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Abstract. A numerical method for a (possibly non-convex) scalar variational problem for
the functional Φ(u) :=

∫
Ω ϕ1(x,∇u(x)) + ϕ0(x, u(x)) dx to be minimized for u ∈ W 1,p(Ω)

and u|∂Ω = uD, is proposed; Ω ⊂ R
n is a bounded Lipschitz domain, n = 1 or 2. This

method allows for computation of the Young-measure solution of the generalized relaxed ver-
sion of the original problem and applies to those cases in which ϕ1(x, ·) is polynomial. The
Young measures involved in the relaxed problem can be represented by their algebraic mo-
ments and a finite-element mesh is used to discretize Ω and thus to approximate both u and the
Young measure (in the momentum representation). Eventually, thus obtained convex semidef-
inite program can be solved by efficient specialized mathematical-programming solvers. This
method is justified by convergence analysis and eventually tested on a 2-dimensional bench-
mark numerical example. It serves as an example how convex compatification can efficiently
be used numerically if enough “small”, i.e. enough coarse.

Key Words. Relaxed variational problems, convex approximations, method of moments,
semidefinite programming.

AMS Subject Classification: 49M05, 65K10, 65N30, 90C22.

1 INTRODUCTION

Nonconvex optimization problems often lack any solution because of fast oscillations of
minimizing sequences that eventually break lower semicontinuity with respect to a weak
convergence, cf. [66] and references therein for a survey on scalar variational problems
which will be the concern in this paper. Therefore, a relaxation is urgent to solve such
problems in a suitably generalized sense. The most general way of relaxation is certainly a
suitable continuous extension, using also a suitable linear-space structure not necessarily
completely coherent with the linear structure occurring in the formulation of the original
problem. Thus extended, so-called relaxed, problems then may get a convex structure even
if the original problem does not have any.

The relaxed problems can be discretized by a theory of convex approximation of the set
of the generalized Young functionals developed in [61–63], see also [42,57,58] or a survey
paper [65]. Thus the relaxed problem can directly be implemented on computer, without
approximating the original non-relaxed problem; cf. [12, 30–32, 53, 63] for this approach.
If the (additively coupled, cf. e.g. (P) below) problem is linear in a lower-order term
(i.e. ϕ0(x, ·) in (P) is linear), such approach leads to a linear-programming problem and
was shown very efficient in [3]. In the quadratic case, it naturally leads to a quadratic-
programming problem, which is a considerably less efficient but still possible approach if
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the dimensionality is not too high, cf. [12, 32, 42]. For non-quadratic case, one can still
consider various iterative schemes, see Remark 3.9 below.

All the above mentioned references use conventional Young measures and treat them
numerically in various more or less sophisticated ways. However, if the particular problem
involves only a finite number of nonlinearities, it suffices to consider only moments of
these Young measures with respect to these nonlinearities. This is the general idea of
coarse convex compactifications as thoroughly exposed in [63]. In general, however, it is
not easy to characterize explicitly such convex compactifications. The goal of this paper is
to exploit this alternative coarse-compactification approach in a particular case where the
involved nonlinearities are polynomials. We show efficiency of this approach on a concrete
problem of scalar multidimensional variational calculus with an additively coupled integral
functional:

(P)





Minimize Φ(u) :=

∫

Ω
ϕ1(x,∇u(x)) + ϕ0(x, u(x)) dx,

subject to u ∈ W 1,p(Ω), u|∂Ω = uD,

where ϕ1(x, ·) is a (possibly non-convex) coercive multidimensional polynomial and Ω ⊂
R

n is a bounded domain with the Lipschitz boundary ∂Ω and a given boundary condition
uD ∈ W 1−1/p,p(∂Ω); for more general problems see Remark 3.13 below. Thorough the
whole paper we will assume that ϕ1 : Ω× R

n → R and ϕ0 : Ω× R → R are Carathéodory
functions satisfying, for almost all x ∈ Ω, all s ∈ R

n, and all u ∈ R,

c1|s|p ≤ ϕ1(x, s) ≤ c2(1 + |s|p), (1.1a)

|ϕ0(x, u)| ≤ a(x) + c3|u|q, (1.1b)

where p > 1, c1, c2, c3 > 0, a ∈ L1(Ω), and 1 < q < pn/(n − p) if p < n and 1 < q < ∞ if
p ≥ n. The exponent p > 1 in (P) naturally refers to (1.1a).

The outline and the main contributions of this paper read as follows: Section 2 briefly
outlines the ways for relaxation and spatial discretization of (P) in terms of conventional
Young measures (and their certain classes of equivalence). Section 3 presents theory and
analysis of the proposed method to solve the discretized relaxed problem numerically. In
Section 4 we report on the performance of our algorithm applied to a benchmark of a
2-dimensional model problem. Eventually, for reader’s convenience, a background of the
theory of relaxation by convex compactification and its approximations is briefly exposed
in Appendix.

2 RELAXATION OF (P) AND ITS DISCRETIZATION

The first stage to solve (P) is to use a relaxed formulation in terms of Young measures
as follows:

(RP )





Minimize Φ̄(u, ν) :=

∫

Ω

∫

Rn

ϕ1(x, s)νx(ds) + ϕ0(x, u(x)) dx,

subject to

∫

Rn

sνx(ds) = ∇u(x) for a.a. x ∈ Ω,

u ∈ W 1,p(Ω), ν ∈ Y p(Ω; Rn), u|∂Ω = uD,

where Y p(Ω; Rn) denotes the set of so-called Lp-Young measures defined as

Y
p(Ω; Rn) :=

{
ν : x 7→ νx : Ω → P(Rn) weakly* measurable

such that x 7→
∫

Rn

|s|pνx(ds) belongs to L1(Ω)
}

(2.1)

where P(Rn) is the set of all Borel regular probability measures supported on R
n. The

generalized problem in Young measures (RP ) is a relaxation of (P) as has been shown
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in [27, 59]. It is well known that the set Y p(Ω; Rn) is convex in the Banach space
L∞

w∗(Ω;M(Rn)) ∼= L1(Ω;C0(R
n))∗ of weakly* measurable essentially bounded mapping

from Ω to the set of regular Borel measures M(Rn) ∼= C0(R
n)∗. Moreover, roughly speak-

ing, up to suppressing concentrations it enjoys certain compactness properties. Together
with weak* density of Lp(Ω; Rn) when embedded through the mapping v 7→ {δv(x)}x∈Ω

into Y p(Ω; Rn), this fits with the theory of so-called convex compactifications, cf. [63] or
Appendix below.

On the other hand, the above relaxation is unnecessarily “fine”, leading thus to unnec-
essarily large optimization problems after its discretization. In fact, it suffices to formulate
it in a “coarser way” in terms of certain classes of equivalences of Young measures. Con-

sidering a set H of Carathéodory integrands Ω × R
n → R, we define the factor set ν

H∼ ν̃
if

∫
Rn h(x, s)νx(ds) =

∫
Rn h(x, s)ν̃x(ds) for a.a. x ∈ Ω and all h ∈ H. Then we define

Y
p

H(Ω; Rn) := Y
p(Ω; Rn)/

H∼ .

For η ∈ Y
p

H(Ω; Rn) and h ∈ H, we denote by h •η the function x 7→
∫

Rn h(x, s)νx(ds) with

some ν ∈ η; obviously, the particular choice of ν from the class η is not important. Then
we consider

(RPH)





Minimize Φ̄(u, η) :=

∫

Ω

[
ϕ1 •η

]
(x) + ϕ0(x, u(x)) dx,

subject to [Id •η](x) = ∇u(x) for a.a. x ∈ Ω,

u ∈ W 1,p(Ω), η ∈ Y
p

H(Ω; Rn), u|∂Ω = uD,

where Id : (x, s) 7→ s. If H contains all the integrands ϕ1 and (x, s) 7→ si, i = 1, . . . , n,
then (RP ) is obviously equivalent to (RPH) in the sense that any solution (u, ν) yields
a solution (u, η) to (RPH) just by taking η ∋ ν and, conversely, for any solution (u, η) to
(RPH) there always is some ν ∈ η such that (u, ν) solves (RP ).

