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ABSTRACT. We prove in particular that the Lipschitz-free space over a finitely-
dimensional normed space is complemented in its bidual. For Euclidean spaces
the norm of the respective projection is 1. As a tool to obtain the main result
we establish several facts on the structure of finitely additive measures on
finitely-dimensional spaces.

1. INTRODUCTION

The Lipschitz-free space over a metric space M is a Banach space F(M) whose
linear structure in a way reflects the metric structure of M. In the framework of
Banach spaces, Lipschitz-free spaces can be used to get a linearization of certain
properties. For example, one of the first results of this kind, due to G. Godefroy
and N. Kalton [9] says that, whenever a separable Banach space Y admits (as
a metric space) an isometric embedding into a Banach space X there exists a
linear isometric embedding. Lipschitz-free spaces form nowadays an active field
of research, there are many results on Banach space properties of them — papers
[12, 20, 14, 18, 13, 5, 6, 2] contain results on approximation properties and Schauder
bases, in [3] it is proved that any Lipschitz-free space contains a copy of ¢! as soon
as it has infinite dimension. In [4] we provided an isometric description of Lipschitz-
free space over convex domains in finite-dimensional normed spaces. In the present
paper we will use this representation to investigate complementability of Lipschitz-
free spaces in the bidual. One of the motivations for this research is [10, Problem
16] asking whether F(¢') is complemented in the bidual. This problem is of a
particular interest, because positive answer would solve famous open problem of
whether every Banach space which is Lipschitz-isomorphic to ¢; is actually linearly
isomorphic to ¢, see [10, comment after Problem 16]. We were not able to answer
this question, so we started by the investigation of finite-dimensional spaces. Our
main result reads as follows.

Theorem 1.1. Let E be a finite-dimensional normed space and let M < E be a
subset which is not nowhere dense in E. Then F(M) is complemented in F(M)**.

In the above theorem, by [17, Corollary 3.5], F(M) is isomorphic to F(E), so it
follows from the following more precise result.
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Theorem 1.2. Let E be a normed space of a finite dimension d = 2. Then there is
a linear projection Q : F(E)** — F(E) such that |Q|| < dpn(FE, %), where dpn
denotes the Banach-Mazur distance.

We excluded the case d =1 as it is well known and easy. Indeed, by [9, p. 128§]
F(R) is isometric to L' (R). Moreover, L!(R) is even 1-complemented in its bidual,
in fact it is an L-embedded space, i.e., there is a projection P : (L'(R))** — L(R)
satisfying [|z**| = |P(z**)| + |z** — P(a**)| for 2** € (L*(R))**. For d > 2
the situation is complicated, it is not clear whether F(E) is L-embedded when
dim E > 2 (at least in some norm).

The main result has the following consequence (the second assertions follows
from the John theorem [16]).

Corollary 1.3.

o Let E be a finite-dimensional Euclidean space. Then F(E) is 1-complemented
in its bidual.

o Let E be a normed space of finite dimension d = 2. Then F(E) is v/d-
complemented in its bidual.

Note that for non-Euclidean spaces the estimate of the norm of a projection
depends on dimension. The following question seems to be open.

Question 1.4. Is there a constant C = 1 such that F(E) is C-complemented in
F(E)** for any finite-dimensional normed space E?

Note that the isometric representation of F(2) given in [4] works for any nonempty
open convex subset ) of a finite-dimensional normed space E. However, the esti-
mate for the projection given in Theorem 1.2 is proved only in the case 2 = FE.
Hence, the following question seems to be open.

Question 1.5. Does the statement of Theorem 1.2 hold also for F(Q), where  is
a nonempty open convex subset of a finite-dimensional normed space?

The original motivation for our investigation was, as mentioned above, the prob-
lem of complementability of F(¢!) in the bidual. We have not answered this ques-
tion, but in view of the main results the following problem seems to be natural.

Question 1.6. Is F(¢?) complemented in F((*)**? Is it 1-complemented?

Let us now describe the basic strategy of the proof. Let E be a finite-dimensional
normed space and 2 € F be a nonempty open convex set. In [4] it is shown that
F(R) is isometric to the quotient of L!(Q, E) by the subspace of the vector fields
with zero divergence (see Proposition 5.1 for a precise formulation). So, to prove
that F(€2) is complemented in the bidual it is enough to show that the mentioned
quotient is complemented in its bidual. This bidual can be described, using stan-
dard Banach-space duality, as the respective quotient of L(£2, E)**. The space
LY(Q, E)** can be represented as the space of E-valued finitely additive measures
on € which are zero on Lebesgue null sets (see Section 4). Therefore, we start by
investigation of finitely additive measures and some natural projections on them.
Section 3 is devoted to scalar (real-valued) measures, Section 4 to vector-valued
ones. In Section 5 we describe the isometric representation of F(§2) and F(§)**
and prove several results on approximation in case {2 = E. In Section 6 we study
(not necessarily absolutely continuous) o-additive vector-valued measures whose
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distributional divergence coincides with the divergence of an L!-vector field. We
give a characterization of such measures and prove several estimates. In Section 7
we construct a projection onto this subspace of measures, using tangent spaces of
measures. Finally, by composing three natural mappings we get the sought projec-
tion.

2. PRELIMINARIES

In this section we collect basic definitions and notation used throughout the
paper.

We start by defining the Lipschitz-free spaces. Let (M, d) be a metric space with
a distinguished point 0 € M. By Lip,(M) we denote the space of all real-valued
Lipschitz functions on M which map the distinguished point 0 € M to 0 € R. If we
equip Lipy(M) by the Lipschitz-constant norm ||-[|,, . it becomes a Banach space.
For any € M let §(z) € Lipy(M)* be the evaluation functional §(z) : f — f(z).
Then 6 : M — Lipy(M)* is an isometry and the Lipschitz-free space F(M) is
defined as the closed linear span of §(M) in Lipy(M)*.

The space F (M) has the following universal property: Given any Banach space
Z and any Lipschitz mapping f : M — Z satisfying f(0) = 0, there is a unique
bounded linear operator L : F(M) — Z such that f = L o . Moreover, the norm
of L equals the Lipschitz constant of L. Applying this to Z = R we see that the
dual of F(M) is canonically isometric to Lipg(M). (Note that by a recent result of
N. Weaver [24], the space Lip, (M) has a unique predual — namely F (M) — whenever
M is either bounded or it is a convex subset of a normed space.) We stress that the
weak® topology on Lipy (M) coincides with the topology of pointwise convergence
on bounded sets.

We will further use the standard calculus of distributions. Let us recall basic
notation and some useful facts. If Q2 < R? is a nonempty open set, Z(£) denotes
the space of test functions on 2, i.e., the space of real-valued C* functions with
compact support in Q. By 2'(Q2) we denote the space of distributions on €.

An approzimate unit in 2(R?) is a sequence (u,) in Z(R?) given by the formula

un(@) = n'p(ne), @ e R

where ¢ is a fixed nonnegative test function satisfying §;, ¢ = 1.

The approximate unit is used to smoothen measurable functions using convo-
lution. We will apply it also to vector-valued functions. If X = (R* ||y) is a
finite-dimensional normed space and f = (f1,..., fx) : R? — X is a locally inte-
grable vector field, we set u, * f = (un * f1,...,un * f). The following lemma
summarizes several results on approximation which follow immeadiately from their
well-known scalar versions.

Lemma 2.1. Let (u,) be an approzimate unit in 2(R?) and let X = (R¥, || ) be
a finite-dimensional normed space.
(i) If f e LY(R*, X), then u, * f — f in the norm of L'(R¥, X).
(i) If f : R¥ — X is continuous, then u, * f — f uniformly on compact sets,
i particular pointwise.
(iii) If f : R¥ — X is uniformly continuous (in particular, if f € Co(R*, X)),
then u, * f — f uniformly on RF.

