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Abstract. Viscoelastic solids in Kelvin-Voigt rheology at small strains exhibiting also stress-driven
Prandtl-Reuss perfect plasticity are considered quasistatic (i.e. inertia neglected) and coupled with
heat-transfer equation through dissipative heat production by viscoplastic effects and through thermal
expansion and corresponding adiabatic effects. Enthalpy transformation is used and existence of a
weak solution is proved by an implicit suitably regularized time discretisation.
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1. Introduction. Plasticity represents both theoretically and industrially important problem.
Isothermal models are typically considered rate-independent, which is a certain idealisation but
well reflects typical hysteretic stress/strain response and simultaneously allows for efficient math-
ematical analysis. Some processes cannot be considered isothermal. Mathematics supported ther-
modynamically consistent anisothermal models has been developed rather recently because the
relevant L!-theory for the nonlinear heat equation was developed only in the 1990s in [4, 5], and
the mathematical theory for rate-independent processes is even more recent, cf. [8,10,15,16,18,19],
as well as the interpolation technique of the adiabatic-heat term in three-dimensional case [21],
and the coupling with rate-independent processes with viscous/inertial effects [22] and thermal
effects [23].

Conventional plasticity involves isotropic or/and kinematic hardening. Hardening has a regu-
larizing effect and makes mathematics relatively simpler comparing to so-called perfect plasticity
(=no hardening) where shear bands may develop and strains may spatially concentrate and special
advanced mathematical tools are needed, in particular the so-called bounded-deformation spaces de-
veloped by P.-M. Suquet [24]. Perfect plasticity has mathematically been studied in the isothermal
case in [1,6,8,9,11,25]. The strain concentration typical in perfect plasticity leads to concen-
trated heat production and, in general, to awkward interactions of concentrating plastic-strain
rate with thermal effects. It is, in general, difficult to devise a model that would cover this phe-
nomenon and simultaneously be amenable to mathematical analysis. E.g. the model of plasticity
with strain-viscosity cannot be successfully modified for perfect plasticity, cf. Remark 1 below. The
key feature of modelling of thermodynamics of perfect plasticity is to involve stress viscosity and
also stress-driven perfect plasticity rather than strain viscosity and strain-driven plasticity.

Needless to emphasize, the problem of thermodynamics of perfect plasticity combines a lot
of difficult phenomena and this is why the various simplifications must be adopted. Here, in
particular, we confine ourselves to small strains and linearized additive plasticity, and a linear
viscoelastic response. On the other hand, we allow for a fully rate-independent plastic flow rule
although, of course, the whole system is necessarily rate dependent due to the heat transfer, and
here also due to considered viscous effects. We also neglect kinetic effects, cf. Remark 6 below.

The paper is organised as follows: The equations (or rather also inclusions) and the particular
initial/boundary-value problem is formulated in Section 2 together with discussing its energetics
and thermodynamics. The problem is then slightly transformed by re-scaling temperature (=a
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so-called enthalpy transformation) and shifting Dirichlet boundary conditions to make them tem-
porarily constant, and a weak solution is defined and main existence result formulated in Section 3,
while its proof is performed in Section 4.

2. The model, its energetics and thermodynamics. We consider a bounded Lipschitz do-
main Q C R?, d < 3. The state variables will be the displacement u : Q — R?, the plastic strain
7 Q — R4 and the temperature 6 : Q — R, where

dev

R4xd .= {AengXnﬁl; tr(A) =0} and R :={AeR™% AT = A} (1)

dev Sym

The variables w play the role of internal parameters. We consider plastic response determined by a
convex closed neighbourhood of the origin, say S C Rgcxvd, defining an elasticity domain, while its
boundary is called the yield surface and has the meaning of the stress that triggers the evolution
of plastic strains. Let dg denote its indicator function and 6§ the Fenchel-Legendre conjugate
functional to dg with respect to the inner product o : e = E?,j:l o;j€;5. We remark that the
condition 0 € int(S) implies that §§ is coercive. Usually, S is considered bounded, which implies
0% to be everywhere finite.

Considering a Kelvin-Voigt-type viscous material, our model will consist of the equilibrium
equation balancing viscous and elastic stresses,

dive = Oa 0 = Ovi + Oel, Ovi = st Oel = (Cacla (23)

1 1
e+m =e(u) = §(Vu)T+ §Vu, € = e te, e = [E0, (2b)

where € = %5, D the tensor determining the viscous-type response, C the tensor determining the
elastic response, and E the thermal expansion tensor; cf. Figure 1. The evolution of the internal

Ovi

Fig.1. Schematic rheological model used in (2a-c): thermally-expanding Kelvin-
Voigt and perfectly-plastic elements in series.

parameters, i.e. here the plastic strain 7, is governed by the inclusion
965(7) > devo, (2¢)

where devo := o — ¢® is the deviatoric part of o with 0® = (tr o/d)I the spherical part of 0. The
heat transfer/production is governed by the equation

e (0)0 — div(K(0)V6) = 65 () + Dézé + 9CEE  with & = C(e(d) — 71), (2d)

where ¢, = ¢, (0) is the heat capacity, K = K(0) is the thermal conductivity tensor, and “:” denotes
the product of two (dxd)-tensors. Note that we neglected inertial forces, cf. Remark 6 below, and
also bulk forces to avoid the so-called safe-load condition usually considered in perfect plasticity,
cf. [25, Sect.1.4] or [8, Formulae (2.17)-(2.18)] or [6, Def.6]. Note also that, in view of (2a,b), the
stress o is

o =D(e(u)—7) + C(e(u)—m) —BI,  where B = CE, (3)

which is the Kelvin-Voigt rheological model in terms of ¢, cf. again Figure 1.
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Throughout this paper, we assume isotropic material with the symmetric positive definite fourth
order tensors C = [Cyjxi], D = [Dyjri], e

Cijrt = XeGijOri + pre (dindj1 + 6udjk),
Dijrt = AvijOi + pv (Gir0ji 4+ 0dji)  With e, pry > 0, Ae > =2pc/d, Ay > —2p,/d,  (4a)
Eij = aéij, hence Bij = a(d)\e+2ue)(5ij, (4b)

with § denoting here the Kronecker symbol, A’s and u’s are the Lamé constants, « the thermal-
expansion coeflicient. Thus the elastic stress is Ce = Aetr(ge1)l + 2pecel with I = [4;;] denoting the
unit matrix, and corresponding energy is 1Ceepicel = §Ae|tr(cel)|? + pe|ear|? and, as a quadratic
form of e¢, it is positive definite, and similarly also the quadratic form & +— %Da’:é is positive
definite. In fact, the essential condition we will rely on is

devB = 0, (5)

which is satisfied for the particular choice (4b).
Using the identity [06%]71 = 9([6%]*) = 055" = Ods, the inclusion (2¢) can equivalently be
written in a form which is more standard in engineering literature, namely

T € Ng(dev o) (6)

where Ng = 0dg is the normal cone to S. Note also that, due to (5), the driving stress o in the
flow rule (2¢) (or now in (6) too) can effectively be replaced by oy; + 0o with exactly the same
effect.

The above equations/inclusion (2) are to hold on the space/time domain @ := (0,7) x Q with
T > 0 a fixed time horizon.

