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Abstract. The quasistatic rate-independent evolution of a delamination in the so-called mixed mode,
i.e. distinguishing opening (Mode I) from shearing (Mode II), devised in [45], is rigorously analysed as
far as existence of the so-called energetic solutions concerns. The model formulated at small strains
uses a delamination parameter of Frémond’s type combined with a concept of an interface plasticity,
and is associative in the sense that the dissipative force driving the delamination has a potential which
depends in a 1-homogeneous way only on rates of internal parameters. A sample numerical simulation
documents that this model can really produce mixity-sensitive delamination.
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1. Introduction, rate-independent processes, delamination. A basic model for quasistatic
delamination (sometimes also called debonding), proposed by Frémond [13,14], involves a damage-
type variable called delamination parameter and denoted by (. It reflects the destruction of the
bonds in the a-priori given delamination surfaces or part of outer boundary I'c. Here (=0 means
that no effective adhesion exists while for (=1 the microscopic bonds between the bodies are fully
effective. This basic model incorporates merely the Griffith concept [18], namely the philosophy
that the crack grows as soon as the so-called energy release rate is bigger than the phenomenologi-
cally prescribed fracture-activation energy (per unit area of a new crack surface), called also fracture
toughness. This activation energy is simultaneously equal to the dissipated energy if delamination
is completed. As such, the energy needed (and dissipated) for delamination is rate-independent,
which (after neglecting all inertial /viscous/thermal effects) leads to the rate-independent quasistatic
model. The weak surface undergoing delamination can be considered either purely brittle or brittle-
elastic, the latter case reflecting that the adhesive gluing this weak surface has a certain elastic
response. This approach was developed in [23,41-43, 46], cf. also [15, Chap.14]. Alternatively,
there are models that, instead of a delamination parameter defined on the delaminating surface,
a-priori prescribe the geometry of the delaminated part (usually in 2-dimensional situation just as
one segment on a 1-dimensional surface), cf. [22,37,54]. We will focus on the first type of models.

Engineering models of delamination are, however, more complicated than the mere Griffith
model: the dissipated energy in the so-called mode I (delamination by opening) is less than in
the so-called mode II (delamination by plane shearing); sometimes, the difference may be tens or
even hundred percents and, in general loading, it depends on the so-called fracture-mode mizity
[2,24,25,48]. Microscopically, the additional dissipation in mode II may be explained by a certain
plastic processes both in the adhesive itself and in a narrow bulk vicinity of the delamination surface
before the actual delamination starts [24,56], or by some rough structure of the interface [12]. In
a certain idealization, these plastic processes are more relevant in mode II while do not manifest

significantly in mode I if the plastic strain is considered in Rg:vd which is the linear space of
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‘incompressible’ (=trace free) symmetric strains. Modelling a narrow plastic stripe around Tt is
computationally difficult, and thus simplified phenomenological models are worth considering.

An immediate reflection of the above phenomenon adopted in the standard engineering ap-
proach, as e.g. in [4,20,49,50], is making the activation energy dependent on the so-called fracture-
mode-mixity angle, i.e. on the ratio of normal/tangential component of displacement jump or
traction vector. This state-dependence of the dissipation rate makes such models non-associative
(meaning that no specific activation threshold can be associated to the flow-rule governing the
inelastic delamination process). The mathematical analysis of such models is, in general, diffi-
cult and, in particular, is missing for such quasistatic models of delamination. Only recently an
analysis has been made for an augmented model using Kelvin-Voigt rheology and nonsimple ma-
terial concept [44]. This is an ultimate motivation to devise an associative model (governed by a
dissipation potential independent of the state and thus fully determined by an associated activa-
tion threshold, cf. K in (6) below) which would be amenable to mathematical analysis but still
exhibiting a fracture-mode-mixity sensitivity. Such a model, presented in detail in Section 2, has
essentially been devised in [45, Sect.5.2] however without any rigorous mathematical analysis and
experimental justification.

The goal of this article is to analyse from the theoretical viewpoint some basic features of this
associative model including a plastic-type variable 7 defined on I'; in addition to the delamination
variable . In particular, in Section 3, we will show the existence of the so-called energetic solutions
(cf. Definition 1 below). Moreover, in Section 4, we will validate this model by a sample 2-
dimensional simulation, showing that it can really produce expected responses.

2. Associative model. We will consider the evolution on a fixed finite time interval [0,T] gov-
erned by a stored energy functional & : [0, T]|x % x 2 — RU{oo} and a dissipated energy functional
X X — [0,00], where % stands for the linear space of displacements fields u, 2 for that of
“inelastic” parameters fields z= ({, 7) (i.e. here delamination and interface-plasticity parameters)
while 2" for time derivatives of z. Specification of these energy functionals will be given later on.
The rate-independent evolution we have in mind is governed by the following system of doubly
nonlinear degenerate abstract static/evolution inclusions, referred sometimes as Biot’s equations
generalizing the original work [5,6]:

0uE(tiu,2) 20 and 0% (%) + 0.6 (t,u, 2) 20, (1)

where Zz := 9 and the symbol “9” refers to a (partial) subdifferential, relying on that %(-),

&(t,-, z), and &(t,u,-) are convex functionals.

