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Let O(n)(A) denote the set of all n-ary operations on A and
let O(A) denote the set of all finitary operations on A.

For f ∈ O(k)(A) , g1, . . . , gk ∈ O(n)(A),

we can define a new operation f (g1, . . . , gk) : A
n → A by

f (g1, . . . , gk)(a1, . . . , an)

= f
(
g1(a1, . . . , an), . . . , gk(a1, . . . , an)

)
for (a1, . . . , an) ∈ An

and we will say that f (g1, . . . , gk) is a superposition of
f , g1, . . . , gk .
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An n-ary i th-projection on A is a mapping en,Ai : An → A which is

defined by en,Ai (a1, . . . , an) = ai .

A clone on a set A is a subset of O(A) which is closed under
superposition and contains all projections.
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For an n-ary operation f on A and an h-ary relation ρ on A,

we say that f preserves ρ (f ◃ ρ) if
for all

( a11 , a12 , . . . , a1h ) ∈ ρ.

( a21 , a22 , . . . , a2h ) ∈ ρ.

...
( an1 , an2 , . . . , anh ) ∈ ρ,

(
f (a11, a

2
1, . . . , a

n
1), f (a

1
2, a

2
2, . . . , a

n
2), . . . , f (a

1
h, a

2
h, . . . , a

n
h)
)

∈ ρ.
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For a relation ρ on A and a set Q of relations on A,

let PolA{ρ} := {f ∈ O(A) | f ◃ ρ}

and PolAQ := {f ∈ O(A) | ∀ρ ∈ Q, f ◃ ρ}.

Remark

I PolAQ =
∩
{PolA{ρ} | ρ ∈ Q}.

I C is a clone iff C = PolQ for some set Q of relations.
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The set of all clones on a set A forms a complete lattice.

The lattice of clones on 2-elements set was described by E.L.Post.

The descriptions of lattice of clones on n-elements set where n ≥ 3
are open problems!
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Let ρ ∈ Eq(7) where 7/ρ = {{0}, {1, 2, 3}, {4, 5}, {6}}.
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We will describe this lattice

by using

”Category equivalence of clones”.
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Definition 1 Two varieties V and W are category equivalent if
there is an equivalence functor from V to W.

Definition 2( [De-L] ) Two clones CA and CB on sets A and
B, respectively, are category equivalent if there are an algebra A
with the universe A and the clone CA of term operations and an
algebra B with the universe B and the clone CB of term operations
such that there is an equivalence functor F from V (A) to V (B)
which F (A) = B.
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Proposition 3( [De-L] ) Two clones CA and CB are category
equivalent iff two relational algebras InvACA and InvBCB are
isomorphic.

CA≡̃CB

⇔ InvACA
∼= InvBCB

⇒ (Sub(InvACA);⊆) ∼= (Sub(InvBCB);⊆)
⇔ (Sub(InvACA);⊆)∂ ∼= (Sub(InvBCB);⊆)∂

⇔ ([CA,O(A)];⊆) ∼= ([CB ,O(B)];⊆).

CA≡̃CB ⇒ ([CA,O(A)];⊆) ∼= ([CB ,O(B)];⊆)
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Proposition 4
If θ ∈ Eq(3) where 3/θ = {{0}, {1, 2}}
and ρ ∈ Eq(7) where 7/ρ = {{0}, {1, 2, 3}, {4, 5}, {6}},

then Pol3{{0}, θ} and Pol7{{0}, ρ} are category equivalent.
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In this presentation, we will consider clone on arbitrary finite set A
in the following forms.

I PolA{θ} where θ ∈ Eq(A) \ {∆A,A
2}.

I PolA{{a}} where a ∈ A.

I PolA{B} where B $ A and |B| ≥ 2.
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Proposition 5( [De-L] )

Let C be a clone on a finite set A.

(1) C ≡̃ Pol3
{
θ
}
where 3/θ = {{0}, {1, 2}} iff C = PolA

{
ρ
}

for some ρ ∈ Eq(A) \ {∆A,A
2} (|A| ≥ 3).

(2) C ≡̃ Pol2
{
{0}

}
iff C = PolA

{
{a}

}
for some a ∈ A (|A| ≥ 2).

(3) C ≡̃ Pol3
{
{0, 1}

}
iff C = PolA

{
B
}
for some B $ A

such that |B| ≥ 2 (|A| ≥ 3).
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Now, we will consider clones which are intersections of clones in
the following forms:

I PolA{{a}} where a ∈ A,

I PolA{B} where B $ A and |B| ≥ 2.

Example

I Pol3{{0}, {1}, {2}}.
I Pol4{{0}, {1, 2, 3}}.
I Pol5{{0}, {1, 2, 3}}.
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Lemma 6

Let A be a finite set with at least two elements,
let Q be a collection of nonempty proper subsets of A,
let a ∈ A.

If a /∈
∪

Q, then

PolAQ ≡̃ PolA\{a}Q if and only if A \ {a} /∈ Q.

Example Pol5{{0}, {1, 2, 3}} ≡̃ Pol4{{0}, {1, 2, 3}}.
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Lemma 7

Let A be a finite set with at least two elements,
let Q be a collection of nonempty proper subsets of A,
let a ∈ A.

If a ∈
∪

Q, then

PolAQ ≡̃ PolA\{a}{B \ {a} | B ∈ Q} if and only if

|
∩

Ba| ≥ 3 and (
∩
Ba) \ {a} * B for all B ∈ Q \ Ba.

Note Ba = {B | B ∈ Q and a ∈ B}.

Example Pol4{{0}, {1, 2, 3}} ≡̃ Pol3{{0}, {1, 2}}.
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A clone that is category equivalent to a given clone PolAQ by
using Lemma 6 and Lemma 7, is a clone on a set that get by
removing some element of A. Then the cardinality of this set must
less than the cardinality of A.

By applying all elements in A with Lemma 6 and Lemma 7, we will
get a clone on a set of the smallest cardinality which is category
equivalent to PolAQ.
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Theorem 8

Let A be a finite set with at least two elements and let Q be a
collection of nonempty proper subsets of A.

The clone PolAQ is a clone on a set of the smallest cardinality
with respect to category equivalence if and only if
for each a ∈ A,

1. if a /∈
∪

Q, then A \ {a} ∈ Q;

2. if a ∈
∪

Q, then |
∩

Ba| < 3 or (
∩

Ba) \ {a} ⊆ B for some
B ∈ Q \ Ba.
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Next, we will consider clones which are intersections of clones in
the following forms:

I PolA{θ} where θ ∈ Eq(A) \ {∆A,A
2},

I PolA{B} where ∅ ̸= B $ A.
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Proposition 9

Let ∅ ̸= B $ A,
let θ ∈ Eq(A) \ {△A,A

2},
let a ∈ A \

(∪
{[b]θ | b ∈ B}

)
.

Then

PolA{B, θ}≡̃PolA\{a}{B, θa} if and only if θa is nontrivial and∪
{[b]θ | b ∈ B} ̸= A \ {a}.

Note θa := θ ∩ (A \ {a})2.

Example Pol7{{0}, ρ} ≡̃ Pol3{{0}, θ} where
7|ρ = {{0}, {1, 2, 3}, {4, 5}, {6}} and 3|θ = {{0}, {1, 2}}.
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Proposition 10

Let ∅ ̸= B $ A,
let θ ∈ Eq(A) \ {△A,A

2},
let a ∈

(∪
{[b]θ | b ∈ B}

)
\ B.

Then

PolA{B, θ}≡̃PolA\{a}{B, θa} if and only if

B ∪ {a} ̸=
∪
{[b]θ | b ∈ B}.
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