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ABSTRACT. We obtain boundedness for the bilinear spherical maximal
function in a range of exponents that includes the Banach triangle and a
range of L” with p < 1. We also obtain counterexamples that are asymp-
totically optimal with our positive results on certain indices as the di-
mension tends to infinity.

1. INTRODUCTION

Let o be surface measure on the unit sphere. The spherical maximal
function

(D) A (f)(x) = sup

‘ (x—ty)da(y)|,

>0 ' J]y[=1

was first studied by Stein [19] who provided a counterexample showing that
it is unbounded on L”(R") for p < -+ and obtained the a priori inequality
|2 (f)llr@ry < Cpull fllLp@ny when n >3, p € (525, 0) for smooth func-
tions f; see also the account in [20, Chapter XI]. The extension of this result
to the case n = 2 was established about a decade later by Bourgain [1].

In addition to Stein and Bourgain, other authors have studied the spheri-
cal maximal function; for instance see [5], [3], [17], [16], and [18]. Among
the techniques used in these works, we highlight that of Rubio de Francia
[17], in which the L? boundedness of (1) is reduced to certain L? estimates
obtained by Plancherel’s theorem. Extensions of the spherical maximal
function to different settings have also been established by several authors:
for instance see [4], [2] [12], [7] and [15].

In this work we study the bi(sub)linear spherical maximal function de-
fined in (2), which was introduced and first studied by [8]. In the bilinear
setting the role of the crucial L? — L? estimate is played by an L? x L> — L!,
and obviously Plancherel’s identity cannot be used on L!. We overcome the
lack of orthogonality on L' via a wavelet technique introduced by three of
the authors in [10] in the study of certain bilinear operators; on this approach
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see [11], [14]. It is worth mentioning a related interesting recent paper [13],
where the authors studied the bilinear circular average when n = 1. Our
object of study here is the bi(sub)linear spherical maximal function

(2) M(f,8) —sup‘/ fx—ty)g(x—tz)do(y,z)

>0
initially defined for Schwartz functions f,g on R". Here o is surface mea-
sure on the 2n — 1-dimensional sphere. We are concerned with bounds
for M from a product of Lebesgue spaces LP!(R") x LP2(R") to another
Lebesgue space LP(R"), where 1/p = 1/p1 +1/p>. The main result of this
article is the following:

Theorem 1. Let n > 8 and let §, = (2n — 15)/10. Then the bilinear max-
imal operator M, when restricted to Schwartz functlons is bounded from

LPY(R"™) x LP2(R") to LP(R™) with 117 = + fo}; all indices (p—1 plz %)

in the open rhombus with vertices the pomts PO = (L, L L p=(1,11),

3 1 3 _ (1428, 1425, 1428,
Py = (5, 1,1) and Ps = (33355 725" 76, )-

Once Theorem 1 is known, it follows that M admits a bounded extension
from LP1(R") x LP2(R") to LP(R") for indices in the open rhombus of The-
orem 1 (for such indices we have pj, p, < ). Indeed, given { f;} ; Schwartz
functions converging to f in L and { g}, Schwartz functions converging
to g in LP2, we have that

IM(f7.8)) = M(fir 8 ) lr < ([ M = f7,87) + M(S5.85 = &) 1o

It follows from this that the sequence {M(f},g;)}; is Cauchy in L7(R")
and hence it converges to a value which we also call M(f,g). This is the
bounded extension of M from LP!(R") x LP2(R") to LP(R"). In order to
pass to the maximal function defined on LP! x LP2 it is also possible to used
the technique desribed in [20, page 508].

Concerning dimensions smaller than 8, we have positive answers in the
Banach range in next section.

2. THE BANACH RANGE IN DIMENSIONS n > 2

Proposition 2. Let n > 2. Then M maps LP'(R") x LP2(R") to L (R")

1,1 1
whenm—i—]72 p,1<p1,p2§00,and1<p§oo.

