (t) = log (bgf;ﬁ()\t). Potom prvd a druhd derivdcia funkcie
kz(t) je dand vztahmi:

(13 0 = G+ R,
19 0 = 55+ 35 (0 - SR -1,
kde
Kot1{2(—itAB)?
(15) R(t) _ + {2g( - t ﬁ? }
Ka {E(—zt)\ﬁ) : }

Ako priamy dosledok dostdvame vztah pre strednt hodnotu a rozptyl ndhodne;j
premennej Z:

O
(16) E(Z) = lim Zl, = @D a>1,
(17) Van(z) — tim "z _ % a>2.

t—0 42 (o —1)232(a — 2)’
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Lema 3. Nech Y, ~ IG(an,) oznaduje inverzni gamma ndhodni premennd s
parametrami o, =n+ % afB>0pren=0,1,2,.... Oznacéme dalej w = %(722'15)%,
Potom charakteristickd funkcia ¢, (t) ndhodnej premennej Y, je dand vztahmi

po(t) = exp{-w}
P1(t) = exp{—w}Hl+w)

(18) Pa(t) = exp{—w} (1 +w + %’wQ) .

Pre n > 2, mozno funkciu ¢ny1(t) vyjadrit rekurentngm vztahom:

w2

m%—ﬂﬂ + dn ().

(19) ¢n+1(t) =

3.3. Studentovo ¢ rozdelenie.

Veta 4. Nech X ~ t, oznacuje ndhodni premenni, ktora ma Studentovo t rozdelenie
s v stupriami volnosti, ktorej hustota je dand vztahom:

_ TG+ (et
(20) = ()

pricom —oo < x < oo. Potom charakteristickd funkcia ndhodnej premennej X ~ t,
je

1 1 % 1
t =— - (yz v {2
kde K,{z} oznacuje modifikovani Besselovu funkciu druhého druhu.

Diikaz. Charakteristicka funkcia nahodnej premennej X ~ t, je

_ Izl o 2\ —(5+3)
(b,tj(t) = F (eti) = 7(2l+ 21/)) / €ltz (1 + .I'_) dl'

) IT(E) Joe v
gyl
PIT(2) Jowe v+ 22)E 70
v 1 L4 ite o] ite
_ F(§1+§)V2 [/0 eit i ldx+/ et _ x]
AT U wr et Ty )it
T Z+l 5 oo —itx itx
_ (21 2)” / e +f da
AT Jo a2t
(22) _ Lt + e /°° 2cos(t35)ldx-
AT Jo wrar)it]

V stlade so vztahom (9.6.25) v Abramowitz & Stegun (1965, str. 376) dostdvame

(CETEALY AP
T 0 (x2+22)5+%

(23) Ky{tz} =

pre Re(r) > —1,t > 0 a |argz| < im. Volbou z = vz a s vyuztim faktu, ze
cos(tz) = cos(—tx) dostdvame tvrdenie vety. O

Nasledujtca lema je v zhode so zndmym vysledkom danym v praci Mitra (1978).
Pozri tiez Johnson et al. (1995, str. 367). Dokaz vyplyva priamo z vlastnosti mo-
difikovanej Besselovej funkcie druhého druhu, pozri Abramowitz & Stegun (1965,

str. 444).
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Lema 4. Nech v je nepdrne cislo, v = 2n + 1 pre nejaké celé cislo n, potom cha-
rakteristickd funkcia ndhodnej premennej X ~ t, je dand vztahom

(24) 65(t) = n(t) exp { ~vE 1t}

kde ©n(t) je funkcia dand rekurentngm vztahom

25) (0) = () + ()
P = g 1) (2k — 1) PRt T AR

k=1,....,n—1, pricom o(t) =1 a @1 (t) = 1+ vz |t].

Désledok 1. Charakteristickd funkcia ¢t (t) ndhodnej premennej X ~ t, s v =
2n + 1 stupriami volnosti, pricom n = 0,1,2,3 je dand vztahmi

o) = exp{-lt}
oy(t) = (1+V3ltl) exp {3t}

o) = (1 VBl + gt) exp {~V5lt}

(26) oL(t) = (1 + VT + %z@ + 71—\f|t|3> exp {—\f?|t|} .

3.4. Fisher-Snedecorovo F' rozdelenie.

Veta 5. Nech X ~ F,, ,, oznacuje ndhodni premenni, ktord md centrdine Fisher-
Snedecorovo F' rozdelenie s v1 a vo stupriami volnosti a hustotou danou vztahom

L% + %)

FT(3)

vy _(Q+V_2)
vr\? m_g 121 20z
27 = — 2 1 —
(27) f(x) <V2) x ( +V2:c> :

pricom 0 < x < 0o. Potom charakteristickd funkcia ndahodnej premennej X ~ Fy, .,
je
I3+ %) 2 V2 Vo
F _ '3 2 .
(28) ¢V1,V2(t) = ——=7~—U ?a 1- ?7 _Ztlj_l )
pricom U(a, c; z) oznacuje konfluentni hypergeometricki funkciu druhého druhu de-
finovant integralnou rovnicou

1

(29) (e, e2) = 7y /OOO e 1+ 1) T .

Diikaz. Phillips (1982). O

4. APLIKACIE
4.1. Analyza sily testu.

Priklad 1. UvaZujme experiment na porovnanie efektu réznych druhov hnojiv ur-
¢enych na zvysSenie urody, v ktorom bude n experimentalnych policok. Ide o tzv.
cross-over trial, teda taky experiment, ze na kazdom policku pouzijeme vSetky arovne
oSetrenia (kontrolné vzorka bez hnojiva, hnojivo typu P, hnojivo typu K, hnojivo
typu N).

Po skonéeni experimentu chceme testovat, ¢i rozne trovne oSetrenia maji rovnaky
efekt na trodu. Chceli by sme odhalif (minimélny) rozdiel vo vynose asi 40g medzi
jednotlivymi oSetreniami. Z predchadzajicich experimentov a z odbornych ¢lankov
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je odhadnuta between subject smerodajné odchylka (55.2g) a within subject smero-
dajnd odchylka (23g), ktoré budeme povazovat za skutoéné parametre. Otazka je,
kolko poli¢ok potrebujeme v experimente, aby sme s vysokou pravdepodobnostou
mohli zamietnuf nulov hypotézu o rovnosti efektov jednotlivych oSetreni, pokial
skutocény rozdiel je aspon 40g.
Budeme uvazovat zmieSany vyvaZzeny model dvojitého triedenia:

(30) Yij = 1+ 7 + B + €5,

kde ¢ = 1,...,k, priom £k = 4 a j = 1,...,n. Oznaéme y = (Y11,---,Ykn) s
7= (1,-..,7%), 8= (B1,...,0.), a € = (€11,...,€kn)". PretoZe vyber poli¢ok
do experimentu je nahodny z vopred urcenej populéacie policok, budeme predpokla-
daf normalitu rozdelenia vektora 3 ~ N(0,031,) a vektora chyb ¢ ~ N(0,02I),).
Efekt oSetrenia budeme povazovat za pevny (nendhodny) pricom budeme predpo-

kladat platnost restrikcie Zle 7; = 0 pre skuto¢né hodnoty trovni oSetrenia. Model
mozno zapisat v maticovom tvare

(31) y= (1 @ IN)p+ (I @ IN)T + (1 @ IN) B + (I, ® In)e.
Navyse, z prepokladov vyplyva rozdelenie vektora y:
(32) y~ N ((1® In)p+ (I ® 1n)7,05(Jk ® In) + 02 (I ® In)) -
Zodpovedajica tabulka analyzy rozptylu pre dany model je nasledovna:
Efekt SS; DF; E(MS;)

1 u yIJeJy 1 knu® + o2

2 T yC®Jy k-1 %Zfﬂﬁ?—i—a?

3 B yJoCy n-1 koj + o?

4 e Y(IC®Cy (k—1)(n-1) o2

5 Celkom o' (I®@I)y kn P2 I 2y 0%+t
kde J = 1(1'1)"'7 a C = I — J. Pre test hypotézy Hy : 71 = 7o = -+ =7, = 0
pouZijeme F-Statistiku z ANOVA-tabulky:

MS "(Ce J)y/(k—1

__v& E O,
M5~ y(CoOyth—Dm—1) ~ Trt=ne-n()

ktord ma necentralne F-rozdelenie s k — 1 a (k — 1)(n — 1) stuptiami volnosti a
parametrom necentrality A = n Zle 72 /02, Za platnosti nulovej hypotézy mé F-
Statistika centrdlne F-rozdelenie s k — 1 a (k — 1)(n — 1) stupriami volnosti.

