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Abstract

We investigate and compare F-Borel classes and absolute F-Borel
classes. We provide precise examples distinguishing these two hier-
archies. We also show that for separable metrizable spaces, F-Borel
classes are automatically absolute.

1 Introduction

Borel sets (in some topological space X) are the smallest family containing
the open sets, which is closed under the operations of taking countable inter-
sections, countable unions and complements (in X). The family of F-Borel
(resp. G-Borel) sets is the smallest family containing all closed (resp. open)
sets, which is closed under the operations of taking countable intersections
and countable unions of its elements. In metrizable spaces the families of
Borel, F-Borel and G-Borel sets coincide. In non-metrizable spaces, open
set might not necessarily be a countable union of closed sets, so we need to
make a distinction between Borel, F-Borel and G-Borel sets.
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In the present paper, we investigate absolute F-Borel classes. While
Borel classes are absolute by [HS] (see Proposition 1.8 below), by [Tal] it
is not the case for F-Borel classes (see Theorem 1.7 below). We develop a
method of estimating absolute Borel classes from above, which enables us
to compute the exact complexity of Talagrand’s examples and to provide
further examples by modifying them. Our main results are Theorem 5.14
and Corollary 5.15.

The paper is organized as follows: In the rest of the introductory sec-
tion, we define the Borel, F-Borel and G-Borel hierarchies and recall some
basic results. In Section 2, we recall the definitions and basic results con-
cerning compactifications and their ordering. In Theorem 2.3, we show that
the complexity of separable metrizable spaces coincides with their absolute
complexity (in any of the hierarchies). Section 3 is devoted to showing that
absolute complexity is inherited by closed subsets. In Section 4, we study
special sets of sequences of integers — trees, sets which extend to closed dis-
crete subsets of w* and the ‘broom sets’ introduced by Talagrand. We study
in detail the hierarchy of these sets using the notion of rank. In Section 5, we
introduce the class of examples of spaces used by Talagrand. We investigate
in detail their absolute complexity and in Section 5.3, we prove our main
results.

Let us start by defining the basic notions. Throughout the paper, all the
spaces will be Tychonoff. For a family of sets C, we will denote by C, the
collection of all countable unions of elements of C and by Cs the collection

of all countable intersections of elements of C.

Definition 1.1 (Borel classes). Let X be a topological space. We define
the Borel multiplicative classes M, (X) and Borel additive classes A, (X),
a < w, as follows:

o My(X) = Ag(X) := the algebra generated by open subsets of X,

o My(X) = (U (Mg(X) UAg(X))) for 1 < a < w,
1

B<a

B<a

o A (X) = < U (Mg(X) uAB(X))> for 1 < a < wi.

In any topological space X, we have the families of closed sets and open
sets, denoted by F'(X) and G(X), and we can continue with classes F,(X),
Gs(X), F,5(X) and so on. However, this notation quickly gets impractical,
so we use the following notation.
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Definition 1.2 (F-Borel and G-Borel classes). We define the hierarchy of

F-Borel sets on a topological space X as follows:

e Fi(X) := closed subsets of X,

o F . (X):= ( U .Fg(X)) for 2 < a0 < wy even,

B<a

o F, = (U]—"B(X)) for 3 < a < wy odd.
5

[B<a

The sets of a-th G-Borel class, G,(X), are the complements of F,(X) sets.

By a descriptive class of sets, we will always understand one of the Borel,
F-Borel or G-Borel classes.

Remark 1.3. (¢) In any topological space X, we have
Fi(X) = F(X) € Mo(X).

It follows that each class F,, n € N, is contained in A,_; or M,,_; (de-
pending on the parity). The same holds for classes F,, @ > w, except that
the difference between ranks disappears.

(73) If X is metrizable, the Borel, F-Borel and G-Borel classes are related
to the standard Borel hierarchy [Kech, ch.11]. In particular, each F,(X) is
equal to either 3% (X) or ITY (X)) (depending on the parity of ) and we have

F(X)UG(X) C My(X) = Ap(X) C F,(X)NGs(X).
The relations between our descriptive classes can then be summarized as:
o F (X)) =T%X) =M, 1(X) holds if 1 < n < w is odd,
o F,(X)=3%%X)=A,_1(X) holds if 2 < n < w is even,
o 7, (X)=3%X)=A,(X) holds if w < a < wy is even,
o F (X)=TI2%X) = My(X) holds if w < a < w; is odd.
Clearly, the G-Borel classes satisfy the dual version of (i) and (i7).

Note also that in compact spaces, closed sets are compact, so in this
context the F-Borel sets are sometimes called KC-Borel, F, sets are called
K, and so on.

Let us define two notions central to the topic of our paper.
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Definition 1.4. Let X be a (Tychonoff) topological space and C be a
descriptive class of sets. We say that X is a C space if there exists a com-
pactification ¢X of X, such that X € C(cX).

If X € C(Y) holds for any Tychonoff topological space Y in which X is
densely embedded, we say that X is an absolute C space We call the class
C absolute if every C space is an absolute C space.

The basic relation between complexity and absolute complexity are noted
in the following remark.

Remark 1.5. Consider the following statements:

(i) X € C(cX) holds for some compactification cX;

(ii) X € C(BX) holds for the Cech-Stone compactification;
(iii) X € C(cX) holds for every compactification cX;

(iv) X € C(Y) holds for every Tychonoff space where Y is densely embed-
ded;

(v) X € C(Y) holds for every Tychonoff space where Y is embedded.

Clearly, the implications (v) = (iv) = (iii)) = (1) = (i)
always hold. In the opposite direction, we always have (i) = (ii) (this
is standard, see Remark 2.1) and (i) = (iv). For Borel and F-Borel
classes, (iv) is equivalent to (v) (since these classes are closed under taking
intersections with closed sets). For G-Borel classes, (iv) is never equivalent
to (v) (just take Y so large that X" is not G in Y).

