EXACT RATE OF DECAY FOR SOLUTIONS TO DAMPED SECOND
ORDER ODE’S WITH A DEGENERATE POTENTIAL

TOMAS BARTA

AssTrAaCT. We prove exact rate of decay for solutions to a class of second
order ordinary differential equations with degenerate potentials, in par-
ticular, for potential functions that grow as different powers in different
directions in a neigborhood of zero. As a tool we derive some decay esti-
mates for scalar second order equations with non-autonomous damping.

1. INTRODUCTION

In this paper we study rate of convergence to equilibrium of solutions to
second order ordinary differential equations of the type

(DP) ii + g(in)it + VE(u) = 0,

which describe damped oscilations of a system. We assume that the potential
energy E : R" — IR, hasits only local minimum in the originand g : R" — R
is positive (except in the origin), so the term g(i1)ii has a damping effect.

The scalar case with E(u) = alul’, g(s) = bls|* was studied by Haraux
[9] and the vector valued case with E(u) = IIA%MIIF’, g(s) € (cilsl*, calsl*), A
being a symmetric positive linear operator on a Hilbert space H was studied
by Abdelli, Anguiano and Haraux [1]. For these cases exact decay rates
were derived. Let us mention, that in both cases E satisfies E(u) ~ |[u|l,
(VE(u), u) ~ ||lull on a neighborhood of zero (where f ~ gmeanscf < g < Cf
for some positive constants ¢, C and (-, -) is the scalar product on H).

In [5] similar decay estimates as in [9], [1] were derived with the assump-
tions formulated in terms of the Lojasiewicz gradient inequality, namely for
E satistying

(1) clIVE(u)|l < E(u)'~% < CIVE(w)||

and |[VZE(u)|| < |IVEw)||=% on a neighborhood of zero. The right inequality
in (1) is called the Lojasiewicz gradient inequality. Let us mention that the
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potential functions E from [9], [1] satisfy (1) and also the condition on V?E
with 6 = -

The goal of this paper is to study degenerate cases, where the above
assumptions do not hold, e.g. the behavior of E is not power-like or E does
not satisfy the left inequality in (1) with the same 0 as the right inequality.
A prototype of such E is

() E(u) = [luallP* + - - + lloenl”

withu = (uy,...,u,) (u; € R" are not neccessarily scalars) and p; > p, > --- >
pn = 2 are not all equal. We show that in such cases we obtain the same
estimates (from above and from below) as for E(u) = ||u|[*.

Further, we study the exact decay for the case where u; in (2) are scalars.
In the case studied in [9] and [1] the authors have shown thatifa > 1— % (i.e.

the damping function is smaller than a treshold), then the solutions oscilate
and all solutions converge to the origin with the same speed. On the other

hand, if a <1 - % (the damping function is larger than the treshold), then

the solutions do not oscilate and there appear solutions with exactly two
rates of convergence called fast solutions and slow solutions (see also [2]
for existence of slow solutions). We show similar results for the degenerate
case, in particular we show that for E given by (2) with u; being scalars, at
most 1 + 1 speeds of convergence occur (depending on p;’s).

While studying the exact decay for solutions to (DP) we look at the equa-
tions for single coordinates of u

3) il; + g()u; + p||ui||”_2uz- =0, i=1,2,...,n.

Since we assume E to be in the special form (2) (a slightly more general case
is considered below), these equations are coupled only by the term g(it)u;.
So, we consider these coordinate equations as non-autonomous problems

(4) ﬁ]' + g]‘(ﬂj, t)llj + E(M]‘) = O,

where the dependence of ¢ on other coordinates 1;, i # j is hidden in the
dependence on ¢, in particular, g; is defined by

81(5,8) = QU (), .., a0, 5, 1jua (B, ., (D).
Therefore, we also give results on decay and oscilations for non-autonomous
equations of the type (4) that may be of interest on their own. The results for
a<l- I% are again similar to those in [9], [1]. Decay estimates for another
type of non-autonomous damping were derived in [3], [7], [10].

