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~ Approximation in multiscale modelling of
microstructure evolution in shape-memory alloys

TOMAS ROUBICEK?

Abstract: Various models of microstructure in deformation gradierd és evolution arising in
martensitic mechanically-induced isothermal Phase foamztion are surveyed and scrutinized,
focusing on over-bridging of various scales ot the problemd #&s numerical approximation. In
particular, numerically efficient model of a relaxed praobles shown to be approximated by con-
ventional but computationally less efficient model basedtandard partial differential inequali-
ties.

Keywords Smart materials, rate-independent processes, Youngunaesas
AMS Subiject Classificatior35K85; 49S05; 65205; 74N15.
PACS Classification (201002.30.Xx, 02.60.-x, 02.60.Cb, 62.20.fg, 81.30.Kf.

1 Introduction, principles of SMAs

Shape-memory alloy(sSMAS) are representatives of so-called smart materiaistwenjoy im-
portant applications especially in engineering and humadiome. SMAs exhibit specifidyys-
teretic stress/strain response and a so-caflbdpe-memory effecfThe mechanism behind it is
quite simple: atoms tend to be arranged in several crysegbbic configurations having different
symmetry groups: higher symmetrical one (referred to astiséenitephase, typically cubic) has
higher heat capacity while lower symmetrical one (callegintfartensitephase, typically tetrago-
nal, orthorhombic, monoclinic, or a rhomboedric R-phase) lower heat capacity and may exist,
by symmetry, in several variants. We refer to [5, 11, 49, 48] thorough survey. Coexistence
of various phases or phase variants and their (usually¥dastion on (usually) slowly evolving
external loading typically lead to complicatedicrostructure(cf. Figure fig:1(left) below) with
very complexevolutionbehaviour, which gives an ultimate time/spatmliltiscale characteto
the problem whose modelling thus becomes extremely difficul

Confining to isothermal models based continuum mechanicghere are several kinds of
models depending on how the microstructure is describert e focus on a “microscopical”,
or PDE-type model, based on conventional partial difféa¢mtquations or inequalities in terms
of deformation with possibly some order parameter, and anesbscopical” model expressed in
terms of displacements combined with special gradient Yaueasures to reflect better a mul-
tiscale character of the problem, cf. [4, 31, 32] or also [66ap.6]. Other models may involve
further internal variables like volume fractions etc., fosurvey see [57].

Particular difficulty is in modelling of evolution of micrtrsictures to hit efficiently the hys-
teretic response, cf. [51]. To this point, we adopt a conoépjeneralized standard materials
whose internal parameters (here volume fractions) arestdy to aate-independentiow rule,
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which presumably result to a quasi-static rate-indepenelesiution when the loading-rate is in-
finitesimally slow.

Although models on particular levels are to more or lessraxdepported by rigorous mathe-
matical and numerical analysis, the bridge between theno&lynmissing. Beside surveying and
ordering those type of results already available, the maal gf this contribution is in showing
that the mentione®@DE-type rate-independent moahehy actuallyapproximate the mesoscopical
model This thus gives a certain justification of particular madahd clearer insight under what
circumstances they apply, as well as a rigorous mathenhatipgort of existing efficient numer-
ical algorithms. Due to the wide of this topic, only the mossential aspects of mathematical
proofs are presented.

2 PDE-type models based on conventional variational inequiies

We will build the model by exploiting the concept of a so-edijjeneralized standard soliddue to
Halphen and Nguyen [19]) combined witlvigcous-like responda a Kelvin-Voigt-type rheology
and inertia atarge strains We allow for a so-calledradient theoryas far as deformation gradient
concern and we address an isothermal case only.

2.1 Generalized standard materials, gradient theory, Kelin-Voigt rheology, and
variational principles

We considef? ¢ R? a bounded smooth domain which we identify with the referesi@pe of the
body (=the stress-free austenite). We denotg by? — R? the deformation of the body, and we
let F = Vy. Thenu(x) = y(z) — x is the displacement af € 2, so that theleformation gradient
is given byF = Vy = I + Vu, wherel € R denotes the identity matrix. In order to describe
phase transformation, we introduce a vectooiaer parameter: : 2 — R™. To account for the
so-called “interfacial effects”, we introduce, in additito the standard stress: QO — R4 a
hyper-stresg : Q — R4*¥x4 gugmenting taS through—div H. We further accept the concept
of hyperelastic materiaWith a specificstored energyp. ..(F, G, z) (with parameters andk to
be specified below in (2.11a) and with the tenébas a placeholder fov F, i.e. the mentioned
gradient theory) from whicl$ and H can be derived as partial derivativgs. .| and [ .,
respectively. The overafitored energys thus

Be oy, ) = / 0en(Vy, V2y, 2) da. (2.1)
Q

Moreover, given a mass densigy> 0, the overalkinetic energy
Too(i) = 3 [ 1l d. 22)
Q

Another ingredient is a specifitissipation energyated (F, 2) := iD(F+FT):(F+FT) 4 ¢(2).
We consider : R™ — R to be continuous and positively homogeneous, thus non$nadaero,
which is related with an activated rate-independent cherad evolution ofz itself, although the
overall system will be rate dependent due to inertia givem by (2.2) and viscosity determined
by D. The overall pseudo-potential of dissipative for&and the dissipation-energy rateare

then

=(5.4) = [ 5Delieli) + () de,  R(GE) = [ Dee) +o(G)dr @3
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with e(y) = %(vy + V7). The last concept consists in adopting Kedvin-Voigt rheologywith
(only infinitesimally frame-indifferent) viscosity so ttibe overall stress is,; = De(y) + S —
div H. Then Halphen-Nguyen'’s standard generalized materid(§&@ also e.g. [38]) is described
by the system ofmomentum equilibriundiv ooy + f = Qaa—;y and theflow rulefor the vector of
internal parameters, which in our case means respectively

@d'm@ ' (Vy, V2 di L (Vy, V2 = 2.4
Q@tQ - IV( 6(8t)+[@€,H]F( Y, yaz)_ IV[QDE,H]G( Y, y,Z)) _fa ( . a)

0C(52) + el (Y, 929, 2) 30, (2.40)

whered( denotes the subdifferential of the convex functipand f is an external bulk force.
Several variational principles are supporting the systém)( TheHamilton variation princi-
ple adapted for nonconservative systems (cf. also Bedforde{Bti(&h 1. 3]) uses the Lagrangean
L(y, z,9) = Txin(y) — V(y, z) with the free energ¥/ (y, z) := ®. «(y, 2) — |, f-y dx and then
(2.4) can be derived as the first-order condition (=critjmaiht) for