Parameter necentrality A\ zavisi od n, takze aj sila testu G(n, A(n)) zdvisi od n.
Chceme odhalit akykolvek rozdiel trovni oSetreni, ktory prevysuje 40g. Extrémnym
pripadom je situdcia ked 7 = 20, , = —20 a 73 = 74 = 0. V takom pripade
Zle 72 = 800. Tak#e, ked budeme predpokladat, %e parameter necentrality bude
A= anZl T2 )0? = n% = 1.5123n, potom silu testu mozno vypocitat pomocou
Imhofovho algoritmu zo vztahu:

ﬁ(n, )\(n)) = Pr (Fk71,(k71)(n71)()\(n)) > Ff—y(kﬂ)(n,l))
2
X(k—1)(A(1)) (k — 1)(n — 1)
= Pr SR
< X%kfl)(nfm (k=1 k—1,(k—1)(n—1)

_ p (X OM) Xt
- (k—1) F=L=D=D (k — 1)(n — 1) ’
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kde F,?fl_(kil)(nil) je kritickd hodnota Fj._; (x_1)(n—1) rozdelenia, taka, Ze

Pr(Fy1,(-1)(n-1) < Fi1 (hm1y(n-1)) =1 —
Vysledky takych viypoctov pre rozne vopred zvolené hodnoty hladiny vyznamnosti

testu @ = 0.01,0.05,0.1 a pre n = 2,...,15 s uvedené v nasledujicej tabulke. 7
uvedeného vyplyva, ze potrebujeme aspon 15 poli¢ok v experimente, aby sme odhalili

.....

vacsou ako 90%.

a=001 a=005 a=0.1 n a=001 a=0.05 a=0.1
0.0261 0.1200 0.2223 9 0.5843 0.8246 0.9033
0.0657 0.2326 0.3729 10 0.6644 0.8725 0.9335
0.1284 0.3575 0.5126 11 0.7339 0.9087  0.9549
0.2095 0.4796 0.6320 12 0.7925 0.9355 0.9697
0.3022 0.5901 0.7289 13 0.8406 0.9550 0.9799
0.3994 0.6848 0.8044 14 0.8792 0.9689 0.9868
0.4949 0.7627 0.8614 15 0.9096 0.9788 0.9914

0O Uk WS

4.2. Durbin-Watsonov test. Durbin-Watsonov test je ¢asto pouzivanym nastro-
jom na testovanie adekvatnosti modelu. Presnejsie, test overuje nulovii hypotézu o
nekorelovanosti chyb oproti alternative, Ze chyby sa spréavaju ako stacionarny AR(1)
proces.

Uvazujme linedrny model

Yy = Xﬁ + ¢,
kde X oznacuje (nendhodni) maticu planu, S je vektor nezndmych parametrov a
vektor chyb € ~ N(0,021,). Ozna¢me e = (e1,...,e,), e =y — X 3 vektor rezidui,
pricom (3 = (X'X)~ X'y je odhad parametra @ obyc¢ajnou metédou najmensich
Stvorcov. Potom Durbin-Watsonova Statistika je definovana ako

n

woler—ei1)?  eAe  eMAMe

(34) DW=

S €l ee  &Me '’
kde M =1 — X(X'X)~ X' a matica A je

1 -1 0 - 0 0 0

-1 2 -1 .- 0 0 0

0 -1 2 - 0 0 0

A= : :

o o 0 -- 2 -1 0

0 0 o --- -1 2 -1

0 0 o --- 0 -1 1

Nech ¢ ~ N(0,V), kde V je pozitivne definitnd matica, a nech @ je symetrickd
matica patricnych rozmerov. Ozna¢me rozne nenulové vlastné ¢isla matice QV ako

A1, ...\ s nésobnostami vy, .. .v,,. Potom pre rozdelenie kvadratickej formy &'Qe
plati

m
(35) €'Qe ~ Y X2,

i=1

kde X?,i su nezavislé ndhodné premenné s centralnym chi-kvadrat rozdelenim a v;
stupliami volnosti.
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Za platnosti nulovej hypotézy teda plati V = o2I,. Na testovanie nulovej hy-
potézy oproti alternative (existuje pozitivna autokoreldcia prvého radu) vyuzijeme
p-hodnotu, ktora je dané ako

p = Pr(DW < DWeys)
e MAMe
= Pr (W < DWobs)
= Pr(e MAMe — DWypse' Me < 0)
= Pr(e’M(A— DWypsl,)Me < 0)

(36) = Pr (Z N, < o) ,
=1

kde DW,ps oznacuje realizaciu Durbin-Watsonovej DW Statistiky a A1,... A, st
rozne nenulové vlastné ¢isla matice M (A — DWypsl,, )M s nasobnostami vy, ... vp,.
Poznamenavame, Ze za platnosti nulovej hypotézy pravdepodobnost (36) nezavisi od
parametra o2. Nulovt hypotézu zamietame pokial p-hodnota je mensia ako zvolena
hladina vyznamnosti testu.

Priklad 2. Pri analyze linedrneho modelu
yt:BO'i_ﬁlt'i_Eta tzla"'aloa

bola uréend hodnota Durbin-Watsonovej statistiky D W, = 0.879. Nenulové vlastné
¢isla matice M (A — 0.879119) M su

A1 A2 A3 A4 As A6 A7 As
—0.4970 —-0.0628 0.5030 1.1187 1.7390 2.2960 2.7390 3.0231

pri¢om nasobnost vSetkych je rovnéa jednej. Potom p-hodnota, ktor4 slizi na testova-
nie nulovej hypotézy oproti alternative, zZe existuje pozitivna autokorelacia, ur¢ena
podla (36), je p = 0.0043. Teda, nulovi hypotézu, Ze chyby st nekorelované, na
hladine vyznamnosti o = 0.05, zamietame.

Poznamenévame, ze hodnota 0.879 je zhodné s dolnou medzou DW}, pre kvantil
rozdelenia Statistiky DW, ktorad je urcend z tabuliek Durbin-Watsonovej Statistiky
pre n = 10 a k' = 1 (pocet regresorov bez interceptu) na hladine vyznamnosti
a = 0.05. Pre horntt medzu DWy = 1.320 dostavame p-hodnotu p = 0.0506.

4.3. Behrens-Fisherov problém. Nech X = (Xi,...,X,;) ~ N(u1,0%) aY =
(Y1,...,Y,) ~ N(uz,032) st dva nezavislé ndhodné vybery z normalnych populécif s
charakterizovanych parametrami i1, pi2, 07, a 03. Nech X = L Y X, vV = 1 5y,
oznacuju vyberové priemery a Sf = L3 (X — X)?, 55 = L 3°(Yi — Y)? ozna-
¢uja viberové rozptyly. (X,Y, S%, S2) vytvara postacujiicu $tatistiku pre parametre

rozdelenia. Plati, ze

(37) X~N ( U%) VY~ N < Ug)
~ M1, — a ~ M2, — |,
m n
m 2 2 n G2 2
(38) 0_%51 ~Xm-1 @ 0_352 ~ Xn-1>

s navzajom nezavislé ndhodné premenné.
Nech 0 = py — p2 a9 = (02, 03). Cheeli by sme testovat hypotézu

(39) Hy:0=00 vs. Hy:0+# 0.

V tomto testovacom probléme je parametrom zaujmu 6, zatial ¢o 9 je vektor rusivych
parametrov.



Vypocet niektorych exaktnych rozdeleni pomocou charakteristickych funkcii 377

Nech z = (x1,...,2zm) je vektor realizovanych hodndt ndhodného vektora X a
y = (Y1,-.-,Yn) je vektor realizovanych hodnot ndhodného vektora Y. Pre testovanie
hypotézy Hp a konStrukciu intervalového odhadu pre € definujeme zovSeobecnent
testovaciu premennt (pozri Tsui & Weerahandi (1989) a Weerahandi (1995)):

(X -Y —0)? (0?52 032 s
4 T(X,Y, 0 =—7—— | — + == |.
(40) (X,Y,2,y,0,9) (U_%+U_§> mS%+nS§

Poznamenévame, 7e pre lubovolné dané 6 = g, tops = (T — § — 6p)? nezavisi od
nezndmych parametrov a za platnosti Hy oznacme Ty = T(X,Y, x,y, 6y, ). Potom
rozdelenie ndhodnej premennej Tj je

2 2
(41) To~x%( Sy 5 )

2
m—1 Xn—1

Pre pevné z, y a ¥ = (0%,03), T je stochasticky rasttica pre § > Z — 4 a stochstisky
klesajuca pre 0 < T — ¥.

Zovseobecnend p-hodnota je definovanda ako p(0) = Pr{T > t,;s|0}. Test vyznam-
nosti hypotézy Hy je zalozeny na p(6y):

iR,

+ —_
X3n—1 X%—1 X%

(12) plt) = Pr {

Hypotézu Hj, zamietame, pokial je p-hodnota mald (mensia ako zvolend kriticka
p-hodnota, povedzme pc,;x = 0.05).