If H is a linear subspace of L1(Ω;C0(R
n)) or of some of its extension (cf. Carp(Ω; Rm)

in (A.1) below), then the mentioned convexity property of Y p(Ω; Rn) is inherited also by
Y

p
H(Ω; Rn), which is what we will exploit and what is called coarse-convex-compactification

method.
For a mesh parameter d > 0, we further consider a triangulation Td of Ω which is

assumed polyhedral, and then the relaxed discretized optimization problem:

(RPH,d)





Minimize Φ̄(u, η) :=

∫

Ω

[
ϕ1 •η

]
(x) + ϕ0(x, u(x)) dx,

subject to [Id •η](x) = ∇u(x) for a.a. x ∈ Ω,

u ∈ W 1,p(Ω) element-wise affine on Td, u|∂Ω = uD,

η ∈ Y
p

H(Ω; Rn) element-wise constant on Td.

In [62,63], it has essentially been proved that there exists a solution (yd, ηd) for (RPH,d)
and any (weak×weak*)-cluster point of the sequence of solutions to (RPH,d) for d → 0 is
a solution to (RP ).

Even more, (RPH,d) can be equivalent to (RPHd) provided Hd ⊂ H is suitably

composed from element-wise constant integrands. In this paper, we focus on taking Hd

finite-dimensional so that such approximate problems can directly be implemented on com-
puters, and thus solve (RPH,d) when ϕ1(x, ·) is a coercive multidimensional nonconvex
polynomial by representing any η ∈ Y

p
H(Ω; Rn) by a finite set of its algebraic multidimen-

sional moments. Indeed, this paper formalizes ideas introduced in [19, 45–48] where the
authors use projections of Young measures on finite dimensional convex bodies.
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3 POLYNOMIAL NONLINEARITIES, METHOD OF MOMENTS

Given a positive integer k, we define Hk as

Hk :=
2k−1∑

l=1

Lp/(p−l)(Ω) ⊗ Πl(R
n) + G0 ⊗ Π2k(R

n) (3.1)

where p = 2k and k ∈ N and Πl(R
n) is the linear space composed of multidimensional

polynomials with degree less or equal than l, and where G0 is given by

G0 :=
⋃

d>0

{
g∈L∞(Ω); ∀S∈Td : g|S ∈ C(S̄)

}
. (3.2)

Let us just remark that Hk is a linear separable subspace of the natural linear space
Carp(Ω; Rn) defined (A.1)–(A.2) in Appendix.

In this special case, η is a (class of equivalence of) Young measure(s) and can be
represented by affine sets of algebraic moments, i.e.

mι = η • (1 ⊗ sι1
1 · · · sιn

n ) (3.3)

where ι = (ι1, · · · , ιn) is the multi-index of non-negative integers such that |ι| := ι1 + · · ·+
ιn ≤ 2k. Namely, for any h ∈ Hk with Hk from (3.1), i.e. h =

∑
|ι|≤2k gι(x)sι1

1 · · · sιn
n with

gι ∈ Lp/(p−|ι|)(Ω), it holds that

〈
η, h

〉
=

∑

|ι|≤2k

〈
η, gι ⊗ sι1

1 · · · sιn
n

〉
=

∑

|ι|≤2k

∫

Ω
gι(x)mι(x) dx. (3.4)

Further, denoting m = (mι)|ι|≤2k, we define a matrix Hk(m) as

Hk(m) :=
(
mι1+ι′1,··· ,ιn+ι′n

)
0 ≤ ι1 + · · · + ιn ≤ k
0 ≤ ι′1 + · · · + ι′n ≤ k

(3.5)

and following the current literature on global optimization of polynomials with moments
[21,25,33–36,38–40,54–56] we define the localizing matrix Lk(m) as

(
̺2

dmι1+ι′1,··· ,ιn+ι′n
− mι1+ι′1+2,··· ,ιn+ι′n

− · · · − mι1+ι′1,··· ,ιn+ι′n+2

)
0 ≤ ι1 + · · · + ιn ≤ k − 1
0 ≤ ι′1 + · · · + ι′n ≤ k − 1

(3.6)

It is well known that a probability measure µ on R
n induces a moments sequence

mι =
∫

Rn sι1
1 · · · sιn

n µ(ds) which always makes the matrix Hk(m) positive semidefinite.
The converse, i.e. existence of a probability measure µ inducing a prescribed sequence of
moments (mι)|ι|≤2k with Hk(m) � 0 and m0(x) = 1, is unfortunately not true even if
n = 1 or even when Hk(m) ≻ 0 and n > 1. The role of the localizing matrix Lk(m) is
revealed when we focus on the family of measures supported on the n-dimensional ball
B̺d

:= {s ∈ R
n; s2

1 + · · · + s2
n ≤ ̺2

d}. Thus, a probability measure µ on B̺d
induces

a moments sequence mι =
∫
B̺d

sι1
1 · · · sιn

n µ(ds) which makes the localizing matrix Lk(m)

positive semidefinite. Even considering the localizing matrix Lk(m), the converse state-
ment is no longer true again, however something useful can be done by applying recent
characterizations of positive polynomials on compact semialgebraic sets like the ball B̺d

.
We will back on this point below when we analyze the multidimensional case in Section 3.2.
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3.1 The one-dimensional case

In the one-dimensional case of (3.5), the matrix Hk(m) = (mι+ι′)0≤ι, ι′≤k takes the form

of a Hankel matrix [mι+ι′ ]
k
ι,ι′=1. This one-dimensional case is particularly simple because

the closure of the cone of moments of positive measures on the real line, i.e.

M =
{
m∈R

2k+1 : m =

∫

R

(1, t, . . . , t2k)µ(dt) for a positive measure µ on R

}
(3.7)

is precisely the cone of those vectors m ∈ R
2k+1 which make Hk(m) positive semidefinite.

According to the usual convention, we use t instead of s in this 1-dimensional case. Al-
though not every vector m ∈ R

2k+1 satisfying this condition is a vector of moments, in
the one dimensional case the coercivity of ϕ avoids any difficulty. The following lemma
from [19,45,46] clarifies this point.

Lemma 3.1. Let ϕ(t) =
∑2k

ι=0 cιt
ι be a one dimensional, coercive polynomial (i.e. c2k >

0). Then, any solution m∗ of the semidefinite program:

(SDP)





Minimize c · m :=
2k∑

ι=0

cιmι

subject to Hk(m) � 0 with m0 = 1 and m1 = a,

is composed of the algebraic moments of a measure µ∗ solving the following abstract opti-
mization problem defined in measures:

Minimize
〈
ϕ, µ

〉
:=

∫

R

ϕ(t)µ(dt)

subject to

∫

R

t µ(dt) = a, µ ∈ P(R)





(3.8)

where P(R) stands for the family of all probability measures supported on the real line
R. The converse is also true, i.e. when µ∗ solves (3.8), then its algebraic moments solve
(SDP).

