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Delamination and adhesive contact models and their
mathematical analysis and numerical treatment

Tomáš Roub́ıček,123 Martin Kruž́ık,‡4 Jan Zeman5

Abstract

This chapter reviews mathematical approaches to inelastic processes on surfaces
of elastic bodies. We mostly consider a quasistatic and rate-independent evolution
at small strains and the concept of the so-called energetic solution. This concept is
applied e.g. to brittle/elastic delamination, cohesive contact problems, and to delami-
nation in various modes. Beside the theoretical treatment, numerical experiments are
also presented. Finally, generalizations to dynamical and thermodynamical processes
are outlined, together with extension to homogenization of composite materials with
debonding phases.
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1 Introduction

This Chapter is devoted to the formulation and mathematical and numerical treatment
of inelastic processes on surfaces. Through this chapter with the exception of Sections 6.5
and 6.6, these inelastic processes are considered to be quasistatic (no inertia is taken into
account), and rate independent (no internal time scale is considered). We will address
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2Institute of Thermomechanics of the ASCR, Doleǰskova 5, CZ-182 00 Praha 8, Czech Republic.
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only small-strain models. Our general framework will solely be based on the hypothesis
that the evolution is governed by a time-dependent Gibbs’-type stored energy functional
E (involving external loading) and a dissipation potential R which, being degree-1 pos-
itively homogeneous, reflects the rate-independence of the process (i.e. invariance under
any monotone re-scaling of time). Both functionals are defined on a suitable state space
considered here in the form U ×Z . With only a small loss of generality, we assume that
R involves just z-component of a state q = (u, z) ∈ U × Z . This distinguishes z as a
“slow” variable, while u is a “fast” variable because its velocity is not controlled by any
dissipation.

To introduce informally the concept of the energetic approach to such a class of rate-
independent systems, we consider a uniform discretization of a fixed finite time interval
[0, T ] with a fixed time step τ . Given the initial data (u0, z0) := (u(0), z(0)), the values
of state variables at the k-th time level (ukτ , z

k
τ ) := (uτ (kτ), zτ (kτ)) with k = 1, 2, . . . , T/τ

follow from solution of the incremental variational problem

minimize (u, z) 7→ E (kτ, u, z) + R(z−zk−1
τ )

subject to (u, z) ∈ U ×Z .

}
. (1)

This energy minimization concept provides a unified approach to both continuum ther-
modynamics of inelastic solids, e.g. [39, 75], as well as to computational inelasticity [21,
73, 74]. In addition, rigorous mathematical theory has been established to study the
time-continuous behavior of the problem (1) (corresponding to the limit τ → 0), see
[32, 59, 60, 69] and Section 3 below.

As a prototypical application of the energetic framework to modeling of composite
materials and structures, we now briefly introduce a simplified elastic delamination model
(sometimes also called debonding) treated in more detail later in Section 5. Here, we
restrict our attention to two elastic domains Ω1 and Ω2, sharing an interface ΓC. The
structure is subjected to a time-dependent hard-device loading by a Dirichlet boundary
condition imposed by displacements wD(t) acting at the part of external boundary ΓD

(with uD(t) denoting an extension of wD(t) to bodies Ω1 and Ω2).
In this context, u+uD is used to denote the displacement field . Moreover, we will work

with an internal variable z (possibly vectorial) describing inelastic delamination processes
on the boundary ΓC. Various possibilities are presented in this Chapter. A simplest
scenario works with a scalar-valued delamination parameter considered as a function of
x ∈ ΓC, with z = 1 and z = 0 corresponding to coherent and fully damaged interfacial
point x, respectively. The time-independent set U consists of the kinematically admissible
displacements, satisfying the Dirichlet boundary conditions on ΓD and frictionless contact
conditions on ΓC:

u = 0 on ΓD and
[[
u
]]
n
≥ 0 on ΓC, (2)

where [[u]]n denotes the normal component of the displacement jump [[u]]. Analogously,
the set of admissible internal variables Z is defined as

0 ≤ z ≤ 1 on ΓC. (3)

Now, given admissible u and z, the stored energy functional reads

E (t, u, z) :=

2∑

i=1

∫

Ωi

C
(i)e(u):e

(1
2
u+uD(t)

)
dx+

∫

ΓC

z

2
K
[[
u
]]
·
[[
u
]]
dS, (4)

where e(u) denotes the small strain tensor associated with displacement u, C(i) stores the
stiffness tensor of the i-th domain and K is the elastic interfacial stiffness. The dissipation
rate is defined as

R(
.
z) :=





∫

ΓC

a| .z|dS if
.
z ≤ 0 on ΓC,

∞ otherwise,
(5)
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with a denoting the fracture energy, representing the energy dissipated by the complete
delamination. The value ∞ in (5) is used to ensure unidirectionality of the delamination
phenomena, i.e. no healing of interface is admissible during the loading process. Sometimes
only finitely-valued R is considered, which means that healing , or also called rebonding is
allowed, cf. e.g. [22, 87, 90]. Such models are, however, mathematically less difficult than
(5) and their interpretation is rather limitted (as the conguration possibly shifted after
complete delamination has tendency to remember its initial state after healing), and will
not be particularly addressed in this chapter.

After the energy functionals (4) and (5) have been specified, the tools and techniques
presented in the remainder of this Chapter allow to study rigorously the delamination
evolution, including theoretically-supported numerical simulations. Note that generality
of the energetic framework allows to incorporate naturally more realistic interfacial consti-
tutive laws and/or coupling the delamination phenomena with other inelastic properties
such as plasticity, damage, or phase transformations. In addition, the energy functional (4)
can easily be adapted to the setting of periodic homogenization theory, which makes the
framework directly applicable to the analysis of e.g. fiber/matrix debonding in fibrous
composites, see also Section 7 for a concrete example.

2 Concepts in quasistatic rate-independent evolution

Besides, we consider a Banach space6 X ⊃ Z on which R is defined having a domain
with a nonempty interior and being coercive, and degree-1 homogeneous in the sense
R(λz) = λR(z) for any λ ≥ 0. At least X has to be a Banach space (to define the
degree-1 homogeneity), but here also U and Z will always be Banach spaces.

Formally, for E : [0, T ]×U ×Z → R∪{∞} and R : Z → [0,∞], the rate-independent
evolution we have in mind is governed by the following system of doubly nonlinear degen-
erate parabolic/elliptic variational inclusions:

∂uE (t, u, z) ∋ 0 and ∂R
( .
z
)
+ ∂zE (t, u, z) ∋ 0, (6)

where
.
z := dz

dt and the symbol “∂” refers to a (partial) subdifferential,7 relying on that
R(·), E (t, ·, z), and E (t, u, ·) are convex functionals in all specific models considered in
this Chapter .

In mechanics, the concept of internal variables and the inclusion (6), sometimes also
called Biot’s equation [8], is related with so-called generalized standard materials [40], cf.
also [27] specifically for adhesive contacts. There are sound variational principles support-
ing the abstract model (6), although their applicability should not be overestimated.

The first inclusion in (6) expresses the minimum-energy principle, saying that, at any
time t, the displacement u minimizes u 7→ E (t, u, z(t)).

Assuming for simplicity E smooth and denoting the partial differentials by E ′
t , E ′

u, and
E ′
z, one can postulate a so-called Lagrangian in the form

L (t, u, z,
.
z) :=

d

dt
E + R

= E
′
t (t, u, z) +

〈
E

′
u(t, u, z),

.
u
〉
+

〈
E

′
z(t, u, z),

.
z
〉
+ R(

.
z)

= E
′
t (t, u, z) +

〈
E

′
z(t, u, z),

.
z
〉
+ R(

.
z), (7)

where we also used the first inclusion in (6). Then the second inclusion in (6) can be
derived as the first-order optimality condition for

.
z 7→ L (t, u, z,

.
z) is minimal for any time t. (8)

6A normed linear space which is complete is called a Banach space. Recall that a normed space X is
complete if every Cauchy sequence in X converges to a limit in X.

7Let us recall that the subdifferential ∂f(x) of a convex function f : X → R ∪ {∞} at a point x is
defined as the convex closed subset ∂f(x) := {x∗∈X∗; ∀v∈X : f(x)+ 〈x∗, v−x〉 ≤ f(v)} of the dual space
X∗; standardly, 〈·, ·〉 : X∗×X → R denotes the duality pairing between the Banach space X and its dual
X∗ := {x∗ : X → R, linear and continuous}.
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One refers to (8) as a minimum dissipation-potential principle, cf. [21, 39, 73, 75].
The degree-1 homogeneity of R still allows for further interpretation of the flow rule,

i.e. the second inclusion in (6). Defining the convex “elastic domain” K := ∂R(0), the
second inclusion in (6) means just 〈ω − z, w − .

z〉 ≥ 0 for any w and any ω ∈ ∂R(w),
where we introduced the so-called thermodynamical driving force z ∈ −∂zE (t, u, z). In
particular, for w = 0 one obtains

〈
z,
.
z
〉
= max

ω∈K

〈
ω,
.
z
〉
. (9)

To derive (9), we have used that z ∈ ∂R(
.
z) ⊂ ∂R(0) = K thanks to the degree-1

homogeneity of R(·), so that always 〈z, .z〉 ≤ maxω∈K〈ω, .z〉. The identity (9) says that the
dissipation due to the driving force z is maximal provided that the order-parameter rate

.
z

is kept fixed, while the vector of possible driving stresses ω varies freely over all admissible
driving stresses from K. This just resembles the so-called Hill’s maximum-dissipation
principle [42], cf. also [51, 79, 91, 104].

Let us also remark that the set K = ∂R(0) determines R because R = δ∗K with δK
denoting the so-called indicator function8 of the set K and δ∗K is its Legendre-Fenchel
conjugate9. In terms of K, by standard convex-analysis calculus [30], (9) can also be
written as

.
z ∈

[
∂δ∗K

]−1(
z
)
= ∂

[
[δ∗K ]∗

](
z
)
= ∂δK

(
z
)
= NK

(
z
)
, (10)

where NK(z) denotes the normal cone10 to K at z. This is the principle well known from
plasticity theory, saying that the rate of the internal parameter z (meaning, as a special
case considered in plasticity theory, the plastic-deformation rate) belongs to the cone of
outward normals to the elasticity domain, see also [51, 88] or [41, Sect.3.2], [55, Sect.2.4.4]
or [89, Sect.2.6].