The interesting part is therefore the relation between (i) and (iii) from
Remark 1.5. For the first two levels of F-Borel and G-Borel hierarchies,
(1) is equivalent to (i7i), that is, these classes are absolute. A more precise

formulation is given in the following remark.
Remark 1.6. For a topological space X we have

(i) X is an Fj space <= X is absolutely /; <= X is compact;

(ii) X is an Fy space <= X is absolutely F; <= X is o-compact;
(iii) X is a G; space <= X is absolutely G; <= X is locally compact;

(iv) X is a Gy space <= X is absolutely G, <= X is Cech-complete
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(for the proofs of (iii) and (iv) see [Eng, Theorem 3.5.8 and Theorem 3.9.1]).

The first counterexample (and the only one known to the author) was
found by Talagrand, who showed that already the class of Fjs sets is not
absolute:

Theorem 1.7 ([Tal]). There exists an F3 space T and its compactification
K, such that T is not F-Borel in K.

This not only shows that none of the classes F, for a > 4 are absolute,
but also that the difference between absolute and non-absolute complexity
can be large. Indeed, the ‘non-absolute complexity’ of T is ‘F3’, but its
‘absolute complexity’ is ‘K-analytic’. In [KK], the authors give a sufficient
condition for an JF3 space to be absolutely F3, but a characterization of
absolutely F, spaces is still unknown for all a@ > 3.

In [HS] and [Raj], the authors studied (among other things) absoluteness

of Borel classes. In particular, the following result is relevant to our topic:

Proposition 1.8 ([HS, Corollary 14]). For every 1 < a < wy, the classes
A, and M, are absolute.

Another approach is followed in [MP] and [JK], where the absoluteness
is investigated in the metric setting (that is, for spaces which are of some
class C when embedded into any metric space). In [JK] a characterization
of ‘metric-absolute’ F3 spaces is given in terms of existence complete se-
quences of covers (a classical notion used by Frolik for characterization of
Cech-complete spaces, see [Frol]) which are o-discrete. Unfortunatelly, this
is not applicable to the topological version of absoluteness, because every
countable cover is (trivially) o-discrete, and any F3 space does have such a
cover by [Fro2] — even the Talagrand’s non-absolute space.

2 Compactifications and their ordering

By a compactification of a topological space X we understand a pair (¢X, ¢),
where cX is a compact space and ¢ is a homeomorphic embedding of X
onto a dense subspace of cX. Symbols cX, dX and so on will always denote
compactifications of X.

Compactification (¢X, ) is said to be larger than (dX, ), if there exists
a continuous mapping f : ¢X — dX, such that ¢y = f o . We denote this
as ¢X = dX. Recall that for a given T31/, topological space X, its compact-
ifications are partially ordered by = and Stone-Cech compactification SX
is the largest one.
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Often, we encounter a situation where X C c¢X and the correspond-
ing embedding is identity. In this case, we will simply write ¢X instead of
(eX,id|x).

Much more about this topic can be found in many books, see for example
[Fre]. The basic relation between the complexity of a space X and the
ordering of compactifications is the following:

Remark 2.1. If C is a descriptive classes of sets, we have
X €C(dX), cX mdX = X €C(C(cX).
In particular, X is a C space if and only if X € C(X).

We will also make use of the following result about existence of small
metrizable compactifications.

Proposition 2.2. Let X be a separable metrizable space and cX its com-

pactification. Then X has some metrizable compactification dX, such that
dX <ecX.

This proposition is an exercise, so we only include a sketch of its proof:

Proof. We can assume that ¢X C [0, 1)* for some «. Since X has a countable
base, there is a countable set of coordinates I C x such that the family of
all VN X, where V is a basic open set V' C [0, 1]* depending on coordinates
in I only is a base of X. Then we can take dX := 7;(cX), where 7; denotes
the projection. O

We put together several known results to obtain the following theorem
(which we have not found anywhere in the literature):

Theorem 2.3. Let C be a descriptive class of sets. Then any separable
metrizable C space is an absolute C space (so the first four conditions of
Remark 1.5 are equivalent).

If C is one of the Borel or F-Borel classes, this is further equivalent to
X being in C(Y') for every Tychonoff space in which'Y is embedded.

Proof. The statement for the classes A, and M, follows from the general
result of [HS] (see Proposition 1.8 above). Let us continue by proving the
result for the F-Borel classes. For the first two levels, it follows from Re-
mark 1.6. Suppose that X € F,(8(X)) for some a > 3 and let ¢X be any
compactification of X.
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By Proposition 2.2 we can find a smaller metrizable compactification
dX. Let D be the Borel class corresponding to F, (see Remark 1.3). Then
X € D(BX). Since D is absolute by Proposition 1.8, we get X € D(dX).
Since dX is metrizable, we deduce that X € F,(dX), so X € F,(cX) holds
by Remark 2.1.

The proof for G-Borel classes is analogous.

3 Hereditarity of absolute complexity

In this section, we show that absolute complexity is hereditary with respect
to closed subspaces. To do this, we first need to be able to extend compact-
ifications of subspaces to compactifications of the original space. We start

with a topological lemma:

Lemma 3.1. Suppose that K is compact, F C K 1is closed and f: F — L
is a continuous surjective mapping. Define a mapping q: K — LU (K \ F)
as q(z) = x forx € K\ F and q(x) = f(x) forz € F. Then (K \ F)UL
equipped with the quotient topology (induced by q) is a compact space.

Proof. Since f is surjective, the space (K \ F') U L coincides with the ad-
junction space K Uy L determined by K, L and f (for definition, see [Eng,
below Ex. 2.4.12]). Since K Uy L is a quotient of a compact space K & L
with respect to a closed equivalence relation ([Eng, below Ex. 2.4.12]), we
get by Alexandroff theorem ([Eng, Thm 3.2.11]) that the space K Uy L is a
compact (in particular, it is Hausdorff). ]

This gives us a way to extend a compactification, provided that we al-

ready know how to extend some bigger compactification:

Proposition 3.2. Let Y be a topological space and suppose that for a closed
X CY we have cX =< X for some compactifications cX and dY . Then
cX is equivalent to X for some compactification cY of Y.

Proof. Let X, Y, cX and dY be as above and denote by f : XV S oeX
the mapping which witnesses that ¢X is smaller than X", We will assume
that X C ¢X and Y C dY, which means that f|x = idx.