On one hand, this fact certainly allows us to determine exact relaxations in the one
dimensional case. On the other hand, it also has an important geometrical meaning in
convex analysis. Since the polynomial ϕ is coercive on R, every point of the graph of its
convex envelope ϕc can be expressed as a convex combination of points on the graph of ϕ
itself. By applying the classical Carathéodory’s theorem of convex analysis we obtain the
following formula:

(a, ϕc(a)) = λ1(a1, ϕ(a1)) + λ2(a2, ϕ(a2)) (3.9)

with λ1 + λ2 = 1, λ1 ≥ 0, λ2 ≥ 0. It is remarkable that every optimal measure for (3.8)
comes from the geometrical representation in (3.9). Thus, a probability measure µ solves
(3.8) if and only if it satisfies the equation:

(a, ϕc(a)) =

∫

R

(t, ϕ(t))µ(dt), (3.10)

see [44,48]. From this observation we can see that

µ = λ1δa1 + λ2δa2 (3.11)

is a solution of (3.8), whenever the coefficients λi and the points ai satisfy (3.9). Thus, we
can use a set of optimal values m∗ from the semidefinite program (SDP) to determine
the support and the weights of an optimal measure µ solving (3.8). These facts can be
used to prove the following result; later they will also be useful when applied into the
multidimensional setting.
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Proposition 3.2. Assume that n = 1 and ϕ1(x, t) =
∑2k

ι=0 gι(x)tι with g2k(·) ≥ ε for
some ε > 0. Then

Minimize Φ(u,m) =

∫ 1

0

2k∑

ι=0

gι(x)mι(x) + ϕ0(u, x) dx

subject to m0(x) = 1, u′(x) = m1(x)

Hk(m(x)) � 0 for every x ∈ [0, 1]

u(0) = uD(0), u(1) = uD(1)





(3.12)

has a solution and the minimum of (3.12) is just min(OC P) = min(RP ). Moreover,
every solution m∗ of (3.12) can be traced back to a particular optimal η∗ for the cor-
responding one dimensional case in the formulation (RP ), in the sense that m∗ is the
vector function of the algebraic moments of the Young measure η∗, i.e. m∗

ι = η∗ • (1 ⊗ sι)

for ι = 0, . . . , 2k.

This result has been proved and exploited constructively in [8, 48]. Notice that coer-
civity of ϕ1 implies a finite support of the optimal measures of (RP ). We would like
to remark here that in the one-dimensional case the relaxation of (RP ) takes the form
of a convex optimal control problem like (3.12) which has a minimizer under coercivity
assumptions. See [14,20,49–51,70].

An analogous assertion holds for element-wise constant η’s. This fact suggests to
formulate (RPHk,d) (i.e. in (RPH,d) with H = Hk from (3.1)) terms of moments. Let
Td be an equidistant partition of the interval [0, 1] with d > 0 a mesh size. Then the
approximate problem in terms of moments looks as:

(MPd)





Minimize Φ̂(u,m) :=

1/d∑

i=1

2k∑

ι=0

gi,ιmi,ι +

∫ 1

0
ϕ0(x, u(x)) dx,

subject to mi,0 = 1, mi,1 = u′(x) for x ∈
(
(i−1)d, id

)
,

Hk(mi,0, · · · ,mi,2k) � 0 for all i = 1, · · · , 1/d,

u ∈ W 1,p(Ω) element-wise affine on Td,

u(0) = uD(0), u(1) = uD(1),

where the coefficients gi,ι come from the expansion of the element-wise constant integrand
Pdϕ1, i.e.

[
Pdϕ1

]
(x, s) =

2k∑

ι=0

gi,ιs
ι for x ∈

(
(i−1)d, id

)
. (3.13)

Thus we transform the problem (RPHk ,d) into a semidefinite programming problem. De-
pending whether ϕ0(x, ·) is linear, convex quadratic, or more general, more or less efficient
computer codes are available for solving (MPd), e.g. the primal-dual interior point algo-
rithm, generalized augmented-Lagrangian method, or a log-barrier method, respectively.
See [6, 7, 28,45,48,69].

From the analysis of the one-dimensional case exposed above, the following equivalence
clearly follows:

Proposition 3.3. If n = 1 and (3.13) holds, then the problem (RPHk,d) with Hk from
(3.1) is equivalent to (MPd) in the sense that:
(i) min(RPHk,d) = min(MPd), and

(ii) (u∗, η∗) solves (RPHk,d) if and only if (u∗,m∗) solves (MPd), where optimal η∗

is related to optimal m∗ through (3.3), which means here m∗
ι = η∗ • (1 ⊗ sι) for

ι = 0, · · · , 2k.

It is worth mentioning here that we can use algebraic tools for constructing finite
supported measures from a finite set of their moments, so we can use the optimal vectors
m∗

d from (MPd) to construct some η∗d as a minimizer of (RPHk,d). See [43,44].
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3.2 The multi-dimensional case

The Multidimensional Moment Problem is still an open problem in pure mathematics,
see [1, 5, 13, 26, 29, 68]. Nonetheless, important progress has been made in recent years as
algebraists have been able to characterize positive polynomials defined in compact semi-
algebraic sets [15–17, 22, 24, 39, 67]. This result has been applied to global optimization
of polynomials and non-convex situations in optimization theory, see [19, 43–46, 48, 52].
We use this methodology here to transform (RPHk ,d) into a convex optimization problem
in which the Young-measures νd are represented as moments-like vectorial functions md

within a proper convex mathematical program. In particular we will follow J. B. Lasserre’s
approach on global optimization of polynomials developed in [25,33–36,38] to describe the
convex envelope of n-dimensional coercive polynomials by semidefinite programming.

The case n > 1 is more complicated because the characterization of elements η from
◦

YH
p

(Ω; Rm) only can be attained in a limit sense, provided that the supports of the pa-
rameterized measures in the Young-measure representation of η lie in a compact semi-
algebraic set. Thus, we assume that every parameterized measure νx is supported on the
n-dimensional ball: B̺d

:= {s ∈ R
n; s2

1+· · ·+s2
n ≤ ̺2

d} where ̺d is chosen big enough. Due
to the uniform coercivity of ϕ1, the Weierstrass maximum principle (see equation (A.11)
from Appendix) can be achieved inside a ball B̺d

for ̺d sufficiently large. By proceed-
ing in this way, we can apply recent results on the characterization of multidimensional
moments without changing the original formulation of the problem.

It is enlightening for our approach to focus on the convex envelope of the integrand
ϕ1(x,∇u(x)) with respect to the gradient variables. Indeed, it has been observed by other
authors, see [18, 23, 59, 63], that this kind of convexification allows us to obtain an exact
convex relaxation of the original non-convex problem (P). Thus, when we denote by
Cϕ1(x, ·) the convex envelope of ϕ1(x, ·) and consider the convex formulation

(CP)





Minimize Φc(u) :=

∫

Ω
Cϕ1(x,∇u(x)) + ϕ0(x, u(x)) dx,

subject to u ∈ W 1,p(Ω), u|∂Ω = uD,

we obtain an exact relaxation of (P).

Proposition 3.4. (See [59].) By assuming the coercivity of ϕ1, we have the following
results:
(i) Let u∗ be a solution for (CP). The couple (u∗, η∗) with η∗ ∈ Y p

H(Ω; Rn) is a solution
of (RP ) provided that Cϕ1(x,∇u∗(x)) =

[
ϕ1 •η∗

]
(x) and [Id •η∗](x) = ∇u∗(x) for

almost every x ∈ Ω.
(ii) Reciprocally, if (u∗, η∗) solves (RP ), the function u∗ is a solution for (CP) and

(u∗, η∗) itself solves the equations Cϕ1(x,∇u∗(x)) =
[
ϕ1 •η∗

]
(x) and [Id •η∗](x) =

∇u∗(x) for almost every x ∈ Ω.

Thus, we are confronted with the discretized convexified problem:

(CPd)





Minimize

∫

Ω
C[Pdϕ1](x,∇u(x)) + ϕ0(x, u(x)) dx,

subject to u ∈ W 1,p(Ω) element-wise affine on Td, u|∂Ω = uD.