3 Mathematical concepts to solve the system (6)

To design the concept of a weak solution to (6), we use z as in Section 2, and use the
definition to write the three subdifferentials in (6) as the system of three inequalities

∀(t, ũ, z̃) : R(z̃)−
〈
z(t), z̃− .z(t)

〉
≥ R(

.
z(t)), (11a)

E (t, ũ, z(t)) ≥ E (t, u(t), z(t)), (11b)

E (t, u(t), z̃) +
〈
z(t), z̃−z(t)

〉
≥ E (t, u(t), z(t)) , (11c)

where the first and third inequalities just say that z ∈ ∂R(
.
z) and −z ∈ ∂zE (t, u(t), z(t)),

respectively, while (11b) just says that u(t) minimizes the energy E (t, ·, z(t)). As R is
homogeneous only of degree 1,

.
z can be expected bounded only in the Bochner-Lebesgue

space L1(0, T ;X ),11 or rather even in the corresponding space of measures. Thus the
expression 〈z, .z〉 in (11a) might not be well defined or not allow for a mathematical treat-
ment as far as various limit procedures concerns. Thus it is desirable to substitute it. For
this, we use the formal chain-rule

E (T, u(T ), z(T )) − E (0, u0, z0) =

∫ T

0

d

dt
E (t, u, z) dt

=

∫ T

0

(
E

′
t (t, u, z)−

〈
z,
.
z
〉)

dt; (12)

8This means that δK(v) = 0 if v ∈ K and δK(v) = ∞ if v 6∈ K.
9The Legendre-Fenchel conjugate f∗ : X∗ → R ∪ {∞} of a function f : X → R ∪ {∞} is defined as

f∗(x∗) := supx∈X〈x∗, x〉 − f(x).
10Let us recall that the normal cone NK(x) to a convex set K ⊂ X at x ∈ X is defined as NK(x) :=

{x∗∈X∗; ∀v∈K : 〈x∗, v−x〉 ≤ 0}.
11The notation Lp(·) stands for the Banach space of measurable functions whose p-power is integrable

on the indicated domain, here [0, T ]. Such spaces are called Lebesgue spaces. If the functions take values
in a general Banach space X , then one applies a natural generalization of measurability due to Bochner.
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c.f. (7). We integrate (11a) over [0, T ] and substitute for
∫ T
0 R(

.
z) dt the total variation

DissR(z, [0, T ]) := sup

N∑

j=1

R(z(tj)− z(tj−1)), (13)

where the supremum is taken over all partitions 0 ≤ t0 < t1 < ... < tN−1 ≤ tN ≤ T of

[0, T ]; indeed, if z is absolutely continuous, then DissR(z, [0, T ]) =
∫ T
0 R(

.
z) dt. This turns

(11a) into

E (T, u(T ), z(T )) + DissR(z, [0, T ]) −
∫ T

0
E

′
t (t, u, z) dt− E (0, u0, z0)

≤
∫ T

0

(
R(z̃)−〈z, z̃〉

)
dt. (14)

Note that (14) implies the energy balance: more specifically, for z̃ = 0 we get

E (T, u(T ), z(T ))
︸ ︷︷ ︸

stored energy
at time t = T

+ DissR(z, [0, T ])
︸ ︷︷ ︸
energy dissipated

during [0, T ]

≤
∫ T

0
E

′
t (t, u, z) dt

︸ ︷︷ ︸
work done by

mechanical load

+ E (0, u0, z0)
︸ ︷︷ ︸
stored energy
at time t = 0

. (15)

We will use the notation B([0, T ];U ) for the Banach space of bounded measurable
functions [0, T ] → U defined everywhere, and BV([0, T ];X ) for functions [0, T ] → X

with bounded variation12; recall that X ⊃ Z is a Banach space on which R is coercive,
i.e. R(z) ≥ ε‖z‖ for some ε > 0.

Definition 3.1 (Weak solutions.) The process (u, z, z) : [0, T ] → U ×Z ×Z ∗ is called a
weak solution of the initial-value problem given by (U ×Z ,E ,R) and the initial condition
(u0, z0) if u ∈ B([0, T ];U ), z ∈ B([0, T ];Z ) ∩ BV([0, T ];X ), z ∈ B([0, T ];Z ∗) and

(i) the inequality (14) with (13) holds for any z̃ smooth enough, so that (14) is well
defined,

(ii) (11b) holds for any ũ ∈ U and any t ∈ [0, T ],

(iii) (11c) holds for any z̃ ∈ Z and any t ∈ [0, T ],

(iv) the initial conditions u(0) = u0 and z(0) = z0 hold.

The advantage of the above definition is that it is completely derivative-free, i.e. no
time derivative

.
z and no (sub)differentials of E or R occur explicitly in Definition 3.1. In

fact, if E (t, ·, z) or E (t, u, ·) are not convex and thus (6) looses sense, Definition 3.1 still
yields a certain generalized solution. If a weak solution (u, z, z) is such that

.
z is absolutely

continuous (i.e.
.
z is not a measure but an L1-function) and if E (t, ·, z) and E (t, u, ·) are

convex, then (u, z) solves the original problem (6) for a.e. time t ∈ [0, T ]. This justifies
the above definition.

A certain drawback of the above definition is rather low selectivity.13 A certain in-
convenience is also the involvement of the driving-force field z valued in Z ∗, which obvi-
ously does not bear any generalization for spaces Z ’s lacking a linear structure, like the
Griffith-delamination problem (39)–(40) below. Thus one may be tempted for further gen-
eralizations. As R is degree-1 homogeneous and convex, it holds ∂R(

.
z) ⊂ ∂R(0) and thus

−Ez
′(t, u, z) ∈ ∂R(

.
z) implies R(z̃) + 〈Ez ′(t, u, z), z̃〉 ≥ R(0) = 0. Convexity of E (t, ·, ·)

and 〈E ′
u(t, u, z), ũ〉 then further imply R(z̃) + E (t, ũ+u, z̃+z) − E (t, u, z) ≥ 0, which is

obviously just (16) below. Thus we arrive at the following:

12Recall that the variation of z : [0, T ] → X is defined as sup
∑N

j=1 ‖z(tj)−z(tj−1)‖, where ‖ · ‖ is the
norm on X and the supremum is taken over all partitions of [0, T ].

13For example, weak solutions to the brittle delamination problem in the formulation (45) do not neces-
sarily have the so-called Griffith property and do not recover the original problem (39)–(40) through the
formula (46), in contrast to the energetic solutions (see Definition 3.2) which enjoy this property.
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Definition 3.2 (Energetic solutions, [68, 69, 70]) The process (u, z) : [0, T ] → U ×Z

is called an energetic solution to the initial-value problem given by (U ×Z ,E ,R) and the
initial condition (u0, z0) if u ∈ B([0, T ];U ), z ∈ B([0, T ];Z ) ∩ BV([0, T ];X ), and

(i) the energy inequality (15) holds,

(ii) the following stability inequality holds for any t ∈ [0, T ]:

∀(ũ, z̃) ∈ U ×Z : E (t, u, z) ≤ E (t, ũ, z̃) + R(z̃−z), (16)

(iii) the initial conditions u(0) = u0 and z(0) = z0 hold.

In fact, any energetic solution satisfies (15) as an equality and thus, more standardly,
the definition of energetic solutions employs rather the energy equality. If an energetic
solution exists it is also a weak solution. Indeed, if (15) holds then (14) follows because
R ≥ 0 and

〈
z, z̃

〉
≥ 0 due to the fact that 0 ∈ ∂R(0). Taking z̃ := z in (16) shows (11b).

Finally, setting ũ := u in (16) and exploiting the convexity of E (t, u, ·) proves (11c).
An important step is to make a generalization of Definition 3.2 for E (t, ·, ·) nonconvex,

which will just be a typical situation in the modeling of quasistatic delamination processes.
Roughly speaking, energetic solutions tempt to evolve as soon as it is energetically not
disadvantageous. It should be note that this may, however, not be exactly always in full
agreement with response of real systems where some other rate-dependent phenomena
may come into play at some occasions. For this reason, there are also some other concepts
of solutions that are sometimes applicable and successfully competing with energetic solu-
tions, cf. also [60] for a comparison with other concepts in general and [20, 45, 46, 47, 72]
in the context of crack propagation.

An efficient theoretical tool to prove existence of energetic solutions is by an implicit
time-discretization of (6). Being constructive, it simultaneously suggests a conceptual
numerical algorithm; cf. Remark 3.9 below. Considering, for simplicity, an equidistant
partition of [0, T ] with a time-step τ > 0, it formally leads to the recursive problem

∂uE (kτ, ukτ , z
k
τ ) ∋ 0 and ∂R

(zkτ−zk−1
τ

τ

)
+ ∂zE (kτ, ukτ , z

k
τ ) ∋ 0 (17)

for k = 1, 2, ..., T/τ , starting from u0τ = u0 and z0τ = z0. Note that, in fact, ∂R is
homogeneous of degree 0 so that the factor 1/τ can be omitted. The potential structure
of the problem allows for a conceptually constructive way to obtain some solution to
(17), namely by solving the incremental global-minimization problem, defined earlier by
(1). Note that (17), the time-discretized analog of (6), is in the position of the first-
order optimality condition for any solution to (1). This is also called a direct method
to solve (17), i.e. no approximate problem is, in principle, needed to ensure existence of
a solution to (17), see e.g. [23]. Of course, if E (t, ·, ·) is not convex, as always in the
delamination problems, (17) might admit also other solutions. Yet, (1) is fitted with the
energetic-solution concept which, in turn, is well amenable to mathematical and numerical
treatment. The following assertion uses quite minimal hypotheses:

Proposition 3.3 (Existence of time-discrete solutions) If E (t, ·, ·) is lower semicon-
tinuous and coercive14 on U ×Z and also R ≥ 0 is lower semicontinuous, then the incre-
mental problem (1) possesses a solution.

Let us consider a solution (ukτ , z
k
τ ) ∈ U ×Z of the incremental problem (1) at the level

k. Comparing the energy value of (1) at a solution in the time step k with the energy at
arbitrary (ũ, z̃), we obtain the discrete stability:

E (kτ, ukτ , z
k
τ ) ≤ E (kτ, ũ, z̃) + R(z̃−zk−1

τ )− R(zkτ−zk−1
τ )

≤ E (kτ, ũ, z̃) + R(z̃−zkτ ) (18)

14It essentially means that the sub-level sets of E (t, ·, ·), i.e. {(u, z) ∈ U ×Z ; E (t, u, z) ≤ c}, are, for any
c ∈ R which makes them nonempty, compact in some topology of U ×Z which makes E (t, ·, ·) and R(·)
lower semicontinous.
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where we also used the degree-1 homogeneity and the convexity of R which yields the
triangle inequality R(z̃−zk−1

τ ) ≤ R(zkτ−zk−1
τ ) + R(z̃−zkτ ).

Comparing the energy value of a solution at the level k with that at a solution
(uk−1
τ , zk−1

τ ) of the incremental problem (1) at the level k−1 gives E (kτ, ukτ , z
k
τ )+R(zkτ−zk−1

τ ) ≤
E (kτ, uk−1

τ , zk−1
τ )+R(zk−1

τ −zk−1
τ ) = E (kτ, uk−1

τ , zk−1
τ ), which yields an upper estimate of

the energy balance in the kth-step:

E (kτ, ukτ , z
k
τ ) + R(zkτ−zk−1

τ )− E
(
(k−1)τ, uk−1

τ , zk−1
τ

)

≤ E (kτ, uk−1
τ , zk−1

τ )− E
(
(k−1)τ, uk−1

τ , zk−1
τ

)

=

∫ kτ

(k−1)τ
E

′
t (t, u

k−1
τ , zk−1

τ )dt. (19)

Eventually, writing the stability (18) at the level k−1 and testing it by (ũ, z̃) = (ukτ , z
k
τ )

gives a lower estimate of the energy balance in the kth-step:

E (kτ, ukτ , z
k
τ ) + R(zkτ−zk−1

τ )− E
(
(k−1)τ, uk−1

τ , zk−1
τ

)
= E

(
(k−1)τ, ukτ , z

k
τ

)

+

∫ kτ

(k−1)τ
E

′
t (t, u

k
τ , z

k
τ )dt+ R(zkτ−zk−1

τ )− E
(
(k−1)τ, uk−1

τ , zk−1
τ

)

≥
∫ kτ

(k−1)τ
E

′
t (t, u

k
τ , z

k
τ )dt. (20)

It is convenient to introduce the notation for the piecewise constant interpolants uτ
and uτ , defined by

uτ (t) := ukτ for t ∈
(
(k−1)τ, kτ

]
, (21a)

uτ (t) := uk−1
τ for t ∈

[
(k−1)τ, kτ

)
. (21b)

The notation zτ and zτ has an analogous meaning. Besides, we define

E τ (t, u, z) := E (kτ, u, z) for t ∈
(
(k − 1)τ, kτ

]
. (21c)

In terms of these interpolants, one can write (18), (19), and (20) summed over k in a
compact form (22)–(23):

Proposition 3.4 (Stability and two-sided energy estimate) Let R be degree-1 pos-
itively homogeneous and let E ′

t (·, u, z) ∈ L1(0, T ) for any (u, z). Then the discrete stability

∀(ũ, z̃) ∈ U ×Z : E τ (t, uτ (t), zτ (t)) ≤ E τ (t, ũ, z̃) + R(z̃−zτ (t)) (22)

holds for any t ∈ [0, T ], and, for any s = kτ ∈ [0, T ], k ∈ N, the following two-sided energy
inequality holds:

∫ s

0
E

′
t

(
t, uτ (t), zτ (t)

)
dt

≤ E τ

(
s, uτ (s), zτ (s)

)
+DissR

(
zτ , [0, s]

)
− E τ (0, u0, z0)

≤
∫ s

0
E

′
t

(
t, uτ (t), zτ (t)

)
dt. (23)

The two-sided energy estimate may facilitate the numerical solution of the global-
optimization problem (1). It should be emphasized that in all the applications considered
in Sections 4-6, the incremental problem (1) involves a nonconvex functional, whose mini-
mization is therefore very delicate, and iterative procedures need good starting points. For
this, various backtracking strategies just based on the two-sided energy estimate (23) have
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been designed and tested in [5, 6, 67] for similar kinds of problems, see also Section 5.2
for additional details.