1Some decay estimates for even more general E satisfying only the Lojasiewicz inequality
were obtained in [8], [6] and [4] but these estimates are in many cases not optimal and it is
an open question, whether they are optimal at least for some problems.
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The paper is organized as follows. In Section 2 we present basic definitions
and assumptions valid throughout the rest of the paper. Section 3 is devoted
to the scalar autonomous problems and Section 4 to scalar non-autonomous
problems. The results in this section are based on comparison with the
autonomous case. The degenerate vector-valued problem (DP) is studied in
Section 5.

2. BASIC DEFINITIONS AND PRELIMINARIES

In this paper we study three types of equations: the scalar autonomous
problem

(AP) ii + g(u)u+E'(u) =0,
the scalar non-autonomous problem
(NP) i+ g(u, )t + E'(u) =0,

and the degenerate vector valued problem (DP). The assumption on g €
C(R) for (AP), resp. g € C(IR") for (DP) is

G) Celsl® < &(s) < Cglsl?,
in the non-autonomous case we assume only ¢ € C(R X R;),
(Gn) Cels* < g(s, t)

for some a € (0,1), cg, C; > 0 and all s in any bounded set (with ¢,, C,
depending on the set), and all t > 0 in case of (Gn). The potential function
E € C*(R) in (AP), (NP) is assumed to satisfy

(E) celsl’ < E(s) < Celsl’,  celsl” < E'(s)s < Cels/”

for some p > 2, cg, C; > 0 and all s in a bounded set. In case of (DP) we
assume E € C3(IR") is in the form

E(u) = Eq(uq) +--- + E,(u,),

where u = (uy,uy,...,u,), E; € C3(R) satistfy (E) with exponents p; respec-
tively andp1 >2p, > --- > p, > 2.

By a solution to (AP), (NP), (DP) we always mean a classical solution
defined on R,. If u (resp. u;) is a solution to one these equations, then v
(resp. v;) always denotes its velocity, i.e. v = 1 (resp. v; = 11;). We denote

E(u,v) = %HUH + E(u).

This function is non-increasing along solutions since

(), o(0) = (000, 50 + (VE@®), o)) = ~g(®)lo®I <0,
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whenever u is a solution to any of the studied equations. Sometimes, we
write &(t) instead of &(u(t), v(t)).

Ifa>1- % (p, a from (E), (Gn), (G)), we speak about the oscilatory
case, otherwise we speak about the non-oscilatory case. In the non-oscilatory
case, we say that the solution u is a fast solution if it converges to zero and

limy o0 élzfi:l)l) = +oo (i.e. the kinetic energy is much bigger than the potential

energy of u as t tends to infinity). On the other hand, u si called a slow
solution if it converges to zero and lim;_, ;. élzigl)l) = 0.

Let us now present two easy lemmas that show that the fast solutions con-
verge to zero faster than slow solutions and how the speed of convergence
depend on the trajectory in the uv plane, i.e. on the ratio of [[u(t)|| and [[v(?)]|.
Let X(a,b) = {u € C*((a,b)) : 1 > 0on (a,b)}. By trajectory of u we mean the
function V,, : u(t) = v(t), i.e. V,(x) = v(u™(x)), x € (u(a), u(b)), where v = 1.

Lemma 1. Leta < x < y < band let uy, u, € X(a,b) with V,, > V,, on [x,y].
Then uy needs more time than uy to get from x to y, i.e. if ui(t;) = x = uy(t) and
u1(s1) = y = uy(s2), then sy — t; < s, — to. Moreover, it holds that u, < uy on
(t1,51). If, moreover, V,, (x) > V,,(x), then s; — t; < sy — tp and uy < uq on (t1,51).

Proof. We have fori=1,2

soi= [ [Ge= | v = | ww

The assertion now follows easily from V,, > V,, (resp. V,, > V,, on a
neighborhood of x). O
Lemma 2. Let u € X(0, +o0) with limy_,,o(u(t),v(t)) = 0. If V,(x) > cx® on
(~¢,0) for some a > 1, & > 0, then u(t) < &1 for some & and all t large enough.
IfV,(x) < cx® on (—¢,0) for somea > 1, € > 0, then u(t) > ot for some & and all
t large enough.

