ROUGH MAXIMAL BILINEAR SINGULAR INTEGRALS

EVA BURIANKOVA AND PETR HONZIK

ABSTRACT. We study the rough maximal bilinear singular integral

' Q((3)/1»2)])

T5(f,8)(x) =sup / / — S (= y)g(x = 2)dydz|,
e ® e>0|/R"\B(0,£) /R"\B(0,¢) |(v,2)|>" ( )

where Q is a function in L*(S?*~!) with vanishing integral. We prove it is

bounded from L? x LY — L", where 1 < p,q <eoand 1/r=1/p+1/q. We also

discuss results for Q € L (S 1), 1 <5 < oo.
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1. INTRODUCTION

In this paper, we study the rough maximal bilinear singular integral. Singular
integral theory was initiated in the seminal work of Calderén and Zygmund [1].
Bilinear singular operators were introduced by Coifman and Meyer in [4] and the
theory was later developed by Grafakos and Torres in [11]. The boundedness of
the smooth maximal multilinear singular integrals was obtained also by Grafakos
and Torres in [10] via Cotlar type inequality. All these result were obtained for
operators with smooth kernels, while the problem of boundedness of the bilinear
rough singular integral remained open. Recently, in the paper of Grafakos, He and
Honzik [9], the following was proved: For an operator T defined as

Ta(£.9)0) = pv. [ [ 1022 9(02)/10:2) S = y)g(x —2) dyez

where Q is a function in L(S*"~!) with vanishing integral it holds that for g = oo
we obtain boundedness for T from L”' (R") x LP2(R") to LP(R") where p;, p; €
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(1,0) and 1/p = 1/py 4+ 1/ps. Also, for g = 2 it was proved that Ty, is bounded
from L?(R") x L*(R") to L'(R") and these two results were interpolated. These
results were obtained using a bilinear technique based on tensor-type wavelet de-
composition which we will briefly describe later on. In this paper we build on these
results and our goal is to describe similar properties of the maximal version of the
operator defined above.

2. NOTATION AND RESULTS

To fix notation, we assume g € (1,00] and we let Qin L9(S*'~1) with [q.-1 Qdo =
0, where S*"~! is the unit sphere in R?". In this manuscript we will be working with
the bilinear singular integral operator associated with Q by

/ / K(y,z)f(x—y)g(x—z)dydz,
"\ B(0,e) JR"\B(0,¢)

where f,g are functions in the Schwartz class S(R"),

K(v.2) = Q((3,2))/|n2)I",

and X' = x/|x| for x € R>".

For g € [1,] we denote ¢’ the conjugate index. We denote the set of positive
integers by N and we set Ny = NU{0}. Finally, we adhere to the standard conven-
tion to denote by C a constant that depends only on inessential parameters of the
problem.

Let us now state the main results of this paper.

Theorem 1. Foralln>1,ifQ € L”(SZ”*I), then, for T defined in (1), we have

(1) To(f.8)(x) =sup

e>0

2 1T M| o1 (mey x 22 () 1 () < C| Q[0
whenever 1 < py,p, <eoand 1/p=1/p;+1/ps.
For more general Q, we get the following:
Theorem 2. Foralln>1,ifQ e LZ(SZ"*I), then, for T defined in (1), we have
3) 175 2y x 2Ry - 11wy < Cll2 2
These two results give by interpolation:
Corollary 3. Foralln > 1, if Q € LY(S*" 1) with q € (2,), then, for T, defined
in (1), we have
“4) TS|t Ry x 72 (R7Y—s 1 () < 0

whenever 1/p = 1/p1+1/p> and the point (1/p1,1/p2) lies inside the quadrilat-
eral with vertices (1/q,1/q), (1/q,1—-1/q), (1—1/q,1—1/q) and (1—1/q,1/q).

Let us now give a brief introduction to wavelets which are the essential tool in
the paper [9] and will be used in this manuscript also.

The wavelet system is a form of a complete orthonormal system for L? (R"). For
our purposes we need product type smooth wavelets with compact supports, their
existence is due to Daubechies [5] and can also be found in Meyer’s book [13].
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The construction of such objects can be found in Triebel [15] and the existence of
a wavelet orthonormal base of L? (RZ”) is described by the following statement.

