ISOMORPHISMS OF SPACES OF AFFINE CONTINUOUS
COMPLEX FUNCTIONS

JAKUB RONDOS AND JIRI SPURNY

ABSTRACT. Let X and Y be compact convex sets such that their each extreme
point is a weak peak point. We show that ext X is homeomorphic to extY
provided there exists a small-bound isomorphism of the space (X, C) of con-
tinuous affine complex functions on X onto A(Y,C). Further, we generalize
results of Cengiz and Jarosz to the context of compact convex sets.

1. INTRODUCTION

We work within the framework of real or complex vector spaces and write F for
the respective field R or C. Further we write T for the set {\ € C; |\| = 1}.

First we recall several notions. If X is a compact convex set in a locally convex
space, we write (X, ) for the space of all affine continuous F-valued functions on
X endowed with the sup-norm. Let ext X stand for the set of all extreme points of
X. If K is compact (Hausdorff) topological space, let C(K,TF) stand for the space
of all continuous F-valued functions on K endowed with the sup-norm.

We identify the dual space (C(K,F))* with the space M(K,F) of all Radon
measures on K. We write M*(K) for positive Radon measures and M!(K) for
probability Radon measures on K.

A point z in a compact convex set X is called a weak peak point if

given € € (0,1) and an open set U C X containing x, there exists a in
(1.1)  the unit ball By(x ) of 2(X,C) such that |a| < & on ext X \ U and
a(z) >1—e.

For any pu € M*(X) there exists a unique point r(u) € X such that p(a) =
a(r(p)), a € A(X,C), see [2, Proposition 1.2.1]. We call r(u) the barycenter of p.
A function f: X — F satisfies the barycentric formula (or is called strongly affine)
if u(f) = f(r(p), p € M'(X).

If u,v € M*(X), then p < v if pu(k) < v(k) for each convex continuous function
k on X. A measure p € MT(X) is mazimal if p is <-maximal. A measure
w € M(X,T) is called boundary if its total variation |u| is maximal.

By the Choquet-Bishop—-de-Leeuw representation theorem (see [2, Theorem 1.4.8]),
for each € X there exists a maximal measure p € M (X) with r(u) = 2. If this
measure is uniquely determined for each x € X, the set X is called a simplex. It is
called a Bauer simplex if, moreover, the set ext X is closed. In this case, the space
A(X,T) is isometric to the space C(ext X,F) (see [2, Theorem I1.4.3]).
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On the other hand, given a space C(K, ), it is isometric to the space 2(M*(K),TF)
([2, Corollary 11.4.2]).

The classical Banach-Stone theorem asserts that, given a pair of compact spaces
K and L, they are homeomorphic provided C(K) is isometric to C(L) (see [13,
Theorem 3.117]).

This can be reformulated in the framework of compact convex sets as follows:
If X,Y are Bauer simplices and 20(X,F) is isometric to A(Y,F), then ext X is
homeomorphic to ext Y.

By a result of Lazar in [24], for simplices X, Y, the spaces 2(X,R) and A(Y,R)
are isometric only if X is affinely homeomorphic to Y.

A result of Rao (see [28]) precisely describes isometries of (X, C) for a simplex
X.

A remarkable generalization of the Banach-Stone theorem was given by Amir [3]
and Cambern [6]. They showed that compact spaces K, L are homeomorphic if
there exists an isomorphism T': C(K,F) — C(L,F) with |7 - |T7!|| < 2. Alterna-
tive proofs were given by Cohen [10] and Drewnowski [12].

A reformulation of this result for simplices reads as follows: Given Bauer sim-
plices X and Y, the sets ext X and extY are homeomorphic, provided there exists
an isomorphism T': A(X,F) — A(Y,F) with | T - [|T7!|| < 2.

This theorem was improved by Chu and Cohen in [8], who proved that for
compact convex sets X and Y, the sets ext X and ext Y are homeomorphic provided
there exists an isomorphism T': 2(X,R) — 2(Y,R) with ||T|| - ||7!|| < 2 and one
of the following conditions hold:

(i) X and Y are simplices such that their extreme points are weak peak points;

(ii) X and Y are metrizable and their extreme points are weak peak points;

(iii) ext X and extY are closed and extreme points of X and Y are split faces.

In [25], it was showed that extreme points of X and Y are homeomorphic, pro-
vided there exists an isomorphism T': 2(X,R) — A(Y,R) with ||T - |77} < 2,
extreme points are weak peak points and both ext X and extY are Lindelof sets.

In [11] the same result is proved without the assumption of the Lindeldf property.

It turns out that this result is in a sense optimal since the bound 2 cannot be
improved (see [9]) and the assumption on weak peak points cannot be omitted (see
17)).

The first main result of our paper is a variant of [11, Theorem 2.1] for complex
spaces. It reads as follows.

Theorem 1.1. Let X,Y be compact convez sets and let T: A(X,C) — A(Y,C) be
an isomorphism satisfying ||T| - ||T*1H < 2.

If each point of ext X and extY is a weak peak point, ext X is homeomorphic to
extY.

2. ISOMORPHISMS WITH A SMALL BOUND

Before embarking on the proof of Theorem 1.1 we recall several notions.

If X is a compact convex set, a face F' C X is called a split face if the comple-
mentary set F’ (i.e., the union of all faces disjoint from F') is convex and X is a
direct convex sum of F and F’, i.e., every point in X can be uniquely represented
as a convex combination of a point in F' and a point in F’ (see [2, p. 133]). If F'is a
closed split face, then the upper envelope of the characteristic function xp defined
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as
Xr(z) = inf{a(z); a € A(X,R),a > xr}, x€X,

is upper semicontinuous and affine, F' = (x%) (1) and F’' = (x%)~1(0), see [2,
Proposition I1.6.5 and Proposition I11.6.9]. Moreover, the family {a € A(X,R); xr <
a} is downward directed.