T
/ L(y,z,9) — (F,(u,2))dt is stationar with a fixedr’ := Z'(x, 2); (2.5)
0

here F' is thus in a position of a postulated nonconservative foodesourse, here rathef’ €
0='(u, ), however. Another approach postulates another Lagraragan

d
— @+ 2= ([Pe ]y (y,2),9) + ([Penll(y, 2), 2) + (0, 2),  (2.6)

g(ya Z,y.a'é) = dt

and then (2.4) can be derived as the first-order condition for
(,2) = Ly, 2,9,%) — (Z,y) is minimal for any timet, (2.7)

where.7 is in a position of the bulk force, i.e. hefe”,v) = [ (f Qat2y )-vdz. One refers
to (2.7) as aninimum dissipation-potential principlef. [6, 20, 21]. Degree-1 homogeneity Gf
and thus of=(y, -) too, still allows for further interpretation of the flow ru{@.4b). Defining the
convex “elastic domain’k := 0:=(y,0) = 0:=(0), the inclusion (2.4b) written a&-E(%) +

[®..].(y,2) > 0 means justw — oq,w — %) > 0 for anyw and anyw € 9:Z(w), where
we denoted the so-called thermodynamidaVing forceoq := —[®. .|’ (y, z). In particular, for

w = 0 one obtains
(o) = (o ) @8

where we also used that alwayg € 0; :(dj) C 0;E(0) = K, which employs the degree-1
homogeneity oE(y, -), so that alwayg{ad, 7) < max,ex (W ,dt> The identity (2.8) says that
the dissipation due to the driving foreg is maX|maI provided that the order-parameter %tes
kept fixed while the vector of possible driving stressegaries freely over all admissible driving
stresses frond. This just resembles so-called Hilleaximum-dissipation principlR3]. As the
model is so far local in terms of (cf. Sect. 2.3 for a generalization, however), one can ipeal
(2.8) to obtain
0z

0z ,
"B = nax wo a.e. on), Ky:=09¢(0), o4=—[P:.].(y,2). (2.9)
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Note also that, giver(, C R™, one can determing as the Legendre-Fenchel conjugafe to
the indicator functionig, of this convex setKy. In terms of Ky, by standard convex-analysis
calculus, (2.8) can also be written as

%2  [06%,) ™ (0u) = 00, (00) = Nigy (o) (2.10)

whereNg, (oq) denotes the normal cone i, atoy.

2.2 Shape-memory-alloy modelling

We considern—1 variants of martensite which are standardly determinethdrstress-free state,
by distortion matriced/,,, u = 2, ..., m, while the cubic austenite correspondgto= I. Further,
inspired by [18, 40, 42], we define a bounded Lipschitz mapgin R3*3 — R™ that identifies
particular phases of phase variants, namely we assume tisaframe indifferent,C,, > 0 and
L,(F) = 1if FTF lives nearU,] U, forall y = 1,...,m and} " £, = 1. Then, using the
concept ofSt.Venant-Kirchhoff materidbr each particular phase variant (cf. [49, Sect.6.6] av als
[32]), we postulate

0en(F, G, 2) == 6(F) + g|z —L(F) + g\af, with (2.11a)
d
/1
$(F) = m1n<(§ 3 E;‘quklEgl)u:l m) where (2.11b)
i,j,k,1=1
R/ (UN'FTFPU 'R, -1
E* = n (Uy) 5 L mm:RT SR, (2.11c)

whereCH = {CZM} is the 4th-order tensor alastic modulisatisfying the usual symmetry re-
lations depending also on symmetry of the spedifiphase (variant, and E* is the Green-
Lagrange straintensor related to the distortion gfphase, andz,, is a rotation matrix trans-
forming the basis of the austenite to the basis of the matienariant .. (in particular Ry = I).
The another vectorial variable plays a role of an order parameter. Astton : R™ — R, in
the simplest variant, one can consider jush(e, ..., e,,,) := min(ey, ..., e,,,) Which is, however,
nonsmooth although it still complies with Definition 2.2. tYe.g. Definition 2.1(iv) needsun
smooth and one can consider engn(ey, ..., ¢,,) = —Kha(ZZ;1 e~e/K) with someK > 0.
For a sophisticated construction methodydfased on cubi€?-splines fitted with experimentally
measured wells and elastic moduli in specific shape-memaitgnmals we refer to [24]. The con-
stantx is rather introduced for modelling to allow for mathemaltigaalysis and is assumed to be
large so that presumablyis mostly close tof(Vy), cf. also (2.22) below, so that the vectorial
order parameter essentially is mostly of the forrto, ..., 1, ..., 0) on domains occupied by partic-
ular pure phase variants. Note that (2.11a) yields(F, -, -) quadratic, from which we can take
some benefits later, cf. e.g. (2.18).

Then, putting (2.11) into (2.4) turns it to the system
0%y

v div (De(%) + ¢ (Vy) + k(2—L(Vy)) L' (Vy) — ediv V2y) =7, (2.12a)

QC(%) + Kz 3 kL(VY). (2.12b)
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We consider and initial-boundary value problem for (2.12) aomplete this system with initial
conditions

O = O =i 0=z 219

We have also to specify boundary conditions forUsually a specimen is loaded by (in some
idealization) some hard-device on some part of the bounfigry I' := 92 which on the rest
Iy = Q\Tyitis free. We consider, for simplicity, time-constant Bhlet boundary conditions
and a load by traction force:

y(z) == fora.a. zely, eV2y:(v@r) =0 onT, (2.14a)
0
(De(a—i) + ¢'(Vy) + £(2—L(Vy)) L' (Vy) — ediv VQy)u
+ e(divey)V2y:(vev) — edivs(V2y-v) =g only, (2.14b)

where v denotes the unit outward normal i anddivs := Trace(Vs) denotes thed—1)-
dimensional “surface divergence” with the the tangenteadidtive V¢ defined asvsy = Vo —
(Vv-v)v. Theright-hand side in (2.14b) represents the “true” surface force, which iated with
the occurence of théivs-terms in (2.14b); this rather technical effect is well kmoiw mechanics
of complex (also called nonsimple) continua, and we refdd# 50, 64] for details. The gen-
eralization for time-varying Dirichlet condition is muchame realistic for most experiments and
mathematically possible but rather very technical esfigdfaphysically relevant multiplicative
decomposition is considered; cf. [36] for the case of ptitgtat large strains.

Without going into details, a suitable weak-solution cqoteaay rely on positive homogeneity
of ¢ and combine concept of energetic solution from theory o iatlependent processes by
Mielke at al. [16, 37, 40, 41] adapted for coupling with vigsfinertial effects [59].