Let us emphasize that only one-sided inequality C[Pdϕ1] ≥ Pd(Cϕ1) is at disposal and,
using Φc from (CP) “blindly” also for (CPd), might lead to under-relaxation. We will
prove next that (CPd) is equivalent to (RPHk,d) under proper coercivity assumptions.
For this, we need the following:

Lemma 3.5. (See [18].) Given an n-dimensional polynomial ϕ : R
n → R satisfying

c1|s|p ≤ ϕ(s) ≤ c2(1 + |s|p) for every s ∈ R
n, with p > 1 and positive constants c1 and c2,
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we can determine its convex envelope at a fixed point a ∈ R
n as:

Cϕ(a) =





Minimize
〈
ϕ, µ

〉
:=

∫

Rn

ϕ(s)µ(ds)

subject to

∫

Rn

s µ(ds) = a, µ ∈ P(Rn),
(3.14)

where, as above, P(Rn) is the set of all Borel regular probability measures supported on
R

n.

Remark 3.6. At the boundary point (a,Cϕ(a)) there exists a supporting hyperplane
for the convex set Epi(Cϕ). Such hyperplane can be defined by a linear-affine function
La : R

n → R which satisfies La ≤ Cϕ ≤ ϕ and La(a) = ϕ(a). Thus, we easily characterize
the optimal measures µ∗ for (3.14) as the set of probability measures supported on Fa =
{s ∈ R

n : La(s) = ϕ(s)} satisfying a =
∫

Rn s µ∗(ds). Hence, we find that a necessary
condition for µ∗ to be optimal in (3.14) is that µ∗ be supported in {s ∈ R

n : Cϕ(s) = ϕ(s)}.
Let us emphasize that this condition is not sufficient.

Proposition 3.7. By assuming the coercivity requirements on ϕ1, the discrete problem
(CPd) is equivalent to (RPHk,d) in the following sense:
(i) Let u∗

d be a solution for (CPd). The couple (u∗
d, η

∗
d) with η∗d ∈ P ∗

d Y p
H(Ω; Rn) is a

solution of (RPHk,d) provided that

C[Pdϕ1](x,∇u∗
d(x)) =

[
ϕ1 •η∗d

]
(x) and [Id •η∗d](x) = ∇u∗

d(x) (3.15)

for a.a. x ∈ Ω; in fact, the functions involved in (3.15) are constant inside every
triangle S ∈ Td.

(ii) Conversely, if (u∗
d, η

∗
d) solves (RPHk,d), the function u∗

d is a solution for (CPd) and
(u∗

d, η
∗
d) itself solves (3.15) for a.a. x ∈ Ω.

Proof. Let (ud, ηd) be a solution for the relaxed problem (RPHk,d), then [Id •ηd](x) =

∇ud(x) for every S ∈ Td. Since u∗
d is optimal for (CPd), we have:

∫

Ω
C[Pdϕ1](x,∇ud(x)) + ϕ0(x, ud(x)) dx ≥

∫

Ω
C[Pdϕ1](x,∇u∗

d(x)) + ϕ0(x, u∗
d(x)) dx.

By using Lemma 3.5, we can see that
∫

Ω
[ϕ1 •ηd](x) + ϕ0(x, ud(x)) dx ≥

∫

Ω
C[Pdϕ1](x,∇ud(x)) + ϕ0(x, ud(x)) dx (3.16)

and finally we have
∫

Ω
[ϕ1 •ηd](x) + ϕ0(x, ud(x)) dx ≥

∫

Ω
[ϕ1 •η∗d](x) + ϕ0(x, u∗

d(x)) dx (3.17)

because of the assumptions in (i) on u∗
d and η∗d. Thus, we have shown that (u∗

d, η
∗
d) is the

solution to the problem (RPHk,d), and the point (i) has thus been proved.
As to the point (ii), let ν∗

d be the (element-wise homogeneous) Young measure induced
by the convex envelope of Pdϕ1 according to Lemma 3.5, i.e.

C[Pdϕ1](x,∇u∗
d(x)) =

∫

Rn

[Pdϕ1](x, s)
[
ν∗

d

]
x
(ds) and

∫

Rn

s
[
ν∗

d

]
x
(ds) = ∇u∗

d(x)

for a.a. x ∈ Ω. As (u∗
d, ν

∗
d) is admissible and (u∗

d, η
∗
d) is optimal for the problem (RPHk ,d),

we have
∫

Ω

∫

Rn

[Pdϕ1](x, s)
[
ν∗

d

]
x
(ds) + ϕ0(x, u∗

d(x)) dx ≥
∫

Ω
[ϕ1 •η∗d](x) + ϕ0(x, u∗

d(x)) dx

9



and then
∫

Ω
C[Pdϕ1](x,∇u∗

d(x)) dx =

∫

Ω

∫

Rn

[Pdϕ1](x, s)
[
ν∗

d

]
x
(ds) dx

≥
∫

Ω
[ϕ1 •η∗d](x) dx ≥

∫

Ω
C[Pdϕ1](x,∇u∗

d(x)) dx. (3.18)

Hence,

∫

Ω
[ϕ1 •η∗d](x) dx =

∫

Ω
C[Pdϕ1](x,∇u∗

d(x)) dx. (3.19)

By applying Lemma 3.5 again, we can claim that C[Pdϕ1](x,∇u∗
d(x)) ≤ [ϕ1 •η∗d](x) for

every x ∈ S ∈ Td. Since the integrals in (3.19) can be expressed as a finite sum on
the members of Td, we have:

∑
S∈Td

∫
S[ϕ1 •η∗d](x)dx =

∑
S∈Td

∫
S C[Pdϕ1](x,∇u∗

d(x)) dx.

Therefore, we can conclude that:

[ϕ1 •η∗d](x) = C[Pdϕ1](x,∇u∗
d(x)) =

∫

Rn

[Pdϕ1](x, s)
[
ν∗

d

]
x
(ds) (3.20)

for every x ∈ S ∈ Td. In this way, we can see that ν∗
d corresponds to η∗d in the sense that

(3.15)) holds for every x ∈ S ∈ Td. To see that u∗
d solves the convexified problem (CPd),

we take an admissible ud for (CPd) and we take νd as the Young measure generating the
convex envelope of Pdϕ1 according to Lemma 3.5. Therefore, we have:

∫

Ω
C[Pdϕ1](x,∇ud(x)) + ϕ0(x, ud(x)) dx =

∫

Ω
[ϕ1 •ηd](x) + ϕ0(x, ud(x)) dx

≥
∫

Ω
[ϕ1 •η∗d](x) + ϕ0(x, u∗

d(x)) dx

≥
∫

Ω
[[Pdϕ1] •η∗d](x) + ϕ0(x, u∗

d(x)) dx =

∫

Ω
C[Pdϕ1](x,∇u∗

d(x)) + ϕ0(x, u∗
d(x)) dx,

having employed that ϕ1 •η∗d = ϕ1 • [P ∗
d η∗d] = [Pdϕ1] •η∗d since PdPd = Pd. In this way we

conclude that u∗
d is optimal for (CPd).

From Proposition 3.7, the importance of the convex envelope of the polynomial ϕ1 into
the relaxed formulation (RPHk ,d) becomes clear. From Lemma 3.5, it is also clear that
the convex envelope of a multidimensional polynomial ϕ1 can be evaluated by a particular
optimization problem defined in probability measures. Thus, we can apply the moments
technique to the relaxed formulation (RPHk,d), taking into account that we must obtain at
last the convex envelope of the polynomial ϕ1 to be certain that we get an exact relaxation
of the original problem. See [47]. The following result supports this approach.