By Lemma 3.1 (with K :=dY, F := X" and L = cX), the space Y,
defined by the formula

Y = (dY\YdY) UeX = (K\F)UL,
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is compact. To show that c¢Y is a compactification of Y, we need to prove
that the mapping ¢ : dY — ¢Y, defined as f extended to dY \ xV by
identity, is a homeomorphism when restricted to Y. The continuity of ¢y
follows from the continuity of ¢. The restriction is injective, because v is
injective on (dY \ Ydy) UX (and X is closed in Y'). The definition of ¢ and
the fact that X is closed in Y imply that the inverse mapping is continuous
on Y \ X. To get the continuity of (¢|y)™' at the points of X, let z € X
and U be a neighborhood of x in K. We want to prove that ¢(U NY) is
a neighborhood of ¢(z) in ¢(Y"). To see this, observe that C' := dY \ U is
compact, therefore ¢(C') is closed, its complement V := ¢Y \ ¢(C) is open
and it satisfies VNg(Y) =qUNY).

Lastly, we note that for y € ¢\ md/? g (y) is in Y\ X", This
gives the second identity on the following line, and completes the proof:

cY —dY —~aY

X :q(X)CY:q<X ):f(X ):cX.
O

Recall that a subspace X of Y is said to be C*-embedded in Y if any
bounded continuous real function on X can be continuously extended to Y.

Corollary 3.3. If a closed set X s C*-embedded in'Y , then each compacti-
fication cX s of the form ¢X = X7 for some compactification cY .

Proof. Recall that the Cech-Stone compactification X is characterized by
the property that each bounded continuous function from X has a unique
continuous extension to SX. Using this characterization, it is a standard
exercise to show that X is C*-embedded in Y if and only if X7 = BX. It
folﬂlgws that for X and Y as above, any compactification ¢X is smaller than

X", and the result follows from Proposition 3.2. O

We use these results to get the following corollary:

Proposition 3.4. Let C be one of the classes F,, M, or A, for some

a < wiq.
(1) Any closed subspace of a C space is a C space;
(11) Any closed subspace of an absolute C space is an absolute C space.

Proof. (i): This is trivial, since if X is a closed subspace of Y and Y is of
the class C in some compactification cY’, then X is of the same class in the
compactification X7
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(77): For Borel classes, which are absolute, the result follows from the
first part — therefore, we only need to prove the statement for the F-Borel
classes. Let @ < w; and assume that X is a closed subspace of some F,
space Y.

Firstly, if Y is an F, subset of BY, it is K-analytic and, in particular,
Lindelof. Since we also assume that Y is Hausdorff, we get that Y is normal
[KKLP, Propositions 3.4 and 3.3]. By Tietze’s theorem, X is C*-embedded
in Y, which means that every compactification of X can be extended to a

compactification of Y (Corollary 3.3). We conclude the proof as in (). O

Note that the second part of Proposition 3.4 does not hold, in a very
strong sense, if we replace the closed subspaces by F,s subspaces. Indeed,
the space T' from Theorem 1.7 is an F,s subspace of a compact space, but it
is not even absolutely F-Borel (that is, F-Borel in every compactification).
Whether anything positive can be said about F, subspaces of absolute JF,

spaces is unknown.

4 Special sets of sequences

In this chapter, we define ‘broom sets’ — a special type sets of finite se-
quences, which have a special ‘tree’ structure and all of their infinite ex-
tensions are closed and discrete. As in [Tal|, these sets will then be used to
construct spaces with special complexity properties.

4.1 Trees and a rank on them

First, we introduce the (mostly standard) notation which will be used in

the sequel.

Notation 4.1 (Integer sequences of finite and infinite length). We denote

w

e w* := infinite sequences of non-negative integers := {0 : w — w},

<w

e w<“ := finite sequences of non-neg. integers := {s: n — w| n € w}.

Suppose that s € w<¥ and o0 € w”. We can represent o as (¢(0),0(1),...)

and s as (s(0),s(1),...,s(n — 1)) for some n € w. We denote the length of
s as |s| = dom(s) = n, and set |o| = w. If for some ¢ € W< Uw* we have
[t| > |s| and t|;5 = s, we say that u extends s, denoted as t T ¢. We say that
u,v € w<¥ are non-comparable, denoting as u L v, when neither u C v nor
u J v holds.
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Unless we say otherwise, w* will be endowed with the standard product
topology, whose basis consists of sets N'(s) :={c T s| 0 € w¥}, s € w<¥.

For n € w, we denote by (n) the corresponding sequence of length 1. By
s"t we denote the concatenation of a sequences s € w<¥ and t € W< U w”.
We will also use this notation to extend finite sequences by integers and
sets, using the convention sk := s'(k) for k € w and sT" := {s't |t € T'}
for T'C w<¥ Uw”.

Definition 4.2 (Trees on w). A tree (on w) is a set T C w<* which satisfies
(Vs,tew):sCct&telT = seT.

By Tr we denote the space of all trees on w. For S C w<“ we denote by
cln(S) == {u € w<¥| Is € S : s O u} the smallest tree containing S. Recall
that the empty sequence () can be thought of as the ‘root’ of each tree, since
it is contained in any nonempty tree.

If each of the initial segments o|n, n € w, of some o € w* belongs to T,
we say that o is an infinite branch of T. By WF we denote the space of all

trees which have no infinite branches (the ‘well founded’ trees).

We define a variant of the standard derivative on trees and the corre-
sponding IT}-rank. We do not actually use the fact that the rank introduced
in Definition 4.3 is a ITj rank, but more details about such ranks and deriva-
tives can be found in [Kech, ch. 34 D,E].

Definition 4.3. Let T' € Tr. We define its ‘infinite branching’ deriwvative
D;(T) as

D;(T) :={t € T| t C s holds for infinitely many s € T'}.
This operation can be iterated in the standard way:
D}(T) =T,

D¢TH(T) := Dy (DY (T)) for successor ordinals,
D}MT) := () Dg (T) for limit ordinals.

a<

This allows us to define a rank r; on Tr as r;(0) := —1, r;(T) := 0 for finite
trees and
ri(T) := min{a < w| DI(T) = 0}.

If no such o < w; exists, we set r;(T") := wy.
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Note that on well founded trees, the derivative introduced in Definition
4.3 behaves the same way as the derivative from [Kech, Exercise 21.24], but
it leaves any infinite branches untouched. It follows from the definition that
the rank r; of a tree T' is countable if and only if T is well founded. We
consider this approach better suited for our setting.