Lemma 4. For any fixed k € N there exist real compactly supported functions
Vr, Wy € CK(R), which satisfy IWrll2®) = 1 Wmll 2wy = 1, for 0 < @ < k we have
Je X% (x)dx = 0, and, if W° is defined by

WOX) = WG, (x1) -+ Yo, (x2n)
for G = (Gy,...,Gy,) in the set

T:= {(Gl,...,Gz,,): GiE{F,M}},

then the family of functions

U [{@Fr--f)(f—*)}u U {20 2t5— i) GeI\{(F,...,F)}}]
A=0

'HEZZH
forms an orthonormal basis of L*(R*"), where ¥ = (x1, ... ,X2,).

Le us now describe the basic decomposition of the kernel. Now we fix a smooth
function & in R™ such that a(r) =1 for ¢ € (0,1], a(z) € (0,1) for7 € (1,2) and
a(t) =0fort € [2,0). For (y,z7) € R and j € Z we introduce the function

Bi(r.2) = a(277|(»2)]) — a (27| (3, 2)])-
We write f = By and we note that this is a function supported in [1/2,2]. We
denote A; the Littlewood-Paley operator A;f = F _1([3‘,]?). Here and through-
out this paper F~! denotes the inverse Fourier transform, which is defined via
F ) (x) = [ang(E)e¥**EdE = g(—x), where g is the Fourier transform of g.
We decompose the kernel K as follows: we denote K' = ;K and we set K; =
Aj_iK" for i, j € Z. Then we write

oo

K=Y K

j:—oo
where
Ki=Y) K.

[=—o00

We also denote m; = 7(7
Then the operator can be written as

T*(f,g)(x) = sup / / Ki(y,2)f(x—y)g(x—2z)dydz.
OO =T [ e K052

We have the following lemma whose proof is known (see for instance [6]) and
is omitted.

Lemma 5. Given g € (1,0], Q € LI(S* 1), § € (0,1/¢') and & = (§,,&,) € R™
we have

—_

KO(E)| < || o min(|E |, |€]79)
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and for all multiindices o in Z*" with o # 0 we have
99KO(E)| < Ca Qo min(1, €[ 9).

We recall that M is the Hardy-Littlewood maximal function defined for locally
integrable functions f as

Mf(X):sup|BOr’/ fx—=y)|dy,

r>0

where x € R”.

3. FROM T* 10 T*

In this section we will show that to obtain the main results of this paper we can
equivalently instead of the operator T* use the operator T# defined as follows. For
functions in the Schwartz class S(R") let us define

T"(f,g = sup

sup Z ) f(x—y)g(x—z2)dydz|.

2)
l>] R?2n

As already mentioned the above defined operator will be the essential tool that we
will be working with in this text.

The following two propositions is will give us immediately the statement of
Theorem 2.

Proposition 6. Let Q € L>(S*1), and for j € 7 consider the bilinear operator

T#( = sup
kEZ

/R L Ki(3n2)f(x—y)g(x —2)dydz| .

i>k

If j >0, then T}t'E is bounded from L*(R") x L*(R") to L'(R") with norm at most
C||Ql|;227%/, where § is a fixed positive constant.

Furthermore, we can define an operator

Z/ Y Ky (02) f (x—y)g (x—2)dydz|.

i~y R 20

T*(f, = sup
JEZ

Clearly
T (f,8) (x) < T*(f.8) () + Y. TF(f,8) (%)

Jj=0

We have the following

Proposition 7. For Q € L>(S*"1), and for 1 < p1, p» <oand 1/p=1/p;+1/p,
the operator T* is bounded from LP' (R") x LP>(R") to LP (R").

