THE HORMANDER MULTIPLIER THEOREM I: THE LINEAR CASE
REVISITED

LOUKAS GRAFAKOS, DANQING HE, PETR HONZIK, AND HANH VAN NGUYEN

ABSTRACT. We discuss LP(R™) boundedness for Fourier multiplier operators that sat-

isfy the hypotheses of the Héormander multiplier theorem in terms of an optimal condi-

tion that relates the distance |% — %| to the smoothness s of the associated multiplier

measured in some Sobolev norm. We provide new counterexamples to justify the opti-

mality of the condition |% — 3| < £ and we discuss the endpoint case |% —3l=2=.

1. INTRODUCTION

To a bounded function ¢ on R™ we associate a linear multiplier operator

T,(N)@) = | J(&)a(©)ed
Rn
where f is a Schwartz function on R™ and f(f ) = Jou f(x)e ?™ 4 dx is its Fourier trans-
form. The classical theorem of Mihklin [10] states that if the condition

(1) 0%0(€)] < Calé| ™

holds for all multi-indices o with size |o| < [n/2] 4+ 1, then T, admits a bounded
extension from LP(R™) to itself for all 1 < p < 0.

Mikhlin’s theorem was extended by Hoérmander [8] to multipliers with fractional
derivatives in some L" space. To precisely describe this extension, let A be the Lapla-
cian, let (I — A)*? denote the operator given on the Fourier transform by multiplication
by (14+472|€|?)*/? and for s > 0, and let L” be the standard Sobolev space of all functions
h on R™ with norm

Ry = (I = A)2h]1r < oo

Let ¥ be a Schwartz function whose Fourier transform is supported in the annulus of
the form {£ :1/2 < [§] < 2} which satisfies Y, U(277¢) =1 for all £ £ 0.

Hormander’s extension of Mikhlin’s theorem says that if 1 < r < 2 and s > n/r, a
bounded function o satisfies

(2) sup H{I}O'(Qk”
keZ

<00
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i.e., o is uniformly (over all dyadic annuli) in the Sobolev space L, then T, admits a
bounded extension from LP(R") to itself for all 1 < p < oo, and is also of weak type
(1,1). An endpoint result for this multiplier theorem involving a Besov space was given
by Seeger [14]. The least number of derivatives imposed on the multiplier in Hérmander’s
condition (2) is when r = 2. In this case, under the assumption of n/2 + ¢ derivatives
in L? uniformly (over all dyadic annuli), we obtain boundedness of T, on LP(R") for all
p € (1,00). It is natural to ask whether L” boundedness holds for some p if s < n/2.
Calderén and Torchinsky [1] used an interpolation technique to prove that if (2) holds,
then the multiplier operator T, is bounded from LP(R™) to itself whenever p satisfies

1 1 S
» [RRE
and

1 1 1
4 (___‘<_.
() p 21 r

It is not hard to verify that if o satisfies (2) and 7, is bounded from LP(R") to itself,
then we must necessarily have rs > n; see Proposition 4.1. Thus % < 2 and comparing
conditions (3) and (4) we notice that (4) restricts (3). On the other hand, if we only
have conditions (2) and (3) for some r,s with rs > n, r € (1,00), s € (0,00), then one
can find an r, such that |z_17 — %\ < % < Zand r, < 7. In view of standard embeddings

between Sobolev spaces' we obtain that

(5) sup H\/I\/U(Zk){ < C sup ||\Tla(2k)‘
keZ keZ

Lo Ly <9

and thus we can deduce the boundedness of 7, on LP(R") by the aforementioned
Calderén and Torchinsky [1] result using the space L. So assumption (4) is not neces-
sary.

In this note we provide a self-contained proof of the LP boundedness of T, only under
assumption (3). Moreover, we show that (3) is optimal in the sense that within the class
of multipliers ¢ for which (2) holds, if 7, is bounded from LP? to itself, then we must
necessarily have |117 — %| < 2. Theorem 1.1 is mostly folklore, and could be proved via
the interpolation result of Connett and Schwartz [2], but here we provide a “bare hands”
proof. The counterexamples we supply (Section 4) seem to be new.