While this definition of derivative and rank is the most natural for trees,
we can extend it to all subsets S of w<“ by setting D;(S) := D;(cln(5))
and defining the rest of the notions using this extended ‘derivative’. Clearly,
if S € T'r, this coincides with the original definition.

Lemma 4.4. No set S C w<¥ which satisfies r;(S) < wy can be covered by

finitely many sets of rank strictly smaller than r;(S).

Proof. Note that if T and Ty are trees, T1 U T5 is a tree as well, and we
have DTy U Ty) = DX(Ty) U DX (T3) for any o < wy. Moreover, for any
S1,82 C w<¥ we have clp(S; U Sy) = ¢l (S1) U el (S2). This yields the
formula

ri(S1U---USk) = max{r;(S1),...,7:(5)}

for any S; C w<¥, which gives the result. m

4.2 Sets which extend into closed discrete subsets of
ww

Definition 4.5. A set A C w¥ is said to be an infinite extension of B C w<¥,

if there exists a bijection ¢ : B — A, such that (Vs € B) : ¢(s) 3 5. If A

has the same property as A, except that we have A C w<¥, it is said to be

a (finite) extension of B.

By D C P (w<¥) we denote the system of those sets D C w<* which
satisfy

(i) (Vs,teD):s#t = s Lt
(ii) every infinite extension of D is closed and discrete in w®.

Example 4.6 (Broom sets of the first class). Let h € w<“ and s,, € w<¥ for
n € w be finite sequences and suppose that (f,),e, 1S an injective sequence
of elements of w. Using these sequences, we define a ‘broom’ set B as

B :={h"f, s,| n € w}.

The intuition is that h is the ‘handle’ of the broom, s, are the ‘bristles’,

and the sequence (f,), causes these bristles to ‘fork out’ from the end of
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the handle. Note that the injectivity of (f,,), guarantees that B € D (see
Proposition 4.7).

Proposition 4.7 (Properties of D). The system D has the following prop-
erties (where D is an arbitrary element of D):

(i) {(n)| n € w} € D;

(ii)) VECw<¥): ECD = EeD;
(1)) (VE C w<¥): E is a finite extension of D — E € D;
(iv) (Vh € ws):h"D € D;

of elements of D and each one-to-one enu-
d," D, €D.

(v) For each sequence (D,,)

n

meration {d,| n € w} of D, we have |

new

Proof. The first four properties are obvious. To prove 5., let D, D,,, E :=
Unew dn” Dy, be as above. The show that E satisfies (i) from Definition 4.5,
suppose that e = d,,’¢/, f = d,,,”f' € D are comparable. Then d,, and d,,
are also comparable, which means that m = n and ¢, f' € D,, = D,, are
comparable. It follows that ¢’ = f’ and hence e = f.

For A C w<¥, the condition (ii) from Definition 4.5 is equivalent to

(1) (Vo ew”)(Imew): {se€ Al sis comparable with o|m} is finite.

Indeed, suppose (1) holds and let H be an infinite extension of A. For
o € w’let m € wbe as in (1). Any p € H N N(o|m) is an extension
of some s € A, which must be comparable with o|m. It follows that the
neighborhood NV (a|m) of o only contains finitely many elements of H, which
means that ¢ is not a cluster point of H and H is discrete. In the opposite
direction, suppose that the condition does not hold. Then we can find a
one-to-one sequence (8, )me. of elements of A, such that s, 2 o|m for each
m € w. Then o is a cluster point of (any) infinite extension of {s,,| m € w}.
If A also satisfies (i) from Definition 4.5, (1) is clearly equivalent to

(2) (Yo € w*)(Im € w) : o|m is comparable with at most one s € A.

To see that E satisfies (2), let 0 € w®. Since D € D, let m be the integer
obtained by applying (2) to this set. If no d € D is comparable with o|m,
then neither is any e € E and we are done.

Otherwise, let d,, be the only element of D comparable with o|m and
let mg be the integer obtained by applying (2) to d,,"Dy,. Then m’ :=
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max{mg, m} witnesses that F satisfies (2): Indeed, any e = d,,"¢’ compa-
rable with o|m’ must have d,, comparable with o|m’. In particular, d,, is
comparable with o|m. It follows that d,, = d,,, and e € d,,,"D,,,. Therefore,
e must be comparable with o|mg and since there is only one such element,
the proof is finished. O

4.3 Broom sets

We are now ready to define the broom sets and give some of their properties.

Definition 4.8 (Broom sets of higher classes). We define the hierarchy of
broom sets B,, a < wy. We set By := {{s}| s € w<¥} and, for 1 < a < w;
we define B, as the union of (J;_, Bs and the collection of all sets B C w=*
of the form
B=|Jnf. B,
new

for some finite sequence h € w<* (‘handle’), broom sets B, € Uz, Bs
(‘bristles’) and one-to-one sequence (fy,)nen € w* (‘forking sequence’). We

also denote as B,,, := |J B. the collection of all these broom classes.
a<wi

In Section 5, we will need a result of the type ‘if B is an element of
Bai1 \ Ba, then B cannot be covered by finitely many brooms of class «’.
While this is, in general, not true, we can restrict ourselves to the following
subcollection Bay1 of Bayi \ Ba of ‘(a4 1)-brooms whose bristles are of the
highest allowed class’, where the result holds (as we will see later):

Definition 4.9. We set g() := By. For successor ordinals we define gaH as
the collection of all sets B C w<¥ of the form

B = JWfa B,

new

where h € w<®, B, € B, and (fn)n is the (1-to-1) forking sequence. For a

limit ordinal @ < wq, the family B, is defined in the same way, except that
the bristles B,, belong to Bg, for some /3, < o, where sup,, 5, = a.