We consider an initial-boundary-value problem for the system (2). Hence, we take the initial
conditions

U(Ov ) = Uo, 7(07 ) = To, G(Oa ) = bo. (7)

As we focus on processes in the bulk, we consider only the simplest boundary conditions, namely
a prescribed normal stress and heat flux on I" := 9Q:

ov =20 on I, (8a)

U= 1ug onT', (8b)

(K(O)VO) -v=f on T, (8¢)
where “-” denotes the scalar product of two vectors and v is the outward unit normal to I'.

The energetics of the model (2) can be obtained by testing (2a) and (2c) respectively by the
shifted velocity u—u, (which has zero traces on I'j) and by the plastic strain rate 7, which gives
after using Green’s formula for (2a) together with the boundary conditions (8) and eventually by
summation the mechanical energy balance

. .. 10 B e . .
/Q(SS(W) + Dee + 55@6.5 dz = /QIB%H.(E—e(uD)) + (De+Ce):e(dy, ) dz. (9)

Testing further (2d) by 1 and using Green’s formula gives, when summing with (9), the total energy
balance

d 1 .
— —Cee+Cy(0)dz = / oe(uy)dr + / fds (10)
dt Jo 2 0 r
——
stored and heat parts power of the power of the
of the internal energy external loading external heating

where

0
Cu(0) = /O co(r) dr (11)

thus C, is a primitive function to ¢, normalized such that C,(0) = 0.



One can derive thermodynamics of the above model by postulating the Helmholtz free energy
Yo as Yo(ee,0) = %(Csclzscl — ¢(0) with eq = €a1(g,0) = ¢ — fE. By substituting for e, we also
denote

1
1/1(57 9) = w(J(Eel(Eu 9)7 9) = QC(E_QE)(E_QE) - (]5(9) (12)
Then entropy is given by
s =s(e,0) = —p(e,0) = ¢'(6) — EBI + Be. (13)
Note that the thermo-mechanically coupling terms in (12) are linear in terms of 6, so that the
mechanical variables separate from temperature in (13) and thus
ey = cy(g,0) := 0y (e,0) = 09" (0) — EBO (14)
in (2d) does not depend on these mechanical variables, which facilitates the analysis of the heat
equation considerably.

We further introduce dissipative quantities involving also the variable g € R? as a place-holder
for the quantity driving the heat transfer, i.e. here considered as V6. Namely, we put

1 1
C(0;7,¢,9) == dg(m) + 2Da €+ K( )g-g = potential of dissipation, (15)
£(7r,€) = (D) C(6; 7, €, g), (7, )> d5(7) + Dé:é = mechanical dissipation rate, (16)
o 07, €,
o(0:7,¢,9) = W
ds(7)  Dee  K(6) B . .
== 50 g2 99 = potential of entropy-production rate, (17)
. . . §(7,¢) | K(0)g-g
p(e;ﬂ-aavevg) = <8(fr,é,g)g(9;7rvsvg)7(Traaag)> = (9 ) + (9)2
(7 De:e  K(O
= 5S6(.7T) + 25 + 9(2 )g-g = entropy production rate. (18)
The equation (2d) itself can be derived from a so-called entropy equation
05 = €(7r,€) + divj with  j = ¢/(6; V6) = K(6)V, (19)

which further takes, in general, the form of the heat-transfer equation

0y(0)0 — div (K(0)V) = € — ). (e, 0):2. (20)
Counting (12) and (14), we arrive to (2d).
At least formally, assuming positivity of temperature and f > 0 and positive-definiteness of K,
and realizing that always § > 0, from (19) we can see the Clausius-Duhem inequality
KV6-vVo
sdx—/dw ﬂ—kﬁdx:/p(@;#,é,@,V@)d:r—F/idSZO. (21)
Q Q 62 0 Q rt
Note also that the combination of (4a), (4b), and the orthogonality B:m = a(dAe+2pe)tr(m) = 0,
cf. (5), allows us to write the free energy from (12) in the more specific form as a function of

(e,m,0):
U(e,,0) == p(e—m,0) = —‘tr e—m ‘ + fe|e— ﬂ" — a(dNe+2pe)0 tr(e) — ¢(6). (22)
In terms of € and 6, using (12) and (13), the internal energy given by 1)+0s results to

P+ 0s = %C(a—@E):(s—HIE) — ¢(0) + 0(¢'(0) — EBO + Be)

- %(Ca:a — 6(0) + 00/(0) — %mw? - %CE:E +Cu(8) — (0), (23)

which is, up to a constant ¢(0), the quantity occurring already in (10).

Remark 1 (Strain driven plasticity). Some models, e.g. [2,3,13,23], consider viscous behaviour
imposed on e(u) instead of ¢ = e(u) — 7 and then naturally only o, as the driving stress for the
plastic flow rule instead of oo + oy considered in (6). This is amenable to (relatively) simpler
mathematical analysis but, on the other hand, does not allow for developing slip bands. More
specifically, slip bands could develop only for infinitesimally slow processes which, however, suppress
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also thermo-coupling effects. Thus this alternative rheology smears out the most characteristic
phenomenon for the perfect plasticity. Most engineering treatments do not focus on rigorous
mathematical support and often do not consider any viscosity, hence the difference between these
two models is smeared out.

Remark 2 (Doubly-nonlinear evolution). The mechanical system (2a-c) possesses a simple struc-
ture as a doubly-nonlinear evolution in terms of (u,r,¢,6) as

A (1, 7, €) + Oy (u, m,€,0) 30 (24)
with (4, 7, &) := ((#, £) and with
. {wgm if C(u,m,e) =0,

P(u,m e,0) = : (25)
00 otherwise,

where C(u, m,€) := e(u) — iqgm — ¢ is considered valued in L*(Q; RE%4) and iq denotes merely the

embedding Rg:vd — ngxrg. One can formally evaluate 9i(u,,e,0) = (e, 0) + C*o where C* is

the adjoint operator to C, i.e. here C*o = (divo, 0, devo), and o € L*(Q; REXY) is the Lagrange
multiplier to the holonomic constraint C'(u, 7, ) = 0. The particular three components of (24) can

be identified successively with dive = 0 in (2b), with (2¢), and with (3).

Remark 3 (Entropy equation revisited). The potential o(8;7,¢,-) from (17) governs the entropy
flux, let us denote it by ¢, and the entropy equation (19) can be thus written as balance of entropy:

5=p(0:;7,6,V0) +divi  with = gl (6;7,¢,V0) = % (26)
with the heat flux j from (19) and the entropy production rate p from (18). Integrating it over €2,

we can again recover (21).

3. Enthalpy transformation, weak solutions, main results. It is desirable to allow for a
certain growth of ¢, (+) if we have the viscosity in the form ]D)e(%) in order to be able to treat the
adiabatic term, cf. [21]. On the other hand, the technique from [21] specifically relies on Galerkin’s
method and does not seem directly transferable if also the time discretisation is involved, which is
in turn needed both for designing a fully discrete scheme and for efficient treatment of the rate-
independent flow rule. The particular difficulty is in establishing the limit of a time-discretisation
of the nonlinear term cV(O)é. Therefore, we first write the original system (2) in terms of enthalpy
instead of temperature, using so-called enthalpy transformation

w = C\y(0) (27)
with Cy(0) := foecv(r) dr defined already in (11). Further, we define
O w) - KOwW)) w) = O(w
O(w)i= M), Hw)i= S GER, Bw) = OwE. (28)

where C ! here denotes the inverse function to Cy; here we use a natural feature that ¢, > 0 so
C, is increasing and its inverse does exist.