Proof. We show that M is bounded on the intervals [Py, P;) and [By, P,),
where P, and P, are as in Theorem 1. Then the claimed assertion follows
by interpolation. If one function, for instance the second one g, lies in L™,
matters reduce to the L”(R") boundedness of the maximal operator

M) =sup [ [f(x=1y)ldo(r.c)

>0



BILINEAR SPHERICAL MAXIMAL FUNCTION 3

since M(f,g)(x) < ||g|lz=MO°(f)(x). This expression inside the supremum
is a Fourier multiplier operator of the form

/Rzn 71(€)8(n)do(t&,m)e?™ ™ E+M agan = /R [71(8)do (18,002 e
where 0y is the Dirac mass and

Jn—l (27”‘(5;0)’)
(8,0)[*!

The multiplier c?(;(g ,0) is smooth everywhere and decays like |& ]’(”’%) as
|E| — oo and its gradient has a similar decay.

The following result is in [17, Theorem B] (see also [6]):
Theorem A. Let m(E) be a C"/2+V(R") function that satisfies |0Ym(&)| <
(L+ &)~ for all |y| < [n/2] 4+ 1 with a > (n+ 1) /2. Then the maximal
operator

do(t(€,0)) =2x

£ e sup| (F(E)m(1€))”|

t>0
maps LP (R") to itself for 1 < p < oo.
In order to have n — % > ”—gl we must assume that n > 2. It follows from

Theorem A that M is bounded on L” when 1 < p <ooand n > 2. This
completes the proof of Proposition 2.
O

3. THE POINT (2,2,1)

Next we turn to the main estimate of this article which concerns the point
L[> x1*— L, ie., the estimate | M(f, &)1 < |Ifll2llgll 2

Proposition 3. If y is in C3*(R>"), then the maximal function

M(f,8)(x) = sup

L, F@emytug.m)e™ € agan

satisfies that for any 1 < py,py <eoand 1/p =1/py+ 1/pa, there exists a
constant C independent f and g such that

1M (S, &) ler ey < Cllf e @ lI8llLe ey

The proof of Proposition 3 is standard and is omitted. Next, we decom-
pose M. We fix ¢y € C3(R?") such that XB(0,1) < o < Xp(0,2) and we let

®(&,m) =@ ((&,n)) — @o(2(,7m)). For j > 1 define
mj(€,1) =do(&,n)e27 (& n))
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and for j = 0 define mo(§,M) = cic\r(é,n)(po(é,n). Then we have
c?&zm: ij'

j>0

where c?(\f(ﬁ,n) = 2717]’"‘(%(211—73337)) Setting

-~

L, F©@mm;ag.mye & agan)
we have the pointwise estimate

3) M(f.8)(x) < Y M;(f.8)(x),  x€R"

j=>0

M;(f,8)(x) = sup

>0

\S1[O%}

Proposition 4. For n > 8, there exist positive constants C and 8, =
such that for all j > 1 and all functions f,g € L*>(R") we have

4) IM;(fr8) 1 < Ci27% | fll 2 llgll2-

Proposition 4 will be proved in the next section. In the remaining of this
section we state and prove a lemma needed for its proof.

Wi

Lemma 5. Suppose that 61(&,n) is defined on R*" and for some § > 0 it
satisfies:

(i) for any multiindex || < M = 4n, there exists a positive constant C,
independent of j such that ||0%(c1(E,1))||1= < Ca2779,

(ii) supp o1 C {(&,1m) €R™: |(&,m)| ~ 27,0127 < & < 22},
ThenT(f,g)(x) := [y |To,(f,8) (x)|% is bounded from L*(R") x L*(R") to
LY (R™) with bound at most a multiple of j||oy ||1452*j5/5, where 0;(E,1M) =
(9] (tg ,IM )

Proof of Lemma 5. A crucial tool in the proof of Lemma 5 is the following
result [10, Corollary 8]:

Proposition B. Let m € L>(R*") and Cy > O satisfy ||0%m||;= < Cy for
each multiindex |at| < M = 16n. Then the bilinear operator T,, associated
with the multiplier m satisfies

4/5

1/5
|Toull 2 osrr < CCp Imlf}.