Classical models for Griffith-type delamination only consider interface delamination processes
described by a single internal delamination variable ¢ defined on the interface I'c. However, the
philosophy of the present associative model is to take into account an additional inelastic process on
I'c, which would be activated rather in fracture mode II than in mode I, and thus more energy would
be dissipated in mode II than in mode I. This inelastic process involves an additional dissipative
variable 7 having the meaning of the plastic-like tangential slip on It¢.
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Fig. 1. Schematic illustration of the geometry and of the nota-
tion for 2-dimensional case of 3 mutually bonded sub-
domains, i.e. d=2 and N=3.

To formulate the model, we consider  C R? (d = 2,3) a bounded Lipschitz domain, and its
decomposition into a finite number of mutually disjoint Lipschitz subdomains €2;, ¢ = 1,..., N,
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see Fig. 1. We denote formally Qo := R?\ Q. Further we denote with I';; = 9€; N 0Q; the
(possibly empty) boundary between €2; and €25, 4,5 =1,..., N. I';; represents a prescribed (d—1)-
dimensional surface, which may undergo delamination. We also consider possible delamination on
some parts of the outer boundary T'o; C (92 N €Y), cf. Fig. 3 below. The union of these parts is
denoted as I'p = |J; «;«y [oi- We assume that the rest of the outer boundary 0, i.e. 9\ I', is
the union of two disjoi;lt subsets Iy, and Iy, with

247100, NTp) >0, i=1,..,N, (2)

where .#9~! denotes the (d—1)-dimensional Lebesgue measure. On the Dirichlet part of the
boundary I'; and on Ty we impose a time-dependent boundary displacement wp(t), while the
boundary Iy is considered free. This means that, any admissible displacement w : Uf\il Q; — R4
has to be equal to wp(t) on I, (defining a kind of “hard-device” loading) and has to satisfy
(wp(t) —u)-v > 0 on I'g, where v is the unit outward normal of Q. Thus, inelastic delamination
can be developed on the surface

FC = U Fij. (3)
0<i<j<N

For readers convenience, let us summarize the basic notation used in what follows:

u displacements k¢ distributed tangential stiffness

¢ damage scalar variable ku plastic modulus of kinematic hardening

7 interfacial plastic slip ko delamination gradient coefficient

e(u) small strain tensor Ot,yield yield shear stress

C elastic-moduli tensor a, energy released per unit area in pure mode I
kn distributed normal stiffness a,; energy released per unit area in pure mode II

First we present in detail a plastic-type model with kinematic-type hardening (like e.g. in [19,47])
for the above described delamination problem, devised essentially in [45] without any mathemati-
cal/computational justification, however. This model is described by the stored-energy functional

i/ﬂéc(i)e(u):e(u) dz
+Ac(< (B[, )+ S [u] )

E(t = . 4
(t,6,m) + 222+ 22| )dS ifu=wn(t) onTp, (4a)
0< (<L 1lonlg,
[u]n > 0 on Ig,
o0 elsewhere,
with r > d—1 and k¢ > 0, and by the dissipation-energy potential
. . aé—l—a_icldfrdS ifc.g()a.e.onl“,
R () = A7) = / eI+ ol ‘ (4D)

00 otherwise,

with C(® being the elastic-moduli tensor at the particular subdomain €; and e(u) = (Vu) "+ 3Vu
denotes the small strain tensor, Vs a “surface gradient” (i.e. the tangential derivative defined as
Vsv = Vo — (Vu-v)v for v defined on Ic), and [u] = [u]nv + [u], with Ju], = [u]-v, v being
a unit normal to I'c. In fact, the model naturally does not depend on the chosen orientation,
although for T'y the outward normal v is typically taken. Here we used the notation [u] as the
differences of traces from both sides of I'c. On I'g, we also used the convention that wp stands for
the prescribed trace from Qg := R¢\ €, defining [u] = wp(t)—u therein. The phenomenological
elastic constants k, and k; in (4a) describe the stiffnesses of the linearly elastically responding
adhesive in the normal and tangential directions, respectively. Typical phenomenology is that x,



is greater than k. In particular, for an isotropic adhesive in plane strain, the condition /Ky > 2
has been deduced in [50] (see also further references therein).
The dissipation potential & from (4b) has a local character and can be written as

#(2) =2(C,m) = | 6k(C,7)dS ()
I'c
for a suitable non-negative, convex, degree-1 homogeneous function 63 : R? — [0, oc]; this function
is called a gauge and we have used that it can always be written as the Legendre-Fenchel conjugate
()* to the indicator function dx of a certain convex closed set K 3 0. The boundary of this set K
plays the role of a yield stress, i.e. activation stress for triggering the inelastic evolution of (¢, ).
In the specific case (4b), we have

K= [—al,oo) X{|'|§Ut,yic1d}. (6)
Indeed, it is easy to verify that, for K from (6), it holds

05 (¢, ) ==sup &+ mn — 0k (E,m) = sup CE+mm
&m E>—ayp, [n|<oy yield
a,[¢| <0,

00 elsewhere,

=  sup 7%:77+E§11p (€ = 01 yiela 7| +{ @

[n1<o,yield 1

which is just (4b)—(5).

