MAPPINGS OF FINITE DISTORTION: SIZE OF THE BRANCH
SET
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ABSTRACT. We study the branch set of a mapping between subsets of R", i.e., the
set where a given mapping is not defining a local homeomorphism. We construct
several sharp examples showing that the branch set or its image can have positive
measure.

1. INTRODUCTION

Let @ € R", n > 2, be a domain and let us consider a continuous mapping
f Q2 — R” In many applications it is important to know when this mapping is
invertible (see e.g. [5] and [30]) or at least locally invertible in many places (see e.g.
(28], [12]) as the invertibility is the important key tool for the study of topological
properties of the mapping. The usual proof of invertibility is to first show that the
mapping is discrete (preimage f~1(y) of every point y € R" is a discrete set, i.e., does
not have an accumulation point in ) and open (image of each open set is an open set),
as each discrete and open mapping is invertible in many points as we mention below
(see e.g. [19], [12], [20] and [16] for results in this direction). Moreover, openness and
discreteness together with reasonable conditions around 02 imply that the mapping
is invertible.

However, every continuous, discrete and open mapping f : 2 — R"™ is not necessar-
ily injective or invertible in a neighborhood of each point in 2. The simplest example
is the winding mapping w : R” — R" defined as

w(y, xe, T3, ..., xy) = (rcos(20),rsin(20), z3, ..., x,),

where r = /2?2 + 22 and 0 = arctan(zy/x1) for © = (21,2, ...,2,) € R". This map-
ping will wind the space twice around the (n — 2)-dimensional hyperplane H,, o :=
{(0,0)} x R""2 and therefore it is not defining a local homeomorphism in a neigh-
borhood of any point which lies in H,_5. This kind of behavior of a mapping where
the injectivity is destroyed is usually called branching and the set of points where a
mapping f is not defining a local homeomorphism is called the branch set of f. We
will denote the branch set and its image of a mapping f by By and f(Bf). These
sets have very rich and complex topological and geometrical structures both of which
have been studied in a variety of different context, see e.g. [1, 2, 12, 13, 14, 22, 32]
and references there.
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In the case of the winding mapping we see that even if there is some branching
occurring it is only happening in a very small set. Namely, the branch set B, and
its image w(B,,) both have topological and Hausdorff dimensions equal to n — 2 and
so have Lebesgue n-measure zero. By the theorem of Chernavskii [7, 8], see also the
work by Viéisild [32] for a shorter proof, for the topological dimension of these sets
we have

for every continuous, discrete and open mapping f. Therefore, the size of the branch
set and its image in the sense of the topological dimension are the maximal ones
for the winding map. Moreover, in the case n = 2 the branch set and its image for
continuous, discrete and open mapping contains only isolated points and hence (1.1)
holds in this case also for the Hausdorff dimension. However, when n > 3 there are no
topological obstacles to make the branch set very large with respect to the (Lebesgue)
measure and Hausdorff dimension. To see this, we simply choose a homeomorphism
g : R® — R™ which sends a given Cantor set of positive measure to a subset of the
hyperplane H,,_5 (see e.g. [10]) and then define

f=glowoy,

which gives us a continuous, discrete and open mapping with both sets B; and f(By)
having positive measure. Therefore, we need to have some additional assumptions in
order to control the measure of the branch set and its image for continuous, discrete
and open mappings. In this paper these additional assumptions will be given in
terms of mappings of finite distortion as it is natural in many applications (see e.g.
[19, 20, 16, 18, 15)):

Definition 1.1 (Mapping of finite distortion). Let Q C R"™ be a domain with n > 2.
We say that a mapping [ € I/Vlf)cl(Q,R”) is a mapping of finite distortion if

(FD—I) ']f < Llloc(Q)J

(FD-2) J(z) >0 a.e. on the set where |Df(x)| > 0.

For each such a mapping we associate an outer distortion function Ko(-, f) : Q@ —
[1,00] and an inner distortion function Ki(-, f): Q — [1, 00| defined as

D@ Gf J(x) > 0

[Df(x)|™ .

Ko(l’,f): { 1@

1, otherwise 1, otherwise.

Above, and in what follows J¢(x) := det D f(x) stands for the pointwise Jacobian
and D*f(x) for the pointwise adjugate matrix of the differential matrix D f(x). We
will refer by |A| the operator norm of a matrix A. Moreover, we point out that
for the distortion functions described above we have the following useful pointwise
inequalities

Ki(z, ) < K& 'z, f) and Kolz, f) < K} '(z, f)

for almost every = € €, see e.g. [18]. For the readers who are not familiar with
mappings of finite distortion we recommend the monographs [4, 15, 18].

In order to study the size of the branch set and its image for mappings of finite
distortion we first recall that when Ko(-, f) € L>®(€2) in Definition 1.1 we recover
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the well studied class of mappings of bounded distortion, also known as quasiregu-
lar mappings. Furthermore, if a mapping of bounded distortion is injective we call it
quasiconformal. By the fundamental theorem of Reshetnyak (see e.g. [28]) every non-
constant mapping of bounded distortion is continuous, discrete and open. Moreover
(see e.g. [29]), nonconstant mappings of bounded distortion

(1) are differentiable almost everywhere,

(2) have positive Jacobian almost everywhere, and

(3) satisfy Lusin’s conditions (N) (i.e. every set of measure zero is mapped to a
set of measure zero).

The properties listed above play an important role in the study of the size of the
branch set and its image. Indeed, by [29, Lemma 1.4.11] every continuous, discrete
and open Sobolev mapping which is differentiable almost everywhere and has almost
everywhere nonvanishing Jacobian determinant defines a local homeomorphism in a
neighborhood of almost every point. In addition, if the mapping satisfies the Lusin’s
condition (N) then the image of the branch set will have measure zero as well. In
particular, it follows that every mapping of bounded distortion has branch set and
its image of zero measure. Therefore, it is natural to ask if this is the case even when
the boundedness of the distortion is relaxed. The first result of this paper gives sharp
conformality conditions under which continuous, discrete and open mappings of finite
distortion may have branch set of positive measure. We give these conditions in terms
of the inner distortion function:

Theorem 1.2. Let n > 3 and Q) C R"™ be open. Then we have the following:
(i) Suppose f € VVll’”_l(Q,]R”) 1s a continuous, discrete and open mapping of

finite distortion zjith
Ki(+, f) € Lige().
Then f is an almost everywhere differentiable mapping with positive Jacobian
determinant almost everywhere. Especially, we have L™(By) = 0.
(i) On the other hand, there exists a continuous, discrete and open Lipschitz

mapping [ € W/klj’coo(R”,R”) of finite distortion with
K](', f) € Ly, (Rn)

loc

for every 0 < p <1 such that L"(By) > 0.

We should point out that the conformality and Sobolev assumptions in Theorem
1.2 are too weak to guarantee continuity, discreteness and openness of the mapping,
see e.g. [16]. Because of this we will assume these conditions, in addition, to stay in
the right class of mappings. The positive statement in Theorem 1.2 follows directly
from the results in [22, 31]. Moreover, the local integrability assumption of the inner
distortion function is sharp for the differentiability almost everywhere even in the
class of W' l-homeomorphisms of finite distortion, see [17]. Tt is well-known that
this is also the right integrability class for the inner distortion function to guarantee
that the zero set of the Jacobian has null measure.

In some sense it is surprising that after we lose local integrability of the inner
distortion we may find, not only W"~l-mappings, but even Lipschitz mappings with
the branch set of positive measure. Especially, we may see that differentiability almost
everywhere is not a sufficient condition for the local invertibility almost everywhere as
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every Lipschitz mapping is differentiable at almost every point. In addition, Theorem
1.2 shows the necessity of nonvanishing Jacobian almost everywhere for the local
invertibility. Thus, we may ask if this is also a sufficient condition for this property.
Notice that by [22] every continuous, discrete and open mapping of finite distortion
with positive Jacobian almost everywhere satisfies the Lusin’s condition (N7!), i.e.,
the set f~'(F) has measure zero for every set £ C R™ of measure zero. Therefore, to
construct a continuous, discrete and open mapping of finite distortion with a positive
Jacobian almost everywhere and with the branch set of positive measure it is necessary
to have the measure of the image of the branch positive as well. In the main result
of this paper we will construct such a mapping showing that the condition J; > 0 is
not sufficient for the local invertibility:

Theorem 1.3. Let n = 3. There exists a continuous, discrete and open mapping of
finite distortion such that f € WHP((=1,1)3,(=1,1)%) for allp € [1,2), J; > 0 almost
everywhere, but

LMB;) >0 and L"(f(B)) > 0.

Recall that by the differentiability result of Véisild [34] every continuous and open
mapping in WP, p > n — 1, is differentiable almost everywhere, and on the other
hand differentiability might fail for mappings in W1"~! even if they are assumed to
be homeomorphisms of finite distortion with positive Jacobian almost everywhere, see
e.g. [9]. Hence, it would be interesting to know what happens for the size of the branch
set in Theorem 1.3 in the borderline case where f € W11 as it could also tell if the
differentiability almost everywhere is a necessary condition for the local invertibility.
It is possible to slightly improve the Sobolev regularity of the mapping in Theorem
1.3 on logarithmic scale, and to derive some level of integrability for the distortion
functions of this mapping, see section 7. However, we do not know what are the sharp
Lorentz conditions and distortion assumptions under which a continuous, discrete and
open mapping of finite distortion with positive Jacobian almost everywhere will have
branch set of zero measure. For the sharp Lorentz condition for the differentiability
without any additional conformality conditions we refer to [26].

