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[1] 1st Day. April 20 (= 3 hours).
[ANonparametric Statistics 0 for Brownian Motions.]

Definition and Probability Distribution of

: (). Occupation Time (Empirical Distribution Function),

: (i).Brownian Quantiles or alpha -quantiles (Order Statistics),
: (ii). Ranks (Rank Statistics).

The probability distribution of these quantities will be derived under the
assumptions that the underlying stochastic process is Geometric Brownian
Motion.

These could be regarded as a continuous time version of probability theory
of cumulative sum of iid random variables.

Using the followings;

Arcsine Law,

First Hitting Time,

Moment Generating Functions,
Feynman -Kac Theorem,
Laplace Transformations.
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Section 1
Definitions and Probability Distributions
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:1. dNon-Parametric € Statistics and Exotics.

Three -PdNrommmetric Statisticsoé of a |
cEmpirical Distribution Functions ¢,

a -quantiles , and

Ranks

Assume : the Stock price follows a Geometric Brownian Motion:

S, =S¢é& =S®& % foru [o,T]

: (1-1) eEmpirical Distribution Function ¢
Fixed Corridor : Corridor with a Fixed Level K, 0<K

F(K) = r’jl{su ¢k} du

1
T



‘(1-2)-gAant i | es dOrderBtétifticsS)

: S in order to indicate the stochastic process on which the quantiles are defined

For any given a QZ / + 0 ‘quantiée is defined as a quantity
m(a ) such that

a=fj1s, a9 d

Note: m(a ,S) = S,exp{ m(a ,X) } where m(a ,X) is such that

2= X, o 2%} du

or more precisely (now, this is called Brownian quaes)

_oe € ool T
m(a,X)—lnf%x.ad;_le{xJ ¢du

b - -



: (1-3) Ranks
oRank Statistics € Process = Stochastic Corridor
The rank process is defined by

1,J
R(t, S $m S ¢$ d

for any prefixed time pointtin [0, T].
Note: The Rank does not depend on the initial value S
Also, note: Rank is invariant under shift and scale changes.

{S,¢9 A5 B {+X }A

So we see that R(t,S) = R(t,X).



Also an important relationto a -quantiles is,
Identity of events: {m( a + R+ Z ) <S3 ¥ {R(t,S,[0,T]) > a }.

T
~

1
(CRHS.eYydug {#ma }y

: Note: These odstatistics € are counting how much time the stock prices
are under K, St, and m( a ), respectively

Therelationsof the Three 0 Nonparan

F(K)

F(S§)=RY
F(m(a)) = a
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Rank of W;

Wi
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T
/ I{W, < W;}du
0

RO, := 1 [T I{W, < W, }dt



Derive Probabillity Distribution of Rank

S =expet+ W)
Zero drift case>=0, =1
Drift:>r B



Derivation of the density function of R .

T
RS = = /0 I{W, < W,}du

t T
:%/ I{Wt—Wu>0}du—|—%/ {Wu—Wt<O}du
t

A | T —t 1 e B
I W - I
=5 [ HW. > 0}du+ — T_t/O (W, < 0}du
T—t
_TAl—I_ T Aj

Al, Ay: two mdependent arcsine random variables
Wu =Wy — Wiy, Wu = Wiy — Wi



”W(’S’ZT

E[N(T- Ry *())] = <207 RN

AN .., .L (%h(w (WRM)(X y dydx

(more precisely, noting thilt, = Z. -Z )

= Efes _(”ZM%F(QI{ZS 0} ds +r{|2¢0}d3]

A e el o o

S 2)<'72T2H3é+¥)f | (% y) dydxf (¥ ) dyd

(ZTtF(] |{Z ¢0} d9 ( % ﬁZS@} ds



Thus, it was enough to derive a joint probability distribution function (or density function) of (W T

) rather than thatof (W ;, Ry’

*0,1
) in order to calculate the above expectation. These joint densities of the decomposed variables; R

fo. (%, ), | (%5 ¥5)

(Z.0f) 1Ze00}d9 (2  f7® d

can be obtained from Lemmal.



Lemma 1.

PW i dapy (W <0} ds i du

2

€ s a = '
(1) e**s'd9 dadu fores O
| 2,0\/5 (t- 9)° ’|
=] 2 |
i (A 8 e2d9dadu fora O -
i

2,0\/5 (t- 9)° |



Density function of RZT (1)

2T

fre (%) = /_ooeXP {ﬂy— ”2

} f(WTrRt,T) (y’ x)dy

Density function of RY LT (2)

ForO<t<T/2,

Jowrr, ) (X, y) = T//A fi (x1, 1) fr_(x — x1, Ty — y1)dx1dy,

A =

{(x1,11) : —00 < x1 < 00,0 <y; <t}, —co<x<oo,+t<y<Iit

{(x1, 1) : —0 < x1 < 00,0<y;1 < Ty}, — 0 <x<00,0<y<%
{(x1,y1) : —0 < x1 <00, Ty— (T—t) <y <t}, —co<x<oo, =t <y<1.



Density function of R}’ (3)

’

i (a,u) = L Ve gy o >0
a

3
“ 2
/ - exp{—a—}dS,a>O
0

T E
/u 271,/ (t — 5)° = {—Z(t py } ds, a < 0

f; : joint density function of (W, fot I{W, < 0}du)
fi"+ joint density function of (W, [ I{W, > 0}du)

ft+(a/u) = 4

\



Rg,l: rank of X,

- - O
Density function of Ry ; Density function of R} and R_O B
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RY; = fo H{Wu < Wo}du R := [ I{Xy < Xo}du, X; = pt + W;



B .
R0.2,1' rank of Xg -
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Rg.2’1 = fol_ I{Xu £ X()_?_}du, = ut + W;



K .
Ry g1 rank of Xp g

Comparison between R 021 and R0 81
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R} 5 1+ rank of Xq 5
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Joint distribution of quantiles

. Fujita = two quantiles
. Imamura= more than two quantiles
(decompose upper part and lower part and delete the flat part)

- Imamura+Miura= multivariate distribution in the form of each
differences and maximum

. How about conditional distributions given Maximum and /or
Minimum






Section2. F(K) and Rank
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P{TR(K) < 3
=P[R KS ¢§ du K

=PAKZU W, fdu b (B (U WHAd x <

M- (L 1 T T
-ge g w, epau & [Ee U 17,0 )l X

(where we puZ, , =W, -W, and =inf{u:\V 2 A})

—Ele e sz, o K

My (T T

=Ele *2é (£ ) {Z OFdu Ik

which can be calculated by using thenfjgprobability density function of

(Zr.,.f) MZ, ¢Opdu <y
shown in Lemml, and the distribution of the firstttmg times of W to A



o T, —inflt —0:5 = Al

Density function of 74

i
R
ol e

s lles Al
R EDE e
1 1

0 0.2 0.4 0.6 0.8 1

Ta:=inf{t > 0: 5, = A}, S; = Soexp {(r y —i—aWt} (So = 100)



Density function of f01 I{Sy < K}du

K=100
K=105 |
-~ K=110

5: = Spexp { t+ (TWt} (So = 100)