We handle the Dirichlet condition by the additive shift, i.e. instead of the original u, we consider
u + u, with a suitable prolongation of u, inside the domain; in particular, without any loss of
generality, we will assume that

(De(ty,) + Ce(uy,))v =0 on I, (29)

which will simplify some formulae below. In terms of the enthalpy w and the shifted displacement,
denoted again by u, the system (2) writes as

dive + f, =0, o =De + Ce — B(w), (30a)
e = e(u)—m, (30Db)
fn =divoy, (30c)
965(7) > dev(c + 0y,), o, = De(u,) + Ce(uy,), (30d)
w — div (A (w)Vw) = 65(7) + (Dé+De(t, )+B(w)):(E+e(dy,)). (30e)
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We will call (30e) shortly the enthalpy equation rather than the heat-transfer equation in the
enthalpy formulation. The boundary conditions (8) transform to

u=0 onI, ov=o,v onl, (A (w)Vw)v=f onT, (31a)
while the initial conditions (7) transform into

u(0,-) = uo, 7(0,-) = mo, w(0,-) = Cy(fy)  on Q. (31b)

The “shifted” system (30) exhibits naturally “shifted” energetics as it plays with a “shifted”
displacement. The mechanical energy balance can be seen by testing (30a) by @ and (30d) by m,
which modifies (9) as

05(m) + Dée + %QCEIE dz = /Sz(%(w)—De(dD)—Ce(uD)):é dz. (32)

Testing further (30e) by 1 and using Green’s formula gives, when summing with (32) modifies the
total energy balance (10) as

d 1 . .
T ). §Cszs+wdx = /Q(]D)e(uD)—i—%(w))-e(UD)

—(De(ty, )+Ce(uy,)):€ dz +/de. (33)
r
This energy balance allows for obtaining a-priori estimates under some occasions. Assuming
B:e(u,) =0, (34)

integrating (33) over a time interval [0, ¢] and using the by-part integration, one obtains

[ 3ee0e + wirar = [ [ peti, et

—(De(tiy,)+Ce(ty,)):edx + /F f dS) dt + /Q%(Csozao + Cy(6o)
- (De(le )+Ce(uy, (t))) e(t)+ (De(le (0))+Ce(uy (O))) g0 de, (35)

where naturally €9 = e(ug)—mp. Assuming u, a “gentle” loading in the sense that, beside (34),
also u, € W2HI; Wh2(Q;RY)) and f € L*(I; L*(T)) and also qualification of the initial conditions
so that the last integral is finite, by the Holder and the Young and the Gronwall inequalities, one
can obtain the a-priori estimates of the type

lell oo (r;22(sraxay)  and  [|w]|peo(r;z1(q))  bounded. (36)

This is an important departing ingredient for derivation of other apriori estimates, cf. Proposition 2
below.

We consider an evolution in the time interval I := (0,7") with a fixed time horizon T' > 0 and
denote Q := (0,T) x 2, ¥ := (0,T) x 99, and I := [0,T]. We will use a standard notation
for function spaces, namely the space of the continuous R¥-valued functions C(Q;R¥), its dual
A (Q;R¥) (i.e., up to an isometric isomorphism, the space of Borel measures), the continuously
differentiable functions C'(€2; R¥), the Lebesgue space LP(§2; R¥), the Sobolev space WP(Q;R¥),
and the Bochner space of X-valued Bochner measurable p-integrable functions L?([; X). If X =
(X')*, the notation LS, (I; X) stands for space of weakly* measurable functions I — X. Moreover,
we denote by B(I; X), By«(I; X), BV(I; X) or Cy(I; X) the Banach space of functions I — X
that are bounded Bochner measurable, bounded weakly* measurable, have a bounded variation or
are weakly continuous, respectively; note that all these functions are defined everywhere on I. We
will use the notation ¢’ = ¢/(¢—1) for the conjugate exponent to g.
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In addition to (4a) which guarantees that C and D are positive definite, we will assume through-
out this article that

¢y i [0,400) — RT  continuous, (37a)
2d

Jwy>w> max (1, m), c1>c0>0 VOERT: ¢o(14+60)“ ™ < ¢y (6) < 1 (146)1 1, (37b)

KR — R4 bounded, continuous, and inf H(w)€-€ > 0; (37¢)

(w,§)ERXRY, |¢]=1
with 2 from (28). As far as the loading concerns, the basic natural qualification is:
u, € W2HLWH2(;RY)),  diva, =0, (38a)
feLl'(®), f>o, (38b)
up € WH(Q; R) 38¢)
o € LHLRGL),  e(uo)—m0 € L (ARG, )
)

dev dev

0o € L¥(Q), 6o >0, (38e

where we denoted ¥ := I x ' in (38b). Note that divu, = 0 ensures (34) when taking (4b) into
account.

The following definition of a certain sort of a weak solution has been devised in [23], based on
the concept of so-called energetic solution invented by Mielke et al. [10,15,18,19] for the theory of
rate independent processes and adapted also for coupling with viscous/inertial effects in [22]. We
refer to [23, Proposition 3.2] for justification (and not entirely obvious fact) that this definition is
indeed selective in the sense that, under an additional absolute continuity of 7, it gives indeed a
conventional notion of a weak solution. (For an isothermal situation, cf. also [22, Proposition 5.2].)
It should be however emphasized that this additional regularity of 7 hardly can be expected due
to the fully rate-independent flow rule, which just makes the devised concept properly fitted with
this problem.

We will define the space of functions with bounded deformations and satisfying the Dirichlet
boundary conditions (31a) by

BD(Q;RY):={ue L' (% RY); e(u)e.# (R} (39)

sym
and moreover we define the space of admissible pairs (u, 7) satisfying also the Dirichlet boundary
conditions (31a) by
Q= {(u,7) € BD(Q; RY) .7 (QUT; RIXY);
e(u)—mlo e L2 (Q; R u@vdS+ mlr, =0 on r,}, (40)

sym

where a ®b means the symmetrized tensorial product %(a Rb+bRa).

