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The aim of this talk is to look at a construction of some
semigroups satisfying the identity x ~ x3.
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Theorem

Let Y be a semilattice. For each o € Y let S, be a semigroup such
that Su NSg =0 ifa # B. Let a, f € Y with < «, let
{@a,8: Sa — Sg} be a collection of homomorphisms such that
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Let Y be a semilattice. For each o € Y let S, be a semigroup such
that Su NSg =0 ifa # B. Let a, f € Y with < «, let

{@a,8: Sa — Sg} be a collection of homomorphisms such that
1)ify< B < ainYthen ¢popdsy = Pay-
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Theorem

Let Y be a semilattice. For each o € Y let S, be a semigroup such
that Su NSg =0 ifa # B. Let a, f € Y with < «, let
{@a,8: Sa — Sg} be a collection of homomorphisms such that

1)ify< B < ainYthen ¢popdsy = Pay-
2) for each o € Y in ¢q.o is the identity on S,.
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Theorem

Let Y be a semilattice. For each o € Y let S, be a semigroup such
that Su NSg =0 ifa # B. Let a, f € Y with < «, let
{@a,8: Sa — Sg} be a collection of homomorphisms such that

1)ify< B < ainYthen ¢popdsy = Pay-
2) for each o € Y in ¢q.o is the identity on S,.
Then S = U Sa is a semigroup where for x € S,,y € Sg the

product in 5 is given by

xy = (X¢a,a8)(YPB8,08)-
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Theorem

Let Y be a semilattice. For each o € Y let S, be a semigroup such
that Su NSg =0 ifa # B. Let a, f € Y with < «, let
{@a,8: Sa — Sg} be a collection of homomorphisms such that

1)ify< B < ainYthen ¢popdsy = Pay-
2) for each o € Y in ¢q.o is the identity on S,.
Then S = U Sa is a semigroup where for x € S,,y € Sg the

product in 5 is given by

xy = (X¢a,a8)(YPB8,08)-

If replace a semigroup S, by a group G, then it will be called a
Clifford semigroup

Somnuek Worawiset (with Dr. Jérz Koppitz) Presentation for semigroups x ~ xk, k> 2



a

Somnuek Worawiset (with Dr. Jérz Koppitz)



Somnuek Worawiset (with Dr. Jérz Koppitz) Presentation for semigroups x ~



Somnuek Worawiset (with Dr. Jérz Koppitz)



3

Somnuek Worawiset (with Dr. Jérz Koppitz) Presentation for semigroups x ~ xk, k> 2



Somnuek Worawiset (with Dr. Jérz Koppitz) Presentation for semigroups x ~ xk, k> 2



Example

G 0

Oa & lcx - (Oa)(Pa,a(la)(Pa,a = Oozla = la

la*1p = (La)paas(lp)esas = (La)pa,s(ls)es,s = 0sls =15
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Example

GO(
J o
’ G,B Oﬁ lﬂ

On * 1o = (Oa)gpa,a(la)@a,a = 0ple

Lo * 15 = (1a)Pa,a8(18) .08 = (la)¥a,s(1s)ess = 0pls = 1g
Thus (S = {04, 14,038,135}, *) is a semigroup.
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S0’}/705%)()‘7’/ = SO’Y’B (’01871/

(3y)y,0Par = (ay)pq,808.0

Somnuek Worawiset (with Dr. Jérz Koppitz) Presentation for semigroups x ~ xk, k> 2



We begin by describing an important construction.

Definition

Let S be a semigroup, I,\ be nonempty sets, and P be a \ x |
matrix with entries py ; from S. Define

M= M(S; I,A; P)
with the multiplication
(i7 S, A)(,]7 tv M) - (I7 sp)\,jta ,U,)

Then M is a semigroup called a Rees matrix semigroup over S.
This is an important technique in semigroup theory for
constructing new semigroups from old ones
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Definition

Let S be a semigroup. An element a € S is called completely
regular if there exists x € S such that a = axa, ax = xa.
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Let S be a semigroup. An element a € S is called completely
regular if there exists x € S such that a = axa, ax = xa.