Using Proposition B, setting fAf = fx {c1<|E|<ey2i+1}» bY the support of o7
we obtain that

58S it
1T, (£, 0)lx < Cllorll}e 277 ]| 218 2
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Notice that Ty, (f,8)(x) =t~ *"Ts, (f;,8:)(¥), where fi(&) = f(E/1). Then
4/5~—5/5,—n ~
1To(£,2)llpr < Cllon|[}2727 73| F(E /1), 12180 /) 2 2
4/50—i5/5) 7 N
= Clloill 27 F e 2|8 2,

2J
where Ej; = {§ e R": <L < [§| < =2}
As a result we obtain

L] i () % dx

4/540-is/)5 [~ ~ dt
<Cllonl? 2775 [ e, ol 6t e

1 1
° ~ dr\? * R dt\?
<cllol2 5 ( [ [ 1Fae, Pag) ([ ooz )

We control the last term as follows:

) 21/ |§|dt 2
[ [P Pas<c [ 5 ST@Pag <l

and thus we deduce
4/5~—j .
I7(f, )l < Cllorllh 277 |1 llg ]
This completes the proof of Lemma 5. U

4. PROOF OF PROPOSITION 4

Proof. Estimate (4) is automatically holds for finitely many terms in view
of Proposition 3, so we fix a large j and define

Tu£,8)(0) = [ FEZMm;u,im)e™ & Wagan.
Take a smooth function p on R such that e 1 ;¢ <p < X[ ). Define

m}(é M) =m;(&,n)p ( (log, \|1é1|\ )), then we have a smooth decomposition

of mj with m; :m}-—l—mj. On the support ofm;- we have C~1277|&| < |n| <
C2/|&| and on the support of m? we have 2/079)|&| < [n| or 2/(178)|n| <
|E|. We define

Mi(f,8) =sup|T,(f:8)l, i€ (1,2},

where let and T]2 correspond to multipliers m ( (£,m)) and m* ( (&E,n))
respectively, such that 7, = let + szt Then for f ,& Schwartz functlons we

have

M;(f,8)(x) =sup|T},(f,8)(x)|

>0
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th , 8
_Sup/o (f,8) ds

>0 ds 5

< [(TL oIS,

where T1 has bilinear multiplier m; (sé sn) = (s&,sn) - (Vm )(s§ sn),
a dlagonal multiplier with nice decay, which can be used to estabhsh the
boundedness of the diagonal part with the aid of Lemma 5.

Recall that
o S (27(€,1))
m](é?”) - @(2 ](5777))2” |(§,r’)|n—1

for j > 1 and a calculation shows that |d, (m})| is controlled by the sum
of three terms bounded by C2_j(2”_1)/2, C2-/2n+1)/2 and C%Z‘j(z”_l)/2
respectively. Indeed, when the derivative falls on ¢, we can bound it by
C272-i(n=1/2) — c2=J(n+1/2) 1f the derivative falls on the second part, us-
ing properties of Bessel functions (see, e.g., [9, Appendix B.2]), we obtain

the bound CJ”(M—M\‘Q'I | <C277"=1/2) For the last case, we can bound it

(€
by C2-/(=1/2) _llé\l%l < 2-/(=1/2) j=12—€j Ag a consequence we have
|81(mj)| < €27/@=1)/2_ Then we can show that |81(mj)] < C27in=3)/2

and similar arguments give that for any multiindex @ we have |<9“f77l}| <

p(L(log, 1))

Cc2—/(2n=3)/2, Moreover, from this we can show that

1
Imjl2 < C(/ \2j(”3)|2d<§d’7> T <coitndgin < 03,
(EmI~2

Applying Lemma 5 to the function m}(§,1) = (§,n)- (Vm;)(&,n) which
satisfies the hypotheses with & = (2n — 3) /2, we obtain

~lnEy s )
S) M)l < Cillabl 52775 | fll 2 gl 2 = €27

It remains to obtain an analogous estimate for M?

N\w

ﬂ
DAz llgl -

For the off-diagonal part mf we use a different decomposition involving
g-functions. For f,g € S(R") we have

M3(f.8) () :(fﬁg’@%r(f,g)(x)p)i
:<fl>1132/l s(f; )()w%);
<\/_ / T8 = s % / 72 |2ds>5}2
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(©6) —V2(Gj(f,9)()Gi(f-2)).