In what follows, we consider the weak*-topology on (2(X,C))*, and we under-
stand X as a subset of Bg(x,c))- via the evaluation mapping, i.e., z(f) = f(z),
feAX,C), zeX.

The proof of Theorem 1.1 follows the strategy of the proof of [8], but we use
[11, Corollary 1.3(b)] as the main tool. Thus we need the key Lemma 2.4 which
allows us to represent upper semicontinuous affine function on X as elements of
(A(X,C))**.

We start with a lemma describing extreme points of Bg((x,c))+, see also Lemma 1
in [19].

Lemma 2.1. Let X be a compact convex set. Then

ext B(Ql(X,(C))* =T extX.

Proof. We denote K = B(g(x,c))«- First we prove that ext K C T - X. Since T - X
is compact, by the Milman theorem it is enough to show that ¢ (T - X) = K.
Assuming the contrary, there exist s € K\ (T - X), a € R, and f € 2A(X,C)
such that
Res(f) > a>sup{Rer(f);rec (T - X)}.

Let u € Ba(x,c) be a Hahn-Banach extension of s. Since
Retf(z) <a, teT,ze€X,
we obtain |f(z)| < a, € X. Then

a<R68(f)=Reu(f)<‘/deu‘</led|u|</Xad|u|=a

gives a contradiction. Thus ext K C T - X.
Now we show that ext K = T - ext X. Let s € ext K be given. Then s = tz for
somet € Tandzx € X. Ifz = % (x1 + x2) for some distinet points 1,22 € X, then

1
s=3 (txy + tzs),

where txq # txs. Thus s ¢ ext K, which is impossible. This proves “C”.

On the other hand, let tx = % (s1+ s2) forsomet € T, x € ext X and s1, 52 € K.
Then x = % (t_lsl + t_lsg). Let p1, p2 € Baqcx,c) be Hahn-Banach extensions of
t~'s; and t~!sy, respectively. Then

F@) =5 () +ualf), T EAX.C)

If o = 3 (p1 + p2), then p(1) =1 = [|u, and thus p € M*(X). Further, z is
the barycenter of p. Since z € ext X, we obtain that u = e,, the Dirac measure
centered at the point z. Since

pa(1) = pa(1) = [[pa |l = (w2l
it follows that p1; = po = €5, and thus t"'s; = t~lsy = . Thus s; = s = tx and
tr € ext K.
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This proves “D” and finishes the proof. O

Lemma 2.2. Let u € MY(K) be a probability measure on a compact space K and
let {f;}jes be a bounded downward directed net of functions in C(K,R) converging
to a function f. Then for any g € C(K,C) it holds

lim [ gf;jdp= / gfdpu.
i€ K K

Proof. Tt is known (see [15, Corollary 414B]), that for a bounded downward directed
net {h;};cs in C(K,R) pointwise converging to h we have p(h) = lim;c s p(h;). We
decompose g = Zi:o i* gx, where go, ..., g3 € C(K,R) positive, and apply this fact
to the bounded downward directed nets {gx f;}jes, k=0, ...,3, and obtain

3 3
w(gf) = I;iku(gkf) = kZ:Oi’“ i pu(gi f5) = lim (g f;)-
0

If K is a compact topological space and T is a topological space, a function
f: K — T is said to be of the first Borel class if, for each U C T open, the set
f71(U) can be written as a countable union of differences of closed sets in K, see
[30, Definition 3.2]. In case of T' = R, any semicontinuous function is of the first
Borel class.

Lemma 2.3. Let K be a compact topological space. If f1,fa : K — C are two
functions of the first Borel class, then their product

h:xe K fi(x)fa(x) € C
is of the first Borel class as well.
Proof. Consider the mappings f : © € K — (fi(z), f2(x)) € C? and ¢ : (y,2) €
C? — yz € C. Since ¢ is continuous and h = ¢ o f, it is enough to show that the

mapping f is of the first Borel class. To this end, let U be a countable basis of C
and Up,U; € U. Write

fz‘il(Ui): U(Hzn\an)v i=1,2,

neN
where F*, H* C K are closed sets. Then

FHU X Uz) = fH 0D 0 fy H(U2) = (U HEPNF) N (U (HS\BY) =

neN meN
= J @w\F)n@ES N = | (HP UHS)\ (F U ).
n,meN n,meN

Further, any open subset V of C? may be written as a countable union of sets
R; of the form R; = U} x U2, where U}!,U? € U. Thus we have that f=(V) can
be written as a countable union of differences of closed sets in K, i.e., f is of the
first Borel class. O

Lemma 2.4. Let X be a compact convex set and f: X — R be an upper semicon-
tinuous affine function. Then the following assertions hold.

(a) There exists an element a** € (A(X,C))** such that a**(z) = f(z), x € X.
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(b) If {aj}jes is a bounded downward directed net in A(X,R) satisfying
flx) = }1€mJaj(z) = ;Ielgaj(x), z € X,

then a; — a** weak™.
(¢) The function a** is of the first Borel class on T - X.
(d) For each u € MY(T - X), it holds p(a**) = a**(r(u)).
(e) The function a** is of the first Borel class on any r B (x,cy)-, > 0.
(f) There is only one element a** € (A(X,C))** extending f.