Definition 1. (Energetic solution.) Assuming (4a) and (38), we call a triple (u,7,w) with

u € B(I; BD(Q;R%)), (41a)
m € B(I; 4 (9 R3NT) NBV(L; LY REN), (41b)
e=e(u) —m e WhA(I; L2(Q; RE:), (41c)
w e LYI; WHH(Q)), (41d)
w € A (L;WHTE2(Q)*) (41e)

an energetic solution to the problem (30)—(31) if the following five conditions hold:

(i) the weakly formulated momentum-equilibrium equation (30a) with (31a) holds, i.e. for all
veCH(Q;R?) such that v|s,=0,

/ (Dé + Ce — B(w)):e(v) dedt = — / o, :e(v) dadt, (42a)
Q Q
with o from (30d).
(ii) the weakly formulated enthalpy equation (30e) with (52c) holds, i.e. for all v€C'(Q) with
o(T) =0,
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/ H (w)Vw-Vv —wo — (B(w) + DEé + De(ty,)): (é+e(ty,))vdadt
Q

= /Q v b (dadt) + /Q wov(0) dz + /E fvdSdt (42b)

where wy = Cy(fp) and b, is a measure (=heat produced by rate-independent dissipation)
defined by prescribing its values for every closed set of the type A := [ti,t2]xB with B a
Borel subset of {2 by

f)ﬂ—(A) = Vargg (7T|B; tl N tg) with
k
Vargs (m;t1,t2) 1= supZ/ 65 (m(siyx)—m(si—1, 7)) dz (42¢)
=17

where the supremum is taken over all partitions t1<sg<...<sp<ts, k€N,

(iii) the total energy equality holds, i.e.
1 1
/ —Ce(T):e(T) dx—l—/w(T,dx) :/ —Csozaodx+/ Cy(6p) dz
0?2 Q 0?2 Q
+/ fdsdt + / De(uy, ):e(ty,)+Ce(uy, ):€ dadt, (42d)
z Q

(iv) the “semistability” holds for any @ € BD(;R?) and 7 € . (Q; RIX?) such that & := (1) —7 €
L2(Q;REX4) and for a.a. t € [0,T], i.e.

%(Ca(t):a(t) +5(t)e(t)dr < %(Cé:é—i— s(t):édx +[6§() [7—m(t)] (dz), (42e)
Q Q Q
with the “partial stress” s(t) := Dé(t)—Z(w(t))+o, (t). (42f)

(v) the initial conditions «(0) = ug and 7(0) = 7y hold and if the boundary condition u(t) ® vdS+
m(t)|r, = 0 holds on I';, for all ¢.

It should be emphasized that the energy balance (42d) arises from (33) but relies on the qual-
ification of the loading regime (34) so that it does not contain the term %(6):e(1,). Also the
semistability (42e) deserves some comments. By the degree-1 homogeneity of §§ and (30d), one
has dev(o+o,) € 965(m) C 05(0) so that 0 = 0%(0) < §5(7) — dev(o+o0y, ):7. Realizing that

(o040, ):m = dev(o+oy ):dev @ + (040, )%:7° = dev(o+oy, ):7 (43)
because the spherical part 7#* = 3 (tr #)I = 0 (so that dev # = # — 7 = 7), and substituting #—m(t)
instead of 7, we further obtain

—(o(t)+ay, (1) :7(t) < o5(F—m(t)) — (o(t)+0, (t)):7. (44)
Testing o(t) € L*(QRL%) by m(t) € 4 (Q;REX?) is not convenient (even if devo € L®(Q; RGXY),

cf. Remark 4 below) and thus we rather add to (44) integrated over 2 also the equilibrium equation
(30a) tested by @ — u, i.e. [,(o(t) — oy (t)):e(u(t)—u(t))dz = 0. It gives

/Q (o(t) 40, (t)):e(t)de < A 65(7—7(t)) + (o(t)+0,(t)):Edw. (45)

Further we use the specific form (3) of the stress o and the positive-definiteness of C, implying
Ce:(e—€) > 1Ceie — 1C2:2. Thus we eventually arrive to (42e). Like in [22], an important fact is
that such a semi-stability together with energy balance can, in regular cases, recover the flow rule
(30d), so that Definition 1 does not loose selectivity. Perhaps even more important attribute of this
semistability concept is that it still keeps the ability to serve satisfactorily for proving preservation
of energy which, in turn, is intimately needed for accomplishing the limit passage in the heat
equation, cf. (83) below.

Note also that (41e) makes values of ¥(t) well defined in the sense of W1+4:2(Q)* and (41d)
further shows that even ¥(t) € .#({2), which has been exploited in (42d) for the time t = T Tt
should be emphasized that ¢ — ¥(¢) cannot be expected to be continuous in any sense because,
since 6% is homogeneous degree-1, the measure h, may concentrate at particular time instances.
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It is not surprising that we will be able to prove existence of energetic solution only for suitably
qualified initial conditions (ug, 7o, wo) that can be interpreted as some sort of a “gentle” start.
Standardly, we will assume that the triple (ug, mo,wp) is semistable at ¢ = 0, which is needed in
(79) below. This needs here, however, a special care because £(t) occurring in s(¢) is well defined
only for a.a. t and not just for ¢ = 0. One option how to overcome this trouble is to assume
mo = 0 and to guarantee even m(t,-) = 0 for all ¢ € [0,to] with some to > 0 because then the
expression [, §(0):¢ dz, needed only for & = s(t) = e(u(t)) for ¢t € [0,t0] in (79), is well defined
from (423) belng equal [, 5(0):édzx = [, 5(0):e(u(t))dr = [,(DE(0)+Ceo—AB(wo)):e(u(t)) dz =

fQ u(t)) dz. The other option of a gentle” start, allowing for my # 0, is to guarantee
e(u(t, -))—ﬂ'( ) =0 for allt € [0,to]. Then obviously £(0) = 0 since (¢, -) = 0 for all ¢ € [0, #o], and
$(0) = 0, (0)—%B(wp) is obviously well defined. We will consider this second option by assuming,
for some tg > 0, that:

ug € WhHee(Q; RY), mo € L2(Q; R*?), (46a)
wp > 0 constant on €, o, (¢) constant on [0,%], f =0 on [0, ] xT (46b)

1 1

/ —Cep:eq + T|mo|*dx < / —Cé&é + 7|7

0?2 o2

+ (05 (0)=B(wp)):(E—ep) dx +[§§(-)[ﬁ—wo] (dz), (46¢)
Q

with g9 = e(ug)—mo and & = e(@)—7 for all @ € BD(Q;R?) and 7 € .#(Q;R4*?) such that
€= e(u)—7 € L*(QRLY) and for all 0 < 7 < to. Note that, by (46a), we also strengthened

(38¢,d) and, by considering a possible small “isotropic-like hardening” 7, we strengthened the usual
semistability (42¢) at ¢ = 0 with the intention rather to simplify the existence proof below.

The other, rather implicit and technical assumption formulated in [1] is that, for all ¢ € [0, T
and all (u, ) € Q the following holds:

If E(t,u,7) < E(t,u+a,7+7) + R(#) for all (4, %) € Qo, }

47
then E(t,u,n) < E(t,u+a, 7+7) + R(7) for all (a,7) € Q, (47)

where we abbreviated E(t,u,m) = [,(3Ce + s(t)):edz with ¢ = e(u)—7 and R(7) :=
fQuFD 8% (-)dm(x), and where Q is from (40) and

Qo == {(u,m) eWHH QR LN (QRGED); u=0o0n T, e(u)—meL*(RLD}
It was proved in [8] that the condition (47) is satisfied for a certain special C (in particular for C
from (4)) and is T and the boundary of ' is smooth. Anyhow, it was conjectured in [1] that (47)
holds more generally.

Theorem 1. Let (4), (37), (38a,b), (46), and (47) hold. Then the problem (30)-(51) has an
energetic solution (u,m,w) in accord to Definition 1 satisfying, beside (41), also

w e L™(L;WE(Q)) N L (I; LM (Q)) N By (T; #(Q)) (48)
with any 1 <r < (d+2)/(d+1).