72 ~2 _ 2
Here T7(f,g) has symbol m;(s§,sn) = (s§,sn) - (Vm;)(s§,sn) and

6itrow = ([T rare)

Gira0 = ([ o)’

Lemma 6. Ifa 61(&,n) on R satisfies

(i) for any multiindex |a| < M = 4n, there exists a positive constant C,
independent of j such that ||0%(c1(€,1))||» < Ca2779,

(ii) supp 61 C {(&,m) € R¥" = [(§,1)| ~2/,|&| = 271" |n|, or |n| >
2709},

then T(f,g)(x) := (Jy |T5,(f,8)(x) \.2%)1/2 is bounded from L* x L? to L'
with bound at most a multiple of 2=70=8) where 6;(€,1) = o1 (t€,1m).

Proof. Recall that supp mZC{(é n):2/0-81E| < |nlor 2708 n| < |€|}.

We consider only the part {|&| > 2/(1=8)|n|} because the other part is sim-
ilar. By [10, Section 5] we have

T, (f:8) ()] < C2%/277°M (8) ()| T (1) ()

where M is the Hardy-Littlewood maximal function and 7;, is a linear oper-
ator that satisfies || T (f)|12 < C|| fx{g|~271 /12 Then

T, (f,8) (%)| < 27779 ~"M () (x) T (£1) (x/1),

and

L[t wrs) o

<cr 0 [ ([ o w2 () ) "

< 277079 M(g) ||L2(/ / |t " T (f) (x/1) |2d[ )

o R 2/*'/\§|dt

< C277 gl |pal| £l 2-

This completes the proof of Lemma 6. U
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We now return to the proof of Proposition 4. Notice that both mi(é M)
and %3(5 ,1) satisfy conditions of Lemma 6 with & being either (2n—1)/2
or (2n —3)/2 respectively, so

1Gi(f,8)llr < €277 V2| fl|palg]l 2

1G(f,) | < €277 32 ]| 2 gl 2
Using (6) we deduce

12, ~ 1/2 iln—
D IMAF )l < IGi(£.9) 171G (£, 2)l1,0° <27V )28l 2.
Combining (5) and (7) yields Proposition 4 with &, = g — % ]

5. INTERPOLATION

By Proposition 3 (for term j < c¢g) and Proposition 4 (for j > cq), for any
d, < &y, as a consequence of (3) we obtain

IM7.)1ur = F Ca2 12l < Coy 1 el
j=
This establishes the boundedness of M from L? x L? to L! claimed in The-
orem 1 (recall n > 8). It remains to obtain estimates for other values of
p1,p2. This is achieved via bilinear interpolation.

Notice that when one index among p; and p» is equal to 1, we have that
M maps LP' x LP? to LP* with norm < 2/. Indeed, this follows from the
estimate

|9} (do) (y,2)] < Cn2/(1+](n,2)) 7 < w2/ (1+ )V (1 +2)) Y
which can be found, for instance, in [9, estimate (6.5.12)]. Thus we have

M;(f,8)(x) <C2M(f)M(g)
where M is the Hardy-Littlewood maximal function. We pick two points

01 = (1/1,1/(1+e),(2+e)/(1+e))
0>= (1/(1+e),1/1,(2+¢)/(1+¢))

and we also consider the point Qg = (1/2,1/2,1). We interpolate the known
estimates for M ; at these three points. Letting € go to 0, we obtain that for

p > ﬁ%gz we have that M maps LP(R") x LP(R") to LP/?(R") with a
geometrically decreasing bound in j. Recall that §, = (2n—15)/10 > 0, so
we need n > 8.

Thus summing over j gives boundedness for M from L?(R") x LP(R")

to LP/2(R") when p > %I%gz By interpolation we obtain boundedness for

M in the interior of a rhombus with vertices the points (1/e0,1 /0, 1/o0),
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2n-3/2 1 2n-3/2\ (1 2n—3/2 2n-3/2 1428, 1428, 2+49,
(Tt %0 2t ) (oo et et ) and (3555 2325 5426 )+ The proof
of Theorem 1 is now complete.

We remark that is the largest region for which we presently know bound-
edness for M in dimensions n > 8.

6. COUNTEREXMAPLES

In this section we construct counterexamples indicating the unbounded-
ness of the bilinear spherical maximal operator in a certain range. Our
examples are inspired by Stein [19] but the situation is more complicated.