Proof. (a) Since f is upper semicontinuous and affine, it is bounded (see e.g. [27,
Lemma 4.20 and Theorem 4.21]). Hence we may assume that —M < f < M for
some constant M > 0. By [27, Proposition 4.12],

f(z) =inf{a(z); a € A(X,R),f <a <M}, z€X,

in other words, the downward directed net {a € 2A(X,R), f < a < M} converges
pointwise to f. We consider the family

{a e AX,R); f <a< M}
as a net of elements in (A(X,C))**. We claim that this net converges weak* to an
element a** € (A(X,C))**.
Indeed, let s € A(X,C)* be given. We extend s by the Hahn-Banach theorem to

an element p € M(X,C) with ||| = ||s|| and write p = Zi:o i* ey pur, where ¢, > 0
and pup € MY (X), k=0,...,3. Let x;, be the barycenter of y, k =0,...,3. Then

3 3
s(a) = pla) = Zikck,uk(a) = Zikcka(xk), a € A(X,C).
k=0 k=0

Since the net {a(zy); a € A(X,R), f < a < M} converges to f(xy) for each k =
0,...,3, the net {s(a); a € A(X,R), f < a < M} converges.
By setting
a**(s) =lim{s(a); a € A(X,R), f <a< M}, se(AUX,C))",

we obtain a linear functional on (A(X,C))*.

To conclude the proof it is enough to show that it is bounded. Considering
s € (A(X,C))* as above, let u € M(X,C) be again a Hahn-Banach extension of s,
ie., ||¢|l = |Is|l. Then we can decompose p as p = Zi:o ik ey g, where ¢, > 0 and
ur € MYX), k=0,...,3, and, moreover, ¢y + c1 + c2 + c3 < 2|

Then the inequalities

la**(s)] = [lim {s(a); a € A(X,R), f <a < M}

3
lim {Zikcka(r(uk)); ac€UX,R), f<a< MH
k=0

3
<3 M < 2M |l = 2M |s|
k=0

imply the boundedness of a**, i.e., a** € (A(X, C))**.
(b) Let {a;}jes be a bounded downward directed net in 2(X, R) pointwise con-
verging to f on X. Given s € (2A(X,C))*, we extend s to p € M(X,C) as above
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and write = S0 _ i¥ ey, where ¢ > 0, pp € MY (X). Then

3
a**(s) =lim{s(a); a € A(X,R), f <a< M} = Zikckf(r(,uk))
k=0

3 3
-k . . -k .
= J;JZ Ck }lemj a;(r(pe)) = }1611} (kz_oz CW(Nk)) (a;) = }lesz(aJ)-

(¢) We remind that we understand X as a subset of (24(X,C)*, and we consider
a homeomorphic mapping ¢: Tx X — T-X defined by (¢, z) = tx, (t,2) € Tx X.

Then the function h: T x X — C defined as h(t,z) = tf(x), (t,z) € T x X, as
a product of a continuous function and a function of the first Borel class, is of the
first Borel class as well by Lemma 2.3.

Thus a** = h o ™! is of the first Borel class on T - X also.

(d) Let p € MY(T - X) be given. Then its barycenter r(u) belongs to the set
By(x,c)-- We denote v = oty € MYT x X) and pick a bounded downward
directed net {a;}jes in A(X,R) converging to f.

Then we have using Lemma 2.2 and (b)

pa™) = (pr)(a™) =v(a™ op) = v(h) = lim ta;(x)dv(t, x)
J€J Jrx x

=tim [ oy =lima () = 0 (r().

(e) We first show that a™* is of the first Borel class on B(g(x,cy)-- To this end
we recall that

@B(m(x’c))* CcT-X.

We know from (d) that the function a** satisfies the barycentric formula for each
p € M (extBg(x,c))+)- By [29, Theorem 3.3], a** is strongly affine on By (x,c))--
Since a** is of the first Borel class on extB(g((x,c))+, [26, Theorem 3.5] implies that
a** is of the first Borel class on By x,c))«-

If r > 0 is arbitrary, we realize that rByx,c))- is affinely homeomorphic to
Bu(x,c))~ and a** is linear. Hence a** is of the first Borel class on r By (x,c))«-

(f) It is enough to show that, given a™* € (A(X, C))**, a** = 0 provided a** =0
on X. Let s € (A(X,C))* be arbitrary. We extend s to an element p € M(X,C)
and write p = Zi:o iFepup, where ¢ > 0, up € MY(X), k = 0,...,3. Then
s= Zi:o i*cxr(ur), and thus

3
a*(s) = Zikcka**(r(uk)) =0.
k=0

Hence a** = 0 as needed. (]
Next we need a decomposition lemma which is well known for real spaces (X, R).

Lemma 2.5. Let X be a compact convex set and F C X be a closed split face. Let
F' be the complementary face of F. Then (A(X,C))* = span F @&y, span F’.

Proof. Let s € (A(X,C))* be given. We extend s to u € M(X,C) which is bound-

ary (see [19, Theorem], [18] and [16, Theorem 1.2]). Then |u| (xr) = |u| (x}) (see

[2, Proposition 1.4.5 and the subsequent Remark]), and thus p is carried by the
k

set {xr = x5} = FUF'. We write u|p = Zi:oi crp and plp = Zi:o i*dpvy,
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where ¢y, d, > 0, up € MY(F) and v, € MY(F'), k =0,...,3. Let o1, = r(ug),
yr =r(vk), k=0,...,3. By [2, Corollary I1.6.11], 2 € F and y;, € F'. Thus
3
sp = Zikckxk cspanF, sp = Zikdkyk € span F’
k=0 k=0
and for a € A(X,C) we have
3 3

s(a) = p(a) = plp(a) + plr(a) = > iFera(an) + Y i*draly) = sr(a) + sp(a).

k=0 k=0
Thus s = sp + sp+ € span F + span F’.

