SMALL-BOUND ISOMORPHISMS OF FUNCTION SPACES

JAKUB RONDOS AND JIRI SPURNY

ABSTRACT. Let F =R or C. For ¢ = 1,2, let K; be a locally compact (Haus-
dorff) topological space and let H; be a closed subspace of Co (K, F) such that
each point of the Choquet boundary Ch K; of H; is a weak peak point. We
show that if there exists an isomorphism T': H1 — Ha with ||| - |7~} H <2,
then Ch K7 is homeomorphic to Ch K2. Next we provide a one-sided version
of this result. Finally we prove that under the assumption on weak peak points
the Choquet boundaries have the same cardinality provided H; is isomorphic
to Ho.

1. INTRODUCTION

We work within the framework of real or complex vector spaces and write F for
the respective field R or C. Further, let Sy stand for the set {\ € F; |A\| = 1}. For a
compact (Hausdorff) space K, let C(K,F) stand for the space of all continuous F-
valued functions on K, and for a locally compact (Hausdorff) space K, let Co(K,TF)
denote the space of all continuous F-valued functions vanishing at infinity. We
consider both these spaces endowed with the sup-norm. For a compact space K,
we identify the dual space (C(K,F))* with the space M(K,F) of all F-valued Radon
measures on K. Unless stated otherwise, we consider M(K,F) endowed with the
weak* topology given by this duality. We further write M (K) for probability
Radon measures on K and M™T(K) for positive Radon measures on K. Let ¢,
stand for the Dirac measure at the point x € K.

We start with the classical Banach-Stone theorem asserting that, given a pair of
compact spaces K and L, they are homeomorphic provided C(K,F) is isometric to
C(L,F) (see [15, Theorem 3.117]).

A remarkable generalization of the Banach-Stone theorem was given by Amir
[3] and Cambern [7]. They showed that compact spaces K and L are homeomor-
phic if there exists an isomorphism T: C(K,F) — C(L,F) with [T - || T~ < 2.
Alternative proofs were given by Cohen [12] and Drewnowski [14].

Chu and Cohen provided in [10] a very nice generalization of these results in
the context of affine continuous functions on compact convex sets. In order to
explain their results we need a bit of terminology. By a compact convex set we
mean a compact convex subset of a locally convex (Hausdorff) space. Let 2A(X,TF)
be the space of all continuous F-valued affine functions on a compact convex set
X endowed with the sup-norm. If X is a compact convex set, for any pu € M (X)
there exists a unique point r(u) € X such that p(a) = a(r(p)), a € A(X,C), see [2,
Proposition 1.2.1]. We call 7(u) the barycenter of p. If p,v € M*(X), then p < v
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if (k) < v(k) for each convex continuous function k on X. A measure y € M™T(X)
is maximal if p is <-maximal.

By the Choquet—Bishop—de-Leeuw representation theorem (see [2, Theorem 1.4.8]),
for each x € X there exists a maximal measure p € M!(X) with r(u) = z. If this
measure is uniquely determined for each z € X, the set X is called a simplex. It
is called a Bauer simplex if, moreover, the set ext X of extreme points of X is
closed. In this case, the space A(X,F) is isometric to the space C(ext X,F) (see [2,
Theorem I1.4.3]). On the other hand, given a space C(K,TF), it is isometric to the
space A(M*(K),F) (]2, Corollary 11.4.2]).

A reformulation of the result of Amir and Cambern for simplices reads as follows:
Given Bauer simplices X and Y, the sets ext X and extY are homeomorphic,
provided there exists an isomorphism 7: (X, F) — (Y, F) with | T - [|T7!|| < 2.

The aforementioned Chu and Cohen proved in [10] that for compact convex sets
X and Y, the sets ext X and extY are homeomorphic provided there exists an
isomorphism 7': 2(X,R) — 2(Y,R) with || T - ||77!|| < 2 and one of the following
conditions hold:

(i) X and Y are simplices such that their extreme points are weak peak points;

(ii) X and Y are metrizable and their extreme points are weak peak points;

(iii) ext X and extY are closed and extreme points of X and Y are split faces.

A point z € X is a weak peak point if given € € (0,1) and an open set U C X
containing x, there exists a in the unit ball By x g) of A(X,R) such that |a| < e
on ext X \ U and a(z) > 1 — ¢, see [10, p. 73].

In [28], it was showed that extreme points of X and Y are homeomorphic, pro-
vided there exists an isomorphism T': 2(X,R) — A(Y,R) with ||T - || T~ < 2,
extreme points are weak peak points and both ext X and extY are Lindelof sets.