We will use also the following easy estimate.
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Lemma 2.2. Let (u,) be an approzimate unit in 2(R), let X = (R*,||-| ) be a
finite-dimensional normed space and let f : R* — X be a locally bounded measurable
mapping.

() [ (n = F)@)]x < 5UPyes—spiu, [FW)]x for any z e R

(ii) If f is bounded, then [un * f| 10 ra x) < [ Fll o ra x)-

Proof. The assertion (ii) follows immeadiately from (i). The assertion (i) is easy,
we give a proof for the sake of completeness. Fix « € R%. Let z* € X* be such
that ||z*] v+« < 1. Then we have

s D@D = (% [ (e - wyav )
[l o pe - v ay

<] m@le-vi s sw o (1@
Ra

YyexT—spt un,

3. FINITELY ADDITIVE MEASURES — SCALAR CASE

Throughout this section Q will be a fixed nonempty open subset of R¢ where
d = 1is fixed. By B(Q2) we denote the Borel g-algebra on 2, by A the d-dimensional
Lebesgue measure on 2. Further, M () will denote the Banach space of all real-
valued finitely additive Borel measures on {2 equipped with the total variation norm,
ie.,

il = supt > [1(BA)[; By, Bu € BQ) disjoint}, e M(%).
=1

The space M(2) is canonically isometric to the dual space to B,(£2,R), the space
of all bounded real-valued Borel measurable functions on §2 equipped with the sup-
norm, see [8, Theorem IV.5.1]. Therefore, there is a canonical weak* topology on
M(Q). For any p € M(Q) we define measures p*, p~ and |u| by

ut(B) = sup{u(C); C = B Borel},

u~ (B) =sup{—u(C); C < B Borel},

lu| (B) = sup{E |u(CH|; Cy,...,Cp = B disjoint Borel sets}
i=1

Then pt,p™, |u| € M(Q), p = p* —p~ and |u| = pt + =, see [8, Lemma II1.1.6
and Theorem ITI.1.8].
Let us consider the following four subspaces of M(£2):

My () = {ue M(Q); p is o-additive},

Mpsa(Q) = {p e M(Q); Ve > 03(By,)nen a Borel cover of 2 : i || (Br) < e},
n=1
Mae(©) = {1 € M(Q); VB € B() - A(B) = 0= u(B) = 0},
Ms(Q) = {pe M(Q); Ve > 03B e B(Q) : A(B) <e & |u| (Q\B) < e}
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The measures from M, ;,(Q2) are called purely finitely additive. Let us remark
that in [8, Definition II1.7.7] a different definition of a purely finitely additive mea-
sure is given, namely a nonnegative measure is purely finitely additive if it majorizes
no nonzero nonnegative o-additive measure, and a signed measure is purely finitely
additive if it is true both for the positive and the negative parts. It is easy to
see that our definition is equivalent (in view of the fact that B(Q) is a o-algebra).
Moreover, it can be carried to vector measures, which we will do in the next section.

Further, any p € M(Q) can be canonically decomposed to a o-additive and a
purely finitely additive measures, see [8, Theorem II1.7.8]. Indeed, if u > 0 set

S(u)(B) = inf{z #(Ch); (Cn)nen is a Borel cover of B}, B e B(Q).

neN

It is easy to check that S(p) is a nonnegative o-additive Borel measure on 2. Since
it is clearly the largest such measure below p, it is exactly the measure constructed
in the proof of [8, Theorem I11.7.8]. For a general p we set S(u) = S(u™) —S(p™).
It is easy to show that S is a linear projection and for any u € M(£2) we have

S(p) € Mo(2), = S(p) € Mppa(), el = 1S + e = S(w)] -

Indeed, the first statement is clear, the second one follows from [25, Theorem 1.17].
By [25, Theorem 1.24] the decomposition to a o-additive and purely finitely additive
parts is unique, hence the linearity of S follows. The last equality follows easily
using [25, Theorem 1.16].

o-additive measures from M,.(€) are exactly the measures absolutely continu-
ous with respect to the Lebesgue measure. For finitely additive measures we do not
use this term as it has a different meaning, it is defined by a stronger condition [8,
Definition I11.4.12]. The subspace M,.(£2) is important for us, as it is canonically
isometric to the dual of L*(f), see [8, Theorem IV.8.16]. Moreover, M,.(2) is
weak*-closed in M(Q) and its weak™® topology coincides with the weak® topology
inherited from M(Q). Indeed, L*() is the quotient of B,(£2,R) by the subspace
made by functions which are zero A-almost everywhere, so it is enough to use the
standard duality of subspaces and quotients.

Any 1€ M(Q) can be canonically decomposed to a measure from M,.(€2) and
a measure from M (). Indeed, if u = 0, set

Ag(p)(B) = sup{u(C); C < B Borel, \(C) =0}, Be B(Q).

It is clear that As(u) € Ms(Q2). Moreover, if A(B) = 0, then A,(u)(B) = u(B),
hence p — As(p) € Mqc(2). It is easy to check that A, is additive and positive
homogeneous, hence if we define Ag(u) = Ag(p™) — As(u™) for a general u, we infer
that Ag is a linear projection and that for any p € M(2) one has

As(p) e Mo(Q),  p— As(p) € Mac(€), ] = [As() + 1 — As(p)] -

Finally, observe that the projections S and Ag commute. Indeed since for any
= 0 we have S(p) < ppand Ag(p) < p, it follows that S preserves M(§2) and As
preserves M, (£2). Hence, for any u > 0 we have

As(Sp) = S(As(S(p) < S(As(p) = As(S(As(p))) < As(S(w).
So, indeed, AsS = SAg. It follows that for any e M(Q) we have
I = (I = As)Sul + [AsSul + [(I = A)(I = S)ull + |As(I — S)p]
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and
(I —A5)Spe My(2) n Mye(), AsSp e My () n My (),
(I = A)(I = S)ue Mppa(Q) n Mac(Q), As(I — S)p € Mypa(2) 0 Ms(Q).

There is another projection of M(Q) onto M, (), different from S. Let u €
M(Q). Then p defines a continuous linear functional on By (£2, R). The space Cy(2)
(of continuous real-valued functions on the locally compact space € vanishing at
infinity) is a closed subspace of B, (€, R), hence we can consider the restriction
of the mentioned functional to Cy(€2). By the Riesz representation theorem this
functional is represented by a measure from M, (). Let us denote the resulting
measure by R(u). It is clear that R is a linear operator and |R| < 1. Further, if
= 0, then for any open set G < 2 we have

R(1)(G) = sup{p(K); K < G compact}.

Indeed, this easily follows from the proof of the Riesz theorem (see [22, Theorem
2.14)), as we have for each open G < 2

R(p)(G) = sup{u(f); f€Co(Q),0 < f <1, f supported by a compact subset of G}.

Hence, if p is o-additive, then R(p) = u, as o-additive finite Borel measures on
are necessarily regular. It follows that R is a norm-one projection of M(Q) onto
M (R2). Moreover, we have even R(M,.(Q)) = M, (Q), in fact

(1) Vi e Mo(Q) 30 € Maol®) : R(v) = i & [v] = |l

Indeed, this follows from the Hahn-Banach theorem, as Cy(f2) is canonically iso-
metric to a subspace of L*(€2). In fact, much more is true, as witnessed by the
following theorem which shows that the projection R is in a sense ‘orthogonal’ to
the projections A, and S.