Proof. V,(x) > clx|" means o(t) = u(t) > clu(t)l". Dividing by |u(t)]* and
integrating from t, to t we get

(o) = ) 2 et - ),

1
ie. )
jut)] < ((@ = et — to) + u(to)' ™)™ <t
The opposite estimate follows similarly. O

Finally, f(t) ~ h(t) means that there exist T, ¢, C > 0 such that cf(t) < h(t) <
Cg(t) forallt > T. By

lu(®)l < Cf (D), lu@®)] = Cf(D), lo®)] < Cf(H), lo()] = Cf(H)
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in the Theorems and Lemmas below we mean that there exist C >0, T > 0
such that the inequality holds for all t > T.

3. SCALAR AUTONOMOUS PROBLEM

In this section we study the autonomous problem (AP). We assume that
g satisfies (G) and E satisfies (E) with a < 1 - %, i.e. the non-oscilatory
case. We first formulate the main result, Theorem 3. In fact, it is a minor
generalization of results proved by Haraux in [9]. However, important are
the lemmas below leading to the proof of the Theorem, they are needed in

the next section for investigation of the non-autonomous problem.

Theorem 3. Let a <1 — %. Then all solutions converge to zero and do not oscilate

(e.g. u, v change sign only finitely many times). Further, any solution to (AP) is
either fast or slow. Moreover, every fast solution satisfies

1-a

(5) ul) ~t7%, o) ~tn

and every slow solution satisfies
-1

(6) u(t) ~ £, o(t) ~ £ = R

We first show that some sets are positively invariant for solutions of (AP),
namely sets O, x, Nk, Ps, defined below.

Lemma 4. Denote xy = é—i and x = é—z Let K € (0, k) and ¢ > 0 satisfy

Ce(a+ D\

7) e ( ! ) (k — K)ok,

Then the sets

1 p-1 1 p-1
N.x = {(u,v) eR?*: —e<u<0, kg uleT <o < K‘mlulm}
(8) 1 p-1
Ocx = {(u,v) eR?>: —e<u<0,0<v< K‘Wlulm}

are positively invariant for solutions (u, 11) of (AP). Moreover, any solution in O,
is a slow solution, it enters the set N, x, and satisfies (6).

Proof. We show that the vectors (1, 7) point into N resp. O (we omit the
subscripts) if (1, v) e dN resp dO. Foru =-¢g,v>0andv =0, u <0itis

obvious. For v = K“” |u|a+1 u < 0 it follows from

y ’ a+l -1 d T 2L
v= —g(U)U —E'(u) > —CgZ) +cpluf7 =0> — d “* 1] .
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It remains to investigate the upper part of the boundary, i.e. v(t) = K~ w7yl &,
u < 0. Here we have

. 1 -1
v —Celv|*™ + Cglulf c c T
- < g :CE(K——g)’Ua:CE(K——g)K a+1|u| a1
u 0 CE CE
and
L 1 o
iK—ﬁMfm — g+t M
du a+1
; 1 p-1 . .
Therefore, & < %K‘mlulm < 0if and only if K € (0, x) and
—2—q —a c
< SR (L - )
p— 1 CE
and the positive invariance is proved.
. -1 1 4 .
Since i—a g we have |u|ms < Clu|z (for all u in a bounded set), and

therefore any solution in O is slow. Moreover, if a solution (u,v) belongs
to O \ N, then functions u and v are increasing, and therefore the solution

_a+l —_1 -1 -1
enters N. By Lemma 2, u(t) ~ t 72 and due to x, " Iul% <v< K‘ﬁlul%

__a¥1 p-1 __p1
we have v(t) ~ t r2aTia =t p2a, O

Lemma 5. There exist 6, 1 > 0 such that the set
Ps, = {(u,v) eR*: -6<u<0,0<v< nlulﬁ}

is positively invariant for (AP) and any solution to (AP) with (u(to), v(ty)) € Py,
for some ty > 0 is a slow solution and satisfies (6).

cg(1+a)

20— 1+a
Proof. Let us define K(u) = C‘ﬁlulplz—_ap, where C = (2(p_1) ) . Let 6 > 0 be

such that K(u) < chgE for all u € [-6,0]. Then for any u € [-6,0], inequality
(7) holds with (¢, K) = (4, K(u)) and therefore (by Lemma 4) the set O_, k() is
positively invariant. We have

