JACOBIAN OF WEAK LIMITS OF SOBOLEV
HOMEOMORPHISMS

STANISLAV HENCL AND JANI ONNINEN

ABSTRACT. Let Q be a domain in R™, n = 2,3. Suppose that a se-
quence of Sobolev homeomorphisms fi: £ — R™ with positive Jacobian
determinants, J(x, fx) > 0, converges weakly in WP(Q,R"), for some
p > 1, to a mapping f. We show that J(z, f) > 0 a.e. in Q.

1. INTRODUCTION

The main goal of this note is to establish when the sign of the Jacobian is
preserved under W1 P-weak convergence. Such a question pops out naturally
in the variational approach to Geometric Function Theory (GFT) [3, 12, 23]
and Nonlinear Elasticity (NE) [1, 4, 5, 18, 21, 22]. Both theories GFT and
NE deal with minimizing sequences of Sobolev homeomorphisms. In the con-
text of NE, one typically deals with 2D or 3D models and require that the de-
formation gradients belong to M}*", where M™*™ = {real m xn matrices},
and M} = {A € M™": det A > 0}. It is certainly unrealistic to require
that the infimum energy of a given stored energy functional be attained
within the class of homeomorphisms; interpenetration of matter may occur.
Even in a special case of Dirichlet energy injectivity is often lost when pass-
ing to the weak limit of the minimizing sequence, [2, 13, 14, 15]. Further
examinations are needed to know the properties of such singular minimizers.

Throughout this text 2 will be a domain in R™. The class of Sobolev
mappings f: Q — R™ with nonnegative Jacobian determinant, J(zx, f) =
det Df(x) > 0, almost everywhere, is closed under the weak convergence
in WP(Q,R") provided p > n, [12, Theorem 8.4.2]. However, if p < n,
passing to the weak W1P-limit of a sequence with nonnegative Jacobians
one may loose the sign of the Jacobian. Indeed, there exists a sequence of
Sobolev mappings fi: Q@ — R™ with J(z, fx) > 0 a.e. such that the se-
quence converges weakly in W1P(Q,R"), p < n, to the mapping f(z) =
(—x1,22,...,2y), see [12, page 181]. Moreover, following the construction
in [17] such mappings f; can be made continuous. However, it is not ob-
vious at all as to whether one can make a similar example with fi to be
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homeomorphisms. This is the subject of our result here. Here [5] denotes
the integer part, i.e. [3] =1, [3] = 1 and so on.

Theorem 1. Let Q C R™ be a domain and let p > 1 for n € {2,3} and
p > [5] for n = 4. Suppose that a sequence of Sobolev homeomorphisms
fr: Q — R™ with J(z, fr) = 0 converges weakly in W1P(Q,R") to a mapping
f and further assume that J(x, fr,) > 0 on a set of positive measure. Then
J(x, f) 20 a.e. in Q.

It is worth noting that in Theorem 1 the Jacobian J(z, f) can have very
different behavior than the Jacobians in the sequence without knowing that
J(z, fr) > 0 on a set of positive measure. Indeed, there exists a sequence
of Sobolev homeomorphisms f; with J(z, fx) = 0 a.e., converging weakly
in WHP(Q,R"), 1 < p < n, to the mapping f(x) = x. To obtain such a
sequence we cover ) by diamonds of diameter less than 1/k and on each
diamond we follow the construction from [10] to obtain a homeomorphism
with zero Jacobian a.e. It is possible to make the WP-norm of the se-
quence uniformly bounded and hence find a weakly convergent subsequence.
Furthermore, it follows from the construction that the sequence fi con-
verges uniformly to the identity. This also shows that there is a sequence
with J(x, fr) = 0 a.e. converging weakly in W1P(Q,R"), 1 < p < n, to
f(iL') - (_$17$27 ce 7xn)'

It is not known if the Jacobian of Sobolev homeomorphism can change
sign for p < [§] and n > 4, see [11]. Especially, we do not know if Theorem 1
holds under this lower regularity assumption.