Theorem 3.1. For any u € My(Q2) there are v1 € Mpso(2) N Mgae(Q2) and vp €
Mpra(2) N M(Q) with ||vi| = |va] = ||pl| such that R(11) = R(v2) = p. In
particular, R(Mpra(Q) N Mac(Q)) = R(Mpra(Q) 0 M(Q)) = M, ().

Proof. Step 1. Assume that g > 0 and the support of p is a nowhere dense
compact set K < (2.
We start by constructing v;. Let

Y1 = span(Cy(©) U {Xxc} U (X5i B € B(R), A(B) = 0}).

Then Y; is a linear subspace of B,(2,R). Let us define a linear functional ¢, on Y3
by setting

901(f+CXK+Z OéiXBi) = deﬂa fecb(Q)’Bla"'aBn € B(Q),Oél,...,O[n,CE R.

i=1

Since always

= [ flle
o0

it is clear that || < ||p/|. By the Hahn-Banach extension theorem we can extend
1 to some 11 € Byp(Q,R)* with 1] = |e1]- Let v1 € M(Q) be the measure
representing ;. By the construction we get |[v1| = || and R(v1) = p. Since
v1(B) = 0 whenever A(B) = 0, we see that v; € M,.(Q2). Further, as |11] =
] = w(Q) = p1(1) = ¥1(1) = 11 (), we deduce that v > 0. By construction we

f+eXg+ ), X,

i=1
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get v1(K) = o1(X ) = 0. Moreover, since R(v1)(QN\K) = pu(Q\K) = 0, we have
v1(L) = 0 for any compact set L < Q\K. Finally, Q\K is o-compact, hence {2
can be covered by a sequence of compact sets of zero vi-measure, thus v, is purely
finitely additive.

To construct v, we proceed similarly. Set

Yy = span (Co(Q) U {Xx} v {X.; L < Q compact, A(L) = 0}
Ui{Xp FcQ is F,,Int F = &, A(Q\F) = 0}).

For f +eXy + 2oy @iXp, + 2521 BiXp, € Ya set

> 8ixe,) = | £du

Jj=1

P2(f + X i + D, Xy, +
i=1

It is clear that ¢, is a linear functional on Y. Since K u | J!; L; U U;n:l F; has

empty interior, we deduce that Hf +eX g + 2 @iXr, + 25m1 BiXy, Lz 1100

and thus [|p2| < |p|. By the Hahn-Banach extension theorem we can extend ¢ to
some 12 € Byp(2, R)* with [[1)2| = |¢2]|. Let v2 € M(Q) be the measure representing
9. By the construction we get ||ia] = ||| and R(ve) = p. Since v2(Q) = |vef,
we see that v5 = 0. The proof that v is purely finitely additive is the same as for
v1. It remains to show that v € M(Q). To this end fix G < Q\K dense G5 with
A(G) = 0. Then v5(Q\G) = 0, hence indeed vy € M, (Q).

Step 2. Suppose that p > 0.

Let C < Q be a countable dense set of p-measure zero. Then Q\C has full
measure. By regularity of u there is a o-compact subset FF < Q\C of full pu-
measure. Suppose F' = |, oy Frn with F,, compact. For each n € N the restriction
| F, satisfies the assumption of Step 1, hence there are v{' € Myo(Q) N Mprq(Q2)
and v € M, () 0 Myga(€) such that [7] = [v] = |l | and ROY) = R(vg) -

p|r, . It is enough to set
V1=ZV{L, ngZl/g.

neN neN

Fn

Step 3. If i is a general measure, the proof is completed using the decomposi-
tion pp=put —p. O

4. FINITELY ADDITIVE MEASURES — VECTOR-VALUED CASE

We keep the notation from the previous section, in particular, 2 is a fixed
nonempty open subset of R?, where d > 1 is given, Moreover, let X be a finite-
dimensional normed space. Then X can be represented as (R¥,|-[ ), where k =
dim X. The dual X* can be then canonically represented as (R¥, ||| y«).

Consider the following Lebesgue-Bochner spaces

LYQ, X) = {f : Q — X measurable; |f], = JHf(:c)HX dA\(z) < oo},

LP(Q, X*) = {g : @ - X* measurable; ||g|,, = esssupgeq [9(x)] xx < 0}

Note that any mapping with values in X or X* can be represented by a k-tuple of
scalar functions. Then f = (f1,..., fr) € L}(, X) if and only if f1,..., fr € LY(Q).
Similarly, g = (g1,...,9x) € L*(Q, X*) if and only if ¢g1,...,9x € L*(Q). So,
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the above spaces depend only on the dimension of X; the concrete norm on X
determines just the norms on these spaces.

It is well-known that L®(£2, X*) is isometric to the dual of L!(Q, X), where the
duality is given by

(9. f) = f<g () dM@), g€ L*(2X*), f € LNQ, X).

Indeed, in case Q is bounded it follows from [7, p. 97-98] (where the assumption
that the measure on (2 is finite is used). The general case follows then easily (using
o-finiteness of the Lebesgue measure). Alternatively, one can use [23, Example 2.19
and the formulas on p.24]. Note that the isomorphic version follows easily from the
scalar case, but the quoted results are necessary to prove that the identification is
in fact isometric.

Further, by M(£2, X) we will denote the space of all X-valued finitely additive
Borel measures on X which have bounded total variation. We equip this space with
the total variation norm, i.e.,

2)  |u| = bup{Z lw(Bi)|x; Bi, .-, By € B(Q) disjoint},  pe M(Q,X).
For any p € M(Q,X) we define its absolute variation by
(3) |pl(B) = bup{z |w(Bi)llx ; Bi,...,Bn < B disjoint Borel sets}, B e B(f).

We define subspaces M, (2, X), Mace(2,X), Mpsa(2, X) and M,(92, X) by the
same formulas as in the scalar case.

Note that any g € M(Q, X) can be represented as a k-tuple of measures from
M(Q), thus M (£, X) is isomorphic to M(2)¥. Moreover, it is clear that p =
(1, .oy pi) € Mo (Q,X) if and only if pq,..., ur € My(Q) and similarly for the
remaining three subspaces. So, we can define the projections S : M(Q, X) —
M (Q,X) and A; : M(Q,X) > M;(Q,X) by

S(pty-- o) = (S(a), -, S(un)),
(4) As(pry oy ) = (As(pr), -+, As(pr))s (pe1, ...

Further, M(Q, X) is canonically isometric to the dual of B,(Q2, X), the space
of bounded X-valued Borel mappings on ) equipped with the sup-norm. Indeed,
simple Borel mappings are dense in B, (£2, X*) and it is clear that linear functionals
on the space of simple functions are exactly the finitely additive X-valued measures
and that the norm of such a functional is just the total variation of the vector
measure in question. (In fact, this is the proof of the scalar case which works in
the vector-valued case as well.)

Similarly, M,.(£2, X) is canonically isometric to the dual of L*(Q, X*).

Further, let Co(€2, X*) be the space of continuous X*-valued mappings on {2
which are zero at infinity equipped with the sup-norm. Its dual Co(2, X*)* is
canonically isometric to M, (€2, X). Indeed, the isomorphic identification follows
easily from the scalar case (Co(£2, X*) is isomorphic to Co(€2)*), so it is enough to
observe that this identification is in fact isometric. This can be easily computed
similarly as in the scalar case or, alternatively, it follows by [23, Theorem 5.22,
Theorem 5.33 and the beginning of Section 3.2].

,/Lk) € M(Q,X)
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Let us define the mapping R : M(Q, X) — M, (Q, X) similarly as in the scalar
case. Le., R(u) is the measure which represents the restriction to Co(£2, X*) of the
functional on By (2, X*) represented by . Note that

R(p, ..o i) = (R(pa), -, Rlpw)) for p = (pa, ..., ) € M(€).
The following proposition follows from (1) and Theorem 3.1.