We use the standard notatioh? for Lebesgue spacesiW*? for Sobolev spaces,

and M(-) for spaces of measures, and further we denéte:= [0,7] with a fixed
time horizon T', Q@ = 1IxQ, ¥; = IxI';, and BMI;X) (resp. Cyw([; X)) for
bounded-variation (resp. weakly continuous) mappidgs— X. Let us further denote
WI’f(;p(Q) = {v € Wl'f(;p(Q); vlp, = 0}. Consistently with “:” and “” meaning

summation over 2 or 1 indices used already above, Bywe will abbreviate summation over 3
indices.

Definition 2.1 The pair(y, z) is called an energetic solution to the initial-boundary walproblem
(2.12)—(2.13)—(2.14) if

() ye Cu(l;W2(QRY),

(i) 3 € L*(Q;RY) N Cw(I; LA RY)) N W21 WEA(Q; RY)),

(i) z € Cw(I; L2(Q;R™)) N BV(I; L' (;R™)),

(iv) the momentum equation (2.12a) holds in a usual weakesers

/ <De(%) + ¢ (Vy) + n(z—E(Vy))E'(Vy)) Vv +eViyivie
Q
Oy ov

—Q—-—dxdt:/ f-vdwdt+/ g-vdet+/ oyo-vdx (2.15)
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for any z smooth withz(7") = 0 andz|y, = 0,
(v) the following energy balance (as an inequality) holds:

D, . (y(T),2(T)) + Tkin<%(T)) + Var¢(z; 1) + /De(gt) (gt) dxdt

oy
< B (0, 20) + Tiin (40) / F s [ gasa (@19)
P
whereVar¢(z; 1) = sup ZZ 1 Jo C(z(ti, ) —2(ti—1, x)) dz with the supremum taken over
all partitions of the type=to<t;<...<tp,=T, k€N, i.e. the total variation ot over I with
respect tag,
(vi) the following so-called “semi-stability” holds for a.te1r:

Voe L2 (G R™) : @ . (y(t), 2(t)) < e p(y(t),v) —|—/C(v—z(t)) dz, (2.17)
Q
(vii) the initial conditionsy(0) = yo andz(0) = zo hold.

An important fact, shown in [59], is that Definition 2.1 is &®h consistent and selective in
the sense that any classical solution to (2.12)—(2.13)ss #ie energetic one and, conversely,
any energetic solution which is also smooth enough is aickdssne if . .(y, G, -) is convex,
e.g. in the case (2.11a). Important feature of this defimittoalso that, under some further mild
data qualification, the energy balance (2.16) holds as aaligguas shown in [59, Prop.5.4] by
using technique for fully-rate independent processes 3¥6,38]. Let us also remark that the
integral identity (2.15) has been casted from (2.12a) w2ti4) by using twice Green formula
on © and once a surface Green-type formylaw:((Vsv)®v)dS = [L(divsy)(w:(v@v)v —
divg(w-v)vdS.

Proposition 2.1 Lete > 0, k < oo, D be positive definited < 3, ¢ be from (2.11) withnin :
R™ — R smooth and having at most linear growtf, ¢ L?(Q;R%), g € L?>(X1;RY), yo €
W22(Q;RY), z € L2(;R™), andgjp € L2(9;R?). Then there is an energetic solution to (2.12)—
(2.13)—(2.14) in the sense of Definition 2.1.

Sketch of the proof.First, one makes an implicit discretization in time, shagviexistence of
a discrete solution by a direct method of Calculus of Vaoiadi using that) from (2.11) as
at most polynomial growth of order 4 ard?2((2) is compactly embedded intd’14(Q) as

d < 3. Then a-priori estimates of the type (i)—(iii) in Definitidhl can be proved and con-
vergence can be shown by using linearity of the highestraetens in (2.12a) and Aubin-Lions’
compact-embedding theorem f(Vy) + L' (Vy), while the limit passage to (2.16) is by weak*
lower-semicontinuity and to (2.17) by a weak convergence ahd the quadratic structure of
ve x(F,G,-) in (2.11a). This last property allows for writing (2.17)egrated over in the form

T
= [ Zjo- S P ? v—z) dx
/0 <<I>€,n(y,v) — <I>€7,{(y, z) +/9C(v—z) dx)dt = /Q 2{ E(Vy)| 2| E(Vy)| +(( )d dt
= / g|v|2— g|z|2— k(v—z) - L(Vy) + ((v—2z) dzdt
Q

:/Q/g(v—z)-(z—i-i—ﬁ(Vy)) + ¢ (v—2) dadt,
(2.18)
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where the limit passage is easy even by mere weak convergdnce when taking a suitable
sequence of test functionss to hold the differenceév—z)’s constant (cf. (3.6) below) and when
also again using Aubin-Lions’ theorem for the tefiiVy); for details see [59]. O

2.3 Nonlocal modifications of stored energy or of dissipatio

Modifications of the biharmonic term in (2.12a) that woulkbai for sharp interfaces between par-
ticular phases (i.e. jumps &fy across(d—1)-dimensional manifolds) are sometimes employed.
One option is to make this term nonlinear to admit BV- inste@dll’!-2-structure ofVy, i.e. the
interfacial energy likef,, £|Vy|dz instead of [, 5|V2y|*dz would occur in (2.1) from (2.11a),
cf. [34] for a similar idea in terms of. Alternatively, advocated e.g. by [52, 53, 54], in the lin-
ear setting one can replace this interfacial energy bgrdocalform 5 fQ fQ V@) -Vy@P 497

l—[ 27
with some0 < v < 1, obtaining mathematically the same compactifying effexct, dorv < 1/2,
allowing for the mentioned sharp interfaces. Then the stiesv?y is replaced by

[ou(Vo)] @) = | Vz‘/éx_) ;‘ng) dz, (2.19a)

so that (2.12a) takes the form

623/ . y / /
oy — div (De(a) + ¢ (Vy) + KL (Vy) + EUif(Vy)) = f+ ke (2.19b)
The boundary conditions (2.14) then simplifies by omittihg second condition in (2.14a) and
modifying (2.14b) correspondingly. Definition 2.1 thentjugplacesiV?? with W+72 if v >
d/4 and existence of energetic solutions can be shown by gnthielsame way as before, using
now compact embedding of the Sobolev-Slobodetskii spiée™2(2) into Wh4(Q). If 4 <
d/4, we must uséV't7:2(Q) N WH4(Q) instead ofi¥22(Q2) and a subtle argument for weak
lower-semicontinuity ofb. ,. relying on¢ > 0.