Let us assume, with certain restriction of generality but still covering all problems
presented here, that:

∃ǫ > 0 ∀t, u, z : E (t, u, z) ≥ ǫ(‖u‖2U + ‖z‖2Z )− 1/ǫ, (24a)

∃γ ∈ L1(0, T ) ∀t, u, z :
∣∣E ′
t (t, u, z)

∣∣ ≤ γ(t)
(
1 + ‖u‖U

)
, (24b)

∃ǫ > 0 ∀z : R(z) ≥ ǫ‖z‖X , (24c)

Proposition 3.5 (Convergence of discrete solutions) Let (24) hold, u0 be stable,
and E (t, ·, z) be strictly convex. For τ → 0, there is a subsequence of the sequence of
approximate solutions {(uτ , zτ )}τ>0 which converges to some (u, z) in the sense

uτ (t) → u(t) in U for any t ∈ [0, T ], (25a)

zτ (t) → z(t) in Z for any t ∈ [0, T ], (25b)

DissR
(
zτ , [0, t]

)
→ DissR

(
z, [0, t]

)
for any t ∈ [0, T ], (25c)

E
′
t (·, uτ (·), zτ (·)) → E

′
t (·, u(·), z(·)) in L1(0, T ). (25d)

Moreover, every (u, z) obtained by such a limit process is an energetic solution to the
problem (E ,R, z0).

The proof of Proposition 3.5 standardly relies on the following steps:

1) a-priori estimates, derived from the upper energy estimate in (23) by using the
coercivity/growth assumption (24) and Gronwall’s inequality: namely one gets

∥∥uτ
∥∥
B([0,T ];U )

≤ C, (26a)
∥∥zτ

∥∥
B([0,T ];Z )∩BV([0,T ];X )

≤ C. (26b)

2) selection of convergent subsequences by using Banach’s and Helly’s principles; the
latter one is used for the z-component which has a bounded variation. Using ad-
ditionally the strict convexity of E (t, ·, z), one shows that also the u-component
converges at each time t.

3) passage to the limit in the discrete stability (22) by finding a so-called mutual re-
covery sequence [65], i.e.

∀ stable sequence15 (tk, uk, zk) → (t, u, z) ∀ (ũ, z̃) ∃(ũk, z̃k) :
lim sup
k→∞

(
E (tk, ũk, z̃k)+R(z̃k−zk)− E (tk, uk, zk)

)

≤ E (t, ũ, z̃)+R(z̃−z)− E (t, u, z). (27)

4) passage to the limit by weak lower-semicontinuity in the upper energy estimate,
i.e. in the second inequality in (23).

Merging Propositions 3.3 and 3.5, one obtains:

Corollary 3.6 (Existence of energetic solutions) Under the assumptions of Propo-
sitions 3.3 and 3.5, energetic solutions in the sense of Definition 3.2 do exist.

15A sequence {(tk, uk, zk)}k∈N is called stable if supk∈N
E (tk, uk, zk) < ∞ and if E (tk, uk, zk) ≤

E (tk, ũ, z̃) + R(z̃−zk) for all (ũ, z̃) ∈ U ×Z .



T.Roub́ıček, M.Kruž́ık, J.Zeman: Delamination and adhesive contact (Preprint: No.2011-017, Nečas Center for Math. Modeling, Prague) 11

Remark 3.7 (Special unidirectional processes) In a lot of models of delamination,
R has the special form

R(
.
z) = δK(

.
z) + 〈a, .z〉 (28)

with some cone K ⊂ Z and some a ∈ Z ∗ non-negative in the sense that 〈a, z〉 ≥ 0 for
any z ∈ K. Then one can evaluate DissR(z, [0, T ]) in (14) very explicitly. Indeed, any
solution satisfying (14) must have

.
z ∈ K, hence z(tj) − z(tj−1) ∈ K for any tj ≥ tj−1, so

that (13) gives

DissR
(
z, [0, T ]

)
= sup

N∑

j=1

〈
a, z(tj)− z(tj−1)

〉
= sup

〈
a, z(tN )− z(t0)

〉

=
〈
a, z(T )− z(0)

〉
= R

(
z(T )− z(0)

)
. (29)

In this particular case, one can equivalently consider the dissipation potential R0 : Z →
{0,∞} as R0(

.
z) = δK(

.
z), if one augments the stored energy by the term 〈a, z〉. In view

of (6), this is obvious when writing

∂R(
.
z) + ∂zE (t, u, z) = ∂[R0(

.
z) + 〈a, .z〉] + ∂zE (t, u, z)

= ∂R0(
.
z) + a+ ∂zE (t, u, z) = ∂R0(

.
z) + ∂zE0(t, u, z)

for E0(t, u, z) := E (t, u, z) + 〈a, z〉. The philosophy behind this formula is that the contri-
bution to the stored energy via a unidirectional process can never be gained back, and it
is thus stored forever, which means that it is dissipated. This alternative setting has been
considered, e.g., in [33, 76, 77, 78]. It should be emphasized that this purely mechanical
alternative is no longer equivalent in the full thermodynamical context when the dissipated
energy contributes to the heat production, in contrast to the stored energy, cf. Section 6.6.

Remark 3.8 (More general dissipation) Sometimes, it is useful to consider R = R(u, z,
.
z),

and then the inclusion (6) modifies to

∂uE (t, u, z) ∋ 0, ∂ .zR
(
u, z,

.
z
)
+ ∂zE (t, u, z) ∋ 0. (30)

A-priori estimates based on the test by
.
z are the same. Now, in general, DissR(z; [0, T ]) in

(15) depends also on the u-component and, in terms of a placeholder q = (u, z), is defined
by

DissD (q; [0, T ]) := sup

N∑

i=1

D
(
q(ti−1, ·), q(ti, ·)

)
(31)

where the supremum is taken over all partitions of the type 0 ≤ t0 < t1 < ... < tN ≤ T ,
N ∈ N; here D denotes a so-called dissipation distance defined in [58], reflecting the
minimum dissipation-potential principle (8), by

D
(
q1, q2) := inf

{∫ 1

0
R
(
u, z,

.
z
)
dt;

q = (u, z) ∈ C1([0, 1];X ), q(0) = q1, q(1) = q2

}
. (32)

Like before, one assumes the positive one-homogeneity of R(u, z, ·). This implies the
triangle inequality

∀q1, q2, q3 ∈ U ×Z : D
(
q1, q3) ≤ D

(
q1, q2) + D

(
q2, q3). (33)
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Figure 1: Illustration of the geometry and of the notation.

In terms of the dissipation distance, the incremental problem (1) takes the form

minimize (u, z) 7→ E (kτ, u, z) + D
(
(uk−1
τ , zk−1

τ ), (u, z)
)

subject to (u, z) ∈ U ×Z .

}
(34)

An important step to the conceptual generalization is to consider the dissipation distance
D ≥ 0 satisfying (33) without any reference to R, and even without requiring any linear
structure on U ×Z . The mutual-recovery-sequence condition (27) then modifies as

lim sup
k→∞

(
E (tk, q̃k)+D(qk, q̃k)−E (tk, qk)

)
≤ E (t, q̃)+D(q, q̃)−E (t, q). (35)

Note that, if R = R(
.
z) and Z is a Banach space, formula (32) yields D(q1, q2) = R(z2−z1)

with qi = (ui, zi), and one obtains the former case.

Remark 3.9 (Numerics) One can further approximate U and Z in (34) by some finite-
dimensional Banach subspaces Uh and Zh. Thus, in concrete situations, we obtain com-
putationally implementable numerical strategies, as also demonstrated in Section 5.2. Be-
sides, one has a convergence analysis for h → 0 at one’s disposal in specific cases; es-
sentially, the proofs reduce to finding a suitable mutual-recovery-sequence for conditions
similar to (27) or (35), but involving also a sequence of functionals Eh which coincides
with E on [0, T ]×Uh×Zh while being = ∞ elsewhere, cf. [64]. For an example see (51)
below.

4 Quasistatic brittle delamination, Griffith concept

We shall now present models of quasistatic delamination that can be covered by the general
abstract ansatz (6) or (30). We start, in this section, with models of brittle delamination.

Let Ω ⊂ R
d (d = 2, 3) be a bounded Lipschitz domain16, and let us consider its

decomposition into a finite number of mutually disjoint Lipschitz subdomains Ωi, i =
1, ..., N . Further denote Γij = ∂Ωi ∩ ∂Ωj the (possibly empty) boundary between Ωi
and Ωj. Thus, Γij represents a prescribed (d−1)-dimensional surface, which may undergo
delamination. We assume that the boundary ∂Ω is the union of two disjoint subsets ΓD

and ΓN, with

L
d−1(∂Ωi ∩ ΓD) > 0, i = 1, ..., N, (36)

where L d−1 denotes the (d−1)-dimensional Lebesgue measure. On the Dirichlet part
of the boundary ΓD we impose a time-dependent boundary displacement wD(t), while
the remaining part ΓN is assumed to be free. Therefore, any admissible displacement
u : ∪Ni=1Ωi → R

d has to be equal to a prescribed “hard-device” loading wD(t) on ΓD.

16Recall that a domain is called Lipschitz if its boundary can be covered by a finite number of graphs
of Lipschitz functions. Roughly speaking, it excludes corners of 0◦ or 360◦ angle, otherwise most domains
considered in engineering are Lipschitz.
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We consider here the case of linear elasticity determined, on each subdomain Ωi, by the
elastic-moduli tensor C(i). Moreover, we take into account the local non-interpenetration
of matter by requiring, for the displacement u, that [[u]]ij ·νij ≥ 0 on Γij, where νij denotes
the unit normal to Γij oriented from Ωj to Ωi. Here, [[u]]ij denotes the jump u|Ωi − u|Ωj ,
with u|Ωi being the trace on ∂Ωi of the restriction of u to Ωi. For

A ⊂ ΓC :=
⋃

i<j

Γij, (37)

we consider the stored-energy functional E in the form

E (t, u,A) :=





N∑

i=1

1

2

∫

Ωi

C
(i)e(u):e(u) dx if u = wD(t) on ΓD,

[[u]]n ≥ 0 on ΓC,
[[u(x)]]= 0 for x ∈ A,

∞ elsewhere,

(38)

where e(u) = 1
2(∇u)⊤+ 1

2∇u is the small-strain tensor, and where [[u]] stands for the
particular jump [[u]]ij on the whole union ΓC of Γij’s, and where we write shortly [[u]]n ≥ 0
on ΓC instead of [[u]]ij ·νij ≥ 0 on Γij, i<j. It means, in particular, that the part A of
the contact boundary ΓC is perfectly glued while the rest ΓC\A is completely delaminated
and a frictionless unilateral, so-called Signorini contact takes place there. This unilateral
condition is important to prevent an unphysical delamination by a mere compression of
the surface.