Proposition 4.1.
R(Me (2, X)) = R(Mge (2, X) n Mpsqa(22, X))
= R(M (2, X) n Mpsa (2, X)) = M, (Q, X).

5. LIPSCHITZ-FREE SPACE AND ITS BIDUAL

In this section we recall the representation of Lipschitz-free spaces on finite-
dimensional spaces from [4], we further deduce the represenation of its bidual and
then prove a key proposition on approximation by test functions (Proposition 5.4
below). Let us start with the basic setting. Let E be a normed space of finite
dimension d > 2, 2 ¢ E a nonempty open convex set and o € ) a distinguished
point (we can assume that o is the origin). We represent E as (R%, ||| ) and E*
as (RY, -] g ).

The following proposition summarizes the results of [4].

Proposition 5.1.
e The mapping T : f — [’ is a linear isometry of Lipy(Q?) into L®(Q2, E*).
The range of T is
X)) ={f=(fr,---, fa) e LU E*); Vi, je{1,...,d}: 0;f; = 0;f; in 2" ()}

={feL®(Q,E*);Vi,je{l,....,d}Vpe 2(Q) : JQ fi0ip = L fi0jp}.

e X(Q) =Y (), where
Y(Q) ={ge L'(Q,E); divg = 0 in 2'(R%)}

d
—{g="(91,---,94) € LY(L, E); Vo e 2(RY) : 2 Lz gi0ip = 0}.
i=1

e The adjoint mapping T* maps the quotient L*(Q, E)/Y () (which is the
canonical predual of X(Q)) isometrically onto F ().

An easy consequence of the first assertion of the above proposition is the following
description of the bidual of F(), i.e., of the dual of Lip,(€2).

Proposition 5.2. The adjoint mapping T* is an isometry of Ma.(Q, E)/X (2)*
onto Lipy(2)*.

It follows that the question on complementability of F(2) in its bidual can be re-
duced to the question on complementability of L!(Q, E)/Y () in M,.(, E)/X (Q)*.
Note that L!(2, E)/Y () is embedded in M,.(Q, E)/X(Q)* in the following way:
Given f € LY(Q, E), by fA we denote the E-valued measure on §) with density
f with respect to the Lebesgue measure. The mapping f — fA is an isometry of
LY(Q, E) onto Mu.(Q, E) n M, (2, E) (it is onto by the Radon-Nikodym theorem).
Hence, we can identify L'(Q, E) and Mac(Q, E) n M,(Q, E) . Moreover, using
this identification, one has Y(Q) = X(Q)L = X(Q2)* n Mae(Q, E) n M, (2, E),
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therefore the inclusion L'(Q, E)/Y () © Mae(92, E)/X(2)* can be obtained by
the factorization of the inclusion L'(Q, E) ¢ M,.(Q, E) along Y (Q), i.e., by the
formula

F+Y(Q)— fA+ X Q)"

Note that L'(2, E) is complemented in its bidual M,.(f2, E) via the projection
S defined in (4). In case E is equipped with the ¢!-norm, the projection S is even
an L-projection. A natural idea would be to try to factorize the projection S along
X(Q)*. However, it is not possible, as witnessed by Proposition 8.2 below.

Now we are going to prove the key proposition on approximation by test func-
tions. Although the representation of F() and F(Q)** described above works
for an arbitrary nonempty open convex subset 2 < FE, we are able to prove the
approximation only for Q = E. We do not know wheter a similar result holds for
a general Q (cf. Question 1.5). Therefore in the sequel we will consider only the
case 0 = E = (R, |- ). Instead of LY(E, E), L*(E,E*), M(E, E) etc. we will
write L'(R%, E), L°(RY, E*), M(R%, E) etc. This is done in order to stress that
the structure of these spaces does not depend on the concrete norm on the domain.

To prove the approximation results, we need the following easy lemma.

Lemma 5.3. For any € > 0 there exists a C* function ¢ : R — R with the
properties

0<% <1 onR?

Y(x) = 1 whenever |||, <1,

() = 0 whenever ||, = 2,

IV por (et gy < 1+ e

Proof. Fix § € (0, %) such that ﬁ < 1+ e. Define 9y by

1 if ||, <1+,
do(x) = { 220202le if 146 < |, <29,
0 if |z|p=>2-4.

Then v is 1=55-Lipschitz, thus (1 + ¢)-Lipschitz in the norm || .
Further, let (u,) be an approximate unit in 2(R%). Fix n so large that sptu, <

Ug(0,6) and set ¢ = u, *1y. Then v is the sought function. O

Proposition 5.4.

(i) For any F € Lipy(E) and any € > 0 there is a sequence (F,) in 2(R?) such
that
= |Fallyip < [Fllysp forneN,
— the sequence (F,, — F,,(0)) weak® converges to F.
(i) {Ve; ¢ € 2(R?)} is norm-dense in Co(R%, E*) n X (E).
(ii) For any g € Co(R%, E*) we have

dist(g, X (E)) = dist(g, X (E) n Co(RY, E*)).

Proof. Let (u,) be an approximate unit in Z(R¢). Without loss of generality
suppose that sptu, < Ug(o,1) for each n € N.
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(i) Fix F' € Lipy(E) and set L = |[F[,,,. For each n € N define a function ﬁ'n,o
by

~ F(x if |x|, <n,
Fn,O(:E) _ ( ) . H HE
0 it e, >

We claim that ﬁn,O is L-Lipschitz on its domain. It is clear that it is L-Lipschitz on
Bg(o,n) and on E\Ug(0,2n). So, fix x,y € E such that |z, < n and |y, > 2n.
Then

Fuo(@) = Fuo()
Thus we can extend ﬁn,O to an L-Lipschitz function 15” : E— R. Set F,, = uy, * F’n
Then F,, € 2(R%), F, is L-Lipschitz, as

— |F(@)| < L-|ely < In < Lz — g,

~

/
Uy, * F)

<|ﬁ’

n

F.l =L

lip

Fallip = IV Foll o g ) = |

Lo(REEX) H "

L= (R4, E*)
So, it remains to show that (F,, — F},(0)) converges weak™ to F. Since the sequence
is bounded by L in Lipy(E), it is enough to prove the pointwise convergence. To

this end fix € E. If n € N is such that n > ||| 5 + 1, then
Since u,*F — F pointwise, we deduce that F,,(x) — F(x), thus F,, — F pointwise.
In particular, F,(0) — F (o) = 0, so F,, — F(0) — F pointwise. This completes the
proof of (i).

(i) Fix f € Co(RY, E*) n X(E). Then u, * f uniformly converges to f and,
moreover, u, * f are C* functions. Moreover, since sptu, < Ug(o,1), for each
x € R? we have (by Lemma 2.2)

|(un = f)(@)| g < sup{[FW)]; lly — x|z <1},
thus u, * f € Co(R¢, E*). Further, u, * f € X(F), as
(5) Oi(Un * f) = Un # 0 fj = un % 0 fs = 0j(un * f;) for i,j € {1,...,d}.