K(u) eful = Crfu™ = 51 = Creul ™.
Setn = Cra. If 0 < v(ty) < nlu(ty)|™s, then 0 < (ty) < K(u(to)) ™ [u(ty)| =,
i.e. (u(to), v(to)) € O-utto) Kutp))- Then (u(t), v(t)) € O—uqto) k(uito)) for all t > to and
by Lemma 4 it is a slow solution and satisfies (6). O

Lemma 6. Let us consider two sequences (u,), (v,) satisfying limu, = 0 and
u,<0,0<uv,< Mlunlgfor all n. Then, for all n large enough, (u,,v,) € Py,, with
0, 1 from Lemma 5.
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Proof. Let 0, 1 be the constants form Lemma 5, then obviously u(t,) > -6 for
all n large enough and

0(t) < Miu(t ) = )l () 5 < eI

: p=2 P
for large n since i 0. O

Proposition 7. Let u be a solution to (AP) satisfyingu < 0,v =11 > 0 on (Ty, +0)
and (u(t),v(t)) — (0,0). Then u is either fast solution or slow solution. In the
latter case, u satisfies (6).

Proof. If u is not a fast solution, then there exists M > 0 such that 2. < M

u(tn)|2

fora sequence t, / +oco. By Lemma 6 we have (u(t,), v(t,)) € Ps, for large n.
Hence u is a slow solution by Lemma 5 and (6) holds. O

Lemma 8. Any fast solution u of (AP) withu <0, v > 0 on (T, +00) satisfies (5).

Proof. By Lemma 5, any fast solution satisﬁes u(t) > nlu(t)lﬁ for all t suffi-
ciently large. By Lemma 2, u(t) < ct~'=". It follows that
0 < =™+ Celuf ™! < —xo™*! + Clo|P V19 < (—x + &)o'

since(p—1)(1-a)=p-ap-1l+a=p-2—-ap+(1+a)>1+a. By Lemma?2
we have v(f) < Cts. Since u is a fast solution, we have &(f) ~ v(t)? and due
to &(t) > ¢t~ s we have u(t) > ctv. Now u(t) ~ £+ and by integration we
have u(t) ~ £ O
Proof of Theorem 3. Convergence to zero follows from Theorem 9 below and
absence of oscilations follows from Proposition 11 below. Then any solution
satisfies u < 0,v > 0 on (T, +c0) or symmetrically u > 0, v < 0. By Proposition

7, any solution is slow or fast and slow solutions satisfy (6). By Lemma 8,
fast solutions satisfy (5). O

4. NONAUTONOMOUS DAMPING

In this section we study the non-autonomous problem (NP). We keep the
assumption (E) and assume that g satisfies (Gn). We show that for g bounded
all solutions converge to zero and that they do not oscilate if & < 1 - %. Then

we study decay of the non-oscilatory solutions.

Theorem 9. Let g satisfy (Gn) for some a > 0 and g(s,t) < M for all s from a
bounded set and all t > 0. Then any solution to (NP) converges to zero as t — +oo.

Proof. Let u be a solution to (NP). Since 8(u( ), v(t)) = —g(v(t), H)v*(t) < 0, it
follows that (u(t), v(t)) is bounded and the omega-limit set

w(u,v) = {((p, Y)eR?: At, /400, u(t,) — @, v(t,) gb}
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is nonempty. Let (¢, 1) € w(u,v). If i # 0, then %S(u(t), v(t)) < —cglo(H)|* > <
—¢& < 0 for all t such that (u(t), v(t)) belongs to a small neighborhood N of
(p, ). Due to boundedness of i, © the solution (1, v) spends infinite time
in N, which is a contradiction with boundedness of E(u(t), v(t)) from below.
So, ¢ = 0. Since w is connected, it is an interval [4, b] X {0}. However, & is
constant on w, hence w is a singleton, i.e. limu(t) = ¢.

Since g(v(t),t) is bounded we have for t — +oo g(v(t), t)v(t) — 0. Since
E’(u(t)) — E'(p) we get from (NP) o(t) — —E’(¢). Therefore, E'(p) = 0
(otherwise, we have a contradiction with v(t) — 0). It follow by (E) that
@ =0. m|

Remark 1. It can be seen from the proof of Theorem 9 that if we omit the assumtion
on boundedness of g, then we would still have (u(t),v(t)) — (¢,0). However, ¢
is not neccessarilly zero. In fact, we show that u(t) = 1+ ¢! solves (for t large
enough) (NP) with

g(s, t) = Is|* + max{O,Zt‘1 +PEQ+t71) - t‘za}.

