ERROR ESTIMATES FOR HIGHER-ORDER FINITE VOLUME SCHEMES FOR
CONVECTION DIFFUSION PROBLEMS
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Abstract. It is still an open problem to prove a priori error estimates for finite volume schemes of higher order
MUSCL type, including limiters, on unstructured meshes, which show some improvement compared to first order
schemes. In this paper we use these higher order schemes for the discretization of convection dominated elliptic problems
in a convex bounded domain 2 in IR? and we can prove such kind of an a priori error estimate. In the part of the
estimate, which refers to the discretization of the convective term, we gain hl/2, Although the original problem is linear,
the numerical problem becomes nonlinear, due to MUSCL type reconstruction/limiter technique.
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1. Introduction. There are many Finite Volume and Discontinuous Galerkin schemes for solving
elliptic convection dominated problems and nonlinear conservation laws on unstructured grids in multi
dimensions, as

Opv +div f(v) =0 in R" x R* (1.1)
v(x,0) = up(x) on R".

While for strongly elliptic problems like

—Av=f in (1.2)
v(x) =0 on 02

with dominating diffusion, no stabilization is necessary for numerical schemes, we need some upwinding
[21] or, for higher order schemes, a suitable stabilization [22], [32], [45] for convection dominated
problems like

—eAv + div(bv) + cv = f in (1.3)
v(z) =0 on ON).

The same statement holds also for nonlinear conservation laws as in (1.1). In this case the stabilization
is obtained by reconstruction technique with so called limiters. They make the scheme nonlinear, even
in cases where the underlying partial differential equation (1.1) is linear. For finite volume schemes,
the reconstruction with limiters can be realized in a very easy way even on unstructured grids, e.g.
by MUSCL type discretizations. However, the theoretical background for these schemes, in particular
when applied to conservation laws, is not yet satisfactorily developed. Concerning the convergence
of both first and higher order schemes, there are results in the case of nonlinear scalar conservation
laws [13], [17], [34], [33], [15], and in the case of weakly coupled systems of conservation laws [40]. For
conservation laws as in (1.1), a priori error estimates of the form

[[v —un||pee 1) < chi + approximation error of data (1.4)

are available [3], [12], [42], [13], [2], [7]. Here, v denotes the exact solution of the underlying partial
differential equation and wu; the approximative numerical solution obtained by a first order finite
volume scheme in multi dimensions on unstructured grids. From numerical experiments one would
expect h in (1.4), but the proof for this on unstructured grids is an open question.
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2 D. KRONER AND M. ROKYTA

For smooth solutions of the linear transport equations
o+ (a-Vv=0 in R" x Rt (1.5)
one gets [2]
[lv —unllp < ch. (1.6)

There are also no error estimates of the type |[v — uy|| < ch® for higher order finite volume schemes
for conservation laws in multi dimensions on unstructured grids including limiters, with 3 > i. To get
results in this direction, concerning nonlinear hyperbolic conservation laws, seems to be very difficult.
Theoretically justified error analysis for upwind finite volume schemes of higher order, which would
also indicate the higher order convergence rate, remains an open problem. See for example [15], [42],
[13], [12], [14].

Therefore in this paper we apply the higher order finite volume schemes with limiters to a linear
convection dominated stationary diffusion equations like (1.3) in multi dimensions on partially un-
structured, locally irregular grids (see Assumption 2.2 and Remark 2.3 (c), as well as left part of the
Fig. 2.1). In this case the numerical scheme becomes nonlinear, because of the limiter. We can show
that we gain h% in the error estimate for the term, which refers to the discretization of the convective

term (i.e. h?d), compared to first order schemes. For the higher order scheme we get (see Theorem

4.1)

_ h3 ht
znl2 < c(€h2 R ?) [vl3+e= > BT (1.7)
J

and if v € W32(Q), in particular for smooth solutions, we have
2 s g8, 1 2 ht 2
lonl2 < eeh® + B+ = )lloll3., + = Y B3T3
J

Later we will show that the term R2|T}| (see (4.8)) is of the same order with respect to € as [[v][3 5.
In the case of the first order scheme we get (for comparison) the following result

h2
a2 < e(eh? + 1 4+ =) ol (18)

Let us briefly mention some related results. In [28], [23] a convection diffusion equation like (1.3) with
e = 1 and general elliptic part is considered. They prove error estimates of the form

[lv —up|lrz < ch

for finite volume schemes of first order. Further results for elliptic and parabolic equations for finite
volume schemes are obtained in [4], [24] and the results of an interesting benchmark problem are
published in [25]. Lube considered in [36] discretizations of (1.3) but with B(v)Vuv instead of div(bv)
and proved

lv — un|| < cchF(e? + h2)

for the streamline diffusion method. Here k is the degree of the local polynomials and

[l = efvlf 2 + D 6illBun) Vollg .z,
i
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A-priori error estimates of the type (1.4), e.g. with the €| - ||g1.2 + || - ||p2-norm , are also known for
the streamline diffusion shock capturing method applied to the linear transport equation with h%7 see
[31].

For dominating diffusion problems there are error estimates for first order schemes (cf. [28], [23] for
stationary case), which show ||[v — up||r2 < ch. In [26], [37] convergence for a first order combined
finite volume—finite element method in the non-stationary case was proved.

For second order TVD Rung-Kutta Discontinuous Galerkin methods with piecewise polynomials of
order k in space a priori error estimates of the form

| —up|, < chEts

for smooth solutions u of (1.1) have been proved in [47]. More advanced results for (also hybridized)
Discontinuous Galerkin methods can be found e.g. in [43], [16], [39]. For finite element approximations
of convection diffusion problems we refer to [5], [41] and for systems to [29].

The following papers deal with finite volume schemes for elliptic problems which are not convection
dominated. In [9], [10] and [8] general frameworks for the construction and analysis of higher-order
finite volume methods are developed and optimal error estimates are derived. In particular this has
also been done for higher order finite volume schemes on rectangular partitions in [6]. Multiscale dis-
continuous Galerkin schemes for second order elliptic equations with rough coeflicients are considered
in [44]. Detailed error estimates are derived and confirmed by numerical experiments. Limiters are
not included.

Finite volume schemes for elliptic problems without any error estimate are considered in the following
papers. Development of higher order schemes are studied in [30]. Oevermann and Klein consider
in [38] finite volume schemes of second order for two-dimensional elliptic equations with variable,
discontinuous coefficients. Different limiting procedure for diffusion problems are discussed in [35]. In
[18] a review of some of the most successful higher-order numerical schemes for the compressible Navier-
Stokes equations on unstructured grids are presented. They use Moving-Least-Squares approximations
for the construction of higher order finite volume schemes on unstructured grids. They can be used
for direct reconstruction of the fluxes at cell edges for hyperbolic and elliptic problems.

2. The problem. Consider the following boundary value problem

Ly := —eAv +div(bv) +cv = f in Q, (2.1)
v=0 on 0N

where 2 is a convex polygonal domain in R? and b(z), c(z), f(z) are functions which are sufficiently
smooth on Q and such that 0 < ¢ < c(x) <cp,divb=01in Q. Moreover we suppose that the diffusion
parameter ¢ is a positive constant, 0 < e < 1.

We consider that Q = Uj T;, where T; € Ty, are open triangles, h := sup; diam (7)), 0 < h < hy.
Furthemore, all boundary triangles are mirrored by the boundary of {2 to get a corresponding ghost
triangles (see Fig. 2.1 on the right). The set of all ghost triangles will be denoted by 7¢, 7¢ N7, = 0.

NOTATION 2.1. We denote by

(1) |Tj|: the volume of triangle T;; T; € T, UTg

(ii) a;: the center of gravity of T; (i.e., x; is the center of the inscribed circle to the triangle T;)

(ili) z;: intersection of the perpendicular bisectors of Tj (i.e., T; is the center of the circumscribed
circle to the triangle T;)

(iv) v, = v(z)
) N;: the set of the numbers of the neighboring triangles to T;, T; € Ty,
) Tjo:=T; UT,
(vil) Sje, £ € Nj: the joint edge of T; and Ty with length |S;e|, where T; € Tp,, Ty € Tp, U T
i) zj¢: the midpoint of Sj;
) dje = |zg — 4]

)

&8

S

o = |Te — 75
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(xi) yj0 = l%l ;7 r= minye;

(xii) nje: the outward unit normal to T; € Ty, in the direction of Ty, ¢ € Nj.
We assume that there exists an 7 > 0 such that all angles of all triangles T; € 7} are less than § — 7.
Therefore, both x; and 7j lie strictly inside of T} for all j and there is a constant ¢, > 0 independent
of h such that v > ¢,.