In [13] the same result is proved without the assumption of the Lindel6f property
and paper [30] provides the analogous result for the case of complex functions.
It turns out that this result is in a sense optimal since the bound 2 cannot be
improved (see [11], where a pair of nonhomeomorphic compact spaces K;, Ko for
which there exists an isomorphism T': C(K1,R) — C(K2,R) with | T |77 = 2is
constructed) and the assumption on weak peak points cannot be omitted (see [19],
where the author constructs for each e € (0, 1) a pair of simplices X7, Xo such that
ext X7 is not homeomorphic to ext X5 but there is an isomorphism 7: (X, R) —
A(Xo, R) with |7 - |77 < 1+¢).

As a corollary of the theorems for affine functions results on selfadjoint function
spaces were obtained in [30]. More precisely, given a pair of selfadjoint closed
spaces H; C C(K,C) containing constant functions and separating points of K;, i =
1,2, their Choquet boundaries are homeomorphic provided points in the Choquet
boundaries are weak peak points and there exists an isomorphism T: H; — Ho
with || T]| - ||T7| < 2 (see [30, Theorem 5.3]).

The aim of the present paper is to extend this result to the case of locally compact
spaces and general function spaces. So we need only to assume that, for i = 1,2,
H; is a closed subspace of Cy(K;,F) for some locally compact space K; such that
each point of the Choquet boundary Ch K is a weak peak point. We recall that
x € K; is a weak peak point if for a given ¢ € (0,1) and a neighborhood U of x
there exists a function h € By, such that h(z) > 1 —¢ and |h| <e on ChK; \ U.

We show that if there exists an isomorphism T': Hy — Ho with || T[] ||T7!|| < 2,
the Choquet boundaries of K; and Ky are homeomorphic. (We recall that, given a
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closed subspace H C Co(K,F) for some locally compact space K, a point « € K is
in the Choquet boundary Ch K if the point evaluation functional ¢(x) defined as
¢(z)(h) = h(z), h € H, is an extreme point of By-«.)

Thus the main result of our paper is the following theorem.

Theorem 1.1. For i = 1,2, let H; be a closed subspace of Co(K;,F) for some
locally compact space K;. Assume that each point of Ch K; is a weak peak point
and let T: Hy — Ha be an isomorphism satisfying ||T|| - ||T7*|| < 2. Then Ch K,
is homeomorphic to Ch Ks.

We refer the reader to [26] and [24] for results on function algebras in the spirit
of the above theorem. The case of vector-valued Banach-Stone type theorem is
treated e.g. in [5], [17], [25], [8], [6] or [1].

The next result considers isomorphisms that are not generally surjective. Jarosz
showed in [23] that if Kj, K, are locally compact spaces, A C Co(K1,C) is an
extremely regular closed subspace and a not necessarily surjective isomorphism
T: A — Co(Ks,C) satisfies ||T| - || 77| < 2, then K} is a continuous image of a
subset of K5. An analogous result for function spaces reads as follows.

Theorem 1.2. For i = 1,2, let H; be a closed subspace of Co(K;,F) for some
locally compact space K;. Assume that each point of Ch K is a weak peak point
and let T: Hy — Ha be an into isomorphism satisfying |T|| - ||T7| < 2. Then
there exists a set L C Ch Ky and a continuous surjective mapping ¢: L — Ch K7.

In [9], it is proved that locally compact spaces K7, Ko have the same cardinality
provided Co(K7,TF) is isomorphic to Co(Ks,F). We generalize this result to the
context of function spaces by proving the following theorem.

Theorem 1.3. For i = 1,2, let H; be a closed subspace of Co(K;,TF) for some
locally compact space K;. Assume that each point of Ch K; is a weak peak point
and let T: Hy — Ha be an isomorphism. Then the cardinality of Ch K7 is equal to
the cardinality of Ch K.

It has turned out that we can use the basic strategy of the proofs in [30] (which
in turn are adapted from [10]), however, some adjustments have to be made. The
outcome of these adjustments is even some simplification of the methods used in
[30]. More precisely, we work directly with functions in M(K,F)* instead of H**,
see Lemmas 2.6 and 2.7. This allows to use the standard decomposition of measures
and thus we can avoid e.g. [30, Lemma 2.5]. Also, the construction of a “peaking”
function aX* in Lemma 2.6 is simpler then the one in [30, Lemma 2.4].

2. AUXILIARY RESULTS

This section collects auxiliary lemmas needed for the proofs of the main results.