Proof. Let us consider the kernel

K=Y Y K

i€Zy<0
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It is easy to check that this is a smooth Calderén-Zygmund convolution kernel and
therefore we immediately get from the Cotlar inequality [10] the boundedness of
the maximal operator Tlg. Next, we write

T*(f.8) (x) = sup Z/ Y Ky (n2) f (x—y) g (x—2)dydz
JEL |i>j <0
<T:(f.8)(x)+
sup / (%Rzn\Bozf K— ZZKl> 2) f(x—y)g(x—2z)dydz|.
JEZ i>jy<0

Standard calculation shows that the error term

Xs020K =Y Y K

i>jy<0

is dominated by CN% for every N > 0 and therefore

T*(£.8) (1) ST (f.8) (x) + CM [ (x)Mg ()
and the proof is finished. O

Next lemmas are important tools for the forgoing considerations. They allow
us to work with the operator T* instead of T*. For Q € L™ (Sz”_l) the following
estimate holds.

Lemma 8. Ler f € L? (R"), g € L?(R"), where p,q € (1,%) and r € [1,0) such
that % —i—é = % Then

17 (f.9)ll, < |T*(£.9)|l, +ClMfl, 1Ml

The simple proof is omitted, instead we will show that the same results holds
for more general Q. We first state and prove the estimate for a directional bilinear
maximal function and then use the method of rotations. We start with a definition
of the directional maximal functions.

Mo (f) (x )—SUP !f(x ay)|dy,

t>0
1
Myg(f,8)(x )—fglg A If(x—ay) (x—By)|dy,

where &, 8 € S"~!, x € R"” and f, g are locally integrable functions on R".
The following lemma describes boundedness of the directional bilinear maximal
function.

Lemma9. Let p,q € (1,00) and r € (1,%) and a, 3 € S"~!. Then
Mo : L (R") x L9 (R") > L' (R").
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Proof-

Mes 80 = </R [fgg/ot ’f(x—Oly)g(x—ﬁy)!dty]rdx)l
- </ [?25( /|fx o)l dy) fgg( /Ig —BY) |Zdy>;]rdx>i’

where s = %,z = % and the inequality follows from Holder inequality since % + 3 =
1. The last expression can be written as

(., 0 0 [ ) 0] s )

and f € L? 1mphes f* € L which implies M f* € L%, therefore (M fS) € L? and

(Mf s) €L". Then again from Holder inequality and also Hardy-Littlewood max-
imal theorem we get
> 1

( [ a1 ) (M <|g|Z><x>]?dx)l < (HMaufm? , M (8¢

= (1Ml ) (116 )

<c (Hf‘"\lg)l (Il)*

=CIIA1l, llell -

ST E

In the following we show boundedness of another type of maximal function.

Lemma 10. Let p,q,r be like in the previous lemma and define
Mqo (f, —Sup/ HG (7,2) f (x—y) g (x—z)dydz
R>0

where Q € L! (Szn*l) ,Q >0 and

,Z o
HS = ‘Q< 0:2) >’R 2 XB(0.8) (%,2) 5

|(y,2)]
where x,y,z € R". Then |Mq (f,8)Il, < |l I£1l, llgll,-

Proof: We can express and estimate the term Mg (f,g) as follows

R
Mo (f,8) (x) = sup /SMQ(M’)R*Z"/O 2" f (x—tuy) g (x — tu) dtdu,

where u = (u1,uy) and we recall u' =  forue R?", Since L < 1 we get

R2n 1

/S2n—lg(ul>/0 f(x—tur) g (x—tup)dtdu

Mo (f,g) (x) < sup

R>0
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< [, QW) M. (f.8) () du

where M, (f,g) (x) = supR>0%f§ |f (x—tuy) g (x —tup)|dt. According to the pre-
vious lemma M, : LP x L? — L" therefore || Mq (f, )|, < 12/l [[ 1, l]l,- O

The previous lemma gives boundedness of the opertor Mg, which is a necessary
tool for the transition from T* to T#, but only when r > 1. In order to prove the
Theorem 2, we need to do this precisely when r = 1. We use interpolation to extend
the results on Mg to the region where r < 1. While in the rest of the paper we mostly
use r = 1, we include the whole result for general interest.

Lemma 11. Let r € (1/2,00) and p,q € (1,0) such that %4—% =1 LetQe
L (S*71),Q > 0 where s € (1,0) is such that 5> < q. Then Mg : L” (R") X
L1(R") — L" (R").

