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Clausal Relations

Let p,q ∈ N+ := {1,2, . . .}, D := {0,1, . . . ,n − 1} and (D;≤) chain.

Definition
For given parameters a = (a1, . . . ,ap) ∈ Dp and b = (b1, . . . ,bq) ∈ Dq,
the clausal relation Ra

b of arity p + q is the set of all tuples
(x1, . . . , xp, y1, . . . , yq) ∈ Dp+q satisfying

(x1 ≥ a1) ∨ · · · ∨ (xp ≥ ap) ∨ (y1 ≤ b1) ∨ · · · ∨ (yq ≤ bq).

In this expression ≤ denotes the canonical linear order on D and ≥ its
dual.
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Let D = {0,1,2}, then

R2
1 = {(x1, y1) ∈ D2 | x1 ≥ 2 ∨ y1 ≤ 1}

=

(
0 0 1 1 2 2 2
0 1 0 1 0 1 2

)
= D2 \

{(
0
2

)(
1
2

)}
.

Fact
If (∃i ∈ {1, . . . ,p} : ai = 0) =⇒ Ra

b = Dp+q.

If
(
∃j ∈ {1, . . . ,q} : bj = n − 1

)
=⇒ Ra

b = Dp+q.
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CRD :=
⋃

(p,q)∈N2
+

{
Ra

b | a ∈ Dp,b ∈ Dq}
the set of all finitary clausal relations on D.

If |D| ≤ ℵ0, then |CRD| ≤ ℵ0.

ϕ : Dp × Dq −→ Rp
q :=

{
Ra

b | a ∈ Dp,b ∈ Dq}
(a,b) 7→ Ra

b

surjective

⇒ |Rp
q| ≤ |Dp × Dq| = |Dp+q| ≤ ℵ0

|CRD| ≤ ℵ0.
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Lemma

CRD ∩ diag(D) =
{
Dp+q | p,q ∈ N+

}
.

CR∗D := CRD \ diag(D)

=
{
Ra

b | a ∈ (D \ {0})p,b ∈ (D \ {n − 1})q;p,q ∈ N+
}
.

Non-trivial clausal relations (Essential predicates)

(0, . . . ,0,n − 1, . . . ,n − 1) /∈ Ra
b ∈ CR∗D but

(a1,0, . . . ,0,n − 1, . . . ,n − 1), . . . , (0, . . . ,0,n − 1, . . . ,n − 1,bq) ∈ Ra
b
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set of all finitary operations on D.

OD :=
⋃

k∈N+
O(k)

D

set of n-ary operations on D

O(n)
D := DDn

n-ary operation on D

(x1, . . . , xn) 7−→ f (x1, . . . , xn)

f : Dn −→ D

For n ∈ N+ called arity,

set of all finitary relations on D.

RD :=
⋃

m∈N+
R(m)

D

set of m-ary relations on D

R(m)
D := P(Dm)

m-ary relations on D

For m ∈ N+ subsets % ⊆ Dm are
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GALOIS correspondence connecting

Finitary operations with Finitary relations.

f ∈ O(k)
D preserves % ∈ R(m)

D denoted by fB%

f ◦


a11

...
am1

 , · · · ,
a1k

...
amk


 =

 f (a11 . . . a1k )
. . .

f (am1 . . . amk )



3 3

% %

3

%
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Polymorphisms and Invariant relations

Definition
F ⊆ OD, Q ⊆ RD

PolD Q := {f ∈ OD | ∀% ∈ Q : f B %}

Clone

InvD F := {% ∈ RD | ∀f ∈ F : f B %}

The mappings

Pol Q ←[ Q
F 7→ Inv F

define a GALOIS connection Pol− Inv induced by B.
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On finite D, clones(of operations) are

Theorem (Bodnarčuk, Kalužnin, Kotov, Romov 69)
For D finite, F is a clone =⇒ F = PolD Q for Q = InvD F.

Every clone can be described by relations.

Idea
To confine the allowed relations to be clausal relations.

CInv F := InvD F ∩ CRD
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Definition
F ⊆ OD is C-clone :⇐⇒ F = PolD Q, where Q is a set of clausal
relations.

Lemma

a,b ∈ D, f ∈ O(1)
D . If im (f ) ⊆ {0, . . . ,b} or im (f ) ⊆ {a, . . . ,n − 1}, then

f ∈ PolD Ra
b.