Scenario of the proof. We will use the implicit semi-discretisation in time (=the so-called Rothe
method) suitably regularised, cf. (50)—(52) below, prove existence of such a discrete solution in
Lemma 4.1, a-priori estimates in Propositions 1-2, and convergence in Proposition 3. An important
fact is that the assumptions (54) used for the discrete scheme can always be satisfied without
imposing any additional requirement on the original data. O

4. Time discretisation of the system (30)—(31). To prove stability of any discrete scheme
needed for possible convergence, one must inevitably deal with executing fine a-priori estimates.
This is not entirely easy in coupled systems with super-linear growth of nonmonotone terms, as
it is typically the case of thermodynamically consistent continuum-mechanical problems. It has
to be done essentially in two steps: first the physical internal energy is to be estimated uniformly
in time using (and proving) also non-negativity of the enthalpy, and, from this, some additional
finer estimates by using Gagliardo-Nirenberg interpolation several times. In this second step, one
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estimates especially the gradient of enthalpy and also total dissipated energy, cf. also [21] and,
for the plasticity, especially [23]. Further important phenomenon here is that, proving existence
of a solution, we need to pass to the limit in the non-linear Nemytskii operators induced by the
dissipation heat £. Another peculiarity is that, due to degree-1 homogeneity of 0%, the heat equation
has its right-hand side not only in L'(Q) (as it would be in case of higher-degree homogeneity of
dissipative-force potential) but even in measures. For this, the key trick is to recover the exact
energy balance in the limit, cf. (83) below.

Therefore, a design of a convergent numerical scheme is technically rather delicate. Following
and modifying ideas from [23], we will use a fully implicit time-discretisation with a constant
time-step 7 > 0, assuming K, = T/7 € N and defining the backward difference operator by
d)k_d)kfl
—

Dt Qbk = (49)

for any sequence {¢k}keNu{o}, combined with a regularization of the momentum equation and of
the flow rule, using as a parameter just the time-step 7 > 0. The term 77* in (50b) below is in
a position of a kinematic hardening but with a vanishing coefficient like in [1] but here controlled
directly by the time step 7. The purpose of these regularizing terms in (50a) and (50b) below is to
compensate the superlinear growth of the right-hand-side terms in the heat equation if -y is chosen
large enough. More specifically, we consider the following recursive increment formula

div(o® + 0% +7|Deek|" " Dyek) = 0, (50a)
96%(Dyk) + 77k > dev(of + O'I];T + 7|Dyek "Yithslﬁ), (50b)
Dyw? — div (A (wh)Vwk) = 65 (Dirl) + (DDy (eh+ef ) + B(wh)):Dy (eh+el ), (50c)
with &* = e(u)—7F, ok = DDk 4+Cek—B(wh), (50d)
for k=1,..,K, =T/, where
1 kT 1 kT
0’]’; (t,xz) := —/ o, (t,z)dt and eﬁ (t,x) := —/ e(uy (t,x)) dt, (51)
7’ T J(k=1)r 7 T J(k=1)r
with the corresponding boundary conditions
ub =0 on T, (52a)
(oF + UST + T‘Dt8§|7_2Dt€¢)l/ =0 on I, (52b)
1 kT ~
(A (WE)yVwh) v = fF .= —/ fr(t,x)dt on T, (52¢)
T J(k-1)7
starting for k = 1 by using
u? = up, 70 = 7, w? = wy. (53)
Note that, in (51), we regularized the boundary flux f by fr. We can and will assume:
frel>®(®), f->0, f(t,-)=0 forte]0,to, (54a)
. e o . A . 1
17_1?8 \/7_-||f7||L2(I;L4/3(F)) - O a’nd Ll?olfT - f m L (2) (54b)
with ¢¢ occurring already in (46b).
Let us define the piecewise affine interpolants u,, 7, w;, o, and e, by
t— (k-1
[uTa T, Wr, 07, ET} (t) = g (uf, 7757 wfa Or, E‘r)
T
kT—t  p1 ko1 ko1 ko1 k1
+ (b=t it wk ok ek for ¢ € [(k—1)T, k7] (55)
-

with k£ =0,..., K, :=T/7. Besides, we define also the back-ward piecewise constant interpolants
Ur, Try Wy, 07, and & by

[y, 7r, 07,00, 8-](t) := (uf, 7k, Wk ok b)) for (k—1)7 <t<kr (56)

T T T T

with k = 1, ..., K,. Similarly, we will later use u,, @,, etc. We will also use the notation g, and f-
defined by gr|((k—1)rkr) = 9% and fr|((—1)rer) = fF for k=1,..., K.

T
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In terms of the interpolants, the scheme (50) can be written more lucidly as

div(a, + 7, +7|&|"7%,) =0, 57a

(57a)
965 () + 770, 3 dev(a, + 7, +7]é-[177E,), (57b)
W, — div(H (0,)Vw,) = 05 (7-) + (Dé+De(ty, ) +B(w,)): (E-+e(ty ), (57¢c)
er =e(ur)—mr, o,; = Dé+Cer—B(w,), &r = e(tr)—Tr. (57d)
Lemma 4.1 (Existence and estimates of discrete solutions). Let (4), (37), (38), and (54) hold.
Moreover, let

~ > max (4, %) (58)

Then there exists a weak solution (uf,7F wF) € W (QRY) x L2(Q;RIXY) x WH2(Q) for the
system (50). Moreover, there is some solution which additionally satisfies w* > 0 and also Dyel =0

for 7 > 0 small enough.
Note that, in (37b), we assume w > 1 so that (58) allows for v < +o0.

Sketch of the proof of Lemma 4.1. We can see existence of a solution to (50) by a standard
argument for coercive pseudomonotone set-valued operators; cf. e.g. [12] for a general concept
or, here, [20, Sect.5.3] for inclusions with pseudomonotone operators whose set-valued part has a
convex potential. The coercivity of the underlying operator can be shown by testing (50a), (50b),
and (50c) by u¥, 7% and §,w”, respectively. It is important that the right-hand sides of (50a,c)
have the growth that can be dommated by the growth of the coercive terms in the left-hand sides
if 6, > 0 is taken sufficiently small; this is ensured by having taken v large enough and by the
assumption (37b) which ensures a sublinear growth of © and thus also of %, namely

T

|B(w)| < |]E3|(%+1) — |B| < |af (dAe+2p1c) (“z")l/w (59)

because obviously Cy(0) > ¢o((146)¥—1)/w, cf. the definition (28) and (4b). Realize that the sum
of the left-hand sides of (50) can be estimated (up to an additive constant) from below by

Tle[” +7'|7T|2 —|—5T|w|2. (60)

This indeed dominates the growth of the “right-hand-side terms” is of the type |[w|*/“|e|+ |7| [w]| +
le|?|w] + |w|* 1/« |e|. More in detail, the heat-production §%-term can be estimated as

k—1
- 1 K K
5;(&)67111 < KO |m—nk ] < 2_51/2’%7&71‘2 + K e
T T = -

with K = supj,<; 65(7), and then absorbed in the left-hand side (60) if 6, < 4min(7*,7%)/K?;
note that K < oo because int(S) 3 0. Similarly |e*|w| < §le|” + §lw|? + Cs with any § > 0
and some Cjs; here v > 4 has been used. The last term can be estimated as |w['*t1/@|g| <
Sle|? 4 67D ap|AH1/@)7/ (=1 < §le|Y + §|w|? + Cs for arbitrary 6 > 0 and some Cs € R; here
the condition v > 2w/(w—1) has originated.