Potom 100(1 — pcrit)% inteval spolahlivosti zaloZeny na zovSeobecnenej p-hodnote
je

(43) (i - g) + 507'1'15

pricom d..;; je dané vzfahom:

52 s2 52 .
(44) Perit = Pr{ Lo 2 ais 0} .
o X72n—1 X72L—1 X%

Priklad 3. Simulovli sme realizicie z dvoch ndhodnych vyberov X; ~ N(3,4), i =
1,...,7,aY; ~N(5,9),j=1,...,10, pricom Z = 2.871, j = 5.8685, 52 = 4.1014, a
s2 = 7.5135.

Potom, podla (42), p-hodnota pre test vyznamnosti hypotézy Hy : § = 0 vs.
Hy:0+0je

(45)

4.1014  7.5135 (—2.9975)2
p:Pr{ 5 5 —( 5 ) >0}:0.0424,
X6 X9 X1
takze, pre perit = 0.05 zamietame nulovi hypotézu, ze § = 0. Podla (43) a (44) 95%
intervalovy odhad parametra 6 = pu; — uo zaloZeny na zovSeobecnenej p-hodnote je

(—5.8732; —0.1218).

4.4. Konfidenény interval pre spoloénii strednti hodnotu z niekolkych nor-
malnych populacii. Budeme predpokladat, Ze méme ndhodny vyber z k > 2 nezé-
vislych popul4cii, pricom rozdelenie i-tej populécie je normélne, N (u, 0?), so spolo¢-
nou strednou hodnotou y a (vo véeobecnosti nerovnakym) rozptylom o2,i = 1,. .., k.
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Nech Xi;, j =1,...,n; (n; > 2), oznacuje ndhodny vyber z i-tej populacie. Definu-
jeme X; a SZ:

_ 1 ) 1 o
(46) Xi:n_iZXija S5 = 1< (Xij — X4)%,
j=1 j=1
i=1,...,k Nahodné premenné X; a S? s navzdjom nezavislé a
_ o2
(47) Xi~N (u, —Z> , (i —1)SP~oixi_q, i=1,...,k
n; °
Odtial dostavame
Vi (X — ) ni(Xi — p)?
(48) ti = s ~itp,—1, Fi= g Fin—1,
i=1,...,k.

Fairweather (1972) navrhol konstrukciu exaktného konfidenéného intervalu pre
za pomoci vazenej linedrnej kombinécie Studentovych ¢; Statistik. Presnejsie

k
ti)~! i — i—1
) Wem 3wt o (3o
doim(Var(t:)) =t >0 (n —3)/(n; — 1)
Rozptyl Var(t;) existuje iba ked n; > 3. Ak ako b, /o oznacime hornt kritickt hod-
notu rozdelenia ndhodnej premennej W;, taki, ze pre dané a € (0,1)
(50) Pr([Wi| < bgj2) =1—a,
potom exaktny (symetricky, obojstranny) 100(1 — o) %-konfidenény interval pre p je
uréeny vztahom
(51) <Zf_1 Vi X/ Si = bass Sy miuiXi/S; + ba/2>
k )
> iz it/ Si Zz 1 Vi) S
Na odvodenie pribliZznej kritickej hodnoty b7, /2 Fairweather (1972) navrhol apro-
ximovat rozdelenie ndhodnej premennej W; rozdelenim ct,, kde v a ¢ > 0 s uréené

tak, aby sa druhy a Stvrty moment ct, zhodoval s momentami W;. Teda, ak navyse
n; > b pre vSetky i = 1,..., k, dostdvame

1 -2
(52) v=4+ ——— v
Yy ud/(ni = 5) v Y (ni = 3)/(ni = 1)
Jordan and Krishnamoorthy (1996) navrhli pouzit vaZend linedrnu kombindciu
F; statistik, priom vahy s inverzne proporciondlne rozptylom Var(F;), teda

k
i—3)%*(ni =5 i—1)%(ni —2
P RS (5 e [ TR
> im1l(ng = 3)%(nj = 5)/[(n; —1)%(n; —2)]
Rozptyl Var(F;) existuje iba ked n; > 5. Ak ako a, oznacime kriticki hodnotu
rozdelenia nadhodnej premennej Wy, taku, ze pre o € (0, 1)

(54) Pr(Wy; <aq) =1-—aq,

potom exaktny (symetricky, obojstranny) 100(1 — o) %-konfidenény interval pre p je
uréeny vztahom

k k
=1 i=1
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kde
W; Ny 512
(56) pi = /S
> win;/S;
a

k 2
57 A= X2 - iXi
o e ()

Na urcenie pribliznej hodnoty a¥ Jordan and Krishnamoorthy (1996) navrhli
aproximovat rozdelenie ndhodnej premennej Wy rozdelenim cFy, ., kde v a ¢ > 0 st
urcené tak, ze prvé dva momenty cFj, , st zhodne s prvymi dvomi momentami Wy.
Presnejsie, ak n; > 5 pre vSetky ¢ = 1,..., k, potom

_ AkM, — 2(k 4 2) M} =2
(58) v kMsy — (k +2)ME ’ ‘T M,
kde
wi(n; — 1)

59 M, = E(Wy) =
(59) =BV =)
a

~ i—1)2 wiwW; 1)(n; — 1)
60 M. —t 0 / .
( ) 2= g 73 + Z nzf‘?’ nJ 3)

Nasledujuci priklad bol analyzovany v ¢lankoch Jordan and Krishnamoorthy
(1996) a Yu et al. (1999). Tu porovname konfidenéné intervaly urcené pomocou
pribliznych a exaktnych kritickych hodnot.

Priklad 4. Meier (1953) studoval percentudlny podiel albuminu v proteinovej plaz-
me Tudi.

Experiment n; X; S?
A 12 62.3 12.986
B 15 60.3 7.840
C 7 59.5 33.433
D 16 61.5 18.513

Data v tabulke st zaloZené ne Styroch nezavislych experimentoch. Predpoklad je,
ze vybery pochadzaju z normalnej populacie.

Chceme kombinovat vysledky Styroch experimentov tak, aby sme skonStruovali
100(1 — o)%-konfiden¢ny interval pre spoloéni stredntt hodnotu p pre av = 0.05.

Pribliznt kritickd hodnotu b o5 vaZenej linedrnej kombindcie

4
= E Uiln,—1
i=1

s vahami
= (0.2550,0.2671,0.2078,0.2701),

mozno ur¢it podla (52) z rozdelenia ndhodnej premennej ct,, pricom v = 26.3984
a ¢ = 0.5367. Tato aproximécia vedie k hodnote b 95 = 1.1024. Potom vysledna
realizacia konfiden¢ného intervalu pre u je

(59.8973,62.1921).
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Skutoéné pravdepodobnost pokrytia (spoc¢itand numerickou integraciou na zaklade
(1), (5) a (21)) je vsak

Pr(|Wi| < bg.925) = 0.9504.
Exaktnd kritickd hodnota (zaokrihlend na $tyri desatinné miesta) je bg g25 = 1.1002.
Potom exaktny konfidenény interval je

(59.8996, 62.1899).
Pribliznt kritickt hodnotu ag o5 véZenej linedrnej kombinacie
4
Wy = ZwiFl,nﬁl
i=1
s vahami
w = (0.2601,0.3137,0.0987, 0.3276),

mozno urcit podla (58) z rozdelenia ndhodnej premennej cFy ,, pri¢om v = 15.6082
a ¢ = 1.0548. Tato aproximacia vedie k hodnote a§ o5 = 3.1918 a vysledna realizacia
konfiden¢ného intervalu pre pu je

(59.5621, 62.4430).

Skuto¢né pravdepodobnost pokrytia (spoéitand numerickou integréciou na zdklade
(1), (5) a (28)) je
Pr(Wy < ag.g5) = 0.9503.

Exaktna kritickd hodnota (zaokrihlend na Styri desatinné miesta) je agos =
3.1853. Potom exaktny konfiden¢ny interval je

(59.5640, 62.4410).

5. ZAVERECNE POZNAMKY

Implementacia uvedenych algoritmov je pomerne jednoduchéa, za predpokladu,
7e méame k dispozicii spolahlivé a efektivne algoritmy na vypocet Besselovej funk-
cie druhého radu, resp. konfluentnej hypergeometrickej funkcie druhého radu. Pozri
napr. Amos (1986), Nardin et al. (1992).
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JADROVE ODHADY DERIVACE REGRESNI FUNKCE

JIRI ZELINKA, IVANA HOROVA

ABSTRAKT. It is possible to review the quality of kernel estimations of the re-
gression function and its derivative from several points of view. According to
them we can choose the parameters influencing the kernel estimations. The
parameters are: the bandwidth, the shape and the order of the used kernel
function. It can be shown that it is possible to introduce the criterion for the
optimal shape as well as for optimal order of kernel function. This paper shortly
aspires to summarize attained results from this branch and to demonstrate their
application for simulated and real data sets.

