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.Outline..

......
The aim of this talk is to look at a construction of some
semigroups satisfying the identity x ≈ x3.
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. . . . . .

.Theorem..

......

Let Y be a semilattice. For each α ∈ Y let Sα be a semigroup such
that Sα ∩ Sβ = ∅ if α ̸= β. Let α, β ∈ Y with β ≤ α, let
{ϕα,β : Sα → Sβ} be a collection of homomorphisms such that

1) if γ ≤ β ≤ α in Y then ϕα,βϕβ,γ = ϕα,γ .
2) for each α ∈ Y in ϕα,α is the identity on Sα.
Then S = ∪

α∈Y
Sα is a semigroup where for x ∈ Sα, y ∈ Sβ the

product in S is given by

xy = (xϕα,αβ)(yϕβ,αβ).

If replace a semigroup Sα by a group Gα then it will be called a
Clifford semigroup
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. . . . . .

.Example..

......

0α ∗ 1α = (0α)φα,α(1α)φα,α = 0α1α = 1α
1α ∗ 1β = (1α)φα,αβ(1β)φβ,αβ = (1α)φα,β(1β)φβ,β = 0β1β = 1β
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.Example..

......

0α ∗ 1α = (0α)φα,α(1α)φα,α = 0α1α
1α ∗ 1β = (1α)φα,αβ(1β)φβ,αβ = (1α)φα,β(1β)φβ,β = 0β1β = 1β

Thus (S = {0α, 1α, 0β, 1β}, ∗) is a semigroup.
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.Example..

......

φγ,αφα,ν = φγ,βφβ,ν

(aγ)φγ,αφα,ν = (aγ)φγ,βφβ,ν
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We begin by describing an important construction.
.Definition..

......

Let S be a semigroup, I,Λ be nonempty sets, and P be a Λ× I
matrix with entries pλ,i from S. Define

M = M(S; I,Λ;P)

with the multiplication

(i, s, λ)(j, t, µ) = (i, spλ,jt, µ)

Then M is a semigroup called a Rees matrix semigroup over S.
This is an important technique in semigroup theory for
constructing new semigroups from old ones
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.Definition..

......
Let S be a semigroup. An element a ∈ S is called completely
regular if there exists x ∈ S such that a = axa, ax = xa.

.Definition..

......
Let S be a semigroup. Then S is simple if it does not have any
proper ideals.

.Definition..

......
Let e be an idempotent in a semigroup S. Then e is a primitive
Idempotent if for each idempotent f in S such that f ≤ e then f = e.

Somnuek Worawiset (with Dr. Jörz Koppitz) Presentation for semigroups x ≈ xk, k > 2



. . . . . .

.Definition..

......
Let S be a semigroup. An element a ∈ S is called completely
regular if there exists x ∈ S such that a = axa, ax = xa.

.Definition..

......
Let S be a semigroup. Then S is simple if it does not have any
proper ideals.

.Definition..

......
Let e be an idempotent in a semigroup S. Then e is a primitive
Idempotent if for each idempotent f in S such that f ≤ e then f = e.

Somnuek Worawiset (with Dr. Jörz Koppitz) Presentation for semigroups x ≈ xk, k > 2



. . . . . .

.Definition..

......
Let S be a semigroup. An element a ∈ S is called completely
regular if there exists x ∈ S such that a = axa, ax = xa.

.Definition..

......
Let S be a semigroup. Then S is simple if it does not have any
proper ideals.

.Definition..

......
Let e be an idempotent in a semigroup S. Then e is a primitive
Idempotent if for each idempotent f in S such that f ≤ e then f = e.

Somnuek Worawiset (with Dr. Jörz Koppitz) Presentation for semigroups x ≈ xk, k > 2
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.Clifford..

......
Clifford proved that completely regular semigroups are semilattices
of completely simple semigroups and conversely.

.Lallement..

......

Using Clifford’s representation of completely regular semigroups
reduced the problem of their structure to structure of completely
simple semigroups and certain functions among them and their
translation hulls.
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.
Theorem (Lallement theorem)..

......

Let Y be a semilattice. For each α ∈ Y let Sα be a completely
simple semigroup such that Sα ∩ Sβ = ∅ if α ̸= β. For each piar
α, β, α ≥ β, let {Φα,β : Sα → Ω(Sβ) be a function satisfying the
following conditions:
1) Φα,α : a → πα (a ∈ Sα),
2) (SαΦα,αβ)(SβΦβ,αβ) ⊆ Π(Sα,β),
3) if αβ > γ and a ∈ Sα, b ∈ Sβ, then

[(aΦα,αβ)(bΦβ,αβ)]Φ
−1
αβ,αβΦαβ,γ = (aΦα,γ)(bΦβ,γ).

