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[1] 1st Day.  April 20  (= 3 hours).

[ñNonparametric Statistics òfor Brownian Motions.]

Definition and Probability Distribution of 

: (i). Occupation Time (Empirical Distribution Function),

: (ii).Brownian Quantiles or alpha -quantiles (Order Statistics),

: (iii). Ranks (Rank Statistics).

The probability distribution of these quantities will be derived under the 

assumptions that the underlying stochastic process is Geometric Brownian 

Motion. 

These could be regarded as a continuous time version of probability theory 

of cumulative sum of iid random variables.

Using the followings; 

Arcsine Law, 

First Hitting Time, 

Moment Generating Functions, 

Feynman -Kac Theorem, 

Laplace Transformations.
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! .ǊƛŜŦ IƛǎǘƻǊȅ ƻŦ ʰ-Quantiles and Ranks

-hquantiles
Υ 5ŜŦƛƴƛǘƛƻƴǎ ƻŦ ʰ-quantiles= Miura(1992)

: Rigorous Treatments for probability distributions = Akahori(1995)
: Some properties = Dassios(1995), Yor(1995),EmbrechtsŜǘΩŀƭ(1995).

:Further Developments = Dassios(2005) and others(Levy process)
= Fujita ŜǘΩŀƭ(2002,2010)

: (1). J.G.Wendel(1960) hǊŘŜǊ {ǘŀǘƛǎǘƛŎǎ ƻŦ tŀǊǘƛŀƭ {ǳƳǎΦέ Annals of Mathematical Statistics.1034-
1044 Theorem6.1 (Laplace Transform of the pair of random variables.

I did not know of this paper when I published the paper (1992) on Ȁ-quantiles . 

Ranks
Definitions & Probability Distribution =Fujita and Miura (2006)

Forward Starting Stochastic Corridor = Miura (2007)

Our published paper on Hedge Fund Return
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Math.Meth. Oper. Res. 69. 553-577.
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Some More References(continued)

Other papers :
Kwok, Fusai, Ballotta, Linestky, and several other people have also worked on derivatives based 

on -hquantile of Brownian motion with drift.

Rank Processes
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Ishii and Fujita (2010 APFM, published online 2009) 

ά±ŀƭǳŀǘƛƻƴ ƻŦ ŀ Repriceable9ȄŜŎǳǘƛǾŜ {ǘƻŎƪ hǇǘƛƻƴέ



Section 1.
Definitions and Probability Distributions

ά9ƳǇƛǊƛŎŀƭ 5ƛǎǘǊƛōǳǘƛƻƴ CǳƴŎǘƛƻƴǎέ ΥCƛȄŜŘ [ŜǾŜƭ /ƻǊǊƛŘƻǊǎ

άhǊŘŜǊ {ǘŀǘƛǎǘƛŎǎέ Υ.Ǌƻǿƴƛŀƴ vǳŀƴǘƛƭŜǎ

άwŀƴƪǎέ Υ{ǘƻŎƘŀǎǘƛŎ /ƻǊǊƛŘƻǊǎ
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:1. άNon-Parametric έStatistics and Exotics.

Three òNon-Parametric Statisticsó of a Brownian Motion  are:

άEmpirical Distribution Functions έ, 
ȧ-quantiles , and  

Ranks 

Assume : the Stock price follows a Geometric Brownian Motion:

: (1-1) έEmpirical Distribution Function έ
Fixed Corridor : Corridor with a Fixed Level K, 0<K
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:(1-2) Ȁ-quantiles : m(Ȁ,S) .άOrderStatistics έ
: S in order to indicate the stochastic process on which  the quantiles are defined

For any given ȧѺZ/+0\+ ȧ-quantile is defined as a quantity
m(ȧ)  such that

Note: m(ȧ,S) = S0 exp{ m(ȧ,X) }  where m(ȧ,X) is such that
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: (1-3)  Ranks
άRank Statistics έProcess = Stochastic Corridor 

The rank process is defined by

for any prefixed time point t in [0,T].

Note: The Rank does not depend on the initial value S 0. 

Also, note: Rank is invariant under shift and scale changes.          

So we see that R(t,S) = R(t,X).
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Also an important relation to ȧ-quantiles is,

Identity of events:  {m( ȧ+R+Z/+S\) < St} = {R(t,S,[0,T]) >ȧ}.

: Note: These άstatistics έare counting how much time the stock prices 

are under  K, St, and m( ȧ), respectively
:********************************************************

The relations of the Three ò Nonparametric Statisticsó







Derive Probability Distribution of Rank

St =exp(˃ t+ ̀ Wt)

Zero drift case: ˃ = 0, ̀ =1

Drift : ˃ ґ лΣ >̀0
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Thus, it was enough to derive a joint probability distribution function (or density function) of (W T,

) rather than that of (W T,

) in order to calculate the above expectation. These joint densities of the decomposed variables;

can be obtained from Lemma1.
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Lemma 1.
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Joint distribution of quantiles

: Fujita = two quantiles

: Imamura= more than two quantiles

(decompose upper part and lower part and delete the flat part)

: Imamura+Miura= multivariate distribution in the form of each 
differences and maximum

: How about conditional distributions given Maximum and /or 
Minimum





Section 2. F(K) and Rank

.
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which can be calculated by using the joint probability density function of 
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T
T T

T

T
W T

Z Z

u

T
A T

Z

u

T

T u

e I I Z du x

E e e I I Z du x

Z I Z du x

t t

t

m
t

s

m m
t

s s

t

t

t

t

- -

-

- -
- +

- -

-

-

+ ¢ <

= + ¢ <

¢ <

ñ

ñ

ñ

ua1, and the distribution of the first hitting time  of W  to At








