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Letp,ge N, :={1,2,...}, D:={0,1,...,n—1} and (D; <) chain.
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Clausal Relations

Letp,ge N, :={1,2,...}, D:={0,1,...,n—1} and (D; <) chain.

Definition

For given parameters a = (ay,...,8p) € DPand b = (by,...,bq) € DY,
the clausal relation R of arity p + q is the set of all tuples

(X1, Xp, Y1, .., Yq) € DPT9 satisfying

(x1>a)V---V(xp>ap)V(ys <bt)V---V(yq < by).

In this expression < denotes the canonical linear order on D and > its
dual.
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Let D ={0,1,2}, then

Ri = {(a.y)eD?|xi>2vy <1}
(001 1222\ . [[0\/1
- (0 1 010 1 2>_D\{<2><2>}.
Fact

e If(Jie{1,...,p}: a=0) = R} = DP9,
o If(3je{1,....,q} : bj=n—1) = R = DPFA.
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CRp:= |J {RjlacDPbecD
(P,.g)eNS

the set of all finitary clausal relations on D.

If |D| < Ng, then |CRD| < Np.

¢:DPx D7 — RG:={Rj|ac D be DI}
(a,b)— R}
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CRp:= |J {RjlacDPbecD
(P,.g)eNS

the set of all finitary clausal relations on D.

If |D| < Ng, then |CRD| < Np.

¢:DPx D7 — RG:={Rj|ac D be DI}
(a,b)— R} surjective

= |Rg| < |DP x D9 = |DPT9] < Xg

|CRp| < No.
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Lemma

CRp Ndiag(D) = {DP*9 | p,g e N, }.
CR? := CRp \ diag(D)
={Rglac (D\{0})*,be (D\{n—-1})%p,ge N} |

Non-trivial clausal relations (Essential predicates)
0,...,0,n—1,....n—1)¢ R3 € CR,  but
(a1,0,...,0,n—1,...,n—1),...,(0,...,0,n—1,...,n—1,b,) € R} ]
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Outline

GALOIS connection Pol — Clnv
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For n € N, called arity,

C m
DD For m € N subsets o C D™ are

(X1,...,Xn) — F(Xq1,...,Xn) m-ary relations on D

(m) ._ m
n-ary operation on D Ry = P(D™)

O(;) .— pb" set of m-ary relations on D
Rp = Umen, RY”

set of n-ary operations on D
Ob = Uken O(Ef) set of all finitary relations on D.
n

set of all finitary operations on D.
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GALOIS correspondence connecting

Finitary operations with  Finitary relations.
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GALOIS correspondence connecting

Finitary operations with  Finitary relations.

f € O preserves o € RY™

Vargas E.
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GALOIS correspondence connecting

Finitary operations with  Finitary relations.

fe O(Dk) preserves p € R(D'") denoted by fD 0

arq aik
fo R
ami Amk
m m
0 0
Vargas E.
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GALOIS correspondence connecting

Finitary operations with  Finitary relations.

fe O(Dk) preserves p € R(D'") denoted by fD 0

ai aik f(an ... aik)
fo : ) ’ : = el
m m m
0 0 0
Vargas E.
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Polymorphisms and Invariant relations
Definition

FC0Op, QCRp

PolpQ = {feOp|Yoe Q:fr o}
Invp F = {peRp|VfeF:frp}
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Polymorphisms and Invariant relations

Definition

FC0Op, QCRp
PolpQ = {feOp|Yoe Q:frp} Clone
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Vargas E. Prague, June 30 - July 3, 2014 11/28



i
UNIVERSITY OF LEEDS

Polymorphisms and Invariant relations

Definition

FCOp, QCRp
PolpQ = {feOp|Yoe Q:fr o}
Invp F = {peRp|VfeF:frp}

The mappings

PolQ + Q
F—InvF

define a GALOIS connection Pol — Inv induced by ©>.
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On finite D, clones(of operations) are

Theorem (BodnarcCuk, Kaluznin, Kotov, Romov 69)
For D finite, F is a clone —> F = Polp Q for Q = Invp F.

Every clone can be described by relations.

Idea
To confine the allowed relations to be clausal relations.