2. PRELIMINARIES

2.1. Degree and Jacobian. There are two basic approaches to the nota-
tion of local degree for a mapping, the algebraic (see e.g. Dold [7]) and
the analytic (see e.g. Lloyd [16]). Both of these notions try to capture the
idea of counting the preimages of a target point. For a continuous map-
ping f: Q@ — R™ and y, € R™\ f(Q) the degree of f at y, with respect
to Q is denoted by deg(f,Q,y,). If f: Q@ — R™ is a homeomorphism, then
deg(f,Q,yo) is either 1 or —1 for all y, € f(£2), see e.g. [16, IV.5] or [20,
I1.2.4. Theorem 3]. We say that a homeomorphism f is sense-preserving if
deg(f,Q,y,) = 1. For a linear map A: R" — R"™ with det A # 0, it is easy
to check from the definition that

(1) deg(A,Q,y,) =sgndet A .

We recall the following corollary [3, Corollary 2.8.2]. Given a homeomor-
phism f: Q — R™ suppose that f is differentiable at x, with J(zo, f) # 0.
Then we have

(2> deg(f7 Qv f(xo)) = Sgn J(.’Eo, f) :
We will use the fact that the topological degree is stable under homotopy.
That is for every continuous mapping H: €2 x [0, 1] — R™ and y, € R™ such
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that y, ¢ H(09,t) for all t € [0,1] we have

(3> deg(H('7 0)7 Qayo) - deg(H<'7 1)7 Q, yo) :

2.2. Differentiability of Sobolev mappings. A Sobolev homeomorphism
f € WhP(Q,R") is differentiable almost everywhere if p > n—1, n > 3, and
p =1 for n =2, see [9, 19, 25]. We will also need a generalization of the
concept of differentiability, which is obtained by replacing the ordinary limit
by an approximate limit, see e.g. [8, §6.1.3]. It is known that a Sobolev map-
ping f € VV&;(Q,R”) is approximatively differentiable almost everywhere,

see e.g. [8, 6.1.2, Theorem 2]. Moreover, such a mapping is L!-differentiable
almost everywhere [26]; that is, for almost every z, € Q we have

f(@) = f@o) = Df(wo)(z — 20)

(4) lim .

=0/ B(z0,r)

z=0.

Hereafter, the notation fB(%W) means the integral average over the n-dimensional
ball B(zo,r) ={z € R": |z — x| < r}.

In order to illustrate our ideas, we first prove Theorem 1 in the cases
n=2andp>n—1.

3. PROOF OF THEOREM 1 FORp>n—1,n>23, ANDp>1, n=2

Each homeomorphism f; is either sense-preserving or sense-reversing. Un-
der our assumptions there exists a point x; such that f; is differentiable at
xj, see Subsection 2.2, and J(xj, f;) > 0. By (2) we know that the degree
of f; is one and hence each f; is sense-preserving.

We fixe > 0and forp >n—1weset d =¢e. Forn =2 and p = 1 we have
Df; — Df weakly in L' and hence the sequence D f; is equi-integrable, see
e.g. [6, page 19]. Therefore, we may, and we do, choose 0 < § < & such that

(5) for all j and every A C Q with |A| < 5%5|Q| we have / |IDfj| <e.
A

Without loss of generality we may assume that ) is bounded and has
Lipschitz boundary. For the contrary we suppose that the set
Oy :={x, € Q: J(xo, f) <0 and f satisfies (4) at zo}

has positive measure. Dividing the set €27 into countable many pieces we
find a matrix M, a radius r > 0 and a set

Qo = {w €M ¢ [Df(z) — M| < {5|M]|, dist(z,00Q) > r and
][ f(x) = f(wo) = Df(xo) (2 — o)
B(zo,r)

r

dx<522}
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with positive measure. Without loss of generality we may and do assume
that
10 ... 0
0 1
(6) M =
00 ... —1
We fix a point z, € §),. Since the sequence of mappings f; converges to
f weakly in WHP(Q,R"™), we have f; — f strongly in LL (€2, R"). Now, we
may pick up an index j, large enough such that

52
[17@) = @) do <t
Q 2
This and the definition of 2, imply that
(7> ][ fjo(x)_f(x‘:)) —Df(a}o)(x—xo)
B(zo,r)

,
Our goal is to prove that

dz < §2.