Theorem 1.1. Fiz1 <r <00 and 0 < s < § such that rs > n. Assume that (2) holds.
Then T, maps LP(R™) to LP(R") for all p € (1,00) such that |+ — 1| < £. Moreover,

p 2
if T, is bounded from LP(R™) to itself for all o such that (2) holds, then we must have
1_ 1] «s
P 21 — n’

We note that the strict inequality in condition rs > n is necessary as there exist
unbounded functions in Ly , (R™), while multipliers are always in L.

IThis could be proved via the Kato-Ponce inequality ||FG||pz < Cl|F||pa |Gl pa2, 1/qg=1/q1 +1/q2
with ¢ =7, and ¢; = r; see [9], [5].
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On the critical case ’% — %’ = 2,1 < p < 2, there are positive results for 1 < p < 2

(see Seeger [13]) and for p = 1 by Seeger [14]. In Section 5 we discuss a direct way to
relate the results in the cases p = 1 and 1 < p < 2 via direct interpolation that yields
the following result as a consequence of the main theorem in [14]:

Proposition 1.2 ([13]). Given 0 <5 < %, 1 < p < 2 satisfy ’% — %! = 2, then we have

1T\l pre < C sup [lo(28 )]
keZ

s,1 .
By
s

Here LP? denotes the Lorentz space of functions f for which ¢'/7 f*(t) lies in L?((0, 00), 4),
where f* is the nondecreasing rearrangement of f; for the definition of the Besov space
B! see Section 5. Other types of endpoint results involving LP norms as opposed to

LP? norms were provided by Seeger [15].

2. COMPLEX INTERPOLATION

This section contains an interpolation result proved in a simpler way than that of
Calderén and Torchinsky [1]. We denote by S the strip in the complex plane with
0<R(z) <1

Lemma 2.1. Let 0 < py < p < p1 < oo be related as in 1/p = (1—0)/py+0/p1 for some
0 € (0,1). Given f € CF(R") and e > 0, there exist smooth functions b5, j =1,..., N,
supported in cubes on R™ with pairwise disjoint interiors, and nonzero complex constants
¢; such that the functions

N¢
_ Z |C§|%(1—z)+£2 h;
j=1
satisfy
1£5 = o+ 105 = £l ™ + | fs = £l ™ <

and

| f; |Lpo = ||f|| + ¢, ||f1+zt| 1 > ||f||

where £ depends on €,po, p1,p, || fllzr and tends to zero as e — 0.

Proof. Given f € €°(R") and & > 0, by uniform continuity there there are N. cubes Q5
(with disjoint interiors) and nonnegative constants c5 such that

Ne Ne min(1,pg) Ne min(1,p1)
EEDILAT e (D DEAT I TR I S
j=1 j=1 J=1
Find nonnegative smooth functions g5 < XQ: such that
min(1,po) min(1,p1)

<e€

LPo +HZ gj XQE

LP1

H icj(gj — Xqs)

and

Ne
L2 - xe)
j=1

1

Ne

Pl
(351615 - xan)” (Dc\pugj vl )" <.
j=1
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Let ¢% be the argument of the complex number 5. Set h; — i g and notice that
[ Ns £ 15 .
fi = 2]‘:1 |Cj|hj = Z] | €595 satisfies

16 = £l + 1145 = £1

Moreover, the choice of g implies that

min(1,p1)
LPr1

min(1,po)

O

i < (BP0 | ot

where

P

N. b )
min l'l’lln 1 min(l.p)
B= || dxa| < (o 4 gy mtis )
j=1

An analogous estimate holds for fi,;. Given a,c¢ > 0 and ¢ > 0 set & = €'(e, a, c) =
(e%+c*)Y/2—c. Then (e%+c*)"/* < &'+cand &’ — 0 as e — 0. Then for a suitable ¢’ that
only depends on ¢, p, po, p1, || f||zr, the preceding estimates give: ||f5|%% < || fI%»

and || ff il < IfI7e + €', as claimed. D

Lemma 2.2. For z in the strip a < R(z) < b and x € R", let H(z,x) be analytic in z
and smooth in x € R" that satisfies

dH
_Z(Z’ l‘)

where H, is a measurable function on R™. Let f be a complex-valued smooth function
on R™ such that

[ max{if@P 1)} {1+ o@D } (o) di < .