Definition

| A\

Let S be a semigroup. Then S is simple if it does not have any
proper ideals.

\

Somnuek Worawiset (with Dr. Jérz Koppitz) Presentation for semigroups x ~ xk, k> 2



Definition

Let S be a semigroup. An element a € S is called completely
regular if there exists x € S such that a = axa, ax = xa.

Definition
Let S be a semigroup. Then S is simple if it does not have any
proper ideals.

| A\

Definition

| A\

Let e be an idempotent in a semigroup S. Then e is a primitive
Idempotent if for each idempotent fin S such that f< e then f=e.
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Clifford proved that completely regular semigroups are semilattices
of completely simple semigroups and conversely.
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Clifford

Clifford proved that completely regular semigroups are semilattices
of completely simple semigroups and conversely.

| A

Lallement

Using Clifford’s representation of completely regular semigroups
reduced the problem of their structure to structure of completely
simple semigroups and certain functions among them and their
translation hulls.

N
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Theorem (Lallement theorem)

Let Y be a semilattice. For each o € Y let S,, be a completely
simple semigroup such that S, N Sg =0 if « # [3. For each piar
a,B, a> B, let {Pyp: Sq — Q(Sg) be a function satisfying the
following conditions:

1) ®po:a— 7 (a€ Sa),

2) (Saq)a,aﬂ)(sﬁq)ﬂ,aﬁ) C I_I(Sa,g),

3)ifaB >~ and a€ S,, be Sg, then

[(3¢a,aﬁ)(bqjﬁ,aﬁ)]q);é,aﬁq)aﬁﬁ = (a%ay)(bPg,5).

On S = Uy5a define a multiplication x by
[elS

2% b= [(a®0,08)(65,05)]P573 0 Pas.y (2 € Sas b € Sp).

Then S is a completely regular semigroup. Conversely, every
completely regular semigroup can be so constructed.
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The problem is reduced to

1) the structure of completely simple semigroups,
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The problem is reduced to

1) the structure of completely simple semigroups,

2) the structure of their translational hulls,
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The problem is reduced to

1) the structure of completely simple semigroups,
2) the structure of their translational hulls,

3) a determination of the functions satisfying the above
condition.

Somnuek Worawiset (with Dr. Jérz Koppitz) Presentation for semigroups x ~ xk, k> 2



The problem is reduced to

1) the structure of completely simple semigroups,
2) the structure of their translational hulls,

3) a determination of the functions satisfying the above
condition.

The problem 1) has been solved for example,
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The problem is reduced to

1) the structure of completely simple semigroups,

2) the structure of their translational hulls,

3) a determination of the functions satisfying the above
condition.

The problem 1) has been solved for example,

Theorem

| \

(David Rees 1940) A semigroup is completely simple if and only if
it is isomorphic to a Rees matrix semigroup over a group.

N
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The problem is reduced to

1) the structure of completely simple semigroups,

2) the structure of their translational hulls,

3) a determination of the functions satisfying the above
condition.

The problem 1) has been solved for example,

| \

Theorem

(David Rees 1940) A semigroup is completely simple if and only if
it is isomorphic to a Rees matrix semigroup over a group.

A\

There are also many research on the generalizations of Rees
theorem with applications to some other classes of semigroups.
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The problem 2) has been quasi-solved in view of several
constructions of the translational hull of a Rees matrix semigroup.
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The problem 2) has been quasi-solved in view of several
constructions of the translational hull of a Rees matrix semigroup.
The problem 3) has no solution whatsoever except in very special
cases.
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The problem 2) has been quasi-solved in view of several
constructions of the translational hull of a Rees matrix semigroup.
The problem 3) has no solution whatsoever except in very special
cases.

Theorem

Let Y be a semilattice. For each o € Y let E,, be a rectangular
band such that E, N Eg =0 if « # 3. For each a, 8 € Y with

B < a, let {¢pnp: En} — Eg} be a collection of homomorphisms
such that

1)ify < B < ain Y then ¢o gy = day-

2) for each ov € Y in ¢q o is the identity on E,.