To prove wl > 0, we test (50c) by (wl)~ (which belongs to W12(Q) and is therefore a legal test
function) and use f > 0 and p > 0 (so that w! = wy = C1(6y) > 0, too) and prove (wl)™ =0
a.e. on §). Then we proceed recursively for k = 2,....,T/T.

By using (46) with (54), we can see that (u® 7Tk w¥) = (ug, mo, wp) is a solution to (50) for k

T o

and 7 small enough. In particular, it holds for k¥ = 1 and thus D;el = 0 for 7 > 0 small enough. O

Note that (50c) has the right-hand side in L?(f) since vy > 4 and since 7% — 751 is certainly in
L2(;R¥*4) | hence the weak formulation of (50c) is understood standardly. In what follows, we
will, of course, consider only the non-negative solutions w* whose existence we already proved.
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Proposition 1 (A-priori estimates). Under the assumptions from Lemma 4.1, for some C and
C;, it holds

He(u"')_TrTHLOO(I;L2(Q;Rfyxrf)) =G, (61a)
HwTHLoo(];Ll(Q)) <G, (61Db)
le(ir) =z ]| 1y gmaxsy < O, (61c)
HﬁTHLOO(I;LQ(Q;jovd)) <Cori2, (61d)

Proof. Taking (u®, 7% wk) solving (50), we can test (50a) and (50b) respectively by D,u* and

7 Y1
D;7*. Summing it up, we obtain

§5(Dymk) + 7k Dk
Q

+ (DD +Cef 0% —B(wF)+7|D,e" vithak :Dief dz = 0. 62
T T D, T T T T

By using the convexity of the underlying regularized stored energy

O (u, ) := /Q %C(e(u)—w):(e(u)—w) + %|7T|2 dz, (63)

and by summation over time steps, we obtain for any k = 1, ..., K, the following “discrete me-
chanical energy” balance:

k
O, (ul, k) + 7y / 5% (Derl) + DDsel:Dyel + 7|Dyel | dz
1=179

k
< @, (ug,mo) + 7 Z/ (#(wl) + Ui,,T)ZDtEi dz, (64)
=179

cf. (32). Now, we still add (50c) tested by 1 and summed over time steps to (64); here it is
important that the dissipative/adiabatic terms mutually cancel in the mechanical and the thermal
parts. Thus, using also (38a) for Z(w!):el = 0, we get the following “discrete total energy”
balance:

k
@T(uf,wf) +/w£d$+T22/‘DtEHVdJJ < @T(uo,wo) —i—/wodx
Q = /e Q

k
+7y ( / (DDye!, +Ce! ):Dyel +DDsel :Dye! dw + / f dS), (65)
= Q ' ' ' ' r
cf. (33). Then we execute a discrete analog of (35), namely the by-part summations

k k - k
Do ]D)Dtefh:DtslT = DDtegT:af — D s ID)DfeflT:alT ' — DDiel € and Y7, (Cef)yT:DtalT =
Cek ek — S, CDyel :el-! — Cel e and the discrete Gronwall inequality. From (65) thus

O

1
D D,r

l—
one gets all the estimates (61)

Proposition 2 (Further a-priori estimates). Under the above assumptions, for some C and C,,
it holds

He(uT)HWl’l(I;Ll(Q;ngxrf)) =G, (66a)
HdiV“THWLz(J;Lz(Q)) <G, (66D)
7l o @z < € (66¢)
e(ur) - WTHWL?(I;L?(Q;RS},X,#)) <0, (66d)
HwTHLT(I;WLT(Q)) < Cr with any 1 <7 < 3, (66e)
"wT"Ll(I;W1+d~2($l)*) <0, (66f)

loell 2 qumezey < ©- (66e)
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Sketch of the proof. We modify [23, proof of Proposition 4.2]; in contrast to [23], here we have the
loading arising from shift-transformation of the Dirichlet conditions and especially the viscosity in
terms of the elastic stress ¢ instead of e(u), cf. again Figure 1.

Then one uses the L!'-theory for the evolutionary heat equation [4,5] based on the test by
1—1/(1+w,)?, § > 0, combined with the interpolation of the adiabatic term by using several-times
Gagliardo-Nirenberg inequality as in [21,23], which eventually allows us to bound the dissipation,
yielding (66¢) and (66d), and to bound the enthalpy gradient, yielding (66e). From (66¢) and (66d)
one gets also (66a).

As tr = 0, (66d) implies that divu, = tre(i,) = tr(e(u,)—7) = tré, bounded in L?(Q),
i.e. (66b).

Testing (57c) by test functions from L (I; W'*+42(Q))) and using the already obtained estimates
(61b) and (66d,e), one obtains (66f).

Eventually, interpolating (61b) and (66e) and using (37b), we can see that &(w;) is bounded
in L?(Q) and then from (66d) we obtain (66g). O

Proposition 3 (Convergence for 7/0). Let d < 3, let the assumptions (4), (37), (38), (47),
(54), and (58) hold. Then there is a subsequence of {(ur, T, w;)}r>0 weakly® converging to some
(u, m,w) in the topologies indicated in (61a,b) and (66), and the stresses converges strongly, i.e.

or = o =D(e(u)—7)+C(e(u)—m)—B(w) strongly in L*(Q; ngxrg). (67)

Moreover, any (u,m,w) obtained in this way is an energetic solution of the problem (30) with the
ingtial/boundary conditions (31) according Definition 1.

The weak* topologies mentioned in Proposition 3 are meant, of course, in suitably extended
spaces because (66a,c,f) involves L!-spaces on which weak* topology is not defined at all. As to
(66f), we consider . (I; W'+42(Q)*) rather than L*(I; W!*t%2(Q)*), as used already in (41e). As
to (66a,c), we enlarge . (I; L' (4 RI*?)) and . (I; L*(Q)) to the Borel measures .2 (IxQ; RIX%)

and . (Ix) so that the rate of plastic deformation 7, is a-priori bounded in C(Ix€; RZX%)*,

dev

Proof of Proposition 3. First, by Banach’s and Helly’s selection principles, we select a weakly*
convergent subsequence. In particular,

(Ur,7r) — (u, ) weakly* in L>°(I; BD(Q; R?)x.# (Q; RLXD)), (68a)
Er=e(i,)—T, > e=e(u)—7 weakly* in L>°(I; L (€ ngxnf)), (68b)
Wr — W strongly in L"(Q), 1<r< d%‘l?, (68¢)
e+ (t) = &(t) weakly in L?(Q;RIY)  vtel, (68d)
W (t) = w(t) weakly* in . (2) vtel, (68¢)
7 (t) = 7w (t) weakly™ in . (Q;REXY) vt e I. (68f)

The last four convergences are due to a-priori bounds uniform in time and a-priori bounds on time
derivatives. Also

ar(t) = u(t) weakly* in BD(Q; R%) vtel (68g)

which is due to the bound (66a) and due to that limit of {@,(¢)} can be identified uniquely as u(t)
because its strain e(u(t)) = Cro(t) + 7 (t)|q € 4 (Q;RL%Y) has already been determined uniquely
when choosing 7, () — m(t) weakly* in .2 (QU,; R9?) and because of the prescribed Dirichlet
boundary conditions.