Pesiome: KauecTBo oreHOK hyHKIMY perpeccuu u e€ IpoOn3BOLHON IpU ITO-
MOIIU AAEP BO3MOMKHO OOCY»KIATH U3 PA3JIUUHBIX TOUEK 3PDEHUS U CMOTPSA
II0 HUM IIOTOM BbIGI/IpaTb nmapaMeTpbl KOTOPbIE BJIMAIOT HAa 3TU OLCHKN:
[Ipesk/ie BCEro ®TO UNMPUHA CLUIAyKUBAIOIIErO OKHA, HO TOyKe (opMa fapa
1 ero nopsiaok. BO3MOyKHO BBECTM KpUTEpUii HE TOJIBKO IJIs BbIOODA OII-
TUMAJbLHON (OPMBL AApaA, HO TOXKE IJIA €ro MOpAAKa. DTa CTAThA KPATKO
IIOABITOYKMBAECT Pe3yJibTaThl B BTOI/UI OGJ’[&CTI/I BRJJIIIOUUTEJIIBHO UX IIPUJTO3-
XEeHUH K UMUTHUPYIOMMUM U PeabHbIM TaHHBIM.

V tomto pfispévku budeme uvazovat pouze model s pevnym planem, tj. méjme

pevné zadané body x;, ¢ = 1,...,n, v nich naméfené hodnoty Y; a predpokladame
model v obecném tvaru
(1) Yi =m(z;) +Vo(z) e i=1,...,n,

kde m je neznama regresni funkce, ¢; jsou nezavislé chyby jednotlivych méfeni, pro
néz plati

Fe; =0, Var(e;) =1, i=1,...,n,
a v(z) je nezdporna varian¢ni funkce. Bez Gjmy na obecnosti mtuzeme déle pfedpo-
klddat, ze vSechny body z; lezi v intervalu [0, 1] a jsou vzestupné uspofadany.

Pro odhad regresni funkce m, resp. jeji v-té derivace m*) pouzijeme tzv. jadrové
odhady. Ty se konstruuji uzitim jadrovych funkei (zkracené jader) oznacovanych
zpravidla K (). Ukazuje se, Ze pfi vypoctu statistickych vlastnosti jadrovych odhadt
regresni funkce je vhodné pouzit jadra spliiujici urcité momentové podminky. Proto
zavadime nasledujici definici:

Definice: Necht v, k jsou nezaporna cela ¢isla stejné parity, k > v. Symbolem M, j,
ozna¢ime tfidu funkci K spojitych na R s nosi¢em [—1,1], které jsou na tomto
intervalu lipschitzovsky spojité a které splnuji nasledujici podminky:

; 0,0<j<kj#v
(2) /zjK(:r)d:r =< (=D, j=v
A By #0,5 = k.

2000 Mathematics Subject Classification. Primary 93E14; Secondary 30C40.
Klicovd slova. Jadrové odhady, Gasser-Miilleriv odhad, ki¥izové ovérovani.
Ptispévek vznikl s podporou vyzkumného zdméru MSMT, CEZ: J07/98:143100001.
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Poznamka: Ze spojitosti funkci K plyne K(—1) = K (1) = 0. Funkce tfidy M, j
nazyvame jadra radu k.

Odhad v-té derivace funkce m mtizeme nyni zapsat pomoci Gasser-Miillerova
tvaru odhadu jako

(v (0 "1 s T —u
3) (o) =) = > i [ a (S
i=1 Si—1

kde K € M, a hrani¢ni meze jednotlivych integralt jsou ve tvaru

s0=0, s =(xi41+ax;)/2proi=1...n—1, s,=1

Misto 71(?) budeme psét . Parametr h se nazgva §iika vyhlazovaciho okna a méa
podstatny vliv na kvalitu jadrového odhadu regresni funkce m nebo jeji derivace.
Mezi dalsi vyznamné faktory ovliviujici odhad patii tvar jadra K a také jeho 7ad k.

Pro posouzeni kvality jadrového odhadu v bodé x zpravidla pouzivame stfedni
kvadratickou chybu

(4) MSE@m" (z),h) = E (mM (z) — m(”)(:r))2 -

= Varmn®W (z) + (Emn™) (z) — m(x))?.
Za predpokladu dostateéné hladkosti funkce m lze tuto stfedni kvadratickou chybu
v bodé x zapsat ve tvaru (viz [5])

(5) MSEG"(2), h) = ”(””)[‘;Ef; ) £o] a0 [ (51132 (m® @) + 0(1)] ,

kde
1 1
V(K) = / K2(t)dt, By — / 14 K (1) .
-1 Z1
Vidime, ze pokud n poroste do nekonecna a soucasné se bude ménit sitka vyhlazova-
ctho okna h = h,, tak, aby platilo h,, — 0, n - h2**! — oo, bude stfedni kvadratickd
chyba MSE(m®)(z), h,) konvergovat k nule, tj. jedna se o konzistentni odhad m®)
v bodé z.
V dalsim textu budeme pouzivat tzv. hlavni ¢len stfedni kvadratické chyby, ktery
ozna¢ime M SFE a ktery dostaneme zanedbénim ¢lentt o(1) konvergujicich k nule pro
n — oo. Plati tedy

——ET A (v v(x)V (K 2k D2 2
(6) MSE(® (@), ) = 2EVED o) % ()

nh2v+1 (k")
Jako globalni kritérium kvality odhadu pouZzijeme primeérnou stfedni kvadratic-
kou chybu

I
| —
[
&=
—
>
S
—~
&8
\
ER
S
—
8
N2
(V)
2

n
=1
1 (v(@)V(K) ) Bi (N
~ nzl< phaAT T (k!k)2 (m (%)) -

V(K) 1 ) BES ?
= 777]7,(2’/4’)1 - Z’U(l’z) + p2(k=v) (k.]];z n Z (m(k) (xl)) :
i—1

i=1
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Pokud oznacime

1 1O

o=~ , - (k) ( )

v nZv(xl), ng(m (zi))
dostaneme pro hlavni ¢len primérné stfedni kvadratické chyby vztah
V(K)v o (m*))?

nh2r+1 (k)2

Zname-li varianéni funkci v i regresni funkci m (napf. pro simulovand data), mizeme
urcit hodnotu §itky okna hopt .. 1, kterd minimalizuje AMSE. Vypoctem dostaneme

okr1 v+ 1V(K)v (k)3
(8) Hopik = i ) B ()2

+h2k V)ﬁk

(7) AMSE(m™) h) =

Dalsim cilem je takové tiprava vztahu (7), kterd by umoznila zbavit se nezndmého
vyrazu m*). K tomu pouzijeme nésledujici postup pouzity v [4]:
Zavedeme oznaceni K;(-) = s K(5) pro & > 0. Pouzitim jadra K, dostaneme
stejny efekt, jako kdybychom $iiku vyhlazovaciho okna h nahradili §iftkou h* = h/4.
Plati totiz, ze ,,mnozstvi vyhlazeni“ pomoci jadra K s vyhlazovacim parametrem h
je stejné jako ,mnozstvi vyhlazeni“ jidrem Kj s parametrem h* = h/d, nebot

mW(z) = sy Z/ < )qu =
- U R (P quy; —
- (h*(g)u-i-l Z oy h* 5 u
1 | T —u
= WZ/ s << e )/5>qui=
1 s T—u
= h*u-i-l 2/7 K‘5< h* )qul

Priamérna stredni kvadratickd chyba vyjadfena pomoci jadra Ks pak ma tvar:

)

(9) AMSEG),h") = — 5 / K2(t)dt + he20) (T tk
n *

Snazime se urcit  tak, aby , pfispévek® jader k obéma ¢astem chyby byl stejny, tedy
aby platilo

)

)
(10) /Kg(t)dt = (/ th Ks(t)dt
5

-0

Takové § se dé snadno urdéit:

g2k+1 _ 1
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tj.

V(K)
Br

52k+1 —

Toto ¢islo se nazyva kanonicky faktor a znac¢ime ho g, tedy

(11) 5o = (WK))“l“.

B

Jadro K, pfislusné tomuto kanonickému faktoru se nazyva kanonické jadro.
Polozme nyni h = h*dp a dosadime tuto hodnotu do vztahu (7) pro AMSE. Po
upravach dostaneme

kde T(K) je funkciondl zavisly jenom na jadrové funkci K a d4 se zapsat ve tvaru

AMSE(m®™, h*)

(12)

5 (k)2
v *Q(k—z/)(m )
1(08) { ey 0720

2
v\ 2k+1

(13)

1 1 k—
T(K) = || / FR @) / K2(2)da

Toto vyjadieni AMSE pomoci funkcionalu T'(K) umoziuje posoudit vliv tvaru
jadra na AMSE.