There are several reasons to study the branch set of mappings of finite distor-
tion. Omne such a reason can be seen when we try to generalize the well-known
Poletsky’s [27] and Viiséla’s [33] moduli inequalities of quasiregular mappings, or
the corresponding capacity inequalities, see e.g. [24, 25, 32|, for mappings of finite
distortion. These inequalities were generalized for mappings of finite distortion in
Wh™ with locally integrable inner distortion by Koskela and Onninen [23]. The opti-
mal assumptions for these inequalities with lower regularity assumptions were further
studied in [11, 17, 31]. As it was observed in [11], these inequalities would follow for
a continuous, discrete and open mapping f of finite distortion with even lower regu-
larity assumptions by following the standard arguments in the theory of quasiregular
mappings whenever

(1) the mapping f is differentiable almost everywhere,

(2) the Jacobian determinant is positive almost everywhere,
(3) the branch set By has measure zero, and

(4) the image f(By) has measure zero as well.
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It follows from [22, 31] that the conditions (1)—(3) hold whenever we have a contin-
uous, discrete and open mapping f € V[/ll’"fl(Q, R™) of finite distortion with locally

ocC
integrable inner distortion. However, we need to have much stronger assumptions if

we want (4) to hold:

Theorem 1.4. Let 2 C R"™ be an open set with n > 3. Then we have the following:
(i) If f: Q — R™ is a nonconstant mapping of finite distortion with

eXp(KO('7 f)) S Llloc(Q)7
then f is continuous, discrete and open. Moreover, f satisfies Lusin’s condi-
tion (N) and L"(f(By)) = 0.

(ii) On the other hand, for each 0 < ¢ < 1 there is a continuous, discrete and
open mapping f € VVli’f(R”,R"), for all 1 < p < n, of finite distortion such
that

exp(K57( f)) € Lho(R")
and L"(f(Bf)) > 0.

Theorem 1.4 shows the necessity of Lusin’s condition (V) for the condition L"(f(By)) =
0. We will see in section 3 that Theorem 1.4 (ii) follows from an even stronger result,
Theorem 3.2. The positive statement in Theorem 1.4 is originally proved in [21].

2. PRELIMINARIES

2.1. Notation. A point x € R™ in coordinates is denoted as (x1,x2,...,2,) and its
Euclidean and supremum norms are denoted by |z| := />, 2% and [|z|| := sup,|z;].
Furthermore, we will denote by

Qa,r) = (a; —7r,a1+7) X -+ X (@, — 7,0, +7)

an open cube centered at a € R™ with side-length 2r > 0. The interior of a set A C R"
is denoted by A° and the symbol L" refers to the Lebesgue n-measure. When write

C:= C(ph cee apk)

we mean a positive constant which depends only on the given parameters py, ... px.
The constant C' might change from line to line. Furthermore, for given functions f and
g we denote f < g if there exists a positive constant C' > 0 such that f(z) < Cg(x)
for all points x. In the case when both conditions f < g and g < f are satisfied we
denote f ~ g.

2.2. Sobolev spaces. Let @ C R" be an open set. The Sobolev space W1P(Q, R™),
1 < p < oo, will consist all the mappings

f=( 1, fm) : Q> R"
such that for the real-valued coordinate functions and for their distributional partial
derivatives we have
Ofi
Oz,

foralli =1,...,m and for every j = 1,...,n. If f € W'?(Q R™) for every subdo-
main ' CC Q we denote f € W,'P(Q,R™).

loc

fi € LP(Q2) and € LP(Q))
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2.3. ACL condition. Let i € {1,2,...,n} and denote by m; the projection on the

given hyperplane H; = {x € R™ : z; = 0} perpendicular to the z;-axis. We say that

a mapping f € LL_(Q,R™) is absolutely continuous (on lines) if the following ACL

condition holds:

(ACL) For every cube Q(a,r) = (a1 —r,a; +7) X -+ X (ap, — 7,0, +7) CC Q and for
every i € {1,2,...,n} the coordinate functions

fi(t;x) = fzr, . i, AT, D)

are absolutely continuous on (a;—r, a;+r) for £ !-almost every = € m(Q(a,1)).

The following characterization of Sobolev spaces is classical and can be found e.g. in
[3, Section 3.11] and [15, Theorem A.15]:

Proposition 2.1. Let 1 < p < oo, Q C R" be an open set and f € LP(QQ,R™). Then
f € WiP(Q,R™) if and only if there is a representative of f which is a ACL(Q, R™)
mapping with locally LP-integrable partial derivatives on €2.

2.4. Conditions (N) and (N7'), and the area formula. Suppose f : Q — R" is
a mapping defined on an open set 2 C R" with n > 1.

(1) We say that f satisfies Lusin’s condition (N) if for each set E C €2 such that
L'(E) =0 we have L"(f(FE)) = 0.

(2) We say that f satisfies Lusin’s condition (N1) if for each set F' C R" such
that £"(F) = 0 we have L"(f~'(F)) = 0.
We will need the following well-known area formula for Sobolev mappings (see e.g.

[15, Theorem A.12]):

Proposition 2.2. Let f € VV&;(Q,R") and let n be a nonnegative Borel measurable
function on R™. Then

(2.1) / n(f ()| (@, )] da < / DN (y, £.) dy,

n

where the multiplicity function N(y, f,Q) is defined as the number of points in the
set f~1(y) NQ fory € R™. Moreover, there is an equality in (2.1) if we assume in
addition that f satisfies the Lusin’s condition (N).

2.5. Constructing Cantor sets. Suppose [—1,1]" C R", and denote by V the set
of 2" vertices of the cube [—1, 1]". The sets

VP=Vx---xV, keN,

will serve as the set of indices for our construction.
Next, suppose {a;}72, is a decreasing sequence such that 1 = ag > a3 > --- > 0,
and define

Ty = Q*kak.

Set zop = 0. Then it follows that Q(z9,r9) = (—1,1)" and we proceed further by
induction. For v(k) = (vy,...,v:) € V¥ we denote w(k) = (vy,...,vr_1) and define
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(see Fig. 1)

1 1
Zo(k) = Zw(k) T Erk—lvk =20+ 5 ;Tj—l%y

Qi) = Q(zo(r), 2 ar—1) and Quiry = Q(zo(w), 2 ") .
Then for the measure of the k-th frame qu(k)\Qv(k) we have
(2.2) L™(Qr i) \Qu(r) = 27" (ap_, — ap) .

Formally we should write w(v(k)) instead of w(k) but for the simplification of the
notation we will avoid this.

LICNEIE
N
LI CIE
L IEIE]

Fig. 1 Cubes Q) and Q’v(k) for k=1,2.

It is not difficult to find out that the resulting Cantor set

ﬂ U Quiy = CHan}iZ) = Cax - x €,

v(k)eVk

is a product of n Cantor sets C, in R, and the number of the cubes {Q ) : v(k) € vk}
is 2"F Therefore, the measure of the Cantor set C4 := C[{ay}1] can be calculated as
(2.3) L"(Cy) = lim 2"%(2a;,27%)" = lim 2"a} .

k—o00 k—o0

2.6. Homeomorphism that maps a Cantor set onto another one. Let us first
recall [15, Lemma 2.1].

Lemma 2.3. Let p : (0,00) — (0,00) be a strictly monotone function and p €
C1((0,00)). Then for the mapping

f@) = = p(llzl), = #0

we have for almost every x

gl ey p(llz])
D7 )]~ mac 5 DI and Jyta) ~ (el (5007)

In fact, this lemma is shown in [15] for the Euclidean norm |z| but by a bi-Lipschitz
change of variables it it easy to see that the same formula holds also for the supremum
norm ||z|| = max;—; ., |%;| analogously to [15, Chapter 4.3].

Suppose

.....

Ca = Cl{ar}ilo] and  Cp = Cl{bk};<]
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are two Cantor sets which we get by applying the algorithm in section 2.5 to the
sequences {ag}72, and {b;}72,. Following section 2.5 we define

—k / —k . —k o —k
e =2 "ag, T, =2 "ar_1, Tr=2"bg, T, =2 "bgp_1,

k
1 1
Zv(k) = “Fw(k) + érk—lvk =2y + 5 Z Tj—1V; and

=1

k
- N 1_ -1 ~
Zy(k) = Zw(k) T 57“16711}]C =2y + 5 Z Tj_1Vj.

Jj=1
Furthermore, we also define

Qo = Qzu(r); %)y Quir) = Q(Zwk): Tk)
Qo = Q) T4)s  Quiry = Q(Zu(r)s Tr)-

Fig. 2 The transformation of @', \ QS, onto Q’, \ QS

It remains to find a homeomorphism ¢g which maps C'4 onto Cz. We will find a
sequence of homeomorphisms g, : (—1,1)" — (—1,1)". Set go(z) = x and we proceed
by induction. We will give a mapping g; which stretches each cube Q,, v € Vi,
homogeneously so that ¢;(Q,) equals Q,. On the annulus Q' \ Q,, g1 is defined
to be an appropriate radial map with respect to z, and z, in the image in order to
make g; a homeomorphism. The general step is the following: If £ > 1, g; is defined
as gr_1 outside the union of all cubes Q.,, w € V¥~!. Further, g, remains equal to
gr—1 at the centers of cubes Q,, v € V¥, Then g, stretches each cube Q,, v € V¥,
homogeneously so that g;(Qs) equals Q,. On the annulus Q. \ Qy, gi is defined to
be an appropriate radial map with respect to z, in preimage and Z, in image to make
gr a homeomorphism (see Fig. 2). Notice that the Jacobian determinant Jy, (z) will
be strictly positive almost everywhere in (—1,1)".