Remark 4.10 (Basic properties of broom sets). It is clear that for every
broom B € B,, any finite extension of B is also a broom of class «, and so
is the set h"B for any h € w<*. Moreover, it follows from Proposition 4.7
that B,, C D. These properties also hold for collections ga, a < wi.
Actually, broom sets from Definition 4.8 are exactly those elements of D
for which every ‘branching point’ is a ‘point of infinite branching’. However,
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we do not need this description of broom sets, so we will not give its proof

here.
Broom sets are connected with rank r; in the following way:
Proposition 4.11. For B € B,,, and o < wy, the following holds:
(i) Be B, = ri(B) <a,
(ii) B € B, = r:(B) = a.
Proof. Firstly, we make the following two observations:

(VB Cw<*):1y(B)=—-1 < B=1,
(VB € B,,):1:(B) =0 < Be B, =By

We use this as a starting point for transfinite induction. We now prove ()
and (77) separately, distinguishing also between the cases of successor a and
limit a.

(7): Suppose that the statement holds for o < w; and let B € B,y1.
By definition, B = |J,, h"f," B, holds for some handle h € w<*, forking
sequence (f,), and B, € B,. For each n € w we have r;(B,) < «, which
gives DY (B,,) = () and hence D> (f,"B,,) = 0. It follows that

D (0 fa"Ba) € clm(h),

and

D (1 Ba) =0,

which, by definition or r;, means that r;(B) < o + 1.

For the case of limit ordinal a@ < wy, assume that the statement holds
for every f < «, and let B € B,. As above, B = |J, h"f,,”B,, holds for
some h, (fn), and B,,, where B,, € Bg,, B, + 1 < a. We successively deduce
that 7;(B,) is at most f3,, hence D¥(B,) C D’ (B,) holds and we have
D¢ (f," B,) = 0. Since (f,), is a forking sequence, then for any s € f,, "B,
which is different from the empty sequence, we get the following equivalence:

(3) Ws € DY W fo"By) <= (3ng € w) 5 € DY (fug Buy)-

From (3) we conclude that D¥(B) C clr({h}) is finite, which means that
ri(B) < a.

(71): Suppose that the second part of the proposition holds for some
a<wandlet B=J, " f," B, € ga+1. For each n € w, B, is an element
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of B, which by the induction hypothesis means that r;(B,) = «, and thus
there exists some sequence s,, € D$(B). In particular, we have h"f,"s, €
D¢(h"f,"B,,). We conclude that h € D{*'(B) and 7;(B) > o + 1.

Assume now that a < w; is a limit ordinal and that (i7) holds for all
f<a Let B=\J, hf. B, € B,,, where B, € ggn, sup,, B, = «. For each
b < «, there is some n € w with 3, > . Since D;B”(Bn) =+ (), we have

D’(B) > DY (W f,"Bn) D D (W' f,"B,) D b f," D" (B,) 3 B f,"s O h

for some s € w<*. This implies that & € D?(B) holds for each 8 < a, which
gives h € () DY(B) = D¥(B) and r;(B) > o O
B<a

From Proposition 4.11, it follows that no B set can be covered by finitely
many sets from |J B Bz. We will prove a slightly stronger result later
(Lemma 5.12).

5 Broom spaces and their F, parametriza-
tion

We will study a certain collection of one-point Lindeltfications of the dis-
crete uncountable space which give the space a special structure. These
spaces were used by (among others) Talagrand, who constructed a space
which is non-absolutely F,; ([Tal]). Our goal is to compute the absolute
complexity of spaces of this type.

For an arbitrary system & C P (w*) which contains only countable sets,
we define the space X¢ as the set w* U {oc} with the following topology:
each o € w¥ is an isolated point and a neighborhood subbasis of oo consists
of all sets of the form {oco} U (w* \ E) for some E € &.

The outline of Section 5 is the following: We note in Example 5.4 that
if Xg =: X C cX, then there is a natural formula for an F,5 set Y7 C ¢X
containing X. Then in Definition 5.7, we generalize the formula and define
sets Y,,. These are useful from two reasons: the first is that their definition
is ‘absolute’ (it does not depend on the choice of ¢X). The other is that it
is easy to compute (an upper bound on) their complexity, which we do in
Lemma 5.9.

Our goal is to show that X¢ =Y, holds for a suitable a. In Section 5.2,
we prepare the tools for establishing a connection between the complexity
of £ and the value of ‘the a that works’. In Proposition 5.13, we use these
results to prove that X¢ = Y, holds in every compactification. Applying
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Lemma 5.9, we obtain the absolute complexity of X. We finish by giving
two corollaries of this proposition.

Rather than working with a general £ C P(w*), we will be interested in
the following systems:

Definition 5.1 (Infinite broom sets'). For a < w; we define
E. :={F C w”| E is an infinite extension of some B € B, } .2

Since B,, C D, every E € &, is closed and discrete in w®, and the

following result holds:

Proposition 5.2 ([Tal]). If each E € & is closed discrete in w®, then
Xg c Fmg (ﬁXg)

In the remainder of Section 5, X will stand for the space Xg for some
family € C &,, and c¢X will be a fixed compactification of X. All closures
will automatically be taken in ¢X. The choice of £ is important, because it

gives the space X the following property:

Lemma 5.3. For every x € ¢X \ X there exists H C X satisfying
(i) H can be covered by finite union of elements of £;
(ii) VFCX):2 € F = ze€FNH.

Proof. Since x # oo, there is some U € U(x) with co ¢ U. Because U is a
neighborhood of z, we get

VFCX):x€F = z€FnU.

Therefore, we define H as H := U N X. Clearly, H satisfies the second
condition. Moreover, (i) is also satisfied, because by definition of Xg, sets
of the form {oco} U (w* \ E), E € £ form a neighborhood subbasis of co. [
5.1 F-Borel sets Y, containing X¢

First, we start with motivation for our definitions:

In [Tal] these systems are denoted as A,, but we have to use a different letter to
distinguish between infinite brooms and additive Borel classes. The letter £ is supposed to
stand for “extension” (of B). Note also that Talagrand’s collections A,,, n € w, correspond
to our &,41 (for @ > w the enumeration is the same).

2Where B, is the a-th collection of broom sets, introduced in Definition 4.8.
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Example 5.4 (F,; and F,s,5 sets containing X¢). When trying to compute
the complexity of X in c¢X, the following canonical K 5 candidate comes to
mind?
X c{oc}u ) JN(s) = 1.
newsew™

The two sets might not necessarily be identical, but the inclusion above
always holds. At the cost of increasing the complexity of the right hand side
to F,s5,5, we can define a smaller set, which will still contain X:

Xc{olu) U N UANGED =Y

new seEw™ kEw tcwk

In the same manner as in Example 5.4, we could define sets Y; D Y5 D
Y; D -+ D X. Unfortunately, the notation from Example 5.4 is impractical
if we continue any further, and moreover, it is unclear how to extend the def-
inition to infinite ordinals. We solve this problem by introducing ‘admissible
mappings’ and a more general definition below.

