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Abstract We characterize validity of the weighted inequality

([O“’ [SES[EI;)“(S)fsmg(x)dx]qw(t)dt)q SC(/Omgp(t)v(t)dt)%

for all nonnegative functions g on (0, o0), with exponents in the range 1 < p < oo and 0 < g < oo.
Moreover, we give an integral characterization of the inequality

1

([Ow[ sup u(s)f(s)]qw(t)dt)q sC(fowa(t)v(t)dt)i

se[t,00)

being satisfied for all nonnegative nonincreasing functions f on (0, 00) in the case 0 < g < p < oo, for
which an integral condition was previously unknown.

1 Introduction

In this paper we study the supremal Hardy-type operators R, and S, defined, for a nonnegative
measurable function f on (0, 0), by

Ruf(t) = sup u(s)f(s), >0,
€[t,o0)

S

and

Suf(t) = sup u(s)]smf(w)dx, £>0,

s€[t,00)

where u is a fixed continuous weight on (0, c0). The first goal is to characterize boundedness of the
operator Sy between weighted Lebesgue spaces LP (v) and LY(w) (see Section 2 for the definitions).
That is, to provide necessary and sufficient conditions for the inequality

ISuglLacwy < Cllglne(v) (1)
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2 Martin Kiepela

to hold for all nonnegative measurable functions g on (0,00). We do this for the range of exponents
pe[l,00) and g € (0, 00).

Our second goal is to determine when an analogous inequality holds for the operator R, restricted
to nonincreasing functions. Precisely, we characterize the validity of

|Rufl Laqwy < Clf e () (2)

for all nonnegative and nonincreasing functions f on (0, o0), in the range p,q € (0, o).

The second question was studied in [6, Theorem 3.2], and a characterization was found. However,
the authors succeeded to find a simple supremal/integral condition only for the case 0 < p < g < oo.
(This result is listed here as Theorem 8(i).)

In the case 1 < p < o0, 0 < g < p, [6] provides only a discrete condition involving a supremum of all
“covering sequences” of points partitioning the half-axis (0, c0). Such condition is unfortunately only
hardly verifiable and therefore of little practical use in further applications. In such situations there
is always a strong interest in finding a simpler and more explicit condition. We solve this particular
problem here in Theorem 8(ii) and provide a condition having a standard integral form.

There is actually more than one way how to solve this problem. In a recent and not yet published
paper [5] the authors present a certain reduction method, applying which an integral condition
for validity of (2) on nonnegative nonincreasing functions may be derived as well. The resulting
characterization is, however, more complicated than the one we derive in here and, in a certain
sense, it does not match the condition for 0 < p < ¢ < oo proved in [6]. More details on this issue
are mentioned in Section 4. Reduction methods for weighted inequalities were investigated in more
papers, as e.g. [9-11].

Besides the treatment of R, the paper [6] offered a complete characterization of the L (w)—LP(v)
boundedness of another supremal operator

Tuf(1) = sup u(s)fosf(x)dx, £>0,

se[t,00)

where v is a fixed continuous weight and the operator Ty, is defined for nonnegative functions f. The
interest in studying of this operator stems, among other things, from its relation to the fractional
maximal operator. For details, see [6] and the references given therein.

The operator Sy, which we are focusing on in this paper, appears often when iterated Hardy-type
inequalities and iterated Hardy-type operators are studied. It is in fact itself an example of an iterated
Hardy-type operator, as it is composed of the dual Hardy operator H'f(t) := [, f and the supre-
mal Hardy-type operator Ry. In a recent work [3], finding a characterization of the L?(w)—-LP(v)
boundedness of S, turns out to be necessary for proving certain embeddings between generalized
Lorentz-type spaces with norms based on weighted integral means. This application is the main
motivation of this paper.

Another one is, as mentioned before, the goal of finding the missing integral condition for the
operator R, acting on nonincreasing functions in the case ¢ < p. It is reached easily once the results
regarding S, are established, since the inequality (2) can be reformulated as a particular case of the
inequality (1). It may be worth noting that the process can be also reversed, allowing to characterize
(1) for nonnegative functions when knowing the conditions for validity of (2) for nonincreasing
functions. In this way, however, some additional assumptions on the weights might be required and
they do not seem to be easily removable. Hence, treating S, first is the preferred choice of action.

The proof technique used here is based on the dyadic discretization of weights, also called the
blocking technique, which is a common tool for handling weighted inequalities. A comprehensive
introduction into this technique is found for example in [13].

To fit the problems investigated in this article, the method needed to be modified and improved
in a certain way. Roughly speaking, the key feature is the simultaneous control of both the weights
w and u. It seems likely that the same method may be applied to obtain integral conditions in other
problems where only discrete conditions or none at all have been known so far.



Integral conditions for Hardy-type operators involving suprema 3

Let us also briefly describe the structure of the paper. In Section 2 below, we present the def-
initions and summarize auxiliary results. The main results together with their proofs are included
in Section 3. Finally, in the last part, Section 4, we briefly compare the obtained conditions to the
alternative characterizations which can be reached by the reduction methods of [5].

2 Definitions and preliminaries

The standard notation A < B means that there exists a constant C' “independent of relevant quantities
in A and B” such that A < CB. In this paper, the exact translation of this folklore phrase is that the
constant C' may depend only on exponents p and q. We write A~ B if both A< B and B < A.

The symbol .#, denotes the cone of all nonnegative Lebesgue-measurable functions on (0, o).
By .#} we denote the cone of all nonincreasing functions from ..

A weight is a function w € .# such that for all ¢ € (0,00) it holds 0 < W (t) < oo, where

W@%zﬁjw@)@.

The symbol V has an analogous relation to the weight v.
Let v be a weight and p € (0, 00). The weighted Lebesgue space LP (v) = LP(v)(0, 00) consists of all
real-valued Lebesgue-measurable functions f on (0, c0) such that

Iflze oy = (/OOO lF () [Pu(t) dt); < oo0.

We say that [ ¢ Zu{+oo} is an index set if there exist kmin, kmax € ZU{xoo} such that kmin < kmax
and
I={keZ, kmin <k < kmax },

where the respective inequality is replaced by a sharp one if kpin = 00 Or kmax = 00.
Let T be an index set. A positive sequence {by } ey is called strongly increasing, denoted by 11, if

b
o= mf{ (’Z“’, kel {kmax}} > 1. (3)
k

Finally, let n,k € N, 2 ¢ N u {0}, 0 < k < n. We write z modn = k if there exists j € N u {0} such
that z = jn + k. In other words, k is the remainder after division of the number z by the number n.

The proposition below was proved in [12, Proposition 2.1] (although there is a minor error in
the estimate of the constant in the original article). It is in fact a key element in the discretization
method.

Proposition 1 Let I be an index set and let 0 < a < oo. Let {ay}rer and {br}trea be two nonnegative
sequences such that by, 1. Then there exists C € (1,00) such that

& a 1 & 1
( 5 (fxam) bz‘) gc( S a‘gbz) .
k=kmin \m=Fk k=Kmin

x>

The constant C satisfies

1 O_al_l ifa<l,
C< a-1 4
(1+ L ) (1+%)ifa>17 @
oot o -1

where o is defined by (3).