Then the function

|H(z,2z)| + < H.(z), VYa<R(z)<b

G(z) = |f(x)|? e SO H (2, x)dx
is analytic on the strip a < R(z) <Rb and continuous up to the boundary.
Proof. Let A={x : f(z) #0}. For x € A denote
F(z,z) = |f(x)]" e /@ H(z, ).
Fix a < R(z) < b and x € A. Then
F(z,x) — F(z, )

lim
Z—20 VA
Z iAr T 2 z T dH
= |f(@)[*log | f(x)| €& H (z0,2) + |f ()| e8I )—dz (20, )

for all x € A. We also have
F(z,x) — F(z, )

Z— 20

< max {[f()|", [f@)['} (1+ Pog| ()| ) H.(a)
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for all x € A. By Lebesgue dominated convergence theorem, the function G is analytic
and its derivative is

GMZAwmwmmeMMmmwmﬂ““fg“@M

Also, the function G is also continuous on the boundary R(z) = a and R(z) = b. O

Lemma 2.3 ( [3, 6]). Let F' be analytic on the open strip S ={z € C : 0 <R(z) < 1}
and continuous on its closure. Assume that for all 0 < 7 < 1 there exist functions A,
on the real line such that

|[F(T+1t)] < A (1) for all ¢t € R,
and suppose that there exist constants A > 0 and 0 < a < 7 such that for allt € R we
have
0< A.(t) <exp {Ae“'ﬂ} :
Then for 0 < 6 <1 we have
sin(mw@) [ log | Ag(t)] log | A1 ()]
F(O)| < dt o .
FO) = exp{ 2 /_ {cosh(mﬁ) — cos() * cosh(mt) + cos(mh)

o0

In calculations it is crucial to note that

(©) sin(76) /OO dt 1y sin(7) /°° dt _
2 o cosh(mt) — cos(mf) ’ 2 _ oo cosh(mt) + cos(md)

The main result of this section is the following:

Theorem 2.4. Fix 1 < qo,q1,70,71 < 00, 0 < pg, p1, 8o, S1 < 00. Suppose that rosg > n
and 1181 > n. Let W be supported in the annulus 1/2 < €| <2 on R™ and satisfy

Z\If e =1,  £#0.

JEL
Assume that for k € {0,1} we have
(7) ITo(1) o < Eesup o) 1
forall f € CP(R™). For 0 <6 <1 let
O R O N PN

Then there is a constant Cy = Cy(r¢, 1, S0, S1,n) such that for all f € CF(R™) we have
(8) ||T0(f>HLQ(]Rn) < C*Ké_er Slelg Hg(zj.)\p’
j

oo 1 oy -

Proof. Fix ® such that supp(®) C {;11 <€ < 4} and ® = 1 on the support of the
function W. Denote 0; =1 — A) [0 (23)@] and define

O =20 a7 [l e ] i)

jEZ.
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This sum has only finitely many terms and we estimate its L> norm. Fix £ € R". Then
there is a jo such that |£] & 2% and there are only two terms in the sum in (9). For
these terms we estimate the L norm of (I — A)~ sl [l (G0 F77) gihre (ei)]. For
z=14+it with0 <7 <1 let s, =(1—7)so+7s; and 1/r, = (1 —7)/rg+7/r1. By
the Sobolev embedding theorem we have

HI INE

so(1— z)+slz z . )
| ) piATg (#)]

Lo
_sg(l—2)+s12 z)+slz |:

< Crrsem)|[(T = 8) ot ()]