Since v(t) = —t~2 we have for large t (such that 2t7' + PE(1 + 1) = 72 > ()

g(u(t), to(t) = (t—th + 2t + PEQ + 7Y - t—2“) (=t72) = =2t —E(1+t™,
which is exactly —v(t) — E(u(t)).

Let us prove the following comparison Lemma.
Lemma 10. Let 0 < g1(s, ) < g2(s,f) forany s € R, t, > 0 and let E'(s)s > 0 for
all s # 0. Let u;, i = 1,2 be, respectively, solutions to
) il + i1, )i + E'(u;) = 0, i=1,2
with ui(ty) = ux(ty) < 0, v1(ty) = va(ty) > O for some ty > 0. Let t; > ty be

such that u; < 0, v; > 0 on (ty,t1). Then 11, > 0 and u, < uy on (to, t) and the
trajectories Vi(x) = 11;(u;*(x)) satisfy Vo(x) < Vi(x) on (u1(to), ur(t1))-

Proof. Obviously, the solution (15, v;) cannot cross the halfline {u < 0,v = 0}
since ,(t) = —E(u»(t)) > 0 on this halfline. So, v, = 1, stays positive as long
as up < 0. Let t, = sup{t € [to,t1] : up < O on [y, t]}. Then either ¢, = t; or
u(ty) = 0. Then trajectories V7, resp. V, are well defined on (u;(ty), ui(t1)),
resp. (ua(to), ua(t2)). For t € [t, t;] it holds that

v(t) _ —gi(vi(t), Hui(t) — E'(ui(t))

w(t) vi(t) '

So, if for any s, t € (to, t2) we have uy(t) = uy(s), vi(t) = v2(s), then V] (ux(s)) <
V' (uz(s)) (since g1 < &» and other terms in (10) are equal for i = 1 and i = 2).
This leads to contradiction (take infimum of such s), and therefore V, < V;

on (uq(tp), min{uy(t1), ux(t2)}). It follows from Lemma 1 that u, < u; on (ty, t5)
and t, = 1. O

(10) Vi) =
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Proposition 11. Let g satisfy (Gn) for some a < 1 — % and let u be a solution to

(NP) such that lim;_,+.. = 0. Then u does not oscilate, i.e. u, 1t do not change sign
on (ty, +oo) for some ty > 0.

Proof. Let us assume for contradiction that a solution u to (NP) oscilates, i.e.
there exists a sequence t, /" +oo such that u(t,) = 0 or v(t,) = 0. We show
that for every ¢ > 0 there exists T, such that v(T,) = 0 and [u(T,)| < €. In
fact, if v(t) # 0 on some (T, +0), then u would be monotone on (T, +o0) and
it would be a contradiction with existence of t,. So, there exists a sequence
sy /" +oo with v(s,) = 0 and since any solution converges to zero, for large n
we have |u(s,)| < ¢.

Let us without loss of generality assume that u(s,) < 0. Then 9(s,) =
—E’(u(s,)) > 0, so the solution enters the set Ps, defined in Lemma 5. We
show that Py, is positively invariant for solutions of (NP). Obviously, for
u=-56,v>0wehaveu >0,forv=0,u<0wehave v =—-E(u) > 0and for
the remaining part of the boundary v = nlulfa we have 11 = 111, 0 < 0, where
uy is the solution to (AP) with g(s) = ¢,[s|* going through the same point of
the boundary. O

In the following we consider only solutions satisftying u < 0, v = u >
0 on (T,+o0). We now formulate and prove two main theorems of this
section. Theorem 12 is applied in the next section. In fact, it says that any
fast solution converges faster than any slow solution, even for solutions to
different problems with the same a (and possibly different p’s). Theorem
13 says that if the non-autonomous part of the damping is smaller than the
natural damping given by the velocity of slow solutions to the corresponding
autonomous problem, then the non-autonomous part does not influence the
decay.