During the time-dependent loading wD, the glued part A = A(t) possibly evolves. In
the simplest model, this process is considered unidirectional, i.e. healing is not allowed
so that t 7→ A(t) is non-increasing, and for activation of delamination one needs (and
thus dissipates) a specific energy a : ΓC → R+ (in Joule per area). The dissipated energy
(understood also as the so-called dissipation distance) is then

D(A1, A2) :=





∫

A2\A1

a(x)dS if A1 ⊂ A2 ⊂ ΓC,

∞ otherwise.

(39)

In particular, the dissipated energy does not depend on particular fracture modes; cf. Sec-
tion 6.2 below for a refinement of this model. The philosophy of such a quasistatic evolution
is related with the Griffith fracture criterion [36], saying that the crack grows as soon as
the energy release is bigger than the fracture toughness, here determined by a in (39).
Such a sort of “geometrical” framework was used in the small-strain setting in [45, 72, 97]
and in the large strains also in [47] for polyconvex materials17 and in [25] for quasiconvex
materials18.

The definition of energetic solutions (15) involves time derivative of the stored energy,
which is hardly defined for (38) unless wD is constant in time. Therefore, using the
additive shift u − uD(t) (where uD is a suitable extension of the formerly defined wD) we
resort to constant Dirichlet boundary conditions. Thus, up to an irrelevant time-dependent
constant, (38) transforms to

E (t, u,A) :=





N∑

i=1

∫

Ωi

C
(i)e(u):e

(u
2
+uD(t)

)
dx if u = 0 on ΓD,

[[u]]n ≥ 0 on ΓC,
[[u(x)]]= 0 for x∈A,

∞ elsewhere,

(40)

17Materials whose stored energy density is a convex function of the deformation gradient, its cofactor,
and determinant.

18Materials whose stored energy density f is quasiconvex, i.e., f(F )|Ω| ≤
∫

Ω
f(F + ∇u(x)) dx for all

smooth mappings u : Ω → R
3 vanishing at ∂Ω.
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if one assumes that the Dirichlet loading allows for an extension such that

uD|ΓC
= wD. (41)

Note that, with a slight abuse of notation, the symbol u in (40) and thereafter denotes
the shifted displacement field satisfying u = 0 on ΓD. After such a shift of the Dirichlet
boundary conditions, E ′

t does exist and one has the following simple formula for it:

E
′
t (t, u,A) =

N∑

i=1

∫

Ωi

C
(i)e(u):e

( .
uD(t)

)
dx. (42)

Defining19

U :=
{
u ∈W 1,2(Ω\ΓC;R

d); u|ΓD
= 0

}
, (43a)

Z :=
{
A ⊂ ΓC; A measurable

}
(43b)

and adopting a generalization from Remark 3.8, one can claim:

Proposition 4.1 Let wD ∈W 1,1(I;W 1/2,2(ΓD;R
d)) withW 1/2,2 denoting a Sobolev-Slobo-

detskĭı space20 allow for an extension uD ∈ W 1,1(I;W 1,2(Ω;Rd)) satisfying (41) and let
A0 ⊂ ΓC be measurable. Then the problem (U ×Z ,E ,D , A0) defined by (39), (40), and
(43), possesses at least one energetic solution in the sense of Definition 3.2.

Having such an energetic solution (u,A), it is natural to consider the the shifted
(u+uD, A) as a solution to the original problem with E from (38) even if E ′

t is not well
defined. Also, let us note that there is no explicit linear structure on A’s that would
allow to write the first-order optimality conditions like (6) but, nevertheless, the concept
of energetic solutions still works.

It is further convenient to reformulate this problem in a way that Z will be a subset of
a Banach space. For this, we introduce a so-called delamination parameter z : ΓC → [0, 1],
having the meaning of a fraction of fixed adhesive: z(x) = 0 means complete delamination
and z(x) = 1 means 100% perfect bonding, while z(x) = 1

2 means that 50% of the adhesive
is debonded at x ∈ ΓC in question. Here it is appropriate to consider the model

[[
u(x)

]]
= 0 for a.a. x ∈ ΓC such that z(x) > 0, (44)

expressing that delamination can occur only if the adhesive is completely debonded,
i.e. only if z(x) = 0. Thus, instead of (40), we now consider

E (t, u, z) :=





N∑

i=1

∫

Ωi

C
(i)e(u):e

(u
2
+uD(t)

)
dx if u = 0 on ΓD,

[[u]]n ≥ 0 on ΓC

z[[u]] = 0 on ΓC,
0 ≤ z ≤ 1 on ΓC,

∞ elsewhere,

(45a)

the dissipation potential

R(
.
z) :=





∫

ΓC

a| .z|dS if
.
z ≤ 0 on ΓC,

∞ otherwise,
(45b)

19Notation W k,p(Ω) stands for the Banach space of functions on Ω whose k-th derivatives belong to
Lp-space.

20The space W 1/2,2(ΓD), involving fractional derivatives, is just the space of traces on ΓD of all functions
from W 1,2(Ω).
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and, instead of (43b),

Z := L∞(ΓC). (45c)

Now we can use the concept of Definition 3.2:

Proposition 4.2 Let wD ∈ W 1,1(I;W 1/2,2(ΓD)) and 0 ≤ z0 ≤ 1 be measurable. The
problem (U ×Z ,E ,R, z0) defined by (43a) and (45) possesses energetic solutions in the
sense of Definition 3.2.

The relation between the previous “geometrical” concept used in Proposition 4.1 and
this “functional” concept is that, if z takes values only 0 or 1, i.e. always z = χA for some
A ⊂ ΓC,

21 then

D(A1, A2) = R(z2−z1) with z1 = χA1 , z2 = χA2 . (46)

It has been proved in [66] that any energetic solution (u, z) to the brittle delamination
problem, whose existence was stated in Proposition 4.2, is of the Griffith type in the
sense that z takes values only 0 or 1. Thus, in particular, Proposition 4.1 is proved if
Proposition 4.2 is proved. The latter one essentially relies on the explicit construction of
the mutual recovery sequence for condition (27) from [86], namely

ũk := uk and z̃k :=

{
zkz̃/z where z > 0

0 where z = 0.
(47)

Note that always 0 ≤ z̃k ≤ zk and, if one considers uk → u weakly in W 1,2(Ω;Rd) and
zk → z weakly* in L∞(ΓC;R

d),22 then also ũk → ũ weakly and z̃k → z̃ weakly*.
As the adhesive does not exhibit any elastic response in model (38), we refer to it as

a brittle delamination.
The classical formulation corresponding to (6) with E from (45a) and R from (45b)

consists in the equilibrium of forces on each subdomain Ωi and several complementarity
problems. Using a simplified notation C = C(x) = C

(i) if x ∈ Ωi, at a current time t, we
can write it as:

div σ = 0, σ = C
(i)e(u), in Ωi, i = 1, ..., N, (48a)

u = wD(t, ·) on ΓD, (48b)

σν = 0 on ΓN, (48c)

[[σ]]ν = 0,

[[u]]n ≥ 0, σn(u)[[u]]n = 0

σn(u) ≤ 0 wherever z(t, ·) = 0

z[[u]] = 0
.
z ≤ 0, ξ ≤ a,

.
z(ξ−a) = 0,

ξ ∈ N[0,1](z) + ∂zI
(
[[u]], z

)





on ΓC, (48d)

where N[0,1](·) : R ⇉ R is the normal-cone mapping, I denotes the indicator function of

the constraint z[[u]] = 0, ξ is the driving “force” for the delamination, σν := C
(i)e(u)

∣∣
Γ
ν

is the traction stress on Γ = ΓC or Γ = ΓN adjacent to Ωi. Moreover, its normal and
tangential components on ΓC are denoted with σn(u) = (σν)·ν and σt(u) = σν−((σν)·ν)ν,
respectively, so that we have the decomposition σν = σnν + σt. We remark that, since by
our choice ν turns out to be the inner unit normal on Ω1, σn in (48d) is non-positive.

21Here χA denotes the characteristic function of a set A, i.e. χA(x) = 1 if x ∈ A while χA(x) = 0
otherwise.

22The adjective “weak*” refers to testing by functions from a so-called pre-dual space. Here, as
L∞(ΓC;R

d) = L1(ΓC;R
d)∗, the weak* L∞(ΓC;R

d)-convergence means that limk→∞
∫

ΓC
zk·ϕ dS =

∫

ΓC
z·ϕ dS for every ϕ ∈ L1(ΓC;R

d).
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5 Elastic-brittle delamination

In contrast with the previous Section 4, one can consider that the adhesive shows certain
elastic response, and then one speaks about elastic-brittle delamination.

5.1 The model and its asymptotics to brittle delamination

Assuming linear response of the adhesive, the modification of (45a) can be considered as

EK(t, u, z) :=





N∑

i=1

∫

Ωi

C
(i)e(u):e

(u
2
+uD(t)

)
dx

+

∫

ΓC

1

2
zK

[[
u
]]
·
[[
u
]]
dS if u = 0 on ΓD,

[[u]]n ≥ 0 on ΓC,
0 ≤ z on ΓC,

∞ elsewhere,

(49)

with K being a positive-definite matrix expressing elastic response of the adhesive. Note
that the constraint z ≤ 1 cannot be active if the initial condition z0 satisfies it, therefore
it is not explicitly involved in EK.

The classical formulation corresponding to (6) with E = EK from (49) and R from
(45b) consists in equilibrium of forces on each subdomain Ωi and three complementarity
problems on ΓC, corresponding to the three subdifferentials occurring in the involved
functionals EK and R. Before making the shift of the Dirichlet conditions, it reads (ρ is
the Lagrange multiplier to the constraint z ≥ 0):

div σ = 0, σ = C
(i)e(u), in Ωi, i = 1, ..., N, (50a)

u = wD(t, ·) on ΓD, (50b)

σν = 0 on ΓN, (50c)

[[σ]]ν = 0

σν + zK[[u]] = 0

[[u]]n ≥ 0, σn(u) ≤ 0, σn(u)[[u]]n = 0
.
z ≤ 0, 1

2K[[u]]·[[u]]+ρ ≤ a
.
z
(
1
2K[[u]]·[[u]] + ρ− a

)
= 0

z ≥ 0, ρ ≤ 0, ρz = 0 .





on ΓC, (50d)

Mathematically speaking, the elastic-brittle delamination is in a position of a reg-
ularization of the mere brittle delamination. In fact, the condition z[[u]] = 0 in (45a)
can obviously be modified to

√
z[[u]] = 0 with entirely the same effect, and then, after

a penalization by using a quadratic penalty with an L2-type (possibly anisotropic) norm

(
∫
ΓC

Ku·udS)1/2 yields exactly (49). Thus, one can expect convergence23 for K → ∞ to

the brittle delamination. This has actually been proved in [86].
For a computer implementation, one also needs a spatial discretization. The sim-

plest choice is P1-finite elements for u, P0-finite elements for z, assuming that all Ωi are
polyhedral and triangulated consistently on the joint boundary ΓC. The mutual recovery
sequence, cf. Remark 3.9 above, can be taken as:

ũh := ΠU ,hũ, z̃h := zhΠZ ,h

(
z̃/z

)
(51)

where z̃(x)/z(x) is defined 0 if z(x) = 0, where h = 1/k denotes a mesh size and ΠU ,h

and ΠZ ,h are standard projectors on the finite-element subspace, the latter one making

23The shorthand notation K → ∞ means that the minimal eigenvalue of K goes to ∞.
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element-wise constant averages.24 Merging it with a time discretization, a general result
follows [65]. If we consider P1-elements for z with ΠZ,h the corresponding projector, we
can take z̃h = ΠZ,h(z̃ − ‖zh − z‖L∞(ΓC))

+, where + denotes the positive part. Merging
the convergence to the brittle limit K → ∞ with numerical approximation (τ, h) → (0, 0)
seems possible only in a rather implicit way, cf. also [4, 66] for such a sort of results.25

Altogether, we can summarize:

Proposition 5.1 Assume (43a) and(45c). Let (uK, zK) denote the energetic solution to
the problem (EK,R) from (49) and (45b). Let (uK,τ , zK,τ ) stand for the approximate
solutions obtained by the implicit semi-discretization in time (with a time step τ), and
(uK,τ,h, zK,τ,h) for its numerical approximation constructed by this implicit time discretiza-
tion and the above described FEM-discretization in space (with h a mesh parameter). Let
also the above qualification of wD and z0 be satisfied. Then:

(i) If K → ∞, then (uK, zK) converges (in terms of subsequences) to energetic solutions
to the brittle problem (E ,R) from (45a) and (45b) in the sense (25). The same
holds also for (uK,τ , zK,τ ) for K → ∞ and τ → 0.