TT
LT

< C(T’Ta S, N H .[ A it O |: )eiArg (Soj):| ‘

Lrr

< O'(ryy s,m) (14 |sg — 1 [¢])/* |(pj|r(1%0+ﬁ)emrg (@)
Lrr
< (om0, 50,7 m) (14 )2l S|

= C”<7’0, 1,580,851, 7, n)(l + |t|)n/2+1 ||S0] ;ﬁ
It follows from this that

r
>;
Lz :

Let T, be the family of operators associated to the multipliers o,. Let ¢ be given. Fix
frgeCrland 0 <py<p<pr <00, 1<q)<q <q <oo. Given € > 0, by Lemma
2.1 there exist functions f, and g, such that ||f§ — fl|,, <e€, ||gs — 9ll;« < €, and that

1l < (Il +2), W frall o < (11l +€) 7,

‘L
a
1,

(10)  lorsullze < C"(rovrasso. s m )L+ 1) (sup [lo(2 )0
NS

‘L
7
0

lgill .y < (gl +€),  |lgisill o < Cllallze +€)

_so(l—z)+slz 1—=z
Syt

=542 ing w} (277E)B(279€) f2(€)gE(€) de

50 z)+slz

;5 s )] (279) (1 - A)” B (&) de.

sg(1—2)+s12 z)+.51z

Notice that (I — A)~ [@(Q*j-)ﬁé\g] (€) is equal to a finite sum of the form

> s

where Ck,l are Schwartz functions, and thus it is an analytic function in z.

sg(l1—2)+s12
2

520 a) (B (€)= HE ),
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Lemma 2.2 guarantees that F'(z) is analytic on the strip 0 < R(z) < 1 and continuous
up to the boundary. Furthermore, by Holder’s inequality, | F'(it)| < |75, (f7) | o 1951l a »
and

T ()l <o sup ||
kEZ

Uit \Ij‘

. 15l oo

. . 1
<C(n,7o)(L + [s1 = sol [t]) 2" Ko sup [l | (A5 +€)ro
Je

=C(n,10) (1 + [s1 — sol [t]) 2™+ Ky ?EJEH([_A)%[U@ VO (11, + )7

Thus, for some constant C' = C(n, ro, sg, $1) we have

O\"“

(”fHLP ey (llgl, +¢)
Similarly, for some constant C' = C(n, 11, So, $1) we obtain
(||f||Lp+€)“(||g|| +e)a

Thus for z =7 +it, t € R and 0 < 7 < 1 it follows from (10) and from the definition of
F(z) that

[F(it)] < C(1+[t]) 2 Ky Sup (7 = )3 [o(2) 9|

[F(1L+it)] < CU+[H)E Kusup (7 = A)3[(2) 9] ;

o) I sl = Ao,

noting that || f5]|12]/¢5||z2 is bounded above by constants independent of ¢ and 7. Since
AL (t) < exp(Aeltl) it follows that the hypotheses of Lemma 2.3 are valid.
Applying Lemma 2.3 we obtain

IF(2)| < C"(1+ yt|)%+1(sup |or(27)®
JEZ

s

|F(A)] < C KL~ eKesup” (I - A):[o(27)9]|

=

1 /
(LA + ) (gl + )7

But
Fo) = [ @B G .
Then

~

/na@mﬁz(odé— () (&) dg‘

RTL

| e@[Fo @ - @) + e - fe)]
< ol [13l2gs — gllae + ggleel55 = Flie]

| = gllzz + lgllezll f5 = e

But the sequences f§ — f and g5 — g converge to zero in L?. Letting ¢ — 0, these
observations imply that

[ o@fi0aea < 0 K5 KL sup (1 - 2)3lo2)5)

A

<

o 1l gl o
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and taking the supremum over all functions g € L? with ||g||,+ < 1 we obtain

ITo (e < Cu Ky K7 Sup (7 = 2)2 o2 ) W], (1
J

where C, = C.(n, 71,72, S0, 51). =

3. PROOF OF BOUNDEDNESS IN THEOREM 1.1

To prove Theorem 1.1 we use Theorem 2.4 applied as follows: fix p € (1,2) such that
i_ % < 2. Pick pg = 1 + ¢ with ¢ small such that 1 < py < p and set so = n/2 + ¢ and