In this construction we use the notation ||z|| for the supremum norm of z € R".
The mappings gx, k € N, are formally defined as

Jr—1(T) for z ¢ U,evr @
(2.4)  ge(z) = < gr-1(20) + (il — 20| + Br) o fora e Q' \ Qy, veEVFH
gk—l(zv) + i—i(l’ - Zv) for x € Qva vE Vk

where the constants oy and (. are given by

(2.5) axrk + B = i and a5t + B = P52
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It is not difficult to find out that each g; is a homeomorphism and maps

U (), onto U Qo.

veVk veVk

The mapping g(z) = limy_, gx(z) is clearly one to one and continuous and therefore
it is a homeomorphism. Moreover, it is not difficult to see that ¢ is differentiable
almost everywhere, absolutely continuous on almost all lines parallel to coordinate
axes and maps Cy onto Cp (see [15, Chapter 4.3] for details).

Let k € N and v € V¥, We need to estimate Dg(x) in the interior of the annulus

Q. \ Q. Since

9(2) = glz0) + e = 2ol + B2

wll

we obtain from Lemma 2.3 and (2.5) that

~ R R
(26) Dg(g;) ~ max{:—k’ ak} = max{r_k’ T}il—_rk}
k Ty —5 Tk
and
A e L A
2. ~ (_> =7 2 (_> :
27) Tyw) ~ () = g (2

2

2.7. Constructing Cantor’s tower. Suppose n > 2 and denote by V the set of
points

(0,0,...,0,—1+ 2Z)
where j =1,2,...,2". The sets
Y ::Vx--«xV, keN,

will serve as the set of indices in the construction of Cantor’s tower.
Suppose next {cg }72, is a decreasing sequence such that 1 = ¢y > ¢y > ¢ > -+ > 0,

and define

~

Tk ‘= 2*”kck.

Set Zp = 0. Then it follows that Q(Zy,7) = (—1,1)" and we proceed further by
induction. For 0(k) := (01, 0g, ..., ) € V¥ we denote w(k) := (01, 0q, ..., 0%_1) and
define (see Fig. 3)

k
Zy(k) ‘= Zaw(k) T Tk—1Vk = 20 + E Tj—10;
j=1

Q{v(k;) = Q(fgf,(k), Q_nka_l) and Q’U(k‘) = Q(é’f)(k), Q—chk)
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oo|o|o| | (o]o|o]g] | |o]o]o]o)] | [o]o]o]o

Fig. 3 Cubes Qv(k) and Q’v(k) for £ = 1,2 in the construction of the Cantor’s tower.

2.8. Bi-Lipschitz mapping which takes a Cantor set onto a Cantor’s tower.
Let us now define the Cantor set Cg in section 2.5 by choosing

b, = 27k8,
where 3 > n+1. Similarly, we define the Cantor’s tower C, in section 2.7 by choosing
CLp = 27k8,
As > n+ 1, we see that
1 -

(2.8) Qi = @), 27 k) C Q(Zomy, 27 ermr) = 5@1@)

and thus we have enough empty space in Q;(k) \ Q;(k) to move the cubes of the next
generation into a tower formation.

The following proposition will give us a bi-Lipschitz mapping F' : R® — R" which
maps the Cantor set Cp onto Cantor’s tower C5. We will refer to this mapping as
a tower mapping and it is applied to prove theorems 1.2 and 1.4. Later we need to
refine this mapping further in order to prove Theorem 1.3.

Proposition 2.4. Suppose that Cp is the Cantor set and C% the Cantor’s tower in
R™ defined by the sequence

by =27,

where > n+ 1. Then there is a bi-Lipschitz mapping L : R™ — R™ which takes Cg
onto C%.

Proof. We construct bi-Lipschitz mappings L; which take the j-th step of the con-
struction of C'z onto the j-th step of the construction of C%. All L; are bi-Lipschitz
with the same constant and the limit /' = lim;_,., L; is thus bi-Lipschitz as well.

OQs [ DC?l
Ly Qo

—_—

~

OQs Q2 chg

Q4

Fig. 4 Construction of L; which translates Q; onto Q;.
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We claim that there is a bi-Lipschitz mapping L; : [—1,1]" — [—1, 1]" such that
(see Fig. 4)
Ly(z) = x for every x € 0[—1,1]" and
Li(x) = & — zy(1) + Zo(1) for every o € Qu).
This means that L; fixes the boundary and it is a just a translation of each of the 2"
cubes Q1) onto Qv(l). As 8 > n+ 1 we have enough space for doing this (see (2.8))
and it is not difficult to see that such a homeomorphism exists (see Fig. 4) and it can
be constructed as a bi-Lipschitz mapping. Formally we should give the exact formula
for the mapping which would not be difficult but it would be extremely lengthy. We
skip this as the construction of such Fj is trustworthy and not difficult to see from the
picture. More details and the construction of admissible £} for n = 3 can be found in
Section 7. In fact the construction there is slightly different as we map cubes Q1)
onto Qy(l) but the mapping is not necessarily just a translation there.
We continue by constructing Ly as a scaled copy of L; into each @Qy(1). Formally,
we set

Ly(x) = Ly(z) for x € [-1,1]"\ Uv(l)eV1 Qo)
7:’1;(1) + 2_1—5_[/1 (214—/8(1; — Zv(l))) for x & Q'u(l).

As the constructions of Cz and C% are self-similar it is not difficult to see that Fy
translates each (Qy(2) onto the corresponding Q2. We claim that L, has the same
bi-Lipschitz constant L > 0 as L;. For x,y € Q1) we can estimate

|La(z) = La(y)] <2772 L1 (277 (2 — 20) — La (277 (y — 200)) |
<2TVPLY Py —y| = Llz — vy .
and a similar estimate holds from below. If z € Q1) and y € Q1) We can connect x

and y by a segment, divide this segment by points on the boundaries of U'v(l) evt Q1)

use the estimate on each part of the segment separately and sum up. Thus F; is also
L-bi-Lipschitz.
We continue by induction and we set

Zoey + 20RLy (M) (2 — 21)))  for 2 € Quy.

Similarly as for L, we obtain that L, is L-bi-Lipschitz and it maps each Q1)
onto the corresponding Qy(i11) affinely. The limiting map F(z) = lim; .o L;() is
thus L-bi-Lipschitz and maps Cz onto C. O

3. PROOF OF THEOREM 1.4: THE SIZE OF f(By)

We have already noticed in the introduction that if f has “reasonably nice” proper-
ties then the set f(By) has measure zero. The next lemma specifies these reasonably
nice properties.

Lemma 3.1. Suppose f is a continuous, sense-preserving, discrete and open mapping
which is differentiable almost everywhere and satisfies Lusin’s condition (N). Then

L(f(By)) = 0.
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Proof. Since the issue is local, we may assume that f has bounded multiplicity [29,
Proposition 1.4.10 (3)]. Let us denote

A :={z € By : f is not differentiable at =} and
B :={x € By : f is differentiable at z} .

Then we may write By = AU B. Because f is differentiable almost everywhere we
have £™"(A) = 0 and hence it follows from Lusin’s condition (N) that

(3.1) L"(f(A)) =0.

On the other hand, by [29, Lemma 1.4.11] we have J¢(x) = 0 for every x € B, and
thus the area formula (see Proposition 2.2) implies

(3.2) / NGy fB)) de = [ |J5l(w) da

As N(y, f, f(B)) > 1 on f( ) we obtain that £L"(f(B)) = 0 and it follows from (3.1)
that

LE(f(By)) < L"(f(A)) + L*(f(B)) = 0.
O
The following theorem stresses out the importance of the Lusin’s condition (V).

Namely, without the condition (/N) we cannot assure that the set f(B) has measure
zero even when the branch set B; has measure zero.

Theorem 3.2. There exists a discrete and open mapping f : R" — R", n > 3, with

the following properties:
1) f e WP(R* R") for all 1 <p <n,

2) f is a mapping of finite distortion, and the outer distortion Ko(-, f) satisfies
exp (P(Ko(, f))) € Lin(R"),

where V¥ : (0,00) — (0,00) is a strictly increasing, concave, continuous func-

tion such that
/ dt < 0

3) the inner distortion K;(-, f) satzsﬁes
exp (U (K1 (x, f))) € Lig(R"),

where W*(t) = U (¢/ (=),
4) the mapping f is differentiable almost everywhere, the Jacobian of f is strictly
positive almost everywhere and f satisfies Lusin’s condition (N~1), and

5) L(By) =0, but L(f(By)) >0

Proof. Suppose that w : R" — R" is the winding mapping defined as in the introduc-
tion. Then w is a quasiregular mapping with the branch set B, = {(0,0)} x R"2.

Let us define Cantor sets Cy := C[{ax}32,] and Cp := C[{br}32,] (see section 2.5)
by setting

=-(1+27%) and b, =27""

l\DIr—t

Qg -
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Then it follows that
L'(Cy)>1 and L"(Cp)=0.

Let g : R® — R" be a quasiconformal mapping such that Cp C g({0}"! x [-1,1]),
where {0}"~! stands for the origin in R"~!. For the existence of such a mapping
see e.g. [6, Lemma 3.1] or apply the tower mapping from section 2.8. Because a
composition of two quasiregular mapping is also quasiregular we find out that

h:=gow

defines a quasiregular mapping. Especially, there exists a finite constant Kj; > 1 such
that

|Dh(z)|" < KpJp(x) a.e.

Suppose next W and U* are defined as in the theorem. Then by [21] there exists
a homeomorphism F' : [—1,1]" — [—1,1]" that fixes the boundary 0Q(0, 1) and has
the following properties:

(a) F e Whi((—=1,1)",R"), F is differentiable almost everywhere, and
F e Wh((—1,1)",R") for every 1 < ¢ < n.

This follows from |DF(z)" < Ko(x, F)Jr(z), Jp € L' and Ko(x, F) € L for
every a < o0.
(b) The Jacobian determinant Jp(z) is positive almost everywhere, and

/ Jp(z)dr < co.
(_171)n

(¢) The distortion Ko(x, F) is finite almost everywhere, and for every A > 0
/ exp(A U (Ko(z, F))) dz < oo,
(7171)71

where VU is given as in the statement (2) of the Theorem 3.2.
(d) The mapping F' maps a Cantor set C of zero measure onto a Cantor set of
positive measure Cly.