To facilitate the construction of a mutual recovery sequence, cf. (30) below, we have used a
gradient theory for internal parameters; for such concepts see, e.g. [1,3,7,8,15,16,21] and in the
context of delamination in particular [15, Chap.14] or [7,8]. In fact, it suffices to use gradients
only of ¢ or of 7. In (4a), we have chosen the first option, namely a gradient theory for . For the
other option, see Remark 3 below. In case d = 3, the physical dimensions are: [a,] = [a,]=J/m?,
[0t yiela] =J/m3=N/m?, and [kt] = [kn] = [K,] =J/m?*=N/m3, while [¢(]=]/m? and [n]=]/m?.
Assuming k¢=0, the activation criterion to trigger delamination is now

1
5 (mal [l [+ ma|[w] =) < a. ®)
Starting from the initial conditions
7T(O, ) =m =0 and C(Ov ) = CO = 15 (9)

the response in pure mode I is essentially determined by x, and a, because pure opening neither
triggers the evolution of 7 nor causes Jul; # 0, cf. Fig. 2(left).

MODE I MODE II
On Ot, Ky™T
2’43110‘1 il v 2’“&1 T Ktk
=:On,crit slope=kn =:0¢,crit = slope= Kt_'_SH
slope=ky
Ot,yield
area=qa, area=a;; —|
back-stress kT
RaT | foosomoossmred™ =777 7
uy; from (11)
[
v/2a; [kn [uln O, yield /Kt [uls

Fig.2. Schematic illustration of the stress-relative displacement law in the model (4) for
d = 2 under the pulling and the shearing experiments, considering (o = 1 and 7 = 0.
If 2kca; > O'ayield, always a;; > a;, where a;; is defined by (11c). Contribution of the

delamination-gradient term is neglected, i.e. ko=0.

To analyse the response in pure mode II, let us realize that the tangential stress oy is a derivative
of & with respect to [uls, and thus o = o¢(u,7) = k([uly—m) if ¢ = 1. In analogy with the
conventional plasticity, the slope of the evolution of 7 under hardening is i/ (kt+k, ). Indeed, the
evolution of 7 is governed by the flow rule

™ e N{|,|§Ut,yicld}(at — lin) with  of = Cnt([[u]t—w) (10)
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where Ni|. <o, iua) (o) denotes the normal cone to the ball of the radius oy yieiq at a point o. Note
that, the driving force oy — k7 in (10) is in a position of a negative derivative of & with respect to 7,
and k7 is a so-called back-stress with respect to the elastic stress o. The evolution of 7 is triggered
when |0y — K, 7| reaches the activation threshold oy yield, and then |[(k([uli—7) — Ky 7| = 04, yield-
After some algebra, we can see that m = (Cky[ully — 0t yield)/ (¢t +5, ) during evolution of 7, which
gives the mentioned slope ky/(ky+k, ) before delamination starts (i.e. when ¢ = 1). The slope of
the evolution of the back-stress k7 is then kyky /(Kt+£y ), as depicted in Fig. 2(right).

From (8), one can see that delamination in pure mode II is triggered if $r|[u]i—7|> = 202 /k¢
attains the threshold a,, i.e. if the tangential stress o achieves the critical stress oy crit = /25ta,, as
depicted in Fig. 2(right). Delamination in mode II is thus triggered by the tangential displacement
u,, and the tangential slip 7, given by

"y, = V2kea, (Fithy) — T yieldht. (11a)

RtRy

_ V/2K40; = O yield (11b)

11 K

H
and, after some algebra, one can see that the overall dissipated energy is

2
+ Ot,yield V 2lita’l — 04 yield

K

(11c)

ay = a; + Ot,yieldT = Oy
H

fﬁyicld, and taking into account that the evolution of m will stop after delamina-

tion is completed. From (11) results, after some algebra,

Rtk Ot,yield
KTy = - (U’II - — )7 (12)
Kit+Ky Kt

provided 2ka, > o

cf. Fig. 2(right). A measure of maximum fracture-mode sensitivity a, /a, is then indeed bigger than
1, namely
. o2
Ot,yieldT | Ot,yield 2k4 _ Ztyyield
KJH aI F;/H aI .

=1+ (13)

I aI

The interface plastic slip stops evolving after delamination, as depicted by the dashed line in
Fig. 2(right), only if, after the delamination, the driving stress —s,, 7 has the magnitude less than
Tt,yield (as also used for (11c)), which, in view of (11b), needs rta, < 207 ;4. Thus, to produce
desired effects, our model should work with parameters satisfying

1
§ma1 < Uayicld < 2Kqa,. (14)

Analysing the system of abstract inclusions (1) with the specific choice of & and Z from (4)
and using the Green formulas, one can obtain a classical formulation of the problem in terms of
parabolic/elliptic variational inequalities. After some manipulation, assuming all the interfaces and
the solution sufficiently smooth, one can get the force equilibrium in each bulk domain

div(CWe(u)) =0 ony, i=1,..,N, (15a)
as well as the equilibrium of tractions on the (interface) contact surface

[Ce(u)r] =0 on I\, (15b)
where [Ce(u)v] denotes the difference of the tractions CVe(u)r and CWe(u)r on T;;. Addition-

ally, on the contact surface Iz, see (3), there is a condition for the tangential component of the
displacement in terms of an adhesive, Robin-type condition

[CG(U)I/—CHH [[u]]nV—CHt([[u]]t— W)} = 0 on Iq, (15¢)
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and a unilateral Signorini adhesive contact condition in the form of the complementarity problem
for the normal components

[[u]]n >0 on Ig, (15d)
[CG(U)I/—CHH [[u]]nV—CHt([[u]]t - ﬂ')L <0 on I, (15¢)
[u], [(Ce(u)u—(mn [u] ,v—Cre([u], - F)L =0 on Ic. (15f)

