ENDPOINT ESTIMATE FOR ROUGH MAXIMAL SINGULAR
INTEGRALS

PETR HONZIK

ABSTRACT. We study the rough maximal singular integral

Lo o0/ f -y
R™\B(0,¢)

T4(f)(x) = sup

>0

where Q is a function in L*(S"~!) with vanishing integral. It is well

known that the operator is bounded on L? for 1 < p < oo, but it is an

open question if has to be of the weak type 1-1. We show that Tg is
bounded from L(loglogL)**€ to L' locally.
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1. INTRODUCTION

Singular integral theory was initiated in the seminal work of Calder6n
and Zygmund [1]. The study of boundedness of rough singular integrals
of convolution type has been an active area of research since the middle of
the twentieth century. Calderén and Zygmund [2] first studied the rough
singular integral

(N =p. [ 22 ) ay
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where Q is in Llog L(S*~!) with mean value zero and showed that Ty, is
bounded on LP(R") for 1 < p < oo. The weak type (1, 1) boundedness of
T when n =2 was established by Christ and Rubio de Francia [3] and inde-
pendently by Hofmann [7]. The weak type (1, 1) property of T was proved
by Seeger [8] in all dimensions and was later extended by Tao [10] to sit-
uations in which there is no Fourier transform structure. Several questions
remain concerning the endpoint behavior of T, such as if the condition
Q € LlogL(S"™ 1) can be relaxed to Q € H' (S"1), or merely Q € L' (S"~1)
when Q is an odd function.
The maximal counterpart of the rough singular integral,

W TN =sp| [0/ b )

e>0

where Q is in LlogL(S"~!) with mean value zero is bounded on L? for
1 < p < oo, but it remains an open question if this operator is of the weak
type (1 — 1) even for a choice of Q € L=(S"~1). The standard Calderén
and Zygmund method requires some Dini type smoothness on £, while the
method of Christ, Rubio de Francia, Hofmann and Seeger fails due to the
lack of orthogonality in the maximal function. This classical question was
posed many times, for example recently in [6] as Problem 8.3.

While the full problem remains open, we provide an endpoint estimate,
showing that for Q € L*(S""!) the operator T5(f)(x) locally maps the
space L(loglogL)>*€ to L. Let us remind here that the space L(loglog L)**¢
is the Orlicz space with the norm

Il tgtog e = inf{2 > 05 [ 1£/A[1og(10+1og(10+|/A[))dx < 1}.

This is a better estimate than what follows from the standard extrapolation
argument.
The main result of this paper is the following theorem.

Theorem 1. Suppose n > 2, Q € L*(S"™1), € > 0 and T} is as defined in
(1). Then for a function f € L(loglogL)**€, supported in the unit cube, we
have

() HTngLL“’ < C8Hf||L(loglogL)2+£'

For the proof, we use the double dyadic decomposition of the kernel,
which has been used previously by many authors, and carefully apply the
method developed by Seeger at each level.

2. DECOMPOSITION OF THE OPERATOR

Let us fix a function Q € L=(S"~!) with mean value zero. We fix a
smooth function @ in R™ such that ot(z) = 1 for t € (0,1], 0 < a(r) < 1
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fort € (1, %) and o(t) =0 fort > %. For y € R" and j € Z we introduce the
function
Bi(y) = a2/ y) — a2y

We write B = By and we note that this is a function supported in {|y| €
[1/2,4/3]}.

Next, we fix a positive smooth function 9y supported in B(0,1/100) with
Jv=1, we denote ¥;(x) = 2/"y(2/x) and we denote A;f = (Yj+1 — ;) * f-

Now, we decompose the kernel K as follows: we denote K= BiK and
we set K; = AJ-_,-Ki for i, j € Z. We see that

K= i (y_i*Ki+ iK;i) :
i=—c0 j=0

Let us make the stadard reduction to the smooth dyadic truncations. We
see that

T5(f)(x) < CMf(x) + sup

f*ZKi

i>k
where M is the Hardy-Littlewood maximal operator.
Next, we write

fxY K

i>k

('x> Y

(3) sup
ke

(x)-

Y <y_,->x<Ki—|— ZK})
j=0

i>k

(x) = sup
keZ

We define following maximal operators:

T f(x) = sup | Y £+ (1% K7) | ()
keZ i>k

and for m > 0 and i € Z we denote

2m+1_2

H,= Y K,

j=2m—1

and we put
Taf(x)=sup|Y f+H,|(x).
kEZ |i>k
Therefore, we have
) T(f)(x) SCMf(x) + Y Tuf(x).
m=—1

Let us record two trivial estimates for convolutions of the functions y;,
which will be usefull later.
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Lemma 2. Let us have a,b,c € Z. If a > b, then
/Wa sy — | < €280~

and the function Y, Y, — Y is supported in B(0,27"°/50). Ifa < b < c,
then

[ (= w)] < €200

and the function Y, * (Y. — V) is supported in B(0,27"/50). § is a positive
constant.