Theorem 12. Let g satisfy (Gn) with a < 1 — %. Then any solution to (NP)
which converges to zero is either fast or slow. Further, slow solutions satisfy |u(t)| >
ct‘rﬁ%a, o(t) < Clu(t)l% and fast solutions satisfy |u(t)| < ot clu(f)| ™ < o(f) <
Cta.

Proof. Let u be a solution that is not fast. Then there exists M > 0 such that

)< M for a sequence t, /" +oco. By Lemma 6, there exists n € IN such

[1(tn)] 2
that (u(t,), v(t,)) € Ps,. Let us consider the solution u; of the autonomous

problem (AP) with u;(t,) = u(t,), vi(t,) = v(t,). By Lemma 5, u; is a slow
solution to (AP) and it satisfies (6) by Theorem 3. By the comparison Lemma
10 and (Gn), the trajectories satisty V(x) < Vi(x) and u(x) > uq(x) ~ e
(and (u(t),v(t)) belongs to O,k for some ¢, K, what we use in the next
Theorem).
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Let u be a fast solution. Then v(t) > nlu(t)lﬁ on some interval (T, +00)
(otherwise, we would proceed as in the first paragraph of this proof and
obtain that u is a slow solution). By Lemma 2 we have u(t) < Ct~'a". Further,
we have

0= =g(v, )0 + E'(u) < —cgo'™ + Cen' PP V070 < (—¢ + £)0'*?

since 1 + a > (p — 1)(1 — a). Therefore, (again by Lemma (2)) we obtain
o(t) < Ct s, O

Theorem 13. Let g satisfy (Gn) witha <1 — % and

(11) 3(5,£) < Dy(ls| + £ 775)",
Then any slow solution satisfies (6).

Proof. In the proof of Theorem 12 we have shown that any slow solution
(u(t), v(t)) belongs to O, k for some ¢, Kand all t > t,. Let us set T = t, and

take ¢ > 0 such that v(T) > eT_P%a. We show that that v(t) > et_v%a for all
- _rt
t>T. Infact, letty = inf{t > T: v(t) < .St_rl-pz_la}. Then v(ty) = ¢t, " and by
a+l

p—2-a

Theorem 12 we have |u(t)| > ct; , and therefore

__rt __pr-t _ (a+)(p-1)
0(to) = —g(v, to)v + E'(1) = —Dg(1 + &)t 7 et 77 4 cpc Ty T

a+l

= (" lep — Dg(1 + €)e)t,

if ¢ is small enough. It follows that for ¢ € (¢, — 6, ty) we have

-1
v )>O

_r1 -1
o(t) < olty) = et," " < et 7rs,

-1
contradiction with definition of ¢y. Hence, v(t) > et_v-pz_-a holds on (T, +00),

and therefore
a+1

g(v, t)v < C(e)v on (T, +c0).

Now, if we compare the solution u with the solution u, of i + C(e)u**! —
plu™ =0, up(T) = w(T), vx(T) = v(T), the comparison Lemma 10 yields
lu(t)] < lux(t)] ~ Ct 7. Now we have u(t) ~ 775 and due to v < cub

a+l -1

(since (u(t), v(t)) € O, x) we have v(t) ~ t 727", O

5. DEGENERATE POTENTIAL

In this section we investigate the problem (DP). We assume that g satisfies
(G) and E € C*(R") is in the form

E(u) = E1(uq) + - - - + E,(uy),
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where u = (u1,uy,...,u,), E; € CA(R) satisfy (E) with exponents p; respec-
tively, and p; > p» > --- > p,, > 2. Then (DP) can be written as the following
system of equations for u = (uy, ..., u,)

(12) i + g(u)uz + E:(ul) =0, i= 1,2,...,n.

The equations are coupled only by the term g(i1). Let us start with the decay
estimates for solutions of (DP).

Theorem 14. Ifa > 1 — 2, then
P1

(13) E(t) ~ Cot 5.