Observe that the value of the estimates in (4) decreases with increasing o. Hence, it suffices to
know a lower bound for o to get a usable constant C. This leads to the following corollary.
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Corollary 2 Let 0 < o < 00 and 1 < D < oo. Then there ezists a constant Co.p € (0,00) such that for
any index set 1 and any two nonnegative sequences {ay}rer and {by}per, satisfying big1y = Dby, for all

keI~ {kmax}, it holds
b (Fuee \* \® Ko a
> Zam) b?) gca,D( > oagbi | -
k

k=kmin \m=k

=kmin

. Frnax .
Moreover, since SUpy <k @m < 2 ™% am, we obtain another corollary.

max

Corollary 3 Let 0 < a < 00 and 1 < D < oo. Then there ezists a constant Co,p € (0,00) such that for
any index set I and any two nonnegative sequences {ay }rer and {by}rer, satisfying big1y = Dby, for all

keI~ {kmax}, it holds
1 1
Kanax a \a Kunax o
> ( sup am) by | <Cap| D, arbp| -
k=Kmmin \RST<kmax k=Kmmin

Now we recall a useful property of L”(v)-spaces. If v is a weight, p € (1,00) and 0 < z < y < oo,
Holder inequality yields

/th(s)dsg ([wyhp(s)v(s)ds); (fmyvl_p,(s)ds)#

for any nonnegative measurable function h on (z,y). Moreover, the well-known description of the
dual space to an LP-space gives the following saturation property

(/yvl_p,(s)ds); = sup /;y|h(5)|d3

heL (v) v v
HhHGLP(v)¢0 (ﬁ |h(s)|p’u(s) ds)

In particular, if [Y vl_p’(s) ds < oo, there exists a nonnegative function g € LP(v) n L' such that
>  sup =

, fmyg(s) ds
([ o @rtras)” i (L P s)”

Moreover, the function g may be taken such that ||g|r(») = 1, in which case we get

(/wyvl_p’(s)ds)# §2fwyg(s)ds<<x>.

This property is used throughout the text and referred to as the duality of L -spaces. Similar results, of
course, exist for IP-spaces consisting of sequences. We summarize them in the next two propositions.

Ll ([ eas).

Proposition 4 Let I be an index set and let {ay }rer and {bg } ke be two nonnegative sequences.
(i) Let 0<p<g<oo. Then
G b 1
Z aZbk < Z af:, sup qu .
kel kel Jel
(ii) Let 0 <g<p<oo. Then
1 1 p=q
q P _P_\ pq
(ZaZbk) < (Zai) (Zbls'q) .
kel kel kel

Proof Case (i) is proved using convexity of the %-th power (with p < ¢) and the Jensen inequality.

Case (ii) follows from the Holder inequality with the pair of exponents % and ﬁ.
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Proposition 5 Let I be an index set and {by } 1 be a nonnegative sequence. Let 0 < g <p < oo. Then

p-q 1
(50f7) " = sup (bl
{ar} ke (Zkeﬂaz);

.
where the supremum is taken over all positive sequences {ay }ker- In particular, if ¥ e bf™ < oo, then

there exists a nonnegative sequence {a } ke such that ¥ alz =1 and

pb-q

(Zblgpq) " gQ(ZaZbk)q < oo,

kel kel

Obviously, in accordance with the other terminology of ours, Proposition 5 could be called “du-
ality of (P-spaces”.

3 Main results

Theorem 6 Let v, w be weights and let u be a continuous weight. Consider the inequality

([Om[ sup u(z) mwg(s)ds]qw(t)dt)q < Cps) (/Omgp(t)v(t)dt)%. (5)

zE[t,00)

(i) Let 1 <p<q<oo. Then the inequality (5) holds for all g € M+ if and only if

1
1
7

Ay = sup (/:w(a:) sup uq(z)dm)q (/toovlfp’(s)ds)p < oo, (6)

te(0,00) ze[z,t]

Moreover, the least constant C(5) such that (5) holds for all g € M+ satisfies Cs) ~ Age)-
(ii) Let 1 <p<oo and 0 < qg<p< oo. Setr:= %. Then the inequality (5) holds for all g € M+ if and
only if

1

A<7>=( [T wi@ew sw e [ mvl_p/(S)ds);’dt)r <o ™)

z€[t,00)
and

r

Agg) = fow(fotw@ sup uq(y)dx)pwu) sup () ( [ wvl‘p’(s)ds)ﬁ at| <o ®

ye[x,t] z€[t,00)
Moreover, the least constant C(5) such that (5) holds for all g € M+ satisfies Cisy » A7y + Agg)-

Proof For the start, let us assume that there exists a finite K € Z such that [ w = 2K 1t is possible
to find a sequence of points {tk}ii_oo such that for every k € Z, k < K it holds t; € (0,00), t5 > tp_1
and fot’“ w =2F. We also define ti = oo. For every k € Z such that k < K — 1 define the k-th segment

A= [t tiar)-
Then it holds .
k
2k = f w(s)ds= / w(s)ds = Qf w(s)ds. (9)
0 Ay, A(k-1)

Throughout the proof, we use the notation

U(z,y) = sup u(z)

ze[x,y)
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for any 0 < z <y < oo. If the interval [z,y) is the k-th segment, we write shortly
U(Ak) = U(tks tk+1))-
Observe that it holds
U(z,z) <U(z,y) +U(y,z) whenever 0<z<y<z< oo, (10)

Choose a fixed p € Z such that u < K — 2. Define the finite set Z, :={k€Z, p<k < K -1}. Now
we construct a subset of indices in the following way: At first, set ko := p and k1 := p+ 1. We continue
inductively.

(S) Let ko, ..., kn be already defined. Then:

(a) If ky, = K, define N :=n -1 and stop the procedure.
(b) If kpn < K, proceed as follows. If there exists any index j € Z such that k, < j < K and

j-1 kp—1
S uiay 22 Y 2'ui(ay),
k=k, k=k(n-1)

then define k(1) as the smallest such index j and proceed again with step (S). If no such j
exists, set N := n, define k(1) := K and so finish the construction.

In this way, we obtain a set of indices {ko,...,kn} S Zy and k(n41) = K.
To continue, we may call the interval [¢x, ,tx, +1) the n-th block. For every n € N such that n < N,
it holds either

k(ni1)y = kn +1,
which means that the n-th block consists only of one segment (the ky-th one), or
k(n+1) > kn + ]_7

which means that the n-th block consists of more than one segment. If the latter is the case, we will
say that n € A. Precisely, we put

A={neN,n<N, k1) >kn +1}.
Notice that this set may be empty but it is always satisfied
N
Zy = {k(na1y = Un=0 U {k € Z, kn <k <k(nery -2}, _, - (11)

In plain words, each segment is either the last segment (i.e. the one with the highest index k) in
a block, or it lies in a block which contains multiple segments but this particular segment is not the
last one of them.