To pass to the limit in (57a) integrated over I to the weakly formulated momentum equation
(42a) is simple because all terms are either linear, or enjoy compactness (which concerns %(w)-

term), or vanish due to the estimate (61g) since
C 2 .-t
‘ /QT|€T|'Y 2¢ e(v) d;vdt‘ < 7|é-] Zv( ;RdXd)He(U)HL’Y(Q;RdXd): o) =0 (69)

for v smooth.
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We show a discrete analog of the semistability (42e). To this goal, let us realize
that, at each time level k, 7 € L?(Q;R%*%) minimizes the functional 7 Jo 05(7) —

(0F+(0y, )5 +7|Deek [V =2Dyek): + Z|7|*dw. This can be seen from (50b), which obviously rep-
resents just the lst-order necessary and sufficient optimality condition for minimization of this
convex functional. Therefore

T
[ 65(x%) = (o4 Vot TIDiE 2Dk e G

55(7) — (0% +(0p ) E+7(Dyek 12Dk ) 7 + %|ﬁ|2dx. (70)
Q

Then we add the discrete equilibrium equation (50a) at time level k tested by a—u”,

Le. [o(ck+(0,)i+7|Diek " 72Dyek):e(a—uk)dz = 0. It gives
[ 85(7%) + (ot+lop [+ rIDiehP 2 Deck)ick + F ks
Q
< / §5(7) + (0F+[op |E4+7|Dyek | 2Dyl )i + %|7~T|2dx. (71)
Q

Further we use the speciﬁc form (3) of the stress o, the positive-definiteness of C, implying
Cek:(ek —6) > 1Cek:el — LCz:¢, and the degree-1 homogeneity of 8%, implying 0% (%) — 0% (n%) <
53(7r 7F). Tt gives

T

/ SCeliel + (DyDek —B(wh)+[o, |i+7Diek |V~ *Dyel) el + g|ﬂfl2dw
S/Q§C§15+ (DiDeb—B(wl)+ o, |s+7|Deek |V *Dyel): + glffl2+ 55 (7 —my)da.
In terms of interpolants, it eventually gives
Lo(t) = /Q B(Ca;:e; + (Dé; — B(w,) + [o,], + TIE-" 726, )8 + %'7‘”'1 (t) dz
i %(Cé:é + [Ds‘T — B(w;) + [op], +7IE-" 72 T} (t):E
+ §|7~T|2 + 05 (F—7- (1)) da =: R.(t) (72)

for a.a. t. The limit passage in (72) can then be done by the classical binomial trick: having (68)
and taking (i, 7) first so that 7—m € L2(Q; R4X?) and é—¢ € L7(Q; R%X%), we choose the so-called

dev sym
mutual recovery sequence (in the sense [17]) as

Uy = Uy + U — u, Ty =T, +7T— 7. (73)

Substituting this choice to (72) gives, after using an elementary-school formula “a®—b% =
(a—b)(a+b)”, that

0<R,—L,= i %C(§T+§T):(§—a) + (Dér—B(w, ) +Hop ], +7|e- 726, ):(E—¢)
+ %(ﬁT—i—fTT):(fr—w) + 5% (7—7) dw

-/ L ety (e—e) + (De-Blw)toy):(6—e) + 84(7—m)de = R— L, (74)
where we denoted

)= /Q 22+ [DE — Bw) + 0, | (1€ + 53 (1)) i, (75a)

L=L(¢):= /Q B(Ca:a + (Dé — B(w) + UD):E] (t)dx. (75Db)

Let us realize that R, — L, is bounded in L' (0, T) and its limit R—L belongs even to L>/(2+7)(0, T');
in fact even higher integrability could be obtained by taking more special @ and 7. The convergence
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in (74) is therefore weak in L'(0,T). The convergence in particular terms in (74) is obvious due
to weak continuity or, as far as the regularizing terms concern, we have used

/Q}T(WT—FfTT):(fT—W)}dxdt < THﬁ-T—Fﬁ—THL2(Q;RdXd)H/ﬁ-_ﬂ—H[R(Q;Rdxd) <0(r'?) >0

and, similarly as in (69),

/ ’T’é7’7_2é7_:(§—8)’d$dt S THET‘ z:(lQ‘RdXd)Hg_EHL’Y(Q'RdXd S ﬁ(Tl/V) — 0-

Q yRsym syRsym

In particular, (74) shows that L(t) < R(t) for a.a. t, i.e. to (42e) written for & = &(¢) and 7 = 7(¢).
Let us realize that we have thus shown (42¢) for a special case that é—e(t) € LY(€;REXT)

and 7—7(t) € L2(QRI%?Y). Then we can extend the inequality L(t) < R(t) obtained in (74)
for a general (a,7) € Q from (40); here (47) is used. Then [, d5(7—n(t))dz possibly converts
to [ 65(-)[F—m(t)](dx); here we use in particular that any 7—m € . (;REXT) can be weakly*

Sym

(although not strongly!) approximated from L?(©; R%%) so that also the 0% xtarlation converges.

The limit passage in the discrete energy inequality (65) written for k = T/ T is simply by weak
lower semicontinuity or weak* continuity as far as [, w,(T)dz — [, w(T,dz), using (68¢). Thus
we get (42d) as an inequality.

It remains to prove (42d) as an equality and pass to the limit in the heat sources in the discrete
heat equation, and then easily in the discrete heat equation itself. To this goal, we use the Riemann-
sum trick applied to a Stieltjes-type integral with the fixed L2-weight ¢ and the semistability

(42e), which is the (here modified) technique developed in the theory of rate-independent processes

[7,15]. For any n > 0, we consider a suitable partition 0 = tj < t{ < .. < ¢}, = T with
max;—1,....n, (t]—t;_;) < n so that the functions &; € L*([0,T]) and &, € L*([0,T7; L2(Q REXD))
defined by
2
&1 it st 2 qpaxey : [0,T] >R and (76a)
Syt s(t) : [0,T] — L2 (4 RED, (76b)

with s(¢) from (42f) with o, from (30d), can be approximated by their values on these partitions
in the sense

Ny,

Z/ 16, (t7 ) — &1 (t)|dt — 0 and (77a)
tw 1

Nn

Z/ [82(t1) = S2(1)|| 12 syt = 0; (77b)

these properties just follows from [7, Lemma 4.12]. Let us define the piece-wise constant functions

S y(t) = Se(t]_ ) for t € (¢],t] ) with £ = 1,2. Obviously, &y ,(t) = ||627n(t)||i2(QAR{ixd)
a.a. t. In terms of these mappings, (77a) just says that &y, — &1 in L*(0,T) and (77b) says that

Sa, — Gg in LY(0,T; L2 REXY)). In particular, the sequence {1 ,},0 is bounded in L(0,T),

sym

so that {G2.,},>0 is bounded in L?(Q; R%X4). Therefore, there is a subsequence such that

sym

for

Ga,y — Gy weakly in L*(Q; REXY). (78)

Sym

It is well known from theory of Lebesgue integral that this holds for a.a. partitions, and therefore
we can also choose these partitions so that also the semistability (42¢) holds at all these points,
namely {t; i =1,...,N,—1, n > 0} where the parameter 7 is assumed to range only countable
values accumulating at 0, of course. Note that we do not need the semistability at any a-priori
determined time, in particular not at t;]\h, =T, except that we will need it at ¢ = 0. For this, we
use the gentle-start assumption, in particular the semistability (46) for 7 = 0 together with the
proved fact that the solution is constant on [0, tg) so that certainly De(0) = 0 which converts (46)
for 7 = 0 to the desired semistability (42¢) at ¢ = 0 when taken into account that £(0) = ¢ and
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w(0) = wp. Then we take (42¢) at t]_; tested by the limit (u,) at ¢], and sum it up, i.e.