(i) if p > n — 1, then there exists a constant C' (depending only on p and
n) such that

I c/ |Df;. [P and
B(zo,r)

(ii) if n = 2 and p = 1, there exist a constant C' and a set A C B(zo,r)
such that

|A] < 5%|B(20,7)] and 1% < C/ D fsl -
A

These would lead to a desired contradiction. Indeed, having (i) on our
hands, by the Vitali covering theorem, we find a collection of pairwise dis-
joint balls B; such that Q, C U;5B; and

2] <57 ST1Bi| < 6P"“C/|Dforp,
- Q

which is impossible because p > n — 1 and § = ¢ is arbitrary. If (ii) holds,
then we obtain in the same way A; C B; such that |4;| < 54| B;| and

Q<Y IBI<C [ i
i U; A;
which contradicts with (5).
Proof of (i). We simplify the notation and write
pj(x) = fi(x) = f(zo) = Df(zo)(2 —2o)| and By = B(ao, s).
It follows from (7) that the set of radii
Ig ={s€[0,r]: H" '({z € 0B,: @;,(z) = dr}) < 5"§ H" '(0Bs)}
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has measure at least 2 i.e. |I| > 2. Hereafter, the notation H*(A) stands
for the k-dimensional Hausdorff measure of the set A.
On the other hand, the key point in our argument is that for x, € 2, and
for every s € (0,7) we can find 5 = (3(s) € 0B(z,, s) such that
4

(8) ;i (B) = 5 for every j =1,2,....

Finding such a point § is the only place where we use the homeomorphism
assumption of f;. Suppose on the contrary that (8) fails for every g8 €
0B(zo, s) and for some j € {1,2,...}. For z € 0B(xo,s) and t € [0, 1] we
consider the following homotopy

H,t) = (1 0)(f;(z) - f(22)) + D (@) w — w2).
Since z, € Qo and M is given by (6), we have inf|,_|Df(z.) 2| > 4/5.
Furthermore, if (8) does not hold, then for all x € 9B(x., s) we have

[H (2, 8)] = [Df(x0)(x — wo)| = (1 = #)[f;(x) = f(z0) — Df(wo) (2 — x0)|

> %s—(l—t)%s}O.
It follows that H(z,t) # 0 for every € 9B(xo, s) and all ¢ € [0,1]. Thus,
by (3) and (1), the degree of f; at f(zo) equals sgndet(D f(x,)) = —1. This
contradicts with the fact that f; is sense-preserving.

According to the Sobolev embedding theorem [12, Lemma 7.4.2] for al-
most every s € (0,75) and for all z1, z0 € 9B(x,, s) we have

9) (1) = f.(2)] < Clm,p) (distom, (21,22)) 7 ( /a _Ippr)”

where distgp, (21, 22) stands for the distance between z; and zy along the
sphere 0B, = 0B(z,, ).

Now let us fix s € I so that (9) is satisfied on the sphere 0B;. Since
s € I we find o = «(s) € 0B, satisfying

(10) j. (o) <or and distgp, (o, B) < 5" 6 s.
Combining this with (8) we have found «, € 0B; such that

L5 67— 5355 < [5(8)] — lps(a)] — 2distan, (@ B) < fs. (@) — £, (B)].
This together with (9) implies that for s € I N [7/2,r] and ¢ small enough

(11) CsP < (%5 —6r —5"365)” < O(n,p)(6 s)an/ |Dfj.|P.
0Bs

Integrating the inequality (11) over the set I N[5, r] we obtain (i), finishing
the proof of Theorem 1 in the case p > n — 1.

Proof of (ii). We proceed as above. For s € I we obtain a = a(s) €
0Bs and (3 = (B(s) € 0B; so that (8) and (10) hold. We may choose these
points the way that the functions s — «(s) and s — ((s) are measurable
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on Ig. There are two arcs on 0B, with endpoints « and 3. We denote the
shorter one by Z;. Now, for almost every s € I N[5, 7] we have

s<c/|ijO|.

Integrating this over the I N[5, 7] we obtain

<c [ ps.

A={z€TZ,:selgn[5,r]} and |A| <5%|B,],
finishing the proof of (ii). O

where

The above proof was based on Sobolev embedding theorem on spheres
and therefore does not work for p < n — 1. To overcome these difficulties
we follow Hencl and Maly [11] and use the theory of linking numbers and
its topological invariance. For the convenience of the reader we recall the
needed properties of linking numbers here.