All the properties listed above remain valid locally for F': R™ — R” defined by
. F(z), ifxe[-1,1]"
Fle)= { :c,( | ifre I[R”\[—]l,l]".
Finally, we define f : R® — R" by
f= Fo gow.
Then it is easy to see that f is a continuous, discrete and open mapping such that
f(Bs) = Fog((0,0) x R"2) 5 F(Cp) = Ca.

Therefore it suffices to show that f has finite distortion and satisfies the conditions

(1)-(4):
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Condition (1) Since h := g o w defines a quasiregular map there exists a > 0
such that J, * € LlOC(R”), see [29, Remark VI.4.6]. For given 1 < p < n we choose

p < g < n such that (n g)) = «. It is easy to see that h is locally bi-Lipschitz outside

the set A := {(0,0)} x R"2 of zero measure, and thus we know that f is ACL and
that the chain rule applies outside the set A. Suppose now that £ C R" is a bounded
open set. Then by applying the chain rule on the set F\ A we get

e | Dh(z)|”

/E|Df|P:/E\A|Df|Pg/E\A\D(Foh)|p|ph|p:/E\A|DF(h(x))|th(x)q ot de
< ( / IPFG@)I @) dx)g( / y (%)w)
< K; |DE(h(2))|* Ju(x) da § ()] de o
(L. ) (1. )
gkﬁ(NV%EMMUAwMJDF@M%m)q(l%J%()]Ssﬁmoq
::K§<NMJRA)/WMJDF@MWM>2(l%!h@)%u)ﬁp<“%

which implies that f € WP(R”, R™).

loc

Condition (2): We show next that f has finite distortion. Firstly by applying the
chain rule we find out that

(3-3) Df(x) = DF(h(x)) Dh(x) and Jy(z) = Je(h(x)) Ju(z)

for all x € R™\ A. Since h is a quasiregular mapping, it satisfies Lusin’s condition
(N71) and it follows from (3.3) and from the fact that F' is a mapping of finite
distortion that J¢(z) > 0 almost everywhere in the set |Df(x)| > 0. Moreover,

/@_4M#_Lmhwm@@mgNwmAmmh<m.

Thus, f is a mapping of finite distortion.

Next, suppose a > 1 is the exponent we defined at the beginning of Condition (1)
for which J;* € L. (R"). Set py = 14+ L > 1 and we get J, /™Y € L. (R"). By
using the property (c) of the mapping F' “and concavity of ¥ we obtain

exp(U(Ko(h(z), F)Kn)) (Jh(x)) " da

[ etvizots p)as < | e

U

< ( /U exp (po (Ko (h(z), F)K3)) Ju(z) dx)plo ( /U P dx) =

<N UP( [ ek ¥(Koly. F) ay) P( [ nm ) <o

for every U CC R™.
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Condition (3): Next, set W*(¢) := ¥(t"/(""V). Then by the pointwise inequality
Ki(x, f) < Ko(z, f)» ! and by Condition (2) we get

/Uexp(\lf*(KI(:L‘,f))) dz < / exp(V(Ko(z, f))) dz < oo,

U
as desired.

Condition (4): We know that h is differentiable almost everywhere, F' is differ-
entiable almost everywhere and that h satisfies the Lusin (N~!) condition. It thus

follows from (3.3) that f is differentiable almost everywhere. Similarly we obtain from
(3.3) that J; > 0 almost everywhere as this holds for both h and F.

Condition (5): Now we observe that B; = {(0,0)} x R"? and thus
L"(Bg) = L"({(0,0)} x R"%) = 0.
On the other hand, it holds that f(Bf) D Cy, and therefore
L"(f(By)) = L£"(Ca) >0,
which ends the proof. U

Proof of Theorem 1.4. It is well-known that assumptions of (7) imply that f is contin-
uous, sense-preserving, discrete and open, differentiable almost everywhere and sat-
isfies Lusin condition (N) (see [21]). It follows from Lemma 3.1 that £"(f(By)) = 0.

The statement of (i7) follows from Theorem 3.2 if we choose U(t) = m for ¢
large enough.

4. PROOF OF THEOREM 1.2: THE SIZE OF By

Proof of Theorem 1.2. As we have already pointed out, if a continuous, discrete and
open mapping is both

(1) differentiable almost everywhere, and

(2) having non vanishing Jacobian almost everywhere

then the branch set of the mapping has measure zero (see [29, Lemma 1.4.11]). The
claim of () follows as we know from [22] that K;(-, f) € Li..(Q2) implies J; > 0 almost
everywhere and from [31] we know that every continuous, discrete and open mapping
of finite distortion f € W2 (Q, R") with locally integrable inner distortion function
is differentiable almost everywhere.

To prove part (i7) let us define Cantor sets Cy := C[{ar}32,] and Cp := C[{bx}72,]

by setting

ap = %(1 + 2_k’3) and b, =278

where 5 > n + 1. Then it follows that
L'(Cy)=1 and L"(Cp)=0.

Suppose that F' is the homeomorphism which maps C4 onto Cp and takes each
annulus @, \ @, radially onto the corresponding annulus @, \ @, (see section 2.6 for
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details). Then in the interior of each annulus @, \ @, we get by applying (2.6) and
(2.7) that

b bp_1—0b
|DF (x)| ~ max{—’“, u} ~max{27, 1} =1 and |DPF(z)| ~ 2702,
Q. Grp—1 — Qg
In addition, we also have
bk)"‘l bir = bk o kgn
Jr(x) ~ | —= L R (2 AN 1.
r(@) (ak Ap—1 — Ak ( )
Hence
[Df(@)"  oksyn-t [DHf ()"
Ko(z,F) = ————— ~ (2 B)n and Kj(z, F)= """ ~2 B
Jr () Jp ()1

It follows that F' is Lipschitz and if 0 < p < ﬁ then

Ko(z, F)Pdz < CY " 2M27ka7 Y (ay, — agq)(209) 1P
Qo —1
(4.1)

S C Z 2kn2—kn1n—12—k’ﬁ(2/€,3)(n—1)p < 00,
k=1

and similarly for every 0 < ¢ < 1 we get

Ki(z, F)ide < C E 2k kgt (ay — agyq)(2)4
Qo k=1
(4.2)

<O okmgrhnnTlg TR (k)1 < oo
k=1
Suppose next g : R™ — R™ is the bi-Lipschitz mapping (defined in section 2.8) which
takes the Cantor set Cp onto the Cantor’s tower C'5. Furthermore, let w : R™ — R

be the winding map. Then both mappings g and w are quasiregular and therefore
there exist constants K, > 1 and K,, > 1 such that

(43 Dg@)|" < Kydy() and  [Due)]" < Ko ()
for almost every x. We also have
(4.4) |Dig(a)|" < Ky~ y(a)"™" and - |Diw(a)|” < K5~ (x)"

for almost every z.
Now we define the mapping f : R — R" as

fi=wogokF.

Then F maps C4 onto Cg which is mapped by ¢ into the segment {0}"~! x [—1,1].
Since w is winding around this segment, all points on this segment belong to the branch
set. The branch set of f thus contains the whole set C'4 and we get L"(Bs) > 0.
Furthermore, f is a Lipschitz mapping as a composition of three Lipschitz map-
pings. It is easy to see that |DF(z)| = 0 and Jp(x) = 0 for almost every z € Cy and
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the composition with Lipschitz mapping cannot change this. Hence |D f(z)| = 0 and
J¢(z) = 0 for almost every z € C4 and consequently

(4.5) Ko(z, f) =1 for almost every z € Cla.
With a similar way we may also show that

(4.6) Ki(z, f) =1 for almost every x € Clj.

Moreover, F' is locally bi-Lipschitz outside of C'4 and hence preimages of sets (out-
side of Cy) of zero measure have zero measure. It follows that g has classical de-
rivative at F'(z) for almost every x ¢ C, (as the preimage under F' of points of
non-differentiability of g has zero measure). As g is bi-Lipschitz we can argue sim-
ilarly to deduce that the derivative of w exists at a point g(F'(x)) for almost every
x ¢ C4. By the chain rule we obtain that for almost every x ¢ C4 we have

(4.7) [Df ()] = |Dw(g(F(x)] [Dg(F () |[DF(z)], and

(4.8) | D f(2)| = |DPw(g(F(x)))| [DPg(F(x))| | D*F()].
In addition, we also get

(4.9) J(x) = Ju(g(F(x))) Jo(F(2)) Jr(z) -

It follows from (4.3)—(4.9) that

[Df ()] |DF(z)["
4.10 Ko(z, f) < < K,K,—————, and
| D* f ()" L pen1 \D F(z)|"
411 Kz, f) < 20 o penetpen=
( ) 1(@, f) Jp ()1 g ( -1
for almost every z € QO\CA Finally, by (4.5), (4.10) and (4.1) we conclude Ko (-, f) €
L? (Qo) for all 0 < p < —=. Similarly, by (4.6), (4.10) and (4.2) we conclude that
Ki(-, f) € LL .(Qo) for all 0 < g <1l O

5. MAPPING OF A CANTOR SET ONTO A CANTOR SET WHICH MAPS CORNERS
ONTO CORNERS

Before coming to the proof of Theorem 1.3 we need to construct a special home-
omorphism which maps a Cantor set of positive measure onto a Cantor set of zero
measure such that the corners of the first construction are mapped close to the corners
of the second construction. Here by corners we mean the part of the cubes Q;(k) \Qu(k)
that are close to edges and vertices (see Fig. 8), the formal definition is given later.
Let us note that the standard construction (see the mapping g in section 2.6) is not
good for us as the (relatively small) corners of the first Cantor construction are not
mapped onto (relatively big) corners of the second Cantor construction. We have to
define the mapping close to the vertices so that it is stretching much more there.