Therefore, we can suppose without loss of generality that f is moreover C*.
Let F € Lipy(E) be such that F' = f. Note that F is a C* function. For n € N
define

Fo(z) = (E) F(z), zek.
n
To complete the proof it is enough to show that that the sequence (VF},) uniformly

converges to f.
For n € N set

an = sup{|[ f(@)| g« ; [®] 5 =n — 1}
Then oy, N\, 0. To estimate |f — VFy | ga p«) We distinguish three cases:
(a) [®]|p <n. Then |f(x) — VEF, ()] gx = 0.
(b) [lz| 5z = 2n. Then
[ £(@) = VEu(2) | px = | £ (@) gx < @21

() n < |z|g < 2n. Then

1 T T
1£() = VE@)pe = | @)= 150 (£) - F@) -0 () - $ta)|
<(1-9(2)) 15 @lgn + = 1F(@)).



12 MAREK CUTH7 ONDREJ F.K. KALENDA AND PETR KAPLICKY

It is easy to see that, for each k e N,
sup |F(x)| <ag+ -+ ag.

el p <k
Hence, we have
a1+ -+ Qong

| f(2) = VE.(2)| px < angr + (1 +¢) -

Now, summarizing and taking into account that «,, — 0 (and therefore (o) is
Cesaro convergent to 0), we conclude that VF,, converges uniformly to f, which
completes the proof of (ii).

(iii) Fix g € Co(R%, E*). The inequality ‘<’ is obvious, let us prove the con-
verse one. Set 6 = dist(g, X(F)) and fix any ¢ > 0. Find f € X(FE) with
lg = fll e ga,pey < 0+ e Since g € Co(R?, E*), we can find r > 0 such that
lg(x)| g« < e whenever || 5 = r. Then clearly

(6) H.ﬂRd\UE(o,r) ||Loo(Rd\UE(o77-)7E‘*) <6+ 2.

Let I € Lipy(E) be such that F' = f. Set L = |F|,;, = |flpega ps- Fix
C>r+landset B={xeR%:C—-1<|z|,; <C}. Forzx,ye B there are two
possibilities:
If the segment [, y] does not meet Ug (0, ), then |F(z) — F(y)| < (0+2¢) |z — y| 5.
Suppose that the segment [x, y] meets Ug(o, 7). This intersection is a segment,
let u and v be its endpoints, denoted such that v is between u and y. Then
le—ylp = llz—u|g+ |y —v|p=2(C—1-r)and
[F(z) - F(y)| < |[F(@) — Fu)| + |[F(u) = F(v)| + [F(v) — F(y)|
<SO+2)|z—u|g+Llu—v|g+(0+2)|v—ylg <(@+2)|x—y|z+2Lr

Lr

2 Lr
= 0+25+> T —y <(0+25+> z—y|,.
(6+ 2+ 2o ) I vl Y el

By choosing C large enough, we can assume that F' is (6 + 3¢)-Lipschitz on B.
Further, fix D > C, set B; = B u (R!\Ug(o, D)) and define a function Fy on
Bl by

~ F(x ifx e B,
Fo(z) = (=) .
0 i |z D.
Fix z € B and y € R? with |y|, > D. Then
~ ~ L
Fyf@) = Foly)| = [F(@)| < 2C < 5= | =yl

So, if D is large enough, we get that Fy is (0 + 3¢)-Lipschitz on B;. Let F\ be a
(0 + 3¢)-Lipschitz extension of Iy to E\Ug(o,C — 1) and

| Fu(=), if |z|p,=C -1

Then clearly F' € Lipy(E). Set f = F’. Then f € X(E) and has compact support.
We claim that

f—g < 6+ 4e.

U P
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Indeed, on Ug(o0,C) we have .7" = f, hence
Hf - gHLMUE(o,c*),E*)
Further, on R4\ Bg(o,C — 1) the function Fis (0 + 3¢)-Lipschitz, hence

7o <|7]

=|f =9l rewno.c)px) <0 +e

+||gHL°°(Rd\BE (0,C—1),E%) < 9+4E

L*(RA\Bg(0,C—1),E%) L*(RN\Bg(0,C—-1),E%)

Finally, consider the functions wu,, * } They belong to Cy(R?, E*) (in fact, even
to 2(R?, E*)) and also to X (E) (by the computation (5) above). Further

up * (f *Q)H

if n is large enough, as the first term is bounded by 6 + 4¢ by Lemma 2.2 and the
second one goes to zero (because u, * g converges to g uniformly by Lemma 2.1).
Since € > 0 was arbitrary, this completes the proof. O

<|

Hun*f—gH +Hun*gngLoo(]Rd’E*) <0+ 5¢

L* (R, E*) L (R4, E*)

6. ON DIVERGENCE OF MEASURES
In this section we investigate the space MU(Rd, E) and its subspaces
Y, (E) = {p € M,(R% E); divp =0 in 2/ (R},
ME(E) = {pe M, (R E); 3f € LYRE E) : div f = div p}
= (My(R?, E) 0 Mae(RY, E)) + Yo (E).

The aim of this section is to prove three results. The first one is a characterization
of the subspace M%"(E) in Proposition 6.4. Similar results in a diferent context
can be found in [19, Proposition 8.12] or [1, Lemma 2.1]. The second result is the
canonical isomorphism of L'(R%, E)/Y (E) and M%*(E)/Y,(E) (see Lemma 6.5).
The last result is Proposition 6.6 where a stability property of Mﬁi” (E) is proved.
It will be used in the next section.

We start by the following extension lemma

Lemma 6.1. For any p € Y, (E) there is some v € X(E)* such that R(v) = p
and [[v] < |-

Proof. Note that p defines a functional on Co(R¢, E*). We will extend it to a
functional from X (E)*. To this end we define the functional ¢ on Co(R?, E*) +
X (FE) by the formula

d
PF+9) =y =Y [fidi, e E).geX(B).
=1

First observe that ¢ is well defined. Indeed, the assumption div g = 0 means that
p is zero on the space {Vy; ¢ € 2(R%)}. By Proposition 5.4(ii) we get that u
vanishes also on Co(R%, E*) n X(E).

Further, let us prove that || < |u|. Let ¢ > 0 be arbitrary. Let f € Co(R%, E¥)
and g € X(E) be such that || f + g| < 1. Hence dist(f, X(£)) < 1. By Proposi-
tion 5.4(iii) there is h € X (E) n Co(R%, E*) such that ||f — hlpo@a pey <1+
Then

p(f+9)l=le(f —h+g)= K f-hm|<|ul (1+e).

We deduce that ||| < (14 ¢) |p]. Since € > 0 was arbitrary, ||| < ||p]-
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Finally, by the Hahn-Banach extension theorem the functional ¢ can be extended
to a functional on L®(RY, E*) with same norm. Its representing measure is the
sought v. O

As a consequence we get the following proposition.
Proposition 6.2. R(X(E)') =Y, (E).
Proof. The inclusion < is obvious, the converse one follows from Lemma 6.1.  [J

To prove the key Proposition 6.4 we will use the following abstract lemma.

Lemma 6.3. Let Z be a separable Banach space and let V < Z* be a C-norming

E— w*
subspace (where C = 1), i.e., Bzx < V.nCBg« . Let 0 be a bounded linear
functional on V. The following assertions are equivalent.

(i) There is z € Z such that 0(z*) = 2*(z) for z* € V.
(i) @ is weak™®-sequentially continuous on V.

Moreover, if these conditions are satisfied, then z is uniquely determined and |z| <
clef.

Proof. The implication (i)=>(ii) is obvious, let us prove the converse one. Since Z
is separable, there is a translation invariant metric p on Z* which generates the
weak™® topology on any bounded set. Hence, if 6 is weak*-sequentially continuous
on V, it is weak*-continuous on V n rBzx for each r > 0. We claim that it is even
uniformly continuous (in the metric p) on V n rByx.

Indeed, fix r > 0 and € > 0. By the weak®-continuity on V n2rByx thereis § > 0
such that |0(2*)| < ¢ whenever 2z* € V n 2rBzx and p(z*,0) < 0. Then, whenever
z¥, 25 € V. nrBygs are such that p(zf,25) < J, we have zf — 25 € V n 2rBz+ and
p(zf — 2%,0) < 4, hence |0(2F) — 0(25)| < e.