Moreover we assume that 7;, = 7p U 7g, such that 7z N 75 = @), where

Tr = {T; € Tp,; T} is equilateral and Ty is equilateral V¢ € N,}, (2.3)
and
Ts = {T; € Tj; T} is not equilateral or 3¢ € N; s.t. T; is not equilateral} . (2.4)

The triangles in 7z and 7g are called regular and singular, respectively.

ASSUMPTION 2.2. We assume that the triangulation is locally irreqular in the sense of Heinrich (cf.
[27, par. 2.2.2, p. 27]), i.e. that the set Ts consists of the finite number of strips of triangles, each
being of the width of O(h). See the left of Fig. 2.1 for the triangles of Tr (white color) and the
triangles of Tg (darker color).!

REMARK 2.3. (a) If we have ¢ = 0 everywhere then we have to change the norm in (4.6): the co-term
has to be cancelled. In the estimates from below and above in Sections 7 and 8 the term ¢y, is equal
to zero and will not appear. Then all the arguments can be repeated. If ¢ = 0 only in a subset of )
then there will be some problems. We can change the definition of the norm in (4.6) by ZTj cjlzi 1?11y
but then, e.g. the co-term in the last estimate in the proof of Lemma 7.1 (and correspondingly in the
proof of Lemma 7.2) cannot be controlled by the left-hand side. Therefore degeneration of ¢ in part
of € is not allowed in this framework.

(b) The condition div b = 0, mentioned in the beginning of Section 2, ensures that (3.10) and (3.13) are
valid, and that we can obtain the estimate (8.16). This means that a local conservation property holds.
This is essential to get the final estimates. Therefore, also a condition of the type —% divb+c¢>0
would not be sufficient.

(¢) The analysis is performed essentially only on uniform grids consisting of identical equilateral
triangles. The MUSCL procedure is used only on these elements and furthermore, the set of non-
equilateral triangles is assumed to be very small (strips of width O(h)). Even then the non-equilateral
triangles are assumed to have all angles less than 7 — 7). These conditions are rather restrictive
concerning domains which can be triangulated by the locally irregular triangulation. It can be shown,
however, that every quadrilateral and pentagon can be triangulated by a reasonable finite amount
of acute triangles (see [46]), so we can handle the acute triangulation of local quadrilaterals and

pentagons occuring in the finite number of strips of irregularity.
ASSUMPTION 2.4. For the solution v of (2.1) and (2.2) we assume v € W22(Q) and that v can be
extended onto a small strip wq of the width of O(h) outside of Q such that we have v(T¢) = —v(T;) if
Ty C wq is the mirrored ghost triangle to 1. For the continuation vq of v we assume

[lvallw22(04) < ellvllwz2(0),

where the constant ¢ is independent of v and Q4 := Q U wgy.

In the context of the locally irregular grid we will also use the following result (cf. [27, p. 189] and
the references there):

THEOREM 2.5. Let Q be a convez polygonal domain in R? and w, C Q be the strip of the width of
O(h), 0 < h < hg. Then there is a constant ¢ > 0 independent of h such that for all v € Wit12(Q),
7 =0,1,2, we have

[ollwizwn) < ch?vllwitiz@y, 4 =0,1,2. (2.5)

IFor drawing the pictures we are grateful to Mr. Johannes Schifer.
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Fia. 2.1. A locally irregular mesh and ghosts cells.

We split the set £ of the edges S = TJ NT,, with T;,T, € Ty, into three parts, £ = Er U Eg U Epr,s
where

Er = {Sje; Sje ¢ 09; both T; and T} are regular},
Es :={Sjs; Sju ¢ 0Q; both T and Ty are singular}, (2.6)
Ent = {Sje; Sje ¢ 0Q; T; and Ty are of different type (regular, singular)} .

and call them regular, singular and mixed edges, respectively. We also denote by
Ep = {Sje; Sje C 0N } (2.7)

and call them the boundary edges.
Furthermore we denote

Njr := {£| T} is neighboring triangle to Tj, and T, C Q},
and

Njr = {£|T} is neighboring triangle to T}, and T; € TR},

Njg := {¢|T} is neighboring triangle to T}, and T; € Tg}.

Nj¢ = {€| T} is neighboring triangle to T;, and T} € 7¢},

3. The scheme. Let ¢;(z) := ¢;, fn(x) := f; for © € T; € Tj,, be piecewise constant approxi-
mants of ¢, f, respectively, defined by

1 1
Cj.zm/;ﬂj07 fJ:E/TJf (31)

Let up(x) = u; for v € T; € 7, UTg, be a piecewise constant solution of the discrete problem

(Lnun)j = fj, if T € Tp, (3.2)
Up = —uj, if S;o C 09, and Ty € T¢ is the ghost triangle to T; C €, (3.3)

where the discrete operator is given by

€ 1
(Lpun)j = T D (e —uy)yse + T > eUe,Usg) + cjuy (3.4)
Il gen; IV ren;
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The first term in (3.4) approximates the value of the diffusion term —eAv in Z;, while ) g;¢ (L{jg, Ugj)

ZENJ'
approximates the values of the convective term div(bv) along S;,. Here, g,¢ stands for an upwind finite
volume flux, and,

Use = Uje(uy, ue), Uej = Uz (ug, uj) (3.5)
will be defined more precisely later. A particular scheme of the type (3.2)—(3.5) is then chosen by the
particular choice of functions i/, and g;.

EXAMPLE 3.1. (General numerical flux) In general, we suppose that the upwind finite volume flux
gje(u,v) is a Lipschitz continuous function, i.e., we suppose that there is a constant ¢ > 0 such that

|gje(u,v) = gje(u', ") < ch (ju— |+ v —2']) . (3.6)
Furthermore we suppose that g;; satisfies the following three basic properties:
gje(u,u) = u/ bnjeds, (3.7
Sj[
gj[(u7v) = _géj(vau) ) (38)
0 gie(u) = 0> < gjp(u.n) (39)
—ge(u,v —gie(u,v .
6ugjl ) = = 6’091[ ) ;

which are referred to as consistency, conservativity, and monotonicity of the numerical flux g, re-
spectively. (See [33] or [34] for more discussion on general upwind finite volume numerical fluxes.)
Moreover, due to (3.7) and divb(x) = 0, we have that (cf. (3.13)):

Z gje(u,u) =0 forall j. (3.10)
CEN;

ExaMPLE 3.2. (First order Engquist-Osher scheme) As a particular example of the numerical
flux we choose the Engquist-Osher type upwind finite volume flux g;; defined by

bj:

3 ::/S (bnje)* ds. (3.11)
e

gje(u,v) == bﬁ u+byv,
It can be easily shown that this particular numerical flux satisfies (3.6)—(3.10). The easiest choice of
Uj; in (3.5), namely
Ujp = uy, Upj =y, (3.12)
used together with (3.11) in (3.4) defines a first order numerical scheme.
REMARK 3.3. Due to the properties of b we have for all T € 7,
Sl Ab) =D b= Z/ bnjgds:/ bnjgdSZ/ divbdz =0, (3.13)
LEN; LEN; ten; 7’ Sie aT; T;
and, for all Sjp € £,

by = —bje, bl =—=bs,, by =—bl. (3.14)

ExaMPLE 3.4. (Higher order scheme using MUSCL type reconstruction) Let Ty, Ty, T, be
all neighboring triangles to 7} with centers of gravity zx, z¢, Zm, x;, respectively. Let w € L*()
with w|z, € C%(Ty) and w; := w(x;) for i = k, ¢, m, j, respectively. Let (cf. [19])

R}} be a plane passing through (z¢, we), (T, wm), (25, w;),

R} be a plane passing through (zx, wk), (Tm, wm), (z;,w;),

R} be a plane passing through (zx, w), (e, we), (z;, wy) .