Another useful nonlocal modification of the models (2.12)24.9) with (2.12b), advocated
by [14, Remark 4.3] or [65, Sect.5] in context of ferromagsmatand in [46, Formulas (2)-(3)]
or [47, Formula (4) with (8)] for the case of damage (cf. alscoaerview and in particular [25,
Formulas 26.12-13] in the context of plasticity) and allogvifor further up-scaling, consists in
modifying (2.3) as

R(%) ::/Q((Gz?)dx (2.20)

with & : L2(Q) — L?(Q) a linear continuous injective operator. @f is the identity, we get the
previous case. I6 is compact, we get some regularizing effect. Then (2.12h)lteto

6*8C(6%) + Kz 3 KL(Vy), (2.21)

where&* : L2(Q)) — L?(2) denotes the adjoint mapping®. Then Definition 2.1 modifies just
by taking¢o& in place of¢ both in (2.16) and in (2.17) and (ii) replacess BV (I; L'(Q;R™))
by &z € BV(I; L' (;R™)). If & is compact, existence of energetic solutions in this casedn
simpler because convergence through (2.17) now may dltezlyaemploy the compactifying
property of& for direct passage to the limit iyﬁQ ((6(v—2z))dzdt by continuity. For usage of
Aubin-Lions’ theorem for a strong convergencexzig, it is important thats is assumed injective.
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One can think e.g. abo@ := (I—eA)~! in the sense that = Gv = (I-eA)~lv is un-
derstood as the unique weak solution of the boundary valkigiggno — e Ao = v on Q with the
boundary condition%@ = 0 onoX, cf. e.g. [46, Formula (2) with (9)] and [47, Formula (4) with
(16)]. The linear mappingl—eA)~! is then obviously a homeomorphisi#i!:2(Q)* — W12(Q)
so that altogether we havgé—cA)~! : L2(Q) € Wh2(Q)* — W2(Q) € L?*(Q) where the first
compact embedding is just an adjoint mapping to the compabteddingiV12(Q) € L3(Q).
Moreover, fore > 0 small, suchS is close to the identitf on L?(£2) and also the resulting so-
lutions are expected to be close to those wdtlomitted; cf. Proposition 3(iii) for the quasi-static
case.

2.4 The model withx = oo as a limit for kK — oo

The motivation for implementing the phase-field concept. (introducing the variable and

Kk < o0) is some sort of a regularization to facilitate some casegetaling in Sect. 3 (cf. Propo-
sition 3.1) and augmentation for anisothermal cases (nirteaded here, however). Yet, it is of
interest to see how the model behavessor co.

It is not difficult to see that the estimates of the type (i)}-{(h Definition 2.1 (modified pos-
sibly as mentioned above is Sect. 2.3) are uniform with retsfgex and one can ask a question
how energetic solutions, let us now denote them(4y, z,;), behave forx — oo. An additional
estimate

|2 — L(Vys <Cr Y250 (2.22)

) HLOC’ (I;L2 (SsR™))

indicates that in the limit the phase-fieldis merely determined by the deformation gradient
z = L(Vy). The term3k|z — £(F)|? in (2.11a) is replaced by an indicator function of the
constraint: = £(F') and then we denote the resulted functiondy,, and, referring to (2.1), then
also®, ., i.e.

Jo #(Vy) + 50i(Vy):Vydx if z = L(Vy) a.e. on,

(2.23)
400 elsewhere.

(I)a,oo(:% Z) = {

The semi-stability (2.17) then becomes just a trivial idgnt In (2.23), eitheroy(Vy) =
—divH = —div(V?y) or oy(Vy) from (2.19a). Alternatively,z can be eliminated by using
the constraint in (2.23) which is explicit in Therefore, the limit solution has to be understood
differently, namely in a usual week sense. Here, the linabpgm is the system

2
Q% —div <De(%) +¢'(Vy) + (6"w)-L/(Vy) + wif(Vy)) = f, (2.243)
w € 0(S(£(Vy) V%)), (2.24b)

with w € L>(Q;R™) a vectorial “direction” of phase-transformation processerrently under-
goning. By the definition 0®¢, theweak solution. then standardly means the properties (i)—(ii)
from Definition 2.1 together with that
dy dy
/ /
/Qg(ev) tw <v S(L (vy).vat)) ((6(£ (Vy):V at))d:cdt >0 (2.25)

holds for anyv € L'(Q;R™), and (2.24a) holds in a usual weak sense, and also the iaithl
boundary conditions (2.13)—(2.14) hold, possibly modifi@d(2.19a). Of course, we must now



T.Roubicek: Approximation in multiscale modelling of microstructure evolution in SMAs. (Preprint: N0.2011-010, Necas Center for Math. Modeling, Prague) 11

assumey, = L(Vyy). For& not compact (e.g. the identity), (2.25) would not serve Wweltause
of the term [, w-&(L'(Vy): V3E). This term must be then substituted from (2.24a) testedéhy
which results to the inequality

/QC(GU)+w-vdxdt2 /QC(G(ﬁ’(V )v‘;y)) + De (‘;ZZ) (gi{)d dt
+ Tkin (%(T)) + Ge (T, y(T), 2(T)) — Tiin(y0) — Ge,x (0,90, 20) (2.26a)
whereTy;, is from (2.2) and where we abbreviated
Geanlti:2) = Bln2) — [ f00yda— [ gyas (2.260)
)

The definition of the weak solution (2.24a) with (2.26) wora only forx = oo but also for
k < oo and existence of a weak solution then follows from Propamsif2.1 because any energetic
solution (y,, z. ) induces also a weak o1@,., w,) by wy := k&~ (L(Vy.) — 2x).

Proposition 2.2 Lete > 0, & be linear, continuous, injective, ardl, f and g be as in Proposi-
tion 2.1. Then the energetic solutiofis;, z. ) to (2.12)—(2.13)—(2.14) in the sense of Definition 2.1
converge, after conversion into the weak solutions wy, ), for  — oo (in terms of subsequences)
to a weak solution(y,w) to (2.24), i.e. satisfying (2.24a) in a usual weak sense &n26] for

k = oo. In particular, a weak solution to (2.24) does exist.

Sketch of the proofA-priori estimates ofy,. in the spaces from Definition 2.1(i)—(ii) are uniform

in x, and alsaw, is bounded inL>°(Q;R"™) becausev,, € 64(6%%). All terms in (2.24a)

are linear except&*w) - £L'(Vy) for which we use weak* convergence (of a subsequence) of
w’s and strong convergence &fy’s by Aubin-Lions’ theorem. The limit passage in (2.26a) is
then by weak continuity and weak lower-semicontinuity ie t&ft-hand and the right-hand sides,
respectively. O

In [48], the existence of a weak solution to (2.24) was prowely with a modification for a
higher-order viscosity of the typéiv2V2%2.