Proof. Without loss of generality we can assume ||Q||; = 1. We decompose Q as
Q=Y,09; where Q; (x') = Q(¥) x, (x) and E; = {x e R*" : Q(x') € (2/,2""1]}
fori>0and Ey = {x e R*: Q(x') €[0,2]}. Then Q; € L' (S*"~!) and |||, <
277 since from Holder inequality we have

1, = /SZHQ(x’) XE, (x)dx < </E ldx)‘j/ </S2,11 Q° (x')dx> 5

= ]supri\-vl/K < K27
where the last inequality follows from the fact that fsupri Qf <1and fsupri QF =
2 |suppQ;|.
Now let € > 0. We will use the multilinear interpolation (Theorem 7.2.2 in [8]).
Let

2
i (PllaPlZaQI) = ((1+8)27(1J;8) 7.>
2
o (P21,p22,92) = ((128) (1 ‘*’8)27')
i (P31;P32;Q3) = ((1 +€)27(1 +8)27'>7

1
qi

. 1,1 1 _ (1+e)?
where ¢; is such that o and therefore g = ¢» = 75 and g3 = ~——.

Then

1Mo, (fs)lgar < 27 1 f 11, N8y,
1Mo, (f,8) |2 <275 £l oy, 81l e
1Mo, (f &)l Las < 21 £l s, N1l s,

11
(7>:<u1+#z+m7m+m+H3>
P P2 pit p21 p31t p21 P2 P32

Define

_ (Mt HstIbE hF U3t e
(1+e)? = (1+¢)
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where ; € (0,1) and y; + tp + 3 = 1 and also

Lo o s
9 9 492 g3
1 1 1
=4

rpr p2
We note that ¢ from above is dependent on € and y;. Then ||Mg, (f,8)l,0n <

27"( vHis(=3-1)) and we need the exponent to be greater than 0, therefore s (1 — u3) >
1 which implies pi3 < L. Then

1 (1+s)3+;1,<2—(1+e)3>
q (14+¢)

Therefore if we choose (pj, p2,q) such that they satisfy the assumptions and l <

2s 1

then we can find € small enough so that the above inequality holds. So we get
1Mo (f,8) ZIIMQ (f58)lg < ClSfIlp, 18l -
]

Now we can formulate the version of Lemma 8 for Q € L* (Szn_l) where s is
like in the previous Lemma. Again, this lemma is most important in the situation
where p = g =2 and r = 1, but we state it in full generality.

Lemma 12. Let r € (1/2,) and p,q € (1,%0) such that %—i—é =1 L Qe
L* (S*~1) where s € (1,e0) is such that 5*~ < q. Then

IT* (£l = (7% ()|, +C[Miay (£:8)]],-
Proof. Let us define functions K (x,y) = K (x,) X[e.) (|(x,)]) and K¢ (x,y) =
K (x,y) (1 - (% |(x,y)|)) Then

T*(f,8)(x) <sup| | Ke(x—yx—2)f(y)g(z) —Ke; (x—y,x—2) f(y) g (z) dydz

e>0 | /R
+sup| [ Rilv—yox—2) £ ()8 (2)dvd].
i€z

where in the first part we take j such that € ~ &; = 2/. The second part equals
T*(f,g) (x) since it can be written as

K(x—yx—z)(1-a 27/ |(x—yx—2)|))dvdz

sup
R2n

jEz

= sup
Jjez

/]R ZK’x Y, X — Z)(l— (2_j|(X—y,x—Z)|))dydz,

i>j
Then we can further estimate the first part with

/anlin (3,2) f (x—y) g (x—z) dydz|.

sup
e>0
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4. BOUNDEDNESS: A SPECIAL CASE

Now we prove the Theorem 2. In view of Proposition 6, Theorem 2 will be a
consequence of the following proposition.

Proposition 13. Given g € [2,] and § € (0,1/84'), then for any j € Ny, the
operator T} maps L*(R") x L*(R") to L' (R") with norm at most C||Q||z27%.