ERROR ESTIMATES FOR CONVECTION DIFFUSION PROBLEMS 7
Define an index i by
IVRY| = min {|VRY|,[VRY|, VR |} (3.15)
and put
Gy :=VR}. (3.16)

If w; > max{wy,we, wy,} or w; < min{wy,we, w,,}, we say that w; is a local extremum. Let the
coefficients a; = o € {0, 1} be such that

w_ | O if w; is the local extremum,
5= { 1 otherwise. (3.17)
Then define
LY (z) == w; + afGY (x — x5) . (3.18)

Finally, the higher order MUSCL type Engquist-Osher scheme is defined by (3.4) with the numerical
flux (3.11) and

uj‘g = L;L(ZL'][) 5 qu = Lz(l'jg) . (319)

It can be shown that, on the regular grid, the reconstruction operator L} defined by (3.18) has the
following properties.

LEMMA 3.5. For all T; € T we have

(a) |L5 (z0) — uj| < [uj — g for all €€ Nj, (3.20)
1

(b) |L;L(l’]g) — Uj| < i\uj — Ugl fO?” all f€ Nj, (321)

(c) (ue — L (we))(uj —ug) <0 for all €€ Nj. (3.22)

We will give the proof of this lemma in the following section.

4. Main result. We will use the scheme (3.2)—(3.4) with the following definition of the numerical
flux:

o If S;y € £r we use the higher order flux using MUSCL type reconstruction, i.e. we set
(cf. (3.11), (3.18)—(3.19))

gjeUie, Ue) = b3, LY (x0) + b3, L (25e) - (4.1)
o If Sjp € Ear or Sjp € Eg we use the first order flux, i.e. we set (cf. (3.11), (3.12))
9jeUje,Uss) = blyuj + bjue. (4.2)
o If S, € Ep we use
gie(Uje,Upj) == ;fzuj + b u (4.3)
where in this case uy is the value in the ghost cell of the cell T; satisfying u, = —u; (cf. (3.3)).

The main result of this paper is formulated in the following theorem.
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THEOREM 4.1. Let up(z) = u; for x € T; € Ty, be a piecewise constant numerical solution of the
discrete problem (3.2)—(3.4) with a numerical flux satisfying (3.11), (3.18)-(3.19), (4.1)—(4.3) and let
the Assumption 2.4 hold. We define

zp = Ipv — uy, (4.4)
where
Inv(z) =v(@;)=v; ifxel;€T,. (4.5)
Then, defining

lznll2 =27 Y (2 —2) + a0 Y 2Ty, (4.6)

EUER T;€Th

we have the following error estimate for any § > 0:

h3 h*
a2 < e(eh? + h* 2+ Z ) ol s + e > BT (4.7)
T,€Tr

If, moreover, v € W32(Q), we have

h3 ht
lznli2 < o(2h® + 147 + ol + e Y0 RTI. (48)
€ ’ €
T.eTn
Here, R; := lel ZeeNj (ue — wj)vje-
REMARK 4.2.
e Note that if T} is the mirrored ghost triangle to T}, we have v(Zy) = —v(T;) (see Assumption

2.4), and also uy = —u; (see (3.3)). Therefore,
Zg =V — U = —vj; +u; = —2j, (4.9)

if Ty is the mirrored ghost triangle to 7.
e In the case when the first order scheme is used in the whole domain we get (for comparison)
the following result:

oy 1
lznl2 < e(eh? + 2+ 2 joll3 . (4.10)

For the higher order MUSCL type scheme we thus gain h'/? inside the estimate of the norm
of ||zp||e for the term corresponding (as it shows) to the convective part of the equation,
n3 h? . : 2
compared to the first order scheme: compare "~ to - in the estimate of the norm of ||z ||Z.
e For the context of the definition of R; see (8.6). It follows from Lemma 8.4 that the sum
DT eTn R?|Tj| is of the same order in € as [|v]|3 5(€), cf. (8.14) and (8.20), namely we have
bot

C C
ZR?|Tj‘ < =3 Hf||2L2(Q) and ||”H%/V2,2(Q) < ;;”f”zL?(Q) )
Tr

the second estimate being sharp due to Remark 8.5. In such a way, the estimate (4.7) can be
put in form of

h3 h*

—20

lenll2 < e(eh? + B2 + =)ol o + el 122y
or

2 < ofeh? + pA-2 hj’l 2 h;l 2
[2nllZ < c(eh” + + €3||f||L2(Q)+C€4||f||L2(Q)
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while in the case of the first order scheme we would get analogously instead of (4.10) the
following estimate:

el < eeh? + 142+ 22) Ly 2

Zhlle S C\€ c )23 L2(Q) -

e For the particular numerical calculation for which € ~ h, we get, using (4.10) and (4.7), the
error estimates of the order O(v/h) and O(h) in the cases of first order and higher order
scheme, respectively. If € ~ v/h, we get in the corresponding cases the error estimates of the
order O(h*/*) and O(h®/*), respectively.

e In the estimate (4.7), the norm [[v||3, still depends singularly on e. Due to Lemma 8.4 it

behaves like %;. This means altogether the term h?d||v||§2 behaves like Z—Z These types of

estimate are usual also for stabilized finite elements but for numerical computations on a non
adaptive grid they are of limited importance. Nevertheless numerical experiments indicate
that adaptive grids in the neighbourhood of the boundary layer allow acceptable resolutions.

In the remaining part of the paper we will give the proof of Theorem 4.1.

5. The basic estimates. First we give a proof of Lema 3.5.

Proof of Lemma 3.5 from page 7: Of course, for T; € Tg, (b) follows immediately from (a). To prove
(a), let us consider the following geometrical situation. Without loss of generality we assume that
z; = (0,0), z, = (1,0), z,, = (cosa,sina), zy = (cosa, —sina), a = %ﬂ'. Therefore,

3 1
sina:7 and cosa=—g. (5.1)

Let u;, ug, U, us, be arbitrary. Denote P; = (x;,u;) for i = j,£,m,k. The planes p, p¢, prm through
the set of points (Pj, P, Py, (P}, P, Pi), (P}, Pi, Py), respectively, are given by

(um — uy) — cosalug —uj) (5.2)

pr(y) = uj + (ue — uj)yr +

sin «
(Wp, — uz) + (up, — uy) (U — uy) — (up, — uy)

— U 5.3
pe(y) = uj + 9 cos Y1+ 2sna Y2, (5.3)
U — U;) — COS Uy — Uj;

Py) = 15 + (g — )y — (b ) —cosalue Tuy) (5.4)

sin o

where y = (y1,y2). If there is a local extremum in z; we have (see (3.18)) L} (x;) = u; for i =k, £,m
and (3.20) holds. Therefore we can assume that there is no local extremum in xzj, ie., of = 1.
Furthermore we assume without loss of generality that (see (3.18))

VLY = Vp,

which means that
IVpm| < [Vpel, (5.5)
IVpm| < |Vpgl. (5.6)

Considering L;‘(xl) —u;j for i = k, ¢, m, we will discuss two cases.
First case: if i = ¢, or i = k, we obtain
L}‘(xg) —uj = Vpp - (1,0) = ug — uj,

Li(xk) —uj = Vpm - (cosa, —sina) = up —uj,

and (3.20) follows.
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Second case: if ¢ = m, we have
Li(xm) —uj = Vpy, - (cosa,sina) = (u; — ug) + (u; — up),
using (5.1). Therefore, in order to prove (3.20) we have to show that
[(uj —un) + (u; —ue)| < fuj = uml. (5.7)

Using (5.1) we obtain for the gradients of pg, pe, Pm,

Iprl? = 5 [ = )7 + (= 05)? o+ (s = 03) = )]
Vel = 5 [l = 3)? + (o = 3)? + (i — ) — )] (58)
[Vl = 5 [ = 05)? + (e = ) g = ) e — )]

It follows that (5.5), (5.6) are equivalent to

: (5.9)

(Um — ug)(Um + ug + ug — 3uj) >0
0, (5.10)

(U — ) (U, + up + ug — 3uy)

respectively.