Ifa<1- p%, then for any solution u of (DP) it holds that
_0+apy 2

(14) Cit e > B(t) > Cyt7a,

Remark 2. Let us remark that Theorem 14 remains valid (with the same proof) if
u; are vector valued functions with values in R", ¢ : R2" — Rand E; : R" — R.
1-20 1

We can also assume that E; satisfy (1) and ||[V*E(u)|| < |IVEw)|| =0 with 6 = m
instead of (E). Then Theorem (14) remains valid with a similar proof where we

define Hi(t) = Ei(t) + llVE(u;())IFI(VE;(u,), v;) with appropriate s, cf. [5].
Proof of Theorem 14. Let u = (uy, ..., u,) be a solution to (DP). Let us define

&(1) = 5o + Ey(u ()

and
H]'(t) = Sj(t) + eluj(t)lﬁfujvj
with f; = $ifa 21— 2 and p; = L=
The last term in the definition of H; is estimated by (we write u; instead
of u(t))

otherwise.

‘ B+
e (I PP*V + o) < Ce (Ej(uj)m Pred) ||v||2) < Ce (Ej(uy) +1lol?),

where we applied the Young inequality, then E;(u) ~ u/ and finally 2(8;+1) >
p; and boundedness of E;(u;(t)). It follows that Hi(t) ~ &;(t). Further, we
have (we write v, u; instead of v(t), u;(t)) for every t > 0
Hi(t) = ~(g(v)vj, ;) — elujlPu;Ej(uy)

+ eBilujffivs
(15) P
+ elu o]

— eluilfiu;g(v)o;.
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Here the first line satisfies (due to (G), (E))

j 2 2 4.
~(g(0);,0) = eluPruiEuy) ~ ~lojl** = o Y ol — el
k]

The second and third lines in (15) are by the Young inequality estimated by
Celo™*? + Ll ' < Celojl*™2 + Sl

since g = “2p; > B; + p;. The last line in (15) is estimated by

Bitpj
e P
elujl o Z foul* < 2l 1 + Celo it Z ol |
k=1
Since F;] tH > 442 the last expression is estimated by

_|u P*7i + Celo|**2 + Celo;| Z o |t
k#j

and by the Young inequality this is less than
i|uj|ﬁf+r’f + Celoy|™* + Ce Y fogl**?.

This term cannot be absorbed into the first line of (15) but after summing
over j it can be absorbed and we obtain

DI WIS NI
(o2 + Y lujff+7i)

d H; 0 0[+2+ uﬁ]+p]
a6 CAH ol R

B B
AHT((folp + X ju )

i.e.,

It follows that

The right-hand side is bounded from below by a positive constant if 2B >
a+2,Bp; > p;+p;for all j. For oscilatory coodrmates, ie ifa>1- 2 these

inequalities hold if B > ”‘+2 .So,ifa>1- p— (all coordinates are osc11atory)
we have

E(t) ~ H(f) < Ct 71 = Ct ™=,

For the non-ocsilatory coordinates o < 1 — r% we need to take a larger B, in
)

a+2
a+l1-

particular B > (1 — plj) Since p; is the largest among the non-oscilatory
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1 at2

s the least suitable and we obtain

coordinates, number B = (1 —

(1+a),
E(t) ~ H(t) < CE 71 = Cf moe,

On the other hand, the right-hand side of (16) is bounded from above if
2B < a+2,Bp; < Bj +p; for all j. Here, the best choice (largest possible B) is
always B = &2 (for both oscilatory and non-oscilatory coordinates) and we
obtain

&~ H(t) > Cts,
which completes the proof. |

From now on, let us assume that u; are scalar valued. For a solution u=
(u1,...,u,) and any fixed i € {1,2,...,n} let us denote f;(t) = 12(t) > 0.
Then u; solves the nonautonomous problem (4) with

8j(thi, t) = g( Vi + f]-(t)) > e (12 + ) = e,

so (Gn) is satisfied. Moreover, by Theorem 14 we know that every solution
converges to zero. Now, we can apply the results from the previous section
to obtain more gentle properties of solutions. In particular, we show that
each solution to (DP) has one of (at most) n + 1 speeds of convergence to the
origin that are given by fast and slow solutions of the equations (12). First
of all, by Theorem 12 we have the following.

l:ﬁ] i

Corollary 15. Let u = (uy,...,uy,) be a solution to (DP). Ifi € {1,...,n} is such
that « <1 — ;7 then u; does not oscilate. Moreover, for such i, functlon u; (as a

solution of (4)) is either fast and satisfies
() < Ct s,  Jo(H)| < Ct e
or slow and satisfies
lu(t)| > Ct 7,

So, we speak about a non- oscilatory coordinate if « < 1 — ’% and about

1

oscilatory coordinate if « > 1 — p— (we do not know whether the oscilatory
coordinates really oscilate) and a non-oscilatory coordinate of a particular
solution can be called slow coordinate or fast coordinate. We now show that
there appear at most n + 1 different rates of convergence of solutions to (DP),
in particular, if there are k non-oscilatory coordinates, then each solution has
one of the k + 1 possible decay rates.