Further, |[sp|| < [[p|r|l and [[sp || < |[p|p |, and thus

sl = llull = Nulell + luledl = sell + [lsel-
Hence [|s|| = [|sp|| + [|sF]]-
Let s € span F' Nspan F’. Then there exists ¢y, > 0, di, > 0, z, € F, y, € F',
k=0,...,3, such that

s = (cozo — c121) +i(c2m2 — c3w3) = (doyo — d1y1) + i(d2y2 — d3y3).
If we apply s to an arbitrary a € 24(X,R), we obtain

(coro — c1z1)(a) = (doyo — diy1)(a), (c2w2 — c3w3)(a) = (day2 — dsys)(a).
Thus
coro — c1x1 = doYo — d1y1, CoTa — 3Tz = day2 — d3ys3.
An application of s to a constant function 1 yields

c=co+dy=dy+ci, d=cog+ds=ds+ cs.

If ¢ =0, then ¢y = ¢y = dy = dy = 0, and thus cpzg — cyz1 = 0. Otherwise we have

the following equality
Co dy do
—xo + = + *331
Since X is a direct convex sum of F' and F " these convex combinations must be
equal, i.e.,
CoTpy = C121, dlyl = doyo.
Hence coxg — c1x1 = 0.
Similarly we handle the second term coxo — c3x3 = days — d3ys and obtain s = 0.
Thus (A(X,C))* = span F @y, span F.
O

Lemma 2.6. Let X be a compact convez set and f: X — C be an affine function
of the first Borel class. Then

sup |f(z)] = sup [f(z)].

zeX reext X
Proof. Tt is proved in [23, Theorem 2.3] that every complex function of the first
Borel class on a compact space has the point of continuity property. For the rest
of the proof see [11, Corollary 1.5(b)].

O

Lemma 2.7. Let x be a weak peak point of a compact convex set X. Then {x} is
a split face of X.
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Proof. Suppose that = is a weak peak point. First we prove that z is an extreme
point. To this end, let © € M'(X) be a maximal measure representing x. For
the proof that x is extreme it is enough to show that p = €, the Dirac measure
centered at the point z. We fix an arbitrary closed neighborhood U of  and € > 0.
Then there is a function a € By (x c) satisfying

a(x) >1—¢c and |a] < e on ext X \ U.

Since a is continuous and U is closed, it even holds that |a| < e on the set ext X\U C
ext X \ U. So, since p is maximal measure, we have by [2, Proposition 1.4.6]

l—e<a(z / laldu = / la|dp = / la|dp —l—/ la|dp < p(U) + €.
ext X\U

In other words, u(U) > 1 — 2e. Since € > 0 is chosen arbitrarily, we have that
w(U) = 1. Hence u(V) =1 for each closed neighborhood V of x. From this it easily
follows that p = e,.
For the fact that z is actually a split face it is enough to follow the proof of [8,
Proposition 1].
O

Now we can prove Theorem 1.1.

Proof of Theorem 1.1. We write (-,-) for the duality mapping. We write A =
A(X,C) and B = (Y, C).

We assume that there exist ¢ € R such that 1 < ¢ < 2 and ||T|| < 2 and
|Tall > ¢ |la] for all a € A\ {0} (otherwise we would find 1 < ¢’ < 2 such that
7| - |77 < 2 < 2 and consider the mapping ¢’ ||[T~*| T} see [8, p.76]). We fix
c € R satisfying 1 < c < .

C’laim 1 For any a** € A**\{0} and b** € B**\{0} we have | T**a**|| > c|la**||

and ||(T **b**H > Lo
Indeed, for a** € A** \ {0} we have

The second inequality is analogous.

For each z € ext X we consider the function f, = X>{kx}‘ Since {z} is a split face,
fz is an upper semicontinuous affine function on X. We extend f, using Lemma 2.4
to an element aX* € A**. By Lemma 2.4(e), a* is of the first Borel class on any
ball in A*.

Analogously we define for y € extY the function g, and the element by* € B**.

We define mappings px and py as follows:

1
px(z) = {y € ext Y |(z, (T_l)**b;*> > 2} , x€extX, and

py (y) ={z cext X; |{y, T" a}")| > ¢}, y€extY.

(2.1)

Claim 2. px and py are mappings.
Let = € ext X be such that there exist distinct points y1,y2 € ext Y with

) = |{x, (T~1) ;%) >1 =12

(T ")z, b)) 5

Using Lemma 2.5 we write

(T~ 1)z = My1 + 1 = Aaya + po,
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where A1, A2 € C, py € span{y;}’ and uo € span{ys}’. Then
1 —1\* * % *% ** .
5<]<(T Y b | = Ny, 03F) + (i, b5 = [Nl i =12

Since
1> (7!

1 .
= il llwill > 5+ llwll s 8= 1,2,
we obtain

1> [[pall w2l = I — pall = My = Aoyl = [Ma] + [A2] > 1,

i.e., a contradiction.

Analogously we show that py (y) is at most single-valued.

Let X and Y denote the domam of px and py, respeotlvely

Claim 3.: The mappings px : X > extY and Py : Y — ext X are surjective.

Let y € ext Y be given. We assume that |(z, (T’l)**b;*ﬂ < 1 foreachz € ext X
and seek a contradiction.