Let us define the Cantor sets Cy := Cl{ar}2,] and Cp := C[{bx}72,] by setting

1 1
(5.1) a 2(1+2k) and by = 2759,
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where > n + 1. Then
L"(Cy) = lim 2"%(24;,27%)" = lim (1 - i)" =1
4 k—o00 k k—o00 2k
and

L*(Cp) = ,}1_{{)10 27 (20,27%)" = lim 27" = 0.

k—o0

5.1. Planar case. For simplicity and comprehensibility we give the details of the
construction only for n = 2 and then we briefly explain the differences in higher
dimensions. Set

(52) T = Z*kak and fk = Qikbk,

and recall that the cubes in the definition of the Cantor set C'y (see section 2.5) are
defined as

Th—
Qo) = Q(Zv(k)> Tl> and  Quk) = Q(Zo(k), Tk)-

For simplicity assume that z,u) = (0,0). Then we define the corners G, and sides
Sy of the annulus Q'v(k) \ Qu(r) as follows (see Fig. 5): we project vertices of Qq )
onto sides of Q’v(k) and we get points

(£rp, £251) and (£252, £rp).

'(Tka TkT_l)

S Gy
(Tk-i-l + 3’67 Tk:)‘f

P

X0 0)

o Co

Fig. 5 Construction of corners in dimension n = 2

Analogously we project vertices of four smaller cubes Qy(x+1) onto 8@’1)@ +1) and
we get points
(:i:(rk+1 + ), 4ry,) and (£rg, £(rps + 2)).
We connect the corresponding eight pairs of points (e.g. we connect (ry, r’“Z‘ L) with
(rk+1 + %5, 7x)). In this way we divide the annulus @, ;) \ Qo) into eight parts and
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we call Gy the four parts that contain the vertices and Sy the other four parts along
the sides (see Fig. 5).

Analogously define the division of Q;(k) \ Qui) Correspor}ding toNthe construction
of a Cantor set C'z and we divide this annulus into parts G and Sj. Qur alm is to
construct a mapping g which maps parts Gy onto corresponding parts Gy and parts
Sk, onto corresponding parts Si. In this way g maps the corners Gy, of the first Cantor
construction onto corners Gy, of the second Cantor type construction. The mapping
that maps G onto Gy, is in fact given by a formula

x
(el + )
]l
similarly as in (2.4). The difference is that now the mapping will be radial (in supre-
mum norm) with respect to different centers. The role of center in the domain will
play the point ¢; in Fig. 5 and the role of the center in the domain is the corresponding
point ¢ in the image (see Fig. 6).

Fig. 6 Mapping of a corner onto another corner for n = 2

We define g by

N T —c
(5.3) g —c1) =& + (allz — i + Bk)m for x € Gy,
—
where ay, Bg, v and & are defined so that (see Fig. 6)
(5.4) appr + B = pr. and  agp), + Br = Py, -

This choice implies that the mapping is continuous and has correct boundary values.
Since g is affine on

SN OQys G N Qyrys Sk N Quiiy and Gi N Quy

it is easy to see that the definition for k£ and k£ + 1 from top and bottom agree on the
boundary. Let us also note that in (5.3) we obviously have different ¢; and ¢, for four
different parts of Gy (upper right, upper left, lower right and lower right).

Similarly let ¢y and ¢, (see Fig. 5) be the centers corresponding to mapping S, onto
gk and we define

~ r —C
g(x = ¢3) = & + (]l — e M’“)m for z € Sy,
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where 7, and §; are again chosen so that the mapping has correct boundary values,
i.e., (see Fig. 7)
(55) fYk)\k: + 51€ = :\k and ’)/k;)\;C + 51@ = /~\§C

It is not difficult to see that in this way our mapping ¢ is a homeomorphism by a
similar reasoning as in section 2.2.

s Co S
L [ ]
AN . €2

Fig. 7 Mapping of a side onto another side for n = 2

Now we compute the exact position of ¢y, ¢o, determine parameters o, B, Vi
and J, and estimate the derivatives of g. Let us denote by y = ax + b the line that

connects (7, “5%) with (141 + %, 7ry) (recall that z,p = 0), i.e.,

b =arp+band ry = a(rpe + %) + 0.

An easy computation leads to

Tk—1
— Tk Ap—1 — Ak Tk—1 3 1
5.6 = 2 =2 =4dandb=——4dry = ——— — —.
( ) “ %k — Tk+1 g — Qk+1 an 2 "k 2k+1 22k

We obtain the coordinates of ¢; by finding intersection of lines y = x and y = az + b
and we have

1 1 1 1
a= <2k+1 + 3. 22k’ 9k+1 + 3. 22k>‘
Similarly we obtain from

el = Gy + b and 7 = a(Frp + &) + b

that
a=2" p= QIH-(_Tl—I),B and ¢ = <(26+1 — 11)2k+(k—1)6’ @ = 11)2k+(k—1)6)'
Knowing ¢; and ¢ it is easy to see (see Fig. 6) that
1 1 e 1 1
Ph=Th ™ 9kl 39260 PRT o T o T 302k
. - 1 and 1, — Tp—1 1

Pk =Tk = (98+T _ 1)kt (D)5 2 (2641 — 1)2k+(k-1)B"
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For x € G}, we have
agllz = ci]| + Br ~ pr ~ 27 and ||z — ¢y ~ prp ~ 27
and by (5.4) it follows that
_ P 27 oh—kf
L -2k '
Pr — Pk 2
By Lemma 2.3 we obtain that for z € G we have

arllz — ci| + B k—kB 2~h=Hb k—kf
(5.7) |Dg(x)| ~ max{ak, T ~ max< 2 el 2

073

and as (here n = 2 but similar estimate holds for other n)
(5.8) J5(x) Nak(ak“:ﬂ—@” + Bk

|z — c]
Similarly the point ¢, lies on y = ax + b for x = 0 and we have

3 1 5 -1
Co = (0, __2k+1 — ﬁ) and Coy = (07 —2k+(k—1)ﬁ>'

Knowing ¢, and ¢, it is easy to see (see Fig. 7) that

n—1
) ~ 2"k=kB) e have Ko(z,g) ~ 1.

3 1 o oreq 3 1
)\k:rk+_2k+1+ﬁ’ )\k:_Q +2k+1+ﬁ
~ - 1 2 Th_1 1
A = T+ Py and A\, = 5 + =T

Analogous computation as above gives that for x € S, we have
Vel = cal| + 8k ~ A ~ 27F7F8 |l — ey ~ A ~ 27F,
and by (5.5) we get
MR 2k

k—k
v vl =
It follows by Lemma 2.3 that for z € S, we have
o—k—kp
(5.9) |Dg(x)| ~ max{gk—kﬂ, W} = 2N,

Jy(x) ~ 2578 (27K T and Ko (x, g) ~ 280D,

5.2. Higher dimensions. Now let us briefly explain the differences of the construc-
tion for n = 3. Again for simplicity assume that z,) = 0 and let us concentrate on
the first octant

{($1,$2,$3> € (—1, 1)3 ] Z O,IQ Z 0,373 Z O}
We consider planes (see Fig. 5)
To =axr1+b, 1 =ars+0b, 3 =axr1+0b, r1 = axr3+b, xo =ax3+band xr3 = ars+0b,

where a, b are the same as in (5.6). We consider similar planes in other octants and
these planes will divide Q;(k) \ Qu(r) into 8 + 6 + 12 = 26 parts. Eight of these parts
contains a vertex of (Q,x) and we call them again Gj. Six of these parts contains
centers of faces of Qyk) (and big part of the face itself) and we call them S;.. Finally
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the remaining twelve parts contain centers of edges of Q) (and big part of the edge
itself) and we call them Ej.

Similarly we divide Q;(k) \ Qu(r) into 26 parts and we Woul(~i like to map correspond-
ing parts onto corresponding parts. For mapping Gy onto Gy we consider points (of
course with corresponding =+ signs for different vertices of Q)

1 1 1 1 1 1
‘1= <2k+1 + 3. 92k’ Qkt1 + 3. 92k’ Qk+1 + 3.22k>

and

1 1 1
‘1= ((Qﬂﬂ —1)2kF (1B (2B+1 — [)2R+(h-DB (26+1 — 1)2k+(k—1),8>'

The mapping

g(r —c1) =& + (llr — a1l + Br) 77—

T for x € Gy,
|z — al

works exactly as before and maps G, onto G, and all the estimates (5.7) and (5.8)
remain valid.
Similarly for parts S; we define points

3 1 _ —1

(and corresponding permutations and signs for different faces) and we define

~ r —C
g(x — c3) = é + (mllz — cal| + ‘S“M for z € Sj.

As before we obtain (5.9). It is not difficult to see that this mapping is continuous on
G, N Sy, and on other parts where it is defined.

It remains to consider parts Ej that correspond to edges of (o). Let us consider
for example the edge from (rg, ry, %) to (—rg, 7k, 7). This part of the set Ej intersects
two corners Gy, in fact it has a common face with those two corner sets. Let us call
these faces A and A. It is easy to see that these two faces are the same up to a
translation and rotation and hence for every x € A we can find a corresponding point

a € A. Since g is already defined on those two faces (by the definition on Gj) we can
define

(5.10) g(tz + (1 —t)z) = tg(x) + (1 — t)g(z&) for every ¢ € [0, 1].