Lemma 2.1. Let H be a closed subspace of C(K,F) for some compact space K and
¢: K — By« be the evaluation mapping. Then

ext By~ C Sp - ¢(Ch K).
Proof. By [16, Corollary 2.3.6],
ext By+ C {A\p(x); |A\| =1,z € K}.
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Let s € ext By+ be given. Then s = A\¢(x) for some A € F with [A] =1 and z € K.
We want to prove that ¢(z) € ext By~. Assuming the contrary, there exist distinct
points s1, so € By such that ¢(x) = %(81 + s2). Then As; # Asg and

1
s=Ap(z) = 5()\51 + As2)
is not an extreme point of By«. This contradiction finishes the proof. ([l

The following lemma is a very particular result on representing functionals by
means of measures carried by the Choquet boundary. We refer the reader to [22],
[18], [20], [32], [4] or [31] for related results.

Lemma 2.2. Let H be a subspace of C(K,F) for some compact space K. Then
for any s € H* there exists a measure p € M(Ch K,F) such that p = s on H and
[l = [Is]]-

Proof. Let s € H* be given. We write A C C(Ch K,F) for the space {h|g; h €
H}. By [16, Theorem 2.3.8], for each h € H there exists + € Ch K such that
|h(z)| = ||h]|. Thus the restriction mapping r: H — A given by r(h) = h|gx is
an isometric isomorphism and we can define ¢ € A* be the formula

t(a) = s(h), h € H satisfies h|gzr =a, ac A
Then |[|t|| = ||s||. Using the Hahn-Banach theorem we find a measure
p € (C(ChK,F))* = M(Ch K,F)
such that ||u|| = ||¢|| and ¢ = g on A. Then |u| = ||s|| and

u(h) = [ hdp = tlblorg) = s(h). b e,

This finishes the proof. O

The important topological notion is that of a function of the first Borel class.
Thus we recall that, given a pair of topological spaces K, L, a function f: K — L
is of the first Borel class if f~1(U) is a countable union od differences of closed sets
in K for any U C L open (see [33] or [29, Definition 5.13]). We just mention that,
if L = R, any semicontinuous function f: K — R is of the first Borel class.

Lemma 2.3. Let Lq,...,L, be compact convex sets in a locally convex space and
L=co(LyU---ULy,). Let f: L = F be an affine function such that f|r, is of the
first Borel class for each i =1,...,n. Then f is of the first Borel class on L.

Proof. Let

A = {)\E [0,00)™; Zn:)\izl}

and
H=Lx---xL,xA.
Let further g: H — F be defined as

9(x1, .. T, A) = Z/\if(:vi), (x1,...,2n,A) € H.
i=1
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By the proof of [29, Theorem 5.10], g is of the first Borel class on H. We consider
a continuous surjection ¢: H — L defined as

n
O(x1, ... T, A) = Z)‘ixi’ (x1,...,2n,A) € H.
i=1

Since f is affine on L, we obtain f o ¢ = g. By [29, Theorem 5.16], f is of the first
Borel class on L. (]

Lemma 2.4. Let K be a compact space and f: K = F be a bounded function of
the first Borel class. Then f: M(K,F) — F defined as

Fw) = u(f), peMK,F),
is of the first Borel class on any ball r By g ry, 7 > 0.

Proof. We provide a proof for the case of complex measures, the easier case of real
measures would be done similarly. Assume first that f is real. By [29, Proposition
5.30], f is of the first Borel class on M!(K). Let Ly = 2M'(K), Ly = —2M'(K),
L3 = 2iM'(K) and Ly = —2iM!(K). Since L; is affinely homeomorphic to M*(K)
and f is linear, f is of the first Borel class on each L;, ¢ = 1,...,4. By the
decomposition of a complex measure we obtain

BM(K,F) CL:CO(Ll ULQULgUL4).

By linearity it is enough to prove that j? is of the first Borel class on L. But this
follows from Lemma 2.3.

If f: K — C, we have f = f; + ifs, where f1, fo are real bounded functions of
the first Borel class. Then the function

Fw) = u(f) = p(fr) +ip(f2) = () +ifolp), 1€ Bakm,

is of the first Borel class as well. (Indeed, since the functions p — J?l and p — 2]?2 (1)
are of the first Borel class, their sum is easily seen to be of the first Borel class as
well, see e.g. the proof of [29, Theorem 5.10].) O