We show that the element (T71)**b¥* € A** is of the first Borel class on By-.

Indeed, we know that b}* is of the first Borel class on any ball in B*, in particular
on 2Bp-. Since (T1)* is a weak*-weak* homeomorphism, (T=YH*(Ba~) C 2Bp-
and (T71)**b;* = b3* o (T~1)*, it follows that (T~")**b;* is of the first Borel class
on By« as Well

By Lemma 2.6,
1 1 ** 0k * — 1\ ko pokk
3 <s Il <l ysl= s )
= sup (", (T7H)"0)| = sup |(z, (T7H)™"b)")
a*€T-ext X reext X
1
< =,
2

This contradiction implies that px is surjective.

Analogously we check that py is surjective.

Claim 4.: We have X = ext X and Y = extY and py (px(z)) = z, = € ext X,
and px(py(y)) =y, y €extY.

Let y € Y be given. We want to show that ox(py(y)) =y, i.e., that

1
(2.2) [{py (), (T7H)0)7) | > 5.
We have
d — SU.p |<.’E, (T_l)**b;;*> — Sllp |<S, (T_l)**b;;*> —
zcext X s€T-ext X
LR B o

Since ¢ > 1, we have d > max{%, 1}. Hence there exists = € ext X such that

S d 1 > 1
max<{ —, = —.

ezf =2
Thus y = px ().

Assume that (2.2) does not hold. Then py(y) # z. By Claim 3 there exists
y € Y such that py(y) = . Then y € {y}’, and thus (y,b;*) = 0. We write

‘<$, (T_l)**b;;*>

Ty=Xv+pu, Xe€C,ucspan{z}.
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Then R R ) R )
0= (b)) =G T (T)"b,") = (T"y, (T~")""b,")
_ <)\.’E, (Tfl)**bz*> 4 <u’ (Tfl)**b;*>
Since z = py (¥), we have
¢ <[y T"a;")| = (T"y, a;")| = [(Az + p, a7")| = |A].

z
Since

[l + A= [T"gll < 2|7l = 2,
we obtain ||p|| < 2 — ¢. By putting everything together we get

— ‘()\x) (T_1>**b:;*>
< dllull <d2—0) < d.

d
d<INS < [(e, (771 5y)
= [la (T71)8;)

a contradiction. Thus (2.2) holds, which means that px (py (y)) =y, y € Y.

Now, let = € ext X be given. Then there exists y € Y such that oy (y) = x.
Then y = px (py (y)) = px (x), which means that z € X.

Let y € extY be given. Then we can find x € X = ext X with px(z) =y and
further we can select 3 € Y such that py (§) = . Then

y=px(@)=px(py(@)=7€Y.

Hence ¥ = extY.
Finally, if z € ext X, we find y € extY with py (y) = = and obtain

py (px (@) = py (px (py (y))) = py (y) = .

Till now we have proved that px: ext X — extY is a bijection with py being
its inverse. Now we use the assumption on weak peak points to check that px is
a homeomorphism. To this end it is enough to follow the proof of [8, Theorem 7],
see also the proof of Theorem 4.1. O

3. CARDINALITY OF EXTREME POINTS

The second result of our paper generalizes a theorem of Cengiz [7] who proved
that a pair of locally compact spaces K, L have the same cardinality provided
Co(X,F) is isomorphic to Co(Y,TF).

We show in Theorem 3.2 the same result in the framework of compact convex
sets. Before its proof we need the following lemma on finite-dimensional compact
convex sets.

Lemma 3.1. Let X be a compact convex set in a finite-dimensional space and let
each point of ext X be a split face. Then the set ext X is finite and X is a simplex.

Proof. We identify X with a subset of R™ for a suitable m € N.

First we show that the set ext X is finite. Assuming the contrary, there is a
sequence {z,,}52, of distinct points in ext X converging to a point z € X. By the
Minkowski theorem (see e.g. [2, Corollary 1. 6.13] or [27, Theorem 2.11]), z belongs
to the convex hull of ext X, thus there exist finite sequences {\;}*_; in (0,1] and
{z}F_, in ext X such that

k

k
Z)‘i =1 and x= Z)‘izi'
i=1
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Now, the function %, is affine, and hence continuous. Since {z;} is a closed split
face and x3, = 0 on ext X \ {21}, the sequence of real numbers {x7 (7,)}52,, is
identically zero for some suitable ng € N. So, by the continuity of x} we have
X%, (x) = 0. On the other hand, it holds by the affinity of x} that
k
Xz, (2) = X2, (Z Aﬂz’) > Mixz, (21) = A1 >0,
i=1
which gives a contradiction. Thus ext X is a finite set.
Now we show that X is a simplex. We write ext X = {z;}¥_;. We fix an element
x € X \ ext X and assume that there are two convex combinations

n n
T = E ATy = E iy,
i—1 i=1

where A\;, u; € [0,1),4i=1,...,n. Fix arbitrary j € {1,...,n}. By the assumption,
{z;} is a split face. Since {x;; i # j} is contained in the complementary face {z;}’
and

s 1;
v =Ny + (L= X)) Y Ty =y + (L= ) D ),
i#] J i#j Hi

from the uniqueness of the decomposition of X to {z;} and {z;}’ we obtain A\; = p;.
Thus x is a unique convex combination of extreme points of X, from which it

follows that X is a simplex. This finishes the proof. O

Theorem 3.2. Let X,Y be compact convex sets such that A(X,C), A(Y,C) are
isomorphic. If each point of ext X and extY is a split face, then the cardinality of
ext X is equal to the cardinality of extY .