Proposition 3.8. Consider the convex, relaxed and discretized problem:

(MPd,κ)





Minimize Φ̂(u,m) :=
∑

S∈Td

∑

0≤|ι|≤2k

φS,ιmS,ι +

∫

Ω
ϕ0(x, u(x)) dx,

subject to mS,ei
=

∂u

∂xi
on S∈Td, i = 1, · · · , n,

mS,0,··· ,0 = 1,

Hκ

(
{mS,ι}|ι|≤2κ

)
� 0,

Lκ

(
{mS,ι}|ι|≤2(κ−1)

)
� 0,





for all S∈Td,

u ∈ W 1,p(Ω) element-wise affine of Td, u|∂Ω = uD,

10



where ei = (0, · · · , 0, 1, 0, · · · , 0) ∈ R
n is the vector with 1 on the i-th position and where,

similarly as in (MPd,κ), the coefficients φS,ι come from the expansion of the element-wise
constant integrand Pdϕ1, i.e. [Pdϕ1](x, s) =

∑
0≤|ι|≤2k φS,ιs

ι1
1 · · · sιn

n for x ∈ S ∈ Td. Then:

(i) (MPd,κ) has a solution for every d > 0, k and κ with κ ≥ k.

(ii) The solution of (MPd,κ) provides a lower bound for (RPHk,d) and min(MPd,κ) ր
inf(RPHk,d) when κ → ∞.

(iii) When (u∗,m∗) solves (MPd,κ) and there exists η∗ ∈ P ∗
d Y p

H(Ω; Rn) such that m∗
ι =

η∗ • (1 ⊗ sι1
1 · · · sιn

n ) for |ι| := ι1 + · · · + ιn ≤ 2κ, then η∗ solves (RPHk,d).

Proof. We use again some tools from convex optimization and convex analysis to specify
the convex envelope of a coercive polynomial ϕ : R

n → R at the point a = (a1, . . . , an).
The coefficients of the polynomial ϕ(x) =

∑
2≤|ι|≤2k cι1,...ιnxι1

1 . . . xιn
n allow us to define the

following semidefinite program:

(SDPκ)





Minimize c · m :=
∑

2≤|ι|≤2k

cι1,...ιnmι1,...ιn

subject to Hκ(m) � 0 and Lκ(m) � 0
with m0,...,0 = 1 and me1 = a1, . . . ,men = an.

Because of κ ≥ k, the problems (SDPκ) make a sequence of convex programs indexed
by κ. Notice that we omit the linear part of ϕ as it does not affect the analysis of the
convex envelope of the polynomial ϕ. Since Hκ(m) � 0 and Lκ(m) � 0 are necessary
conditions for m to be a valid vector of multidimensional moments of a multidimensional
measure supported on the n-dimensional ball B̺d

, the value of (SDPκ) is a lower bound
for the value Cϕ(a) if k → ∞. We have used here the right-hand side of (3.14). This
program (SDPκ) has a finite optimal value, and this optimal value of (SDPκ) defines
a nondecreasing sequence of lower bounds of Cϕ(a). We will show that the optimal value
of (SDPκ) converges to Cϕ(a) when κ → ∞ by following J. B. Lasserre’s proposal for
global optimization of polynomials stated in his seminal paper [33].

Let La be the affine function defining the supporting hyperplane of the convex set
Epi(Cϕ) ⊂ R

n+1 at the point (a,Cϕ(a)). See Remark 3.6. Given ε > 0, we have ϕ(x) −
La(x) + ε > 0 for every x ∈ B̺d

. Since the ball B̺d
is a semialgebraic compact set, we

can express the positive polynomial ϕ(x) − La(x) + ε in B̺d
as:

ϕ(x) − La(x) + ε =

J∑

j=1

q2
j (x) + (̺2

d − x2
1 − · · · − x2

n)

J ′∑

j′=1

q2
j′ (3.21)

where qj and qj′ are n-dimensional polynomials whose degrees can not be determined in
advance, i.e. they depend on ε. See [60]. If we take 2κ as the degree of the polynomial at
the right-hand side of (3.21), then the quadratic representation of (3.21) gives a feasible
solution of the dual of the semidefinite program (SDPκ). See [33,47].

The dual form of the semidefinite program (SDPκ) is

Maximize −γ0,...,0 − 2a1γe1 − · · · − 2anγen

−̺2
dλ0,...,0 − 2a1̺

2
dλe1 − · · · − 2an̺2

dλen

subject to 〈Γ, Aι1,...ιn〉κ + 〈Λ, Ãι1,...ιn〉κ−1 = cι1,...ιn ∀ι : 2 ≤ |ι| ≤ 2k,

Γ � 0 and Λ � 0,





(3.22)

cf. e.g. [4], [33]. Matrices Γ and Λ have the forms Hκ(γ) and Hκ−1(λ) respectively, 〈·, ·〉
stands for the Frobenius product, and the matrix Aι1...ιn is full of zeros but its ι1 . . . ιn
entries which are ones. To make explicit the form of every matrix Aι1...ιn we take the
quadratic form ZZ⊤ where Z = (xι1

1 . . . xιn
n )0≤ιi+···+ιn≤κ. The ι1 . . . ιn entries in Aι1...ιn are
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the entries of the function xι1
1 . . . xιn

n in ZZ⊤, Aι1...ιn is the same size as ZZ⊤. The form

of the matrix Ãι1...ιn comes from the quadratic form
(
̺2

d − x2
1 − · · · − x2

n

)
WW⊤ where

W = (xι1
1 . . . xιn

n )0≤ι1+···+ιn≤(κ−1). Each entry in Ãι1...ιn has the coefficient of xι1
1 . . . xιn

n in

the respective position in
(
̺2

d − x2
1 − · · · − x2

n

)
WW⊤.

The primal semidefinite program (SDPκ) is strictly feasible as we can always find a set
of moments m induced by a continuously distributed probability measure in B̺d

whose
first marginal moments are the values a1, . . . , an. See [17]. In this way the moments
m define positive definite matrices Hκ(m) and Lκ(m). As usual in convex optimization,
feasible solutions of the dual program (3.22) provide a lower bound for the primal program
(SDPκ). So, as proposed in [33], we take a couple of dual variables Γ and Λ from

the coefficients of the polynomials qj and qj′ in (QF ). This is, Γ =
∑J

j=1 qj · qt
j and

Λ =
∑J ′

j′=1 qj′ · qt
j′ which implies that matrices Γ and Λ must be positive semidefinite.

From the representation (3.21) of the positive polynomial ϕ(x) − La(x) + ε we can see
that:

− γ0,...,0 − 2a1γe1 − · · · − 2anγen − ̺2
dλ0,...,0 − 2a1̺

2
dλe1 − · · · − 2an̺2

dλen = La(a) − ε.

Therefore, the dual variables Γ and Λ determine the following lower bound for (SDPκ):

− γ0,...,0 − 2a1γe1 − · · · − 2anγen − ̺2
dλ0,...,0 − 2a1̺

2
dλe1 − · · · − 2an̺2

dλen = Cϕ(a)− ε.

As the optimal value in (SDPκ) is a lower bound for Cϕ(a), we have:

∀ε > 0 ∃κ0 ∈ N ∀κ ≥ κ0 : Cϕ(a) ≥ min(SDPκ) ≥ Cϕ(a) − ε

where the optimal value min(SDPκ) is finite because the primal program (SDPκ) is
strictly feasible.

The present analysis of the convex envelope of a n-dimensional polynomial proves items
(i)-(iii) of Proposition 3.8 when applied on the coercive polynomial ϕ1 given in (RPHk,d)
provided that ϕ0 is convex in u.

3.3 Remarks

Let us end this section with some remarks that outline various advanced numerical strate-
gies and various generalizations.