From the way it was constructed it follows that the system has the following properties. At first,
for every n € N such that n < N it holds

k(n+1)—1 . kn—1 A
o2'ut(Ag) 22 Y 2°UY(Ag). (12)
k=k, k=k(n-1)

This is not necessarily true for the last, N-th bloc, but it will not be an issue. Next, for all n € A we
have

k(n+1)—2 k kn—1 &
>oo2"Ui(Ag) <2 ) 2"UY(AR). (13)
k=k, k=K(n-1)

Furthermore, by iterating (12) it is shown that, for every n e N, n < N,

kn-1 A n—1k@+1)—1 L n-1 o kn—1 L kn-1 L

v -n C C
> 2°UN(Ap) =) > 2"UN(Ap)< )2 > 22U (AR) <2 ), 2°UY(Aw),
k=p i=0  k=k; i=0 k=k(n-1) k=k(p-1)
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hence

kn—-1 & kn—-1 &
D 2"Ui(AR) <2 Y 27U (Ak).
k=p k=k(n_1y

Now suppose that n € N, n < N, k € Z is such that k < k(,,41) and ¢ € Ag. Then we have

[ttw(ﬂc)Uq(;r:,t)dx: /ttk w(x)U(z,t) dx+/t:w(a:)Uq(x,t) dz

Iz Iz

S[ttkw(ac)Uq(:r,tk)dx+fttkw(ac)dx Uq(tk,t)+ft:w(:v)Uq(x,t)dx

Iz I

<Zf w(z) de Uq(tj,tk)+f(+)w(x)dm U (5, 1)

k—l
U (1), tx) + 28U (1, 1)
j=#
k—l
- (Z U(A; )) + 25U (1, 1)
Jj=p =]
k-1

Sy 2094 Y+ 28U (1, 1),
J=p

(14)

(15)

(16)

(17)

Step (15) follows by (10), step (16) is due to (9) and (17) holds by Corollary 2. Next, if k < ky,, then

k-1 . kn-1 kn—-1
22U 45 < X 2045 Y 2UN4y),
J=p

J=p J=k(n-1)

where the second inequality follows by (14). If k > ky,, then n € A, kn +1 <k < k(p41) — 1 and we get

k(n+1y—2 kn-1 k(ni1y—-2

kfsz‘l(Aj)g SYuia) = S Puian -+ S 204 s k"f 2U9(4)).

Jj=p J=p Jj=p J=kn J=kn-1)

The last inequality is granted by (13) and (14). We have proved that

k=1 kn—1

S 2uia) s Y 2U9(4)).

J=p J=k(n-1)
Inserting this into the inequality obtained at (17), we finally receive

t kn—-1 k
f w(@)U(z,t)dz s S PUA;) + 250 (14 1)
tu J=k(n-1)

forany ne N, n< N, keZ, k <k(p41y and t € Ay.
Yet another useful inequality reads

kn_l . tkn
> YU s [T w®U (k) dt

J=k(n-1) h(no1y-1

for any n € N such that n < N. Indeed, this follows from the following observation:

kn—-1 . kn-1 kp—1
S 2ivians $ [ w(t)dt U'(A) < S f w()U (1, 1y, ) dt
J=k(n-1) J=k(n-1) J=k(n-1)
t(kn-1) 2%
- / w(t)U(t,ty, ) dt < f w(t)U(t,t, ) dt,
tk(n_l)—l k(n-1)-1

(18)

(19)
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in which we also used (9) to establish the first inequality.

We have prepared the core of the proof method now and may begin with the main part, which
is split into proving sufficiency of the respective A-conditions for validity of (5), and their necessity.

Sufficiency. Choose a function g € LP(v). We start by estimating

(e [

= kZZ: fAkw(t) (ms;lgo)u(a:) ) dt
i i
2 Lvoal g o [70)
i e
[a(onr ]
)

| keZ,,
- 1 1
e q q|a
~ > Zk(supu(x) e ) 22 U(Ay )(/ g)
| keZ,, zely, z kez,, )

=: B1 + Ba.

) w(t)dt

IN

sup u(z)

z€[ty,00)

Q=

ed

_ > Zk(sup u(z)

| keZ,, zeAy

(20)

(21)

Step (20) follows from (9), and step (21) from Corollary 3. Moreover, B2 can be further estimated

as follows.
o \977 [ k-2 o ale
me| S vt [Ta) | 4|58 | 22
tkp, ] | neA  k=k, <k+1>
1 - 1
- N . o \4149 k(n+1)—2 oo a
|zt ([T 4|28 2o
[ n=1 tep i | neA  k=ky, t(kn+1)
1 1
[ N & o \9]49 kpn—1 k oo a
DI Uq(Akn_l)( g) + Z > 2 Uq(Ak)(/ ) (23)
| n=1 thn i | neh k=k,_1) b(kn+1)
1 1
[ b 1 oo \974a kn—-1 I q
<| yot Uq(Aknl)([ g) s s Uq(Ak)([ g)
[ n=1 tr | neh k=k(,_1 trn
[ N k‘,"—l k (o) %
|3 8 2o ([T)
| n=1k=k(n_1)
1
Pl F(n+1) !
S Z S 2fui(a, )(/ ) (24)
| n=1k=k, 1, bk,
1
N k1 q (n+1) 1 p % tk(n+1) D % !
<3 ZQU(A)ft ft e (25)
[ =1 k=g, 1y kn kn

=: Bs.
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In here, step (22) follows from (11), and step (23) from (13). In (24) we used Corollary 2, considering
also (12). Step (25) follows by Holder inequality.

The above estimates resulting in B; and Bs are valid independently of the relation between p
and gq. The rest will be split into the cases (i) and (ii).

(i) Let 1 <p< g <oo. Suppose that Ay < co. The goal is to show that C5y $ A(e). First, we get

1

( tik+1) 7 )g:|q (26)
(L)

1
: t R o P
< sup 24 sup u(ac)( 1= p) ( gpv) (27)
keZ,,

2
o7

ti+1)
z2ksupuq(a:)(/ Y
xr

Lez“ zeAy

< l > 2% sup uwl(x) (/mt(’m) -

KeZ, vl

o

)
)

kez, reAy
o

k (k 1)
< sup 24« supu(x)( ot

gilL
keZ,, AJAYN H H 7 ()
th a t(k+1) ”
q k+1 _ p’
= sup ([ uwar)” sup ) ([0 gl (28)
keZy, 0 TeAy, T

=

xT 1 (5]
< sup sup (/ w(t)U(t, ) dt)q (/ vt ) lgll z» v
keZ, weAy 0 T
= Aw)llgllLevy-

Step (26) follows from Holder inequality, step (27) from Proposition 4(i). In (28) we used (9).
We proceed with Bs.

k-1 & % - 1 % N th . i
By<sup| > 2°U(Ay) ([ o p) (Z f o )gpv) (29)
ne]l\\I] thp n=1Ytk
n<

k}=k}<n_1) n
Pl b i toineny 1- v
< sup Z 2 Uq(Ak) (/; ) p) ||gHLp(U)
28y Ve
t T i
kn q X 1 \P
ssup ([ vt an) (o) lare (30)
neN 0 thy
n<N

< A llgl e v)-

Step (29) follows by Proposition 4(i), and (30) is due to (19).
At this point we have proved that for an arbitrary p € Z such that y < K — 2 and an arbitrarily
chosen g € LP(v) it holds

[ A ( sup_u(x) g) w(t)dt] s Al
ty xeft,00)

where the constant contained the symbol “<” is independent of g, u, v, w and p. If needed, the reader
may verify the independence of u by re-checking all the estimates above. Now let y — —oo, then ¢, | 0
and the monotone convergence theorem yields

[fo ( s[up)U(fv) g) w(t)dt] S Ay llglLe v)-
xe[t, o0
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Recall that until now we have assumed that [~ w = 2K with K € Z, and therefore for all weights
w such that f0°°w < oo (one may multiply w by a constant and use homogeneity). To prove the
statement for a general weight w, suppose that fo°° w = oo and Ay < oo. Find, e.g. by truncation,

a sequence of weights {wg }%_; such that f0°° wr =25 and wg 1w pointwise as K — oco. By the
previous part of the proof, for all K € N we have