Proof. First we suppose that the space 20(X,C) is finite-dimensional. Then also
(Y, C) is finite-dimensional, with dim(20(Y,C)) = dim(20(X, C)), and also the sets
X and Y are finite-dimensional as well. By Lemma 3.1 we have that X is a Bauer
simplex with finitely many extreme points, and so it holds that

A(X,C) = Clext X, C) = £=(ext X, C),
and the same holds for Y. Thus
lext X| = dim(€>°(ext X, C)) = dim(¢*>°(ext Y, C)) = |ext Y] .

Now suppose that the space (X,C) (and hence also the space A(Y,C)) is
infinite-dimensional. Let T': 2(X,C) — (Y, C) be an isomorphism. We will show
that |ext X| < |ext Y.

To this end, let y € extY be fixed. For each z € ext X we consider the upper
semicontinuous affine function fo = x7,, and its extension a* € (A(X, C))**, see

Lemma 2.4. Let \y(z) = (T"y, a}*). We claim that the set
Xy ={z € ext X; \y(x) # 0}

is at most countable. Indeed, let s = T*y and u € M(X, C) be a boundary measure
extending s. Let z € ext X be arbitrary. Let {a;};cs be a bounded downward
directed net of functions in 2(X,R) converging to f, = X?w}. Then we have

p({z}) = uxqey) = n(X{y) = lim p(a;) = }.lemj<s,aj>
=lm(T"y, a;) = (T"y,a;") = A\y(2).
jedJ
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Since ||| < oo, p({z}) # 0 for at most countably many x € ext X.
Now we prove that for each x € ext X there exists y € extY such that x € X,,.
To this end, we assume the contrary. Let x € ext X be such that

(T*y,ax") =0, ye€extY.
Using the same argument as in the proof of Theorem 1.1, Lemma 2.6 yields
0= sup [{(T"y,a")|= sup [y, T*ar*)|= sup [(s,T""ar")|
yEextY yeextY s€T-extY
= sup (s, T"a;")[ = [T a;"|| # 0,
s€B(r.ep=
i.e., a contradiction.

Now both the spaces (X, C) and (Y, C) are infinite-dimensional, and thus the
sets ext X and ext Y are infinite. Indeed, if ext X were finite, by the minimum prin-
ciple we would obtain that the space 2(X,C) C ¢*°(ext X, C) is finite-dimensional.

Now, since we have ext X = [J, oy Xy, We get ext X[ < [ext Y.

By reversing the role of X and Y we obtain the converse inequality, which con-
cludes the proof. O

4. CONTINUOUS IMAGES OF EXTREME POINTS

Our next result deals with isomorphisms that are not generally surjective. The
starting point is a result of Jarosz [20] who proved that if K, L are locally compact
spaces, A C Cy(K,C) is an extremely regular closed subspace and T': A — Co(L,C)
satisfies || T - HT‘lH < 2, then K is a continuous image of a subset of L. (The
assumption of the extreme regularity of A reminds the definition of a weak peak
point, see [20]).

Theorem 4.1. Let X,Y be compact convex sets such that each point of ext X is
a weak peak point. If T: A(X,C) — A(Y,C) is an into isomorphism satisfying
IT||-||T7Y| < 2, then there exists a set Y C extY and a continuous surjective

mapping ¢: Y — ext X.

Lemma 4.2. Let A, B be Banach spaces and T: A — B be a bounded operator
satisfying for some ¢ > 0 estimate ||Tal| > c|la||, a € A. Then

Proof. Since
[T"a™| = sup [(b",T""a™)| = sup [(T"b",a"™)],
b*E€Bp« b*€Bp~

it is enough to show that T*(Bp+) D cBa-.

Let a* € ¢Ba~ be given. Then the functional ¢* € (RugT)* defined as (T'a, ¢*) =
(a,a*), a € A, is well defined and is of norm 1. Indeed, if | Ta| < 1, then |ja|| < 1,
and thus

* * * 1
({Ta,c™)| = [(a,a")| < [la*] flall < e = 1.

Let b* € Bp- be a Hahn-Banach extension of ¢*. Then T*b* = a*, and thus
a* € T*(Bp+). This finishes the proof. O
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Proof of Theorem 4.1. We follow the proof of Theorem 1.1. We write A = (X, C)
and B = 2(Y,C). Again we consider 1 < ¢ < ¢/ < 2 and T such that |T]| < 2 and
ITall > ¢ Jlal, a € A.

By Lemma 4.2 we have

70 > efla”], 0™ € A"\ {0},
Let f, and a* be as in the proof of Theorem 1.1. Again we define
ply) ={z € ext X; [y, T a;")| > c}, yEextY

Claim 1. p is a mapping. Indeed, let x1, x2 € ext X be such that |<y7 T**a;j>| >c
for some y € extY. We write

Ty = Niwi + pa,
where \; € C and p; € span{z;}’, i = 1,2. Then
< [(T*y,ai")| = [(Niwi, o) = IN], i=1,2,

and
2> [Tyl = |l + sl > e+ [lpall, 2 =1,2,
yield
22 =) > [[pall + lpll =l = pall = [[Azr = Aswz || = [Ar] + [A2] > 2¢.
But thi/s\ contradicts the inequality ¢ > 1.
Let Y denote the domain of p.

Claim 2. p is surjective. Assume that for some =z € ext X we have ¢ >
y, T**a’*)|, y € extY. Then we have as in the proof of Theorem 1.1

¢z sup |(y, T7a;")[ = sup [(s,T""a;")|
yeextY s€T-extY
= sup [(s, T"a;")| = [[T"a;"| > clla;”[| = ¢,
s€EBpx

i.e., a contradiction.