Najit funkci, kterd jej minimalizuje, je tloha varia¢niho poctu. Jeji reseni lze
nalézt napt. v ¢lanku [4]. Jedn4 se o polynom s nosicem [—1, 1], ktery se da vyjadFit
pomoci Legendrovych polynomii. Nasledujici tabulka udava explicitni tvar téchto
jadrovych funkci pro nékteré hodnoty v a k a soucasné také prislusny kanonicky
faktor dg.

v=20
k do Kopt
2 | 1.7188 | —2(2? — 1)
4 |2.0165 | 12(2? — 1)(72? - 3)
6 | 2.0834 | —322(2? — 1)(33z* — 3022 + 5)
8 | 21021 | 22 (2% —1)(7152% — 1001z* 4 3852% — 35)
10 | 2.1062 | — 2255 (22 — 1)(41992® — 795625 + 49142* — 1092z + 63)
12 | 2.1051 | 59595 (22 — 1)(5200321° — 12435525+ 10659026 — 39270 +
+ 577522 — 231)
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k 60 Kopt

3 11.4204 | Lz(2? - 1)

5 | 1.7656 | —2x(2? — 1)(92% — 5)
7

9

1.8931 | 3124 (2% — 1)(1432* — 1542 + 35)
1.9526 | — 3365, (22 — 1)(110525 — 17552* + 81922 — 105)

4096
11 | 1.9843 | 242030 7(22 —1)(67832% — 1421225 + 10098z — 277222 + 231)
13| 2.0027 | — 225 % o (2? — 1)(2600152° — 6760392 + 64664625 —

— 27713424 + 5105122 — 3003)

v=2

k do Kopt

413925 | 1532 _ 1)(522 — 1)
6

8

16
1.6964 | 312 (22 —1)(772* — 5822 +5)

64
1.8269 | — 3352 (22 — 1)(175525 — 22492 4 7212 — 35)
10 | 1.8946 | 2252 (22 — 1)(35532% — 639220 + 3618x* — 67222 4 21)
12 | 1.9341 | — 5225 (22 — 1)(6760392'0 — 15623512® + 12719742° —

— 429726x* + 5289922 — 1155)

14 | 1.9590 | {22505 (2% — 1)(884925212 — 2495270210 4 26530272° —

— 1315028x° 4 3015872* — 2659812 + 429)

v=3
k do Kopt
5 | 1.4086 | 22x(2? — 1)(72? — 3)
7 | 1.6725 | — 1088 5(22 — 1)(39z* — 3822 4 7)
9 | 1.7958 | 835355 (2? — 1)(9352° — 14052* + 59722 — 63)
11| 1.8641 | — 133135 5(3% — 1)(293932% — 5943225 + 40018z* —

— 1003222 + 693)

13 | 1.9060 | 2227295 (32 — 1)(382375210 — 9697032® + 8956222° —
— 364078z* + 6134722 — 3003)
15 | 1.9334 | —43628000 (22 — 1)(51025522 — 1554570210 4 18256252 —

— 103454025 + 2881452 — 3517822 + 1287)

Vidime, ze pro parametry v = 0 a k = 2 dostavame znamé Epanec¢nikovo jadro.

Nyni mizeme pomoci standardniho postupu minimalizovat funkci ve vztahu (12)
vzhledem k §ifce okna A*. Optimélni hodnotu ziskdme jako stacionarni bod, vypo-
¢tem tedy dostaneme

2v + 1)v(k!)?
14 *, 2k+1 — (
( ) opt,v,k 2n(k: _ l/)(m( ))2
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a odtud
(15) (™2 v+
* k
(D 2n(k —v)hi, M

Dosazenim do rovnice (12) vyjde

(16) ANSE, b, ) = T(K)—2 2k D

t, v,k
" 2k — V)i k

a ze vztahu (15) navic plyne

. Qu+1)k\ 7T
(17) opt,v,k — (ﬁ : hopt,O,lw

pokud k a v je sudé, respektive

. v+1)(k-1)\T7
(18) optk = (?)(k—y) g1k

pokud k a v je liché.

Optimalni sitku okna A} ., muzeme odhadnout napiiklad pomoci metody kii-

opt,v,
zového ovéfovani (anghckypcross validation method, viz [1], [2]), pfiemZ z (17) a
(18) vidime, Ze nemusime urcovat hodnoty hopt vk Pro vSechna v, coz v obecném
piipadé je vipocetné slozité, ale staéi zjistit tyto veli¢iny pro v = 0 nebo v = 1 podle
toho, zda pocitame odhad sudé nebo liché derivace regresni funkce m.

Zakladni myslenku metody krizového ovéfovani lze formulovat takto:

Odhadneme hodnotu m postupné v kazdém bodé z;, ¢ = 1,...,n bez pouziti
vlastniho bodu z;, tedy pouze pomoci zbyvajicich n — 1 bodi. Pak vybereme ta-
kovou hodnotu h, pro kterou jsou hodnoty v chybéjicich bodech nejlépe odhadnuty
pomoci zbyvajicich bodi. To znamend, Ze minimalizujeme funkci kfizového ovéro-
vani CV (h), kterou lze pro mnoho typt odhadt vyjadfit ve tvaru souétu rezidui,
tj.
n

1 . 2
CV(h) = —> (Yi —iy())”,
i=1
kde @l(zz) je vyse zminény odhad funkce m v bodé x; pfi vynechani i-tého pozoro-
vani.
Pro Gasser-Miillerav tvar odhadu je mozné tuto funkci zapsat téz jako

(19) cviny =L Z (M)Q

nizl 178“'
pro
ER
1 Ti — U )
Sii:E/K< lh )du, z:l,...,n.
Si—1

Mizeme také pouzit zobecnéné funkce kiizového ovérovani (podrobnéji viz [5], [6])

(20) covim ==Y (1/1_77252)) Cs= Y

i=1

Funkce kiizového ovérovani pro odhad hopt,1,, ma tvar (viz [5])

2
(1 1 =Y gy Tl T
@) ovoum - S (B gt

zz+1 — &y
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(m$1)) (xi+1 + x;)/2) je odhad prvni derivace funkce m v bodé ((z;+1 + 2;)/2), p¥i
— (2,
vynechani pozorovani v bodech z; a x;11.

Odhad hy,,; o, nebo hy ;1 optimalni Sitky okna hy , o , nebo hy , ;. tedy ur¢ime
jako tu hodnotu, ktera minimalizuje funkci CV (h*), resp. GCV (h*) nebo CV () (h*)
s jadrem Ks,. Hodnoty h* pfitom bereme z vhodné mnoziny H,, vyhlazovacich para-
metri, coz je zpravidla uzavieny interval. Na zakladé praktickych zkuSenosti mizeme
vzit jako dolni mez tohoto intervalu vzdalenost mezi body x; a jako horni mez dvoj-
nasobek délky nejmensiho intervalu obsahujiciho vSechny body x;. Pro ekvidistatni

body na intervalu [0,1] je pak H,, = [1/n,2]. Tedy

il:;pt,o,k = arg h{%ig CV(h*), resp.

7 % . 1 *
B = arg min OV (h7),

pricemz pfi vypoctu funkce kifizového ovéfovani pouzivame optiméalni jadra z tiidy
Mok, resp. My . Pomoci (17) ¢éi (18) pak ur¢ime hodnotu A}, ;..
Pro urceni zavislosti kvality odhadu /(") na fadu jadra k zavedeme optimaliza¢ni

kritérium
2k +1

2(k — v)nh3 2

(22) L(k) = T(Kopt)

které dostaneme z (16) vynechénim ¢lenu o, ktery je pro dand data konstantni a
nema tedy vliv na porovnani kvality odhadu.

Nyni mtzeme navrhnout postup pro stanoveni optimalniho fadu jadra k& pro od-
had v-té derivace regresni funkce m(*). Nejprve uréime mnozinu I, téch hodnot k,
pro néz chceme odhady konstruovat. Zpravidla klademe I, = {v+2, v+4, ..., kmax }-
Pak pro kazdé k € I, najdeme optimalni jadro K, (napf. z uvedenjch tabulek) a
vypo¢itame hodnotu funkcionalu T'(K,p¢). Potom pomoci metody kifzového ovéfo-

*

opt. k- Nakonec najdeme takové k, pro

véani uréime ﬁzpw,k nebo ﬁzpm,k a odtud £
které L(k) nabyva minimalni hodnoty:

k= arg ]?éljn L(k).