1 1
0< / SCe(th, ie(th,) — 5C=(t)ie(t])d
Q
Ny,

+Z/ A7 ): (e(tM)—e(t? ) dx+z m(t7) — 7 (t]_)))] (dz) (79)

with s from (42f). Then we use

NT]
Z/5(15;7_1):(6(t?)—6(t?_1))dx:/ So,p:€ dzdt
— Ja Q
> / Gy dadt = / ddadt = / (Dé—B(w)+o,):¢ dedt, (80)
Q Q Q
where we used (78). By definition of the variation, cf. (42c), we have
Z / 55() [m(t?) — (e )] (dx) < Vargs (m:0,T). (81)

Altogether, realizing that t;(,n = T and t} = 0 are fixed, we can make the limit passage in (79),
obtaining thus the resting energy inequality

1 1
/ =Ce(T):e(T)dx — / =Cep:eo dx + Varss (m;0,7T)
o2 02 s
+/ (Dé—B(w)+0,,):€ dadt > 0. (82)
Q
Thus the equality (42d) has been proved.

Now, referring to the measure h, corresponding to d%(m) defined in (42c), then like in [23] we
have

/bﬂ(dxdt)—k/ Deé:é dadt = Var(;g(ﬂ';(),T)—F/ Deé:é dadt
Q Q Q

<liminf [ 6% (7%7) 4 De,:e, dadt < lim sup/ 0% (7%7) 4 De e, dadt
7J0 Q 710 Q

710
/ —Cey: aodx—/ =Ce(T dx—i—/(%(w)—oD):édxdt
Q

< Varsy (W;O,T)—F/ Dé:é dadt. (83)
Q

< lim sup (@T(uo, m0) — @ (ur (1), 7 (T)) + /Q(e%’(wT)—ED’T):éT dxdt)

The inequalities in (83) are based successively on the lower weak* semicontinuity, on general
comparison “liminf <limsup”, on the discrete mechanical-energy inequality (64) for k = K, with
simply “forgetting” the term 7|¢¥|7, on the upper weak* semicontinuity and the obvious estimate
P, (u,m) > [, 3Ce:edz (cf. (63)) and on the convergence

PB(w,):er = Bw):e weakly in L'(Q) (84)

and finally on (82). Thus we have equality in the above chain of inequalities (83). This allows us
to say that 0%(7,) — b weakly* as measures on @ and Dé,:é, — Dé:é even strongly in L(Q).
In particular, we obtain also the strong convergence (67) of o,. This allows for the limit passage
in the enthalpy equation.

Having (42b) already at disposal, we also obtain (41) and we can test (42b) by v := 1 which
is obviously in duality with w € . (I; W'*t4(Q)*), and adding it to (82), we obtain (42d) with
“>". As the opposite inequality has already been discussed, altogether we proved the total energy
equality (42d). O
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Remark 4 (More estimate of stress). From (2c), one can see that dev o € L*°(Q; RZX9) although

sym
the full stress o is only in L?(Q; R%X?) and although the regularization in (50b) causes that dev o,
is not in L>®(Q; RL%Y) in general.

Remark 5 (Uniqueness). Even in the isothermal case, the uniqueness is difficult. In general, it can
be proved at most for the stress only, cf. [14, Sect.4.2.3] or [8, Thm.5.9]. In particular, plastic strain
(and thus also the heat production) is not expected to be unique even in such isothermal case. It
indicates that, in the scrutinised anisothermal case, the uniqueness can hardly be expected, not
only because of the coupling terms (which might possibly still be handled at least for small data)
but mainly because of the mentioned nonuniqueness of the heat production in perfect plasticity
itself.

Remark 6 (Inertial effects). Sometimes, contribution of kinetic energy and occurrence of elastic
waves cannot be neglected. The equilibrium equation in (2a) should then augment to pti—divo = 0
with ¢ > 0 being the mass density. The shifted equation (30a) would then augment as pu =
dive + f, with f, = dive, — pii, and an additional initial condition (0) = 1y € L*(Q;R?)
should be prescribed. The discrete scheme (50) must be augmented by the term oD?u* and
started for k = 1 by putting u;! = ug — 7i9. The proper space where (discrete) velocity 1., lives
is then

V= {v € L®(L; LA RY); e(v) € LHQ; R, divw e L2(Q)}, (85)

sym

instead of {ve L'(Q;RY); e(v) € L' (Q;REXY), divoe L?(Q)}, and the a-priori estimates (61) and
(66) then augment by

HUTHWLOO(I;L2(Q;RG‘)) <C (86)
Moreover, for the limit we have the information
ou € V*. (87)

which follows from the estimate
(ot ’U>7/*><7/ = / fov — oie(v) dedt
Q

= / fov—devoideve(v) — tr(o®)div v dzdt
Q

< HfD||L1(1;L2(Q;Rd))H”HLoo(I;m(Q;Rd))

+1dev o] gm0 s s

sym

+ HUHL%Q;RS),X,,?) ‘ div U|‘L2(Q;ngxn§l) (88)
together with the estimate (66g). In the weak formulation, the momentum equilibrium (42a) has

to be augmented as

ou . Oou Ov
g @emans /Q (DE +Ce — Blw)) e(v) — 07,7, dadt
:/Quo-v(O)dx—/ 0t v+ o, :e(v) dzdt. (89)
Q@ Q

Also the energy balance (42d) augments by Tiin(w(T)) and Tiin(to) with the kinetic energy
Tiin() := [, 0|-]*dz. There is however a serious problem with preservation of energy and thus also
with the passage to the limit when 7 — 0. This is related with a need of the by-part integration
formula of the type %|lu(T)||>— 4 [|u(0)||> = fOT<ii, @) dt. Such formula is however not clear, mainly
because of ¥ is not reflexive. The limit velocity u is thus expected to live rather in an extension
of ¥ allowing for e(u) € A (Q;ngxn‘f), but then the proof of the mentioned by-part integration
formula based standardly on a strong convergence of mollifiers fails in the space of measures. It is
not clear whether it is “only” a mathematical difficulty or whether it is related with some physical
phenomenon of dissipation of energy during impacts of elastic waves on shear bands, similarly like
it may possibly happen during impacts on a unilateral boundary contact (which remains for a long

time an open difficult problem).
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