We will further distinguish three cases:
(1) wm + ug +ue — 3u; = 0. This implies (u; — ug) + (u; — we) = wp, — u; and (5.7) follows.
(i) wm + ur +ue — 3u; > 0. Then (5.10) and (5.9) imply u,, > ui and w,, > u, respectively.
Since u; is not a local maximum, we also have u,, > u;. Then

Uj — Uk +Uj — Up = 3Uj — Uk — Up — Uy + Uy, — Uj
< Uy — Uj = Uy — Uy

On the other hand, u; > min(uy,u,), since u; is not a local minimum. Therefore, u; + u,, >
ug + up and

Uj — Up +Uj — Up > Uj — Uy = — Uy, — Uy

Altogether, (5.7) follows.
(iil) wm + ug + ue — 3u; < 0. In this case we proceed quite analogously as in the case (ii) which
finishes the proof of Lemma 3.5, part (a).

Finally let us prove (c). We have to show
(ui - L;%(xi))(uj —u) <0, i=ktm. (5.11)

Using the same notation as in the part (a), we see that L}(z;) = u; for i = k or i = [, and (5.11)
follows. For i = m we have

(um - L;‘(a?m)) (Uj — Um) = (Um + up + ue — 3u;)(Uj — Up,) . (5.12)

Discussing the cases (i), (ii), (iii) as in the part (a), we see that (5.11) follows. The Lemma 3.5 is
proven. O

We continue with a rather technical result. Sometimes we have to change the sum over all triangles
into a sum over all edges of the triangulation. The general rules for this are given by the following
lemma.
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LEMMA 5.1. Let Ajp € R for all j,T; € Tp,. Then we have

Z ZAJ@Z Z Ajo+ Z Aje+ Z Ajy+ Z Aje

T;€T, LeEN; edges€fr edgese€s edgese&nr edgeselp
E Aje + E Aje (5.13)
edgese& edgese€fp

where gjg = Ajz + Agj and E =ErUEsUE.
Proof:

Z ZAM: Z ZAJZ+ Z ZAje

TjETh,fENj TjGTR [ENJ- TjGTS fENj

Z ZAM+Z ZAjeJrZ ZAjg

TJ‘ETR EEN]'R TjETR ZGN]'S TjETR ZGN]'G

+Z ZAJ’Z"'Z ZAj€+Z ZAjE

TiETS ZEN]‘R TJ‘GTS leNjS TJ‘GTS LeENg

= Z Zj€+ Z gjé+ Z A’Z{jé+ Z Aje

edges€€r edgese€€s edgese€€ s edgese€€p

where ng = Ajg + Agj. O

REMARK 5.2. We often abbreviate >> = > and so on.
& edgese&

In what follows we prove the discrete energy estimate for the higher order scheme.

LEMMA 5.3. Let up, be the numerical solution defined by the scheme (3.2)—(3.4) with a numerical fluz
satisfying (3.11), (3.18)—(3.19), (4.1)—(4.3) and let Assumption 2.4 hold. Then there is a constant
¢ > 0 such that for alle >0 and all h > 0

ey Y (=) oo Y WT <c > T (5.14)

EUER T €Th TjETh

Proof: We multiply (Lpur); = f; by |Tj|u; and sum up over all j such that T} € 7;,. Then we obtain

—52 Z Up — Uj)YjeUj +Z Z g]g jg,Ug] Uj +ch ]|T | = Zf]u]|T\ (5.15)

Jj LEN; j LEN;

For the first term on the left hand side in (5.15) we get using ;¢ = 7¢; and (3.3),

e D (we—w)veny = ey D (we—wphyens —e 3 3 (ue = ug)en;

i LEN; j CEN;: j (EN;G
= _52 ((w—uj)ww + (uj_ué)'YZjué) + 62 Z ZU?%’e
£ J ZGNJ'G
=D lu =)ot 5 D0 Y (we— )
£ j LeNjc
&
> g (ue — uy)*. (5.16)
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For the second term on the left hand side of (5.15) we get
> 9o Ues)us = 3 ) (s + bpue)u;
Jj LEN; j CEN;
Jrz Z b LIZJ/ zj) + bj_eagG}‘(xjg — xg))uj
Tr KGNJR

=:B) + By

Due to (3.13) we have }-,c . (b;“e + bﬁ)“? = u? >_ten, bje = 0 for all j, and we can proceed, using
also (3.14) and (3.3), as follows:

Z Z (b Zu + ijUZUj) Z Z (b eu + b ueu; — %(b;‘e + b]_é)u?)

J LEN; j YEN;
_ 1 1
Jj LEN; J Nir 7 N
1

= 5 Z(bj[luu]‘ + bgjuj"lu)
&
1 + - - +
""5 Z (bje(“j — ug)uj — bﬂ(“j — ug)uj — bje(uf — uj)ug + bje(ué - Uj)uz)
g

%22...

Jj Njc
1 - 1 )
=0+ 3 Z (b;}(uj —ug)? = by (u; — U()2> +3 Z Z(—3bjeuj +bfu;)u,
€ J Njc
1 B 1 )
> 3 Z (bﬁ(uj —ug)? — bje(u; — Ue)z) =3 Z(b;rf — b3y (uj — u)?. (5.17)
£ 3

Now let us treat the term Bs.

=>. > (bjea (20 = 25) + bjap Gi (w0 —Jw)>uj

Tr LeEN;R

= Z ( bﬂa G(xje —x5) + bj}a}sz‘(xjg — xg))uj

+ (be-aEG?(xgj — ) + by G (xej — :L’j))w)

—Z(bﬂa 2o — ;) (1t — ) + bj,0 G (20— 2)(u; — ue))

=) (bﬂag G se = )llus — el + il G (e — ze)llus — ).
Now since
o |Gy (e — x4)| = 5% |G (e — z5)| = §|(Lj (ze) —uj)| < i\ue — ujl

(see Lemma 3.5), we can continue
1 - 1 )
>-5> (bfd% — ugl® + |bj,|Ju; — W|2) = =3 Db — by (u; — ue)?. (5.18)

5R ER

Finally, using the estimate »_, fju;|T;| < 9 >, us || +e; f71T;| and (5.15)~(5.18), we get (5.14).
]
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In the next lemma we give the basic local estimates for the exact solution v.

LEMMA 5.4. For v € W22(Q) the following estimates hold.
a) For all Sj¢, and for all x,y € T; UTy we have
[0(a) = v(y)| < chlolwaeau + vl (5.19)

Here, Qj¢ is a rectangular domain containing T; UT, and a finite fized number of neighboring
triangles. The number of these triangles is independent of h (for more details see the proof).
b) For all Sj; we have

ve—wv; 1
die  1Siel s,

opv| <c |’U|W2,2(QJ.) . (5.20)

Irgew)] = |

Here, Q; is a finite union of triangles containing the rectangular S;e X [T;¢, T;].
¢) For Sj; € Er, and if the solution v moreover satisfies v € W32(Q), we have

Vp — VU 1
|I€jz(’l})| = ‘ A —/ Opv| < Ch|U|W3>2(TjUTg) . (5.21)
de Sﬂ Sje

d) For all T; € T}, we have
‘/ (v(@7) — v(x)) d:z:‘ < eh37 ollwaar) (5.22)
T

for all 6 > 0.

Proof of a): Suppose T; € T; and that either T, € T}, (in this case we have Sj; € £) or Ty € 7 (in
this case we have Sj, € £g). Without loss of generality we can suppose that there is a local cartesian
coordinate system (x,y) such that the origin of this system coincides with z,, the x axis is aligned
with the line through 77 and Z; and that the vertices of S, are given by (0, —«a) and (0, ). Let also
z = (z1,22), ¥y = (Y1,y2) € Tj UT,. We write

v(z) —v(y) = v(z1,22) — v(@1,Y2) +0(T1,92) — v(Y1,Y2) - (5.23)
=:R; =R
First we will estimate R;. To this point, consider the rectangular @; = [—3h,3h] X [-a, ] and a

smooth cut-off 1D function ¢ such that ¢ = 0 on (—3h, —2h) and on (2h,3h), and ¢ = 1 on (—h, h),
with 0 < ¢ <1 and [¢'| < §. Then we have

R = Oov(x1,8) ds

Y2

= [ [partonspoten) - do(-3h o) ds
:/m /I 0, (Oyu(t, $)6(1)) dt ds
y2 J—3h

_/ OrO20(t, 8)p(t) dtds—b—/l2 dov(t, )¢/ (t) dt ds .
Y2 —3h

Y2 —3h

Therefore,

|Ry| < /ma"(“’y?) /3h (|812v(t,s)¢(t))| + f@gv(t,s)qﬁ’(t)ﬂ) dt ds

min(za,y2) —3h

g/ |Blgv(t,s)|dtds+%/ 10a0(t, 5)| dt ds
j Qj

J

< chlvlwzzq;) + [vlwrz(q,)-
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For Ry we proceed in a similar way, using the cut-off function defined on [—h, h] x —[3c, 3a].