Theorem 16. Let m be such that 1 — -2= <a <1- 2 (set m :Oifl—r%jSa
forall jandm =nifa <1- ’% forall j). Then for any solution to (DP) its energy
]
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satisfies

(1+a)p i

(17) EB ~t% or EE)~t "

for some j € {1,...,m}. Moreover, to each of the m + 1 decay rates there exists a
solution with this decay.

Proof. The moreover part is easy, if all coordinates except u; are zero, then u;
satisfies (AP). Hence, by [9], it decays as ¢~ if it is an oscilatory coordinate

and if it is a non-oscilatory coordinate, then it is a slow solution with &;(t) ~
(+a)p;

t 7" or a fast solution with Ei(t) ~ t~=. Existence of slow solutions follows
from Lemma 4, existence of fast solutions was proved in [9, Theorem 3.4]
for g(s) = c|s|*, E(u) = |ul’ and the general case can be proved by modifying
that proof. It remains to show that no other speeds of convergence appear.

If m = 0, i.e. all coordinates are oscilatory, the statement follows from
Theorem 14. Let m > 1. By Corollary 15, any non-oscilatory coodrinate
behaves like fast or slow solution. Let u = (uy,...,u,) be a solution to
(DP). Let us first assume, that u has a slow coordinate and let j be the first

v;(t)® v ()2
wor 0 and ¢ &y
(1+a)p]-

We show that u satisfies E(t) ~ t 7.

Fori =1,...,7—1 we have by Theorem 12 |u;(t)| < Ct 7, vi(t) < Ct .
__a+l

On the other hand, u; satisfies |u;(t)] > Ct "~™. Since f; + p; = (pi — 1)t

1+a’
pi+pj= (Pj - 1)%:—3, and p; > pj, we have

coordinate, which is slow, i.e. — +oofori=1,...,j-1

PP < PP < Cluy Pt

and
Ei(u) ~ i < P < Cluglt ~ ;)

Now, as in the proof of Theorem 14 we obtain (16) and due to

n n " "
Y B~ Y Ew) and )l ~ )

i=1 i=] i=1 i=j

we can sum over i > j only and obtain
dH ol + L P
T R
(ol + L )

a+2

We can proceed as in the proof of Theorem 14, take B = (1-0;)< and obtain

a+1

(1+a)p]v

ot < E(t) ~ H(t) < Ct 7=,
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(1+a)p]-

T _
By Theorem 12 we have [u(f)] > ct """. Hence, |E;(t)] > ct "™ and
(1+a)pj

therefore &(t) ~ t " ™",

It remains to discuss the case when all non-oscilatory coordinates are fast.
We show that in this case E(t) ~ ¢~ . If there are no oscilatory coordinates, we
are done, since fast coordinates satisfy E(t) ~ v(t)* < Cta by Theorem 12.

Let us now assume that coordinates 1, ..., j — 1 are fast non-oscilatory
and coordinates j, ..., n are oscilatory. We show that the fast coordinates
i=1,...,j— 1satisty

(18) Ei(ui(t)) < Cof(t) and |u;(t)[F*P < Coi(t)**,
and therefore we can sum over i > j again, i.e.

i+pi +2 n 1Bi+pi
(19) CAH ol R el Rl

n B B -
AHT (ol + 2L Ei))”  (JolP + T i)

In fact, the first inequality in (18) follows immediately from the definition of
fast solutions and the second inequality in (18) follows from

PP = |ui(t)|§i—2(pf—1) < Cvi(t)%(lﬂi—l)(l—a) < Coy(H*

since 17%(pi—1) > 1. Now, we can again proceed as in the proof of Theorem 14,

take B = Z and obtain that the right-hand side in (19) is larger than a

positive constant, which yields &(t) ~ H(t) < Ct™4. Hence, E(t) ~ o O
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