Note that, for non-active contact, i.e. for [u], > 0, (15¢,f) imply the Robin-type condition:
Ce(u)v = Chnu]wv + (k¢ ([u]s — 7). Furthermore, on the contact surface I'c, we have the flow rule
for ¢ in the form of the complementarity problem

(<0, s<a, ((s-a)=0, (159)
where s denotes the driving force (here rather “driving energy”) for ¢ defined as
1 2 2
5= E(Hn\[[u}]n\ + | [u] ~*)

— divs (ro|VsC|" V() + (divsy) (ro|VsC|"2v) +¢€
with £ € Njg15(¢), (15h)
up to Vg(-terms, cf. also (8), while for Vg(-terms cf. Remark 1 below. In (15h), divg := trace(Vs)

denotes the (d—1)-dimensional “surface divergence”. Furthermore, the flow rule (10) for 7 reads
as:

log — k7| < Ot yiela  with oy = Qm([uﬂt—w), (151)
s Moy — k), A>0 %f |oy — Ky | = 0 yield, (15§)
0 if |oy — k| < O yield-

Additionally, the following boundary conditions are imposed:

u = wp on Ip, (15k)
Ce(u)y =0 on Iy, (151)
Vs¢7=0 on dl, (15m)

where C = C in (151) with i referring to Q; adjacent to a particular part of Ty, # denotes the
unit vector lying in I'c; and being outward normal to 0lc.

Remark 1. The last term in (15h) involves (divsy) which is (up to a factor —3) the mean curvature
of the surface I'c, and it arises by applying a Green formula on a curved surface

/ch:((vsv)®1/) ds = /Fc(divsu)(w:(wgw))v — divg(w-v)vdS + /é)rc(w.ﬁ)v dl (16)

used with w = ko|Vs(|""2Vs(¢ and with the boundary condition w7 = 0 on 9T, cf. (15m), for
the directional-derivative term fl“c k0| VsC|""2Vs(¢-Vs(dS arising from the term ch £0|V4(]"dS in
(4a). Instead of scalar-valued ¢, the vectorial variant of the Green-type identity (16) was used in a
similar context in mechanics of complex (also called nonsimple) continua, cf. [17,40,55]. Of course,
the boundary-value problem (15) is to be completed by the initial conditions, see (9) above. This
quite complicated boundary-value problem will be, however, formulated and analysed in a much
simpler and elegant, so-called energetic form in Sect. 3.

Remark 2. Note that, ¢ does not multiply the hardening term NT“|7T|2 in (4a) so that k, does
not appear in (8). This can be “microscopically” interpreted that the energy spent in developing
the hardening in the adhesive remains deposited in “microparticles” of the adhesive even after it
completely disintegrates by “microcracks”. Mathematically, it ensures coercivity on & in L?(T)
with respect to m, while the alternative model, that would use the hardening term multiplied by (,
would exhibit only coercivity in L*(I'c) (or rather in measures) via % and, like in perfect plasticity,
demanding mathematical techniques would be needed.
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3. Mathematical analysis of the model. We will use the notation B([0,T]; %) for the Banach
space of bounded measurable functions [0,7] — % defined everywhere, and BV([0,T]; Z) for
functions [0,7] — £  with bounded variation. Recall that the variation of z : [0,T] — £ is
defined as sup Zjvzl l|z(t;)—=(t;j—1)||, where || - || is the norm on %" and the supremum is taken
over all partitions of [0,7T]. The philosophy of " O % is denoting explicitly a Banach space on
which Z is coercive in the sense that Z(z) > ¢||z|| for some € > 0.

A fruitful concept of a certain weak solution to the doubly nonlinear inclusion with degree-
1 homogeneous dissipation potential Z#, called energetic solutions, was developed by Mielke at
al. [27,28,30,32,34-36]. In the convex case, this concept is essentially equivalent to the conventional
weak-solution concept, while in our case where &(t,-,) is non-convex this concept represents a
generalization which is well amenable to mathematical analysis and numerical implementation and
applicable to engineering problems, too.

Definition 1 (Energetic solutions, [34,35]). The process (u,z) : [0,T] = Z xZ is called an
energetic solution to the initial-value problem (1) given by (% x.%, &, %) and the initial condition
(uo, 20) if w € B([0,T]; %), and z € B([0,T]; Z)NBV([0,T]; Z°), and if

(i) the energy equality holds:

T

&(T,u(T), 2(T)) + Dissr(z,[0,T]) = / &l(t,u, 2)dt + E(0,u0, z0) | (17)
0
stored energy energy dissipated work done by stored energy
at time t =T during [0, T mechanical load at timet =0
where N
Dissgr (z,[0,T]) := sup ZR(z(t]) —z(tj—1)), (18)

j=1
with the supremum taken over all partitions 0<tog<t; <..<tny_1 <ty <T,
(ii) the following stability inequality holds for any ¢ € [0, T:
Y(a,2) e UXZ . E(t,u,z) <E(t,a,z)+R(2—2), (19)
(iii) the initial conditions u(0) = ug and z(0) = z¢ hold.