Clnv F :=Invp FN CRp
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Definition
F C Opis C-clone : < F = Polp Q, where Q is a set of clausal
relations. )

Lemma
abeD,feOl) ifim(fyc{0,...,b} orim(f) C{a,...,n—1}, then

f € Polp R2.
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Definition
F C Opis C-clone : < F = Polp Q, where Q is a set of clausal
relations.

Lemma

abeD,feOl) ifim(fyc{0,...,b} orim(f) C{a,...,n—1}, then

f € Polp R.
Example
2 ifx=1
D=1{0,1,2,3}, f(x):= > R2.
{ b1 {3 otherwise. 1
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The set of all C-clones forms a lattice w.r.t. C. J
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Where do the C-clones live?

Op
For F C Op
InvF D CRpninvF = CinvF
= (F)o, = Pollnv F C Pol CInv F := (F)
Ip
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Where do the C-clones live?

Op
For F C Op
InvF D CRpninvF = CinvF
= (F)o, = PollnvF C Pol CInv F := (F)
Clone
Ip
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Outline

Lattice of C-clones
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How many C-clones do exist for an arbitrary finite set D?

e For D = {0, 1}, there are five different C-clones.

9 Op
M = Pol <
(Co, €1, V)0, (Co, €1, No,
<007 C1>OD
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Lattice of C-clones forD={0,...,n—1} , n>3

@ Contains countably infinite descending chains.
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mtimes

—

G P b
Letem:=Ry’"" "y
——

mtimes

>V Vxm 2V <1)Vv...Vv(ym<1)

® Pol (gm) & Pol (om-1)

0 if there is only one 1 among x4, ..., Xn
and 0 in the other entries,
f(X1,...,Xom) =< n—1 ifthereis only one 1 among Xn,1, ..., Xom
and n — 1 in the other entries,
1 otherwise.
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If o := Ri5. 73], then Pol (o) G Pol (om_1).

)

1)2) 71)
) and  PolRG"3 ¢ PolR(j )

l\)l\)

PolR{} "1} ¢ Pol RS

.y

1 if 3 exactly one 2 among xi,..., Xn
f(xX1,...,Xom) = and 0 in the other entries
3 otherwise.
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If o = R g; then Pol (om) G Pol (om_1)-
(,...,1) (2,.-,2) 2,. ,2) 1..51)
Pol R(1,.‘-,1) ¢ Pol R(z,...,z) and Pol R gz Pol R 14
1 if 3 exactly one 2 among xi,..., Xn
f(xX1,...,Xom) = and 0 in the other entries
3 otherwise.
2 if 3 exactly one 1 among Xmi1, ..., Xem
g(X1,...,Xom) == and 3 in the other entries
0 otherwise.

Vargas E.
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PolR! PolR}-3
(1.1 (n—2,n-2)
PolR(} 1) PolR{y 573
mtimes
1 1) (n—2,...,n—2)
a,..., —2,...n—
PoIR(17.”’1) PoIR (2 "n_2)
——
m times
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Are there countably many C-clones ?
Claim to be proven:

(VPolp Q; Q C CRp) there is a finite @y C Clnv Pol Q;
PO|D Q= PO|D Qo.

Then following map is surjective

w:Pﬁn(CRD) — C,CD
Q +~ PolQ.

Hence,

|CLp| < [Pgn(CRp)| < No,
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Are there countably many C-clones ?
Claim to be proven:

(VPolp Q; Q C CRp) there is a finite @y C Clnv Pol Q;
PO|D Q= PO|D Qo.

Then following map is surjective

w:Pﬁn(CRD) — C,CD
Q +~ PolQ.

Hence,

|CLp| < |Psin(CRp)| < No, since [CRp| < Rg.
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Are there uncountably many C-clones ?
Countable {f; | i € N}, countable {g; | j € N} of CRp satisfying

Vi,jeN i>o < i#]j

For I C N, we define F; := Pol CInv {f; | i € I}.
Forje N,weprove fic Fj=jcl

Therefore,for JCN, F,=F;= I =J.
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Are there uncountably many C-clones ?
Countable {f; | i € N}, countable {g; | j € N} of CRp satisfying

VijeN  fibg — i#j J

For I C N, we define F; := Pol CInv {f; | i € I}.
, ‘ , ¢:P(N)— CLp
Forje N,weprove fic Fj=jcl I F