It follows that € can be uniquely extended to a functional 6 on Z* such that 6

L ~
is weak*-continuous on V n rBZ*w for any r > 0. It is clear that 6 is linear. It
remains to show that it is represented by an element of Z and to estimate its norm.

*
To this end we use the assumption that V' is C-norming. Since Bzx < V n CBz+" ,
we deduce that 6 is weak™ continuous on Byx, thus it belongs to Z by the Banach-
Dieudonné theorem. Moreover,

s i

This completes the proof. (I

;2% e BZ*} < sup{|0(v*)|; v* e VA CBz«} = C|0].

Proposition 6.4.
(a) A measure p € M, (R, E) belongs to M (E) if and only if the following
condition holds:
Given a sequence (o) in 2(R?) satisfying
o vn — ¢n(0) pointwise converge to zero,
o SUPpen [V oo (ra iy < 905
one has {p, Vo, y — 0.
(b) For any p € ME¥(E) and any € > 0 there is f € L*(R?, E) with divp =
div f and | f] < (1 +¢) [p]-
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Proof. This is a consequence of Lemma 6.3 and Proposition 5.1. Let us explain it:
We will apply Lemma 6.3 to Z = F(E) (hence Z* = Lip,(E)) and

V ={p—¢(0); p € 2(R)}.
By Proposition 5.4(i) V is 1-norming.

Any p € M, (R% E) generates a functional on V by F}, : ¢ — {u1, Vo). The two
conditions in (a) then mean that F), is weak*-sequentially continuous on V. So,
by Lemma 6.3 the validity of the two conditions is equivalent to the existence of
0 € F(E) such that F,, = 6|y. By Proposition 5.1 F(E) is canonically isometric to
LY(RY, E)/Y(E). If 0 € F(E) and [g] = (T*)~'(#) € L'(R?, E)/Y (E), then

0,0 = ¢(0)) =(T*[gl, ¢ — p(0)) = lg]. T(¢ — w(0)) = (g, V), weI(R).
Therefore, the existence of § € F(E) with F, = 0|y is equivalent to the existence
of g € L'(R%, E) with Fy\ = F,. Finally, the equality F,y = F,, means exactly
that divg = divp in 2/(R9). This completes the proof of (a).

To show (b) suppose that pu € M4 (E). Fix g € L*(R%, E) with divg = div p.
Then T*([g])|v = Fu (where F), is defined as above). Therefore, using the isometric
identification from Proposition 5.1 and Lemma 6.3 we get

lgll = 1T* (gDl < 1Ful < el -

Hence, by the definition of the quotient norm, given £ > 0, there is f € L'(R%, E)
with f — g € Y(E) such that |f| < (1 +¢)||pe|. Then div f =divg =divp. O

Lemma 6.5. The subspace M%*(E) is norm-closed in M,(R?, E). Moreover, the
canonical identity mapping J : L*(RY, E))Y (E) — M¥*(E)/Y,(E) defined by

J(f +Y(E) = FA+Yo(E), [fl=Ff+Y(E)e LR E)/Y(E),
18 an onto isometry.

Proof. To prove M3V(E) is norm-closed it is enough to prove that >, p,, €
MIV(E) whenever (p,,) is a sequence in MV (E) such that >, |u,|| < 0. So,
let (p,,) be such a sequence. Let u € M, (R? E) be its sum (by completeness of
M, (R4, E) it exists). By Proposition 6.4 there is a sequence (f,,) in L' (R%, E) such
that div u,, = div f,, and | f,,| < 4| p,,| for each n € N. Therefore 3., | £,/ < oo,
so by completeness of L'(R?, E) we have f = >, f,, € L*(R%, E). Moreover,
clearly div f = div p.

Let us continue by proving the moreover part. J is well defined as Y(E) c Y, (E)
(more precisely, as fA € Y, (E) whenever f € Y(E)). The same inclusion shows that
|J|| < 1. Further, J is one-to-one, as for f € L'(R? E), f\ € Y,(E) is equivalent
to feY(E).

Let [u] = p + Y, (E) € MY (E)/Y,(E). Since p € MIV(E), there is f €
LY (R4, E) with div f = div p. Then g — f\ € Y, (E), thus [u] = J([f]). It follows
that J is onto. Moreover, by Proposition 6.4 we get |[f]| < |u|. This proves that
|77 <1 O

The next proposition is a stability result on M (E).

Proposition 6.6. For any p € MY (E) and any g € L*(|u|), the measure gu
defined by

gu(B) = (JBgduu---,Lgdud) , BeB(E)
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belongs to ML (E) as well.

Proof. Suppose that p € M4 (E), g € L*(|p|) and gu ¢ M4 (E). By Proposi-
tion 6.4 there is a sequence (p,) in 2(R?) and C > 0 such that

e v, — pn(0) pointwise converge to zero,

* [Venlpoge gy <1forneN,

o {gu,V,»> C for neN.
By the Radon-Nikodym theorem there is a function f € L!(|u|, E) such that u; =
filu| for @ = 1,....d. Moreover, we have |f|x(, p < 1. Indeed, in order
to get a contradiction, let us assume that the set A := {x; |f(x)| > 1} is of
positive |p|-measure. Fixing a countable dense set {y,;n € N} < Sgx, we see
that A = UneN{x {y,,, f(x)) > 1}; hence, there is n € N such that the set A, :=
{z; {y,,, f(x)) > 1} is of positive |u|-measure. Then we have

(4 < [ <o @) il = (v [ s Dl ) = (e m(4,) < (4]

a contradiction.

Observe that 2(R?) are norm dense in L!(|u|). Indeed, given h € L'(|u|) and
€ > 0, the Luzin theorem yields hy, a continuous function with compact support
such that [h — hi| 1, <e. Further, there is hy € 2(R?) with [hy — hal, < ¢
Then |7y — ha pi () <€ lpel, so [ —haf gy < e+ ]).

Let h e L*(|p|) be any function. Then

d
o Tiow) —Chat, T = |3, [ (0(a) — hia))osgn (@) ) ] @)

J\g @) [Vn(®)| g« [ f(@)] 5 d|p| (@)

<d- lg =Bl -

Therefore, we can find h € 2(R?) (with |g — v
Chpp, Vo) > % for n € N. Then, for any n € N, we have

small enough) such that

% < (b, Vipn) = Cha, V(on = @n(0))) = (p, hV (on = @n(0)))
= (1, V(h(en = ¢n(0))) =t (on — ¢n(0))Vh)
We will show that the last expression goes to zero as n — o0, which will be a
contradiction. To this end first observe that
I(en = ¢n(0)) VA 10 (R4, E*) S < VA (Rd,px) = Sup ln () — @n(o)]

xESPt h

< VAl oo ga gy - sup ]|,
xESpt h

(7)

so the sequence ((¢n — ¢n(0))Vh) is uniformly bounded. By Lebesgue theorem it
follows that {u, (¢r, — ¢n(0))Vh) — 0.

The remaining term (g, V(h(p, — ¢n(0))) converges to zero as well by Proposi-
tion 6.4. Indeed, p € MUY(E) and (h(¢, — pn(0))) is a sequence of test functions
on R? vanishing at o, pointwise converging to zero and their gradients are uniformly
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bounded, as

IV (h(en — @n(o)))HLm(Rd,E*) <|h- VSOTLHLOO(Rd,E*) + [ Vh - (on — <Pn(0))||Loc(Rd7E*)
< |Rfq + HVhHLw(Rd,E*) - sup .
xespt h
This completes the proof. O

7. TANGENT SPACES OF A MEASURE AND A PROJECTION ONTO M%Y(E)

The aim of this section is to show that M%?(E) is a complemented subspace
of M, (R4 E). The projection is defined in (10) and a proof that it is indeed a
projection with required properties is given in Proposition 7.4. This result will be
used in the next section to prove our main result, Theorem 1.2.