7130 = 2 where ¢ is small. Also set p; =2, s =e+¢2, and r; = n/e. We have that
(1) 7Pl < €t p0, 70, s0) 500 (2| 11

and

(12) I7,(Dll> < Clupo, i, s1)sup o2 11

The conditions

1 1—-0 0 1 1—-6 0

— = t+— - = +— s=(1—-0)so+0s1.
p Po P1 r To T1

1 1 1 1 1 1 1 1—60 06 n
———=——= 6’(———), -—=— 4+ — =1-0)=—+(1+6 2
2 AT REAC I wr ) A e B A Sl Ob R SOl Ch
or
1 1 S +e€ 20
- — 9 _ =
R G e
s £+ &2 25 s e+e? 25 s
=——((1+90 < —.
n (( * ) n + —(1+9) n 1+5) n
Since 6 and ¢ are very small it follows that ]l)— 5 can be arbitrarily close to 2. Note that
once s is fixed for a given p, the optimal r is close to % (i.e., % =2 - %) Interpolating

between (11) and (12), via Theorem 2.4, yields the required assertion.

4. NECESSARY CONDITIONS

In this section we discuss examples that reinforce the minimality of the conditions
on the indices in Theorem 1.1. One way to see this is to use the multiplier m,;(§) =
V(€)[€] b where @ > 0, a # 1, b > 0, and 1 is a smooth function which vanishes
in a neighborhood of the origin and is equal to 1 for large £. One can verify that m,
satisfies (5) for s = b/a and r > n/s. But it is known that 7,, , is bounded in LP(R"),

1 < p < o0, if and only if \}D -1 < b/T“ (see Hirschman [7, comments after Theorem 3c],

Wainger [16, Part II], and Miyachi [11, Theorem 3]). Alternative examples were given
in Miyachi and Tomita [12, Section 7].

a,b
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In this section we provide yet new examples to indicate the necessity of the indices in

Theorem 1.1. We are not sure as to whether boundedness into L”, or even weak LP, is

S

valid in general under assumption (2) exactly on the critical line |— -5 =2

Proposition 4.1. If for all o0 € L>(R") such that sup,, ||o(2" ')quL'g(Rn) < 00 we have

(13) 17 o en)snr@e) < Cp sup o (25) Wy < 00,
then we must necessarily have rs > n and ]Il) —3| <2
Proof. First we prove the necessary condition rs > n. Let QA‘ be a smooth function
supported in the ball B(0,1/10) in R™ and let (Z be supported in the ball B(0,1/2)
equal to 1 on B(0,1/5). Define f(&) = ((N(£ — a)) with |a| = 1, and o(£) = (N (€ —
a)), then a direct calculation gives || f||rporn) & N "7 and ||o||prgs) < CN*N—/";
for the last estimate see Lemma 4.2. Moreover, T,(f)(z) = N"((x/N)e*™ @ We
thus obtain that |7, (f)| rsgn) & NP, Then (13) yields the inequality N—"*+"/? <
CN*N—"/"N="7/p which forces s — n/r > 0 by letting N go to infinity.

We now turn to the other necessary condition |% — 2| < £. By duality it suffices to
prove the case when 1 < p < 2. We will prove our result by constructing an example.

We consider the case n = 1 first while the higher dimensional case will be an easy
generalization.

Let 1, @AE C5°(R) such that 0 < @ < x[~1/100,1/100] and X[-1/10,1/10] < ¥ < X[=1/2,1/2-
Therefore 1 = . For a fixed large positive integer N, we define

(14) (€ =37 BINE=7),  on) = D a(td(NE— ),

where Jy = {j € Z: § <|j| <2N} and ¢ € [0,1]. Here {a;}5°
Rademacher functions indexed by all integers.