(ii) For K fixed and for (τ, h) → (0, 0), (uK,τ,h, zK,τ,h) converges (in terms of subse-
quences) to energetic solutions to (EK,R).

(iii) There is H : Rd×d → R
+ converging to 0 sufficiently fast for K → ∞ such that the

“stability criterion” h ≤ H(K) ensures the convergence of (uK,τ,h, zK,τ,h) (in terms
of subsequences) to energetic solutions to the brittle problem (E ,R).

5.2 Numerical implementation

The theoretical developments presented up to this point provide a convenient framework to
an implementable numerical scheme by discretizing the time-incremental formulation (1)
in the space variables by standard finite element methods, recall Remark 3.9. To this
goal, each domain Ωi is triangulated using elements with a mesh size h, cf. Remark 3.9
on page 12. Recall that we assume that the discretization is conforming, i.e. that two
interfacial nodes belonging to the adjacent domains Ωi and Ωj are geometrically identical,
and that the same mesh is used to approximate variables u and z. Note that, in what
follows, we denote by boldface letters nodal discretized variables and omit the subscripts
K and h. Now, the finite element discretization with a suitable numbering of nodes yields
a discrete incremental problem in the form

minimize (u,z) 7→ Eh(kτ,u,z) + Rh(z−z
k−1
τ )

subject to BEu = 0, BIu ≥ 0, z
k−1
τ ≥ z ≥ 0.

}
(52)

Here, u ∈ R
nu stores the nodal displacements for individual sub-domains and z ∈ R

nz

designates the delamination parameters associated with interfacial element edges. The
discretized stored energy functional receives the form, related to (49),

Eh(t,u,z) = u
T
K

(
1

2
u+wD(t)

)
+

1

2

[[
u
]]
T
k(z)

[[
u
]]
, (53)

24Note that the product of element-wise constant functions zh and ΠZ ,h(z̃/z) is again element-wise
constant, hence zh ∈ Zh. As 0 ≤ ΠZ ,h(z̃/z) ≤ 1, we have also 0 ≤ z̃h ≤ zh, hence R(z̃h−zh) < ∞.
As ΠZ ,h(z̃/z) → z̃/z in any Lp(ΓC), p < +∞, and zh → z weakly, from (51) we have z̃h → z(z̃/z) = z̃
weakly* in fact in L∞(ΓC) due to the a priori bound of values in [0,1].

25More explicit H occurring in Proposition 5.1(iii) might be supported by local Lipschitz continuity
of (z, u) 7→z[[u]]2 :L2(ΓC)×W 1/2,2(Ω)→L1(ΓC) and by a rate of approximation by FE discretisation in
these norms, cf. [64, Prop.3.3]. If d=3, the mentioned continuity is due to ‖z1[[u1]]

2−z2[[u2]]
2‖L1(ΓC)

≤ ‖z1−z2‖L2(ΓC)‖[[u1]]‖2L4(ΓC) + 2‖z2‖L∞(ΓC) (‖[[u1 ]]‖L4(ΓC)+‖[[u2]]‖L4(ΓC)) ‖[[u1−u2]]‖L4/3(ΓC), and then

due to the continuity of the trace operator W 1/2,2(Ω) → L2(ΓC). To get a rate of convergence, it seems
inevitable to use a gradient theory for z. Then H(K) ∼ o(|K|−1/2) is expected.
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where K = diag(K1,K2, . . . ,KN ) is a symmetric positive semi-definite block-diagonal

stiffness matrix of order nu (derived from C
(i)), [[u]] ∈ R

nk stores the displacement jumps
at interfacial nodes, and k is a symmetric positive-definite interfacial stiffness matrix of
order nk, which is derived from K and depends linearly on z. The discrete dissipation
potential is expressed as

Rh(z) = −a
T
z, (54)

where the entries of a ∈ R
m store the amount of energy dissipated by the complete

delamination of an interfacial element; see [49] for additional details. The constraints
in problem (52) consist of the homogeneous Dirichlet boundary conditions prescribed at
nodes specified by a full-rank mE × nu Boolean matrix BE, nodal non-penetration condi-
tions specified by a full-rank matrix BI ∈ R

mI×nu storing the corresponding components
of the normal vector, and the box constraints on the internal variable.

The discrete incremental problem (52) represents a large-scale non-convex program
(due to the k(z)-term), which is very difficult to be solved using a monolithic approach.
Nevertheless, it can be observed that the problem is separately convex with respect to
the variables u and z. This directly suggests the concept of the alternating minimization
algorithm, proposed by Bourdin et al. [17] for variational models of fracture. In the current
context, the algorithm is briefly summarized in Table 5.2.

Conceptual implementation of alternating minimization algorithm.

1. Set j = 0 and z
(0) = z

k−1
τ

2. Repeat

(a) Set j = j + 1

(b) Solve for u(j):

minimize u 7→ Eh(kτ,u,z
(j−1))

subject to BEu = wD(kτ) BIu ≥ 0

}
(55)

(c) Solve for z(j):

minimize z 7→ Eh(kτ,u
(j),z) + Rh(z − z

k−1
τ )

subject to z
k−1
τ ≥ z ≥ 0

}
(56)

(d) Until ‖z(j) − z
(j−1)‖ < η

3. Set ukτ = u
(j) and z

k
τ = z

(j)

The individual sub-problems of the alternating minimization algorithm can efficiently
be resolved using specialized solvers. In particular, step (55) now becomes a quadratic
programming problem, for which optimal duality-based solvers have been recently de-
veloped [29, 28]. Owing to the piecewise constant approximation of the delamination
parameters, problem (56) can be solved locally element-by-element in a closed form, see
also [37, 38] for additional details.

Note that this method allows for non-constant C
(i) and works quite equally for non-

homogeneous materials. Let us, however, mention that, if all C(i) are independent of
x, one can alternatively (and more efficiently) apply boundary-element methods (BEM);
thus combining recent advances in BEM-based solvers for the Signorini problem [15] with
developments in computational materials science [11, 34, 10, 35].

Even though the alternating minimization algorithm performs well for a wide range
of computational examples, it only converges to a local minimizer of the objective func-
tion (52), cf. [16, 19], whereas the energetic solution concept relies on the global energy
minimization. To overcome this discrepancy, Mielke et al. [67] proposed a heuristic back-
tracking algorithm based on the two-sided energy inequality (23). The resulting algorithm
proceeds as follows:



T.Roub́ıček, M.Kruž́ık, J.Zeman: Delamination and adhesive contact (Preprint: No.2011-017, Nečas Center for Math. Modeling, Prague) 19

Conceptual implementation of energy-based backtracking-in-time procedure.

1. Set k = 1, z0 = z
(0) = 1

2. Repeat

(a) Determine z
k
τ using the alternating minimization algorithm for time tk and

initial value z
(0)

(b) Set z(0) = z
k
τ

(c) If ∫ tkτ

tk−1
τ

∂tEh(t,u
k
τ ,z

k
τ )dt ≤ Eh(tk,u

k
τ ,z

k
τ ) + Rh(z

k−1
τ −z

k
τ )

−Eh(tk−1,u
k−1
τ ,zk−1

τ ) ≤
∫ tkτ

tk−1
τ

∂tEh(t,u
k−1
τ ,zk−1

τ )dt,

set k = k + 1

(d) Else set k = k−1

(e) Until k > T/τ

It should be noted that there is generally no guaranty that the algorithm will locate
the global optimum of the objective function (52); nevertheless computational experiments
suggest that it delivers solutions with lower energies than the basic alternating minimiza-
tion scheme [16, 67]. An alternative approach is offered by stochastic optimization tech-
niques [5, 6], but this comes at the expense of a substantial increase of computational
cost.

5.3 Illustrative example

The basic features of the proposed numerical treatment will be demonstrated by means of
the response of a two-layer beam subjected to flexure, imposed by a vertical displacement
at the mid-span. The geometrical details of the experiment, adapted from [101], are shown
on Figure 2; the thickness refers to a plane-stress model used in the calculations. The
elastic properties of the bulk material are characterized26 by the Young modulus 75GPa
and the Poisson ratio 0.3 (corresponding to aluminum), the interfacial fracture toughness
is set to a = 25 Jm−2 and the maximum vertical displacement amounts to 1mm at T=1.
The problem is discretized by identical isosceles right triangles with side length h and
uniform time step τ .

2× 3 mm

60 mm

120 mm

thickness: 20 mm

x
prescribed deflection

Figure 2: Setup of the flexure test.

The energetics of the delamination process is shown in Figure 3(a), highlighting the
difference between the local energy minimization and the time back-tracking scheme. In
particular, the local scheme predicts initially elastic behavior, followed by almost com-
plete delamination of the two layers at t ≈ 0.56, accompanied by the interfacial energy
dissipation. However, exactly at this step the two-sided inequality is violated, as detected

26This means we use an isotropic material with C determined by Ce:e = λ|trace e|2 +2µ|e(u)|2 with the
so-called Lamé constants λ = νE/((1+ν)(1−2ν)) and µ = E/(2+2ν), when E denotes the Young modulus
and ν the Poisson ratio.
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by the back-tracking algorithm. Inductively using such solution as the initial guess of the
alternating iterative scheme, the algorithm returns to the original elastic path, thereby
predicting a response leading to a lower value of the total energy for t ∈ [0.46, 0.56].
During the whole time interval, the contribution of the stored interfacial energy remains
relatively small, owing to a large value of the interfacial stiffness. Notice that a small part
of the interface remains intact even at T = 1, cf. Figure 3(b), due to the presence of com-
pressive tractions at the mid-span. This explains why the dissipated energy in Figure 3(a)
saturates at a slightly smaller value than 60 Nmm, which corresponds to the complete
delamination.
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Figure 3: (a) Illustration of back-tracking procedure, (b) distribution of delamination
parameter at T = 1; h = 1 mm, τ = 0.025 and K = 105I GPa/m; EΩ = energy stored in
bulk, EΓ = the interfacial contribution.

Figure 4 (a) demonstrates convergence of the approximate solutions for h → 0. The
results confirm that the overall energetic picture is almost independent of the spatial dis-
cretization, and that no spurious numerical oscillations are observed. The same conclusion
holds for the force-displacement diagrams, shown in Figure 3(b).
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Figure 4: Convergence for h → 0 for (a) energetics and (b) force-displacement diagram;
τ = 0.025 and K = 105I GPa/m; EΩ = energy stored in bulk, EΓ = the interfacial
contribution.