Remark 3.9. One can think about a linearization of the ϕ0-term in the relaxed problem
(RPHk ,d) and then, starting from some u0, consider the iterative process based for k =

1, 2, . . . on the solution (u
(k)
d , η

(k)
d ) to the problem

Minimize Ψ(u
(k−1)
d ;u, η) :=

∫

Ω

[
ϕ1 •η

]
(x) + [ϕ0]

′
u(x, u

(k−1)
d )(u − u

(k−1)
d ) dx,

subject to [Id •η](x) = ∇u(x) for a.a. x ∈ Ω,

u ∈ W 1,p(Ω) element-wise affine on Td, u|∂Ω = uD,

η ∈ Y
p

Hk
(Ω; Rn) element-wise constant on Td ,

where u
(k−1)
d is known from the previous iteration. This SLP (=sequential linear pro-

gramming) strategy was proposed in [3]. In some qualified cases (e.g. in the benchmark
problem in Section 4.1 below), it converges by the Banach fixed-point argument, see [3]
for details. Here it may open a possibility, after applying the methods of moments from
Section 3, to use efficient semidefinite programming algorithms with linear cost functional
even if ϕ1(x, ·) is nonlinear and nonconvex. For an SQP (=sequential quadratic program-
ming) strategy, which allows for usage of still relatively efficient semidefinite programming
algorithms with quadratic cost functional even if ϕ0(x, ·) is non-quadratic, see [41].
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Remark 3.10. By solving relaxation (MPd,κ) with increasing values of κ, we eventually
attain an exact solution or at least a good approximation of the exact moments values.
See [33]. By doing so, we obtain a set of parameterized multidimensional moments m∗(S)
for every S ∈ Td. With these optimal moments we can calculate the optimal Young
measure on every S ∈ Td. This procedure exploits the marginal algebraic moments and
the convex hull properties of the non-convex potential ϕ1. See [47] for further details of
this implementation.

Remark 3.11. Some semidefinite programming algorithms yield the Lagrange multipliers
λd,κ to the first constraint in (RPd,κ), i.e. (mS,ι)|ι|=1 = ∇u. This is now called an active-
set strategy algorithm, developed originally in [12] and latter used e.g. in [3, 31, 32, 41].
In this way, we would get an upper estimate for min(RPHk,d) which would complete the
previously obtained lower estimate min(MPd,κ).

Remark 3.12. Considering κ ≥ k and only the part of this solution, namely the moments
mS,ι with |ι| ≤ 2k, we can define ηκ ∈ H∗ by (3.4) where mι(x) = mS,ι for x ∈ S ∈ Td.
Unfortunately, except special cases as in Sect. 4.1, such ηκ need not belong to Yp

Hk
(Ω; Rn)

even in a limit for κ → ∞, contrary to the one-dimensional case.

Remark 3.13. In principle, in contrast to the additively coupled problem (P), we
could consider more general problems involving the generally coupled functional Φ(u) :=∫
Ω ϕ(x, u(x),∇u(x)) dx. Our results allow relatively easily for an extension to the case

ϕ(x, u, s) =
∑

|ι|≤2k gι(x, u(x))sι1
1 · · · sιn

n . Then the ϕ0-term in (MPd,κ) would be out but

the coefficients φi,ι and φS,ι would depend on u, which would turn (MPd,κ) into general
nonconvex positive-semidefinite mathematical programs.

4 ILLUSTRATIVE EXAMPLE AND NUMERICAL RESULTS

4.1 Benchmark problem: two-dimensional broken extremal

We illustrate the proposed approach on a benchmark problem used in [3, 41], namely the
Tartar’s broken-extremal problem [53] modified for the two-dimensional case. See [9, 10]
or [2, Sect.3.5] or [11, Sect.8]. Let us consider the square Ω := (0,K)n with n = 2 and
size K > 0. For x ∈ Ω, s ∈ R

2, and u ∈ R, we define

ϕ1(x, s) := |s − a|2|s + a|2, (4.1a)

ϕ0(x, u) :=
(
u − g(a · x)

)2
with (4.1b)

g(ξ) := − 3

128

(
ξ − 1

2

)5

− 1

3

(
ξ − 1

2

)3

, (4.1c)

where a = (
√

3/2, 1/2). Note that (4.1a) is coercive for p = 4 and that ϕ1(x, ·) ∈ Π4(R
2).

Hence, Section 3 applies with k = 2 = n and note that:

ϕ1(x, s1, s2) := s4
1 + s4

2 + 2s2
1s

2
2 − s2

1 + s2
2 − 2

√
3s1s2 + 1. (4.2)

Then, according to [53], the relaxed problem (RP ) has the unique solution:

u(x) =





g(a · x) for a · x ∈ (0, 1/2),

(a · x − 1/2)3

24
+ (a · x − 1/2) for a · x ∈ (1/2,

√
2),

(4.3a)

νx =





1 − a · ∇u(x)

2
δ−a +

1 + a · ∇u(x)

2
δa for a · x ∈ (0, 1/2),

δ∇u(x) for a · x ∈ (1/2,
√

2),
(4.3b)
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provided the boundary data are chosen as uD := u|∂Ω with u just from (4.3a).
We use the regular triangulation Td shown in Figure 1. For this problem, we have

implemented the convex mathematical program corresponding to the optimization problem
(MPd,κ) in function of (u,m) variables. Here, we represent the admissible function u by
using a finite element linear interpolation basis, defined by the finite element mesh shown
in Figure 1. With the optimal vectors m∗ so obtained, we first check whether they actually
represent the algebraic moments of a two dimensional probability measure. If some of them
do not represent a probability measure, we increase κ and try again. Usually, for coercive
polynomials, we obtain a valid set of moments in a few steps, just taking κ a bit greater
than the degree of ϕ1. In our case, we have stopped in κ = 3, cf. also the experiments
below summarized in Table 1 below.

1

0.8

0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 1

0

See Figure 2.

0.39 0.50

Figure 1. A (10×10)-square finite-element mesh (composed from 400 elements) and a
grey-scaled image of numerical values of λ1 (with λ1 = 1 on the white region).

Afterwards, we obtain a set of bi-dimensional moments, and we use the marginal
moments on the axis x and y to construct the probability measure that they represent. Let
us notice that this procedure is not possible in general cases, and we succeed here because
we have obtained moments which represent the probability measures defining the convex
hull of the nonconvex potential ϕ1. This is a nontrivial application of Carathéodory’s
theorem. See [47] for a detailed description of the algorithms that we use to calculate the
optimal Young measure from the optimal moments involved in (MPd,κ).

The Young measure is constant on each element and, here, on each element, we have
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6 parameters describing the corresponding probability measure

λ1δa1 + λ2δa2 with λ1+λ2 = 1, λ1, λ2 ≥ 0, a1, a2 ∈ R
2. (4.4)

Figure 1 shows the finite element mesh and a grey scaled image of the numerical value
of λ1 for each element (see Figure 2 for a detail of the 6 values for the elements in the
highlighted square of the mesh).

1.00 δ(0.87,0.51)

1.00 δ(.87, .51)

1.00 δ(0.84,0.50)

1.00δ(.84, .49)
.50δ(−.88,−.51)

+.50δ(.88, .51)

1.00δ(.86, .50)

0.49 δ(−0.86,−0.49)

0.49 δ(−0.86,−0.49)

+0.51 δ(0.86,0.49)

+0.51 δ(0.86,0.49)

1.00 δ(0.86,0.49)

1.00 δ(0.86,0.49)

1.00 δ(.87, .50)

1.00 δ(0.87,0.50)

1.00 δ(.86, .51)
.51δ(−.85,−.51)

+.49δ(.85, .51)

.50δ(−.86,−.50)

+.50δ(.86, .50)

.50δ(−0.87,−0.48)

+.50δ(0.87,0.48)
x1

x2

0.6

0.8

0.1 0.3

Figure 2. Detail of a square selected as depicted on Figure 1 and of the reconstructed op-
timal parameterized measure ν∗

d , composed either from one or from two Diracs, presented
with 2-digit accuracy.