Then S = UyEa is a semigroup where for x € E,,y € Eg the
ac

product in S is given by

Xy = (X) (d)a,a,@)(y(bﬁvaﬁ)'

Then S is a band and conversely.
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Modx(y=)~ (x)z, x 22, (xy2 & (xzf] Modlx(v2) % (w)z,x % ']
® [ ]

Modx(y2) =~ (xp)z.x m a7, 2990999

(x12)? = (v2) . xv9my ~ vz ] @ ®

® ®
Re g tan gularband|RB] Bands
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Lemma

Let S € Mod|(xy)z~ x(yz), x~ x3,(xyz)? ~ (x2)?, xyzx ~ xzyx].
Then

1) (xyzx)? = xy°x

2) E(S)={x|xe S}

3) S is completely simple

Proof.1) Take x,y,z€ S.

(xyzx)?> = (xyzx)(xyzx)

= x(yzxx)yzx)
x(yz)(xxyz)x
xyz(xyxz)x
xyzx(yzx)x
x(yzx)?x

= (P
XYXYXX
X3yPx

= x°x
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2) Obviously, by (%)% = X*x = xX°
3) By the property x = x> implies that S is regular. Now we
consider for each e, f € E(S) such that f= ef = fe, then

ef = fe
(ef)ef = (fe)ef
(eeff) = feef
efefe = fefee
e = f
efe = Pe
(efe)> = (fe)?
(ee)2 = P

e = f

Hence S is completely simple.
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Proposition (Howie)

Let e be an idempotent of a semigroup S. Then

Ge={ac S|aceSNSe ec aSN Sa}
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Proposition (Howie)

Let e be an idempotent of a semigroup S. Then

Ge={ac S| aceSNSeec aSN Sa}

| \

Lemma

Let S € Mod[x(yz) ~ (xy)z, x = x°, (xyz)? ~ (x2)?, xyzx =~ xzyX|.
Then the set
Gx2:{y€5|y2:X2}

is an abelian group.

N
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Lemma

Let S € Mod[x(yz) ~ (xy)z, x = x°, (xyz)? ~ (x2)?, xyzx ~ xzyx|
and x* € E(S). Then the set

L. ={(ad®)?|ac S}

is a left zero semigroup and Ix* = | for every | € L,o.
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Lemma

Let S € Mod[x(yz) ~ (xy)z, x = x°, (xyz)? ~ (x2)?, xyzx ~ xzyX|
and x> € E(S). Then the set

Le ={(ax*)?| a€ S}

is a left zero semigroup and Ix*> = | for every | € L

Lemma

| XN
A\

Let S € Mod[x(yz) ~ (xy)z, x =~ x°, (xyz)? ~ (x2)?, xyzx ~ xzyX|
and x> € E(S). Then the set

Re = {(x%a)’ | a€ S}

is a right zero semigroup and x°r = r for every r € R.a.

A\
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Theorem

Let S € Mod[x(yz) ~ (xy)z, x = x°, (xyz)? ~ (x2)?, xyzx ~ xzyx].
Then

S= M[Ge; Lo, Re; P
where G2, Lo, R» are described above and P is a sandwich Rees
Matrix.
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Modx(y=)~ (x)z, x 22, (xy2 & (xzf] Modlx(v2) % (w)z,x % ']
® [ ]

Modx(yz) = (xy) % Modx(vz)= (xp)z,x % x°,
MOGX\YI) = (XV)I, X=X,

(xv2)* = (x2)%. xy=x = xoyx] o ® XVIX = ’&:11]

® ®
Re g tan gularband|RB] Bands
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Modx(y2)~ (xp)z.x w2, (32 ~ (x2)f] Modlx(v) % (xv)z,x % 5]
[ ]

Modx(vz)~ (xy)z,x % x7,
Modx(yz) =~ (xy)z,>

(xvz)? = (x2)%.xpzx = @ xyox = xzZyx]

®
Re g tan gularband|RB] Bands
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Thank You !
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