Finally, the convergence of the debonding process as K → ∞ is illustrated in Figure 5.
Notice that, similarly to the case h→ 0, the energetics appears to be only mildly dependent
on the interfacial stiffness and that, already for K ≈ 104I GPa/m, the FE-based solution
accurately approximates the Griffith-type behavior discussed in Section 4.
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Figure 5: Convergence for K → ∞ towards the brittle model devised in [86]; τ = 0.025
and h = 0.5 mm; EΩ = energy stored in bulk, EΓ = the interfacial contribution.
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Figure 6: Schematic illustration of response of the driving force z, the delamination z, and
the mechanical stress σ in model (49) with K = κI and (45b) under the displacement-
controlled experiment.

6 Various refinements and enhancements

The models introduced so far represent rather a very basic scenario, which was intention-
ally simplified to make the explanation of the basic ideas easier. Engineers, however, deal
with various advanced ideas not discussed yet. The goal of this section is to demonstrate
that they can be involved in this theory, too.

6.1 Cohesive contacts

The adhesive model presented in Section 5 yields a discontinuous response of the mechan-
ical stress σ := ∂[[u]](

z
2K[[u]]·[[u]]) = zK[[u]] within a displacement-controlled experiment.

Namely, starting from an unstressed configuration, the stress linearly increases with a pre-
scribed [[u]] until the driving force z := ∂z(

z
2K[[u]]·[[u]]) = 1

2K[[u]]·[[u]] reaches the activation
threshold a used in (45b), then z jumps to zero and the mechanical stress jumps to zero,
too; cf. Figure 6 depicted for the isotropic case K = κI with some κ > 0. Engineering
literature often considers rather continuous response of the mechanical stress, however. It
is referred to as a cohesive-type contact and urges some modification of the above model.
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Figure 7: Schematic illustration of response of the refined model (57) with K1 = κ1I and
K2 = κ2I and (45b) under the pulling experiment.

One simple option is to modify EK from (49) as follows

EK1,K2(t, u, z) :=





N∑

i=1

∫

Ωi

C
(i)e(u):e

(u
2
+uD(t)

)
dx

+

∫

ΓC

zK1[[u]]+ z2K2[[u]]

2
·
[[
u
]]

+
κ0
r

∣∣∇
S
z
∣∣r dS if u = 0 on ΓD,

[[u]]n ≥ 0 on ΓC

0 ≤ z ≤ 1 on ΓC,

∞ elsewhere,

(57)

where we used a (d−1)-dimensional “surface” gradient27 ∇
S
and assume r > d−1 and,

rather for mathematical reasons, κ0 > 0. This last term has a similar “nonlocal” effect
like in the frequently used gradient theory in damage; also the analysis and especially
constructions of a mutual recovery sequence in the sense of [65] are the same as in damage
models. In particular, for 1 < r ≤ d−1 one has to use a sophisticated construction
from [95, 96], otherwise a simpler construction from [63] works, too. In the context of
delamination, gradient theory has been used, e.g., in [33, Chap.14] or [12, 13].

To demonstrate the response of this model, let us confine ourselves to the isotropic ad-
hesive responseK1 = κ1I andK2 = κ2I. Then, the mechanical stress σ := ∂[[u]](

1
2(κ1z+κ2z

2)|[[u]]|2) =
(κ1z+κ2z

2)[[u]] within a pulling experiment again linearly increases with [[u]] until the
driving force z := ∂z(

1
2(κ1z+κ2z

2)|[[u]]|2) = (12κ1+κ2z)|[[u]]|2 reaches a, which happens

for |[[u]]| =
√

2a/(κ1+2κ2), and then z starts evolving while holding z = a, i.e. z =
a
κ2
|[[u]]|−2 − κ1

2κ2
, until it arrives at 0, which happens for |[[u]]| =

√
2a/κ1; thus the me-

chanical stress decays as σ = (κ1z+κ2z
2)[[u]] = ( a

2

κ2
|[[u]]|−4 − κ21

4κ2
)[[u]] to zero, cf. Figure 7.

The continuous response of σ (Fig.7-right) is addressed as a cohesive-zone model, cf. e.g.
[98, 103]. Like (49), the feature of (57) is that it is separately quadratic both in the u-
and the z-variable, so one can advantageously use alternating minimization algorithms to
solve the incremental minimization problems of the type (1) as in [17, 19, 67].

More generally, one can consider a continuous, increasing function φ : [0, 1] → R
+ with

φ(0) = 0, and replace the z-term under the surface integral in (49) by φ(z)|[[u]]|2 . Repeating
the previous arguments, the response on the tensile experiment starting from z = 1 exhibits
a quadratic dependence on the driving force z = φ′(z)|[[u]]|2 until it reaches the activation

threshold a, which happens for |[[u]]| =
√
a/φ′(1). Then z starts evolving while holding

z = a, which yields z = [φ′]−1(|[[u]]|2/a) and the actual stress σ = 2φ([φ′]−1(|[[u]]|2/a))[[u]],
until it arrives at 0.

Up to the gradient term, the equivalent effect can be obtained by a substitution of φ(z)
by a new delamination variable, say ζ. It would lead to the stored-energy term ζ|[[u]]|2 and

27The notation ∇
S
z of the surface gradient stands for ∇z − ν(ν · ∇z).
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the dissipation distance a|φ−1(ζ̃)− φ−1(ζ)| if ζ̃ ≤ ζ, which corresponds to the dissipation

metric a|
.
ζ|/φ′(φ−1(ζ)). Thus, in terms of this new variable, we obtain the situation

effective activation =
a

φ′(φ−1(ζ))
, stress = 2ζ

[[
u
]]
. (58)

while the driving force is |[[u]]|2. In fact, having an “optically” non-associative28 model
like (58), one can conversely explicitly construct the dissipation metric, which is rather the
exceptional situation related to 1-dimensionality and uni-directionality of the considered
delamination process.

6.2 Delamination in modes I, II and mixed modes

The dissipation in the so-called mode I (delamination by opening) is less than in the so-
called mode II (delamination by shearing); sometimes, the difference may be tens or even
hundreds of percents and, in general loading, it depends of the so-called fracture-mode-
mixity angle, cf. [3, 50, 53, 92]. Microscopically, the additional dissipation in mode II may
be explained by a certain plastic process both in the adhesive itself and in a narrow bulk
vicinity of the delamination surface before the actual delamination starts, cf. [50, 99], or
by some rough structure of the interface, cf. [31]. These plastic processes do not manifest

in the mode I if the plastic strain is valued in R
d×d
dev =the ‘incompressible’ (=trace free)

symmetric strain, as usually considered. Modeling the narrow plastic stripe around ΓC

is computationally difficult, and thus the various simplified phenomenological models are
worth considering.

An immediate reflection of the standard engineering approach as e.g. in [43, 93, 94] is
to modify (45b) by an activation threshold a = a(ψ) depending on the so-called fracture-
mode-mixity angle ψ. For K = diag(κn, κt, κt), the latter is defined as

ψ = ψ(
[[
u
]]
) := arc tan

√
κt|[[u]]t|2
κn|[[u]]n|2

(59)

where [[u]]t and [[u]]n stand for the tangential and the normal displacement jump, arising
in the decomposition [[u]] = [[u]]nν + [[u]]t with [[u]]n = [[u]] · ν with ν a unit normal to ΓC.
Typical phenomenology is that κt < κn (usually reaching no more than 80% of κn). A
typical, phenomenological form of a(·) used in engineering [43] is, e.g.,

a(ψ) := a
I

(
1 + tan2((1−λ)ψ)

)
(60)

where aI = a(0) is the activation threshold for fracture mode I and λ is the so-called
fracture-mode-sensitivity parameter. E.g., for moderately strong fracture-mode sensitivity,
which means the ratio a

II
/a

I
about 5-10 (with a

II
= a(90◦) being the activation threshold

for the pure fracture mode II), one has λ about 0.2-0.3; cf. [94]. Therefore, this model
uses the dissipation rate from Remark 3.8 in a general form , namely

R
(
u,
.
z
)
:=





∫

ΓC

a
(
ψ(

[[
u
]]
)
)∣∣ .z

∣∣ dS if
.
z ≤ 0 on ΓC,

∞ otherwise.
(61)

An immediate idea is to use a semi-implicit time discretization, leading to a modification
of the incremental minimization problem (1) as follows

minimize (u, z) 7→ EK(kτ, u, z) + R(uk−1
τ , z−zk−1

τ )
subject to (u, z) ∈ U ×Z .

}
(62)

28Here “non-associative” means that there is no unique activation threshold associated to the dissipation
mechanism. Sometimes, the meaning of the adjective “non-associative” rather means that the dissipative
forces do not have any potential.
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The convergence of this method is indeed guaranteed in some cases [61], in particular when
the stored energy is uniformly convex. This, however, is not the case of EK. The discrete
stability inequality (18) is modified to

E (kτ, ukτ , z
k
τ ) ≤ E (kτ, ũ, z̃) + R(uk−1

τ , z̃ − zkτ ) (63)

and the following energy inequalities hold:

E (kτ, ukτ , z
k
τ ) + R(uk−1

τ , zkτ − zk−1
τ )

− E ((k − 1)τ, uk−1
τ , zk−1

τ ) ≤
∫ kτ

(k−1)τ
E

′
t (t, u

k−1
τ , zk−1

τ ) dt (64)

and

E (kτ, ukτ , z
k
τ ) + R(uk−2

τ , zkτ − zk−1
τ )

− E ((k−1)τ, uk−1
τ , zk−1

τ ) ≥
∫ kτ

(k−1)τ
E

′
t (t, u

k
τ , z

k
τ ) dt . (65)

The first inequality follows from the minimality of (ukτ , z
k
τ ) if compared with (uk−1

τ , zk−1
τ )

while the second one is implied by the discrete stability (63) of (uk−1
τ , zk−1

τ ) with (ũ, z̃) =
(ukτ , z

k
τ ). We then get only W 1,1 bounds on piecewise affine interpolants of {zkτ }. Hence,

concentrations of
.
z can appear in the limit z which is thus a function of bounded vari-

ation, only. To pass to the limit in the dissipation term one would need to enhance
sophisticated techniques developed in [2, 81] and only get the energy inequality. We
refer to [37, 38] for more partial results. There is, however, an obvious peculiarity
in direct application of the previous concepts from Remark 3.8 because the dissipa-
tion distance D = DR defined implicitly by (32) here can be evaluated explicitly as

D(q1, q2) =
∫
ΓC

min0≤ψ̃≤π/2 a(ψ̃)|z1−z2|dS if z2 ≤ z1 a.e. on ΓC, otherwise it is infinite.

Existence of an energetic solution of such a model determined by (EK,DR) defined by (49)
and (61) can be shown standardly, but such solutions do not distinguish particular modes
at all. This is a quite-well known effect in non-associative models, indicating that some-
times other concepts of solutions are more relevant, cf. [60, 62]. Altogether, the analysis of
(62) (or, e.g., a fully implicit modification of it) is not entirely clear. Moreover, a question
remains, whether one can indeed model the desired mixity-sensitive effect in all situations
in such a way. It is likely that higher gradients in u are needed to control [[u]] in C(Γ̄;Rd)

to give a good sense to
∫ T
0 R(u,

.
z) dt with R(u,

.
z) from (61), i.e. to

∫
Γ̄C
a(ψ([[u]]))| .z |(dS).