Example

D = {0,1,2,3}, f (x) :=

{
2 if x = 1
3 otherwise.

B R2
1.
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The set of all C-clones forms a lattice w.r.t. ⊆.

OD

⊥

〈{
c(k)

0 , c(k)
n−1

}〉
OD
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Where do the C-clones live?
OD

JD

F

Clone

For F ⊆ OD

Inv F ⊇ CRD ∩ Inv F = CInv F

⇒ 〈F 〉OD
= Pol Inv F ⊆ Pol CInv F := 〈F 〉C
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How many C-clones do exist for an arbitrary finite set D?

For D = {0, 1}, there are five different C-clones.

〈c0, c1〉OD

〈c0, c1,∨〉OD
〈c0, c1,∧〉OD

M = Pol ≤

OD
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Lattice of C-clones for D = {0, . . . , n − 1} , n ≥ 3
Contains countably infinite descending chains.

OD

⊥

Pol R(1,...,1)
(1,...,1)

Pol R(1,1)
(1,1)

Pol R(1)
(1)
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Let %m := R(

m times︷ ︸︸ ︷
1, . . . ,1)

(1, . . . ,1︸ ︷︷ ︸
m times

)

(x1 ≥ 1) ∨ . . . ∨ (xm ≥ 1) ∨ (y1 ≤ 1) ∨ . . . ∨ (ym ≤ 1)

Pol (%m) $ Pol (%m−1)

f (x1, . . . , x2m) :=



0 if there is only one 1 among x1, . . . , xm

and 0 in the other entries,
n − 1 if there is only one 1 among xm+1, . . . , x2m

and n − 1 in the other entries,
1 otherwise.
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If σm := R(2,...,
m
2)

(2,...,2) , then Pol (σm) $ Pol (σm−1).

Pol R(1,...,1)
(1,...,1) * Pol R(2,...,2)

(2,...,2) and Pol R(2,...,2)
(2,...,2) * Pol R(1,...,1)

(1,...,1)

f (x1, . . . , x2m) :=


1 if ∃ exactly one 2 among x1, . . . , xm

and 0 in the other entries
3 otherwise.

g (x1, . . . , x2m) :=


2 if ∃ exactly one 1 among xm+1, . . . , x2m

and 3 in the other entries
0 otherwise.
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OD

⊥

Pol R(

m times︷ ︸︸ ︷
1, . . . ,1)

(1, . . . ,1︸ ︷︷ ︸
m times

)

Pol R(1,1)
(1,1)

Pol R1
1

Pol R(n−2,...,n−2)
(n−2,...,n−2)

Pol R(n−2,n−2)
(n−2,n−2)

Pol Rn−2
n−2
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Are there countably many C-clones ?

Claim to be proven:

(∀PolD Q;Q ⊆ CRD) there is a finite Q0 ⊆ CInv Pol Q;

PolD Q = PolD Q0.

Then following map is surjective

ψ : Pfin(CRD) −→ CLD

Q0 7→ Pol Q0.

Hence,
|CLD| ≤ |Pfin(CRD)| ≤ ℵ0,

since |CRD| ≤ ℵ0.
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Are there uncountably many C-clones ?

Countable {fi | i ∈ N}, countable
{
%j | j ∈ N

}
of CRD satisfying

∀i , j ∈ N fi B %j ⇐⇒ i 6= j

For I ⊆ N, we define FI := Pol CInv {fi | i ∈ I}.

For j ∈ N, we prove fj ∈ FI ⇒ j ∈ I.

Therefore, for J ⊆ N, FI = FJ ⇒ I = J.