Proof of b): Suppose T; € 7;, and that either T; € T}, (in this case we have Sj; € £) or Ty € 7¢ (in
this case we have Sj, € £ ). Consider the same local cartesian coordinate system as in case a). Then
let 7z =: (a,0) and T; =: (b,0), a < b. Using the notation v; := v(F;), v, := v(Tg) we obtain in both
Siel _ 2a
fj.z ~ b—a’

cases, using v,z =

(ve —v5)vje — / Onv
Sje

2 [e3
= (v(a,0) = v(5,0)) ;= + | 9w(0,y)dy
_ 2 / O1v(z,0) dx + 01v(0,y) dy
b—a b

—Q

1 [eY b 1 b «
= b—a/ —01v(z, 0) da:dy—&-m/a /_a 0hv(0,y) dy dx

—Q a

1 a b
— i [ [ [0, - () + 0r0(a.) — 01062, 0] dwdy

1o b0 ,
_ / / [/ auv(t,y)dH/ Orzv(w,s)ds| da dy.
v—a) .| L] 0

1 « b b

< O1v(t,y)| dt dx dy
= | [ o

1 a b ra

b—a/ / / |O12v(x, s)| ds dx dy

2
§/ |811v(x,s)|dsdx+7a/ |O12v(x, )| ds dx
Qj b-a Qj

This implies

(ve = vj)7je = / v
sz

+

< Ch|’U|W2,2(Qj)

where @); is a union of triangles which contains the rectangular [a,b] X [—c, a].

Proof of ¢): Since the constant ¢ > 0 should not depend on T}, Ty, h, we use the following transfor-
mation mapping. Let T := T}, = T; U Ty be a fixed rthombus in the computational domain and T the
reference rhombus with vertices Py = (1,0), P>, = (0,1), P3 = (—1,0), P, = (0,—1). Suppose T is
mapped onto T by a 1-1 mapping

F:j;—>T7
F(z) = AZ + a,

where A € R?*? is an invertible matrix and a € IR?, such that
e the oriented segment S of length 2 connecting points P3 and Py is mapped onto the oriented
segment Sjp. Le., denoting & := (2,0)7, we have |A¢| = |S;q|.
Tyg—T4
o]

o ifn=mn; = is the outward (with respect to T;) unit normal vector to S,,, then

—1,. _ A—1,. = A
;L\Eh\(ff) = Ail’n(F(ZL'\)) :Ailn: A Ty A Tj Ty — Ty

lze —x;|  |we— )

and therefore

|AR| = 1.
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e The properties of A imply
|Al <ch, [J[A7Y <ch™!, |detA|™* <ch 2

A map with these properties exists (see Heinrich [27, Section 5.2.2], and Ciarlet [11]), since all involved
triangles are equilateral. Using the above notation, the following transformation rule holds:

vdo(x) = Vo |A§|O’fb\
/Sﬂdu /S< P o)

Furthermore for 9(Z) := v(F(Z)) . we have
V:0(z) = AT - Vu(z), z=F(T),

and therefore

1 1
— &lv:—/ n(x)Vou(x) do
ISj€| Sie |Sj€| Sje (IVele)
1 o ~
= sy v 28 e @) = A7 [ amy 1Lt o).
|A¢| /s €l Js
We again denote rjy(v) 1= ”’fd;_:j — ﬁ fsﬂ Opv. (cf. (5.20)) Note that since W22 is imbedded into
CY% for any « € (0,1), je(v) is well defined. Hence we can define
H(5) = 20 —0@;)  AR(AT) ! / V.9(3) do(3).
|A(z — Z5)] I€] s
We see that
H (V) = kje(v).
Hence,
5N v(Ze) — 0(T; Anl|(AT)~! - ~
H(@) < |E4(2 _f?” ]l )" | / V50| do (%)
Te — 7)) I3 s

< ch ™ olgay + b7 Vollis)

< Chil”ﬂ‘wz,z@) < ChilH@\”Wk,z(T)

where £ > 2. Next we show that H vanishes for all polynomials p of degree < k. Let us assume
without restriction that the vortices of the two neighboring triangles which build the rhombus are, as
before, given by P; := (1,0), P, :=(0,1), P3 := (=1,0), Py := (0,—1). Let

p(y1,y2) = byt + cys + dyr + eyo + f

and let (z1,0), (—z1,0) be the centers of gravity of the triangles Py PPy and P, P;Py, respectively.
Then we have

(@0~ (=0 2/,

_2da 1/75 ! ¢ ) a
C2.m 2 /1 \O 2cys + e Y2

H(p) = rjep) = p(21,0) = p(=21,0) 1 /? nVp
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Due to the properties of H we can use the Bramble-Hilbert lemma (see for example [11]) to obtain
H)| < e |Hl3alolyn gy < b lyagp -
Finally,

ke ()] = [H®)| < ch™ Blpacry
< eh™det A2 Al ol
< ch T M lwee
which proves for k = 2 again the assertion b) of the Lemma (along singular edges) and for k = 3 the
assertion c¢) of the Lemma.

Proof of d): Let T; be the intersection of the perpendicular bisectors in 7 and

G(v) ::/ vdr —v(T5)|Tj|.

j
Since the last term is an integration formula which is exact for constant functions and since the
imbedding

WEEH(Ty) — L>(Ty)
exists for any r > 0, we can apply [20, Satz 7.4] or [1, Lemma 4.3.8] and obtain
G(v) < Chg_% ‘U|W1»2+T(Tj) < Ch3_6||UHW2,2(TJ.)

for arbitrary § > 0.
This proves d). O

LEMMA 5.5. As a consequence, we have for all v € W22(Q), T; € Tr and E(v) := ZeeNj (ve —v5),

|E(U)| <ch |U|W2~2(Tj) ’ (5.24)
where ZFJ =1T; U (UéeNj T[). For T; € Tg, we immediately get by (5.19),
|E()| < chlvlwe2(q,) + clvlwrzq,)- (5.25)

Here, Q; is a rectangular domain containing ZF] and a finite fixed number of neighboring triangles (cf.

(5.19)).
Proof:

E(v) = E(v;) = Y (ve —v;) = (v — v5) + (vk — v3) + (vm — ;). (5.26)
teN;

Consider now T :=1T; UT, UT}, UT,, and a reference triangle T = Tl U Tg U Tg U T4, such that 7' is
mapped onto T by a 1-1 mapping

F:T—T,
F(@)=A%+a

and F(Tl) =T, fori=1,2,3,4, p; = j, ¢ k,m, respectively. As in the proof of Lemma 5.4, c)
A € R**? is an invertible matrix and a € IR?. Define

E:W(T) - R,
E(0) = (b¢ — 0;) + (0 — 0;) + (Im — 5).
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Then

[E(@)| < cllolloe < cllollyazm -
Moreover, E vanishes for all polynomials p of degree < 1. Indeed, we have for such p that
E(p) = Vp[(&e — &) + (@ — &) + (@m — &;)] = 0.

Using then the Bramble—Hilbert lemma, one gets

[E(©)| < cldlyaeg -

Finally,

|E(U)| = |E(®)| S C|{}‘W2,2(jﬂ) S Ch|’U|W2,2(T),

17

(5.27)

6. The basic strategy in proving the main result. The main technical step in the whole
proof is to consider the term (Lp(Inv) — Lypun,zn) = >_;(Ln(Ipv) — Lpun);|Tj|2; in the following

form.

LEMMA 6.1.