29

To overcome these drawbacks, but still considering an additional dissipation in mode
II, one can alternatively consider an additional inelastic process on ΓC. For this, we may
introduce the dissipative variable sp having the meaning of the “plastic” tangential slip
sp on ΓC, and devise a plastic-like model with kinematic-type hardening for it, namely

Z := L∞(ΓC)×L2(ΓC;R
d−1), X := L1(ΓC)×L1(ΓC;R

d−1), (66a)

29In fact, this scenario indeed works in the viscous Kelvin-Voigt rheology from Section 6.5 below, as
demonstrated recently in [84].
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MODE I MODE II

[[u]]n [[u]]t

σn σt√
2κnaI

√
2κtaI

a2

√

2a
I

κn

a2

κt

s
II

from (68a)

area=a
I

slope=κn

slope=κn

slope=
κtκH

κt+κ
H

area=a
II

Figure 8: Schematic illustration of response of the mechanical stress in model (66) under
pulling and shearing experiments; the left part (Mode I) corresponds to Fig. 6(right);
2κtaI

≥ a22 is supposed so that a
II
≥ a

I
.

E (t, u, z, sp) :=





N∑

i=1

∫

Ωi

C
(i)e(u):e

(u
2
+uD(t)

)
dx

+

∫

ΓC

z
(κn
2

∣∣[[u
]]
n

∣∣2+ κt
2

∣∣[[u
]]
t
−sp

∣∣2
)

+
κ

H

2
|sp|2 +

κ0
r

∣∣∇
S
z
∣∣r dS if u = 0 on ΓD,

[[u]]n ≥ 0 on ΓC

0 ≤ z ≤ 1 on ΓC,

∞ elsewhere,

(66b)

R(
.
z,
.
sp) :=





∫

ΓC

aI

∣∣ .z
∣∣+ a2

∣∣ .sp
∣∣dS if

.
z ≤ 0 a.e. on ΓC,

∞ otherwise,
(66c)

with [[u]] = [[u]]nν + [[u]]t with [[u]]n = [[u]]·ν with ν a unit normal to ΓC, while U is
again from (43a). Rigorously, sp ∈ L2(ΓC;R

d−1) is considered as a (d−1)-dimensional

vector field embedded into R
d space to give sense to the expression [[u]]t−sp. Like in

(57), we use again a gradient theory for z with r > d−1 and κ0 > 0 to facilitate the
construction of the mutual recovery sequence.30 In case d = 3, the physical dimensions
are: [aI ] =J/m2, [a2] =J/m3, and [κt] = [κn] = [κH ] =J/m4. The activation criterion to
trigger the delamination is now

1

2

(
κn

∣∣[[u
]]
n

∣∣2 + κt
∣∣[[u

]]
t
−sp

∣∣2
)
≤ aI . (67)

Starting from the initial conditions sp,0 = 0 and z0 = 1, the response in the pure Mode I
is essentially the same as on Fig. 6(right), because no evolution of sp is triggered by mere
opening. To analyze the response in the pure Mode II, let us realize that the tangential
stress σt is a derivative of E with respect to [[u]]t, and thus σt(u, sp) = κt([[u]]t−sp) if z = 1.
In analogy to the plasticity, the slope of evolution of sp under hardening is κt/(κt + κ

H
).

From (67), one can see that the delamination is triggered if 1
2κt|[[u]]t−sp|2 = 1

2σ
2
t /κt reaches

the threshold a
I
, i.e. if the tangential stress σt achieves the threshold

√
2a

I
κt, as depicted

on Fig. 8(right). The delamination in Mode II is thus triggered under the tangential
displacement

s
II
=

√
2κ3taI − a2κt +

√
2κtκ2HaI

κtκH

(68a)

30We can use the damage-type construction for z, i.e., z̃k = (z̃ − ‖z − zk‖L∞(ΓC))
+ and the binomial

trick [65] for sp; cf. [83] for details.
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and, after some algebra, one can see that the overall dissipated energy is

aII =aI +
a2
κ

H

(√
2κtaI − a2

)
(68b)

provided 2κtaI
≥ a22. The fracture-mode sensitivity a

II
/a

I
is then indeed bigger than 1,

namely 1+a2(
√

2κtaI
−a2)/(κH

a
I
). The surface plastic slip stops evolving after delamina-

tion and as used for (68b) only if, after the delamination, the driving stress κ
H
s
II
has the

magnitude less than a2. In view of (68a), it needs κtaI
< 2a22. Thus, to produce desired

effects, our model should work with parameters satisfying

1

2
κtaI

< a22 ≤ 2κtaI
. (69)

The validity of this model has been tested numerically in [54, 83].
An interesting open problem is the limit passage of this model under a suitable scaling

to a brittle model like in Proposition 5.1.
Let us note that, in both of the mixity-sensitive models considered in this section,

the stored energy involves z linearly. Yet, it is not difficult to combine cohesive-zone-
type models from Section 6.1 with these mixity-sensitive models. Thus, e.g., (61) can be
generalized to

R
(
u, z,

.
z
)
:=





∫

ΓC

a
(
ψ(

[[
u
]]
), z

)∣∣ .z
∣∣dS if

.
z ≤ 0 on ΓC,

∞ otherwise.
(70)

To facilitate the mathematical analysis, one again needs the stored energy to be augmented
by the delamination gradient.

The influence of the mixed-mode behavior will be illustrated on an example of the
mixed-mode flexure test [101, Section 3.2] shown in Figure 9. The material properties
of the bulk material are the same as in Section 5.3, the elastic-brittle interface is now
characterized by the stiffnesses κn = 810 GPa/m, κt = 760 GPa/m. The mode-I and
mode-II fracture energies are set to values aI = 200 Jm−2 and aII = 900 Jm−2, in order to
achieve a more ductile structural response. The prescribed mid-span displacement equals
to 2.5 mm at T = 1. The non-associative model (61) with (49) is used.

2× 3 mm

60 mm

120 mm

10mm 13mm

thickness: 20 mm prescribed deflection

initial crack

x

Figure 9: Setup of the mixed-mode flexure test.

Figure 10(a) summarizes the energetics of the delamination evolution. After the initial
elastic regime, the delamination initiates in a combined normal and shear modes, cf.
Figure 10(b). This accompanied by high a increase of the dissipated energy. With the
increasing load, however, the mode mixity gradually changes towards the opening mode.
The production of the dissipated energy decreases and the interfacial stored energy almost
vanishes; see also Figure 11 for an illustration. The response remains almost independent
of the mesh size h. Moreover, the back-tracking algorithm remained inactive for the whole
loading range, which confirms the energy stability of the delamination evolution. Note
that the peaks in the mode-mixity angles in Figure 10(b) are related to changes of the
sign of the tangential slip [[u]]t, recall Eq. (59).
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Remark 6.1 (Mode III) Delamination by twisting (i.e. Mode III) exhibits specific be-
havior and is often considered in addition, but we did not focus on this sort of models
here. In fact, it would be possible to model such regimes by making the activation thresh-
old dependent on the angle between ∇Sz and the tangential stress. Obviously, it needs
compactness in terms of ∇

S
z which would have to occur “nonlinearly” in the model, so

that an even higher gradient of z should be involved in E .

6.3 Multi-threshold delamination

Some engineering literature incorporates the concept of parallel breakable springs with
different elastic and inelastic properties, cf. [94, 93]. On the continuum-mechanical level,
this idea can be reflected by a generalization of the previous model by considering J
different adhesives acting simultaneously on ΓC:

E (t, u, z1, ..., zJ ) :=





N∑

i=1

∫

Ωi

C
(i)e(u):e

(u
2
+uD(t)

)
dx

+

∫

ΓC

∑J
j=1 zjKj[[u]]

2
·
[[
u
]]
dS

if u = 0 on ΓD,
[[u]]n ≥ 0 on ΓC

0 ≤ zj ≤ 1 on ΓC,

∞ elsewhere,

(71a)

R
( .
z1, ...,

.
zI
)
:=





J∑

j=1

∫

ΓC

aj
∣∣ .zj

∣∣ dS if max
j=1,...,J

.
zj ≤ 0 on ΓC,

∞ otherwise.

(71b)

Again, the advantage of the energetic formulation is that there is no problem to combine
the multi-threshold models with the cohesive-zone models from Section 6.1 and/or the
mixity-sensitive models from Section 6.2. Also, instead of parameterizing the various
adhesives by a discrete parameter j = 1, ..., J , one could use a “continuous” parameter.

6.4 Combination with other inelastic processes

The definite advantage of the energetic formulation is that one can easily combine the
above presented delamination models with other inelastic processes, like damage or plas-
ticity in the bulk.

Let us illustrate it by a simple example, augmenting the model from Sect. 5 by lin-
earized, single-threshold plasticity with kinematic hardening . The additional variable is
then the plastic strain π valued in R

d×d
dev := {π ∈ R

d×d, π⊤ = π, trπ = 0}, and the plastic

response is determined by the convex “elasticity” domain S(i) ⊂ R
d×d
dev and by a hardening

tensor H(i) on each Ωi. After making the shift of the Dirichlet conditions, the functionals
read:

EK(t, u, z, π) :=





N∑

i=1

∫

Ωi

C
(i)(e(u)−π):

(
e
(u
2
+uD(t)

)
−π
2

)
+H

(i)π:π dx

+

∫

ΓC

1

2
zK

[[
u
]]
·
[[
u
]]
dS if u = 0 on ΓD,

[[u]]n ≥ 0 on ΓC,
0 ≤ z on ΓC,

∞ elsewhere,

(72a)



T.Roub́ıček, M.Kruž́ık, J.Zeman: Delamination and adhesive contact (Preprint: No.2011-017, Nečas Center for Math. Modeling, Prague) 28

R(
.
z,
.
π) :=





∫

ΓC

a| .z|dS +

N∑

i=1

∫

Ωi

δ∗
S(i)(

.
π) dx if

.
z ≤ 0 on ΓC,

∞ otherwise.

(72b)

and, instead of (43b),

Z := L∞(ΓC)× L2(Ω;Rd×ddev ). (72c)

The classical formulation corresponding to (6) with E and R from (45b) consists in
equilibrium of forces on each subdomain Ωi and four complementarity problems on ΓC,
corresponding to the four subdifferentials occurring in the involved functionals EK and R.
Before making the shift of the Dirichlet conditions, it reads as:

div σ = 0, σ = C
(i)(e(u)−π),

.
π ∈ NS(i)

(
H

(i)π − σ
)
,

}
in Ωi, i = 1, ..., N, (73a)

u = wD(t, ·) on ΓD, (73b)

σν = 0 on ΓN, (73c)

[[σ]]ν = 0

σν + zK[[u]] = 0

[[u]]n ≥ 0, σn(u) ≤ 0, σn(u)[[u]]n = 0
.
z ≤ 0, 1

2K[[u]]·[[u]]+ρ ≤ a
.
z
(
1
2K[[u]]·[[u]] + ρ− a

)
= 0

z ≥ 0, ρ ≤ 0, ρz = 0,





on ΓC, (73d)

where NS(i) denotes the normal cone to S(i), similarly like in (10).
There are both mathematical and engineering studies combining elasto-plasticity with

cracks, cf. e.g. [7, 24]; this is a highly nontrivial problem because the crack path is not
a-priori prescribed, in contrast to delamination and, besides, the perfect (so-called Prandtl-
Reuss) plasticity has been considered in [24]. Combination with damage models in the
bulk is also easily possible. Even, recent studies [66, 95] reveal that the delamination
model from Sect. 4 can be obtained as the limit when, instead of a surface ΓC undergoing
delamination, one considers a narrow stripe of material undergoing damage and passes
the thickness of that stripe to zero. A challenging conjecture is whether also the refined
models from Sect. 6 can be justified in such a way, e.g. considering a narrow stripe
of a material undergoing damage and plasticity with kinematic hardening might recover
the mixity-dependent model (66) under a suitable scaling. This could support former
engineering studies as e.g. in [99, 102].