Proposition 7. The bilinear spherical maximal operator M is unbounded
Sfrom LP! (R”) x LP2(R™) to LP(R") when 1 < py,py <oo, 1 = L4 Ly >

P pi P2
and p < 5. In particular, M is unbounded from L*(R) x L*(R) to L' (R)
when n = 1
Remark 1. We note that At0 — . — 1+3-3 1 L5 0asn— .

1428,  2n—1 1+2n 3 -1
This means that the gap between the range of boundedness and unbounded-
ness tends to 0 as the dimension increases to infinity.

Proof. We first consider the case n = 1 where it is easy to demonstrate the
main idea.

Define functions on R by setting f(y) = [y|~'/?1 (log @)_2/p1x|y|§1/2 and
g(y) = ly|7"/7(log 1)) ~*/P22)51<1/2- Then f € LP'(R), g € LP>(R) and we
will estimate from below M, 5, (f,8)(R) for large R, where

M(f8)00) = [ |fe=y)gle—12)ldo ().

In view o the support properties of f and g we have |y — %| and

2\/R
]Z— \_ sz We also have that y? 4 z> = 1 since (y,z) € S!.

Therefore we rewrite M, ;5,(f,8)(R) as

2

V2. 1
s R (1 V)| P~ log (1~ vVE))

2
R(1—v2z)| ”2( 10g|R(1—\/§Z)|)_”2\/%,
with z = /1 —y2.

Notice that |[R(1 —v/2z)| = R 11;\2/2232| < R|1 —2y?| <3R|1 —+/2y| since!

IRy R V2 /2. As a result, with the help of (9) [Lemma 8], the expression

"Here a ~ b means that |a — b| is very small.
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in (8) is greater than

V21

3 tTo0R -1 1 2
s RPI(1=V2y)| 7 (—log|R(1—V2y)|) 7dy
3 ~T00R

1 .
—2R""! /m t~V/P(log §)7*/Pdr = {C”R_l o=l
0 oo if p<1.
Thus M(f,g) ¢ LP(R) for p < 1 and also M(f,g)(x) > C/x for x large if
p = 1. It follows that M(f,g) ¢ L' (R) for p = 1, hence the statement of
the proposition holds.

We now consider the higher-dimensional case n > 2. We define f(y) =
y[~"/P1 (log gﬂ)_z/pll\y\gl/loo and g(y) = |y| /72 (log |71|)_2/p2%\y\§1/2~ We
have that f lies in L' (R") and g lies in LP2(R"). The mapping (y,z) —
(Ay,Az) with A € SO, is an isometry on S**~!, hence we have M;(f,g)(x) =
M;(f,g)(|x|e1), where e; = (1,0,...,0) € R”. Thus we may take x = Re| €
R" with R large.

By the change of variables identity (10) [Lemma 9], we have

M\/iR(fvg)<Rel)
= f(Rey — \/_Ry) (Rel—\/zRZ)dG(%Z)

S2n—1

=, 1 VRy—Re i (~log e —VaRS) T
el:

100R

n 2
V2Rz —Re| 72 (—log|Re; — V2Rz|) 72do’ | (z2)—2—,
/Er |77 (~log [Res = V2R:|) P doy (o)L
where B,(a,r) is a ball in R” centered at a with radius r, and E is the
(n — 1)-dimensional manifold S" 1 NB, (- 3¢5 fR) with S”~! being

V=Dl

the sphere in R” with radius r and do”_, the measure on S~ !.
We next focus on the inner 1ntegra1 namely

_n _2
= [[IV2R—Re[ 7 (~log|Res ~ V2Rz|) 7do;_4(2).

Take a point z9 € ", 1 and let 6 be the angle

ﬂ&( (fel,sz)),
between vectors zg and ey, which the largest one between z € E and e;.
Here 0B is the boundary of a set B. Then 6 is small if R is large and’
IE| ~ (/1—[y]?6)""! ~ "1, Noticing that % ~ sin?6 = 1 —cos? 6 ~

1—-Jy[?