To obtain this estimate, we follow the proof from the paper [9] and first de-
compose the symbol into dyadic pieces, estimate them separately, and then use
orthogonality arguments to put them back together which is the point where the
arguments will differ from the paper [9]. Let us remind certain properties of the
symbol f;) which we denote m; . The classical estimates show that

() Imjollz- = 1KY |- < ClQfs27%, &€ (0,1/4),
while for g € [2, 0] it holds
(6) lmjollzz = B (BoK) 2 < CllBoK]| 12 < Cl| Q2 < C[Q|Ls-

We observe that for the case i # 0 we have the identity m;; = E} =m;o(2'") from
the homogeneity of the symbol, and thus m;; also lies in L? (Rz”).

In this manuscript we will be using the wavelet transform of m; o taking product
wavelets described above in Lemma 4 with compact supports and M vanishing
moments, where M is a large number to be determined later. We choose generating
functions with support diameter approximately 1. The wavelets with the same
dilation factor 2* have some bounded overlap N independent of A. With

WO (7) =229 (25— i)

where ¥ € R?", we have the next lemma which is another tool to enable us to work
with the wavelet technique, the proof can be found in [9].

Lemma 14. Using the preceding notation, for any j € Z and A € Ny we have
(7) (W54, mj0)] < €[ Qa2 872 (MFTEmA,
where M is the number of vanishing moments of Wy and 6 is as in (5).

Again as in the paper [9] the wavelets sharing the same generation index A may
be organized into C, » n groups so that members of the same group have disjoint
supports and are of the same product type, i.e., they have the same index G € 7.
For 1 < k¥ < G, » v we denote by D, . one of these groups consisting of wavelets

whose supports have diameters about 2~*. We now have that the wavelet expansion

mjo = Z Z g

120 (DGDLK
1<k<Cpmn
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and @ all have disjoint supports within the group D, . We recall the following
estimates: For the sequence a = {aq } we get ||a||,2 < C, if we set by = ||ap®||L~,
we have

| {bo}acn, e < CllQl2.
Then we also have
@) {bo}wen, lle- < €@ rs270 MDA,

Now, we split the group D) j into three parts. Recall the fixed integer j in the
statement of Proposition 13. Let us also assume that j > 100+/n since for j <
100+/n, Proposition 13 is an easy consequence of Proposition 6. We define sets

D} ={0eD; 100 £0, supp C {(§1,6) € R xR": 27716 < |&] <21E1 [},

D} o= {@ €Dy a0 0, suppo1{(§1,&) € R < R": 277]8)| > |&l} £ 0},
and

D} ={@ e Dy a0 £0, suppon{(&1,6) €R" xR : 277|&| > &1]} £0}.

These groups are disjoint for large j. Notice that D}l ; ﬂD%L = 0 is obvious. For
Di  and Di . the worst case is A = 0 when we ha;/e ball7s of radius 1 centered
at i}ltegers, a;ld D%l,x ﬂDiK = ( if j is sufficiently large. We choose j > 100+/n
which works, since if a4 # 0, then @ is supported in an annulus centered at the

origin of size about 2/ which is large enough.
We denote, for1 =1,2,3,

m}p:Z Z Ap®,

1
A,k weD)

and define

with mik(g )= m;70(2kg ). We prove boundedness for each piece m}, m? ﬁ”t; We

call m} the diagonal part of m; and m?, mj the off-diagonal parts of m; = K.

5. THE DIAGONAL PART
We first deal with the first group Di.;« Using the same arguments like in the
paper [9] we will obtain (omitting details) again the similar estimate of 7,1 o where
Js

Ty, (190 = [ [}y (.2 F0)3(0) 209 dydz.