1
7/

q H N
[f ( sup u(x) 9) wK(t)dt] ssup(f sup uq(y)wK(t)dt ) lgll 2 o)
0 ze[t,00) >0 \ YO  ze[t,x]

. e
Ssup( [ sup umw(t)dt) ( f ) lols
z>0 \ Y0 ze[t,x] z

= A llgllLevy-

Letting K — oo, by the monotone convergence theorem it follows

T
L (Lo ) 0] sttt
0 z€e(t,00)

The function g € LP(v) is arbitrary and the constant in “S” does not depend on g, hence (5) holds
and the optimal C(5y must satisfy C(5) S A6 in the case 1 <p < g < oo.
(ii) Let 1 <p < oo and 0 < g < p. Assume A7) + A(gy < co. Then for B1 we have

1

[ ikt i’ t + ¢
Bi<| > 2" sup ul(z) (f 1 ) ( o q" ) (31)
| keZy, zeAy
[ ) 4
+1 p’
<| > 2k sup ul(x) (/ B ) ( )
| keZy, zeAy
_ 1
(k+1) 1— L’ r
<| > 27 sup u' (z) ([ v p gpv (32)
| kez,,  wed kEZ
[ E(k+1) 171, pL
<| > 2% sup u' (x) (f v Hg”LP(v)
| keZy, zeAy
— T
b(kt1) q_,1 7|
< Z f Wp(t)w(t) dt sup U (x)(f " p) ] HQHLP(U) (33)
»kEZ“ A e k z
_ +
<3 f W (t)w(t) sup ur(x)(/ ) dt| lglzec)
| kez,, 7 A ze[t,00)

= Ay llgl e v)-

Here, (31) follows from the Holder inequality, step (32) makes use of Proposition 4(ii) and in (33)
one applies the property (9).
Before we continue with Bz, let us notice that for any ¢ € (0, 00) it holds

e oo 7 % oo 7
sup sup u(z)(f vlfp')p = sup u(z) sup (/ v P )p = sup u(z)(/ 1717) . (34)
Y z€[t,00] Y

ye[t,e0) ze[t,y] ye[z,00) z€(t,00]

I
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Define k_1 := ko — 1 = p— 1. Now it is possible to write
- r 1 .
N, kst k ! tk(n+1) 1 L/ Y tk(n+l) »
B3<| Y > 2"Ui(Ag) nd > f v (35)
| n=1 \k=k(n_1) tkn n=17tk,
r 1
[N [ k-1 . g o 1 =17
|25 o) (L) ot
| n=1 \k=k(,_1) ten
_ N o , L - 1_p pL ?
x| [ et | [T lolzo (36)
| n=1 \Ztk(n ) o
-~ r 1
N te, t » o AN
S\ [ w@ui@e,)ds) woUEa)d [T gl
| n=1 tk"(n—2) tk(n—Q) 2%
[N t v o N\
X [0 ) e@ui@nd) weuien)dl [T gl
| n=1 tk(n—z) tk(n—2) tep
N e, t v - o e
A [T [ w@de] e a( [0 ) gl
n=1 Jtrg, k() thy

n-2) t,00)

z
7

ftikn (fot w(z)U(z,t) dx)7 w(t)zes[up Ul(t, z)(fmvlfp')" dt]i 191 Lo (o)

+|:sz: ftk" Wp(t)w(t) sup U'(t, Z)dt(fmvl_p,)&:lr lgllLe v

n=1 k(n-2) z€[t,00)

-2)

r
7

[Z I whou sw o [T dt]r|g||m(v)

k(n 2) Zé[t,oo)

3> [

i=0| 1<n<N k(n-2)
n mod 2=%

z€[t,00)

+z > [ wiwew sw oG [T
= 1<nc<112\/ th(no2) z€[t,00)
. Mmo )

S (Ag)y+Am) 9l e

3=

dt

1

= I:an /t:(:" (fotw(x)Uq(x,t)dq;)iw(t) Zesigi)uq(z) (/zoo 1- p) dt] ' lgll e o) (37)

1
=

(fotw(x)Uq(x,t)dx)7w(t) sup uq(z)(/wvl_pl)ﬁdt lolLeoy (38)

lgll Lo (v

On the line (35) we applied Proposition 4(ii). Step (36) is based on (19) and the inequality ¢, ,,-1 >
tkn oy Which is valid for all n € {1,...,N}. The identity on (37) follows by (34). On the line (38)

we split the sums into sums over even and odd numbers n so that the intervals [tk(

disjoint. This manoeuver will be commonly used in the rest of the paper.

_sy»tk, ] become

Omitting the details of it, now we perform the limit passes 4 - —oco and K — oo as in the final

part of the proof of sufficiency in case (i). We obtain

[/0 ( sup u(x) g) w(f)dt] S (A +Aw) l9lLe )

ze[t,00)
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for our arbitrarily chosen g € L¥(v). Hence, (5) is valid for all g € .#; and the optimal C(5) satisfies
Cisy S Ay + Ay This completes the sufficiency part.

Necessity. Suppose that (5) holds for all g € ... Let 1 < p < oo and let g € (0,00) be arbitrary. Let
x > 0. By the duality of LP-spaces there exists a function ¢ € LP(v) such that ¢(¢) =0 for all ¢t < x,

1 oo
/ @pv:/ YPv=1 and (f vl_p)p SZ/ ®.
T 0 x T

Then

1
o

(/Oxw(t)U’l(t,m)dt)%(/zoovl—p’)f’ < (/Oxw(t)Uq(tam)dt)%fIw(p
o )q
P

q 3 N
< / sup u(y) o] wi)dt| < f sup u(y)
0 \yelt,x] v 0 \yelt,o0) v

1

q

w(t) dt] '

q
xT (¢S]
=[/ ( sup U(ZJ)[ 90) w(t)dt| < Cpylellrw) = Cs)-
0 ye[t,o0) Y

Taking the supremum over x > 0, we obtain
A(ﬁ) < C(5). (39)

This proves that the condition Ag) is in fact necessary in both cases (i) and (ii). The proof of case
(i) is therefore complete.

In the rest of the proof we will deal with the case (ii). Thus, from now on assume that 1 < p < oo
and 0 < ¢ <p.

Since we assumed C(5) < oo, the inequality (39) implies
f v P (s)ds < oo for all z € (0, 00). (40)
T

It may be checked as follows. Let x > 0. By the definition of a weight, it holds fos w >0 and fOS u>0
for any s > 0. Hence, both v and w are positive a.e. on an interval (0,e) with & > 0, which implies
that [;" w(t)u?(t)dt > 0. Using (39), we now get

1
L -1

([;vl*p')” < Cs) (/Oww(t)Uq(t,m)dt)ﬁ < Cs) (f:w(t)uqa)dt) " < oo,
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Now assume again that [/~ w = 2K define the k-segments, choose p € Z such that p < K -2 and
construct the n-blocks. Then we have

|:ft:o (/t-:w(x) dz); w(t) zes[ﬁgo)ur(z) (fzoo vl‘p')i dt:|r

[ ¢ ; R ’ 5 "
= > / (/ w(m)dx) w(t) sup ur(z)(/ vl-p)” di
| kez,, 7 Ak \ Ity ze[t,00) z
r 1
kr r oo 1-p' o ”
S| D) 29a sup u(z)(/ v ) (41)
| keZy, z€[ty,00) z
[ - 1r
= > 27 sup sup ur(z)([ vl—P')”'
| keZ,, k<j<N zeA; z
[ -1
S| 52 ap ([T ) (42)
| keZy, zeAy z
i 1
K-1 4, tne NEa b
< Z 2% sup UT(Z) (f (k+1) Ul—p )P
_k:p, ZEAk z
r 1
K2 , oo - ﬁ T
+ ZQQUT(Ak)(f vp)
| k=p t(k+1)
=: B4 + Bs.