As each point in Ej, can be written as such a convex combination we have defined
g on Ej. It is not difficult to see that this g is continuous on E, N Gy and Ex N Sy
and that we obtain a homeomorphism. It remains to estimate its derivatives. Both
derivatives along A (or A) are comparable to 28°% as in (5.7). The derivative in the
t-direction (see (5.10)) is comparable to the ratio of side lengths of Q) and Qv(k)

2;:56 = 27%8_ Tt follows that on Ej;, we have
(5.11) |Dg(x)| ~ ok—Bk Jy(z) ~ 22(k=Bk)o=Pk  and Ko(z,g) ~ 2F,
and also

(5.12) |D¥g(x)| ~ 22*=FR) and  Kj(z,g) ~ 2%

and hence it is comparable to
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To sum up the estimates close to d-dimensional faces (set d = 2 for Sk, d = 1 for Ej
and d = 0 for Gy) of the cubes we have

(5.13)
o2F=Bk if x € Gy, 23(k=5k) if v € Gy,
|Dg(z)| ~ ¢ 28FF ifx e By | Jy(x) ~ < 22k=Bk=Bk if x ¢ ), and
2k=Pfk if r € S, ok—Pko=26k —if x € G,
22(k=Bk) if x € Gy,

|DPg(z)| ~ { 225K if x € E,
ok=Bko=Bk if x € Sy,

and also
1, ifze@G, 1, ifze@G,
(5.14)  Ko(z,9) ~{ 2%, ifxeE, and Ki(z,9)~< 2%, ifz € E,
2%k ifx € S 2k ifx e .
Similarly we can estimate the derivative of the inverse:
(5.15)
oPk=k if y € Gy 23(Bk—k) if € Gy,
Dgt(y)| ~ ] 2°%  ifye By, Jya(y) ~Q 220kR2fk ify c F and
26k ifye S, 2(BE=k)928k if 4 € S,

2O ifye Gy
[Dfg ' (y)| ~ ¢ 20k=RI20k if y € E

22ﬂk, it y € S,
and for the distortions we have
1, ifedq, 1, ife G,
(5.16) Ko(y,g ')~ 2%, ifye B, and Ki(y,g ')~ 2¢ ifyekE,
Qk, if y € Sy 22k, it y € Sk.

In dimensions n > 4 it is possible to proceed similarly. We do not need the con-
struction in higher dimension and therefore we will only sketch it. The corresponding
hyperplanes xz; = ax; + b divide Q;(k) \ Qu(r) into parts that correspond to various
d-dimensional facets for d € {0,...,n — 1}. We define the mapping as radial (with
respect to supremum norm) on corners Gy and on “(n — 1)-dimensional” faces Ej.
Then we use various linear interpolation to define it on the remaining parts. On the
parts that correspond to d-dimensional faces we have

|Dg(z)| ~ 28P% T, () ~ 20=FR(n=d)g=0kd and Ko (, g) ~ 29
Similarly we can estimate the derivative of the inverse and we obtain
20k for d # 0
Dg~'(y)| ~
1Dy~ (W)l {25’“11c for d =0,
and further we have
2k(=d)  for d # 0

J_1(y) ~ 2CkEBR(=d)gBkd  5nq K N
1Y) an oy,97) ) g0,
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5.3. Definition of corners in three dimensions. In two dimensions we called the
sets G, as corners (see Fig. 5 and Fig. 6). In three dimensions the sets which we will
refer as (three dimensional) corners are the sets

(5.17) Ov(k) =CL:=GLUE,,

where the sets G, and Ej, are defined as in the subsection 5.2.

ENVAN

Fig. 8 Three dimensional corner Cy )

It is easy to see that we can use (5.1) and (5.2) to estimate its measure as
3 Tk—1 2 —5k
L (Coy) < Crk—l(T —rp)” < C2

and hence

(5.18) L Cow) <2%L(Cowy) < C27%.

v(k)eVk

6. EXPLICIT CONSTRUCTION OF THE BI-LIPSCHITZ MAP IN THREE DIMENSIONS

Let us now consider the Cantor set Cp := C[{bg}32,] of zero measure defined by
the sequence

bk — 2710]6

and suppose the Cantor set C4 := Ca[{ax}72] is defined as in section 5.

Points in [—1,1]* we denote in coordinates as (z,y, z). Let § > 0 be small enough
(we give exact condition later) but fixed. We use Sy to denote a specific “sector” of
angle 6:

Sp:={reR":1- ¢ <arctan(y/z) <1+ ¢},

Le, S = {(z,y,2) € [-1,1]* : (z,y) € s,”} where the set s;¥ can be seen in the
picture below.
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Yy

Fig. 9 Definition of sector Sp.

Suppose L : [-1,1]*> — [—1,1]? is a given bi-Lipschitz map which takes the Cantor
set Cp onto corresponding Cantor’s tower C%, and let g be the homeomorphism
defined in section 5. Then we define the set of bad points (related to mapping L) as

BAD(L) := {z € (—1,1)* : L(g(x)) € Sp},
and for each k € {1,2,...} we define the set of bad points in k-th step as

BAD, (L) {xe U Qi \Qv(k):L(g(:v))ESg}

k)evk

_ {1’ € U Qi \ Qugey : € IB%A]D}.

v(k)eVk

Our goal is to find a bi-Lipschitz map L : [—1,1]3 — [—1, 1] such that the following
conditions hold:
(1) Mapping L takes Cz onto CL.
(2) We have

60 @og (50 (@ U Q) © U

v(k+1)eVk+1 k)evk

In other words, the preimage (L o g)~!(Sy) is contained in the union of the
corners. This can be written equivalently as follows:

BAD; (L) C C’v(k)

(3) Mapping L maps Qv(k) onto the cube L(Qv(k)) of the same size.

We know that corners of C'y are mapped onto corners of Cz by g. Hence our
mapping L has to map corners of C'z onto a set which contains &y. Recall that
corners are defined in (5.17) (see also Fig. 8) and hence we require that the images
of red pipes (in the Fig. 10 below) under mapping L do not intersect Sp. We will
also prescribe the values of L on the boundaries of Q,, so it is easy to glue mappings
together.
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Ne o — o U - 1 I

Fig. 10 The sets Ej (yellow slabs), the sets Sj, (red pipes) and
the sets Gy, (empty space between the slabs)

To define the bi-Lipschitz map L : [-1,1]> — [—1, 1]* we first define a bi-Lipschitz
map Ly : [—1,1]* — [—1, 1]® satisfying the conditions (1)—(3) above for k = 1. After
this we iterate this procedure in the following steps and check that the bi-Lipschitz
constant stays the same in all steps of the iteration. Moreover, we also need to check
that the boundary values of all the iterations L will coincide. We briefly outline this
below:

Outline of the construction of the mapping L. Our mapping will be a compo-
sition of four bi-Lipschitz mappings

Ly:=LsoL,oL,o0L,.
The mapping L, prepares the correct boundary values and it is identity in most places
(6.2) L,(z,y,2) = (x,y, 2) for every (z,y,z) € [-1, 1% x [-1+ %, 1— %],

especially it is identity on cubes Qv(l) and in their neighborhood. Furthermore, it
moves the small two dimensional red squares on top and bottom of Fig. 10 (corre-
sponding to z = +1) to other places so that their image does not intersect SyNI[—1, 1]
(more details are given below). Then, we define a mapping L, which moves 8 cubes
Qv(l) in the z-direction so that their z-coordinate becomes

(6.3) {_7 5 3 1135 7}7

878 8 8888

so they correspond to the z-coordinates of the tower formation (see Fig. 3 and Fig. 4)
in dimension n = 3. The image under L, of Q) and red pipes from Fig. 10 is
shown in Fig. 11 below (we show the projection to xz-plane). It is easy to see that

the projections of LZ(Qv(l)) to z-coordinate are disjoint and far away (their size is in
fact much smaller than on this sketch).
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Fig. 11 L, maps z coordinates of Qv(l) to tower formation (projection to xz-plane)

Then the mapping L, moves the cubes Lz(Qv(l)) in the y-direction to the center
so that their y-coordinate becomes roughly 0. Then the mapping L, moves the cubes
L, (LZ(Q,,(U)) in the z-direction to the center. In this way we map Q,,(l) into the
tower formation.

Explicit construction of the mapping L. Let us now show in detail that we can
do the construction, described above, by using bi-Lipschitz maps and that (6.1) will
be satisfied at the end if we do this construction with a suitable way.
Let

tel-24+ .2 —- Llandse [-L + &, £ — .
We define piecewise linear functions hy, g; @ [—1,1] — [—1,1] such that h(—1) =
gi(=1) = =1, ly(1) = g:(1) = 1,

hs(x) =z + s for s >0and z €

(
hs(z) =x+sfors<0and z €
(

gi(x)=x+tfort>0 and $€[—1+%, _§]7
gx) =z +tfort <0 and z€[-1+4 21— 3],

and hg, g; are linear on the remaining intervals (see Fig. 12).

hu(2) for ¢ <J0 hi(z) for t > 0 Gi(x) for t >0 gi(w) for L0

Fig. 12 Graphs of h(z) and ¢;(x)

It is easy to see that hs(z) and g;(z) are bi-Lipschitz functions. We would like to

shift point =z = —% close to 0 with ¢4, t > 0, and point x = % close to 0 with g,

t < 0. Moreover, by h,, s > 0, we would like to shift point z = —% to points with

coordinates {—%, —%, g, g} and by hg, s < 0, point x = % to points with coordinates

{—%,-2,4,3} (see (6.3) and Fig. 11).
Let

Su Sy, Syt 117 = -2 42— L]
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be fixed Lipschitz mappings such that
(6.4) sa(7,y) = 0 for every (z,y) € 9[-1,1]* and a € {z,y,2}.

Let us define

Lz(xa ya Z) = (Ia y7 hsz(a:,y) (Z>)’
Ly(x7ya Z) = (m7gSy($7z) (y)7z) and
Lx(xa ya Z) = (gsz(y,z) (27), y7 Z)

It is not difficult to see that these mappings are Lipschitz, they map [—1,1]® onto
[—1,1]® and using (6.4) we obtain that they are identity on the boundary 9[—1,1]3.
Moreover, the inverses are given by similar formula, e.g.