The optimal surface (i.e. the graph of u∗
d) shown in Figure 3, has been calculated by

using the corresponding coefficients of a first-order spline basis, defined over the finite-
element mesh shown in Figure 1.

Calculations have been done by implementing the model in a Matlab code, where opti-
mization routines have been linked to an Ampl interface, see [47] for a deeper description
of all the minor details of this implementation.

4.2 Comments on the role of κ in the relaxation

It is important that convergence in κ in the formulation (MPd,κ) is usually very fast and
is attained after a few steps in κ. We must emphasize that every increase in κ amounts
to an increase of the number of design variables in (MPd,κ) by twice. Recently, other
authors have determined conditions that guarantee the final convergence in κ by using the
rank of the moments matrices in (MPd,κ), see [37].

Example 4.1. Here we solve the non-convex variational problem in (P) but taking ϕ0
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x1
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u

Figure 3. Optimal u∗
d calculated on the finite-element mesh from Figure 1 and displayed

here by a spline interpolation.

and ϕ1 as follows:

ϕ1(x, s1, s2) := 4 + s4
2 + s4

1 + 2s2
1s

2
2 − 8s1s2 (4.5a)

ϕ0(x, u) := (u − (x1 + x2))
2 (4.5b)

uD := u|∂Ω = 0. (4.5c)

Example 4.2. Here we use the same function ϕ1 and the same boundary condition as
in (4.5a,c) but ϕ0 changes into

ϕ0(x, u) := u2. (4.6)

Example 4.3. Finally we use the same functions ϕ1 and ϕ0 as in (4.5a,b) but we take a
different boundary condition

uD := u|∂Ω = 1. (4.7)

The optimal value of the functional against κ for a coarse (3×3)-square mesh is shown
on Table 1. Small deviation from the monotone convergence claimed in Proposition 3.8,
which occurs in the case of Example 4.2, is due to numerical errors. On the other hand,
we can observe that the value of Φ̂(·, ·) decreases for a bigger value of κ.

All these examples show the good performance of the method and the faster conver-
gence of the formulation shown in this article with the appropriate formulation by the
method of moments.

Φ̂(m∗, κ)

κ Example 4.1 Example 4.2 Example 4.3

2 −6.52017 0.00075 −0.36578
3 −6.52587 0.00096 −0.36654
4 −6.53562 0.00063 −0.36658
5 −6.54718 0.00061 −0.37760

Table 1. Optimal value of (MPd,κ) in dependence on κ.
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APPENDIX: RELAXATION BY CONVEX COMPACTIFICATION

Here, to justify the previous (occasionally only a bit vaguely used) concepts/results, we
explain in detail the (classes of) Young measures and their usage for relaxation and approx-
imation of variational problems used in the foregoing sections in the context of the general
theory of convex compactifications of Lebesgue spaces, based essentially on [61–64].

A.1 Convex local compactifications of L
p-spaces

Following [63, 64], we will briefly present a fairly universal construction of locally com-
pact envelopes of the Lebesgue Lp-spaces that are also convex in a natural linear space
and allow for a continuous and affine extension of Nemytskĭı mappings. We assumed
Ω ⊂ R

n a bounded domain and consider the Lebesgue space Lp(Ω; Rm) = {u : Ω →
R

m measurable;
∫
Ω |u(x)|pdx < +∞}. We define a normed linear space

Carp(Ω; Rm) :=
{
h : Ω × R

m → R; h(·, s) measurable, h(x, ·) continuous,

∃a ∈ L1(Ω), b ∈ R :
∣∣h(x, s)

∣∣ ≤ a(x) + b
∣∣s

∣∣p
}

(A.1)

of Carathéodory’s “test integrands”, and endow it with the norm
∥∥h

∥∥
Carp(Ω;Rm)

:= inf
|h(x,s)|≤a(x)+b|s|p

∥∥a
∥∥

L1(Ω)
+ b. (A.2)

The essential trick is to consider a sufficiently large (but preferably still separable) linear
subspace H ⊂ Carp(Ω; Rm), to define the embedding

iH : Lp(Ω; Rm) → H∗ : u 7→
(
h 7→

∫

Ω
h(x, u(x)) dx

)
, (A.3)

and eventually to put

Y p
H(Ω; Rm) := the weak* closure of iH(Lp(Ω; Rm)). (A.4)

One can show that Y p
H(Ω; Rm) is always convex in H∗. Assuming, rather for simplicity,

that H contains at least one coercive integrand, i.e. H ∋ h0 with h0(x, s) ≥ |s|p, then
Y p

H(Ω; Rm) is a convex locally compact hull of Lp(Ω; Rm) and Lp(Ω; Rm) itself is embedded
into it (norm,weak*)-continuously. Moreover, if H is rich enough (cf. [63,64] for details),
then this embedding iH is even homeomorphic. If H is separable, then Y p

H(Ω; Rm) is
locally sequentially compact. Thus Y p

H(Ω; Rm) may be considered as indeed a very natural
envelope of Lp(Ω; Rm), imitating a lot of geometrical/topological properties of (convex
subsets in) finite-dimensional spaces.

Moreover, let us define h •η as a Borel measure on Ω̄ by

∫

Ω̄
g(x)[h •η](dx) =

〈
h •η, g

〉
=

〈
η, gh

〉
(A.5)

where [gh](x, s) = g(x)h(x, s) and g ∈ C(Ω̄), where Ω̄ denotes the closure of Ω. Here we
need that H is so-called C(Ω̄)-invariant in the sense that gh ∈ H whenever g ∈ C(Ω̄) and
h ∈ H.

Further, we say that η ∈ Y p
H(Ω; Rm) is p-nonconcentrating if there is a sequence {uk}k∈N

such that η = w*- limk→∞ iH(uk) and {|uk|p; k ∈ N} is weakly relatively compact in L1(Ω).

Let us denote the set of all such η’s by
◦

YH
p

(Ω; Rm).

If H is separable, any η ∈
◦

YH
p

(Ω; Rm) has a Lp-Young measure representation ν ∈
Y p(Ω; Rm), cf. (2.1), in the sense that

∀h ∈ H :
〈
η, h

〉
=

∫

Ω

∫

Rm

h(x, s) νx(ds) dx, (A.6)
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see [63, Proposition 3.4.15]. It holds that [h •η](x) =
∫

Rm h(x, s) νx(ds) for a.a. x ∈ Ω. If H

is rich enough, e.g. if H ⊃ L1(Ω;C0(R
m)), then this representation is determined uniquely

by η and, in fact, Y p(Ω; Rm) ∼=
◦

YH
p

(Ω; Rm). In the general case, Y
p

H(Ω; Rm) ∼=
◦

YH
p

(Ω; Rm).

A.2 Relaxation of (P)

We use the construction from Section A.1 for m = n. Again we assume (1.1). Then we
will consider the already announced relaxed problem in the form:

(RPH)





Minimize Φ̄(u, η) :=

∫

Ω

[
ϕ1 •η

]
(x) + ϕ0(x, u(x)) dx,

subject to [Id •η](x) = ∇u(x) for a.a. x ∈ Ω,

u ∈ W 1,p(Ω), η ∈ Y p
H(Ω; Rn), u|∂Ω = uD,

where Id(x, s) := s; here we have to assume Hn ∋ Id. The following assertion, which
claims that (RPH) is indeed a proper relaxation of (P), is based essentially on results by
Kinderlehrer and Pedregal [27,59]:

Proposition A.1. (See [63, Propositions 5.2.1 and 5.2.6].) Let (1.1) hold, p > 1, H be
C(Ω̄)-invariant, ϕ1 ∈ H, and Id ∈ Hn. Then:
(i) (RPH) admits a solution.