In (41) we applied (9) and step (42) follows from Corollary 3.
Using (9) and (39), we continue by a preliminary estimate.

Kl g r o 1 \T | |ESL i a r o\ |
By < 2 supu(z)(/ v p) S Z(f w(t)dt) SUPU(Z)(/ v p)
€Ay, z 0 zeA Z

k=p k=p k
1
K-1 z g o ﬁ T 1 1
2 sup(f w(t)Uq(t,z)dt) ([ v 1’) < (K - u)* A $ (K - 1) Cs < oo,
k=p 2€Ak 0 z

An attentive reader could now rightfully accuse the author of cheating. Indeed, the previous chain
of inequalities provides an estimate of B4 by C(5) and may thus seem to be what we want, but the
estimate is not uniform. The problem is the term K — p which depends on the auxiliary sum. To get
the proper uniform bound we therefore need to do more work. However, by the previous estimate we
managed to show that B4 < co, which was the true reason why we made it. The information about
the finiteness is needed in what follows.

For each k € Z,, let 2z, € Ay be such number that

2u" (21,) (_/mvl_p’)? > sup u' (z) (foovl_p,)? . (43)
2 zeAy z

Both sides of the inequality are finite, which follows from the finiteness of Bj.
Now, since by (40) one has /Zt):"“) P < oo for all k € Zy, duality of LP-spaces yields that for
each k € Z,, there exists a nonnegative function hj with support in the interval [zk,t(k+1)] and such

that
» t(kt1) » t(kt1) 1-p’ g t(kr1)
[ o= [“THe=1 and (/ v ) <2 [ (44)
Ak- Zk Zk 2

.
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Then it holds

1
ol

1
tlh+ ’ tlh+ rg + +
sup u(z)(/ « l)vl_p)p Su(zk)([ D rop )p <u(zk)f e hy < Sup u(z)] R hy. (45)
zeAy z 2k zeAy,

Furthermore, since B4 < oo, by Proposition 5 there exists a nonnegative sequence {ay } keZ,, such that
ZkEZ“ llz =1 and

1

< 2[ Z 2k sup u!(2) (/ e vl_p’) ai:|q . (46)

=1 zeAy,

1
T

B ()]

Define the function h := Zf;ll arhy. Then it satisfies

|h||LP(v)—(k€ZZ: f WP ) (kEZZj akf Hw ) :(gziaz):’zy

We may finally derive the following estimate on Bj.

"d\h
'ﬁ\‘m

Bss Z 2" sup uq(z)(/ 1= p) " az] (47)

| k= zeAy,

1
q

Z 2" sup () ( [ o k)qaz] (48)

N

| k=p ze Ay,

1
K-1 taeery 9|
= 2" sup uwl(2) ([ ' h)
zeAy z
1
q

w(t) dt sup uq(z)( f e h)q] (49)

zeAy

N
=
N
s
T

IA

kZELfA(k l)w(t)(zes;llzo)u(z) h(s)ds) ]

(/ww(t)( sup u(z) h(s)ds) dt)
0 z€[t,00) z

<Cy bl Lrwy = Cisy-

IN

Here in (47) we used (46) and in (48) we used (45). The inequality on (49) is, as usual, due to (9).
Only now we obtained the “proper” estimate

By 5 C5),

in which the constant behind the symbol “<” really depends only on p and gq.
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We proceed with Bs as follows.

_n=1 k=k,—1

[ N k(n+1)_2 kr 0o 1 , ﬁ
Bs=|> >, QQUT(A;C)[ v P
t(k+1)
1

[ N Eme1)-2 o Y
|2 8w ([T
| n=1 k=k,-1 259

3=

[ z

k(n+1)—2 X
Y. 2°UY(Ax)
k=kp—1

M=

S
Il
—

Q3
3=

(51)

- v”") ’ (50)
)

3
i
—
=~
il
>
3
|
L

bl
3
|
-
23

AN
M=
N
\)
ol
g
~
[
z
—_— —_ —_

A
M=
g
)
o
d
~
[N
T

/ ey vl"")p,] (52)
tr

I

T s

[} I

- -
T
2
3
z

T

Step (50) follows by Jensen inequality since 7 > 1. Step (51) follows from (13). In (52) one uses
Corollary 2, considering also (12).

Before estimating further, let us first prove finiteness of Bg, as we did in case of Bs. By (19) and
(39) we obtain

1
N ty q 4 © " 1 1
Bo<|S (fo w(t)U (t,tkn)) ftk v < NTA@g) S N¥Cs) < 00,

n=1

Considering (40) and the LP-duality, for each n € N such that n < N we can find a function gy,

supported in the interval [tk ,t,,, ] and such that

1
7

ty tr , tr
n+1 n+1 1-— 1
f " ghu=1 and / e tp <2 / Y g (53)
th, thon, thon,

Furthermore, since we know that Bg < oo, by Proposition 5 we find a nonnegative sequence {cn}flvzl
such that ¥ 2 =1 and

1
rqr
7

B - N kpn— kg tk(n+1) 1-p/ 7 |
o= 2| 22t ft v

1
N kpl k Wity 19/ ” !
<2(> > 2"Ui(Ag) /~ P el | (54)
tkn

n=1k=k(p1)
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Define the function g := zﬁzl cngn- It is easy to verify that |g] z»(,) = 1. Moreover, it holds

a
7

o) ] (59)
f e ) ] (56)
ft (n+1) ) :|é

Z Z 2kUq(A)

1
0o q
| n=1k=k, 1) (k1) ) :|
kN 1 q q
= Z 2 Uq(Ak)(f g)
t(k+1)

kNl

[N k,-1
Bes|Y Y 2fui(ap)

_n:l k:km,l)

[N kn-1
>y 2Puiap

| n=1k=k(n_1)

N

= Z > 2Fui(ay)

| n=1 k=k(5-1)

k,-1

N

[
(
5 oo
v

1
q

f(k 1)w(t)dt sup Uq(tk,z)(/zwg(s)ds)q] -

z€[tg,00)

N

Q=

kNl

= / w(t)dt sup uq(z)( g(s)ds ] (58)
Ak-1) Z

| k=p 2€[ty,00)

ko 1/A(k 1>w(t) (zesup (= )[ g(s)ds) dt]
< (/(;oow(t) (Zf[ti’poou(z)fzoog(s)ds)q]

<C)l9lLew) = Cs).-

q

Here, (55) is the same as (54), inequality (56) follows from (53) and inequality (57) from (9). An ar-
gument analogous to (34) is used to establish the identity (58).
We have shown

Bs $ Bs 5 C(sy,
hence, combining this with the other estimates, we get

|:f<>o (f w(x)dx) w(t) sup u (z)([mvl_p/)? dt] S Bi+ Bs S Ba+ Bs 5 C(5). (59)
t, ty z€[t,00)

Passing p — —oo and then K — oo analogously as we did before, we obtain
Ay 5 C) (60)

for a general weight w.
In the rest we will focus on the condition A(g). At first, observe that for any 0 < a <t < oo it holds

X
p’

Ur (a,t) sup uq(z)(/mvlfpl)ﬁ < sup u'(2) (/;m - p) . (61)

z€[t,00) z€[t,00)
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Indeed, one has

r
7

sup u%(s) sup u!(z) (/ vl_p’)p < sup u%(s) sup sup uq(T)(f vl_p,)p
z z

sefa,t) z€[t,00) se[a,t) z€[t,00) TE[t,2)

= sup sup u%(s) sup uq(T)(f ' )p < sup sup u'(s) ([ ) v
z

z€[t,00) se[a,t) TEt,z) z€[t,00) se[a,z)

< sup sup ur(s)(f vl—p/)T-’ = sup ur(z)(/ vl_p/)p’.
ze[a,00) sela,z) z ze[a,00) z

The identity (34) implies the last step.