One can verify that T (fn) =: (on,efn)" = (X2;cs, @ (DP(NE — j))". Recall that
Rademacher functions satisfy for any p € (0, 00)

1/2
Lr([0,1]) ; | J’

where ¢, and C’ are constants. Therefore

([ mamtas)”( |3 o
(/(Z‘N p(N 2mg/N‘2>p/2dx)1/p

je€IN

Y
%N1</|N1/2@(le)]pdx> !
R

~ NP2,

72 o 1s the sequence of

Lr(]o, 1])

SO(N )627rixj/N
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The Sobolev norm of oy, is given by the following lemma, proved in all dimensions.
Forn > 1and t = (t,...,t,) € [0,1]" we define a function on R” by

O-N,f(mlw":xn) = Zah(tl) ajn( n)P(NE = j1) - D(NEn — Jin)
jeIn
where Jy = {j = (j1,...,jn) € Z" : 2 < 7] < 2N}. This o .7 coincides with oy ; when
n=1

Lemma 4.2. We have that ||oy 7|1z gn) < CN®.

We postpone the proof of the lemma and continue with the proof of Proposition 4.1
when n = 1. We note that fN has L? norm bounded by a constant independent of N,
which implies by the Young’s inequality that ||fy|/z« < C with C independent of N
when 2 < ¢ < co. We show in the following lemma that this property is valid for all
q € (1,00].

Lemma 4.3. Let fy be as in (14) and let p € (1,00]. Then there is a constant C,
independent of N such that || fx|» < Cp.

Proof. We note that fy = 3%y wp(a/N)e?™@i/N = Loz /N)Dy(x/N), where Dy

J:
is the Dirichlet kernel, whose LP-norm over [0, 1] is comparable to N/ ? when p > 1;
see for example [3, Exercise 3.1.6]. Using this fact and that ¢ is a Schwartz function we

obtain
| llzem =|| %) D ()|

=L NY?||oDy||1or)

(3 [ avsiora)”
<CN~'/” (];mm/ |Dn(z )Ipdw)l/p

<C,N VN = .
This proves the claim. O

LP(R)

In view of Lemma 4.3 we obtain the following inequalities

N <C(/ 1T ()7, dt> <CA||pr</ |]aNt]\prdt> < C AN,

Letting N go to infinity forces 1/p — 1/2 < s.

We now consider the higher dimensional case. Let Fn(Z) = fy(x1) -« fn(x,), where
fnisasin (14). It follows from Lemma 4.2 and 4.3 that || Fiy||z» < C and ||on||zr < CN®.
A calculation similar to the one dimensional case shows that || T (Fy)||r» & N/P=1/2n,
thus letting N — oo we obtain that |1/p —1/2| < s/n. O

We now prove Lemma 4.2.
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Proof of Lemma 4.2. 1t is easy to verify that |Joy rll.- < Cand [|oy ¢]|; < CN?. Define
for z = u+ v and ¢ € §(R") the function

F(:) = [ (1= 8oy sla)oants

for z in the closed unit strip. Then F' is analytic on the open strip and continuous on
its closure. We can also show that by the Mihlin multiplier theorem that

[F(2)| < P([oDllon,elles, 101 < PUo)NZ o]y, 1]l e,
where P(t) is a polynomial in ¢ which is not necessary to be the same at all occurrences.

We have then log |F(2)| < log(N* /" |l¢||1; ||6]|,) + Clog|v| < Ce™Pl for some
70 € (0,1). Applying Lemma 2.3 we obtain for 0 < s < 1 that

sin(ws) [ My(t) M (t)
15 log | F < — dt
(15) og | F(s)] = 2 / {cosh(mf) — cos(7s) * cosh(rt) + cos(mws) |
where log |F(it)| < My(t) = clog|t| +1log |||~ and log |F(1+it)| < M;(t) = 2log N +
clog [t[ + log ||| -
We show that (15) is controlled by 2slog N + C(s) 4 log ||¢|| 1, where C(s) is a finite
constant depending on s and independent on N. Then

|[F(s)] < e*1osNeCOele el < O(s)N* o]
ie. |F(s/2)] < C(s)N*||¢| . for all ¢ € S, hence ||(I — A)*?m]- < C(s)N*® for

s € (0,2). Note that the original estimate [|oy 7l|r;, < CN™ is valid for any positive
integer m, so a similar argument gives the estimate |loy |z < CN® for all s > 0.