The definition of energetic solutions involves the time derivative of the stored energy, cf. (17),
which is hardly defined for (4a) unless wp is constant in time. Therefore, we need to transform the
problem to avoid this rather technical difficulty. Using the additive shift u — up(t) with up being
a suitable extension of the formerly defined boundary condition wp, we obtain a problem with

time-constant Dirichlet boundary conditions. Thus, up to an irrelevant time-dependent constant,
(4a) transforms to

N u
Z /Qc(i)e(u):e(i—l—u])(t)) da
ftncm =] +[ (CRIDLL+ GID-P) (20)

+%H|7r|2+ @]vsg\r) dS  if [u],>0, 0<¢<1 on I,
T

00 elsewhere,

while the homogeneous Dirichlet condition is incorporated in the underlying function space. More
specifically, we use the function-spaces setting:

U = {ue W Q\I;RY); wu=0onIp}, (21a)
Z = (L®(Te) N W (Te)) x L2 (Te; R, (21b)
X = LY (Te)x LY (Tg; R, (21c)

We will understand an energetic solution to the transformed problem determined by & from (20)
and Z from (4b), after the shift by up as a certain generalized energetic solution to the original
problem determined by (&, %) from (4), although Definition 1 cannot directly be applied to the
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original problem, in contrast to the transformed problem, Cg(;/ occurring in (17) is now well defined
and given by

&l (t,u, ¢, ) Z/Q COe(u):e(tp(t)) da. (22)

Further, we impose the following assumptions:

C® positive definite, symmetric, ko, Ky >0, Kg,kn >0, a,06yield > 0, (23a)
wp € WHH(0,T; WY/22(TpUly; RY)), (23b)
(o, Co, o) € WH2(Q\Te; RY) x W (Te) x L2 (Te; R4 stable at ¢ = 0. (23c)

The condition (23c¢) means that & (0, ug, Co, m0) < &(0, @, , 7)+R((—(, 7—n) for all (G, ) € U x %
, where z = ({,7) and Z = (¢, 7). The qualification (23b) allows for an extension up of wp which
belongs to Wl’l(O,T;Wl’Q(Q;Rd)); in what follows, we will consider some extension with this

property.

Proposition 1 (Existence of energetic solutions). Let r > d—1, and (2), and (23) hold. Then
the problem determined by & from (20), by % from (4b), and by the initial conditions (uo, o)
possesses energetic solutions.

Proof. For clarity, we will divide the proof into several steps (used quite standardly in the theory
of rate-independent processes, cf. e.g. [27,30]).

Step 1 — approzimate solution and a-priori estimates: We make an implicit time discretisation
by using, for simplicity, an equidistant partition of [0, T'] with a time-step 7 > 0, assuming 7'/7 € N.
This is also referred to as a Rothe method, and leads to a recursive minimization problem

minimize (u, z) = E(kT,u, z) + B(z—2F"1) (24)
subject to  (u,z) € U X Z,

to be solved successively for k = 1,...,T/7, starting from u® = uy and 22 = 2. By the standard
direct method, existence of solutions to (24) is due to the weak sequential lower semicontinuity
and coercivity of &(t,-,-) + Z(-—2zF1) in the space % x Z.

Comparing the energy value of a solution at the level k£ with that of a solution ( k=1 2k=1) of the
incremental problem (24) at the level k—1 gives E(kr,uk, 2+ B (2F—2F1) < g(kr ub=1 k=14
R(ZF1 =2k = &(kr,uF~1, 25~ 1), which yields an upper estimate of the energy balance in the
kth_step:

E(kr,uk, 28 + g (2F—2F1) — é)é((k—l)T, ub=t 2k
kT
) — & (k-7 ubt ) = &t uk1 2k de. (25)

< é)é(kT, uf_l, "
(k—=1)T

From this, by using the coercivity /growth assumptions (23a) with (2), discrete Gronwall’s inequal-
ity a-priori estimates can be derived. Namely, one gets

<, (26a)
<C, (26b)

HETHB([O,T];%)
||E7'||B([0,T];Q")ﬂBV([O,T];%)
where @, and Z; denote the piecewise constant interpolants defined as

T (t) =uf and Z(t) = 2F for (k—D)r<t<kr, k=1,...,T/. (27)

Step 2 — selection of convergent subsequences: We further select convergent subsequences by
using Banach and Helly principles; the latter one is used for the z-component which has a bounded
variation. Using further the argument of strict convexity of & (t,-,z), one shows that also the
u-component converges at each time ¢t. Thus we obtain:

Ur(t) = u(t) weakly in % for any t € [0,T7, (28a)
Z:(t) = z(t) weakly” in & for any t € [0,T]. (28b)
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Step 3 — stability: Let us consider a solution (u¥, zK) € % x Z of the incremental problem (24)
at the level k and compare its energy value with the one of an arbitrary (@, Z). We obtain the
discrete stability:

E(kr,uk 28 < E(kr, 0, 2) + B(E—2F1) — B(F—2FY) < E(kr,a,2) + Z#(G—2F)  (29)

where we used that Z satisfies the triangle inequality Z(2—2F"1) < Z(2F—2F—1) + Z(—2F) due
to its degree-1 homogeneity.

For the passage to the limit from (29) to (19), it was identified in [32] that one needs to find,
for any stable sequence {(t;,u;,2;)};en converging weakly in [0, T|x% X% to some (t,u, z) and
for any (4, 2) € % x %, a so-called mutual recovery sequence (4;, Z;)jen such that

limsup &(t;, @, 2;)+ B (3 —2;)—E (tj, uj, 2j) < E(t, 0, 2)+R(5—2)—E(t, u, 2). (30)

Jj—o0

We used only stable sequences, i.e. such sequences {(t;,u;, 2;j)}jen that sup;cy E(tj,uj,2) < 00
and &(tj,uj,2;) < &(t;,1, %) + R(5—2z;) for all (1,2) € U x%, because other sequences never
come into competition.