ϕ : P (N) −→ CLD

I 7→ FI

injective

2ℵ0 = |P(N)| ≤ |CLD| ≤ |LD| = 2ℵ0
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Inclusion of C-clones definable by one clausal relation
Let Ra ∈ N+, a∧I := min {aυ | υ ∈ I ⊆ {1, . . . ,p}}{

Ia
1 , . . . , I

a
Ra

}
⊆ P({1, . . . ,p}) \ {∅}

Ia
1 , . . . , I

a
Ra

are pairwise different⋃Ra
t=1 Ia

t = {1, . . . ,p}

∃ka
1 , . . . , k

a
Ra
∈ {1, . . . ,p} pairwise different:

∀t ∈ {1, . . . ,Ra} : ka
t ∈ Ia

t , a∧Ia
t
= aka

t

Pol R(4,2,3,2)
(1,2,3,7,3), Ra = 2

Ia
1 = {1,2,3} , Ia

2 = {2,4}

ka
1 = 2, ka

2 = 4

a2 = 2,a4 = 2

Pol R(2,2)
(1,2,3,7,3)

Pol Ra
b ⊆ Pol R

(a∧Ia
1
,...,a∧Ia

Ra
)

(b∨Ib
1
,...,b∨Ib

Rb

)
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Inclusion of C-clones definable by one clausal relation
Let Rb ∈ N+, b∨I := max {bυ | υ ∈ I ⊆ {1, . . . ,q}}{

Ib
1 , . . . , I

b
Rb

}
⊆ P({1, . . . ,q}) \ {∅}

Ib
1 , . . . , I

b
Rb

are pairwise different⋃Rb
s=1 Ib

s = {1, . . . ,q}

∃kb
1 , . . . , k

b
Rb
∈ {1, . . . ,q} pairwise different:

∀s ∈ {1, . . . ,Rb} : kb
s ∈ Ib

s , b∨Ib
s
= bkb

s

Pol R(4,2,3,2)
(1,2,3,7,3), Rb = 3

Ib
1 = {1,2,3} , Ib

2 = {2,3,4} ,

Ib
3 = {2,3,5}

kb
1 = 3, kb

2 = 4, kb
3 = 5

b3 = 3,b4 = 7,b5 = 3

Pol R(4,2,3,2)
(3,7,3)

Pol R(4,2,3,2)
(1,2,3,7,3) ⊆ Pol R(2,2)

(3,7,3)
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Ib
1 , . . . , I

b
Rb

are pairwise different⋃Rb
s=1 Ib

s = {1, . . . ,q}

∃kb
1 , . . . , k

b
Rb
∈ {1, . . . ,q} pairwise different:

∀s ∈ {1, . . . ,Rb} : kb
s ∈ Ib

s , b∨Ib
s
= bkb

s

Pol R(4,2,3,2)
(1,2,3,7,3), Rb = 3

Ib
1 = {1,2,3} , Ib

2 = {2,3,4} ,

Ib
3 = {2,3,5}

kb
1 = 3, kb

2 = 4, kb
3 = 5

b3 = 3,b4 = 7,b5 = 3

Pol R(4,2,3,2)
(3,7,3)

Pol R(4,2,3,2)
(1,2,3,7,3) ⊆ Pol R(2,2)

(3,7,3)
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Inclusions of C-clones on D = {0, 1, 2}, definible by
one clausal relation.
Let Rc

d := R2,...,
p1
2 ,1,...,

p2
1

1,..., 1
q1
,0,..., 0

q2

, p1,p2,q1,q2 ≥ 0,p1 + p2 > 0 and q1 + q2 > 0.

Fine type

(p1,p2,q1,q2) := ft(Rc
d)

When
ft
(
Rc

d
)
≤ ft

(
Ra

b
)
⇒ PolD Ra

b ⊆ PolD Rc
d?

Under the assumption:
whenever an entry of ft

(
Rc

d
)
= 0, then the corresponding entry of ft

(
Ra

b
)
= 0.
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(p1,p2,q1,q2) = (4,1,3,2) , (p′1,p
′
2,q
′
1,q
′
2) = (6,4,3,4) .

ft
(
R(2,2,2,2,1)
(1,1,1,0,0)

)
≤ ft

(
R(2,2,2,2,2,2,1,1,1,1)
(1,1,1,0,0,0,0)

)

Ia
1 = {1} , Ia

2 = {2} , Ia
3 = {3} , Ia

4 = {4,5,6} , Ia
5 = {7,8,9,10}

Ib
1 = {1} , Ib

2 = {2} , Ib
3 = {3} , Ib

4 = {4} , Ib
5 = {5,6,7}

Pol R(2,2,2,2,2,2,1,1,1,1)
(1,1,1,0,0,0,0) ⊆ Pol R(2,2,2,2,1)

(1,1,1,0,0)
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Thank you for your attention :)
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