Definition 5.5 (Admissible mappings). Let T' € Tr be a tree and ¢ : T' —

<w

w<“ a mapping from T to the space of finite sequences on w. We will say

that ¢ is admissible, if it satisfies
(i) (Vs,te€T):sCt = p(s) C o(t)
(i) (VteT):|e(t)] =t0)+t1)+---+t(|t] —1).
For S C T we denote by ¢(S5) := clr(¢(S)) the tree generated by ¢(.S).

Notation 5.6. For each limit ordinal o < w; we fix a bijection 7, : w — «.
If « = 5+ 1is a successor ordinal, we set 7,(n) := 3 for each n € w. For
a =0, we define Ty := {0} to be the tree which only contains the root. For
a > 1, we define T, (‘maximal trees of height o) as

T, = {(Z)} U UnATwa(n).

new

Definition 5.7. For a < w; we define

Y, = {x €cX| (3p: Ty — w< adm.) (V€ T) : a € N(@(t))} U {oo}.

3Recall that the notions related to sequences are defined in Notation 4.1. In particular,
N (s) denotes the standard Baire interval.
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For a = 1, it is not hard to see that this definition coincides with the

one given in Example 5.4. This follows from the equivalence

xEﬂUN < (Vn € w)(3s, € W™, [su] =n) :x € N(sy)
newsewn"
<= (Fo: T = w™ adm.)(Vt € Th) : 2 € N (p(t))
def,
<~ xr €Y,

where (%) holds because the formula ¢(0) := 0, ¢((n)) := s, defines an
admissible mapping on 77 = {0} U {(n)| n € w} and also any admissible
mapping on 77 is defined in this way for some sequences s,, n € w. The
definition also coincides with the one given above for a = 2 — this follows

from the proof of Lemma 5.9. We now state the main properties of sets Y.
Lemma 5.8. Y, D X holds for every a < wy.

Proof. Let 0 € w. For t € T, we set p(t) := 0|¢0)4-+t(t/-1), and observe
that this is an admissible mapping which witnesses that o € Y,,. [

Lemma 5.9 (Complexity of Y,). For any a« = A+ m < wy (where m € w
and X is either zero or a limit ordinal), Yy, belongs to Fiom+1(cX).

Proof. For each h € w<¥ and o < wy, we will show that the set Y defined

as

&7

Yh .= {x ecX| (Fp: T, > w¥adm.)VteT,):zx € N(hl&(t)}

belongs to Fyiom+1(¢X). The only admissible mapping from 7} is the map-
ping ¢ : ) — @, which means that Y* = N'(h) € F;. In particular, the claim
holds for @ = 0.

Let 1 < a < w;. First, we prove the following series of equivalences

(@)

reY! <= 3¢: T, = w™ adm.)(Vt € T,,) :

z € N (Wp(t)

& (3p Ty — w adm.)(Vn € w)(VE € Ty, ) :
T e W

PCN (Yn € w)(3s, € W) (Fn : Trom) = w= adm.)(Vt € Ty, (n)) :
€N (Rs, pn(t))

e Ui

NeEw sp W™
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from which the equation (4) follows:

(4) - U v

NneEw s EW™

The equivalences (a) and (d) are simply the definition of Y., and (b) follows
from the definition of trees T,. The nontrivial part is (¢). To prove the
implication ‘ = ’, observe that if ¢ is admissible, then

(Vn € w)(Vt € Try(m) (Fen(t) € w™) s 0(nt) = ¢ (1)) "en(t),

the mappings ¢, : Ty, n) — w<* defined by this formula are admissible and
lo((n))| = n. The implication from right to left follows from the fact that
whenever ¢, : Ty ) — w<* are admissible mappings and s, € w", the
mapping ¢ defined by formula p(0) := 0, p(n't) := s, ¢, (t) is admissible
as well.

We now finish the proof. If « is a successor ordinal, then m,(n) = o —1
holds for all n € w. Therefore, we can rewrite (4) as

hsn o h™sn
=N Uvis=N U ys
NnEw sp W™ NnEw sp W™

and observe that each ‘successor’ step increases the complexity by (-)ss

Lastly, assume that a is a limit ordinal and Y € |J F3 holds for all
B<a
s € w<¥ and o/ < a. Since for limit «, we have m,(n) < « for each n € w,

(4) gives
— h’sn .
“NUie(Un) 7
NEW SpEW" [B<a o8
which is what we wanted to prove. O

5.2 Some auxiliary results

In this section, we give a few tools which will be required to obtain our main
result. Later, we will need to show that for a suitable «, Y, \ X is empty. In
order to do this, we first explore some properties of those x € Y, which are
in X, and of those z € Y, which do not belong to X. We address these two
possibilities separately in Lemma 5.10 and Lemma 5.11 and show that they
are related with the properties of the corresponding admissible mappings®.

4By such a mapping we mean an admissible mapping which witnesses that z € Y,
(for details, see Definitions 5.5 and 5.7).
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Lemma 5.10 (The non-WF case). For any o € w* and any increasing
sequence of integers (ny)rewn, we have ﬂkmc = {o}. In particular,
we have

NNEm)™ € x.

k€w
Proof. Suppose that o and ny are as above and the intersection ﬂk/\m
contains some = # 0. Clearly, we have z € ¢X \ X. By Lemma 5.3, there
is some discrete (in w*) set H C w®, such that for each k € w, x belongs
to N(o|ng) N H. Since the sets N (c|ny) form a neighborhood basis of o,
there exists ng € w, such that N'(s,,) N H is a singleton. In particular, this
means that N (s,,) N H is closed in ¢X, and we have x € N(s,,) N H =
N(sp,) NH C HC X — a contradiction. O

On the other hand, Lemma 5.10 shows that if the assumptions of Lemma
5.10 are not satisfied, we can find a broom set® of class o which corresponds
to z. We remark that Lemma 5.11 is a key step on the way to Proposition
5.13 — in particular, it is the step in which the admissible mappings are an
extremely useful tool.