2.5 Quasi-static evolution

It is generally interesting to study various limits if theealependent effects (i.e. here inertia
and viscosity) are suppressed. Vanishibdnas been scrutinized in [51] for (2.24) even f&r
omitted (i.e.S identity) but considering still a higher-order interfddierm like div®V3y, showing
convergence to a weak solution to a hyperbolic variatiomedjuality, and similar results apply to
(2.12), too. Slowing down the loading rate might be expecér scaling time to a fixed interval,
say [0,1], to lead to suppression of both the inertial and of the viscmums. This effect has
actually been shown in [59, Prop.6.2] but under assumptidrish would here require and £
quadratic. This is not realistic in our applications anddwethis scaling is unfortunately not clear
in our case.

Anyhow, one can alternatively study the quasi-static ei@huproblem itself, i.e. just (2.12)
or (2.24) withp = 0 andD together with (2.13), or possibly with the modification @.1Namely,
(2.12)—(2.13)—(2.14) with (2.19) yields the problem

—div (qﬁ’(Vy) + kL (Vy) + e0i¢(Vy)) = [ + kz, (2.27a)
CH 8C( ) + kz 3 kL(Vy), 2(0) = 2o, (2.27b)



T.Roubicek: Approximation in multiscale modelling of microstructure evolution in SMAs. (Preprint: N0.2011-010, Necas Center for Math. Modeling, Prague) 12

with oi¢(Vy) again either—div V2y or from (2.19a) and with (2.14) modified possibly as men-
tioned above. Note that we naturally also forgot the coondgiy(0) = yo and %(0) = 7y from
(2.13). Similarly, (2.24) reduces to

—div (¢/(Vy) + (6"w) - L'(Vy) +e0it(Vy)) =, y(0) = o, (2.28a)
we ac(S(L'(Vy) : v%)); (2.28b)

note that we prescribeglat¢ = 0 because is no longer involved in the problem but, in fact, only
L(Vy(t)) = L(Vyo) matters at = 0.

As % and thus alsof-% are not controlled in the quasistatic case, we must qualify
FEWLN(T; L2(Q; RY)) andge W1 (I; W1/22(Q; RY)), and make by-part integration in time. Let
B(I; X) denote the space of bounded measurable mapgirgsX . Definition 2.1 then modifies
to:

Definition 2.2 (Mielke & al. [40, 40, 42]) The pair (u,z) is an energetic solution to (2.27),
resp. (2.28), if

() weB(IWH2(Q;RY),

(i) ze€B(;L2(R™)) and&z € BV(I; LY (Q;R™)),

(iif) employingG. .. from (2.26Db), the following energy balance (as an ineqygaliolds:

dg

—-ydSdt
at y )

0
Ge(T,y(T), 2(T)) + Varcos (2 1) < Ger(0, 90, 20) + / 8_{@, dzdt +
Q b5}
(2.29)
(iv) the so-called stability holds for ea¢he I, § € W' *+72(Q; R?), andd € L2(Q; R™):

Geye(t,y(t), 2(t)) < Ge(t,7,0) —i—/QC(G(T)—z(t))) dz, (2.30)
(v) theinitial conditiony(0) = yo, resp.z(0) = zo = L(Vyo), holds.

Note that Definition 2.2 is completely derivative-free i tsense that neither fro%{(, %, ¢,
nor £’ are involved. Note also that in case= oo, w from (2.28) does not occur in Definition 2.2
and, assumingy, = L(Vyo), (2.29) impliesz = £(Vy) a.e. on@ and thus, in fact, even €
L®(Q;R™).

Proposition 2.3 Lete > 0 be fixed,& be linear, continuous, injectivef, € WH1(I; L?(Q; R%)),

g € WhHY(T, W1/22(Q;RY)), and letzy = L£(Vyo) € L>®(;R™) be stable. Then:

(i) foranyr < oo, there exists an energetic solutign,, z,) to (2.27), resp. (2.28) in the above
sense.

(i) Moreover, if & is compact, then (in terms of selected subsequenggs),) converges
for k — oo to energetic solutiongy, z) to (2.28) in the sense tha&Gm(t,y,ﬁ) —
2 Geooo(t,yso) Weakly in L1(0,T) and that &z.(t) — &z(t) weakly in L1(Q;R™),
Gew(t,yu(t), 26(t)) = Geoo(t,y(t), 2(t)), Varcos (2;[0,t]) — Varcos(2;[0,t]), 24(t) —
2(t) weaklyL?(€2; R™) for all t € I, and there is another subsequence (depending sach
thaty, (t) — y(t) weakly inl+72(Q; R9).

(iii) If k < oo is fixed and{&y } ey IS @ sequence of linear, continuous, injective operators
converging inZ(L?(Q2), L?(£2)) to the identity, then the corresponding energetic solugion
(yk, z1) converge in the above sense to energetic solutions of thegurowith& omitted, in
particular &z (t) — z(t) weakly inL! (Q; R™) and Var¢oe, (2x; [0, ]) — Vare(z; [0,8]).
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Figure 1. F& ; NN
Left: microstructure in orthorhombic martensite of a CuAINigarcrystal observed on a spec-
imen surface through an optical microscope; courtesy aficBignacova (Institute of Physics,
Academy of Sciences of the Czech Republic).

Right: Simplectical FEM discretization of a cube and tetragonaltemsite tempted to form a
2nd-order-laminated microstructure (with 2 variants\actiepicted in different gray intensities)
in a (1,0,0)-oriented NiMnGa single-crystal loaded in (@)&irection; courtesy of Marcel Arndt
(Rheinische Friedrichs-Wilhelms Univ., Bonn).

Sketch of the proofExistence forx < co as well as fork = o follows standardly from theory of
rate-independent processes [16, 37, 40, 41]. The conweggdhfor x — oo follows from [39]
when realizing continuity of the dissipative potentialr(fehich compactness @ is employed)
andI'-convergence ob. , to ®. ., (for which we just realize the penalty-structure of the peaf
andI'-convergence of the penalty function technique applie@ kethe constraint = £(Vy)).
Similarly the convergence (iii) of energetic solutions ®f — I in .Z(L?(Q), L?(Q2)) follows
from [39] when realizing the uniform convergence of the esponding dissipation potentials
while the stored-energy functional is fixed. O

2.6 Numerical approximation by implicit time discretization and FEM

All problems presented above bears implicit discretizatiotime (which was, in fact, a technique
behind the proofs of existence of solutions) combined withfearmal finite-element discretiza-

tion in space by conformdinite-element methofFEM). The implicit time discretization results

to recursive boundary-value problems that have a variatisinucture and their solutions can ad-
vantageously find by minimization of certain functionals.

As to spatial discretization, considering simplecticangulations of a polyhedr&? and P:-
elements, one must choose> 2 for y due to the “interfacial” terms ify > 1/2. As for z,
Pn-elements withn > 0 suffice if k < co. If kK = oo, however, polynomial elements are not
compatible with the nonlinear constraint= £(Vy) in general. Yet, ify < 1/2 in (2.19a), one
can use P1l-elements fgrand PO-elements far, which complies with: = £(Vy).