It remains to control (15), for which we recall (6). So

sin(7s) /°° log [lo]] 1. log ||l . + 21log N
2 cosh(mt) — cos(ws) ~ cosh(mt) + cos(ms)

[e.e]

} dt = log |||l .~ + 2slog N.

—00

So matters reduce to showing that for 0 < s < 1 we have

/°° log || /°° log |¢|
t < 00
oo COsh(mt) — cos(ms) oo COsh(mt) + cos(7s)
which is a straightforward calculation. 0

5. THE ENDPOINT CASE |]l) — %| —

As another application of the interpolation technique of this paper, we discuss an
interpolation theorem applicable in the critical case ‘l — 1 = 2. We introduce the

p 2
Besov space norm

5]

= (S l2ami,) "+ s,

Jj=>1
where A; are the Littlewood-Paley operators and Sy is an averaging operator that satisfy
So + Z;’il A; = 1. We assume that for j > 1, A; have spectra supported in the annuli
27 < |¢] < 2772 while Sy has spectrum inside the ball B(0,2).
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We recall the following result of Seeger [14]

RPN
(16) HTO’HH1—>LL2 <C ilellz) lo(2 ')\1’“32%,1
concerning the endpoint case p = 1. We also have the trivial estimate
(17) HT‘7HL2—>L2 = ||T0HL2_>L2,2 <C S]i:léIZ) ||U(2k ’ >\P||ng>l :

In this section, we derive the intermediate estimate contained in Seeger [13]:
(18) 1To|l,0y e < C sup|lo(2F )T e

kez s

for ‘}D — %! =2, 1<p<2,and 0 <5 < 5. We deduce estimate (18) from the following
theorem.

Theorem 5.1. Fix 1 <rg,ry <00, 1 < pg,p1 < 00, 0< 89,8 <oo. Let U be supported
in the annulus 1/2 < |£] <2 on R™ and satisfy

YW@ =1,  £#£0.

JET
Assume that for k € {0,1} we have
(19) ITo (P oz < Kisup o (27 )| gt 1111
j

for all f € CP(R™) and o which make the right hand side finite. For 0 < 0 < 1 define

1 1-60 6 1 1-60 0
= +—, == +—, s=(1—-0)sy+0s.
p Po P1 r To T
Then there is a constant C, = C,(r0,71, S0, S1, Do, P1, P, 1) such that for all f in C°(R™)
we have

(20) HTO'(f>HLP,2(Rn) < C*KéieKle Slelg HO-(2J)\IJ|
J

g 1L o

Moreover, conclusion (20) also holds under the assumption that po = 1 and (19) is
substituted (only for k =0) by

(21) ITo(P)lzrz < Kosup o (2]

e 1l
for all f € CP(R™) with vanishing integral.

Proof. Let ®(¢) = ZjSO\TI(Q*JE) and ®(0) = 1; then ® is supported in |¢] < 2. Fix a
bounded function o. For an integer k define the dilation of o* by setting o*(£) = o(2¢).
For z in the closed unit strip we introduce linear functions

L(z):i(l—z)—i—iz, M(z)=s—(1—2)so— 251
To !
and when j > 1 introduce Littlewood-Paley operators A;(g) = g% Uy, ﬁj (9) = gy,

where W is a Schwartz function whose Fourier transform is supported in an annulus only
slightly larger than 1/2 < [£] < 2 and equals 1 on the support of W. We also define
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Ao(g) = g * ® and Ag(g) = g = @, where the Fourier transform of ® is supported in
|€] < 4 and equals 1 on the support of ®. Then define:

o D) I PN (NG PR eSS

kEZ j=0
where
|2 (* )],
sup Y. QZSHAl(U“\I’) HLT ‘

WEZ >0

Next, we estimate

(22) supz2l5°||Al( Z\IJ)‘

HELZ 150

Lo ”