4. LINKING NUMBER

Let n,t,q be positive integers with ¢ + ¢ = n — 1. Let us consider the
mapping <I>(§, n): Biy1 x Byr1 — R™ defined coordinatewise as ®(&,n) = ,

where
= (2 + 7]1)517

i1 = (24 m)&pt1,
T2 = 12,

Li+q+1 = Tlg+1-
Denote by A the anuloid

@(SthqH):{xean( x%—i—...—kxfﬂ—2)2+a:?+2+...+a:3l<1}.

Of course given z € A we can find a unique ¢ € S¢ and 1 € B,y such that
®(&,n) = x. We will denote these as {(z) and n(z).
A link is a pair (p,1)) of parametrized surfaces p: Sy — R", ¢: §; — R".
The linking number of the link (p,1)) is defined as the topological degree
£(p,v) = deg(L, A, 0),

where the mapping L = L, : A — R" is defined as
L(z) = ¢(£(2)) — ¥(=n(z)) or equivalently
L(q’(fﬂ?)) = (P(g) - 1%(—77)7 f € St7 ne Eq-l-l:

where 9 is an arbitrary continuous extension of ¥ to B,41 (of course, the
degree does not depend on the way how we extend %, it depends only on
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the values on the boundary 0A = ®(S; x S;)). Geometrically speaking, for
t = g = 1, the linking number is the number of loops of a curve ¢ around a
curve 1) counting orientation into account as +1 or —1. For the introductions
to the linking number in R? and its application to the theory of knots see

[24']I‘he canonical link is the pair (u,v), where

n(€) = ©(&,0), § €Sy,

v(n) = ®(er,n),  n€ES,

For example in dimension n = 3 we get that
w(S)) ={xr eR®: 23 =0, 22 + 23 =4} and
v(S1) = {x2 =0, (x1 —2)? +23 =1}

It is well known, that the linking number is a topological invariant. The
simple proof of the following proposition can be found in [11].

(12)

Proposition 2. Let n,t,q be positive integers with t + q¢ = n — 1. Let
f:Bn(4) = R"™ be a homeomorphism. Then £(fopu, fov) isl if f is sense
preserving and —1 if f is sense reversing.

Analogously we can pick a € B,11(0, 10) and b € By, 1 (e, 10) NB;,1 and
consider the pair

Ma(g) = (I)(§7a)? g S Sta
vp(n) = @(b,m), n € Sq.

Similarly to the previous proposition we have.

(13)

Prop051t10n 3. Let n,t,q be positive integers with t +q = n — 1, a €
Bg41(0, %) and b € Bt+1(el, L) NByy1. Let f:Bu(4) — R™ be a homeo-
morphism. Then £(f o g, fow) is 1 if f is sense preserving and —1 if f
1S Semse reversing.

5. PROOF OF THEOREM 1 FOR p > [5], n >3, AND p=1,n=3

Our argument is similar to the proof given in Section 3 and therefore some
details are only sketched.

By (7 and C5 we denote a fixed constants whose exact value will be
determined later. We fix ¢ > 0 and for p > [§] we set § = ¢. For n = 3 and
p =1 we choose 0 < § < ¢ such that (5) holds with constant C5 instead of
5%. For the contrary we again suppose that the set

Oy :={z, € Q: J(xo, f) < 0 and (4) holds for f at z,}
and the set
Qo = {a: €O :|Df(x) — M| < %O|M|,dist(ac,8§2) > r and
][ f(@) = f(@o) = Df(2o)(x
B(zo,4r)

T

xo) dx < C4

slel+l }
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have positive measure, and M is given by (6).
We fix € > 0 and a point z, € ),. Again we can find j, such that

fio (@) = fwe) = Df(wo)(x

r

%o)| 4o < Cy518HH1 .

)
We fix t,q > [%] such that t + ¢ = n —1 (i.e. t = ¢ = %5} for n odd and
5%, ¢ = 5 for n even). Our goal is to prove that

(i) if p > [§] and n > 3, then there exists a constant C' (depending only
on p and n) such that

5min{t,q}—P Tn g C/ ‘Df]o ‘p and
B(CCO74T)

(ii) if p =1 and n = 3 we have A C B(z,,4r) such that
|A| < C28|B(20,4r)] and 1< 0/|ij0| .
A

Having these and using p > [§] or (5), it is again a simple application of the
Vitali covering theorem to obtain a desired contradiction.