Claim 3. p: Y — ext X is continuous. We modify the proof of [8, Theorem 7].
Let F' C ext X be a closed set and let F' = ext X N H for some closed set H C X.
We want to prove that p~1(F) is closed in Y.

To this end, we construct for each x € ext X \ F and y € p~!(z) a function
hyy € A(X,C) as follows. Fix z € ext X \ F and y € Y with p(y) = 2. Let V be a
closed neighborhood of z with VN H = (. We write T*y = Az+ p, where A € C and
p € span{z}’. Let g = Y7 rjx;, where rj € C and x; € {z}'. Let r = 37, |ry]
and p; be a maximal measure representing x;, j = 1,...,n. Let ¢ > 0 satisfy

. [N —¢
€ < min ,c—15.
r =+ |Al

By [8, Proposition 1], there are closed neighborhoods U; of 2 such that p;(U;) < 3,
j=1,...,n Let U = Vﬂﬂ?zl U;. Since F C extX \ U, by the proof of [8,
Proposition 1] there exists a function h, , € (X, C) such that

Mheyll <1, hyy(z) >1—c and |hyy| <econ FU{z1,...,z,}

Now we claim that

(4.1) = ) () eV i@y <)

zeext X\F yep—1(x)
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Indeed, if y € Y \ p~(F), then we consider the function hy.y, where x = p(y) €
ext X \ F. Then we write as above

n
T'y=Xr+p= /\x—l—erxj.
j=1

By the choice of the function h , we have

(Thay, )] = Ko, T*Y| = [(ho gy Az + Y i)

j=1

> ML= el = D 17l by, 25|

j=1
> A1 —¢|—re>c.

ve ) N {zeTilTh,.al <},

z€ext X\ F yep—1(x)

Hence

which shows inclusion “D” in (4.1).
For the proof of the reverse inclusion we select z € p~1(F) and let = € ext X \ F/
and y € p~1(x) be arbitrary. Then p(z) € F and, by the definition of p,

c< p(2)

(5 T an)| = (T2, x|
Let

Tz = Ap(2) + p,
where A € C and p € span{p(z)}’. Then

¢ < |(2) + masi)] = I,
and thus
2> [|T72] = (Al + |l > e+ (|l -
From these estimates it follows
(Tha,y, 2)| = [hay, T*2)| = [(hay, Ap(2) + )]
< Me+(2—-¢)<2e4+(2-0¢)<ec.
Hence

z € {u ey {Thy .y, u)| < c}

and (4.1) is verified.

By (4.1), p~1(F) is a closed subset of Y, and thus p is continuous. This finishes
the proof. O

5. ISOMORPHISMS OF COMPLEX FUNCTION SPACES

This section uses the results of the previous sections to deduce analogous theo-
rems on selfadjoint function spaces. Throughout this section we consider a compact
(Hausdorff) space K and a closed subspace H C C(K, C) which contains constants
and separates points of K. By S(H) we denote the state space of H, i.e., the set

S(H) ={s e " ||s|| = s(1) =1}
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endowed with the weak* topology. Let ¢: K — S(H) be the evaluation mapping,
then ¢ homeomorphically embeds K into the compact convex set S(#). The Cho-
quet boundary Chy K of H is defined as

Chy K ={z € K; ¢(x) € ext S(H)} .

By [5, Theorem 2.2.8], ext S(H) = ¢(Chy K). Let ®: H — A(S(H),C) be defined
as ®(h)(s) = s(h), s € S(H), h € H. Then we have the following identification.

Lemma 5.1. Let H be a selfadjoint closed subspace of C(K,C) for some compact
space K such that H contains constants and separates points of K. Then the
mapping ® is a isometric isomorphism of H onto A(S(H),C).

Proof. Clearly, ® is linear and of norm 1. Since

1Rl = (|2 (P)llgs(3),c) = sup |s(h)| = sup |h(z)| = [IA],
S(H zeK

s€S(H)

® is an isometry. It remains to show that ® is onto.
To this end, let f € 2A(S(H),C) be given. Any s € H* can be written as
s= Ei:o i*aysy., where ay > 0, s, € S(H), k=0,...,3. We define f : H* — C as

3 3
(51)  f(s) = Zikakf(sk), s = Zikaksk,ak >0,s, €S(H),k=0,...,3.
k=0

k=0
We have to check that this definition is correct, i.e., that

3 3
D ifarf(se) =Y i bif(te),
k=0 k=0

whenever Zi:o iFaps, = 22:0 ikbptr, ap, by >0, sp,t, € S(H), k=0,...,3.

So let
(52) (aoso — 0481) + i(GQSQ — agsg) = (boto — b1t1) + i(bgtg — b3t3).
Since any s € S(H) can be extended by the Hahn-Banach theorem to a measure
p € MYHK), s(Reh) € R for each h € H. (We remind that Re h,Im h € H for each
h € H since H is selfadjoint.) An application of (5.2) to the constant function 1
yields

a=ag+by =by+a;, b=as+bs=0by+ as.

If a =0, a0 =a1 =by =01 =0, and thus aof(so) — a1 f(s1) = bof(to) — b1 f(t1).
Otherwise we have for each h € H equality

((aoSO — 0,151) + i(GQSQ — agsg)) (Re h) = ((boto — bltl) + i(thQ - bgtg)) (Re h),
which implies

((l()S() — alsl)(Re h) = (boto — bltl)(Re h), heH.