The starting point for estimating A(g) is the following decomposition.

z€[t,00)

[f (f w(z)U (x, t)d:c)Tw(t) sup uq(z)(j;wvl_p’) l

'ﬁ\‘q
o
53
[

[ w(m)Uq(a: t)dac)r w(t) sup uq(z)([oovl_pl)ﬁ dt]7 (62)

z€[t,00)

[Z fA . (fttw(m)Uq(x,t)dx);w(t)zes[gr;)uq(z)(fzwvl_p,);, dt:|r

“w

k(ml) 2 . z o A\ H
(f w(z)U(z,t) dx) w(t) sup uwi(z )(f vl_p) dt
neA k= k A z€[t,00)

;L

=: B7 + Bg + Bg.

For B7 one has

,
—
8
<
0
»@\
~—
s
o
~
S
3=

z€[t,00)

IN

Br < [ ([ w(z) d:v)p.w(t)Up (tu,t) sup u?(2)
f

([ w(a:)dm)pw(t)dt sup u'(z)

z€[ty,00)

(63)

ﬁ
—
o

8
Qe
0
.8\
~——
't’\‘g
—_
S I=

2% sup ur(z)(f vl_p,)pl (64)
| z€[t, ,00) z

< fot"wi(t)w(t)dt sup uT(Z)(fzm“kpl)

z€[ty,00)

AN

(65)

s
o
~~
(U]
3=

<A £ C)-

We used (61) to get (63), and (9) was used for (64) and (65). The very last inequality was obtained
in (60).



18 Martin Krepela

Next, for Bg we get

1

dt]

N o ,
[Z Qk("“)p w(t)Up (tkgpiry-151) Sup uq(z)(f Ulfp)

n=1 k(n+1)— z€[t,00)

S
s

ng[é( knz_:l QJU‘I(A )) /A w(t)zes,[liljo)uq(z) (/ZOO 1- p)

J= k(n 1) k("+1)71

s
S

+

|

1
p

AN

N [ kn-1 » o L\
(S o) s ()

n=1 k(n-1) €[ the(yyy1y-1:%0

Z ke gup u "(2) (fw )

ze tk(71.+1)_1 )

1
I

s

: Bio + B11.

The first step follows by (18). In the second step we used (9) to estimate the first summand, and
(61) and (9) to estimate the second one.

Now formally define k-1 := ko — 1 =~ 1 and ¢y, -1 := co. Furthermore, observe that, by (12),
it holds

r

kn—-1 ] > o [ Fe-n-1 o [ Fe-n-1 .
Z 27 Uq(Aj) 2k(n+1) >92p Z 2] Uq(A ) k(n+1) > 924 Z 2]Uq(A ) 2 n

J=k(n-1) J=k(n-2) J=k(n-2)

for every n € N such that 2 < n < N. Therefore, since it holds 24 > 1, the sequence {bn}ﬁle with

by = (Z?:,;i_l) 2qu(Aj)); 2k is strongly increasing.

For B1p we then obtain

3=

r
P

N kp—1 . b oo 1—p' ﬁ
Bo=|X| S Puian) Fen sw swp @) ([ 7o)
n=1 \j=kn,_1) n+1<i<N+1 Ze[tki—17tk(i+1)—1) z
_ , 1
N kyn—1 P A oo o "
SIS Y 2uia)| 2o sup q(Z)(/ )
_n:l J=k(n-1) Ze[t’@‘(nﬂyl’tk(nn)*l)
- r L
N [ ko1 » t . A
IS Y 2uia)) | 2Fe» sup uq(z)(f o 1Ul_p/)p’
_n=1 J=k(n-1) Ze[tk(nﬂ)‘l’tk(nw)‘l) -
sl
N-1{ kn-1 o oo Lot "
Z Z 2JUQ(A ) (""I)Uq(tk(nﬂ)—lvtk(nm—l) f v P
G=km-1) h(py2)-1
=: B1a + Bis.

The second step follows from Corollary 3.
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Let us proceed with Bi2. We get
_ . 1
N [ ko1 v T
e[S S 2] e an 0 ([0 )
n=1 j:k(nfl) € tk(n+1)_1’tk(n-u)_1 i
- . 1
N [ kn-1 g Pty q iy 1—pf o
I S 2via) f w(tydt  sup UMl 1,2) f v (66)
n=1\j=kn1) k(n+1)2 ze[tk(nﬂ),l,tk(nﬂ),l z
~ . 1
S Jrra v q benezy 1 1-p! o
A S 2via) sup w(t)U (t,z)dt(/ v )
n=1 \j=k(,_1) Ze[t’“(nn)‘l’t’“(nn)‘l) E(n+1)—2 z
_ 1
ol ten q g q h(nizy 1 ¥
DY w(t)UU(t, 1, ) dt sup w(t)U(t,2)dt v (67)
z

k -1
(n-1) ze[tk(n+1),1,tk(n+2),1)

IA
M=

ze[t’f(nu)*l ’tk‘<n+2)*1 )

I
:

&

[

k(ni)=2

r

z q tr 2)- L 5
sup [T e (f ) 1op )
tk(n—l)_l z

5

In (66) one uses (9) and (67) follows from (19) and the relation ¢, -1 >t -

Let us check finiteness of Bi4. It holds

N
Bia < Z sup

=1
" Ze[tk(nu)—l ey 2y-1

Again we made use of the already proved estimate (39).
Now, for each n € N such that 2<n < N + 1 find a number z], ¢ [tkn_l,tkm“)_l) such that

z o
7

z, , a S AV
2(/ w(t)Uq(t,zn)dt) ([ ot P) > sup
7N 2l

(n-1)7t

ze [tkn_l 7tk(n+1)_1)

(/t w(U(t, 2) dt

(1 y-1

=

(/(; w(t)Uq(t,z)dt)E (fzoovl_p/)? SN%A(@ SN%C@) < 0o,

iy o

This is possible since the right term is finite, which fact in turn follows from the finiteness of Bi4.
Following (40) and the LP-duality, for each n € N such that 2 <n < N + 1 there exists a nonnegative

. . 4
function fn supported in [zy,tk,,, -1] and such that
ty -1 ty -1
v+ 1 1
L e = [T =1 and
thop-1 2y,

An argument analogous to that of (45) then yields

1
1
7

sup )(ftz w(t)U(t, z) dt)q(fzmylp')”