Convergence for both space and time discretization simedtasly to weak or energetic so-
lutions to the corresponding problems is then rather reutitodification of the previous proofs
without any spatial discretization.

Rate-independent model with= oo and& identity and a nonlocal interfacial term (2.19a)
with v = 1/4 has been implemented by using P1-elementg famd used for specific simulations
in [2, 3]. Just one snapshot of a discretization by 2457@&lemral elements is depicted for an
illustration on Figure 1(right), while some evolution “rmie¥can be found in [3]. It should be em-
phasized that the mathematical-programming problemingridter time- and FEM-discretization
at each time level are extremely difficult because they mosiseultaneously all usual troublesome
features, i.e. they are simultaneously nonconvex, muatédisional, and nonsmooth (due to mul-
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tiwell character of SMA stored energies, ultimately neeflad spatial discretizations, and due
to nonsmooth! to describe the activate character of phase transformatspectively). Getting
successful numerical simulations is thus rather miragyland various sophisticated techniques
had to be combined, in particular a like-simulated-anmggadilgorithm for global optimization and
permanent checking energy balance (2.29) during simul&tiaetect a possible failure in finding
a “good” (if not just global) minimizer of the incrementalgimem at a current time level.

For another 3D simulations but without rate-independetitvated dissipation we refer also to
[27].

3 *“Mesoscopical’ models based on Young measures

Microstructure (=fast spatial oscillations &fy) in SMAs represents ultimate feature even if
“only” single-crystals are of an interest and, as Figurefi)clearly indicates, modelling of SMA
gets thus ultimately apatially multiscalecharacter. Its effective modelling needs special ap-
proaches especially in situations which are “mesoscdpfcahomogeneous and representative-
volume-element philosophy (like on Figure 1(right)) hardan be adopted. One way is presented
in this section, justified by limiting the models from Secti®.

3.1 Young measures

The microstructure at a current € 2 (and a current time considered for a moment fixed)
will “mesoscopically” be described, beside the “macroscalp) deformation gradien¥Vy, also

by a distributionv,. of the deformation gradient (arising philosophically byasal oscillations of
the deformation gradient “in a neighbourhood” .efand can backward be reconstructed by this
philosophy, cf. Figure 2 below). Such (probability) distriions thus parameterized bye Q) are
called Young measuresiaking into account thg-coercivity of the stored energy, the so-called
LP-Young measures are defined as

P (Q; R = {VELSVO(Q; M(R*4)) / / |F P (dF)dz < 400,
QO JRdxd
v, is a probability measure dR?*? for a.a.er}, (3.1)

wherev, := v(z). Here,L°(9; M (R¥*9)) = L1(Q; Cy(R?*?))* is the Banach space of weakly
measurable functions frof to the set of Radon measurgg(R"*") = Cy(R¥*4)* on R¥*4, It
should be emphasized that, thoughis a “probability” measure, the model is purely determinist
The “product” « is defined as the contraction over the measur&off* but not overz € €, i.e.

[hev](z) = /Rdth(ac,F) vy (dF). (3.2)

We will use this notation even it depends only orf, like ¢ or £. A trivial LP-Young mea-
sure corresponding to the deformation gradieny af W7 (Q; R%) is {v, }.co composed from
Dirac measures, = dy,(,); then we write brieflyy = Jv,. We say that is a gradient
LP-Young measure if it is attainable in the sense that, fomalt L'(Q; Cy(R?*%)), it holds
(v, h) = [ [gaxa (@, F)vy(dF)da = limg_o (v, dyvy, ) for some bounded sequengg } ren

in Wr(Q;R?). The set of the gradient’-Young measures will be denoted t#p (Q; R*?), If

d > 1, thengP(Q; R¥*4) £ P (Q; RIX4),
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The spaceVP(Q; R?) is dense in the se® := {(y,v)eWP(Q;R?) x @P(Q; RXD):
Idev = Vy} if embedded byy — (y,dv,); here Id Q x R4 — R (3 F) s F. If
d > 1, Q is nonconvex iV 17 (; RY) x L°(Q; M(R¥*4)). A weakly* continuous extension of
@y .. to Q is defined by

@n(u,z):/qu-y—i—g|z—£-y|2dx. (3.3)

Likewise, forkx = oo, we define

@oo(y,z):{fgqb.ydx if z=Lev a.e.on, (3.4)

+00 elsewhere.

3.2 Approximation for space scaling: passage — 0

When “zooming-out” the PDE-type model, we will suppress itifluence of the interfacial en-
ergies. It is thus natural to sendto O in (2.12a), (2.24a), (2.27a), or (2.28a). We can see this
from the argument that terms lik&'y|? andz|V2y|? resulting in (2.1) from (2.11a) are physically
dimensionless (before multiplied by elastic moduli to geaific energy in J/f) so that: has, in
fact, the physical dimension®and thus it scales together with scaling the length unit.

Proposition 3.1 Letx < oo be fixedyp > 0, & linear continuous injective (possibly noncompact),
and (v., z-) be an energetic solution to (2.12a) with (2.13)—(2.14) g3jfl0) = yo. such that
OVyo. — % weakly*. Then, a selected subsequence does exisfiamdz) such thaty. — y

in L (1; Wh(Q; RY)) N WE2(1; L2 RY)) N W22(1; WH2(Q; RY)*) weakly*, 6y, — v
weakly* in the sense df?-Young measures o}, z. — z weakly* in L>°(I; L?(£2;R™)), and
Sz, — &z weakly* inBV (I; M (2;R™)), and&z € BV(I; L' (;R™)), and(y, v, z) satisfies

2
Q% —div (De(%) +¢'-V—|—f@£'ou) = f+ Kz, (3.5a)
_ 0
&,.(v(T), 2(T)) + Tian (%(T)) + Varcos (1)
%y.(%Y B, (1) e Oy
+/Q]De(§)'e(8t) dzdt < O,(v°, 20) —l—Tkm(yo) + /Qf T dxdt,
(3.5b)
Y(a.a)t € I Yo € L2(Q;R™) : P, (v(t), 2(t) < P (v(t),v) + [ ((S(v—2(t))) du,
Q
(3.5¢)
Vy=Iderv ae.onQ, v;. € 4(QR>?) fora.a.tel, (3.5d)

where (3.5a) is understood in a weak sense and the initiadlitions (2.13) hold withy(0) = yo
replaced by, . = v, while (2.14) holds witlz = 0.