Lemma 5.11 (Well founded case). Let © € Y, and suppose that ¢ is any
admissible mapping witnessing this fact. If ¢(T,) € WF, then there exists
B € B, with B C ¢(T,)."

Proof. We prove the statement by induction over a. For a« = 0 we have
Ty = {0} and ©(0) € w< = B,.

Consider o > 0 and assume that the statement holds for every § < a.
We have {(n)| n € w} C T,. By the second defining property of admissible
mappings, we get ¢((m)) # ¢((n)) for distinct m,n € w, which means that
the tree T := @({(n)| n € w}) is infinite. Since T' C ¢(7T,) € WF, we use
Konig’s lemma to deduce that T contains some h € w<* with infinite set of
successors S := succr(h).

For each s € S we choose one ng € w with ¢(ns) 3 s. In the previous
paragraph, we have observed that (s(|h|)), 4 is a forking sequence. From

the first property of admissible mappings, we get
(5) (Vs € S)(Vt € T, s.t. t(0) = ng) : @(t) O s.
In particular, for each s € S we have

o({t € T,| t(0) = ns}) = s°Ss for some Sy C w=*.

5Recall that the collections Ea were introduced in Definition 4.9.
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By definition® of T,, we have {t € w<“| n,"t € T,} = Tr.(n,)- By (5),
each p(ns't) for t € T (n,) is of the form ¢(n,t) = ¢(ns) @s(t) for some
@s(t) € w<¥, and, since ¢ is admissible, the mapping ¢s(t) : Tr,(n,) = w<*
defined by this formula is admissible as well.

It follows from the induction hypothesis that clp, (gos(TM(n))) contains
some gwa(n)-set D,. Let Cs C ¢s(Tx,(n)) be some finite extension of D,. By
Remark 4.10, Cy belongs to Ewa(n). Finally, since

§"Ss = 0(n5) s (Tra(ny) D (15)"Cs € Bromy,
there also exists some B, C S, with B, € gm(n) (the set By can have the
same bristles and forking sequence as Cy, but s might be shorter than ¢ (ny),
so B might have a longer handle than C). We finish the proof by observing
that

6) FT)>¢ (U {te Tl 1(0) = ns}> 5 s, o Uns(ial) B..
seS s€S s€S

Because the set S is infinite, the rightmost set in (6) is, by definition, an
element of B,,. O

We will eventually want to show that the assumptions of Lemma 5.11
can only be satisfied if the family £ is sufficiently rich. To this end, we need
to extend Lemma 4.4 to a situation where a set H C w* cannot be covered

by finitely many ‘infinite broom sets’”:

Lemma 5.12. Suppose that a set H C w* contains an infinite extension
of some B C w<¥ which satisfies 7;(B) > .8 Then H cannot be covered by
finitely many elements of U,3<a Es.

Proof. Let a < wy, B and H be as above. For contradiction, assume that
HC U?:o E; holds for some E; € &, f; < a.

By definition of &g, each Ej is an infinite extension of some B; € Bg,
— in other words, there are bijections ¢; : B; — E; satisfying 1;(s) 3 s
for each s € B;. Similarly, H contains some infinite extension of B, which
means there exists an injective mapping ¢ : B — H satisfying ¢(s) 3 s for
each s € B. Clearly, we have

(7) Y(B)C HC UEj = U%’(Bj)-

6Recall that T, is an w-ary tree of height «, defined in Notation 5.6.
"That is, the infinite extensions of broom sets, introduced in Definition 5.1.
8Recall that 7; denotes the ‘infinite branching rank’ introduced in Definition 4.3.



22 V. Kovarik

Firstly, observe that if ¢ € B and s € B, satisfy 1;(s) = 9¥(t), the
sequences s and ¢t must be comparable. This means that for each 7 < k, the

following formula correctly defines a mapping ¢, : B; — w<*:

s, for 1;(s) ¢ ¥(B),
pi(s) = QU7 W5(s)),  for s T 97 (¥(9)),
S, for s 3471 (¥;(s)),

which satisfies ¢;(s) O s for each s € B;. Since no two elements of B;
are comparable, it also follows that ¢, is injective and thus ¢(B;) is an
extension of B;. By Remark 4.10, this implies that o;(B;) € Bg,.

By (7), for t € B there exists some j < k and s € Bj, such that
;(s) =1(t). It follows from the definition of ¢; that

t =97 (P(t) = 7 (1y(s)) T w;(s).
In other words, we get
B C cly, (U goj(Bj)> :

We observe that this leads to a contradiction:

a=ri(B) < (ClTr (U %’(Bj)>> =T (U SOj(Bj)> =

=max 1; (p;(B;)) < max j3; < a.
J J

5.3 Absolute complexity of X

In this section, we prove an upper bound on the absolute complexity of
spaces X¢ for any collection of infinite broom sets £. Talagrand’s earlier
result will then imply that, in some cases, this bound is sharp.

Proposition 5.13 (Complexity of X¢). For any integer m € w and limit
ordinal A < wy, we have

1) £ C &, = Xeg is absolutely Fopiq;

2) EC U& = Xg is absolutely Fxi1;
B<A

3) EC Evim = Xe is absolutely Fyiomys-
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Proof. Suppose that A and m are as above, £ is a family of discrete subsets

of w* and cX is a compactification of the space X := X¢. Denote a; := m,

as := A and a3 := A+m+1. Note that we are only going to use the following

property of £ and «y:

& satisfies the hypothesis of i) for i = 1 — £C U Es,
B<a;+1

& satisfies the hypothesis of 7) for i € {2,3} = £ C U Es.

B<ay

(8)

We will show that X =Y, holds in each of these cases’. Once we have this
identity, the conclusion immediately follows from Lemma 5.9.

Let i € {1,2,3}. Suppose that there exists z € Y,, \ X and let ¢ : T},, —
w<¥ be an admissible mapping!® witnessing that z € Y,.. Moreover, let
H C w” be a set satisfying the conclusion of Lemma 5.3.