To verify (30), we can combine the damage-type construction for ¢ (cf. [29]) and the so-called
binomial trick for 7. More specifically, we put

uj = u, (31a)
5] = (5 - ||<j_C||L°°(Fc))+7 (31b)
Tj ="+ —m, (31c)

where ()T denotes the positive part. Note that, by (31b) and by r > d—1, we have

0<(<¢ aeonlgand ¢ — ¢ in WH(TL); (32)

: (s + +

here}“j < (; follows by ¢j=(¢ — ||<i—<||Loo(FC)) < (¢- ||<j—<||Lco(FC)) < (j, where we used
¢ —¢ >0 ae. on Iy (otherwise Z(2—z) = oo and (30) is satisfied trivially) and eventually also
G — ¢ = —[I¢—CllLe(ry)- Moreover, we will use that (31c) yields

fj—mj=a—n and 7; -7 weakly in L?(T;R). (33)
Note that, in particular 7;—m; is independent of j. In view of (20) and (4b), we have
&ty g, 2+ (2 —2))—E (85,15, 7))
N ) T ) W
= Z/ C(Z)e(ﬁj):e(é—l—uD(tj)) - C(Z)B(Uj)le(gj‘FuD(tj)) dz
=1/
~ Kn 2
Ca‘ 5[], = G5l [us), P ds
= Rt~ ~ 12 Kt 2
+/ Gy w] =l = G5 [lw]=m)" ds
T'e
Ku ~ 12, RO v Ku 2 ko T
— |7 + —|Vs(i| — = |m1°— —|Vs(| dS
+/FC2|7TJ|+ T| S<J| 2|7TJ| 7°| S<J|
+/F aI|Q~“j—CJ—‘ +Ut,yicld|77rj_77j‘ds
c
_. 7 (2 (3 4) (5)
—.Ij +Ij +Ij +Ij —I—Ij . (34)

Let us emphasize that we used 0 < éj < ¢; <1 to comply with the constraints involved in both

(20) with irreversibility contained in (4b). Let us discuss the particular terms. For I (1), we can

just use concavity and thus weak upper semicontinuity of u; — [, ~C@We(u;):e(Fu;+up(t;)) dz
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so that

M _ De(a)e( ™ 1) = CDeu)e( Y ‘
lim sup hmsupz C e(u).e(2+uD(t])> C e(uj).e(Q—i—uD(t]))dx

J—o0 Jj—o0 i—1 Q;

N _
< Z/ C(i)e(ﬁ)ze(%—l—uD(t)) - C(i)e(u):e(%—FuD(t)) dz. (35)

The convergence of the integral I ;2) is simple because, by compactness of the trace operator
u s [u] : WH2(Q\Io; RY) — L2(To; R?), we have the strong convergence |[u;]n]? — |[u]a|? in

L'(Ty). Further, we can estimate

hmsupl( )= = hm/ Cgﬁt [[Ug UJL 7TJ+7TJ) ([[“J'H‘J]t )dS
j—oo 2 j—o0
2
—511]135.# C(Cj—Cj)mH[ujﬂt—Wj! ds
= 3 [ Grfam], - 7 (i), - 7y-m) a5

L. . 2
- gt [ Om [l 05

1 - ~
+ o dim [ (C=C—¢+E ) [us] ~ ] S
Tc

2 Jj—o0

: % /F gﬁt([[ﬁ_uﬂt_ 7~T+7T)'([[ﬂ+u]]t— ﬁ'_w) + (E—C)m| [[U]] t—7T|2 ds
et

where we also used that (—C > 0 so that the functional fl‘c ((—é)m‘~|2d8 is convex and thus
weakly lower semicontinuous on L?(T'c; R?™1), and that <—6—<j+5j — 0 strongly in L*°(I'c) while
|[u;]—m;]? is bounded in L'(Tc) so that ((—C—¢j+C;)ke|[uj]i—m;]? converges to zero in L(I%).
Further, it obviously holds that

limsup IV < / Do a2 20| wgl|" — 2t pr2— 22| v ds. (37)

j—o0 o 2 r 2 r
In (37) we have used the strong convergence (32), and another binomial trick now for
(752 = |m|* = (7j—mj)(7j+m5) = (F—m0)(7j+m5) = (F—7)-(7+7) = |7~ |7

weakly in L!(T) due to (33), and also the weak upper semicontinuity of the concave functional
¢ ch—%|VSC|T dS used for the last term in (37). Eventually, we have

_]—)OO

lim I( )= jli)m /axléj—Cj‘ + 0t yiewd |Tj—m;| AS = / al‘é:_C’ + 0t yiewd[T—7|dS (38)
¢ T'c
due to both (32) and (33), and also due to the compact embedding W (I'c) € L'(I¢) so that
¢; — ¢ strongly in L'(T). Altogether, (30) was proved.
Step 4 — upper energy inequality: Summing (25) for k = 1,...,t/7 € N and denoting by u, and
2, the “delayed” piecewise constant interpolants defined as
w (t) =uf"! and 2z (t) = 2F! for (k—Dr<t<kr, k=1,..,T/T, (39)

we arrive at
t

& (s, (t),Z-(t)) + Dissg (2, [0,t]) — E(0,ug, 20) < /ch‘;'(s,gq_(s),gq_(s)) ds. (40)