Both statements are clear from the suport properties of ¥y and the mean
value theorem.

3. THE ESTIMATES OF SEEGER

We recall here the estimates A. Seeger uses in his article [8]. Let {H,}
be a family of functions with

suppH; C {x:2/72 < |x| < 2/72}.

Suppose that for each N =0,...,n+ 1 we have estimates

(%)lHj(Gr)

uniform in € §"~! and r > 0. Then for each positive integer s > 3 and a
parameter k € (0, 1) there is a splitting

Hj:F§+<Hj—F§~)

such that the following two estimates are valid.

(5) sup sup st < Mn

0<ISN j

Lemma 3. Let Q be a collection of cubes Q with disjoint interiors. Define
L(Q) =m if2"~! < sidelength(Q) < 2™ and let Q,, = {0 € Q: L(Q) = m}.
For each Q let fg be an integrable function supported in Q satisfying

[ 1folx)lax < el

Let Fy =Y 0co,, fo- Then for s >3
| Y05« F 3 < cmi2 D a Y | follr.
J Q

Lemma 4. Let Q be a cube of sidelength 2/~ and let bg be integrable and

supported in Q; moreover, suppose that [ bg = 0. Then for N =n+1 and
0<e<1

|(H; —T%) xbol|1 < Cy [Mo2_58 +MN25‘”+(8_K)N)] IPoll
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where Cy does not depend on j or Q.

In [8], these are Lemma 2.1. and 2.2.

4. AUXILIARY ESTIMATES

We complement the estimates of the previous section with the following
exponential estimate. We assume here that v is a function supported in some
annulus € < |x| < €71 and is smooth and positive. Then we put Vi(x) =
27y (27x).

Lemma 5. Suppose we have the collection of cubes and the functions from
Lemma 3. Then for any s > 0 and A > 1 we have

{1 vi*Fisll > Aa}| < Cet Y |Q).
J Q

Proof. We first show that }_; v; x Fj_ is in BMO with norm Co. Let us fix
a cube R. Clearly |Vv;*|F;_,|| < Ca27/, and by summation we get the
statement for Y- ;> gy V;j * |Fj—s|. For j < L(R) we get

(v *|Fi—|)xrlli <C||Fj=sx3rl1-

We have Y ;1 (r) [ Fj—sX3rll1 < C2"R) ¢, and so Y j<rL(R) V) *|Fjs| is also
in BMO with norm Ca.
Now we select a system R of maximal dyadic cubes R such that

1 v+ |Fi—shxell = alR].
j

Clearly our set is contained in UR and
Y IR <Y vix|Fjllh/a<C) |0
R J Q

For A < 2"*! the statement is trivial, so let us suppose that A > 2"*!. For
each R we apply the John-Nirenberg theorem at the level 2aA. From the
maximality we see that the average over R is at most 2" o¢. We get

IRA{((Y vj*|Fjs|) —2"a)" > 22a}| < C|R|e™*.
J

We sum over R to prove the lemma. U

With the help of the previous lemma, we can combine the two estimates
of Seeger into a single L? bound.
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Lemma 6. Suppose that the functions H; are as defined in section 3 and
we have the collection of cubes and the functions from Lemma 3. Suppose
moreover that for each Q [ fo = 0 and that

0| §C06_1/|fQ(x)|dx.
Then for s > 3

58
1Y HjxFil3 <C27°aY [Ifolh-
J 0

The & > 0 depends on the radial smoothness of H; and dimension.

We note that this simplified approach is suitable since we have €2 bounded
and full smoothness in the radial direction, while in the article of Seeger
much more general situation is studied.

Proof. Combining the Lemma 4 and the Lemma 3 with a suitable choice of
K, we obtain that there is an € > O such that }_ ; H; * Fj_s = a; +a;, where

lar s <C27¢ ) lIfoll:
0

while
laz]z < C27a Y | folli-
o

Now, we can choose V so that v; dominates H;. Therefore, we get the esti-
mate from the Lemma 5 for a; + a,. From the L? estimate we get

{laz| > e} < llaaf|3/0® < C27*a~ 'Y | foll1-
Q
Let us consider set A = {|a;| < a2*¢/?}. We see that
Jlar+al <cllal3+a2? [jal) <c2*Ra} lfol.
Q

On the other hand
A€ C {|ar +az| > 0252 )2} U{|az| > ot/2}.