Recall that by definition of Y,,, we have

(9) (Vt € To,) : v € N(p(t)).
By Lemma 5.10, ¢(T,,) contains no infinite branches. Therefore, we can
apply Lemma 5.11 to obtain a B,,-set'* B C ¢(T,,). Since, by (9), = belongs

i

to N(s) for each s € B, we conclude that z € H NN (s) holds for every
s € B (Lemma 5.3, (i7)). In particular, all the intersections H NN (s) must
be infinite. Note that for the next part of the proof, we will only need the
intersections to be non-empty. The fact that they are infinite will be used
in the last part of the proof.

We can now conclude the proof of 2) and 3). Let ¢ € {2,3} and assume
that the hypothesis of ) holds. Since H NN/ (s) is non-empty for each s € B,
it follows that H contains an infinite extension of B. Since r;(B) = «; holds
by Lemma 4.11, Lemma 5.12 yields that H cannot be covered by finitely
many elements of (J_,,. €. By (8), we have & C g, &5 This contradicts
the first part of Lemma 5.3 (which claims that H can be covered by finitely
many elements of ).

For the conclusion of the proof of 1), let i« = 1 and assume by (8) that
& C Upca, 11 €5 holds. Compare this situation with the setting from the
previous paragraph — it is clear that if we show that H in fact contains an
infinite extension of some B with n(é) > q; + 1, we can replace B by B.

We can then apply the same proof which worked for 2) and 3).

YWhere Y, is given by Definition 5.7.

10Recall that admissible mappings were introduced in Definition 5.5. The ‘tilde version’
is defined as @(9) := cln(¢(9)).

115, is the ‘disjoint version’ of broom collection B, (see Definitions 4.8 and 4.9).
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To find B, enumerate B as B = {s,| n € w}. Since each H NN (s,) is
infinite, there exist distinct sequences of € H, k € w, satisfying s,, C oF.
We use these sequences to obtain s* € w<¢ for n, k € w, which satisfy s, C
s*Cofand k#£1 = s* #s.. We denote B := {s*| n,k € w}. Clearly,

this set satisfies D;(B) D B and H contains some infinite extension of B.
- o <w

Because r;(B) = q; is finite, we have r;(B) > 1+«a; =" a;+1 > o; = ri(B),
which completes the proof. [

Applying Proposition 5.13 to the construction from [Tal] immediately
yields the following corollary:

Theorem 5.14. For every even 4 < a < wy, there exists a space T, with
properties

(i) T, is an F,s space;

(ii) T, is not an absolute F, space;
i) T, 1s an absolute F,1 space.
(1i1) +1 5P

Proof. The existence of spaces T, which satisfy (i) and (ii) follows from
[Tal]. In this paper, Talagrand constructed a family Ay C &,,, which is
both ‘rich enough’ and almost-disjoint (that is, the intersection of any two
families is finite). This is accomplished by a smart choice of bristles and
forking sequences on the ‘highest level of each broom’.

He then shows that for a suitable a, any space X¢ with & D Ar N &5,
where £ is almost-disjoint, satisfies (¢) and (é¢). In particular, this holds for
T, := X a;ne. - Note however that Talagrand was interested in the ‘maximal’
version of the construction, which is the space T := X 4,,. We, on the other
hand, will use the ‘intermediate steps’ of his construction.

For us, the details of the construction are not relevant — the only prop-
erties we need are (7), (i7) and the correspondence between o and &.'? This
correspondence is such that the broom class only increases with countable
intersections (that is, odd steps of F,), which translates to our notation as

follows:
ea=2n€w,a>4 = T, = X¢ for some £ C &,;

e a < w is a limit ordinal = T,, = X¢ for some £ C |J Eg;
B<a

12Note that in [Tal], the author uses slightly different (but equivalent) definition of
broom families &,, which shifts their numbering for finite o by 1.
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o a=\+2n+2forn € wandlimit \ = T, = X¢ for some & C Ey -

In all the cases, it follows from Proposition 5.13 that X¢ is absolutely F, .
O

If B < w; is the least ordinal for which some X is an (absolute) Fj
space, we say that the (absolute) complexity of X is Fjs. Using this notation,
Theorem 5.14 can be rephrased as “for every odd 5 < a < wy, there exists
an F,s space whose absolute complexity is F,”. By modifying the spaces

from Theorem 5.14, we obtain the following result:

Corollary 5.15. For every two countable ordinals o > 3 > 3, a odd, there
exists a space X, g, such that

(1) the complezity of X,z is Fp;
(1) the absolute complexity of Xop is Fa.

Proof. If a = (3, this is an immediate consequence of absoluteness of Borel
classes. To make this claim more precise, let P be some uncountable Polish
space. By Remark 1.3 (ii), F3(P) corresponds to some Borel class C(P).
We define Z3 as one of the subspaces of P, which are of the class C(P), but
not of the ‘dual’ class — that is, if C(P) = ¥9(P) for some v < wj, then
Zz € ¥9(P)\ II}(P) (and vice versa for C(P) = II3(P)). For the existence
of such a set, see for example Corollary 3.6.8 in [Sri].

Since Zjg is separable and metrizable, Theorem 2.3 guarantees that it is
an absolute Fp space. However, it is not of the class Fg for any ' < g,
because that would by Remark 1.3 imply that Zz belongs to Fg (P) C
II9(P). This shows that if 3 = a, the space Xo5 := Zs has the desired
properties.

If 8 < o, we define X as the topological sum of Zg and the space Ti,_;
from Theorem 5.14. Since T, 1 € Fps5(8T0-1) = F3(8Ta-1) and § > 3, we
get that X, g is of the class F3 in the topological sum X, 3 = 825D BT,_;1.
By previous paragraph, it is of no lower class in X, 3. By Theorem 5.14
(and the previous paragraph), X, g also has the correct absolute complexity.

O

To get a complete picture of possible combinations of complexity and
absolute complexity for F-Borel spaces, it remains to answer the following
questions:
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Problem 5.16. (i) Let 4 < o < w;y be an even ordinal number. Does
there exists a space X,, whose absolute complexity is F, and com-

plexity s Fp for some B < a? What is the lowest possible value of

52

(i1) If a space X is F-Borel in every compactification, is it necessarily

absolutely F,, for some oo < wy?

One could expect that Corollary 5.15 might also hold for even «, so that
we should be able to find an F,s space answering the first part of Problem
5.16 in positive.
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