Lemma 2.5. Let H be a closed subspace of C(K,F) for some compact space K.
Let x € K be a weak peak point. Then for any

peMChEK,F)nHt
holds p(x () = 0.
Proof. Let u € M(ChK,F) N H* be arbitrary and ¢ > 0 be given. We write
i = Aeg + v, where v({z}) = 0. Let U be a closed neighborhood of = such that

|v] (U) < €. Using the assumption we find h € By with h(z) > 1 —¢ and |h| < ¢
on Ch K\ U. Then |h| <& on

ChK\UCChK\U,

and thus
l1(xiay)| = |(xqay) — 1(R)| < |Xew(Xqay — B)| + [v(R)]

swu—hu»+/ \MdM+/’ b d
ChK\U

ChKNU
<Ale+etelv] <e(d+[lul)-
Hence p1(x{z}) = 0. O
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Lemma 2.6. Let H be a closed subspace of C(K,F) for some compact space K and
let m: M(ChK,F) — H* be the restriction mapping. Let x € K be a weak peak
point. For each i € M(Ch K,F) we define x(zy(1t) = p(X{z}). Then there exists

—

ay® € H* such that ay* om = X{4}-

Proof. The element Xy} is contained in (M(ChK,F))*. In order to find the re-
quired element a** € H** it is enough to realize that for any u € M(Ch K, F)NH*
we have p(x{z}) = 0 (see Lemma 2.5). Thus we can define

az*(s) = Xgmy (), pem i(s),s € H".
This finishes the proof. [

Given a Banach space E with its dual E*, we write (-,-): E x E* — F for the
duality mapping.

Lemma 2.7. Let H be a closed subspace of C(K,F) for some compact space K
and m: M(Ch K,F) — H* be the restriction mapping. Let f € (M(Ch K,F))* and

a** € H** satisfy f =a** om.
(a) Then for any s € H* and p € 7~ 1(s) holds
(s,a™) = (u, f)-
(b) For any r > 0, if s of the first Borel class on B, crp ), then a™ is
of the first Borel class on (rByx, weak”).

Proof. (a) Given s € H* and u € 7 1(s), we realize that the dual mapping
7 H* = (M(ChK,F))* satisfies 7*(a**) = a** ow = f. Thus
(s,a™") = (m(p),a™) = (u, 7" (a™)) = (u, f)-

(b) For any r > 0, the mapping : rBy gy — rBu is a weak™-weak”
continuous surjection (see Lemma 2.2). By [21, Theorem 10] (see also [29, Theo-
rem 5.26(d)]), if f is of the first Borel class on By, @ is of the first Borel
class on rBy«. [l

Lemma 2.8. Let A be a closed subspace of Co(K,TF) for some locally compact space
K. Let J = K U{a} be the one-point compactification of K, where a is the point
at infinity. Let

B={geC(JF); glx € A& g(a) =0}
Then B is a closed subspace of C(J,F) isometric to A such that Ch K = Ch J.

Proof. Clearly, any function a € A has a unique extension b, € B and the mapping
a — b, is an isometric isomorphism. Thus B is a closed subspace of C(J,F).

Let ¢ : K — A* and ¢;: J — B* be the evaluation mappings. Let x € Ch K
be given. Assume that ¢;(z) = 3(t; + t2), where t1,ty € B« are distinct. Then
s; € A* defined as s;(a) = t;(b,), i = 1,2, are of norm 1, distinct, and satisfy

251+ 92)(a) = 211+ 12)(ba) = () (ba) = bule) = alx) = bxe(x), a€ A

Thus ¢k (x) ¢ ext Ba~, a contradiction.
Conversely, let x € ChJ be given. Since

¢()(b) = bla) =0, beB,
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we have ¢ ; () ¢ ext Bg-. Hencez € K. If ¢ (z) = 1(s1+s2) for some s1, 85 € Ba-
distinct, then t; € Bg~ defined as t;(b) = s;(b|x), i = 1,2, satisfy

S0+ 1)) = 251 + 52)(6lx) = 6x (D) 6lx) = b(x) = 6 (2)(B), b€ B,

Since t1,to are distinct, ¢ ChJ, which is a contradiction. Hence the assertion
follows. 0

Lemma 2.9. Let f: X — F be an affine function of the first Borel class on a
compact convex set. Then

sup |f(z)] = sup |f(x)].

reX zrEext X

Proof. The assertion follows from [13, Corollary 1.5] since any function of the first
Borel class has the point of continuity property (see [27, Theorem 2.3]). (]

3. PROOF OF THEOREM 1.1

The main strategy of the proof is originated by the proofs in [10], however, we
need to add some extra arguments provided by the previous lemmas. In particular,
Lemma 2.7 allows us to work directly with measures.