Now we apply the Lemma 5, we get

__nsE)2 _ _ _ _
A< 127 a ' Y |foll <€272at Y | folh-
Q Q

Let us put A = s¢/2 and denote for k > 0
Bk = {(k—‘r 1)1(1 > |a1 +a2| > kla}
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Clearly, we may assume that A > 0, otherwise the statement of the Lemma
is trivial. It follows from the Lemma 5 that for k > 0 we get

IBi]| < Cem** Y |0 < Cem 2oty || follr-
Q 0
We then get for k > 0
[ el < C((k+ Dase /2218 < C((k+ 1)se /2% 420 Y ol
k 0

and fork =0
/ Jartaf < Clase/2)214° < C(se/272 20 Y. | foll-
ANBy 0
We sum these estimates in k and get

[ Jar+al < cser2 a Y ol
Q

and the lemma follows.

We also establish a simple L? estimate.

Lemma 7. Suppose we have the collection of cubes and the functions from
Lemma 3 and assume also

ol ca! [ Ifol)ldr
Then for any s
1Y v+ |F—lllz < ca Y.l folhr-
J 0

Proof. Clearly
1 vi=|Fissllh < C Y llfollr-
J 0

We denote A the set where the sum is less or equal to & and B the set where
it is greater than alpha. We have

2
/ (Zvj* |Fj_s|<x>> ar<cay|fol.
J Q

On the set B, we apply the Lemma 5, we denote B,, the set where the sum is
greater than noc which gives

2
I (Zvj* erst)) dx <Y |B, <Y wCe Y |o] < Ca). ol
J n n 0

Q
U



8 PETR HONZIK

5. THE L? ESTIMATE

Lemma 8. Fora f € L? we have
1T fll2 < 27| £]l2.

Proof. The classical Fourier estimates from [5] give us |[K?|(£) < Cmin(|2/£]7¢,|2/E|¢)
for some € > 0. The operator A;_; provides essential localization to the an-
nulus |&| ~ 2/, Using standard reasoning one gets that for any index set I
and j >0
1Y K| <c2e.
icl
By summing a geometric series, we also have
Y AL <ca e
iel
Let us now define operators

(x).

T f(x) = sup
reZ

f*( Z H;fmeH)

sel,s>r

for 0 << 2mt2_ 1. We see that
Taf(x) <2"2  sup T f(x).

0<i<2m+2 1
Now, we establish following inequality of Cotlar type:

6) Th flx)<cM (f x (Z Hﬁm“”) ) (x) +C27 2" M(f)(x),

SEZL

where M is the usual Hardy-Littlewood function.
To see this, fix r and take t = r2"+2 4] —2™t1 Let us remind that

H;n = (’}/2m+l_i_2 — '}/211171'71) * Kl

We fix T = 522 4 [, for s > r and we obtain

H, — v =H,

= ((Yomr1 g2 = Yom—z—1) = Yot % (Yams1 ¢ — Yom—z-1)) ¥ K"
and by an application of the Lemma 2 we get

HE — v+ HY (x)| < €272 22Ty ae2 p(o.2s-2)-
Therefore
[f# (Hyy = v+ Hiy(x))] < €27 27072y 1,
Fors <rand 0 <v <2"—1 we get
Yook Hyy = Yoy % (Yomei g — Yomo1) ¥ K°
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and by the Lemma 2 we get
T —c2"y—c(r—s)2"~—nt
Yo+ H| < €272 <l9)2") XB(0.27+2)\B(0.272)*

Therefore
[y % HY % f] < 272" 2=<U=5)2" pp 7,

Together, this means that

2m—1
Yook Z H’;zmﬁﬂ _ Z Z Hrsn2m+2+l «f
sEL s€Z,s>r v=0

< C2" M| f|(x).

(%)

and we get (6) by adding and subtracting this term and passing to the supre-
mum in ¢.
From (6) the lemma follows easily, because it gives the estimate

1T fll2 < €272 £l2

and

THf(x) <2™2  sup T,f;l f(x).
1€Z,0<1<2m+2

6. THE PROOF OF THE THEOREM 1

We start by observing that H! from the definition of our operator satisfy
the condition (5). Since the estimate is scaling invariant, it is enough to
verify it for i = 0. We have

2m+1 _2 2m+1 -2
0 _ 0 __ 0 __ 0
Hm— Z KJ = Z AJK _(,)/2’”+171_/}/2m—1)*K .
j=2m—1 j=2m—1

Therefore, it is enough to show that (5) holds for any . * K°, k > 0. We
write

W KO) = [ (e =) «KO()dy:

Now we denote x = 0r, 0 € " ! and r > 0, and pass to polar coordinates.
We get

4
o+ KO(6r) = C/Sw /1/4(r1)"_1K0(61r1)7k(9r — 6yr1)dr1d6.