D4 se ukédzat (viz [4]), Ze odhad, ktery ziskdme timto zptisobem je asymptoticky
optimélni ve smyslu AM SFE mezi vSemi moznymi volbami vyhlazovaciho parametru
h, tvaru a fadu jadra.

Nasledujici obrazky ukazuji aplikaci navrzeného postupu pro stanoveni optimal-
niho odhadu derivace regresni funkce na simulovand data. Jedna se o funkci m(z) =
sin 27, x; = ¢/100 pro i = 0,...,100, méli jsme tedy celkem 101 hodnot. Chyby &;
mély normaélni rozdéleni s nulovou stfedni hodnotou a rozptylem 0.16. Obrazky jsou
doplnény tabulkami spoc¢itanych hodnot L(k), ﬁopw,k = g fz:pt% x @ optimalnich
hodnot hept,u,k uréenych podle (8).
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Odhad funkce sin27z:

v=0, k=2, h=0.17262, L=0.043019 v=0, k=4, h=0.23496, L=0.059257
2 2

15+ M. R

1

0.5

o

-1.5
-2 -2
(o] 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
v=0, k=6, h=0.40576, L=0.050041 v=0, k=8, h=0.4488, L=0.059381
2 2

(o] 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
v=0, k=10, h=0.87059, L=0.037882 v=0, k=12, h=1.0075, L=0.039006

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

k 2 4 6 8 10 12
L(k) 0.0430 0.0593 0.0500 0.0594 0.0379 0.0390

hopt,vk | 0.1726  0.2350 0.4058 0.4488 0.8706 1.0075
hopt,wk | 0.1252 0.3344 0.5580 0.7864 1.0170 1.2486

Optimalni hodnota: k=10

Odhad prvni derivace funkce sin 27zx:

v=1, k=3, h=0.20293, L=4.4427 v=1, k=5, h=0.17729, L=29.1482
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v=1, k=7, h=0.69405, L=1.2754

Jifi Zelinka, Ivana Horova

v=1, k=9, h=0.4727, L=8.3262

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

v=1, k=11, h=0.52929, L=10.6015

0.9

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

v=1, k=13, h=0.56842, L=13.9093

8 T T T T T T

0.9

1

k 3 5

7

9 11 13

0.1773
0.4295

29.1482 1.2754
0.6940
0.6589

8.3262 10.6015 13.9093

0.4727 0.5293  0.5684
0.8905 1.1231 1.3563

Optimalni hodnota: k=17

Odhad druhé derivace funkce sin 27 z:

v=2, k=4, h=0.37737, L=101.8866

50

v=2, k=6, h=0.48825, L=221.2884

40

30

20

10

20

30

~4% 0.2

0.4

0.6

v=2, k=8, h=0.64075, L=234.5156

0.8

0z
v=2, k=10, h=0.82192, L=201.1623

0.4

0.6

0.8
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v=2, k=12, h=1.1513, L=90.9373

50

v=2, k=14, h=1.3375, L=91.3298

391

k 4 6 8 10 12 14
L(k) 101.8866 221.2884 234.5156 201.1623 90.9373 91.3298
;Lopt_y,jyk 0.3774 0.4883 0.6407 0.8219 1.1513  1.3375
hopt,v,i: | 0.2983 0.5305 0.7642 0.9982 1.2325  1.4668

Optimalni hodnota: k=12

Z obrazkt je vidét, ze odhad prvni derivace dopadl hir nez odhad regresni funkce
nebo jeji druhé derivace. Je to pravdépodobné zptisobeno tim, ze optimalizace sitky
okna pomoci metody kfizového ovérovani dava pro prvni derivaci regresni funkce
horsi vysledky nez pro regresni funkci samotnou.

Obrazky také ukazuji typicky efekt pro jadrové vyhlazovani: horsi kvalitu odhadu
na krajich intervalu — tzv. hrani¢ni nebo okrajovy efekt. Ten je zptisoben tim, ze
blizko krajnich bodt daného intervalu nosi¢ jadrové funkce zasahuje do oblasti, kde
nejsou zadna data, coz zhorsuje odhad. Tento problém je mozno Fesit napt. pouzitim
hrani¢nich jader (viz [3]).

Nasledujici obrazky se tykaji realnych dat. Jednd se o primeérné lednové teploty
v Delhi v Kanadé v letech 1935-1995. P¥ipojend tabulka opét ukazuje hodnoty L(k)

a hopt,(),k-

fo3s 1941 1947 1953 1959 1959

k=6, h=0.30975 k=8, h=0.47387

0 T T T T T T T T T T T T T T T T

1965 1971 1977 1983 1989 1995 foss 1941 1947 1953 1965 1971 1977 1983 1989 1995

-12
1o3s

-1
1941 1947 1953 1959 1965 1971 1977 1983 1989 1995 Tos5 1941 1947 1953 1950 1965 1971 1977 1983 1989 1995
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k=10, h=0.54438 k=12, h=0.6507

-12 -1
1035 1941 1947 1953 1959 1965 1971 1977 1983 1989 1995 fos5 1941 1947 1953 1950 1965 1971 1977 1983 1989 1995

k 2 4 6 8 10 12
L(k) 0.0739 0.0953 0.1085 0.0931 0.1003 0.1000

hopt,0,x | 0.1664 0.2420 0.3097 0.4739 0.5444 0.6507

Optimalni hodnota: k=2

Gasser-Miillertv odhad pouzity v tomto prispévku je vhodny jen pro model s pev-
nym planem, a proto miize byt pro znac¢nou ¢ast realnych dat nepouzitelny. To vSak
neni omezeni v pripadé, Ze potiebujeme jenom odhad regresni funkce m a nikoliv
nékteré jeji derivace. V takovém pripadé totiz lze v podstaté stejnym zptisobem pou-
zit tvar odhadu vhodnéjsi pro data s ndhodnym planem, napt. Nadaraya-Watsontv
nebo lokalné linearni odhad.

Podékovani: Autoii dékuji recenzentovi za podnétné pfipominky, které pfispély ke
zlepSeni kvality ptispévku. Dale dékuji panu Mgr. J. Kola¢kovi a panu Mgr. M. Re-
zacovi za peclivé precteni rukopisu.
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SOME NOTES CONCERNING PREDICTION IN AR PROCESSES

PETR ZVARA

ABSTRACT. The prediction of the (n+s)-th observation of the p-th order autore-
gressive process is studied. The mean squared error of the predictor (MSEP)
when the autoregressive parameters are estimated by least squares is obtained
to terms of order n~! for some low order processes. It is shown that model
overfitting increases MSEP. The naive prediction interval for X, s obtained
by employing the estimated autoregressive model for prediction is considered.
The overall coverage probability is evaluated to order n~! in a special case. It
is lower than the nominal one, because such prediction procedure ignores the
uncertainty in the model parameters.

B pabore m3yuaeTcs NpOrHo3MpoBaHUue 3HAUEHUA X,4s B IPOIECCE aB-
TOPEerpeccun MopsAAKa p C HEM3BECTHbIMU Koeduimentamu. IIpuBeneHHo
SIBHOE BBLIDAKEHME [JUIf UjIeHa MOPAAKA N~ | CpeaHeKBaAPATUUECKON O-
mOKM IPOrHO3a B HEKOTOPBIX MOAeJsaX. Jlasmee pacCMOTPEH HAWBHBIA WH-
TepBaJbHBII IPOrHO3 M1 X4 s, IOCTPOEHHBIH C IOMOIIIO OIIEHOK HEU3BECT-
HBIX ITapaMeTpPOB. B YaCTHOM CJiy4dae BBIUMCJ/IEHA e€ro HAaAEKHOCTh.

© JCMF 2001

1. INTRODUCTION

Let the autoregressive time series {X;} satisfy

P
(1) Xt:ao—l—Zant_j—i—et,t:1,2,...,n,
j=1

where {e;} is a sequence of independent N (0, 0?) random variables and Xo, X_1, ...

)

X1_p are given random variables. The characteristic equation associated with model

(1) is

P
(2) 2P — Zajzp*j =0.
j=1

We assume that the process is a strictly stationary normal process, hence the
roots of (2) are less than one in absolute value and Xy, ..., X;_, are normal random
variables with the same covariance structure as X;4p,—1,...,X; forallt > 1 —p.

We adopt a standard multivariate representation for the process (1). Let X; =

(Xe, Xi—1,- -, Xi—py1,1) and e, = (e4,0,...,0)". Then we have

(3) Xt = AXt,1 -+ €y,

2000 Mathematics Subject Classification. Primary 60G25; Secondary 62M10.
Key words and phrases. Stationary process, prediction, coverage probability.
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where
ay ag ap—1 QAap Qo
1 0 0 0 O
0 1 0 0 O
A =
0O 0 ... 1 0 O
0 O 0 0 1

~ The least squares predictor of X,is given a past history {Xi—p,..., Xy} is
Xnts = ao + Z§:1 ajXnts—j, where X; = X, if t < n. If the parameters a =

(at,...,ap,a0) and o? must be estimated, the predictor
A p A A
(4) Xn+5 = &0 + Z&an+5,j, Xt = Xt if t S n
j=1
is obtained by replacing the unknown a by an estimator @ = (1, ..., ap, o).