(Ln(Ipv) — Lpun, zn) = (Ya,zn) + (Yi, 20) + (YN, 210)

where

1
m =17 2 I8l (F= |sje|/sﬂa"”)

(EN;
1
Vi = 17 > (gjz(Vje,sz) —/ njebv) ;
‘ J| teN; Sje
1
Uyj =17 [ clv;—v)
on ey

where Vjo = Uje(vj,ve), Voj = Ugj(ve, v5), and

(W4, 21) = Z\I/Ajzjm for A=H,K,N.

Proof: We have due to (3.4) and (4.5),

(Lh[hv |T| Z | JZ| (

LEN;

) Zgﬂe Je’vgj |T|/ Cj.

Z EN;
Moreover,

1

(Lhuh) f] - |T| . f_ T va

|T| T

while (2.1) implies

1 / € 1
— Lyv=—— 81}—1— / bvn»g—&——/ cv,
T5] Jr, |T}] Z IT\ 2 s Tl g,

LeEN; LEN;
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which completes the proof. O

In what follows, we split the sums in (6.1) into two parts,
2= D
7 T]‘ €Tr T]‘ €Ts

In the “regular” part of the sum we have regular triangles and the higher order approximation, in the
“singular” part of the sum (“on the strips”) we have general triangles and the first order approximation.
We thus get

(Ln(Inv) — Lpup,zn) = (Y, zn)r + (Ya, 2n)s + (Ui, zn)r + (Yk,zn)s + (Un, zn)r + (Un, 2n)s

and will proceed by estimating the terms on the right-hand side both from above and from below.

7. The estimates from above.

7.1. The estimate of (Uy, z;,) from above. For the estimate of (U, z;,) (approximating the
zero-order term) from above we obtain the following results.

LEMMA 7.1. We have on the regular triangles
>N PTG < cht|o]3 o 8 (7.1)
T;€Tr

Co
(On,2n)g < chtvl3or+ 3 D 21T (7.2)
T;€Tr

where Hv”%,Z,R = ZT,ETR ”U”%/sz(rj)'
Proof: Using [1, Lemma 4.3.8] we obtain that [, (v(Z;) —v(z))dz < ch®|v|y22(7,) on the regular part
Tr of the grid, and therefore

1 .
= /T]. (W(F) — v(z))e(z) da
1

= 5 (c(@) /T (v(@) = v(@))dw + /T (0(z5) — v()) (e() — e(5)) d)

j j
1
< ch|\v||W2,z(Tj) + sup |v(@) — v(x)’ T / ‘c(a:) — c(@)‘ dx
z€T); | jl T;
< ChHU”WQ’z(Qﬂ.)

using (5.19) and the smoothness of ¢(x). Then (7.1) follows, since

YN PIT < e Y P ollieag)|Til < choll3 s 5
T]»GTR TjGTR
Now this implies

co
(Tn,zn)p < D 1Ol Izl Ti < e Y (W) T+ 5 pORIENE
T;€Tr T;€Tr T;€Tr

Co
SCh4HU||§,2,R+§ Z |T;1|251?
T;€Tr

which is (7.2). O
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LEMMA 7.2. We have on singular triangles
D1 PIT] < ekt o]
T;eTs

_ Co
Ny ~h)g > 420 372,5 Q J2 J '
(Un,zn)g < ch [lv]] + 3 25| Ty (7.4)
TjETS

52,5 (7.3)

for any 6 >0, where |[v]3 5 g == >p e 10]f22 (7 -

J

Proof: Similarly as in the proof of Lemma 7.1 we have

@Nj:u,y(c<xj> /T (v(F5) = v(x))da + L (v(zy) = v(@) (el) — (7)) ).

j .

The second term can be estimated as in the proof of Lemma 7.1. For the first one we use (5.22) and
obtain

- 1{” (c(a:j) /Tk(v(ﬂﬁij) —v(z))dz +/T (v(z7) — v(w))(c(z) — c(xﬁ)dm).

J

\I/Nj

S Chlits HU||W2’2(QJ-5) .

This implies
Yo lonPITs < e ) RO llfan g, 1Ty < b0} 0.
S S

and therefore, as before,

co
(TN zn)s <S¢ D [Pyl 5l + 5 > ITl1z1

TjGTS TjETS
—26 Co
< oo s+ D Tl
T;€7Ts

This finishes the proof of the lemma. O
Putting the results of Lemmata 7.1, 7.2 together, we obtain
LEMMA 7.3. We have (on the whole domain)

_ c
(W) < et ol3, + 2 32 2T (75)
T;€Tn

7.2. The estimates of (U, z;) from above. For the estimate of (¥, z;,) (approximating the
diffusion part) from above we obtain the following result.

LEMMA 7.4. For v € W2%(Q) we have

(Wi, 20) < cehlfollza (D (2 - z@))l/2 (7.6)

EUER

ey
<ol ol + S Y (2 - 20 7)
EUER

If moreover v € W32(Q2), we have
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&
(Ui, 21) < ceh® |[o][2 + g 3 (2 — ). (7.8)
EUER

Proof: We keep using the notation kjp := kje(v) = U%’j — @ fsﬂ v, (cf. (5.20)). Note that

Kjo = —kgj. We have

(Y, zn) = Z\IlHJZﬂT | = _EZZ“JASJM'ZJ - EZ Z rjelSjelz; - (7.9)

7 N7G

Now

752 Z KjelSjelz; = 762 1Sjel(Kjezj + Kejze) = sz |1Sjelrje(ze — 7)) (7.10)
<

J Njr £

een( X i) (e~ 7)) "
E z
(5;°)cgh(2£: |v|%v212(Qj))1/2(zg:(Ze - Zj)2>
ce hlolye o) (25:(” - Zj)2)1/2a
Y > kel Sjelz = —g DD rpelSiel(z = ze) = —% ; rjelSjel (25 = ze)

Jj Njc Jj Njc

IN

1/2

IN

the last-but-one equality holding due to (4.9). The last term can now be estimated as in (7.10) and
(7.6) follows.

In order to prove (7.8) we consider (U, zn) = (Yy,2n)r + (Y, 2n)s. The second term can be
estimated as in (7.10). For the first one we use (5.21) and proceed as in (7.10):

(Ya,2n) = (Ya,zn)r + (\I’H, 2h)s

<ceht ||v||§2 Z i — 20) —i—cghQHszzS—i— G (zj — 2z0)?.
SU53 EUEB
")/ B
<ceh! ||U||32+ Dz —2)® +eeh® |l 20,
EUER

using (2.5), and the proof follows. O

7.3. The estimates of (¥, z,) from above. For (Ug,z,) (approximating the convective
term) we obtain the following lemma.

LEMMA 7.5. We have

h3
(Ui, z)r < e —[ol3, + TN (2 - )™ (7.11)
EUER

Proof: Considering first Sj, € Eg, we use that in this case gje(Vje, Vej) = gje(LY(x50), L] (2 5¢)) to write
gL (). Li ) = [ b
Sie

- / (njeb)* (L () — v) + / (njeb)™ (LY (x0) — v)
Sje Sje
=T+U. (7.12)
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We consider T only, the term U can be treated similarly. We have

T = (nﬂb(mﬂ)>+/ (LY (z50) —v) +/ (00" - (njgb(mje))Jr} (LY (xj0) — v)

sz Sjl
=T +Ts, (7.13)
with LY (z;0) = vj + G (zj0 — x5).
First let us consider the case o = 1. Estimating T3, we will consider two cases. Firstly, if the stencil
of G contains ¢, we get

Li(zj0) —v=vj + (vje —vj) —v=vjp —v.