The basic tool will be the notion of tangent spaces to a given nonnegative measure
in the sense of [15]. This approach was used to obtain similar results in a different
context for example in [1].

Recall that E = (R, |-||,) is a given d-dimensional normed space (where d >
2). Further, let C' = dpy(E,¢3) be the Banach-Mazur distance of F and the d-
dimensional Hilbert space. Then there is a Euclidean norm ||, on E (i.e., a norm
induced by an inner product) such that |-|, < ||z < C|-|5- Let us fix such a norm
and, given a linear subspace F' c FE, denote by Pr the orthogonal projection of
onto F' with respect to the norm |-|,. Below we use dists to denote distance in the
norm |-, and Us(x,r) to denote open balls in this norm.

Further, given a nonnegative measure v € M, (R%), we set

My (E) = {f € L'(v, E); fv e MY (E)}.

The following proposition provides a characterization of M, analogous to [1,
Proposition 3.2(i)].

Proposition 7.1. Let v € M, (E) be a nonnegative measure. Then there exists
a mapping T, assigning to each x € R? a vector subspace T,(x) = E with the
following properties:

o T, is lower v-measurable, i.e. {x € RY; T,(x) n G # I} is v-measurable
for any G < E open.
e For any f € L'(v,E) we have

feM,(E) < f(x)eT,(x) for v-almost all & € R,

Moreover, there exists a sequence (f,,)_, of functions from M, (E) such that

T,(x) = {f,(x); n € N} for v-almost all x € R%.

Proof. By Lemma 6.5 we know that M, (E) is a closed subspace of L!(v, E). Fur-
ther, it follows from Proposition 6.6 that X - f € M, (E) whenever f € M, (E)
and B < F is v-measurable. It follows from [15, Theorem 3.1] that there is a map-
ping T}, assigning to each x € R? a nonempty closed subset T, (x) = E such that
the two conditions are satisfied. Moreover, by [15, Lemma 1.1] there is a sequence
(f,) in M, (E) such that T, (x) is given by the above formula. Since M, (E) is a
linear subspace, the sequence (f,,) can be extended to one generating a Q-linear
subspace, so we can deduce that T}, (z) is a linear subspace for v-almost all € R<.
Since the change of T}, on a set of v-measure zero does not affect the statement, we
can suppose that T, (x) is a linear subspaces for each x € F. [
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In the next proposition we construct a projection of L'(v, E) onto M, (E). A
similar idea was used in [1, Proposition 3.2(ii)]

Proposition 7.2. Let v € M,(FE) and T, be the mapping provided by Proposi-
tion 7.1. For any f € L*(v, E) define

P, (f)(@) = Pr () (f(z)), xekFE.
Then P, is a linear projection of L' (v, E) onto M, (E) with |P,|| < C.

Proof. Let us start by proving that P,(f) is a v-measurable function for each
f € LY (v, E). To this end recall that the orthogonal projection coincides with the
metric projection, i.e., the nearest-point mapping. Fix an open set G  E. Let D
be a countable dense subset of E.

The first step is to show that the mapping

d(x) = dista(f(x), T, (x)), x€FE

is v-measurable. This follows immediately from the following equivalence which

holds for each r > 0.
®) d@) <redyeD: f(z)eUs <y g) & Uy (y g) AT, () £ O.
The implication < follows from the triangle inequality. Let us show the converse
one. Suppose d(x) < r. Then there is z € T, (x) with |f(x) — 2|, < r. Set
Yo = 3(f(x) + 2). Then | f(x) — yol, = |yo — 2], < 5. Thus we can find y € D
close enough to y, such that | f(x) —y||, < § and ||y — 2|, < §. This y witnesses
the validity of the right-hand side.

Further, given any y € E and r > 0, we will show that

P,(f)(x) e Us(y,r) & Jo, e QIneNJue D : 48> —a® < % &
(9) d(z) > a & f(x) e Uy(u,p) &

Tl/(m) N U2(u7/6) N U2 (yﬂ" - :L) # @

Once this is proved, it is clear that P, ()~ (Uz(y, 7)) is a v-measurable set for any
y € E and r > 0, hence the mapping P,(f) is v-measurable. So, let us prove the
equivalence.

=: Let z = P,(f)(x) € Uz2(y,r). Fix n € N such that |z — y|, < r— L. Further,
fix o, 3 € Q such that a < d(z) < 28 and 48% — a? < L. Set up = L(f(z) + 2).
Then | f(x) —uo|, = |uo — 2|, < B. So, we can find u € D close enough to ug
such that | f(x) — u|, < S and |u — z||, < B. It is clear that «, 3, n,u witness the
validity of the right-hand side.

<: Choose the respective «, 8,n,u. Fix zp € T, (x) n Us(u,B) n Us(y,r — %)
and set z = P,(f(x)). Then

|z = zoll3 = £ () — zoll3 — | (@) - 2|5 < (IF (@) — uly + |20 — ul,)* — d(x)*
<4p? - a? < %
n

It follows that
Iz =yl < Iz = 2ol + 120 — 9l <7,
thus z € Us(y, 7).
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So, we have proved the equivalence (9) and hence we know that P,(f) is v-
measurable for each f € L'(v, E). We continue by estimating its norm. Since
[P (£)(@)], < | £ ()], for each x € RY, we get

PN = [IRD@ dvla) < € [1P0) @), dvla)
< cfuf<m>n2 dv(z) < C f 1£@)] 5 dv(@) = 12 -

thus P, maps L'(v, E) into L'(v, E). Moreover, it is clear that P, is linear and the
above estimate shows that ||P,| < C. Finally, it follows from Proposition 7.1 that
P, is a projection with range M, (E). a

The previous proposition describes a projection of L'(v, E) onto M, (E). Next
we will glue these projections to get a projection of M, (R%, E) onto M%(E). The
projection will be defined by setting

(10) P(u) = P,(f)v if p= fv where ve My (E),v >0, f € L*(v, E).

Note that any p € My (R% E) can be, due to the Radon-Nikodym theorem, ex-
pressed as g = f|u| where f € L(|u|, E) (in fact, f € L®(|u|, E), see the proof
of Proposition 6.6). We will show that P is a well-defined linear projection of norm
at most C. To this end we need the following lemma.

Lemma 7.3. Let p,v € M, (E) be nonnegative measures such that p is absolutely
continuous with respect to v. Then T, (x) = Ty, (x) for u-almost all x € R%.

Proof. By the Radon-Nikodym theorem there is g € L(v) such that g > 0 and
u = gv. Fix any f e L'(u, E). We will show

(11)

f(zx) € T, (x) for p-almost all z € R? & f(z) € T, (x) for p-almost all x € R?
This can be proved by the following sequence of equivalences:
f(x) € T, (x) for p-almost all x € R? & fue M¥(E) = fgve M (E)
= f(x)g(x) € T, (x) for v-almost all x € R?
< f(x)g(z) € T, (x) for p-almost all z € R?
< f(x) e T,(x) for p-almost all z € R?

Indeed, the first and the third equivalences follow from Proposition 7.1, the second
one follows from the equality fu = fgr. Let us prove the fourth one: The im-
plication = is clear as any v-null set is also p-null. To show the converse denote
A= {x eR% f(zx)g(x) ¢ T,(w)}. Then 0 = pu(A) = §, gdv. Since g > 0 on 4,
we deduce v(A) = 0. Finally, the last equivalence follows from the fact that g > 0
p-almost everywhere using the observation that f(x)g(x) € T, () < f(x) € T, (x)
whenever g(x) > 0.