(LZ>71<J;7 Y, Z) = (SL’, Y, h;zl(gc,y)(z))a

and it is straightforward to verify that these maps are in fact bi-Lipschitz.

Let us denote by 7, m, and 7, projections to the corresponding coordinates, e.g.
m.(z,y,2) = x. By 74y, sz, T, We denote the projection to corresponding planes,
e.g. Tuy(z,y,2) = (x,y). Our aim is to construct mappings s., s, s, such that the
following is true.

First of all, L, takes eight cubes Qv(l) and shifts their z-coordinate to (6.3) as
in Fig. 11. This can be clearly done using suitable Lipschitz mapping s, which has
constant value on each ny(Qva))- Then L, takes cubes Lz(Qv(l)) and moves them
in the y-direction so that it maps their centers (with y-coordinate % or —%) to points
with y-coordinate 0 , i.e.,

1
for every (x,z2) € 1y, (LZ(QU(U)) we have s,(z, z) = iﬁ'

It is clear that we can select such a Lipschitz map s,. In the end L, takes cubes
Ly(L.(Quv(1))) and moves them in the z-direction so that it maps their centers (with
x-coordinate % or —%) to points with z-coordinate 0, i.e.,

1
for every (y,z) € my..(Ly(L.(Qu(1)))) we have s,(y,z) = :|:§.

Again we can choose such a lipschitz map s,. At the end we have that centers of cubes
L(Qu(1y) have both o and y coordinates 0 and hence they are in the tower formation.

It remains to show that (6.1) holds for carefully chosen s,, s, and s, as above.
We do not give the exact formulas for s,, s, and s, as it would be lengthy and
non-transparent. Instead we explain on a series of pictures that we can achieve that
the images of red pipes from Fig. 10 do not intersect Sy from Fig. 9. Let us start
with those red tubes that are “parallel” to z and y coordinates and connect Qv(l) to
J[—1,1]%. By (6.2) the mapping L, is just the identity on them. We draw projection
to zy-plane of images of these tubes under each mapping L., L, and then L,.
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Fig. 13 L(red tubes parallel to x and y) does not

intersect Sp (projection to xy-plane)

The definition of corners (see Fig. 5 and Fig. 8) and Sy (see Fig. 9) guarantees that
the projection of red tubes (“parallel” to 2 and y coordinates) is really as in the last
picture (bottom-left one) and hence it does not intersect Sy if 6 is chosen sufficiently
small (but fixed). Moreover, it is not difficult to see from these pictures that this can
be done using Lipschitz functions s, s, and s, with the properties required above.

Now, let us consider red tubes that are “parallel” to x and y axis and connect Qv(l)
together. By (6.2) the mapping L, is identity on them. Again we draw projections
to xy-plane of images of these tubes under the mappings L., L, and then L, - see
Fig. 14 below. The mapping L, just maps Qv(l) to different z coordinates but their
zy-projection remains the same. Then L, maps red tubes (originally parallel to y-
axis) to some S shaped tubes (in the yz-projection) - the red object above and below
black cubes on the bottom-right picture. Then L, maps those S shapes left to the
black cube on the bottom-left picture. The red tubes parallel to  are mapped below
black cubes by L, and then it remains below when we map by L,. Again the image
of red tubes does not intersect Sy and it is not difficult to see from these pictures that
this can be done using Lipschitz functions s., s, and s, with the properties required
above.
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lLy
%

Fig. 14 L(red tubes parallel to x and y) does not

intersect Sy (projection to xy-plane)

It remains to consider the image of red tubes that are “parallel” to z-axis. The
situation is not as simple as the previous case here and we cannot simply use L,oL,oL,
and we have to consider also the mapping L,. There are two reasons for this. First of
all, the red tubes intersect d[—1,1)* and L, o L, o L, is the identity on d[—1, 1]*>. Thus
we have two squares from , ,(Qy(1)) X {—1,1} that intersect Sp (those in the upper-
left corner, i.e. for v(1) = (1,1,1)) and we have to move these two squares away using
the mapping L,. Secondly, L,oL, oL, is just a translation on 8@1,(1) but the red tubes
intersect 8@1,(1). On the two faces of 6@1,(1) parallel to zy-plane we have two big red
squares (intersection of red pipes and 8@1,(1)) that are moved by L, o L, o L, so that
the center of the image becomes (0, 0) in the xy-plane. Therefore these squares clearly
intersect Sp. We correct this by applying L, of the second generation (corresponding
to the definition of L,) and shift these red squares elsewhere.

Let us now explain how to define the mapping L, : [-1,1]* — [-1,1]*. Recall
that L, is just an identity on a big part, see (6.2). Firstly, we define a mapping
¢ [-1,1]> — [-1,1]* for ¢t € (0,1] that shrinks the red square t-times and moves
it outside of the first quadrant (see Fig. 15) for small values of t. More precisely, let
0 < a < 1 be a fixed number such that the red square is [~1 + a,1 — a]?>. We define

_ 2
G (x) = te — (1,1) + (t,¢t) for x € [-1+a,1 — a]’.
It is clear that
C(-14a,1—al’) =[-1+ta,—1+ 2t — ta]?

and hence it moves the red square outside of the first quadrant for ¢ = % Moreover,
we define £ on [—1,1]*\ [-1+a, 1 —a]? (similarly to (2.4)) so that the whole mapping
is bi-Lipschitz (with constant C7) and it is identity on 9[—1,1]?.
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Fig. 15 Definition of the mapping £},

We define
(337%702)’41 for z € [—1+%,1—%],

©65)  Lwya)=1{(6° Fy).z), forzell- 4]
(ﬁ,j?OZJF%(a;,y),z), for z € [-1, -1+ 55].

It is easy to see that this mapping is bi-Lipschitz and maps [—1,1]* onto [—1,1]3.

Moreover, it maps the red square on the planes z = 1 and z = —1 outside of the first
quadrant and it does similar thing for nearby values of z. Now, we can define

Ly:=LyoLyolL,olL,

Let us now briefly explain how to define Ly and glue things together. Then we
show the key property (6.1) for red tubes parallel to z-axis. We know that L;(Qv())
are cubes of side-length 27;. Let us denote their centers as s,1), i.e.,

Li(Qu()) = Q(Sw(1), 7).
We define

- 1 -
L3(x) = sp() + F1 Lz (f—(x - Sv(l))) for x € Q(sv(1), 1)
1

It is easy to check that L? are bi-Lipschitz (with the same constant L) and they map
Q(5v(1),71) onto Q(sy1),71). In a similar spirit we define
- 1 -
(6.6) Lg(m) = Sp(1) +T1Ly <f—(:v - sv(l))) for v € Q(5v(1),71)
1

but we would like to define it also on Q(sy(1)+271€3,71) and Q(sy1) —271€3,71) (here
e3 = (0,0,1)) so we connect it with the identity mapping outside of these three cubes.
Formally we define (compare with (6.5))

<€,§Z($,y),z>, for (z,y,2) € Q((0,0,2),1),

<€;§Z(:v,y),z>, for (z,y,2) € Q((0,0,—2),1),

and it is easy to see that L,, is now identity on 0([—1, 1]*x[—3, 3]). The definition (6.6)
now defines LZ also on Q(se(1) + 271e3,71) and Q(sy) — 271€3,71). It is not difficult
to see that Lf, shifts the red squares on the z boundaries of 0Q(s,(1),71) “outside of

Lp(xa Y, Z) =
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the first quadrant” similarly as L, does for [—1,1]°. Similarly we define L? (resp. L?)
on the cubes L2(L2(Q(sv(1),71))) (respectively on L2(L2(L2(Q(Sv(1),71)))))-

Finally, we show that (6.1) holds for red tubes from Fig. 10 parallel to z-axis for
the mapping Lg oLyoLyoL,oL, Again we show a series of pictures for projections
to zy-plane. The red squares correspond to intersection of red pipes with 9[—1, 1]
(respectively Qv(l) on the last two pictures).

RaE
i

AN

<
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<

N
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Fig. 16 L(red tubes parallel to z) does not intersect Sp (projection to xy-plane)

Our definition of Sy (see Fig. 9) guarantees that the projection of red tubes (“par-
allel” to z-coordinate) does not intersect Sy. Again it is not difficult to see from these
pictures that this can be done using Lipschitz functions s,, s, and s, with the prop-
erties required above. This finishes the proof of (6.1) and also the construction of
Ll-

7. PROOF OF THEOREM 1.3

Proof of Theorem 1.3. Recall that the Cantor sets C'y and Cp are defined at the
beginning of section 5 and that the set Sy is defined at the beginning of previous
section. Suppose that:

(1) Mapping g : R* — R3 is the homeomorphism (defined in section 5) which maps
the Cantor set C'4 onto the Cantor set Cz and maps each set Q;(k) \ Qo)

onto the corresponding set Q’v(k) \Q’u(k) radially and maps corners to corners.
(2) Mapping L : R® — R? is the bi-Lipschitz map (defined in section 6) which
takes the Cantor set Cp onto the Cantor’s tower C% and for which the preim-
age (Lo g)7'(Sy) is contained in the union of the corners (see (6.1)).
(3) Let wy be the mapping which is the identity on R? \ Sy and winds Sy such
that the angle 6 is stretched onto angle 27 4 6 so that the glued mapping is
continuous.
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We need to wind wy not radially but in supremum norm. Formally let
S : R® — R3 be a bi-Lipschitz mapping which maps the unit cube (—1,1)3
onto a cylinder B?(0,1) x (—1,1) naturally (so that S(Sp) corresponds to angle
pe[F—% 2+ Let (r,) be the polar coordinates of the point (z1,z)

and define Wy : R® — R? as the winding map (the radial one)