Proof of Theorem 1.1. We first assume that the spaces K, Ky are compact. Sec-
ondly, we suppose that there exists ¢’ € R such that 1 < ¢/ < 2 and ||T|| < 2 and
ITh| > ¢ ||h] for all h € H; \ {0} (otherwise we would find 1 < ¢ < 2 such that
7| |77 < 2 < 2 and consider the mapping ¢’ || T!|| T’ see [10, p. 76]). We fix
c € R satisfying 1 < c < .

Claim 1.: For any a** € Hi* \ {0} and b** € Hi* \ {0} we have ||T**a**| >
clla*|| and | (T=1)*5 ] > § 6]

For the proof see [30, Lemma 4.2]

For i = 1,2, let m;: M(ChK;,F) — HJ be the restriction mapping and let
¢i: Ki — By: be the evaluation mapping. For each z € Ch Ky we consider the
function x(}. Let X{z3: M(ChK;) — F be defined as in Lemma 2.4 and let
ay® € Hi* satisfies a}* o m = X{4} (see Lemma 2.6). Then a}* is of the first Borel
class on rByx for any 7 > 0, see Lemma 2.4 and 2.7(b). Analogously we define for
y € Ch K> the function x(,; and the element b;* € H3*.

We define mappings p; and py as follows:

1
p1(x) = {y € ChKy; [{p1(x), (T7H)b;")| > 2}’ z € Ch Ky,
p2(y) = {z € ChKy; [(2(y), T""a;")| > c}, y€ ChKs.

(3.1)

Claim 2. p1 and ps are mappings.
Let x € Ch K, be such that there exist distinct points yq,y2 € Ch Ky with

1
(T 6u(=), 30| = [ (2), (T 1) | > 3,
We find a measure v, € M(ChKy,F) with ma(v,) = (T71)*¢1(x) and ||v.| =
(T~ *p1(2)||. We write

>

i=1,2.

Vg = AMEy, + U1 = Aagy, + fio2,
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where A1, A2 € F, u1({y1}) = p2({y2}) = 0. Using Lemma 2.7(a) we obtain

1

5 < [T 1), 0| = [ Xeu)| = v Oeiway)| =
Since y; # y2, we obtain

1> (T (@) = llvall > M|+ [A2] > 1,

i.e., a contradiction.

Analogously we show that py(y) is at most single-valued for each y € Ch K.

Let L; and Lo denote the domain of p; and ps, respectively.

Claim 3.: The mappings p1: L1 — Ch Ky and py: Ly — Ch K7 are surjective.

Let y € ChK; be given. We assume that |(¢1(z), (T71)**b;*)| < & for each
x € Ch K7 and seek a contradiction.

First we show that the element (T7')**bi* € H;* is of the first Borel class on
By

Ilndeed7 we know that b}* is of the first Borel class on any ball in H3, in particular
on 2By;;. Since (T')* is a weak*-weak* homeomorphism, (T~')*(Byz) C 2By
and (T1)**bi* = b3 o (T~1)*, it follows that (T~')**b3* is of the first Borel class
on Byx as well.

By Lemma 2.9 and 2.1 we have

1
- < b** < **b** — su CL*, T—l **b**
2 2 H CL*EBpHTM ( ) y>
= s @ @YU < s |t (T
a*eextBHT a*€Sp-¢1(Ch Ky)
Hok koK 1
= swp[(oa(@), (170 < .
zeCh K;

This contradiction implies that p; is surjective.
Analogously we check that ps is surjective.
Claim 4.: We have Ly = Ch K; and Ly = Ch Ky and p2(p1(z)) =z, v € Ch Kj,

and p1(p2(y)) =y, y € Ch K.
Let y € Ly be given. We want to show that p1(p2(y)) =y, i.e., that

— 1\ ok kox 1
(3.2) [(@1(p2(y)), (T~1)*b5")| > >
We have
d= suwp |(¢1(x),(T )"0 = sup  [(a", (T =
zeCh K a*€Sy-¢1(Ch K1)
Z sup ’(CL*,(T_l)**bZ*> — sup ’<CL*,(T_1)**I)Z*>
a*EextBH* a*eBHI
1

= [[@=)by]l >*Hb =3

Since ¢ > 1, we have d > max{%, 1}. Hence there exists € Ch K; such that

(61 (), (T | > max{d,l} >

1
c' 2 2’