Now we are ready to prove the statement of the lemma. By Proposition 7.1 there
is a sequence (f,,) in L!(u, E) such that

T, (x) = {f,.(x); n € N} for g-almost all € R?.

By (11) we get f,(x) € T, (x) for p-almost all £ € R? and each n € N. We deduce
that T,,(x) < T,(x) for p-almost all € R?. The converse is similar — there is a
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sequence (h,,) in L'(v, F) such that
T,(x) = {h,(x); n € N} for v-almost all 2 € RY,

hence the equality holds, a fortiori, for y-almost all z € R%. Finally, h,,g € L'(u, E)
and whenever g(x) > 0 we have

h,(z)g(x) e T, (x) < h,(x) € T,(z) and h,(z)g(xz) € T),(x) < h,(x) € T,(z).

Since g > 0 p-almost everywhere, (11) implies b, (x) € T),(z) for -almost all x € R?
and each n € N. We deduce that T, (z) < T, () for p-almost all x € R%. O

Proposition 7.4. The mapping P is a linear projection of M,(R%, E) onto M%"(E)
and |P| < C.

Proof. Let us start by proving that P is well defined. Suppose that u1, pue € M, (E)
are nonnegative measures, f; € L' (u1, E), fo € L' (u2, E) and fipn = fous. Let
v = uy + po and let g1, g2 be the Radon-Nikodym derivatives of 1, uo, respectively,
with respect to v. Fix now j € {1,2}. Then

(12) Pu(fjgj)’/ = PV(.fj)ng = Pu(fj)#j = PNj(-fj):u“j'

Indeed, the first equality follows from the pointwise definition of P,, the second one
from the choice of g; and the last one from Lemma 7.3. Since the left-hand side
equals P(fu2) = P(f,u2), it follows that

Pltl (fl)ul = P/Lz (fQ)NQ,

therefore P is well-defined.

Let us continue by proving linearity of P. It is clear that P(ap) = aP(p) for
ue My(R% E) and o € R. It remains to show the additivity. Suppose py, tt €
M, (R E). Suppose pu; = fyv1 and py = foro. Let hy, hy be densities of vy, vy
with respect to v + 5. Then

P(py + py) = P(fiv1 + fave) = P((F1ha + foh2)(v1 +12))
= Py, (F1ha + faha) (1 + 1)
= (Poytua (F101) + Py, (F2h2)) (11 + 12)
= Puytvy (F100) (V1 + v2) + Py, (F2h2) (11 + 12)
=P, (f1)v1 + P, (Fa)ve = P(py) + P(ps).
Indeed, all the equalities are obvious except for the sixth one, where we use similar
arguments as in (12).

It follows from Proposition 7.1 that P is a projection onto M%"(E). The esti-
mate |P| < C follows from Proposition 7.2. O

8. PROOF OF THE MAIN RESULT AND FINAL REMARKS

We are now ready to prove Theorem 1.2. It is an immediate consequence of the
following proposition (using Propositions 5.1 and 5.2).

Proposition 8.1. L'(R? E)/Y (E) is complemented in M,.(R% E)/X(E)* by a
projection with norm at most dBM(E,EZ).
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Proof. Let R : My (R4 E) — M, (R? E) be the linear operator defined in Sec-
tion 4. Let P : M,(R%, E) - M%"(E) be the projection defined in (10). Finally,
let J be the isometry from Lemma 6.5. Define the projection @ by setting

Q(p+X(E)Y) =J Y (PRu+Y,(E)), [u]l=pn+XE

)J_
First observe that @ is well-defined. Indeed, if u € X (E)*, then R(u) € Y, (E)
by Proposition 6.2. Since Y, (E) ¢ M%*(E), PR(n) = R(p) € Y,(E). Hence
J-N(PRp + Y, (E)) = 0.

Let f € LY(RY E). Then R(f)\) = fA € M¥(E), thus PR(f)\) = fA
and so Q(f\ + X(E)') = f + Y(E). This shows that @ is a projection onto
LY(R4, E)/Y (E). Finally, obviously |R| = 1, |P|| < dgm(E, £%) by Proposition 7.4
and |J7'| <1 by Lemma 6.5. The estimate of the norm of @ then follows imme-
diately. [l

€ Mq(R% E)/X(E)*.

The previous proposition completes the proof of the main result. The resulting
projection is a composition of three mappings. It is natural to ask whether the
result can be prove more easily, using some more ‘natural’ approach. There are two
such ways that one is tempted to try. However, none of them works. Let us explain
it in more detail.

The first possibility is to try to use the projection S. The motivation for that
is that S is a projection of M,.(R%, E) onto L'(R? E). If one succeeded to prove
that S(X(E)Y) < Y(E), one would get a projection of M,.(R% E)/X(E)* onto
L'(R, E)/Y (E) by factorizing the projection S. But this is not possible by Propo-
sition 8.2 below.

The second possibility is to try to use the composition of I — A with R. Indeed,
R maps M,.(R?% E) onto My(R%, E) and I — A, is a projection of M, (R%, E)
onto L'(R4, E). If one succeeded to prove that (I — A)(Y,(E)) < Y(E), one
would get a projection of M,.(RY, E)/X(E)* onto L*(R?, E)/Y (E) by factorizing
the projection (I — A)R. But this is not possible by the following proposition.

Proposition 8.2. Ifd > 2, then S(X(E)') ¢ Y(E) and (I— A)(Y,(E)) € Y(E).

Proof. 1. Assume that S(X(E)*) < Y(E). Since the validity of this inclusion does
not depend on the concrete norm on E, suppose without loss of generality that
E = (1. In this case S is an L-projection of M,.(R% E) = (L'(R%, E))** onto
L'(R%, E), hence L'(RY, E) is L-embedded. The assumption S(X(E)*) c Y(E)
then implies that the restriction of S to X (E)* is an L-projection onto Y (E). Since
Y(E)** = Y(E)*t = X(E)*, we conclude that Y (F) is L-embedded. Using [21,
Corollary 6.4 and remark (i) on p. 435] it follows that the unit ball of Y(F) is
closed in L'(R?, E) equipped with the topology of local convergence in measure.
But this contradicts [11, Proposition 7]. This contradiction completes the proof of
the first assertion.

2. Let us prove the second assertion. Since the concrete norm on E plays no
role in the assertion, we write simply R? instead of E. Let [a,b] = R be a closed
interval and let 7 : [a,b] — R? be a one-to-one Cl-smooth curve. Let us define a
measure p € M, (R4 R?) by

N(B)=f ~ = (f 7{,...,J 7&) , BeBR?).
y~H(B) y~H(B) ¥~H(B)
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Then p € My (R, RY) A M, (R, R?) and, moreover, div p = €.(q) =&~ ) in 27 (RY)
(by £, we denote the Dirac measure supported at x. Indeed, if ¢ € Z(R?), we have

d d b
(div p, @) = —{p, Vi) = — Z f&«p dp; = — Z J Qip(y(t))vi(t) dt

b
= —f (p o) (®)dt = @(v(a)) = p(7()) = (e5(a) = E1(0)> %) -
Finally, by [4, Proposition 3.4] there is f € L'(R? R?) (with compact support)
such that div f = e,(4) — &y in 2'(R?). It follows that fA — p € Y,(R?) and
(I —A)(fN—p) = fA¢ Y(RY) as y(a) # y(b). This completes the proof. O

We do not know the answer to the following question. Note that a positive
answer would yield a stronger version of Proposition 8.2.

Question 8.3. Suppose that d = 2. Is it true that
S(X(E)") = (I - A,)(Y,(E) = L' (R4, E) ?
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