It is important to make use of the radial smoothness of K 0. Therefore, we
make change of variables r, = r| /r. We see that by the support properties
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of ¥, the effective range of 5 is (1 —27%, 1+27%), while 6; ranges over a
region S| C §"~! of diameter less than 2%, We write

1+27*
yk*KO(Or):C/S /1 - r"_zr;’_lKO(Olrrz)}/k(r(O—Glrz))drzdel.
Jie

Now, we differentiate [ times in . The radial derivatives of K are bounded,
2 also has bounded derivatives, and the I-th derivative of Y 1s bounded
by 2!(n+k) " which is counteracted by the fact that |6 — 0;r,| < 2~k and that
we integrate over region with measure 2%, Therefore the bounds on the
radial derivatives are independent on £.

Now, let us take a function f from the space L(loglogL , supported in
the unit cube Q. We may assume that f has unit norm. The operators M and
Tfl are clearly of the weak type, so it is enough to consider } -, TH(f).
Let us fix o > 10, for smaller @ the theorem is obvious. We need to prove
an estimate

>2+£

(Y ) = )| < /e
m=0

We are going to apply stopping time argument to find maximal dyadic
subcubes Q; of Q, such that

(7 IQJI_I/QAIfI(X)(log(10+10g(10+IfI(X))))2+8dx2 a.

We denote E = |J; 50, clearly |[E| < %.

Let us denote g = f¥p\ug;- Clearly [g[(x) < o almost everywhere on
Q and therefore it has L? norm at most «. Each of the operators T is L?
bounded as in Lemma 8, therefore ¥,,, ¥ is L? bounded and we may deduce
the bound

{T*g(x) > ¢/2}| < C/a.
We denote b = fxug;-

Next, we fixm > 1. We take A = 262"'72 o, where c is the constant from the
Lemma 8. We split the function b = b}L +b?%, where |b/11| < A and |bi\ > A.
We take a Calderon-Zygmund decomposition of the function bi at the level

Km~>"¢a. We use the same dyadic grid as before, and for each Q i, We
have from the maximality

| w31 <cnalo).

J
Therefore we may choose K such that the Calderon-Zygmund cubes we
obtain will be each contained in some Q;. So, we get b = g™ +b™, ||g"||1 <
167 (|1 <Cm 7%, ||glle <Cm 2 fotand b™ =¥ ; bt , the b are supported
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in dyadic cubes R; with disjoint interiors, | b’"l, =0,
and

Rl <Cm™=

|| AN
Z|R | - —2 £ < C/OC
and also for each i there sia jsuchthatR; C Q;.
We see that
1T (" +b)IE < €2 |lgu +BY[3< 2P 2a < 2P

Next, we seek to estimate T (b™) outside the set E. We organize the
cubes R; into groups D; such that the cubes in D; have sidelength 2!, Using
the idea of Christ, we write for x not in £

<Zsup]2 Z *H’|()

s>0 i QeDj_g

T#b™ (x) = sup

" H’
keZ Z *

i>k

Let us fix § > 3. For each s < § we may use the Lemma 7 to obtain the
estimate

Hsup|2 Z *H‘H|2<CaZHb |1 <Com™ 2-¢€
i>kQeD;_;

For s > S we first observe that H!, satisfy the condition (5). We want
to use the Lemma 6 and then apply a technique similar to the proof of the
Lemma 8. From Lemma 6 we get that there is a € such that for any index

set /
i 112 - —2—
1Y, Y bl <C27%m 8aZIIb 1.
iel QeD;_g

We denote I, = Ujcz(r + is2™). We see that there are s2™ such sets. We
denote

M, (x)=sup| Y Y ’5*H,§1 (x).
k |i>k,iel.QeD;_q
We have
s2m
!SHP\Z Y bpHLIE< Y (IM,].
i>kQeDj_g r=1

Using the same argument as proof of (6) we get

Mx)<eM(Y, Y bpxH)+C27CY Y |l v,

i€l, Q€D;_ i€l QeD;_
where V is the function from Lemma 7. This gives

1M,z < C2” Y‘OCZIIb I
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for some fixed positive y. Therefore

||SUP|Z Y, BxH,|l3 < Cs2"2 P ay B
i>kQ€eD;_g 0

Now we can choose S = Km for some large K and sum the convergent series
in s, to get an estimate

HZSUPIZ Y, g *H’||Iz<Cm0tZ|lb I

§>8 i>kQeD;_
< Cocm_l_e.
Collecting the previous estimates, we obtain
# 2 —1-
T (F)xEe]ls < Cm™ et

and summing in m gives
| Y Tz < Cer,
m=0

therefore

ZT# )>apNES| <C/a,
which finishes the proof.
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