Proof of (i). Without loss of generality we will assume that o, = 0. We
write

pj(x) = |fj(rz) — f(zo) — Df(xo)ral .
Let us fix y € ua(S:) and denote
B,ua(St)( ) - {.’E € :U’G(St) diStua(St)($7y) < 5}

the ball of radius § on the link 1, (S;). We can clearly choose a constant C
big enough at the beginning of the proof so that (14) implies that the set of
good links

IA = {a € IB%q-‘rl( ) 10) Ht(‘r € Ma(St> Pjo (x) ) < Ht( ua(§t } and
Ip = {beBiriler, 15) NBrr1 = Hi(z € m(Sy) : wj(x) = 0) < Hq( Vb(Sq)(yv 3))}

has measure at least
1 1
HI(14) > [Bosn (0, 15)] and R (Tp) > S[Bugi(er, §5) B

TEe key point ot; our argument is that for every a € By1(0, %) and every
b € Byi(er, 1—10) NB;r1 we can find £ € S; and n € S, such that

(15) vj(pa(§)) = ‘fj(rﬂa(f)) — f(xo) — Df(wo)rua(f)‘ > ﬁ or
@i(ws(n) = | fi(rv(n)) — fzo) — Df(zo)run(n)| > 1% :

We prove the observation by contradiction and we suppose that (15) does

not hold. We define

fs(@) = (1 = 8)(f(xo) + Df(wo)ra) + sfi(re)
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and we consider the homotopy H(A x [0,1]) — R™ defined as
H((I)(€777)7 s) = (fs © Ua)(f) - (fs © Vb)(_n) )

where (fso13) denotes a continuous extension of fg o1}, to B,y as in the
definition of the linking number. From [11] we know that the mapping f; €
whe p > [5], with nonnegative and nonzero Jacobian is sense preserving.
By Proposition 3 we get that

deg(H(z,1),A,0)=1.
On the other hand

deg(H(:E7 0)7 Av 0) =-1
since the linear mapping f(z,) + Df(zo)rz is sense reversing. To obtain
a contradiction (with the preservation of the degree under homotopy) it is

now enough to show that for every & € Sy, for every n € S, and for every
s € [0,1] we have H(®(&,n),s) # 0. It is easy to see that
67 S 3r

dist((fo © 1a)(St), (fo 0 1) (8g)) = dist((fo 0 1)(Se), (fo o v)(Sg) = 15 = 15 -
Since (15) does not hold we obtain from the definition of f; that

dist((fs © pa)(St), (fs 0 Vb)(Sq)) Z = — =

which implies H(®(£,n),s) # 0.
By (15) and the symmetry we may assume without loss of generality that

In={a€ls: I ES,p;(1al(§) > 15}

satisfies HITH(T4) > 1B+1(0, 15)|- Since p > [%] > ¢ we can use the
Sobolev embedding theorem on the ¢-dimensional space e (St) and we have
for almost every a € I4 and for all 21, 29 € 7 (St)

1

(16) 155 (20) = F )] < C(dist 0 (e1.22)) 7 ([ o P50
THa (St

where dist,,, (s,)(21, 22) stands for the distance between 21 and 2z along the
t-dimensional sphere 714(S;).

Now let us fix a € I4 so that (16) is satisfied and find £ € S; so that for
B = pa(§) we have ¢; (8) > {5 as in the definition of I4. Using a € T4 we
find o € pa(S;) satisfying

(17) @i, () <0 and distua(St)(a,ﬁ) <9,
Thus we have found o, 8 € pq(St) such that
15 — 30 < o (B)] = lpjo (@)| = 2disty, s (@, B) < [ fio (ra) = fi (rB)] -

This together with (16) implies that for almost every a € I4 and § small
enough we have

(18) c<ort [ g,
Tﬂa(St)
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Integrating the inequality (18) over the set T4 we obtain (i).

gr

Proof of (ii). If p =1 and n = 3, then in (16) and (18) instead of inte-
ating over the entire r,(S;) we integrate only over the set B, s,)(ra, 70).

Integration over the set I4 leads to a set A where (ii) holds with some ab-

SO

10.

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

lute constant Cs. U
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