There are a number of commonly used estimation procedures for stationary
X;. In this text we consider the maximum likelihood estimators conditioned on
Xo, ..., X1—p (least squares estimators)

G)  a=0 XX )T ) XeaXe), 2=t (X - X ,a)2
t=1 t=1 t=1

We employ slightly different notation when the expectation u = E X; is assumed
to be known. Then ag is not to be estimated and the model (1) can be written as

p
(6) th:Zanvtfj+et;t:1527"'an7

j=1

where Y; = X; — p. The multivariate representation for (6) is Yy = BY ;1 + ey,
where Y, = (Y3,...,Yi—pt1) and

a; a2 ap—1 QAp

1 0 0 0
B_|o0 1 0 0
0 0 1 0

We define the least squares estimators a* and o%* as

M a =YY ) QY o =Y (V- Y, a2
t=1 t=1

t=1

The predictor of X, 1, associated with a* is
p
(8) X =Yt Yy =Y alYr o Y =X, —pift<n
j=1

Fuller and Hasza (1980, Th. 1) investigated an AR(1) model and showed that the
predictor (4) is unbiased for symmetric error distributions. Cryer, Nankervis and
Savin (1990, Th. 6) extended their results to predictors based on fitted ARMA (p, q)
models with exogenous nonrandom regressors.
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Fuller and Hasza (1981, Cor. 2.1.) obtained an approximation for the variance of
the predictor error X,,4s — X, 4+ through terms of O(n~!). They have shown that
E{(Xn+s — Xnis)?} is the upper left element of the matrix

s—1 s—1s—1
> A MA"7 +p~ o2 I MA'*
©) = =0 k=0

x Te{(A*~77'T)/(T A1)} + O(n=3/?),

where I' = E{X,; X} and M is a matrix with one as the upper left element and
zeros elsewhere. For s = 1 we have E{(Xn41 — Xn41)2} = o2[L+n"Yp+ 1) +
O(n=3/2). In section 2 we evaluate (9) for general prediction period s in some low
order autoregressive models.

Since X,4+s is a random variable, a predictive region is relevant. Let V(s) =
o? Zj;é w?, where the {w;} satisfy difference equations

p
wj—Zaiwj_i:O, j:1,2,...
i=1

subject to the initial conditions wy = 1 and w; = 0 for j < 0. Then for a given
a € (0,1), a natural one-sided 100a% predictive interval for X, is

(10) Pl(a) = [0, Xpnis + 2o/ V (5)],

since the conditional distribution of Xy, ;s given {X1-p,..., X, } is normal with mean
Xn+s and variance V (s) (Montgomery et all, 1990).
A naive prediction region for X, s commonly used in textbooks on applied time

series analysis as for example Montgomery et. all (1990) is a random set

(11) PLy(a) = [~00, Xsa + 2a\/ V (5)]
obtained by substituting the estimated parameters into (10). More precisely, Xn+s
is defined in (4) and V(s) = 6255 w?, where w; satisfy

p
Wy — Y b =0, j=12...
=1

subject to wy = 1 and w; = 0 for j < 0.When p is known, we define similarly PT; («)
as a prediction region for X, ;s based on a*.

The overall coverage probability of f’\Is(a), P[X,4s € PI, ()] is less than o due
to the ignored increase in the mean squared error of prediction when employing the
estimated autoregressive model for prediction. In section 3 we evaluate the overall
coverage probability of the naive one step ahead prediction interval PIj(«) through
terms of O(n~!) assuming the variance of e; is known.

2. MEAN SQUARED ERROR OF PREDICTION IN SOME LOW ORDER
AUTOREGRESSIVE PROCESSES

Using similar arguments as in Fuller and Hasza (1981), one can show that when
the expectation y is known, the variance of X, — X7, is the upper left element
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of the matrix

(12)
s—1 ) . s—1s—1 . ,
o2 Z B'MB"7 +n 152 Z ZBJMB k
§=0 =0 k=0

x Te{(B* 7 'Ty) (L' B F 1)1 + 0(n=3/2),

where T'y = E{Y;Y}} and M is a matrix with one as the upper left element and
zeros elsewhere.

2.1. AR(1) process. Consider first the AR(1) model with unknown expectation
(13) Xi=ag+a1 Xy 1+e, t=1,...,n,

where e; ~ N(0,02), |a1| < 1 and Xg ~ N(ap(1—a1)~t,0%(1—a?)~!). The predictor
is Xpqs = ag + a1 Xn4s—1, where X, s = X, 15 for s <0 and

~ n n -1 n
ary _ Z;ﬂ:l XtQ—l Zt:l Xi-1 t:lnXt—lXt _
o >ty Xi1 n 1=1 Xt

In this case we have
_ (a1 ao
A= ( noa ) .

j -1 i
i_ (™ ao Yy - ay
o= )

Matrix multiplication yields

and

j+k
ingak_ (a1 0
" w4 0)

Evaluating moments of X; up to second order, we find

o aﬁ ao
e - (51 =)

Calculating the trace of (A*777'T) (D' A**~1) many terms vanish and we have
(15) Tr{(A*7 7' D)Y@ A =14 PR
Combining (14) and (15) yields

s—1s—1 . , ) 2 25—2 + (1*‘1?)2 0
ZZAJMA kTr{(As—J—lI\)/(l-\—lAs—k—l)} _ [ s7aq T—a; )
§=0 k=0

Inserting into (9) we have

S
1—aj

s—1
. . , 2
E{(Xnts — Xn+8)2} =o? § G%J + n710232a%6_2 + n7102(1 ) + O(n73/2),
Jj=0

“
which is Theorem 2 of Fuller and Hasza (1980).
When the expectation of X; is known, Tr{(B* 7~ 'T'y)(I'y' B* ")} simplifies
to a>*77*"% and we find
s—1
(16) E{(Xnss — X1 )2 =07 Z a2 +n7 10?2022 £ O(n?).
=0
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2.2. AR(2) process. Consider now the strictly stationary AR(2) model with zero
expectation

(17) Xt :alXt,1 +a2Xt,2+et, t= 1,...,77,,

where e; ~ N(0,0?). The predictoris X, . = aiX; . +a3X;, 5, where X}, =
Xpts if s <0 and

* n n -1 n
ap\ _ 2ut=1 Xi tzlnXt—lXt—2 =1 Xi—1X .
as peq Xt—1X¢ 2 S X, req Xt—2X¢

The parametr matrix of multivariate representation for (17) is

(a1 a2
B- (1 0) .
Denote the roots of characteristic equation 22 — a1z — ag = 0 by 2z; and 2y, then
a1 = z1 + 22 and ag = —z129. Stationarity condition implies that |z;] < 1, =1,2.
The zero mean AR(1) process is a special case of (17) when zg = 0.

Denote the rows of B by ro = (1,0)" and r; = (aj.a2)’. Then the rows of B’
are r; and r;j_;. They satisfy the relation r; = a17;-1 + asr;—2. Solving these
difference equations subject to initial conditions above, we obtain
1 (z{“ — zé“ zlzgﬂ_ — z{+122>

J J J J
Z1 — 2y 212y — 2122

B =

21— 22
Matrix multiplication yields
1 ((z{“_ TR ) (o a ))
(1= 22)2 \ (5 = 2) (o1 = 251 (21 — 23)(2F — 25)
Using the relation Z;;é 2l =(1—2%)(1—-2)"1if |2] <1, we find that the upper left
element of 57" BPM B is

B'MB'* =

1 1— 23 1—(2122)° 1— 228
18 2 i _ 4 2 2
(18) (21 722)2{'21 1—2% A1 1— 2129 2122

The matrix of second moments of X is

1 21422
I'= FY = E{(Xtathl)l(Xtathl)} =7 ( z1+22 1+i1Z2> )

THz122
where 79 = E X7 is the variance of the process. The inverse is
Pl =l ngzlzg i <1+2122 -2 2'2) ‘
(1—23)(1—23) \—21—22 l+z122
Multiplicating
14+ 2129
0= 21— )

L (B T A=) - AT (1 2) AT - ) — 2 T (- 2)
A=)~ - 28) am T (- 2) T (1 - 2D)