Ze[tkn—htk(mlyl k(n-1)7t

AN

/tk(n+l)’1
ty

n-1

sup

Ze[tkn—17tk(n+1)—l

it

E\""

f w(t)U(t, =) dt

k(n-1)~1

tr _
I E(pa1y-1
v P < 2/ e fn-
thp -1

[

(69)
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Next, since Bisa < oo, by Proposition 5 there exists a nonnegative sequence {dn}nNerQ1 such that
N+1 D
dy =1 and

r T

N z a -1
Bu-|3% sup (ft w(t)Uq(t,z)dt) (/ H 1 P)
n= E(po1)-1 z

1
Ze[tk(nn)*l 1 (rp2)-1 )

z
sup f
t

k -1
Ze[tk(nn)*l’tk(mz)*l) (n-1)

s

Q=

q Po(nazy=t 1-p ” q
w(t)U (t,z)dt(/z v ) al . o

In
N}
1=

As expected, now we define the function f := ZN+1 dn fn. An easy check confirms that | f] sy = 1.
Before continuing, let us make one more observation. Let n € N be such that 2 <n < N +1 and let
z € [tk(n+1)_1’tk(n,+2)_1)' Then

[ w(t)Uq(t,z)([wa(s)ds)q ars [T w) sw 0'(0) (/ f(s)ds)q dt

k(n-1)=1 E(n-1)~1 we[t,o0)

= ft: 1 w(t) mf[lilgo)uq(x) (Lw f(s) ds)q dt

(n-1)"
q
T (o)1 q o0
s/ w®)[ sup u (m)f F(s)ds| de.
th(po1y-1 ze[t,00) z

The second step is an analogy to (34). Taking supremum over z € [tk(n+1),1,tk(n+2),1), we get
q
z oo [eo)
sup f w(t)U(t, =) ( [ ) dt < / i (t)( sup u!(z) f f) a.  (71)
Ze[tk( +1)_17tk(n+2)_1) tk( -7 tk( -1t xe[t,oo) x

Now we estimate

e

M=

Bi4 S

z t _
sup i w(t)Uq(t,z)dt( [ IUH’) il (72)
Ze[tk(nﬂ)_l’tk(n+2)_1) tk(7kl)7l -

— 1

n=1

q

sup [T e ( f tk("*”‘}n)qdz (73)

k 1
| " Ze[tk(nﬂ)*l7tk(n+2)*1) (n-1)

V4
sup [

k -1
| ZE[tk(nH)q7tk,(n+2)-1) (n-1)

N
M=

Il
[y

1
q

w(t)UI(t, =) dt ( i tk“”z)’}(s)ds)q

M=

S
Il
—

1
q

M=

sup [T wwui s (fz‘”f(s)ds)q

ti -1
ZE[tk<n+1),1,tk(n+2),1) (n-1)

ft tk(”*”lw(t)( sup uq(x) f f(s)ds) dt] (74)

3
Il
iy

M=

Il
—

n E(n-1)-1 ze[t,00)

1

tk(nJrz)’1 q e ! !
5 f w(®)| sup u(w)/ F(s)ds| dt
N 122 1 zE[t,00) z
3=¢

l<n< n-1)"
n mod ¢ )

/(;oow(t) (Ms[lt{;;)u%)f:f(s)ds)q dt]q

<C) | flerwy = Cosy-

AN
.MM

~
Il
(=]

N
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The inequality (72) is taken from (70), and step (73) follows from (69). In (74) we used (71).
Let us now return to Bi3. We have
- r T l
N-1 kn—-1 P A L oo - v
Jrra e -p
Buss| Y| X 2045 2507 U (bkpiny-15 thay-1) ft v
| =1 \j=K(n-1) k(n+2)=1
- Nt
—N—l kn—1 3 k(n+2)_2 & oo 1oy "
N > 2U(4;) Y 2°U (b thg,n-1) v P
| =1 \j=k(n-1) k=k(n41)—1 E(n+2)~1
Nt
[N-1 kp—1 ) P Kk(ni2)—2 . y 71
S Z 22U(A;) Z 2 Uq(Ak) (75)
| =1 \j=k(n-1) k=k(ni1)—1 k(n+2) 1
r T l
[N-1[ k,-1  kinin—1 i Ak
< S i) Y 2 ui(ar) f (76)
| =1 \j=k(n-1) k=ky, k('n+2)_
—N—1 k(n+1y—1 i a o , o v
s Z 2 Uq(Ak-) f ,Ulfp (77)
=l \ K=k, be(nezy 1
i 1
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SIS Y 2fuiar (/ W“&W) (78)
n=1\ k=k, thp
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The estimate (75) follows from Corollary 2, step (76) is due to (13) and step (77) due to (12).
Inequality (78) is implied by Corollary 2. The final estimate Bg $ C(5) was obtained in an earlier

stage of the proof.
Now we have

Bio $ Bi2 + Bi3 $ Bia + B13 S C(5).

Next term to proceed with is Bii. It holds

Bi11

g: ftk’(n+1)_1

n=1Jtk(,,q1)-2

s[

N tr
(n+1)~ 1
< [Z /
n=1 tk(nﬂ)fz

S A 5 Cs)-

W (H)w(t)dt

Wp(t)w(t) sup u'(z)

1
r

s

p
sup

ze€ tk(n+1)—1,°°

()

(79)

)ur(z) ([Zwvl_pl)

1

a

|

=z
p’

z€[t,00)

In (79) we used (9). Recall also the earlier result (60).
At this point we completed the estimate

Bg $ Bio + B11 $ C(5).
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We return even deeper to the term Bg. By (18), it holds

1
kn-1 Pk‘(n+1) -2 o L A\W T
Bs|S S 2vvay [ w(t) sup UQ(z)(/ U*P) dt
neA \j=k(n-1) z€[t,00) z
k(n+1) 2 rq o , ﬁ %
Yy 2pf W)U (t4,1) sup uq(z)(f UH’) dt
neA  k=k, z€[t,00) z
=: B15 + Big.

Next, one has

> k(n+1) —2 o N
Biss| > Z 2U%(4,) f w(t)  sup uq(z)(f 0P )p dt
neA \j=Fk(n-1) Ak e[t thyyp0y-1) z

+[%( I;IQJUq(Aj))pk(M)Qf w(t)dt  sup q(z)(/ );]T
neA \j=k(n-1)
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|~
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7 k()2 . =k
s[ ( Z 279 (4, )) Z 2Uq(tk,tk(m) 1)(ft "’) ] (80)
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T 1
[ kp—1 » K(niy2 S =
<> > 2U9(4;) > 2 Uq(tk,tk(m) 1)(f "’) + B1o
| ned \j=k(no1) k=kn, tkn
r 1
[ kn-1 T ” 7
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kn*l . q
>, 2U%(4;)

J=kn-1)
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1
M=
_
S
—_—
—
3 s 8
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'E\
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+
o
i
o

1
Qs

k,-1

x ) t N
> 2Ui(4)) ( | ()] + Bio (83)
kn

n=1 j=k(n_1)
=B + B1o S 0(5).