On S = ∪
α∈Y

Sα define a multiplication ∗ by

a ∗ b = [(aΦα,αβ)(bΦβ,αβ)]Φ
−1
αβ,αβΦαβ,γ (a ∈ Sα, b ∈ Sβ).

Then S is a completely regular semigroup. Conversely, every
completely regular semigroup can be so constructed.
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.The problem is reduced to..

......

1) the structure of completely simple semigroups,

2) the structure of their translational hulls,
3) a determination of the functions satisfying the above

condition.
The problem 1) has been solved for example,

.Theorem..

......
(David Rees 1940) A semigroup is completely simple if and only if
it is isomorphic to a Rees matrix semigroup over a group.

There are also many research on the generalizations of Rees
theorem with applications to some other classes of semigroups.
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. . . . . .

The problem 2) has been quasi-solved in view of several
constructions of the translational hull of a Rees matrix semigroup.

The problem 3) has no solution whatsoever except in very special
cases.
.Theorem..

......

Let Y be a semilattice. For each α ∈ Y let Eα be a rectangular
band such that Eα ∩ Eβ = ∅ if α ̸= β. For each α, β ∈ Y with
β ≤ α, let {ϕα,β : Eα} → Eβ} be a collection of homomorphisms
such that
1) if γ ≤ β ≤ α in Y then ϕα,βϕβ,γ = ϕα,γ .
2) for each α ∈ Y in ϕα,α is the identity on Eα.
Then S = ∪

α∈Y
Eα is a semigroup where for x ∈ Eα, y ∈ Eβ the

product in S is given by

xy = (x)(ϕα,αβ)(yϕβ,αβ).

Then S is a band and conversely.
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. . . . . .

.Lemma..

......

Let S ∈ Mod[(xy)z ≈ x(yz), x ≈ x3, (xyz)2 ≈ (xz)2, xyzx ≈ xzyx].
Then
1) (xyzx)2 = xy2x
2) E(S) = {x2 | x ∈ S}
3) S is completely simple

Proof.1) Take x, y, z ∈ S.
(xyzx)2 = (xyzx)(xyzx)

= x(yzxx)yzx)
= x(yz)(xxyz)x
= xyz(xyxz)x
= xyzx(yzx)x
= x(yzx)2x
= x(yx)2x
= xyxyxx
= x3y2x
= xy2x
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2) Obviously, by (x2)2 = x3x = x2

3) By the property x = x3 implies that S is regular. Now we
consider for each e, f ∈ E(S) such that f = ef = fe, then

ef = fe
(ef)ef = (fe)ef
(eeff) = feef
efefe = fefee
ef2e2 = fe3

efe = f2e
(efe)2 = (fe)2

(ee)2 = f2
e = f.

Hence S is completely simple.
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.
Proposition (Howie)..

......

Let e be an idempotent of a semigroup S. Then

Ge = {a ∈ S | a ∈ eS ∩ Se, e ∈ aS ∩ Sa}
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.
Proposition (Howie)..

......

Let e be an idempotent of a semigroup S. Then

Ge = {a ∈ S | a ∈ eS ∩ Se, e ∈ aS ∩ Sa}

.Lemma..

......

Let S ∈ Mod[x(yz) ≈ (xy)z, x ≈ x3, (xyz)2 ≈ (xz)2, xyzx ≈ xzyx].
Then the set

Gx2 = {y ∈ S | y2 = x2}

is an abelian group.
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.Lemma..

......

Let S ∈ Mod[x(yz) ≈ (xy)z, x ≈ x3, (xyz)2 ≈ (xz)2, xyzx ≈ xzyx]
and x2 ∈ E(S). Then the set

Lx2 = {(ax2)2 | a ∈ S}

is a left zero semigroup and lx2 = l for every l ∈ Lx2 .
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......

Let S ∈ Mod[x(yz) ≈ (xy)z, x ≈ x3, (xyz)2 ≈ (xz)2, xyzx ≈ xzyx]
and x2 ∈ E(S). Then the set

Rx2 = {(x2a)2 | a ∈ S}

is a right zero semigroup and x2r = r for every r ∈ Rx2 .
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.Theorem..

......

Let S ∈ Mod[x(yz) ≈ (xy)z, x ≈ x3, (xyz)2 ≈ (xz)2, xyzx ≈ xzyx].
Then

S ∼= M[Gx2 ; Lx2 ,Rx2 ;P]

where Gx2 , Lx2 ,Rx2 are described above and P is a sandwich Rees
Matrix.
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Thank You !
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