I\—lBs—k—l — ,yo—l

and
I‘/Bsfjfll — o
(14 z122)(21 — 22)
A -B) (s AT - T (1 )
T R R N e A
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we obtain
Tr{(Bsfjfll-\)/(l—\lesfkfl)}7 2{ 2122 fs j—k— 2+225 Jj—k— 2)
Zl — ZQ
— (=) - BT )
Using relation Y, _ 02'1 bas™17F = (23 — 25)(21 — 22)"! = K say, we find that the
upper left element of the matrix

—1 s—

s—1 1
SN B MBYF T {(B Ty (@ B}
7=0 k=0

is

1—22
((21_7;224{[(2 27 4 23) — 2Ks(2522 + 2125) + s2(27° + 23°) }
(19) 5
+ (1—=29)(1 - 23) {2K22122 — 2K (2 s+1 +Zs+1) +252zfz§}
(21 — 22)*
Inserting (18) and (19) into (9) we obtain
(20)
o2 228 1 — (21292)® 1— 228
E s — ] 2 _ 1 ) 2 2
{( + n+s)} (217222{11 2 2129 172122 2172,%}

1— 2
—102( 2122)

o (21 — 22)4 {K2(21 + 23) — 2Ks(2720 + 2123) + 87 (21" + 23°) }

1—23)(1—23
+ n_102M{2K22122 —2Ks(25t + 25T + 2572525
(21 — 22)
When s =1 we have K =1 and find E{(X,,41 — X}, ,)?} = 0*(1 +2n~ "), which is
the same expression as that obtained by other authors.

2.3. Application. As an application of the result (20) we can evaluate the effect
of overfitting on the mean squared prediction error. Let z3 = az = 0 in (17) which
implies a; = z;. Thus we fit the AR(2) model when the true model is AR(1). Then
(20) reduces to
(21)
E{(Xpss — n+5)2} _ 02% +n o2 (s —1)%a2 4 010225022 +O(n_3/2).
1
Since (s—1)2+2sa?—s%a} = (1—a?)(s—1)?>+a? is always positive, we infer from (16)
and (21) that overfitting the zero mean AR(1) model by one additional autoregressive
parameter results in increase of the mean squared prediction error. The amount of
increase can be analytically expressed as n~'o2a?*"*{(1—a?)(s—1)?+a3}+0(n=3/?)
and tends to zero as the sample size approaches infinity. The one-step ahead mean
squared prediction error is 02 4+ 2n~'0? when fitting overfitted AR(2) model while
only 0% + n~'o? when fitting correct AR(1) model.

3. COVERAGE PROBABILITY OF NAIVE PREDICTION INTERVALS

Consider the naive s-step ahead prediction interval f’\Is(a) for X,,+s defined in
(11). There are two kinds of coverage probabilities:
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1. For fixed sample information X = (X;_,,...,X,)" (and thus fixed X,, a, 62
and PI,(«)) is the conditional probability

CP[PLy(a)|a, 3% X ,] = P[X,4s € PLi(a)|a, 6% X,
= (20 V)1V (5) + V() (Knts = Kuts),

because the conditional distribution of X,, ;s is normal with mean X,, | ; and variance
V(s). Here ®(t) denotes the distribution function of standard normal distribution
and z, = ®(a)7! its a-quantile.

2. From sample to sample, the conditional coverage probability is random because
PI, («) depends on @ and X ,,. The unconditional (overall) coverage probability for
the prediction interval procedure is

UCP[PL(a)] = P[Xpts < Xnts + 2a\/V(s)] = E{CP[PL(a)|a,6°, X ]},

where the expectation is w.r.t. the random @, 42 and X,.

Beran (1990) has shown in his Example 1 that UCP[PI] ()] = a—(2n) " 20¢(24)+
o(n~1) for the AR(1) process with known mean and o2 = 1 also known. We extend
this result to general order and give the order of error. We have
Theorem 1. Assume that {X;}{_,_,, is strictly stationary AR(p) process defined
in (1), where vare; = o2, the order p and expectation p are known. Let the param-
eters a = (a1,...,a,)" be estimated by a* defined in (7). Let X | be defined as
/H—Z?:l a;(X,H_j_l — ). Then the overall coverage probability of the naive one-step
ahead prediction interval PI](a) = [—o00, X5\ + 240] is

UCP[PL;(a)] = a — (2n) " 'pzad(za) + O(n~/?),

where ¢(t) = (2m) /2 exp(—t?/2) is the density of N(0,1).

Proof. Without loss of generality assume pu = 0. Since o2 is known, V(1)* =
V(1) = 02 and PIj(a) = (=00, X | + 2a0).
The conditional coverage probability is CP(PIj(«a)|a*, X,) = ®(z4 + 0,), where
on = U_l(X;+1 = Xn+1)-
The distribution function of Gaussian distribution has continuous derivatives of all
orders, thus the Taylor expansion yields

2 3
(2)  CP(PT(@)la’, Xn) = 0 0a(za) + 2 (20) + 2" (20),

where z;, is random variable between z, and 2z, + dy,.
Since both X, and X, are unbiased predictors for X,, 1 (Fuller and Hasza,
1980, Cryer et all, 1990), we have

(23) Eé, = 0.
Rewrite
— p 2
o%0% = (X1 — Xn1)® = [D (0] — ;) Xn_j11]” = X (a" — a)(a* — a) X ..
j=1

Following Fuller and Hasza (1981), the conditional expectation is
2E{%| X, } =n"1e? X! T X, + O(n=%/?),

where I' = E { X; X} as in section 2. Using formula for the expectation of quadratic
form we find
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Eor =n'E{X|I7'X,} +0(n%?)
(24) — n ' [E{Tr(T'var X,,)} + EX/,T'EX,,] + O(n~%/?)
=n"lp+ O(n73/2).

Since ¢(t)” is product of a polynomial and exp(—t2/2), it is bounded, thus
|p(2n)"| < My for some M; > 0. Rewrite

p p p
%55 = > (a5 — ay)(aj — ar)(af — ar)Xn—j11 X ki1 Xn 141
j=1k=11=1

We have

PE03] <> E{laj—a;] .. | Xnjyal... } <> \G/E{|a; —aj|6} .. E{|Xp_jt1lf} ...

VL Jrk,l
from Holder inequality. Now My = E {|Xt|6} is finite because X; is Gaussian, thus
BI6%) < 0= /A Y 4/ (s P {laf — arlPJE {Jaf — o).
jikd
Following Bhansali and Papangelou (1991), E {|a} — a;/°} = O(n™?) and we find
E|63| = O(n=3/2). Finally
(25) E{1676(za)"I} < ME|53] = O(n™"/2).
Combining (23), (24), (25) and ¢(t)’ = —t¢(t) and inserting into (22) we obtain
E{CP(PLj(a)la*, X,)} = a — (2n) " 'pzad(za) + O(n "),

which was to be shown. Q.E.D.
We could extent our theorem to the model with unknown mean provided the
result of Bhansali and Papangelou (1991),

E{|dJ —aj|k} = O(nik/2), O,...,p

is valid for such model. Unfortunately as far as we know, there is no such gener-
alization in the literature. The formula for the more general case, not proven yet
would be

UCP[PLi ()] = a — (2n) " (p + 1)2a(2a).

REFERENCES

[1] Beran, R. (1990). Calibrating prediction regions. Journal of the American Statistical Associa-

tion 85, 715-723.

Bhansali, R.J. and Papangelou, F. (1991). Convergence of moments of least squares estimators

for the coefficients of an autoregressive process of unknown order. The Annals of Statistics, 19,

1155-1162.

[3] Cryer, J.D., Nankervis, J.C. and Savin, N.E. (1990). Forecast error symmetry in ARIMA models.
Journal of the American Statistical Association, 85, 724-728.

[4] Fuller, W.A. and Hasza, D.P. (1980). Predictors for the first-order autoregressive process. Jour-
nal of Econometrics, 13, 139-157.

[5] Fuller, W.A. and Hasza, D.P. (1981). Properties of predictors for autoregressive time series.
Journal of the American Statistical Association, 76, 155-161.

[6] Montgomery, D.C., Johnson, L.A. and Gardiner, J.S. (1990). Forecasting & Time Series Anal-
ysis. New York: McGraw-Hill.

[2

UK MFF, KPMS, SOKOLOVSK 83, 186 75 PRAHA
E-mail address: zvarap@karlin.mff.cuni.cz



ROBUST 2000
SBORNIK PRACI JEDENACTE LETN{ SKOLY JCMF
USPORADALI: JAROMIR ANTOCH & GEJZA DOHNAL
VYDALA : JEDNOTA CESKYCH MATEMATIKUA FYZIKU V PRAZE
SAZBA PROGRAMEM TpX
© JCMF 2001
ISBN 80-7015-792-5
57-551-01



I‘Sﬂ ‘NH ]3”)‘_“7“‘]‘“““_‘5
9 H788070“1 57923H