2A ~ B means that the ratio A /B is bounded above and below
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1 — cos 0 and that

|y|2+2 \/— 1_|y|2COSG_SR27

we obtain that 62 ~ o> — (/1 —[y]> — %)2 Then we write

1-bP—3
Ll = |2 | <213 - P < e

1—
V1P~ Vi

Consequently 6 > C/R.
Collecting the previous calculations, we can bound / from below by

/ / ., [V2Re—Re1| 72 (—log|Re) — V2Rz])~ ol (2)da,
where t = |z] = /1 —|y|? = % and z; = cos . By symmetry, let us con-
sider just that case r < ﬁ Let B be the angle such that |27 —e|| =
2|v/2t — 1|, then 2¢> 4+ 1 — 2/2tcos B = 4|+/2t — 1|?, which implies that
B>~ 1—cosf ~2v2t -2t — 1 +4(v2t —1)2 =3(v/2t —1)%. So B ~
1 —+/2t. When o = 0, we have trivially that |v/2z — ;| = |v/2¢ — 1|. So for
o € [0,B], we have [v2z—ey| ~2|V2r — 1| < 2|2[z* — 1| =2[2|y* — 1| <
6‘\/§]y| — 1‘ < 6|2y —e1|. Consequently using the fact that 1 —+/2t < C6
and (9) again we obtain

1>c// [V2Rz — Rey | — do! 1% (7) da
n o o n=
Sheina |V/2Rz — Req |72 thl(—log|Rel V2Rz|) 7
CR'"|v/2t —1|'" C1—v2)
> V2 | / sin" 2 oda

n 2
[V2Ry —Rey | "™ (~log|Re; — V2Ry|) 7> /0
‘\/il‘— 1|1—n‘1 _ \/§t|n_l
n 2
[V2Ry —Rey|” "' (~log|Re; —v2Ry|) 7
= CR'"™\/2Ry — Rey| 7 "' (—log|Re; — V2Ry|) 72

2 CRl—n

Using this estimate we see that

M\/QR(fag)(Rel)

n 2
> CR]_”/ | , |Re1— V2Ry| 7" (—log|Re; — V2Ry|) rdy
Ba( 751 TooR

n 2
=cR [ W (loglel)
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1
n 2
- CR]_Z”/]OO P logr) rdr
0

—2n+1 ; —
{CR o fp =

o if p<stg

Hence M(f,g) is not in L? for p < 5= and M(f,g)(x) > C|x|1’2" for all
x| large enough, hence it is also not in LT (R") when p = a O

Lastly, we prove a couple of points left open.

Lemma 8. Letri,rp > 0,1, s < ]0, and t < Cs for some C > 1. Then there
exists an absolute constant C' (depending on C,ry,rs) such that

©) s (log )2 < C't "' (log 1)

Proof. Define F(x) = x"1 (logx)~"2. Differentiating F, we see that F is in-
creasing when x is large enough and so,

F(l) T (log ) < cn (Cs)frl (logé)frz :C”F(é) < C/F(%),

N

which is a restatement of (9).

Lemma 9. For functions F (y,z) defined in R*" with y, z € R", we have

10 /Fdo, / F(y,2)do, | (z)—2=,
00 [ Foadea) = [ [ Finaae] 6
where By, is the unit ball in R" and S?y’l is the sphere in R" centered at 0
with radius ry = /1 — |y|.
Proof. We begin by writing [co. 1 F(y,2)do(y,2) as
11 / F 7Zlvz +F 7Z/>_Z dy_dz,?
b By [FO2san) +F 002 —a)] =
where z = (7/,z,), and z, = \/1 — [y|? — |Z/|?; see [9, Appendix D.5].

Writing z/ry = @ = (0, ,—1) € R"! x R, we express the right hand
side of (10) as

Ty dy
f f FO-40 0 s
_/ n— l/n y’ry dGn 1(60)\/%
dy

. n—1 \ - do
_/Bn r [F(y,ry@,ry@,) + F (y,ry @', —ry ) VIS0 /1P
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:/ rn—l/ [F(y Z/ z )"—F(y Z/ —z )} r)%’"dz’ dy
B, y ryBu1 s & 94n 3%y n \/17|(D’\2 \/17‘);‘2

= F 7ZI7Z +F 7Z/7_Z dy—dZ/7
/B,,/rygnl[ 0y an) + P07 =] 5o

as one can easily verify that /1 — |@/|2\/1 —|y]2 = /1 —|y]2 — |Z/|*. Us-
ing that By, is equal to the disjoint union of the sets {(y,r,v): v € B,_1}
over all y € B,,, we see that the last double integral is equal to the expression
in (11), as claimed. ]
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