Thus y = p1(z).
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Assume that (3.2) does not hold. Then ps(y) # x. By Claim 3 there exists
y € Ly such that po(y) = «. Then y # y. We find puy € M(ChK;,F) such that
gl = 1T ¢2(H)]| and m1(ug) = T d2(y). We write

pg = Az +p, A €EF, ue M(ChKy,F) with p({z}) = 0.
By Lemma 2.7(a),
(@) + (1, (T7)7°b) = (m2 (). (T1)87) = (T@), (T8
= (62(9), T (T71)7by") = (62(),b,") = (e5. Xy)

Since z = p2(¥y), we have

¢ <[2(y), T""a;")| = [(T"$2(¥), az")| = [(m1(ng), az")| = [{(Aex + 1, Xa)| = Al
Since
[l + (Al = llugll = 1T 2@ < 2[lo2(D)[| = 2,
we obtain ||p|| < 2 — ¢. By putting everything together we get

a <AL <A (6a(a), (775 = | (o), (7))

= |[(m (), (T71)"by)

a contradiction. Thus (3.2) holds, which means that p1(p2(y)) =y, y € Lo.

Now, let © € Ch Ky be given. Then there exists y € Lo such that pa(y) = .
Then y = p1(p2(y)) = p1(x), which means that z € L;.

Let y € Ch K5 be given. Then we can find x € Ly = Ch Ky with p;(x) = y and
further we can select § € Ly such that ps(y) = . Then

<d|pl £d2-1¢) < d,

y = p1(z) = p1(p2(y)) =7 € La.

Hence Ly = Ch K.
Finally, if x € Ch K, we find y € Ch K5 with ps2(y) = = and obtain

p2(p1(x)) = p2(p1(p2(y))) = p2(y) = .

Till now we have proved that p;: Ch K; — Ch K> is a bijection with p being
its inverse. Now we use the assumption on weak peak points to check that p; is a
homeomorphism.

Claim 5.: The mapping p2 is continuous.

Let FF C Ch K; be a nonempty closed set and let ' = Ch K1 N H for some closed
set H C K;. Obviously we may assume that F' # Ch K;. We want to prove that
py H(F) is closed in Ch K.

To this end, we construct for each € Ch K3 \ F a function h, € H; as follows.
Fix x € Ch K1 \ F and y € Ch K» with po(y) = x. Let V be a closed neighborhood
of x with VN H = (. We write T*¢2(y) = m1(uy), where p, € M(ChK;,F)
satisfies ||uz|| = [|T*d2(y)||. Let py = Aex + v, where A € F and v € M(Ch K4, TF)
satisfies v({z}) = 0. Since pa(y) = =,

¢ < [e2(y), T a;")| = |T"¢2(y), a3 = [(m1(pa), 3] = [z (x(a1)| = 1Al
Let € > 0 satisfy
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We select a compact set A C Ch K5 such that ¢ A and |v| (Ch K1\ A) < € and let
U C V be a closed neighborhood of z satisfying U N A = (). Using the assumption
on weak peak points we select h, € By, with hy(x) > 1 —¢ and |hy| < € on
Ch K7 \U. Then |h;| <eon F U A since |h;| <& on

ChKl\UDChKl\UDFUA

Now we claim that
(3.3) pr'(F)= (] {2z €ChKy; |Thy(2)| <c}.
zeCh K;

Indeed, let y € Ch Ky \ p; ' (F) be given. Then we consider the function h,,
where x = pa(y) € Ch K7 \ F. Using the inequality ||| < 2 we then have

Tha(4)] = [(The, d2()] = e T* 62| = | (he)] = o (@) + v(hy)]
> <1—s>—/i\hm| dJy]

Ch Ky

N <1—e>—/ \hw|d|u|—/ Ihe| |y
ChKi\A A
>ANA=-¢e)—e—c]|v]|> N1 —-¢)—3e>c¢,

which shows the inclusion “D>” in (3.3).
For the proof of the reverse inclusion we select z € p; '(F) and let 2 € Ch K \ F
be arbitrary. Then py(z) € F and, by the definition of pa,

(02(2), T 03| = (7 02(2), a3

Let T*¢pa(z) = m1(p2), where p, € M(Ch K1,TF) satisfies ||p.|| = |[T*¢p2(2)||. We
write fi, = Aep,(z) + i, where A € F and € M(Ch Ky, F) satisfies u({p2(2)}) = 0.
Then

c <

c< ‘(771(#2)761::(29‘ = |1=(Xgpa(21)| = 1AL
and thus
2> [ T"¢2(2)|| = [lp=ll = A+ Nl > ¢+ (|l -

From these estimates it follows

[ Tha(2)] = |(he:, T"$2(2))] = |(Aepa(z) + 1) (ha))]
<[Ale+(2-¢)<2e+(2-¢)<ec.