We denote by f; the function whose Fourier transform is f(2*k§1) and E;; =
{& € R : ¢12F < |&1| < 271}, where c1,c; are suitable constants such that

”ij.‘o(ﬁg)HLl = ||Tm;7o(]:_l <f%{c1215\51\§c22/+1}> ,]:_1 (§X{c12jg\gl\gczzj+l}))||L'~
Then

1T, (£l = 272 T, (frog)(275)
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= 27T, (fico 80l

< ClIQ27 "2 5P F(27) sy 2 182 o 12
_silsn ~

= ClQN2 ) F e, 18 e,

where the inequality is described in detail in [9].
Using this estimate, applying the Cauchy-Schwarz inequality and modifying the
first part to get the estimate for our operator we obtain for the diagonal part

Isup ¥ Ty (£-8)r < X T (F-9)l1

YEL >y k=—oo0
< Cl|Qaj2 5|1l 2llg 12

where again the last inequality was explained in detail in [9]. This completes the

estimate of the first piece m}

6. THE OFF-DIAGONAL PARTS

We now estimate the off-diagonal parts of the operator, namely

sup
YEZ

Y T (f:8)-

k>y

At first we need to have an approximate size of the Fourier support of
T, (129) () = [ [ 02 (0.B)F (@) (B) e« P dadp.

We will estimate the support of m? « since knowing that we can get the required

—

support of T

m, (f,g) from the following lemma.
Jy

Lemma 15. Let L™ function m defined on R" x R" be a symbol of a multiplier
operator T,,. Suppose 1,J C R" are measurable sets and let sapp m C I X J. Then
for f,g € S(R") it holds that supp T,, (f,g) CI+J.

Proof. Using change of variables we obtain

T (£:8)(0) = [ Glo) ™ da = G (),
where
Ga)= [ m(a—B.p)f(a—PB)¢(B)dp.

Therefore 7,, (f,g) (x) = G (x) and we need to find the support of G which is:
G (o) # 01if and only if there exists B € R” such that m (o — 3, ) # 0, therefore
if suppm €I xJthensupp Ge€l+J.
O
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Now we want to find the approximate size of the support of mf - We first deal

with m3  since the general case will follow from the fact that m7 , (x) = m3 , (2"x)
and simple modification of the calculation.
It holds that a point (x,y) € R” x R" is in the support of mio if there exists

e Di,x such that (x,y) € @ and
supp @ N { (u,v): 27 u| > I {(u,v): 277 < (u,v)| < 2j+1} # 0.

The size of the wavelet @ (again in the case m?_o) can be estimated by 1, there-
fore by simple calculation we get

supp mio CAXB,

where
A={EeR": 221 <|E| <2/ 41}
and
B={(eR":—3-27/<|E|<3+277}.
Therefore
supp T,2 (f,8) € {§ €R": 2777 <|g] <272}

If we now consider m? « We obtain

—

supp T,z (f,8) € {& € R 1273k < g <oitik)
Js

Now we can proceed to estimating sup,.7, ‘Zk>}/ m, (f,8) ‘ From the paper [9]
J,

we know that for every f,g € L? (R") the following estimate holds

1

2\ 2 ,
©) (Z Te, (£.8)] ) < CIIR 27 £l gl
kesz' 7
L!
For u =0,...,10 we have

Triz_ (f,g):SLlpZ Z Tmﬁk(]ﬂg) )
/ YEZ u | k>y ‘
ke10Z+p

so we fix y. Then we have

sup Z Tmﬁk (fag) Ssup Z Tm%k (f?g)_lllﬁ* Z Tmﬁk (fug) )
YEL| k>y ’ B>0|kel0Z+u kel0Z+p 7
kel0Z+u

where Y is a smooth function such that it is equal to 1 on B (O7 2j_ﬁ+3) and
vanishes outside of B (O7 2/-B +10), more precisely we have a smooth function y
such that y =1 on B(0,2/"3), y =0 on B(0,2/7'%) and y € (0,1) otherwise.
Then we define yg = v (Zﬁ-).
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Then we can further estimate the previous expression with

ke10Z+u

Y T (f:9)

ke10Z+u

+ sup
B>0

The second part can be estimated with maximal function defined as My f (x) =
supg-.q |Wp * f|, therefore

Vg * ( Y T, (f,g)> (x)

kel0Z+u

SCMV/< Z Tmh(f:é’)) (x).