In other words,

a (‘Z)so + l;lt1> (Reh) =a (boto + C;lsl) (Reh), heH.

a

Since Imh € H and Re(Imh) = Imh for each h € H,
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Since f is affine, we obtain
aif(so) + b*lf(tl) =f (aoso + blfl) =f (boto + alsl) = bfof(to) + ﬂf(Sl)a
a a a a a a a a
ie.,
aof(so) — a1 f(s1) = bof(to) — b f(t1).

Similarly we get
az f(s2) — asf(s3) = baf(t2) — bsf(ts),
which shows that f is by (5.1) well defined.

It follows from (5.1) that f: H* — C is linear. Indeed, let s,t € H* be given

and let
3

3
s = Zikaksk, t= Zikbktk,

k=0 k=0
where ag, by > 0, sg,tr € S(H), k=0,...,3. We select u € S(H) and define

and ¢ =ap+bg, k=0,...,3.

u, ak:bk:O,

ag bk
Up = {ak+bk Sk + 0«1«+bktk’ ak + by > 0,

Then ug € S(H) and

3
_ -k
s+t= E 1V CrUL-
k=0

Since f is affine on S(#), we obtain

3

3
Fls+1) = iFenflur) = Y i* (arf(sn) + bif (1)) = F(s) + F0):
k=0 k=0

It is even more straightforward to verify that f(As) = Af(s), whenever s € H*
and A >0, A= —1, or A =4. Thus fis linear.

To check that f is given by an element from # it is enough to verify its weak*
continuity on H*. Since f is linear, it is enough to check its weak® continuity on
By~ (see [13, Corollary 3.94]). We assume that this is not the case and seek a
contradiction. So let {s;};es be a net in By~ weak® converging to s € By~ such

that f(sj) — f(s)| > n for some n > 0. Using the Hahn-Banach theorem and
the deco‘mpositio‘n of a complex measure we write each s; as s; = 22:0 ikaisi,
where aj, > 0, s}, € S(H) and a} + aj + a + a} < 2. By compactness argument

we may assume that aj — a; and s] — sj in the weak* topology, k = 0,...,3.

Then s = Zi:o i*agsg. By the continuity of f on S(H), f(s,) — f(si) for each
k=0,...,3. But then

3 o 3
> ikalf(sh) =Y ifarf(sk)| =0

k=0 k=0

né}iemJ f(sj) = f(s) :%nj

gives a contradiction. Hence f is weak® continuous on By«, and thus on H*.

Thus there exists an element h € H such that f(s) = s(h), s € H*. In particular,
®(h) = f. O
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As in the first section we say that z € K is a weak peak point if
53 given € € (0,1) and an open set U C K containing z, there exists f € By
(5:3) such that |f| <eon Chy K\ U and f(z) > 1—e.

Lemma 5.2. Let x € K be a weak peak point in the sense of (5.3). Then ¢(x) is
a weak peak point of S(H) in the sense of (1.1).

Proof. Suppose that x € K is a weak peak point in the sense of (5.3), and that
we are given € > 0 and an open neighborhood V of ¢(z) in S(H). Then we have
that U = ¢~1(V) is an open neighborhood of z. So there exists f € By such that
|f| < & on the set Chy K\ U and f(z) > 1 —e. We denote a = ®(f) € Bys),c)
and we show that a is witnessing the fact that ¢(x) is a weak peak point of S(H).
Firstly, we have that

a(p(x)) = @(f)(¢(x)) = o(x)(f) = f(z) > 1 —&.
Now, suppose that s € ext S(H)\ V. There is y € Chy K such that s = ¢(y). Then
¢(y) ¢ V, and hence y ¢ U. Thus

la(s)| = [2(f) (o)) = [f(y)] <e,
which concludes the proof. O

Now we can extend the results of the previous sections to the context of function
spaces.

Theorem 5.3. For i = 1,2, let K; be a compact space and H; be a selfadjoint
closed subspace of C(K;,C) which contains constants and separates points of K;.
Let each point of Chy, K; be a weak peak point.

If there exists an isomorphism T: Hi — Ha satisfying | T - HT‘1H < 2, then
Chy, K1 is homeomorphic to Chy, K.

Proof. By the identification given by Lemma 5.1, the space 2(S(H;1), C) is isomor-
phic to A(S(Hz),C) by an isomorphism T satisfying ||T|| - |77 < 2. Moreover,
Lemma 5.2 allows us to use Theorem 1.1 to conclude that ext S(?{1) is homeomor-
phic to ext S(Hz). Hence the assertion follows. O

The next result is a corollary of Theorem 4.1.

Theorem 5.4. For i = 1,2, let K; be a compact space and H; be a selfadjoint
closed subspace of C(K;,C) which contains constants and separates points of K;.
Let each point of Chy, K; be a weak peak point.

If there exists an into isomorphism T: H1 — Ha satisfying || T - HT‘1H < 2,
then Chyy, Ky is continuous image of a subset of Chy, Ko.

An application of Theorem 3.2 yields the following result.

Theorem 5.5. For i = 1,2, let K; be a compact space and H; be a selfadjoint
closed subspace of C(K;,C) which contains constants and separates points of K;.
Let each point of Chy, K; be a weak peak point.

If there exists an isomorphism T: Hy1 — Ha, then Chy, K has the same cardi-
nality as Chy, Ko.

We refer the reader to [22] and [21] for results on function algebras in the spirit
of the above theorems. The case of vector-valued Banach-Stone type theorem is
treated e.g. in [4], [14] or [1].
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