Hence
z € {u € Ch Ky; |Th,(u)| < c}

and (3.3) is verified.

By (3.3), p; *(F) is a closed subset of Ch Ky, and thus py is continuous.

Analogously we would verify that p; is continuous.

This finishes the proof for the compact case. Now we assume that K, Ko are
locally compact and consider their one-point compactifications J; = K; U {«;},
where, for i = 1,2, a; is the point representing infinity. The spaces H; are then
closed subspaces of C(J;,F) satisfying h(a;) = 0, h € H;. Since Ch K; = Ch J; by
Lemma 2.8, the assumption on weak peak points for Ch J; is satisfied. Thus the
compact case implies the existence of a homeomorphism between Ch J; and Ch Js.
Hence the theorem follows. (]
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4. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. We follow the proof of Theorem 1.1. Again we may assume
that the spaces K1, Ko are compact, see Lemma 2.8. We consider 1 < ¢ < ¢ < 2
and T such that | T|| < 2 and ||Th| > ¢ ||k, h € H;.

By [30, Lemma 4.2] we have

[T R > c[|P™]|,  h™ € H1™ \ {0}.
For z € Ch K1, let x{,} and a;* be as in the proof of Theorem 1.1. Again we define
p(y) = {z € ChKy; [(2(y), T™ay")| > ¢}, y € ChKs.
Claim 1. p is a mapping. Indeed, let 1,25 € Ch K; be distinct such that
[(#2(y), T**az*)| > ¢ for some y € Ch Ky, i = 1,2. We find y € M(Ch K1, F) with

(1) = T*a(y) and |l = | T*¢a(y)]l. We wite
= Ni€x; + M,
where A\; € F and p;({x;}) =0, i =1,2. By Lemma 2.7,
¢ < [(T*a(y),a2?)

= [ xpe)| = Nl i=1,2.
Thus
2> [T g2 ()l = llell = [Aa] + [A2] > 2¢
yields a contradiction with the inequality ¢ > 1.
Let L denote the domain of p.

Claim 2. p is surjective. Assume that for some x € ChK; we have ¢ >
[{d2(y), T**a’*)|, y € Ch K3. Then we have as in the proof of Theorem 1.1

c> sup [(da2(y), T a;")| = sup (s, T az")|
yECh K s€Sk-$2(Ch K2))

= sup [(s,T"a;")| = [T a;"[| > cllaz™[| = ¢,
SGB’HE

i.e., a contradiction.

Claim 3. p: L — Ch K7 is continuous. Let ' C Ch K; be a closed set and let
F = Ch K1 N H for some closed set H C K1. We may assume that F' # Ch K;. We
want to prove that p~!(F) is closed in L.

To this end, we construct for each z € ChK; \ F and y € p~!(z) a function
hyy € Hi as follows. Let V' be a closed neighborhood of « with VN H = 0. We

write
T*¢a(y) = m(p) and p= ey +v,
where p € M(Ch K1, F) satisfies ||u]] = |[T*¢2(y)|l, A € F and v({z}) = 0. Then

|A| > c. Let € > 0 satisfy
< . {|>\| = 1}
€ < min ,e—1p.
34|l

Let A C ChK; \ {x} be a compact set satisfying |v| (Ch K7 \ A) < . Then there
exists a function h,, € Hi such that

|hayll <1, hpy(x)>1—e and |hyy| <eon FUA.

Now we claim that

(4.1) P E) = ) () {z€Li|They(z)| <c}.

z€Ch K1\ F yep—1(x)
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Indeed, if y € L'\ p~!(F), then we consider the function h, ,, where z = p(y) €
Ch K7 \ F. Then we write as above

Ty =m(p) and p= e, + .
By the choice of the function h, , we have

|Th:c,y(y)| = |<hw,va*¢2(y)>| = |<hx,yv)‘5x + )|

> A1 ¢ —/ ha ] ] —/ ha ] ]
Ch K \A A

>AN(Q—-¢)—ec—c¢]v]>c

Hence

vég ) (1 €L |Theu(2)| < ¢},

2€Ch K1 \F uep—1(x)

which shows the inclusion “>” in (4.1).
For the proof of the reverse inclusion we select z € p~!(F) and let x € Ch Ky \ F
and y € p~1(x) be arbitrary. Then p(z) € F and, by the definition of p,

¢ < |(6202), T a3 )| = [(T* 0220, 00|
Let
T*d)Q(Z) =TT (/’[’) and = )‘ep(z) +,
where u € M(Ch K1, F) satisfies ||u|| = || T*¢2(2)|l, A € F and v({p(2)}) = 0. Then
¢ < <7T1(.u)aa:>(kz)>’ = [(Aepie) + Vs X (1) | = AL,
and thus
2> 1T ¢2(2)| = llpll = AL+ llvll > e+ [|v] -
From these estimates it follows
a6 = s TN = | [ty
ChK;
< Me+(2—¢)<2e+(2—¢)<ec

Hence
z€{u € L; |Thyy(u)| <c}
and (4.1) is verified.