(ii) inf(P) = min(RPH).

(iii) The embedding eH : W 1,p(Ω) → W 1,p(Ω)× Y p
H(Ω; Rn) : v 7→ (v, iH (∇v)) of any min-

imizing sequence for (P) has a weakly convergent subsequence whose (weak×weak∗)
limit is a solution to (RPH).

(iv) Each solution to (RPH) is p-nonconcentrating and is the (weak×weak∗) limit of some
minimizing sequence for (P) embedded via eH .

The consequence of Proposition A.1(iv) is that we can replace Y p
H(Ω; Rn) by

◦

YH
p

(Ω; Rn)

with an equal effect. Then, using the already mentioned equivalence
◦

YH
p

(Ω; Rn) ∼=
Y

p
H(Ω; Rm), we can even replace (RPH) by (RPH) in Proposition A.1.

A.3 Approximation: finite-element discretization in space

As for the discretization of Ω, we suppose that Ω is a polyhedral and we also consider
a discretization mesh parameter d > 0 (ranging a countable set having 0 as its accu-
mulation point) and a triangulation Td of Ω composed from simplexes S ∈ Td such that
maxS∈Td

diam(S) ≤ d and Td1 ⊂ Td2 for d1 ≥ d2 > 0, i.e. we consider nested triangulations
refining everywhere on Ω when d ց 0. Then we define Pd by

[Pdh](x, s) :=
1

measn(S)

∫

S
h(ξ, s)dξ if x∈S∈Td. (A.7)

Requiring Pd : H → H, we must consider such H which contains also discontinuous
element-wise constant integrands. As we consider a sequence of triangulations Td, it is
still possible to take H separable in the norm (A.2). In this norm, one can see that
‖Pdh‖Carp(Ω;Rm) ≤ ‖h‖Carp(Ω;Rm) and Pd ◦ Pd = Pd, so that Pd : H → H is a con-

tinuous projector. By [63, Proposition 3.5.9], it holds that P ∗
d Y p

H(Ω; Rn) ⊂ Y p
H(Ω; Rn).

By [63, Proposition 3.5.2(iv)], we have
⋃

d>0 P ∗
d Y p

H(Ω; Rn) weakly* dense in Y p
H(Ω; Rn).

This suggests to approximate (RPH) by restricting it on a convex subset P ∗
d Y p

H(Ω; Rn)
instead of Y p

H(Ω; Rn). Since any η ∈ P ∗
d Y p

H(Ω; Rn) is element-wise constant, holding the
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constraint Id •η = ∇u, the underlying u will then be automatically element-wise affine.

By this way we come to the following approximate relaxed problem:

(RPH,d)





Minimize Φ̄(u, η) :=

∫

Ω

[
ϕ1 •η

]
(x) + ϕ0(x, u(x)) dx,

subject to [Id •η](x) = ∇u(x) for a.a. x ∈ Ω,

u ∈ W 1,p(Ω) element-wise affine on Td,

η ∈ P ∗
d Y p

H(Ω; Rn), u|∂Ω = uD.

Let us denote

G0 :=
⋃

d>0

{
g∈L∞(Ω); ∀S∈Td : g|S ∈ C(S̄)

}
(A.8)

where g|S ∈ C(S̄) means existence of a continuous extension on S̄ of the restriction g|S .

Proposition A.2. (See [63, Proposition 5.5.1].) Let H be separable, G-invariant, and
satisfy G ⊗ V ⊂ H ⊂ cl(G ⊗ V ) for some linear space G ⊂ L∞(Ω) containing G0 and for
some linear space V of continuous functions on R

n of at most p-growth, containing s 7→ si,
i = 1, . . . , n, so that Id ∈ Hn, ϕ ∈ H, where the closure “cl” refers to the norm (A.2) and
“⊗” means the usual tensorial products, i.e. for functions [g ⊗ v](x, s) = g(x)v(s) and for
spaces G ⊗ V is the linear span of {g ⊗ v; g ∈ G, v ∈ V }. Then:
(i) A solution (ud, ηd) to (RPH,d) always exists.

(ii) Moreover, limd→0 min(RPH,d) = min(RPH) and there always exists a subsequence of
di → 0 such that (udi

, ηdi
) (weak×weak*)-converges in W 1,p(Ω)×H∗. Moreover, the

limit of any such a subsequence solves (RPH).

Using that, like in Proposition A.1(iv), also here the solutions to (RPH,d) are p-

nonconcentrating, and the equivalence P ∗
d

◦

YH
p

(Ω; Rn) ∼=
◦

YPdH
p

(Ω; Rm) ∼= Y
p

PdH(Ω; Rn) =

{η ∈ Y
p

H(Ω; Rn) elementwise constant on Td}, one eventually can replace (RPH,d) by
(RPH,d) and use Proposition A.2 for H = Hk, as implicitly exploited before.

Remark A.3. As Pd is a projector, it holds that

∫

Ω
ϕ1 •ηd dx =

〈
ηd, ϕ1

〉
=

〈
P ∗

d ηd, ϕ1

〉
=

〈
P ∗

d P ∗
d η, ϕ1

〉

=
〈
P ∗

d η, Pdϕ1

〉
=

〈
ηd, Pdϕ1

〉
=

∫

Ω
(Pdϕ1) •ηd dx (A.9)

for any ηd ∈ P ∗
d Y p

H(Ω; Rn), i.e. ηd = P ∗
d η for some η ∈ Y p

H(Ω; Rn), and therefore we
can equally consider ϕ1 in (RPH,d) replaced by its element-wise constant interpolant
Pdϕ1. Also, by [63, Proposition 5.5.1(ii)], P ∗

d Y p
H(Ω; Rn) in (RPH,d) can be replaced by

P ∗
d

◦

YH
p

(Ω; Rn) with an equal effect.

In the following remark, we focus on the Weierstrass Maximum Principle as a necessary
condition for general variational problems.

Remark A.4. Fixing d > 0, the necessary optimality conditions for (RPH,d), which any
solution (ud, ηd) to (RPH,d) must satisfy, are the existence of a vector field λd ∈ L∞(Ω; Rn)
element-wise constant satisfying, roughly speaking, one half of the Euler-Lagrange equation
divλd = [ϕ0]

′
u(x, ud) after being discretized by finite elements, i.e.

∀z∈W 1,∞(Ω) element-wise affine on Td :

∫

Ω
λd ·∇z +

∂ϕ0(x, ud)

∂u
z dx = 0, (A.10)
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and the Weierstrass maximum principle in the sense

[
λd ⊗ Id − Pdϕ1

]
•ηd = max

s∈Rn

(
λd(x) · s − [Pdϕ1](x, s)

)
for a.a. x ∈ Ω, (A.11)

see [63, Sect.5.3] or [12]. The vector field λd is, in fact, the Lagrange multiplier to the
constraint Id •η = ∇u in (RPH,d). If ϕ0(x, ·) is convex, then these optimality conditions

are also sufficient. Indeed, formula (A.11) suggests the use of a relaxation in probability
measures of the global optimization problem: maxs∈Rn(λd(x) · s − [Pdϕ1](x, s)). This is
just the approach presented in [33,43,44] for global optimization of polynomials.

Let us actually emphasize that, as we have focused on the case where all integrands
from H are polynomials with the order at most 2k, k ∈ N; i.e. h(x, ·) ∈ Π2k(R

n), PdH
is finite-dimensional and then P ∗

d Y p
H(Ω; Rn) is automatically homeomorphic to a convex

subset of a finite-dimensional Euclidean space; notice the constraints mS,0,··· ,0 = 1 for
S ∈ Td in (MPd,κ) above, which allowed us a computer implementation without no
further discretization.
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