Then,

[, = erdot@) = [ (e o) Tl dota) = 116)

J s
for & € W22(T), using the same mapping F : T'— T as in the proof of Lemma 5.4. It follows that
H(p) =0 for all polynomials p of degree <1
and
[H(0)| < ch|ldlloepy < chl[Dllyaz g -
Therefore, using the Bramble-Hilbert lemma,
[H(0)| < ch[o]yezpy < ch®olwzem .
Consequently,
‘T1| S Ch2|U|W2,2(T) .
Secondly, but still for af = 1, if the stencil of G does not contain ¢, we have
Li(zje) —v =v; - Gj ((%’k — @) + (Tjm — a?j)) —v
= (vj = vjk) + (v = vjm) + (v — V).
Using the same transformation as before, we can show that
|A¢]
€]

1) 1= | (0= )+ (65 = 03) + (85 = 0(8)) T ()

satisfies
[H(0)] < chldllyaeis

while for all polynomials p of degree < 1,

H(p) = /S (Vp(z; — zjk) + Vp(2; — 2jm) + p(2;) — p(2)) do(z)

J

— [ (playe) = pla)) dote) 0.
Sie

J

Therefore, by the same argument as before,

‘T1| S Ch2|’U|Wz,2(T) .
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Finally, for general af we obtain
+
T, = (njeb(xje)) / (LY (xj0) — v)
Sjg
+ v v
= (njgb(l‘j[)) /S (v; + Gz — x5) — v) (7.14)

¥4

< (njgb(fjg))Jr/S (’Uj + G (zje — 5) — v) + (nﬂb(xﬂ)>+ /SM lof — 1G5 (w50 — x5)] -

je
The integrand of the first integral corresponds to the case of o =1 studied above and therefore the
first integral can be estimated by ch2|v|W2,z(T). The second integral can be estimated as follows using

(3.21):
5, aj; i(@je —x; 2 /s aj; ve— vl =5 o g v — vj)

je lEN;
since o — 1 # 0 implies that there is a local extremum in v;. We then continue
[ty =G g =l < ¢ [ 1B@)] < chlolyass,
je Sje
where we used (5.24). We conclude that in any case we have using (3.20)

ITh| < Ch2||”HW2,2(f7.) .

The term T5 in (7.13) can be estimated as follows:

|To| < ¢|Sjel h ssup |L;(.’L‘j5) -] < ch2||vHWz.z(T). (7.15)

e
The term U in (7.12) can be treated in the same way. This finishes the first part of the proof.

Now we will consider the general situation for any Sj,. We have

(Vr,2n) = ZZ (gﬂ Vie, Vej) /ﬂ njgbv)z]
:§;+ZZ+ZZ (7.16)

3 Tr Njs Tr Njc
53RN0 3 DS 2 ot
Ts Njr Njs Ts Njc

Using the first part of the proof, we get for the first case

Z Z Z Z (gjl $]€ Ly (Z‘Jz)) /s mgbv)z]
- Z (gge '(xj0), Lj (zj0)) — /SN njgbv) (2; — 20)

<c Z h? ||U||W2‘2(Tjg)<zj — zp) (7.17)
Er

ht £y
se— [0][y2.2 0y + 3 Z(Zj - 20)*.
ER
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Secondly,

(gjé(vjavl)_/s. njeb’u)zj

J

ZZ"'*ZZ"':

TR st TS N]R

193}

J

+

A0 iM

=
=

(gjé(vj7v€)_/ njgbv)zj (7.18)
S;e

J

gje(vj,ve) — / njebv) (25 — 20)
SJ‘@

|
/N

)

M
Since gje(vj, ve) = ;révj + bj}vg for Sj; € Ea, we proceed by estimating
’bﬁvj + bj}w — / njgbv‘
Sj[

< (7.19)

/ (brje)* (v; — ) +(brze)™ (v —v)
Sje ~— ~—

use (5.19) use (5.19)

<c [l (hlolwaaca,n + lollwia,)

Sj@

< B Jollwaaqy + e lollwrzg,

and continue in (7.18) to obtain

Y4y Y

Tr Njs Ts Njr

S CZ hQHUHWz,z(QH)(Zj — Z[) + CZ h”v”lez(Qﬂ)(Zj — Zg) (720)
Em Em

h* h? ey
< C?H’UH%/V%Z(TS) + C?HU”%/VL%TS) T3 Z(Zj —20)?, (7.21)
Em

and, since according to (2.5) we have ||UH%,V1,2(TS) < chHUH%VQ,Q(Q), we obtain in this case finally
h o &y 2
)S)UEES 3D SRS INED B (2
Tr Njs Ts Njr Enm

Thirdly, we consider

D=l (gjf(vaww) - / njlbv)zj
Ts Njs Ts Njs Sje
B ; (9”(”1"”‘) - /sﬂ ”jebv)(zj — z) (7.23)

and proceed as in (7.19), (7.22) to get

h? €y
Yy o< C?HUH%’Q-F?Z(ZJ- — )2, (7.24)
Es

Ts Nj

Finally we will estimate the terms with the ghost cells. We have
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N
iy
|'|

ZZ (gﬂ(vﬁvé) - /s njebv>zj

Tr NJG
= — Z Z (g]g U],Ug / njgb’l)) (Zj — Zg)
TR N]G S
and therefore we can proceed as before to get c— [0ll5,2+ %> ¢, (25 — 2¢)*. The other terms in (7.16)

can be treated similarly, and the result follows. EI

7.4. The final estimate from above. Putting together the estimates (7.5), (7.7), (7.8), (7.11),
we get the following result.

THEOREM 7.6. (Estimate from above) Under the assumptions of Theorem /j.1 there exists a
constant ¢ > 0 independent of £ such that for v € W22(2) we have

h3
(Lnpv — Lyup, 21) < c(eh2 A ?) [ (7.25)
0
TSt DY )
EUER T‘GTh

If moreover v € W32(Q), we have

_ h?
(Lndwo = Lntn, 20) < o eh® + A 25+;)||v||§2 (7.26)
’Y
> =z 3 AT
EUER T;€Ty

8. The estimates from below. In this part of the paper we will prove an estimate from below.

THEOREM 8.1. (Estimate from below) Under the assumptions of Theorem 4.1 there exists a
constant ¢ > 0 independent of & such that for v € W22(2) we have

(Lpdpv — Lpup, 2n)

v 1 _
2 ?Z(Zz — 2%+ 2572,2]2- —s—coz,z]2-|Tj| +3 Z (b, — b3y (25 — 20)°
& Ep j

EMmUEs
h* h*
*C?H’UH%WQ(Q) *C?ZRﬂTj\ (8.1)
Tr

where v = min-y;, and R; :=

5 (we = uj)y5e -

Proof: Using the notation . = Y and the definition of L;, one can write
j T7 eTh

(LnIpv — Lyup, zp) = Ay + Az + As
where, denoting as before Vj; = Uje(vj, ve), Vej = Uyj(ve, vj),

Al:z<752(v 7Uj)7je+€z(w )71[)2J >5’YZ 2 — zj)? +2572 2,

LEN; LEN; Ep

Z Z (gge Vie, Vij)) _gjé(uj€7u€j))zj7 (8.2)

j LEN;

A3 = ZCj(’Uj 7Uj)Zj‘Tj| > COZZJZ|T’J|
J

J
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It remains to treat A,. Recall that
b;'[L;-‘(xjg) + bj_ZLg(l‘jg) for S;¢ € Er,

gjeUje,Upj) = (8.3)
bjéuj +bj'_gu€ for Sjp € EsUENM UER.

For S;¢ € Er we can use the fact that

Li(wie) =y = 5 (L30) = w5) = 5 (L) — ) + 5 (e — )
(and similarly for LY (z,¢) — u¢), and write
gie(Uje,Ugj) = bﬁuj + by ue + be (LY (50) — uy) + bj} (L (zje) — up)
= b;.?uj + bjue + 2bﬂ( U(xe) —ug) + ije( — uy)

+ ;bge (Le (z) — ) Qb]z( — )

and similarly for g;¢(Vj¢, Vi;). Therefore,

= Z Z (gﬂ (ij’Vej)) — gje (ujZ;qu)>Zj

J ZENJ'

=2 D (s +bj00)z + ZZ (v (L5 (@0) = ve) + b7 (L7 ) =) )2
Jj LEN; Njr
1
520, (b}}(”e — ;) + b, (v; — W))Zj

Tr NjR
— 1 u — u
_ Z Z (b;reuj + bjeug)zj -5 Z (bﬁ(Lj () — uz) + bjé(Ll (xj) — uj)>zj
j LEN; Tr Nir
1 _
~3 (bﬁ(ug—uj) —l—bﬂ(uj —Ug))Zj,
TR NjR

and hence,

Ay =) > (bfyz +bjp2)

j LEN;
—|—% Z Z (bﬁ(L}’(u) — Ue) + bj_Z(LZ(xj) - vj)>zj
Tr Njr
—% Z Z (bﬁ(L}L(xz) — uz) + bj} (L}f(xj) — uj))zj
+— ZZ(M +b (2 Zg))Zj

::W1+W2+W3+W4.