By (4.1), p~!(F) is a closed subset of L, and thus p is continuous. This finishes
the proof. [

5. PROOF OF THEOREM 1.3

We start the proof of Theorem 1.3 by the following result imitating [30, Lemma 3.1]
for the case of function spaces.

Lemma 5.1. Let K be a compact space, H be a subspace of C(K,F) of finite
dimension and let each point of Ch K be a weak peak point. Then Ch K is finite
and H is isometrically isomorphic to £>°(Ch K,T).
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Proof. Let x € Ch K be given. We show that there exists a function h, € By such
that hy(z) =1 and hy, = 0 on Ch K \ {z}. To this end we consider net {hy .} in
By, where U is a neighborhood of z, € € (0,1) and hy, is a function satisfying
hye(xz) >1—¢and |hy| < e on ChK\U. We consider the partial order on the set
of pairs (U, ¢) given by (Uy,e1) < (Ua, e2) provided Uy C Uy and e2 < £7. Since By
is compact in the norm topology, the net {hy .} possesses a cluster point h, € By,.
Then hy(z) =1 and hy, =0 on Ch K \ {z}.

From this observation now follows that Ch K is finite. Indeed, assuming that
Ch K contains infinite set {x,; n € N}, the functions {h,,; n € N} are linearly
independent, which contradicts the assumption.

It remains to prove that the restriction mapping r: H — ¢>°(Ch K, F) is a sur-
jective isometry. It is an isometry by the maximum principle [16, Theorem 2.3.8].
It is surjective, since any f € £>°(Ch K,F) can be written as

f= Z f(@)hs|cnk,

zeCh K
and thus h = 3 ey i f(2)h, satisfies 7(h) = f. O

Proof of Theorem 1.3. Using Lemma 2.8 we may assume that K7, Ky are compact.
If #; (and thus also Hs) is finite-dimensional, we obtain from Lemma 5.1 the
equality
|Ch K1| = dim(/*°(Ch K1, F)) = dim H; = dim H»
= dim({*(Ch K5,F)) = |Ch K>|.

From now on we may thus assume that both spaces are infinite-dimensional.

Let m: M(Ch K1, F) — H} be the restriction mapping. For each x € Ch K; we
consider the function x (. Let Xz} : M(ChK;) — I be defined as in Lemma 2.4
and let a}* € Hi* satisfies a}* om = X{;} (see Lemma 2.6). Then a}* is of the first

Borel class on 7By for any 7 > 0, see Lemmas 2.4 and 2.7(b).
For a fixed point y € Ch K3, let A\y(z) = (T*¢2(y), at*). We claim that the set

X, ={z € ChKy; \y(x) # 0}
is at most countable. Indeed, let s = T*¢o(y) and p € M(Ch K1, F) extends s. Let
x € Ch K be arbitrary. Using Lemma 2.7 we have
p{z}) = pxqay) = (1 Xay) = (T d2(y), a7")-

Since ||u|| < oo, u({z}) # 0 for at most countably many z € Ch K;.
Now we prove that for each z € Ch K; there exists y € Ch K, such that x € X,,.
To this end, we assume the contrary. Let x € Ch K7 be such that

(T*¢2(y),a;") =0, ye ChKs.

Lemma 2.9 then yields

0= sup [(T"¢2(y),a;")| = sup [{g2(y), T a;")[ =  sup  [(s,T""a;")|
yeCh Ky yeCh Ky SESF¢2(Ch K2)
= sup [(s,T""a;")| = [[T™a;"| # 0,
SGBH;

i.e., a contradiction.
Now both the spaces H; and Hs are infinite-dimensional, and thus the sets Ch K3
and Ch K are infinite. Indeed, if Ch K; were finite, by the maximum principle (see
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[16, Theorem 2.3.8]) we would obtain that the space H; C £*°(Ch K1, TF) is finite-
dimensional.

Now, since we have Ch K1 = U, ccp, i, Xy» We get |[Ch Ki| < [Ch Ky
By reversing the role of K; and K5 we obtain the converse inequality, which

concludes the proof. O
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