Note that, obviously, (3.5a), (3.5b), and (3.5c) corresptin(2.12a), (2.16), and (2.17), re-
spectively. The system (3.5) then serves as a definition ehangetic solution in case= 0. It
should be emphasized, however, that (3.5a) bears onlyrtathited information, i.e. has rather
low selectivity, cf. [55, Remark 5.3.8] or [60]. Thus (3.5)to be understood rather as a basic
framework for finer investigations.
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Sketch of the proof First, we have the a-priori estimates for € L>°(I; W!'?(Q;R?)) N
WL, L2 (4 RY)) 0 W22(L WHH2(Q;RY*) and z. in L®°(1; L2(;R™)) and &z €
BV(I; L'(©;R™)) independent of > 0. Then one takes a weakly* convergent subsequence
and pass to the limit in (2.12a) by weak* continuity to ge6€3, and in (2.16) by weak* lower
semicontinuity to get (3.5b); the lower-semicontinuityncerns botlim inf._,o Varcos (2e; 1) >
Var¢os(z; 1) and the stored energy where we rely en-£(Vy.) — z—Lev weakly* in
L?(©;R™) and then on the convexity df- |2 and on the weak convergengéVy.) — ¢ev
weakly* in measures of2. The passage in (2.17) is by the “binomial trick” (2.18) with & in
place of¢ in general, using that nowW(Vy.) — L£ev weakly* in L>°(Q;R™). More in detall,
taking a generab and the test functiom := v, = v+2z.—2z for (2.18), fork < o fixed ands—0
we get

/ ' (cba,ﬁ(yg,vg) ~enliez) + [ Clo2) dx)dt
= /Q K(ve—2¢) - (%+%—E(Vy€)) + C(ve—ze) dxdt
= / K(0—2) - (2 +——£(Vy5)> + ¢ (0—2) dzdt

—>/ K(0—2) —i———ﬁoy) + ((0—2) dedt

_ /O <<1> () = u(2) + [ c(o-2) dx)dt. (3.6)

Here, in fact, some technicalities should however be meatio due to the.”-apriori bounds
for Vy., one cannot a-priori exclude concentration effect$\iny.|? so that one gets rather a
so-called generalized Young functionglin the limit which satisfies (3.5). More specifically,
n € H* with H a separable normed linear space of Carathéodory integfan®?<¢ — R
containing L' (Q; Co(R?*?)) and also all nonlinearities occuring in (3.5) and such tha a
weak* cIuster point of{iH Vya)}5>0 with iz : LP(Q;R¥>?) — H* the embedding defined
by (ig (v = Jo I( ))dz for all h € H. Yet its so-calledp-nonconcentrating modi-
fication, havmg thel.P- Young measure representation denotedvbgatisfies (3.5) too because
it has the same effect in (3.5a,d) involving only nonlingesi of the growth less tham and p-
nonconcentrating modification of a gradient generalizedngofunctional is also a gradient gen-
eralized Young functional (proved, in fact, in [15, 28]), Veh(3.5b) cannot be destroyed when
replacingn by v because ofim g, ¢(F)/|F|P > 0 (since¢ > 0 is assumed), and eventually
(3.5¢) remains the same because the padyowth terme «  (which indeed may possibly change
when replaced by e ) is on both sides of this inequality. For more details abanegalized
Young functionals and thep-nonconcentrating modification, we refer to [55, Sect.ad] [56].

]

Passage — 0 in the casex = oo, i.e. (2.24a), does not seem clear because the quadratic
nature in terms of used for Proposition 3.1 is not at disposal. On the other hanthe rate-
independent cases (2.27a) or (2.28a), such a passage iisi@ossmatter whethex is finite or
not, provided we use the regularization®yand then rely oi’-convergence technique [39]. Thus
we have:

Proposition 3.2 Let x be fixed (finite or not), & linear continuous injective compact,
fEWLNI L2(Q;RY), and 2. = L(Vyo:) € L¥(;R™) be stable for the functionals
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(Gex(0,-,4), R) and 6y,,. — v°, and (y, 2.) be an energetic solution to (2.27a) or (2.28a).
Then, a selected subsequence does exis{@nd z) € B(I; WHP(Q; RY)) x B(I; M (R¥*9) x
Cy (1 L2(Q R™)) such that&z € BV(I;L'(Q)), the power [, 2 (. z)-y.(-,x)da +

frl 2( y:(-, ) dS converges tof, %(-,x) ~y(ye)de + [ %(-,x)-y(-,x) dS weakly in
LY(0, T) and that, for allt € I, &z.(t) — &z(t) Weakly inLl(Q Rm), G8 w(tye(t), 2 (t)) —
G(t,y(t), ., z(t)) where we denote@ . (t, y, v, 2) = — Jo f(t)-ydz— fF t)-ydsS,

further Var¢os(2e;[0,t]) — Vargos(2;[0,t]), 2:(t) — z( ) weakIyL2(Q R™), and there is
another subsequence (depending ©Qrsuch thaty.(t) — y(t) weakly in WhP(Q;R%) and
dvy.(t) — vt weakly* in the sense of Young measures, @na, z) satisfies (3.5d) and
~ ~ 0 of dg
Gu(T,y(T),vr,., 2(T)) + Varces (2 1) < Gr(0,y0,v7,20) + [ —-ydadt + | —-ydSd,
o Ot 5, Ot
(3.7a)

tz

Viel Y(§,0,0)eWHP(Q;R™) x4 (Q; R x L2 (Q; R™), Vij=Ide
Gi(t,y(t),v(t),2(t) < Gu(t,9,7,0)

/c (v—2(1))) da,

(3.7b)

and the initial conditions (2.13) hold with(0) = y, replaced byv,. = v, while (2.14) holds
withe = 0.

Obviously, (3.5a), (3.5b), and (3.5c) correspond to (2.,12416), and (2.17), respectively.
The system (3.5) then serves as a definition of an energdtiticsoin the quasistatic case with
e = 0. Moreover,(1, z) is stable and (3.7a) is, in fact, an equality.

Sketch of the proofVe use the abstract results [39] based on continuity of igshtive potential
(for which compactness @ is employed) and on thE-convergence of ®. ,.}.~o fore — 0 to
®,., where

¥ {¢€,li(y7 Z) If v = 6vy7 (3 8)

400 otherwise.