Actually, we will use it for t = T in this proof. The passage to the limit in the left-hand side of
(40) is by weak lower-semicontinuity, while

Z) uD T x:l’u,z
Z/Q déz/ (1) do = &(u,z)  (41)



T.Roubi&ek at al.: A quasistatic mixed-mode delamination  (Preprint No.2011-020, Ne&as Center for Math. Modeling, Prague) 13

in L1(0,T) can be proved. Convergence (41) follows from (22) and the fact that e(u,) — e(u)
weakly* in L>°(0, T; L?(Q; R4*4)).
Step 5 — lower energy inequality: The opposite inequality in (40) can be proved by the well-

known trick based on the approximation of the Lebesgue integral by Riemann sums, using the
already proved stability (19) and also the stability of the initial condition (23c), cf. [11,27]. O

Remark 3 (Alternative models). Our simple construction (31) relied on the embedding
WLr(Ty) € C(T) which holds for 7 > d—1, and simplifies the mathematical analysis in this
paper. For 1 < r < d—1 and r = 1, respectively, one would have to use the sophisticated
construction from [51,53] and [52]. Alternatively, one can avoid gradient theory for ¢ if one con-
siders gradient theory for m, i.e. instead of the stored energy Zf;l fQi COe(u):e(tutup(t)) dz +

fFCC(IinH[u]]nf—i—m‘[[u]]t—w’2) + Ky |m|?+ %‘VSC‘T dS, one can consider

Z/ CWe( +uD( ) dz
+/F §(mn‘[[uﬂn‘ + ] [ =) + b2 + 22 ] s, (12)

Relying on the quadratic form of the last term, a specific construction of a mutual recovery sequence
for (30) can combine the ideas from [46] for ¢ with the binomial trick for u and 7. Namely,

iy =, (43a)
G- {3“ )
Fi=A4w (43¢)
Instead of (32), we have
0<({ <¢ ae onlgand { — ¢ weakly* in L(Tc). (44)

Only slight changes in the argumentation in the proof of Proposition 1 are needed: (36) should use
strong convergence of 7; and 7; while the modification of (37) should again use the binomial trick
in terms of w-variable. The absence of the gradient of { would facilitate the so-called Griffith-type
behaviour, namely that ((¢,x) is valued only in {y(z) or 0, cf. [31,51].

4. Illustrative example and validation of the model. The main purpose of this section is
to demonstrate on a 2-dimensional example that the proposed model indeed produces solutions
that delaminate the adhesive surface with the fracture-activation energy increased in mixed-mode,
which is not entirely a-priori obvious.

4.1. Geometry of a two-dimensional example. The geometry of the problem is shown in
Fig. 3. With reference to Fig. 1, only one subdomain (i.e. N = 1) is used.

A time-dependent Dirichlet boundary condition (in engineering literature also referred to as
hard-device loading) is assumed by imposing at the right-hand side I, of the rectangle 99 a pre-
scribed horizontal and vertical displacements, respectively, w, and w, = 0.6w,. All the other
boundary parts, defining the Neumann boundary Iy, except of the contact surface I'c, are con-
sidered to be traction free. The Dirichlet loading is assumed to increase linearly in time, being
motivated by the pull-push shear experimental test used in engineering practice [10].

‘ L = 250 mm |
| ‘ 6\0%
| I ¥
H= .
12'5mnir elastic body - 321 I b
: rigid obstacle “Tc // 2 In

boundary element numbers

Fig. 3. Geometry and boundary conditions of the problem considered. The length
of the initially glued part I'c is 0.9L = 225 mm.
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4.2. Material of the bulk and of the adhesive. We consider an isotropic elastic material
in the bulk, i.e. Cijii = Adij0m + p(dixdji + 010,k), with the Lamé constants A = %,
shear modulus p = ﬁ, and Young’s modulus £ = 70 GPa and Poisson’s ratio v = 0.35
(which corresponds to aluminium). Elastic plain strain states, with unit thickness, are considered.
For the adhesive a normal stiffness x, =150 GPa/m, a tangential stiffness with k; = k,/2, and
the mode I fracture toughness a, = 187.5 J/m? are chosen. The critical stress for the normal
direction is defined by oy crit = v/2kna,, while in the tangential direction oy yiela = 0.560m crit- In
particular, oy, crit = 7.5 MPa, while /2k¢a; = 5.3 MPa. The condition (14) here means 2.65 MPa<
Ot yield < 5.3MPa and is indeed satisfied since ot yiela = 0.564/2kna, = 0.561/4k¢a, = 4.2 MPa.
For the case with an interface-plastic slip the hardening slope is k,, = k¢/9. By (11c), this yields

a, = a, +556.1J/m? = 743.6 J/m?. By (13), we have the fracture-mode sensitivity a,,/a, = 4.

4.3. Computational implementation. The implicit time-discretisation used for analysis in Sec-
tion 3 gives also a conceptual numerical strategy, namely to solve the recursive minimization prob-
lem (24) after making a spatial discretisation, cf. [30].

A common numerical technique utilized for this goal is the finite element method (FEM), see
e.g. [23,33]. However, as also noticed in [45], in the delamination problems we may only be
interested in the traces of displacements (and tractions) on the boundaries 9€2;. Thus, it would
be desirable to eliminate all the unknowns associated to the interior points in ;. This suggests
to utilize the boundary element method (BEM) in order to solve separately the boundary value
problems defined on elastic subdomains €2;.