6.5 Dynamical adhesive contact in visco-elastic materials

So far, we considered only quasi-static models, which have relatively broad applicability.
In some situations, more effects must be taken into account, however. In particular,
even under very slow loading, spontaneous rupture of weak surfaces ΓC may lead to the
emission of elastic waves in the bulk, that may backward interact with the rate-independent
delamination hosted on ΓC. Thus inertial effects are to be considered. It is natural to take
into account also an attenuation in the bulk. Considering the Kelvin-Voigt rheology, the
simplest model from Sect. 5 thus modifies as:
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̺(i)
..
u − div σ = 0, σ = C

(i)e(u) + D
(i)e(

.
u) in Ωi, i = 1, ..., N, (74a)

u = wD(t, ·) on ΓD, (74b)

σν = 0 on ΓN, (74c)

[[σ]]ν = 0

σν + zK[[u]] = 0

[[u]]n ≥ 0, σn(u) ≤ 0, σn(u)[[u]]n = 0,
.
z ≤ 0, 1

2K[[u]]·[[u]]+ρ ≤ a
.
z
(
1
2K[[u]]·[[u]] + ρ− a

)
= 0

z ≥ 0, ρ ≤ 0, ρz = 0.





on ΓC, (74d)

where ̺(i) > 0 is a mass density and D
(i) is a 4th-order symmetric positive definite tensor

determining the attenuation of the material occupying the domain Ωi. This model is
analyzed by a semidiscretization in time leading to a recursive increment formula. We
refer to [82] for more details.

For an analogous model but with viscous (instead of the activated rate-independent)
adhesion we refer to [90, Chap.5] or e.g. [22] and, with plasticity in the bulk, to [44].

The typical application of dynamic adhesive contact is in the modeling of spontaneous
rupture on lithospheric faults (=weak surfaces in the language of mechanical engineers)
with the emission of elastic waves having the capability to trigger e.g. another possible
rupture on an adjacent fault and inelastic damage in particular on the Earth surface as
earthquakes. Typical rupture processes run in pure Mode II because the enormous gravity
pressures on the faults deep under the Earth surface exclude Mode I. Thus, also the
Signorini contact might be even a-priori simplified to the condition [[u]]n = 0 on ΓC. An
important phenomenon to facilitate spontaneous rupture within earthquake modeling is
the so-called slip weakening ; cf. models and discussion e.g. in [1, 9, 18, 26, 48, 52, 100].
There are several options how to describe the weakening phenomena within the models
presented above. One can, e.g., modify model (66) by considering the activation threshold

a1 in (66c) dependent on the plastic slip sp or, perhaps more physically, on
∫ t
0 |
.
sp|dt, which

then turns the dissipation to be non-associative.
Another possibility arises if E (t, u, ·) is concave. In model (57) in Sect. 6.1 with

K1 = κ1I andK2 = κ2I, this occurs if κ2 is small, namely 0 > κ2 > −κ1/2. Then Figure 6 is

relevant but the rupture happens under the mechanical stress σ = (κ1+κ2)
√

2a/(κ1+2κ2)

when |[[u]]| =
√

2a/(κ1+2κ2) like in Figure 7. Thus, one can model delamination weak-
ening . Note that the initial stress σ leading to delamination may be made very large by
sending κ2 ↓ −κ1/2, even if the total dissipated energy may be independently moderate.
One can see the weakening effect also from (58): if κ2 < 0, then φ is strictly concave,
hence φ′ is decreasing, and thus the effective activation threshold (58) gets smaller if η
decreases (ranging over a monotone branch of φ, of course).

The weakening phenomenon may also occur in the multi-threshold models from Sect. 6.3:
considering K1 > K2 > .... (=ordering of positive definite matrices) and a1 > a2 > ...,
initially the first adhesive bears high stress but, when debonded, the next adhesives can
bear less and less stress.

6.6 Thermodynamics of adhesive contact

Interesting features might be triggered in non-isothermal situations. Mechanical stresses
in thermally expanding materials can be created by spatially varying temperature profiles.
Also, merging materials with different thermal expansion (as typical in laminated com-
posites) creates mechanical stresses even for spatially equilibrated temperature. Such a
thermo-mechanical load may lead to delamination. This may naturally influence the heat
transfer through delaminated surfaces. Hence, besides the usual thermo-mechanical cou-
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pling due to viscous dissipation and thermal expansion in the bulk, also another coupling
by delamination is occurring.

Focusing again on Kelvin-Voigt rheology as in Sect. 6.5, the thermodynamically con-
sistent model, naturally involving the additional variable θ as temperature, reads as

̺
..
u− div σ = 0,

σ = C
(i)
(
e(u)−θE(i)

)
+ D

(i)e(
.
u),

c(i)(θ)
.
θ−div

(
L
(i)∇θ

)
= (D(i)e(

.
u)−θC(i)

E
(i)):e(

.
u)





in Ωi, (75a)

u = wD(t, ·) on ΓD, (75b)

σν = 0 on ΓN, (75c)

[[σ]]ν = 0

σν + zK[[u]] = 0

[[u]]n ≥ 0, σn(u) ≤ 0, σn(u)[[u]]n = 0,
.
z ≤ 0, 1

2K[[u]]·[[u]]+ρ ≤ a = a0 + a1
.
z
(
1
2K[[u]]·[[u]] + ρ− a

)
= 0

z ≥ 0, ρ ≤ 0, ρz = 0.

[[L∇θ]]·ν = −a1
.
z,

≪ L∇θ·ν ≫ +η
(
[[u]], z

)
[[θ]] = 0





on ΓC, (75d)

where≪ · ≫ denotes the average of traces from both sides of ΓC, and where E(i) is the ma-
trix of thermal-expansion coefficients which may depend on Ωi similarly as C(i) and D

(i),
further c(i) = c(i)(θ) is the heat capacity, and L

(i) is the positive-definite heat-conductivity
tensor, and η = η

(
[[u]], z

)
is the heat-transfer coefficient through the delaminating bound-

ary ΓC.
Note that only a part a1/a = a1/(a1+a0) of the mechanical energy dissipated during

delamination contributes to the heat production on ΓC, while the rest a0/a is irreversibly
stored (=dissipated) in the debonded adhesive without contributing to the heat balance.

Mode II heats up considerably more than Mode I, as experimentally documented in
[80]. E.g., having in mind (76), one may consider the splitting

a0(ψ) := a
I
, a1(ψ) := a

I
tan2((1−λ)ψ), (76)

meaning that the plain delamination does not contribute to the heat production at all, and
only the additional dissipation related with Mode II contributes to the heat production
on the delaminating surface.

For model (66), it would be natural to involve the dissipation via a2|
.
sd| as a measure-

valued heat source acting on ΓC while the dissipation by pure opening along the surface,
i.e. a

I
| .z|, would contribute rather to the stored energy. Mathematical analysis of such a

problem, as well as numerical experiments, seem challenging. For the mixity-independent
dissipation, this model has been analyzed in [85] while the Griffith-type rate-dependent
adhesion see also [14]. Recently, also mixity-sensitive dissipation was scrutinized in [84]
by implementing the concept of hyperstresses.

7 Conclusion and further application

We surveyed some known models and proposed a menagerie of new ones for delamination
under small strains. The main purpose has been to cover them in a unified concept of
quasistatic evolution of the form (6) or (30), also pursuing their energetics, and outline
their rigorous mathematical and numerical analysis based on the concept of the so-called
energetic solutions. This suggests efficient computational algorithms and allows for math-
ematically supported simulations. It also allows relatively easily and routinely to combine
various mutually competing inelastic processes both on the delaminating surface or in
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the bulk, and to devise advanced mathematically supported models and launch numerical
simulations of such nontrivial processes. In addition, under certain conditions, it may also
be combined with some rate-dependent processes in the bulk, such as viscosity in a suf-
ficiently dissipating rheology (as Kelvin-Voigt’s one), inertia, and even thermal processes
as, e.g., thermo-visco-plasticity.

Although the focus of this chapter was on the modeling of macroscopic delamination
problems, the presented framework can easily be adapted also to the homogenization of
composites with debonding interfaces. In the context of two-scale homogenization, the
stored energy associated to the unit cell problem reads [57, 71]:

EK(t, u, z) :=





N∑

i=1

1

2

∫

Ωi

C
(i)
(
e(u)+E(t)

)
:
(
e(u)+E(t)) dx

+

∫

ΓC

1

2
φ(z)K

[[
u
]]
·
[[
u
]]
+
κ0
r

∣∣∇
S
z
∣∣r dS if u is Ω-periodic,∫

Ω udx = 0,
[[u]]n ≥ 0 on ΓC,
0 ≤ z on ΓC,

∞ elsewhere,

where E(t) designates the macroscopic strain tensor, u now denotes a periodic microscopic
displacement and the function φ is used to model the cohesive contact with a piecewise lin-
ear traction-separation law, recall Section 6. The dissipative potential remains unchanged,
as well as the numerical treatment of the incremental problem. The periodic boundary
conditions and the macroscopic strain are incorporated by the Lagrange multipliers tech-
nique introduced, e.g., in [56]. As an example, we consider a cross-section of a unit cell of a
fiber-reinforced composite, subject to a bi-axial macroscopic stretching E11 = E22 = 1.5%
at T = 1. Geometry of the problem is defined by the fiber volume fraction equal to 50%
and the diameter of the fiber taken as 10 µm. The material data of individual phases and
interfaces appear in Table 7; the gradient term was neglected by putting κ0 = 0.

Material data
Matrix Young’s modulus 1 MPa
Matrix Poisson’s ratio 0.4
Fiber Young’s modulus 150 MPa
Fiber Poisson’s ratio 0.3
Interfacial fracture energy, a 0.02 J/m2

Interfacial elastic stiffnesses, κn = κt 0.5 GPa/m
Interfacial cohesive contact function φ(z) = z/(1−z+10−4)

The energetics of the progressive debonding is in Figure 12, together with representa-
tive snapshots of debonding evolution. Due to the prescribed cohesive law, we capture the
gradual transition from a stiff elastic interface, i.e., when the highest values of stresses are
found in the fiber, to the completely debonded configuration. In this situation all load is
carried by the matrix phase and the stored interfacial energy drops to zero.

This simple study is complemented with a numerical simulation of debonding evolu-
tion in a complex 20-particle unit cell subject to macroscopic shear E12 = 1 %. The
results appearing in Figure 13 confirm that the energetic approach, combined with robust
duality-based solvers, allows for capturing complex mechanisms of multiple contact, sliding
and gradual damage between fibers and matrix in geometrically complicated real-world
material samples.

We entirely omitted models at large strains. Let us, however, point out that the
advantage of the energetic formulation is that the quasistatic delamination models can be
relatively easily formulated also in large strains, in contrast to dynamical viscous models
of the type (74).
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Figure 10:(a) Energetics of mixed mode flexure test (EΩ = energy stored in bulk, EΓ =
interfacial contribution) and convergence for h → 0 , and (b) evolution of mixity-mode
angles for h = 0.5 mm; τ = 0.025.

t = 0.264

t = 0.319

t = 0.393

t = 0.480

t = 0.570

t = 0.660

t = 0.740

t = 0.830

t = 0.920

t = 1.000

Figure 11:Ten snapshots of delamination evolution during the flexure test of a specimen
from Figure 9; displacements depicted as magnified 5×.
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Time [-]

E
n
er
g
y
[N
µ
m
]

0
0

0.2

0.2

0.4

0.4 0.6 0.8 1

0.1

0.3

0.5 DissR

EΓ

t = 0.18 t = 0.26 t = 1

Figure 12: Energetics of a single-fiber debonding and three selected snapshots of displace-
ment (depicted as magnified 20×) and spatial distribution of stress.

t = 0.4 t = 0.6

t = 0.8 t = 1

Figure 13: Debonding in a fiber-reinforced composite: 4 selected snapshots of a gradually
loaded representative cell containing 20 fibers with depicted displacements (magnified 20×)
and spatial distribution of stress.