Therefore,for JCN, F,=F;= I =J.

injective

2% = |P(N)| < |CLp| < |Lp| =2
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Inclusion of C-clones definable by one clausal relation
Let R, e Ny, ay :=min{a, |[velC{1,...,p}}

{i,.. B cPU1,...pH)\ {0}
) I2,..., I3 are pairwise different
° Uk, i2={1,....p}
o Jkf, ..., kg €{1,...,p} pairwise different:
vte{l,....Ra} 1 kKF € I}, arp = aya
(@r@»ana )

PolR3 C PolRy, | "

\//b> R \/Ib )
Rp

Vargas E. Prague, June 30 - July 3, 2014 24/28



i
UNIVERSITY OF LEEDS

Inclusion of C-clones definable by one clausal relation
Let R, e Ny, ay :=min{a, |[velC{1,...,p}}

{i,.. B cPU1,...pH)\ {0} PoIR({557), Aa=2
° I2,..., I3 are pairwise different I2={1,2,3},15={2,4}
Ra a _
° Z={1,...,p} ka— 2, ki— 4

o Jkf, ..., kg €{1,...,p} pairwise different:
Vie{1,...,Ra} : kf € IZ, ane = aa

a =2,8a4=2

(2.2)
PoIR12537.3)

(a/\,a, g AIE )
PolRE C POIR, |

\/,b> R \/Ib )
Rp
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Inclusion of C-clones definable by one clausal relation
Let R, € N4, by :=max{b, |velC{1,...,q9}}

{8} CPU1,....a0)\ {0}

° p, ..., l,gb are pairwise different
° o=, ,q

e Jkb, .. .,k,gb € {1,...,q} pairwise different:

Vse{1,...,Rpy} : kb c Ib, by = by
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Inclusion of C-clones definable by one clausal relation
Let R, € N4, by :=max{b, |[velC{1,...,q9}}

{8} CPU1,....a0)\ {0} PolR({55 75, Ro=3
® I?,..., Ip, are pairwise different P ={1,2,3},15={2,3,4}
° U2 ={1.....q} 5 =1{235)

o 3kP,....kp € {1,...,q} pairwise different: kf =3,k3 =4,k =5

VS€{17"'aRb}:k£€Ig, b\/lg:bkg bs=3,by =7,b5 =3

(4,2,3,2)
Pol R(3,773)
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Inclusion of C-clones definable by one clausal relation
Let R, € N4, by :=max{b, |[velC{1,...,q9}}

{8} CPU1,....a0)\ {0} PolR({55 75, Ro=3
® I?,..., Ip, are pairwise different P ={1,2,3},15={2,3,4}
° U2 ={1.....q} 5 =1{235)

o 3kP,....kp € {1,...,q} pairwise different: kf =3,k3 =4,k =5

VS€{17"'aRb}:k£€Ig, b\/lg:bkg bs=3,by =7,b5 =3

(4,2,3,2)
Pol R(3,773)

(4,2,3,2) (2,2)
POIR (15373 C POIR(37s)
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Inclusions of C-clones on D = {0, 1,2}, definible by
one clausal relation.

P2

P1
Leth :Rf 77777 ?:(1) ..... g)!p17p27q17q2203p1+p2>oandq1+q2>o.

,,,,,,,,,,

9 a2
Fine type
(p1 P2, 41, QZ) = ft(Rg)

When
ft (R§) < ft (R§) = Polp R§ C Polp Rg?

Under the assumption:
whenever an entry of ft (Rg) = 0, then the corresponding entry of ft (R§) = 0.
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(p17p27q17q2) = (471,3a2)7(PQ»P/27qq7%) = (674a3’4)

(22.2.21) (22,2222,1.1,1,1)
ft (R(1,1,1,o,0)) < ft (R(1,1,1,0,o,o,0) )

B={1},8=1{2},18={3},2={4,56}, 12 = {7,8,9,10}
P={1},0=1{2}, 8 ={3},1{={4}, B ={5,6,7}

(2,222,2211,1,1) (2,2,22,1)
PolR(1100.0.0) C PoIR(7171700)
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Thank you for your attention :)
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