For W we procced by the same way as we did treating the term By on page 12 to get (cf. (5.17))

1 -
Wiz o > (b = by) (25 — 207, (8.4)
£
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while for W, we get
1 _ 1 _
W =33 (00 = 5500 = 20)) 25 = 5 D08 = 03) (e = 232 + (25 — 20)2)
TR N'R

ERr
1 _
= =3 S0k~ ) — )
ERr
Therefore,
1 _
Wi+ W > o (b, = bz — ) (8.5)
EsUEM

In order to estimate terms Wy and W3 we use the definition (3.18) to see that
up — L (xg) = wp — uj — af G (g — ) .

Let us discuss the three possible cases. If a}i =1 and stencil of G}‘ contains z, then u, — L;(mg) =0.
If af =1 and stencil of G} does not contain x,, we have

up — L (21) = up — uj — Gy (z) — ;)
= up — uj + G5 (v — x5 + T — ;)

=Up — Uj + Uy — Uy + U — Uy

1 |75 |T5]
I ken; J 7

In the (8.6) we take the advantage of the fact that for T; € Tr we have ~y;; = const; =: v; for all
ke Nj.

Finally, if o = 0, then uy — L}-‘(xl) = u¢ — u;. However, o} = 0 implies that there is local extremum
in u;, or more precisely, that u; is extremal out of the values u;,u¢, ¢ € N;. Therefore we have in this
case

T,
lue — uj| < ‘ > (e —uy)| = IRj|M-
kEN; i
We conclude that in any case,
lug — LY (we)| < |Rj|77 (8.7)
J

and the same estimate holds when replacing j by £ and vice versa.
By the same considerations we get that

jve = Ly @)l < | 37 (e = vy)|. (8:8)
LEN;
In order to estimate the last term, we define
E(v) =E(v;) =Y _ (ve —v;) = (v — v;) + (05 — v;) + (vm — v;) . (8.9)

LEN;

Consider now T' :=T; UT,; UT} UT,, and a reference triangle T=T,UTyU Tg U T4, such that 7' is
mapped onto T by a 1-1 mapping

F:T—>T,
F(#)=Ai+a
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and F(TAz) =T, fori =1,2,3,4, p; = j,¢,k, m, respectively. Note that T is also a regular, larger
triangle. As in the proof of Lemma 5.4 part c¢), A € R?*2 is an invertible matrix and a € R?2. Define

E:-W»(T) - R,
E(®) = (b — 9j) + (0 — 9j) + (0 — ;) .
Then

[E@)] < cllollgy < cllollwesy -
Moreover, E vanishes for all polynomials p of degree < 1. Indeed, we have for such p that
E(p) = Vp[(&e — &5) + (@ — &) + (Em — &;)] =0.

Using then the Bramble—Hilbert lemma, one gets

|E®)] < ¢l -
Finally,

[E(v)| = [E(@)] < cldlyenqy < chlolwze(m (8.10)

using the properties of F' similar to those in the proof of Lemma 5.4, part c¢). Therefore we obtain
using (8.8), (5.27),

lve — L;)(a?gﬂ <ch ‘U|W2»2(T) (8.11)
with ¢ > 0 independent of h and T'=T; U |J T, and the same estimate holds for |v; — L} (z;)]|.

JEN,
Using now (8.11) we see that

- %Z 5 (B30 = ) + bl i) = )
= Z(zﬁ (L5 (@e) = ve) + b3 (i (w5) = v3) ) (25 — 1)

> —*Z( LG (1) = vel|25 = zel + |03 1LY (25) — ;12 _Zé|>

Z —Ch2 Z |’U|W2,2(T)|Zj — Z(‘
Er
&y
Z—C*ZMW“(T) Z 2 — )’
&y
Z HU||W2 2(Q) — Z - Z@ . (812)
Similarly, (8.7) implies that
Wy > — 257 (b5 L8 (21) — w2 — b || LY () — us|2; —
32> =5 > (URILG (@) = wellzg — 2l + bl 1L () — w1z — 2]
Er
> —eh® Y (IRIIT] + | ReV/IT ) 25 — 2l
Er

—C—ZR2|T|—— (z; — 2)%. (8.13)

ERr
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Now, estimates (8.5), (8.12), (8.13) imply

bt — b))z — 2 _ &Y 52 h;l 2 — h;l R2IT:
Z (jZ jz)(ZJ ) B) Z(Z] z¢) c 6 ”UHW2v2(Q) ¢ c Z j| il
Tr

EsUE N Er

Ay >

N | =

which together with (8.2) finishes the proof. O

LEMMA 8.2. Let R; = |T—1J| ZéeNj (ue — uj)v e for T; € Tg (cf. (8.6)). Then there is a constant ¢ > 0
independent of € and h, such that

C
> RITY| < = 111720 (8.14)
Tr

Proof: From the definition of the numerical scheme in (3.4) we obtain

Rj= z-:lTj| (5 Z (ue — Uj)W)

LEN;
(see (3.4) and use (Lpup); = f; with T; € Tg)
e\T | (Z gie (L (wje), L (je) ) + cyuy|Ty] = fj|Tj|)~ (8.15)
LEN;

We have for T; € Tg,

‘ > gie(Lf (wje), Li (wje) ‘— ‘ > [ge Lj(wje)) + bj, (Lf (’W))”

LEN; LEN;
= | 32 [ @) = wg) + b5 (L o) = we) + wb + uebyy| (8.16)
LeEN;

using (3.20)

<ch Y fue— sl + | 3 (0F, + by + e — )|
ZENJ EENJ'

< ch Z lue — ujl,

LeN;

since ZZEN], (bﬂ +b;,)uj = 0. Therefore

C
|Rj| < —5(h lue — ug| + |ug | T5] + [ £5]1T5]
eh
ZGN]‘
crl
<S(5 7 fue =gl +ugl +155]) (8.17)
ZENJ
and
&
> BILI <5 Y (X e uwl? +uin] + £1T;1) (8.18)
T;eTr T;€Tr Njr
C C
< S(eX e wl?) + 537 (WIL] + F1T31)
Er J
&
J

using (5.14). This implies (8.14). O



ERROR ESTIMATES FOR CONVECTION DIFFUSION PROBLEMS 29

REMARK 8.3. The terms

Tr

contained on the right-hand side of the estimate (8.1) depend of course on . As we will see in the
following Lemma, the sum 3_,, R}|Tj| is of the same order in € as is the norm [[v[[{2 .2 q)-

LEMMA 8.4. Let v € W22%(Q) be the solution of (2.1)—~(2.2). Then

C
[Vl () < gllf\l%zm) ; (8.20)

Proof: We have the energy estimate

g/ Vol? + ¢ / WP < c/ 12 (8.21)
Q Q Q

C 2 C
e <C/A2<—/bv - <7/2_
lolfyesm < € [(aop< 5 | (b90se—f) < 5 [ 7

REMARK 8.5. The order of € in (8.20) is sharp. This follows from the following example. For z,y € R

let
0= (lexp<i)>_1, vl(x):a(lexp<1z>>1+:r, va(y) = y(1 — y),

v(z,y) = oi(@)va(y),  fzy) = ol(z,y) +vi(e)(2e +1 = 2y) + va(y).

and therefore

Then we have

—eAv+ v+ 0yv+v=f in ©Q:=]0,1[x]0,1],
v=20 on 09,

and
Haiv”Lz(Q) > 8_% and ||fHL2(Q) < ¢ forall e >0. (8.22)
It is not difficult to verify these results.

9. The final estimate. Putting together the estimates (7.25), (8.1) and using the definition of
lzn]le (see (4.6)), we obtain the main estimates (4.7) and (4.8) of Theorem 4.1. The result for the
first order scheme (4.10) can be obtained using only the parts of the estimates (7.25), (8.1) which
corresponds to the first order parts of the scheme.

10. Acknowledgement. The authors want to thank the unknown referees for their valuable
comments.
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