We notice that for a given u € Z, in the sum defining o/;, only finitely many terms in
k appear, the ones with &k = p, u+ 1, u — 1. For simplicity we only consider the term
with k = pu, since the other ones are similar. This part of (22) is estimated by

N ~
(23) sup 3 S ghugiloso 1 zl< (12,6 zArg(Amm))@@)
HEZ 150 =0 Lro
Using Lemma 5.2 (stated and proved below) we obtain that (23) is bounded by
1) p 30> B N A G,
HEZ 150 =0
But the sum over [ in (24) is bounded by Cj,27%0277 25 IM < 04,295 for M sufficiently

large, and consequently (24) is bounded by

T

ir § C’M(supZQJ ||A a“\IJ) )TO
HEL 7>0

by the choice of cj. Likewise we obtain a similar estimate for the point 1 + it. We
summarize these two estimates as follows:

(26) sup Z 2l5"‘ |Al 0“\11)}

HEL 50

(25)  Cyrsup 22] 5= 50)2730|c“|

,LLEZ

)|z

T

o < Cur (50 Y2780 D) . )
keZ 555

where m = 0,1 and Rz = m.

Now consider an analytic family of operators T, associated with the multipliers o,
defined by f — T,.(f). We have that when Rez = 0, T, maps LP>? to LP° if py > 1 and
H' to LY? if py = 1 with constant

CMK()(supZQ]SHA )}LT)T°
7>0

keZ
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and when Rez = 1, T, maps LP"? to LP' with constant

B1 = CMKl(SupZQjSHAj(O'k{I}H Lr) B .
Jj=0

kEZ

We now interpolate using Theorem 1.1 (with m = 1) in [4]. We obtain

||T09(f)H(LPO*Q)l—"(LPI*Q)e < O(p0>p1>p)Bé_HBfo”(LPO,Lpl)e :
Noting that (LPo-2)1=0(Lr12)0 = [P2 and (LPo, [P')y = LP (even when py = 1, in which
case L is replaced by H'), we obtain the claimed assertion. [l

Lemma 5.2. Using the notation of Theorem 5.1, for any M > 0 there is a constant
Ch (also depending on the dimension n, on ¥, and V) such that for any 1 < g < oo we
have

27) |38, () #9)|, = Crz =00 g
La
for alll,j > 0. We also have that for any M > n there is a constant Cy; such that

(28) |3:(@s()80) | | < rammm 00y g

Proof. The claimed estimate is obviously true when ¢ = 1. So we prove it for ¢ = 2 and
derive (27) as a consequence of classical Riesz-Thorin interpolation theorem. Examining
the Fourier transform of the operator in (27), matters reduce to computing the L> norm
of the function

(29) V2 7) [ B e - m)otndy

where ¢(n) = U % U is a Schwartz function. Since the integral is over the set € — | =2,
we estimate the absolute value of the expression in (29) by

Cur[sn{ i  le—nl=2}] [ (i)

where €| &~ 27. Notice that if [ > j + 10, then |n| ~ 2!, while if j > [+ 10, then |n| ~ 27.
These estimates yield the proof of (27).
We now turn our attention to (28). Using Fourier inversion, we write

(& (0)3)@) = [ Gt [ g - nemdsdn

We integrate by parts in the inner integral with respect to the operator (I — A¢)Y to
obtain that the preceding expression is equal to

> o /R () / 2 (0P (2796 (@0 0) (€ — ) de diy.

S (T am[aP)N

Since for g € H' we have [g(€)| < c||g| for all €& and we deduce the estimate

X (R (AT Cullglm oim dg
5 09) 0] = T [ T

|n|m22!
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for M > n. We easily derive from this estimate the validity of (28). Note that in the case
7 = 0 the notation |¢] ~ 27 should be interpreted as [£| < 2; likewise when [ = 0. O

Note that Proposition 1.2 is a consequence of Theorem 5.1 with initial estimates (16)
and (17).

Acknowledgment: The first author would like to thank Andreas Seeger for useful
discussions.
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