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Let O("(A) denote the set of all n-ary operations on A and
let O(A) denote the set of all finitary operations on A.

For fe oA | g1, ....8k € O(M(A),

we can define a new operation f(g1,...,8k) : A” — A by

and we will say that f(gi,...,8«) is a superposition of
f?g]-""?gk'



An n-ary ith-projection on A is a mapping el.”’A : A" — A which is
defined by ef’A(al, ce.yap) = aj.

A clone on a set A is a subset of O(A) which is closed under
superposition and contains all projections.



For an n-ary operation f on A and an h-ary relation p on A,

we say that f preserves p (f > p) if

for all

(f(a%,a%, ..., af),

. a ., ..., a ) €p
, a3, ..., a ) Ep.
, a , ..., ap ) €p
f(a%,a%,...,35),...,f(a},,a%,...,a;,’)) € p.



For a relation p on A and a set Q of relations on A,
let  Pola{p} :={f € O(A) | f>p}

and PolaQ :={f € O(A) | Vp e Q,f>p}.

Remark

» Pola@Q = ﬂ{POIA{p} ’ p e Q}

» C is a clone iff C = Pol@ for some set @ of relations.



The set of all clones on a set A forms a complete lattice.

The lattice of clones on 2-elements set was described by E.L.Post.

The descriptions of lattice of clones on n-elements set where n > 3
are open problems!



Let p € Eq(7) where 7/, = {{0},{1,2,3},{4,5},{6}}.

O(7)

PO]?{ {O}DD}



We will describe this lattice

by using

" Category equivalence of clones”.



Definition 1 Two varieties V and W are category equivalent if
there is an equivalence functor from V to W.

Definition 2( [De-L] ) Two clones C4 and Cg on sets A and
B, respectively, are category equivalent if there are an algebra A
with the universe A and the clone C4 of term operations and an
algebra B with the universe B and the clone Cg of term operations
such that there is an equivalence functor F from V/(A) to V(B)
which F(A) = B.



Proposition 3( [De-L] ) Two clones C4 and Cg are category
equivalent iff two relational algebras InvaoCa and InvgCpg are
isomorphic.

Ca=Cp

< InvaCa = InvgCp

= (Sub(lnvACA); g) = (5ub(|anCB); g)
& (Sub(InvaCap); €)? =2 (Sub(InvgCg); C)?
& (ICa, O(A)]; ) = (ICa, O(B)]; ).

Ca=C = ([Ca, O(A)]; ) = ([Cs, O(B)]: )



Proposition 4
If 6 Eq(3) where 3/5 = {{0},{1,2}}
and p € Eq(7) where 7/, = {{0},{1,2,3},{4,5},{6}},

then Polz{{0}, 0} and Pol7{{0}, p} are category equivalent.



Proposition 4
If 6 Eq(3) where 3/5 = {{0},{1,2}}
and p € Eq(7) where 7/, = {{0},{1,2,3},{4,5},{6}},

then Polz{{0}, 0} and Pol7{{0}, p} are category equivalent.

0(3) 0(7)

Pol; {0} Pol; {6} Poly{{0}}

Pol;{{0} .6} Pol+{{0},p}



Proposition 4
If 6 Eq(3) where 3/5 = {{0},{1,2}}
and p € Eq(7) where 7/, = {{0},{1,2,3},{4,5},{6}},

then Pol3{{0}, 6} and Pol7{{0}, p} are category equivalent.

0(3) 0(7)

ot
—
—

Pol3{{0}} Pol; {6} Pol;{{0}} Pol;{p}

Pol;{{0}.0} Pol7{{0}.p}



In this presentation, we will consider clone on arbitrary finite set A
in the following forms.

> Pola{0} where 0 € Eq(A) \ {Aa, A%}
» Pola{{a}} where a € A.
» Pola{B} where B Aand |B| > 2.



Proposition 5( [De-L] )

Let C be a clone on a finite set A.

(1) C = Pol3{6} where 3/y = {{0},{1,2}} iff C = Pola{p}
for some p € Eq(A) \ {Aa, A%} (|A] > 3).

(2) C = Polo{{0}} iff C =Pola{{a}} for some a € A (|A] > 2).

(3) C = Pol3{{0,1}} iff C =Pola{B} for some BS A
such that |B| > 2 (|A| > 3).



Now, we will consider clones which are intersections of clones in
the following forms:

» Pola{{a}} where a € A,
» Pols{B} where BG Aand |B| > 2.

Example

> Pols{{0},{1},{2}}.
» Poly{{0},{1,2,3}}.
> Pols{{0},{1,2,3}}.



Lemma 6

Let A be a finite set with at least two elements,

let @ be a collection of nonempty proper subsets of A,
let a € A.

If a¢ JQ, then

Pola@ = Poly\ (53 Q if and only if A\ {a} ¢ Q.

Example Pols{{0},{1,2,3}} = Pol4{{0},{1,2,3}}.



Lemma 7

Let A be a finite set with at least two elements,

let @ be a collection of nonempty proper subsets of A,
let a € A.

If aeJQ, then

Pola@ = Pola\(3{B \ {a} | B € Q} if and only if

| Ba] >3 and (NBa)\ {a} € B forall Be Q\ B,.

Note B, = {B | B€ Q and a € B}.

Example Pol,{{0}, {1,2,3}} = Pol3{{0}, {1,2}}.



A clone that is category equivalent to a given clone PolaQ by
using Lemma 6 and Lemma 7, is a clone on a set that get by
removing some element of A. Then the cardinality of this set must
less than the cardinality of A.

By applying all elements in A with Lemma 6 and Lemma 7, we will
get a clone on a set of the smallest cardinality which is category
equivalent to Pols Q.



Theorem 8

Let A be a finite set with at least two elements and let @ be a
collection of nonempty proper subsets of A.

The clone PolaQ is a clone on a set of the smallest cardinality
with respect to category equivalence if and only if
for each a € A,

1. ifa¢ |JQ, then A\ {a} € Q;
2. ifaeJQ, then | Ba] <3or(NBa)\ {a} C B for some
BeQ\B.,.



Next, we will consider clones which are intersections of clones in
the following forms:

» Pola{0} where 6 € Eq(A) \ {Aa, A%},
> Pola{B} where ) # B G A.



Proposition 9

Let 0 # B G A,

let 0 € Eq(A) \ {Aa, A%},

let a€ A\ (U{[blo | b€ B}).

Then

Pola{B,0}=Pola\(s3{B, 0.} if and only if 6, is nontrivial and

U{lble | b€ B} # A\ {a}.
Note 6, :=60n (A\ {a})%

Example Pol;{{0}, p} = Pol3{{0},0} where
7‘/) - {{0}, {17273}7 {475}7 {6}} and 3|9 - {{0}7 {172}}'



Proposition 10

Let 0 # B G A,

let 0 € Eq(A)\ {24, A%},

let ae (U{[blo | b€ B})\ B.

Then

Pola{B, 0}=Poly\(53{B, 0.} if and only if

BuU{a} #U{[blo | be B}.
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