N
M=

In step (80) we used (9) and step (81) follows from Corollary 2. Step (82) is due to (13). To get (83)
recall (12) and use Corollary 2. The estimate Bgs + Bio $ C(sy was obtained earlier.
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The term Big is the last remaining one. We get

[ k(n+1)—2 . oo N\ 7 G
Big<|> > 2% /A w(t)dt sup u'(2) ([ vlfp) ] (84)
k z

| neA k=k, z€[tg,00)
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Z > 2% sup ur(z)(fzoovl—lﬂ')’;]r

| neA  k=k, 2€[ty,00)

[ K kr r et 1—'§%
> 24 sup u(z)(f v p)
L k=1 Z

2€[ty,00)
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fA “W%(t)w(t)dt sup ' (2) (85)

| & - 2€[ty,00)

I
-

N
=
—_—
e
8
<
-
<
~
< s
I e

<

W%(t)w(t)dt sup ur(z)(‘/zoovlp’)prl]r

o1 Ak 2e[t,00)

M=

<Ay 5 Cs)-

To get the inequality (84) we used (61). Step (85) follows from (9). For the final estimate see (60).
We have shown

By < Bis + Bis $ C(s)-

Now, collecting all our estimates and returning all the way back to the starting decomposition (62),
we check that we have proved

1

r

[[tm (ft (@)U 1) dz); ORIV A dt] 56w

“w

The limit pass u - —oo followed by the second one K — oo in the same manner as done previously
then finally yields

As) 5 Cs)-

Therefore, necessity of the conditions A7y and A(g) in case (ii) is verified and the proof is finished.

The previous theorem has, not surprisingly, its analogy for p = 1. It may be proved by a similar
technique as Theorem 6. Given the length of the previous proof, the reader will hopefully excuse
omitting the proof the theorem below, which is the aforementioned version for p = 1.

Theorem 7 Let v, w be weights and let u be a continuous weight. Consider the inequality

(fow[ sup u(x) :g(s)ds]qw(t)dt)q < Cse) /Ooog(t)v(t)dt. (86)

ze[t,00)

(i) Let 1< g<oo. Then (86) holds for all g € M+ if and only if

1

t a 1
A(sr) == sup [ w(z) sup uwl(z)dz| esssup < 0o, (87)
te(0,00) \ S0 ze[w,t] seft,00) V(8)

Moreover, the least constant C(gg) such that (86) holds for all g € M+ satisfies Cse) ~ A(gr)-
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(ii) Let 0<q< 1. Then (86) holds for all g € M+ if and only if

oo 1-q K
Ass) = f Wi (t)w(t) sup uta () (ess sup L ) dt < oo (88)
0

z€[t,00) se[z,00) U(S)

and

oo t ﬁ qu B
A(sg) = [ ([ w(z) sup uq(y)dx) w(t) sup ul(2) (esssup 1) dt| <oo. (89)
0 0 ]

ye[z,t 2€[t,00) se[z,00) 'U(S)

Moreover, the least constant C(sgy such that (86) holds for all g € M+ satisfies C(ggy ~ A(ss) + A(sg)-

As it was forecast in the introduction, the results which are now at our disposal, namely those
of Theorem 7, allow us to find the missing integral condition characterizing boundedness of the
supremal operator R, acting on .#}. Case (i) in the theorem below was proved in [6, Theorem 3.2(i)]
and is listed here for the sake of completeness. Case (ii) is the new result containing the integral
condition for 0 < g < p < co. The proof in fact covers both cases.

Theorem 8 Let v, w be weights and let u be a continuous weight.

(i) Let 0 <p<q<oo. Then the inequality

([O“’[ sup u(s)f(s)]qw(t)dt)

se[t,o0)

1
q

<Clon (7 @00 at)’ (90)

holds for all f € .4} if and only if

Aoy = sup)(/otw(m) sup u!(y) dx)q V_i(t) < o0, (91)

te(0% yelz,t)
Moreover, the least constant C(ggy such that (90) holds for all f € M} satisfies
Clo0) ® A(o1)-
(ii) Let0<g<p<oo andr = %. Then (90) holds for all f € .4} if and only if
B 1
Aggoy = (fooo Wﬁ(t)w(t) sup u'(2) (/Ozv(s) ds)_; dt)r < oo (92)

z€[t,00)

and
1
-

A(gz) = /Ow(fotw(x) sup uq(y)dx)pw(t) sup uq(z)(fozv(s) ds)_% dt] <oco. (93)

ye[x,t] z€[t,00)

Moreover, the least constant C(gg) such that (90) holds for all f € //{i satisfies

Clo0) ® A(g2) + A(93)-
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Proof Since p > 0, the function f € .# is nonincreasing if and only if the function g := fi is nonin-
creasing. Hence, (90) holds for all f €.} if and only if

1

(fooo [sffltl,i)u(s)g;(S)]qw(t)dt)q < C(g0) (/Omg(t)v(t)dt)f”

holds for all f e .#}. By a standard argument (see e.g. [14, Lemma 1.2]), this is equivalent to the
inequality

(fooo [Sfﬁg)“(s)([ h(x)d:r)% ]qw(t)dt)q < C(g0) ([Ow[tooh(at)dm v(t) dt)%

being satisfied for all h € .#,. By taking the p-th power and applying Fubini theorem, this is true if
and only if

([O sup up(s)/ h(z) dz Z’w(t)dt) <Cly [ T )V () de

se[t,o0)

holds for all h € .#,. The result now follows from Theorem 7.

4 Comparison of the conditions

The paper [5] lists a variety of reduction theorems for weighted inequalities. These results, in general,
allow for an equivalent reformulation of a weighted inequality in form of another weighted inequality,
often on a different cone of functions. A particular case [5, Corollary 3.5] then offers an equivalent
representation of the inequality (1), involving the operator Sy, by an analogous inequality with the
operator Ty (and with different weights). Hence, by using [5, Corollary 3.5], [6, Theorems 4.1 and
4.4] and after a careful recalculating of exponents, one can show that validity of (5) for all g € ., is
characterized by the following conditions.
(i) If 1 < p< g < oo, then (5) holds for all g € .#, if and only if

A(ga) == sup u(t)Wi(t)([wvl_p’(s)ds)? (94)
te(0,00) t
+ sup [ w(z) sup uq(y)(/ 17p,(s) ds)mdm (‘/wvlfpl(s) ds) T e
te(0,00) ye[z,00) t

(ii) If 1 <p< oo and 0 < g < p, then (5) holds for all g € .#, if and only if

A<95>::( A °°W%<t>w(t)y€s[zgo)u’°(y>( I p(s)ds)L’ ) (95)

r

S

T

+ Am(/ w(z) sup uq(y)(fc"’ 1—p’(8) ds)ﬂldx)q([mvlpl(s) ds)ﬁi%ilz;lfpl(t) 4 <.

ye[w,00)

Observe that these conditions are different from those presented in Theorem 6. In case (i), it is easily
shown that the first term in A(g4) is dominated by A. In (ii), the first half of Ags) is in fact A7),
but the second term in A(gs) is different from the condition Ag). Notice, in particular, the “flipped”
interval of integration in the term involving w in the second part of the condition A g5y (and the same
in A(gqy). This difference can be traced back to the “flip” from S, to Ty in the reduction technique
of [5].
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It can be said that the conditions Ay, A(7y and A(s) belong to one “class” (that may be called

“classical conditions”), and A(gs), A(os) belong to another one (“fipped conditions”). Existence of
such equivalent classes of conditions is a rather common phenomenon, see e.g. [4,7,8].

The “classical” conditions are simpler than their “flipped” counterparts and, moreover, are com-

patible to older results, as these mostly have the “classical” form as well. Such matching issues are
important in situations when combining of conditions is needed. That is often the case in problems
concerning the iterated inequalities and more complicated function spaces based on them.
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