












Helmholtz Potential Approach: Will not always work.

Pick rate of entropy production
1 due to conduction
2 due to work being converted into energy in thermal form
3 due to mixing
4 due to phase transition
5 due to growth
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Choose Helmholtz Potential (In general energy storage
mechanism).

Part of the energy supplied can
1 change the kinetic energy
2 change the potential energy
3 change the “strain” or “stored” energy
4 etc.

Need to know how the energy that is stored can be recovered
1 in a purely mechanical process
2 in a thermal process
3 etc.
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Part of the energy that is supplied is “dissipated”.

Part of the energy changes the “Latent energy”.

Part of the energy goes towards the “Latent Heat”.
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The symmetry of the natural configuration evolves as the
process progresses.

In growth, the new material that “grows” can have a different
symmetry than the original material.

Will not discuss material symmetry. Will only consider
isotropic fluids.
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Restrict ourselves to isotropic processes.

ξ = T.D− ρψ̇ (20)

ψ – Helmholtz potential

If the material is incompressible, then we need:

div(v) = 0. (21)

Maximize ξ subject to (20) and (21) as constraints.

Auxiliary function to be maximized

Φ = ξ + λ1

(
ξ −T.D− ρψ̇

)
+ λ2(div(v)). (22)
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F

Fκp(t)G

κp(t)(B)

κt(B)κR(B)

Bκp(t) := Fκp(t)F
T
κp(t)

G := F−1κp(t)FκR
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∇
A:=

dA

dt
− LA−ALT

Upper convected Oldroyd derivative
∇
Bκp(t)= −2Fκp(t)Dκp(t)F

T
κp(t)

Lκp(t) := ĠG−1

Dκp(t) := 1
2

(
Lκp(t) + LT

κp(t)

)
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ψ = ψ (I, II) , I = tr
(
Bκp(t)

)
,

II = 1
2

[
tr
(
Bκp(t)

)2
− tr

(
B2
κp(t)

)]
ξ = ξ

(
Dκp(t) ,Bκp(t)

)
Pick ψ = µ

2 (I − 3) , ξ = ηDκp(t) .Bκp(t)Dκp(t)

Leads to a generalization of a Maxwell fluid.

T = −pI + µBκp(t) ,
∇
Bκp(t)= −

2µ

η

[
Bκp(t) − λI

]
λ = 3(

trB−1
κp(t)

) .

If you assume ‖Bκp(t) − I‖ = O(ε), ε� 1, we obtain the
classical Maxwell model.
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Pick ξ = ηDκp(t) .Bκp(t)Dκp(t) + η1D.D

Get a generalization of the Oldroyd-B model.

Can develop generalization of Burgers’ fluid, etc.

Can develop generalization of any system of springs and
dashpots.

Can obtain models which use ideas such as “confirmation
tensors”: FENE-P model.

Can develop models for anisotropic fluids.

However, cannot be used to develop certain classes of
viscoelastic fluid.

To see this consider the following “Body”.
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F

δ

Linear Spring

Inextensible String

Cannot even define ψ.
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Cannot develop models in which the material moduli depend
on the Lagrange multiplier that enforces a constraint.

Cannot develop models wherein the material moduli depend
on the mean normal stress.

The approach using simple materials will not allow one to
model bodies whose material moduli depend on the Lagrange
multiplier that enforces a constraint.
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Ideas developed by D’Alembert and Bernoulli and used by
Lagrange that appeal to constraint forces doing no work are
WRONG. This is at the heart of how one shows that

T = −pI + S

in an incompressible fluid.
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Gibbs Potential Approach

G = G(S), S =
T

ρ
.

ξ = ξ (S, ρ,D)

Cannot always use a Legendre Transformation to go from a
Helmholtz potential approach to a Gibbs potential approach.

Can get models for anisotropic fluids.

Gibbs potential and Helmholtz potential approach
complement each other.
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Can develop models whose material moduli depend on the
Lagrange multiplier that enforces the constraint.

Can have incompressible materials whose material moduli
depend upon the mean normal stress.

Phan-Thien & Tanner Model, Metzner-White-Denn Model,
etc., fall out trivially within such an approach.
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One cannot always use Gibbs potential

σ

ε

Cannot define Gibbs potential for such a response.
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Everything of importance has been said by somebody who did
not discover it.

– A. N. Whitehead

Most people would rather die than think. Most do.
– B. Russell

He who criticizes must first read.
– T. H. Huxley
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