For this, we just realize that always. , > @, and that, taking{y: }.~o such thaty,. — v
weakly* and simultaneouslyV2y. — 0 in L2(Q;R?*¥¥4) then (Vy., z.) with z. = L£(Vy.)
form the recovery sequence in the sense@gg;(évys, ze) = e o(Vye, 2:) = ®,. (v, 2); itworks
both for x finite and forx = oco. Again, like in the proof of Proposition 3.1, some techniged
should be mentioned: due to thé&-apriori bounds folVy., one cannot a-priori exclude concen-
tration effects iNVy.|P so that, like in the proof of Proposition 3.1, one gets rathgeneralized
Young functional; in the limit which satisfies (3.7). Yet, now (3.7b) for= z(¢) reveals thaty, n)
minimizes a coercive functional,(t, -, -, z(t)) and thus; itself must bep-nonconcentrating, hav-
ing the gradient-Young-measure representation denoted Wjich then satisfies (3.7). Here, in
fact, the mimization principle allows us to say tH&Vy. (¢, )|’ }.>0 is equi-integrable and thus
generated.P-Young measure bears enough information so that the argatm@nvia the general-
ized Young functionals can be avoided. O

3.3 Numerical approximation and implementation of Young measures

Numerical strategies to solve the problems in Section 3@ isake a fully implicit discretization
in time to get a recursive minimization problems and thenedoow discretize the set of admissible
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pairs
{(y,v) € WHP(RY) x 9P (Q;R¥Y); Vy =Idev}. (3.9)

First approximation is by exploiting finite-elements in spa The simplest way is to triangulate
Q2 (assumed polygonal for this reason) by a simplectical gideation .7, h > 0 a mesh parame-
ter, and restrict to element-wise affipeand element-wise homogeneaushere “homogeneous”
means spatially constant. Then some other discretization @an particular finite elements is
to be done. For general considerations see [35, 55, 58]Jiz&ttdn of Young measures for nu-
merical calculations was first implemented in [44] in the &&e. In a multidimensional case,
&P (Q; R¥4) in (3.9) cannot be described explicitly, which is relatedhwiack of a local char-
acterization of quasiconvex functions; cf. [29]. Exceptyvepecial cases like [12] allowing for
explicit calculations of the quasi-convex envelopes, mtEséy the only efficient option, imitating
to some extent what “mother nature” also do, cf. again Figuteft), is at least to approximate
some Young measures fro#? (€2; R9*4) by using a concept daminateg45].

An example of a Young measurec 47 (12; R9*?) describing a so-called 1st-ord@minate
with an underlying macroscopic deformatigre W7 (Q; R9) is

V= {I/gg}xeg, Vyp = fo(.%')épl(x)—l- (1—60(.%'))51:2(96), (3.10&)
[SoF1+(1-8) ] (x) = Vy(z),  Fi(x)—Fa(z) = ao(z) @ no(x), (3.10b)
0 < &) <1, ag(x), no(z)€R?, (3.10c)

with § again denoting Dirac’s measure supported'aiNote that the latter part of (3.10b) is just
Rank F, —F;) > 1, the so-calledHadamard rank-1 conditioffior two affine deformations to be
mutually compatible without cracking the material. Thisgass can be re-iterated: a 2nd-order
laminate with the macroscopic deformatigras above i$ = {v, }.cq, Wwhere

Ve = &o(2)€1(2)0p, (2) + So(2) (1=61(2)) Oy ()
+ (1=&0(2))&2(x) 0y () + (1—E0(2)) (1—E2(2)) Sy () (3.11a)

with (dropping for simplicity a dependence oip

Fi — F, =a1 ®nq, Fy — Fy=as ®no, (3llb)
S+ (1-6)F — &F3 — (1-&)Fy = ag @ ng (3.11c)
Vy = &1 F1 + §o(1-&1) Fy + (1-80)&aF5 + (1-60)(1-E2) Fy (3.11d)

and0 < & <1, a;,n; € R% i € {0,1,2}. Now, (3.11b) expresses the rank-1 connection of the
“lower” laminates the of ', F») and of(F3, Fy), while (3.11c) expresses the rank-1 connection of
the average deformation gradient of those “lower” lamigat&nalogously, we can get laminates
of an arbitrary order which are often calledquential laminated_et us denote this set as

lam

@t (Q; RXY) = {ue%p(Q;RdXd); v, is af-order laminate for a.a:eQ}.

Unfortunately, not every € ¥7(Q; R?*?) is of the form of a sequential laminate, or even cannot
be attained by sequential laminates, which can be integbrtbat microstructures might be much
more chaotic; this is connected with tBeerak’s celebrated counterexample [63] that rank-one
convexity does not imply quasiconvexity (at least/if> 3). In spite of this negative result, we
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Figure 2: Two different simplectical triangulations of éauspecimen in a (1,0,0)-oriented NiTi

single-crystal loaded inhomogeneously in (1,1,1)-dicectand the 2nd-order laminate in rhom-
boedric martensite reconstructed (and visualized her® asall cube at one selected simplectical
elements) from the calculated Young measure in R-phaseiesyuof Barbora BeneSova, Charles
Univ. Prague

can construct a (theoretically convergent) implementaligeretization by making implicit time
discretization with a time step > 0 and restricting the set (3.9) to a finite-dimensional mddifo

Qe = {(y, v) € Wh(Q;RY) x @7 (Q; R4

lam

Vy =1Idev, v|ao homogeneous for ar&e%}. (3.12)

In the quasistatic case one calculates the approximatigh, ,,vr ), ,, 2%, ,) by the re-
cursively minimization of (y,v,2) — Gi(t,y,v,2) + [q ((z—zﬁ;}z)dx on Qne X
{ZeL>(Q;R™); z|A constant foranyh € 7,}, while in the dynamical case also the terms
soly—=205 +yl %) /7 + De(y—yt ) « (y—yl,)) /7 are to be involved; here refers to
the particular time level = k7. Fixing = < oo and even fixinggeNU{0}, one can prove conver-
gence for(r, h) — (0,0) in the lines of Proposition 3.1 or 3.2.

Convergence analysis for the case- oo was also performed in [32] but with a regularizing
term|Vz|? in the stored energy while admittir@ to be omitted (i.e& = identity). This, however,
ultimately required to use the (now auxiliary) problemshwit < oo to get convergence only
conditioned under an implicit stability criterion of thepyh < H (k).

In each case, the convergence holds even for a fixed), in spite of the mentione8verak’s
counterexample [63]. In fact, in actual simulations in gatar problems, i is chosen too small,
an extremely slow convergence can be expected becauseciliations of Vy must be realized
through very fine triangulation @& rather than by the laminated Young measure itself.

Usage of (iterated) laminates have been exploited for soml@t@en of relaxed problems in
SMA modelling in[4, 6, 7,9, 10, 32, 61, 62] or plasticity mdldey in [21] or, for the static SMA-
case, also [1, 4, 13, 22, 30, 31, 33] and [55, Chap.6]. Evenpr® sophisticated and realistic
dissipation counting also for rotation of laminates, nolydior volume-fraction evolution, was
implemented for 2nd-order laminates at small strains ify#f by fixing such rotations to 0; like
also in [26], the dissipation potential thus depends alstherstate itself.

Here, on Figure 2, we only illustrate how a (here 2nd-ordemihate can be visualized in
3D-case from a calculated Young measure in the form (3.11).
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