(rcos(a(@, ©)+ 53— g),rsin<a(0,go) + 5 - g),ygg), ifreSy

x, otherwise,

wy(x) =

where a(f, ¢) == 92T (¢ — Z 4 &) Then we set

wg=S"to@yoS.
Now we define the mapping f : (—1,1)% — (=1,1)3 by
fi=g'oL'owyoLog.
This composition maps Cy onto Cz, then Cg onto Cantor tower C% C (0,0) x [—1,1],

then winds twice around (0,0) x [—1,1] and then maps everything back to C4. In
this way C'y C Bf and Cy C f(Bf)

Step 1: First we need to show that f is absolutely continuous on almost every line
parallel to coordinate axis. Because f is obviously a locally Lipschitz map outside
the set C'4 (as it is a composition of locally Lipschitz maps there) it suffices to show
that f is absolutely continuous along those line segments I parallel to coordinate axes
for which I N Cy4 # (). For this purpose, suppose that I; is a line segment parallel to
x;-axis, such that I; N Cy # (). We claim that actually

f(x) =z forall z € I,
To show this, we first recall the following definitions from section 6:
BAD := {z € (—1,1)*: L(g(z)) € Sp}
and

BAD, := {$ € U Qo) \ Qury : L(g()) € Se}

v(k)eVk
—{ze U @\ Qo :=€BAD}.
v(k)eVk
It follows from (6.1) in the construction of the bi-Lipschitz map L that
BAD, C | ) Cow.
v(k)eVk
and hence using (5.18) we have
(7.1) L3(BADy) < 272,

On the other hand, it follows from the definition of sets Cy () that I; N Cypy = 0 for
every v(k) (since I; N1 Cy # () which implies

I, NBAD = ().
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Thus, for every = € I; we have

(7.2) flz) = (9: ° Lj ) %09 oLog)(z)
= (gt oL oidoL o g)(z) = x,

and the claim follows.

Step 2: Next we will show that
/( IDf(2)*log? (¢ + | Df (2)]) da < o0
1, 1

for every a < —1. For this purpose we observe first that wy(z) = = for x € (0,0) x
[—1,1], and that L(g(Ca)) C (0,0) x [—1,1]. Then, as in (7.2), we obtain f = id on
C'4. Therefore

|IDf(x)| =1 for almost every = € Cjy.

Thus, it suffices to estimate |Df(z)| on (—1,1)%\ C4. For this purpose, we point out
that

(i) g is a locally bi-Lipschitz map on (—1,1)3\ C4 and
g((=1,1)°\ Ca) = (=1,1)° \ Cp.
(ii) h:= L ' owgo L is a Lipschitz map on (—1,1)? \ Cz and
h((=1,1)°\ Cp) = (-1,1)*\ Cp
and h satisfies the Lusin (N~!) condition.
(iii) g~! is a locally Lipschitz map on (—1,1)%\ Cg.
Analogously to the reasoning in the paragraph before (4.7) we obtain from (i)—(iii)

that the chain rule applies to the mapping f = ¢! o h o g almost everywhere outside
the set C'4, and therefore

(7.3) [Df ()| < |Dg~" (h(g(x)))] - IDR(g(x))| - |Dg(=)]
< Lip(h) [Dg ™" (h(g(2)))| - [ Dg ()]

for almost every z € (—1,1)% \ C4. Next we recall that f = id outside the set BAD
(see (7.2)) and therefore it suffices to show that

Df?1 D Df?1 D
/M| flPlog?(e + D)) Z/E DfPlog™(e + |Df]) <

for every v < —1. By (5.13) we have

(7.4) [ Dg(x)| ~ 2877,

for almost every every x € BAIDD,. Moreover, we also have
(hog) (Q/v(k) \ Qv(kz)) = le(k) \ Qv(k)

and thus by (5.15)

(7.5) |Dg~(9(h(2)))] < 2",
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for almost every x € BADy. If we now combine (7.1), (7.3), (7.4) and (7.5) we get

o [e.e]

Z/ IDf|*log™(e + [Df]) ~ Y 2727 log® (e + 2¥) ~ Zko‘<oo
1 Y BADy

k=0

for every a < —1, and the claim follows. This is already enough to prove Theorem
1.3. However, it is interesting to know what level of integrability we may obtain for
the distortion functions Ko (-, f) and K;(-, f) in the construction. Therefore, we will
add one additional step in the proof to estimate the distortions as well.

Step 3: Recall again that f =id on (—1,1)% \ BAD and therefore
Ki(z,f) =1 for almost every z € (—1,1)* \ BAD, and
Ko(z, f) =1 for almost every z € (—1,1)* \ BAD.

As before we can apply the chain rule a.e. outside of C'4 and we get
[Df@)[* _ |Dg " (h(g(x)))|" Lip" (k)| Dg(=)["
Je(e) = T (hlg(x))) Jn(g(x)) g ()
< CKo(h(g(z)),9 ") Ko(x. g).
Analogously we obtain for adjugate matrices |adj(AB)| < adj(A) adj(B) and hence
Ki(z, f) < CKi(h(g()), g~ ") Ki(x, g).

From the estimates (5.14) and (5.16) in section 5.2 and from the fact BAD, C G, U E}
(see (6.1)) it follows that

Ki(z, f) <C2% and Ko(z, f) < C2%
for almost every x € BAD,. Using this and (5.18) we get

/ K[(x,f)pdxz/ xfpdx+z Ki(z, f)P dx
(—1,1)3 (—1,1)3\BAD BAD),

<24 ) 27 < oo

KO(I, f) =

k=1
for every p < 3. Similarly, we get
/ KO(x7f>qu:/ KO(xaf)qu—i_Z KO(xaf)qu
(~1,1)3 (—1,1)3\BAD — /BAD,
<204 27 < oo
k=1
for every q < % U

Remark 7.1. As it was pointed out in the introduction, we do not know what
happens for the size of the branch set of continuous, discrete an open mappings with
positive Jacobian almost everywhere in the borderline space W"~1. However, it is
possible to slightly improve the integrability of the distortions in Theorem 1.3 by
modifying the construction of the mapping f in the proof:
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Proposition 7.2. Denote Qq := (—1,1)3, and suppose that
0<q¢g<2/3 and 0<r<2/3.

Then there exists a continuous, discrete and open mapping of finite distortion f €
WP (Qo, Qo), for all p € [1,2), with

Ki(-, f) € LY(Qo) and Kol f) € L"(Qo)

such that J; > 0 almost everywhere and
£3<Bf) >0 and ﬁs(f(Bf)) > 0.

We will only sketch the proof of the proposition above and highlight the differences
to the construction in Theorem 1.3:

Sketch of the proof of Proposition 7.2. Instead of considering only two Cantor sets we
will work now with three different Cantor sets

Ca=Cla}iL], Cp:=C[{b}iZi] and Cco:=C{alili]
defined by the sequences

1 1 1 1
_ _ o9—Bk _
m=g(14g) =27 and a=3(1+55)

where 8 > 0 can be chosen with a similar way as in the proof of Theorem 1.3, and
the exponent 0 < 7 < 1 is defined later. In addition, suppose that the mappings
g, L, and wy are defined similarly as in the proof of Theorem 1.3. We also consider
a new homeomorphism A : (—1,1)*> — (—1,1)® which maps the Cantor set Cc onto
Cp. The mapping h can be defined with a similar fashion as the homeomorphism g
in section 5. Then we set

f=htoLlowyoLog.

One may check that this will give us a Sobolev mapping with positive Jacobian almost
everywhere. Moreover, by calculating similarly as in the proof of Theorem 1.3 we get
the following estimates:

(1) First we estimate the Sobolev norm in the set BAD simply by applying the
chain rule similarly as in the proof of Theorem 1.3. This gives us the following
estimate:

JRLEIREED SEEEID
BAD P

The sum above converges for all 0 < p < 2.
(2) To estimate the Sobolev norm of the mapping outside the set BAD we observe
by analyzing the map
f=hloidog
in each of the sets Sy more carefully (for the definition of the set Sk, see section
5) that

10 0
Df(x)~| 0 1 0 for every x € S
0 0 2vk2—k
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up to some permutation of the column vectors. This will give us the following
estimate:

IDf(z)[Pde <Y 27F(2F2k)P
/(1,1)3\]BA1D> Z

-1
The sum above converges whenever v > ”T.

(3) We estimate the integral of K7 in the set BAD by applying the chain rule,
which gives us:

Kz, f)'da S 272222k,
BAD _
This sum converges whenever 0 < y < =4

(4) Next, by applying the representation for the matrix Df(z) in (2) we may
estimate the integral of K{ in the set (—1,1)% \ BAD as follows:

f(x, fTde <Y 27F(2%omHkye
[ >
This sum converges whenever vy > —_1.

(5) We estimate the integral of K7, in the set BAD by simply applying the chain
rule. This gives us the following estimate:

Ko(l', f)’r dx S Z2—2k(22k22’yk>7’"

BAD 1
This sum converges whenever 0 < vy < %

(6) Again, by applying the representation of D f(z) in (2), we may estimate the
integral of K7, in the set (—1,1)* \ BAD as follows:

Ko de < 27k (Qkgkyr
/(1,1)3\IB%AJD> Z

This sum converges whenever 7 > =%

Suppose now that the parameters 1 < p < 2, 0 < ¢ < 2/3 and 0 < r < 2/3 are
fixed. Then we may choose the parameter v such a way that it satisfies the following
condition

Y Y

p r 2q
More precisely, it is enough to choose 7 such that

{p—l r—1 2¢—1 1—r 1—q}
max — .

}<7<min{ ,
r q

L1y
= —+e¢
g TS5 TS

where € > 0 is some sufficiently small number depending only on the values of the
parameters ¢ and r. With such a parameter v we may see that the mapping f satisfies
all the estimates (1)—(6) above. Other parts of the proof we leave for the reader.

O
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