sup
B>0 kel0Z+u

, We

If we consider now the L! norm of the expression SUp,c7, ‘Zb B Tmz-k (f,8)
2
get

< +C
L L
The first expression can be estimated as follows. Since the Hormander condition
for multilinear multipliers holds for mf  and mi « 18 smooth, then Y c 107+ ", (f,2)

sup
YEZ

Y T, (f:8)

k>vy

Y e (f:9)

kel10Z+u

kel0Z+-u

L!

is in L' (R"). Also since we have the square function estimate in (9), there exists
polynomial Qﬁ-L such that

1

< (Z ’ngk(f,g)’zy
L ketoz'

< C1Q1 27 |1 £ll2 g2

Z Tmil‘ (fag) - Qil

kel0Z+u

L!
Therefore Q;L =0and

—jo
<ClQl 2772 1A 2 gl 2 -
L!

Y T (f:8)

10Z+u

In fact (9) also implies that } ;<7 T2, (f,g) isin H', therefore we can estimate the
Jy
second expression as

MW (Z Tmik (fvg)>

keZ

<
L H!

This finishes the proof of Proposition 13 and therefore also the proof of the
Theorem 2

Y Te, (fr8)

kEZ

7. INTERPOLATION

Finally, we want to prove the Theorem 1 and the Corollary 3. We recall Lemma 10
from the article [9], which states that the kernel K is a Calder6n-Zygmund kernel
with e-Lipschitz constant

Ae < Ce|| Q21

for € € (0,1). We are only using j > 0 in what follows.
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Using the Cotlar inequality from [10], we can therefore get for any combination
1<p,gq<oo, 1/r=1/p+1/gandany € € (0, 1) the bound

1T} o srs-1r < Cpgeel| Qlle27.

By T;" we denote the maximal singular bilinear operator with kernel K. Next, we
need to observe that

HY}#HU’xLHU <N/ || wra—rr +Cl| Q| [ M| Lo 29— 1r-

This is rather trivial, the reasoning is very similar to the proof of the Proposition 7
and so we do not give full detail here. The proof of the Theorem 1 is now simple.
If we have a fixed point (p,q), 1 < p,q < oo, we find a pair of points (p1,q1), 1 <
P1,q1 <o, and (p2,q2), 1 < p2,q2 <o suchthat (1/p,1/q) lies inside the triangle
(1/2,1/2), (1/p1,1/q1) and (1/p2,1/g2). According to the Proposition 13 the
operators TJ# have norm at the point (2,2) at most C||Q||.s27%/, where § > 0 is
fixed, while at the remaining two points the norm is Cp, 4, ¢ ||Q(|2/¢, where i = 1,2
and we may choose € > 0 arbitrarily small. Therefore, for a suitable choice of
€ > 0, we get from the interpolation (Theorem 7.2.2 in [8]) that the series of norms
of Tf is convergent at (p,q). This finishes the proof of Theorem 2.

To prove the Corollary 3, we apply interpolation argument similar to the proof
of Lemma 11. We split Q is similar way, but we need to make sure that the integral
over sphere vanishes. Let us assume that | Q|, < 1. We decompose Q as Q =

Yis0 Q; where we first denote Q; (x') = Q (x') &, (x) and
Ei={xe R> : Q| (x') € (2i,2i+1]}
fori>0and Eg = {x € R : |Q| (') € [0,2]}, and then we set
EZ,' = Q.i — .Q,'(X)dx.

§2n—1
We have ||Q;||; < €277 and therefore the sum converges back to Q. We see that
1€l < €275, while [|Q4]l. < C2. Now, we estimate

Ta(/,8) () < LT3 (£,8) (1),

i>0
We interpolate the norm of each of the operators Tgi; in a triangle which con-
tains (1/p1,1/p2), and has one vertex in the point (1/2,1/2), where the norm
175 |2 xr2 s < C2 4 according to the Theorem 2 and remaining two ver-

tices close to points (0,0), (0,1), (1,1), or (1,0) where the operator has norm
less than C2/. The interpolated norms form convergent series precisely when the
point (1/p1,1/p2) lies inside the quadrilateral described in the Corollary 3 and the
proof is finished.
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