We use the discretisation of I'c by the boundary element mesh of 30 elements of equal length
for horizontal sides and 2 elements along each vertical side. Thus, I'c consists of 27 elements of
the length L. = 8.33mm.

The alternating minimization algorithm proposed in [9] and a heuristic back-tracking algorithm
proposed in [33] was then used for the global optimisation problem arising by the above outlined
discretisation from (24).

Some numerical shortcuts comparing to the analysis presented in Sect. 3 have, however, been
made: namely we neglected the gradient of ( and allowed for an additional discretisation error by
implementing the boundary semi-discretisation by the conventional collocation BEM in a standard
mixed formulation (i.e. involving also tractions). More specifically, we use a two-dimensional BEM
code [38] employing continuous piecewise linear boundary elements [39]. cf. [26] for details.

4.4. Computational experiments. We present selected results obtained with the delamination
test on the above described specimen subjected to increasing load with a constant speed until a
complete delamination is achieved. The total number of 101 time steps solved corresponds to an
increase of the prescribed displacements, w,, from zero to the maximum value 0.1184 mm.

60

SO NGrK of excbernal Toading: TS

right-hand side of (40)

40

" Total energy:

® left-hand side of (40
 sof |
5}
= .
&3]
2ol Bulkenergy ... .3* |

Surface energy

10} Dissipated -energy:----------i-----.-. 2
Dissg (Z+, [0, t])

0 < L |
0.00e+00 2.00e-05 4.00e-05 6.00e-05 8.00e-05 1.00e-04 1.20e-04

Imposed horizontal displacement (m)

Fig. 4. Evolution of the energies in time, depicted in dependence of the displacement im-
posed in the horizontal direction w, until complete rupture.
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k=84

y-coordinate [m]

0.30

3.00e-05

k=81
2.50e-05 . N

interface-plastic zone :
for selected time steps k
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0.00e+00
0.12

L
0.18 0.20 0.22 0.24
z-coordinate [m]

Fig. 5 Upper: Deformed elastic domain for 3 selected time steps k (displayed with the dis-

placements magnified 100x) and a delamination tip zone (in mixed-mode) and
also in the opposite end (in mode I) zoomed in.

Lower: Evolution of the interface-plastic slip depicted on the part of I'c which delam-
inates in mixed-mode for selected time steps k.

The energetics of the delamination process obtained for this case is shown in Fig. 4. After the
delamination of some elements, suddenly the rest of the elements along I'c break in one time step.
In fact, such a spontaneous-rupture behaviour might be expected, as in a related pull-push shear
test a similar behaviour corresponding to a snap-back instability can be observed [10].

As expected, an interface-plastic zone appears ahead of the crack tip at the end of the delam-
inated zone. The value of the interface-plastic slip at a point ahead of the crack tip is increasing
until the adhesive at this point is broken afterwards the interface-plastic slip therein remains con-
stant. This can be seen in Fig. 5(lower), where the interface-plastic slip is plotted for various time
steps k. The (scaled) deformed shape of the elastic domain 2 is plotted in Fig. 5(upper) for the
some of these time steps.

In Fig. 6 it is shown that an interface-plastic slip takes place at the nodes before a debonding
happens. After the debonding takes place, at a node, the whole energy dissipated at this element
remains constant. It is clear now that the dissipated energy takes values higher than the dissipated
energy needed for delamination in opening mode I given by a,. This can be observed in Fig. 7, where
the ratio r of the accumulated dissipated energy on each element (up to the total delamination of
the adhesive zone I'c) to the mode I energy a, L. is plotted.
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Fig. 6. Dissipated energy on elements E; to Fio; for comparison, a; L. (=the energy needed for total
break in mode I per length L.) is depicted, too. Nearly all these elements eventually exceed
a; L. so that they delaminate in mixed-mode.
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Fig. 7. Ratio r of the dissipated energy on each element to the mode-I energy a, resulted at
the end after its complete delamination; in view of a,;/a, = 3.97, the right-end part was
delaminated in mixed-mode combining about 80% mode 1 and 20% mode 11, while the
rest ruptured gradually (in the left end of the specimen as displayed in Fig. 5—upper) or
spontaneously (in the middle part of the specimen) in pure mode I.

Finally, just for comparison, we also performed the same experiment but with interface-plasticity
suppressed, i.e. m = 0, so that modes I and II coincide with each other. This can be done simply
just by putting the activation threshold oy yic1q very large. This model was already treated both
theoretically and computationally in [23]. The analog of Fig. 6 is presented in Fig. 8 where one
can observe rather continuously propagating Griffith-type rupture, i.e. most elements are either
fully bonded or fully debonded; in fact, it can be observed rather in the nodes than in the elements
themselves, which is reflected by the occurrence of the mid-horizontal segments in Fig. 8. For the
infinite stiffnesses of the adhesive (i.e. both x, — 0o and Ky — 00), this Griffith-like response (i.e. ¢
taking values either 1 or 0 a.e.) can even rigorously be proved, cf. [51, Prop.4.3.3] or [31, Prop.4.4].
For finite (but large) k, and ks, this tendency is thus not suprising, cf. also the mentioned previous
experiments in [23].
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Fig. 8. Comparison with Fig. 6 if interface-plasticity is suppressed so that mode II

dissipates equally as mode I and the dissipated energy, depicted on elements
E1 to Eg, cannot exceed a; Le.
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