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Abstract
We study questions of partial regularity up to the boundary for solu-
tions of quasilinear parabolic systems of the form
v _ div(A(z,u)Du) =0 in (=T,0) x €,
u=0 on (-7,0) x 09,

in Hilbert space setting. Our approach is based on A-caloric approxima-
tion lemma.

Introduction

Despite the fact that the heat equation has a smoothing property, the solutions
of quasilinear parabolic systems are not smooth in general. Using standard ellip-
tic counterexamples, it is easy to construct a quasilinear parabolic system with
smooth coefficients with bounded weak solution which is not Hoélder continu-
ous. Namely, one can consider a discontinuous solution u = u(x) of the elliptic
system as a stationary solution of a corresponding parabolic system. Moreover,
it is possible to construct a quasilinear parabolic system which has a solution
which starts as a smooth one at ¢ = 0 and develops a discontinuity in some
moment ¢ > 0, see [8].

In general, it is possible to prove partial reqularity results only. By the
notion “partial regularity” we indicate that the solution need not to be Holder
continuous on the whole domain but it is Holder continuous on an open subset,
whose complement is small.

In this paper we are concerned with the study of regularity properties of
parabolic systems of the type

Up — div(A(zm)Du) =0 in (=7,0) x Q,

u=0 on (-T,0) x T, 1)

in Hilbert space setting.

The partial regularity theory of such systems is based on a linearisation
argument: one compares a given weak solution locally to the solution of a linear
parabolic system with constant coefficients.



There are several ways to construct suitable linearisations. One possibility
leads to the blow-up technique see e.g. Giaquinta and Giusti [12]. Another
approach has been introduced in Campanato [13]. Therein, the solution w is
compared on a small cylinder with a solution h of initial-Dirichlet problem with
“frozen coefficients” where h = u on the parabolic boundary of the cylinder.
In this case, the nonlinear parabolic system solved by u must be exploited to
obtain further information about u: to be precise, higher integrability of Du is
needed. This requires usage of the (parabolic) Gehring type lemma and reverse
Holder inequality for u. See also e.g. [14].

In this paper we apply still another way of linearisation. Our approach is
based on the so called A-caloric approximation lemma (lemma 8 below). For
harmonic functions, this lemma was originally introduced by De Giorgi [10].
Its elliptic variant, A-harmonic approximation lemma, was used by Duzaar and
Grotowski [1] to prove interior partial regularity for nonlinear elliptic systems.
The questions of regularity up to the boundary for nonlinear elliptic systems
were examined by Grotowski in [3]. Optimal interior partial regularity result
for nonlinear parabolic systems was obtained by Duzaar and Mingione [2].

The advantage of the approach based on A-caloric approximation lemma
consists in the fact, that we can avoid the necessity of getting higher integrability
of Du and using Gehring-type lemma.

The main result in this paper is an alternate proof of the following theorem,
which was originally proved in more general framework by Arkhipova [15], cf.,
theorem 2 therein. The result is not new, but it is proved by different technique,
based on A-caloric lemma.

Theorem 1 Let us suppose structure conditions (H0) — (H4) which are stated
below and let u be a weak solution of (1). Furthermore, let the condition

liminf][ |u|?> dz = 0
POt A, (yo)

be satisfied at the point yo = (to,zo) € (—=T,0) x I' where A,(yo) denotes the
intersection of (=T,0) x Q with Q,(yo) = {(t,z) € R"" |z — z¢| < p,t €
(to — p*,t0)}-

Then there exists a neighborhood U(yo) of the point yo such that u is Hélder
continuous on the closure of U(yo) N (—T,0) x Q.

Formulation of the problem. Notations.

Let n > 2, Q be a bounded domain in R™. Let I' be a nonempty open subset
of Y and let T € R,0 < T < 400, N € N. We denote U = (-T7,0) x ,
z = (t,z) € U where x = (z1,...,2,). Let N € N. For the quasilinear
parabolic system with the homogeneous boundary conditions

ou'(z)
ot

— Da(AiajB(z,u(z))Dguj(z)) =0 inU, i=1,...,N,
u'(2)=0 on (-T,0)xT, i=1,...,N



we shall use the abbreviation (1). For the function u = (u!,...,u"): U — R,
Du(z) = {Dyu’(2)} € RVN*" denotes the spatial gradient of u and A(z,u) =
A%’B (z,u) stands for the coefficient matrix. In what follows, we use summation
convention both over the Latin indices i,7 = 1,..., N and the Greek ones «, 3 =
1,....,n.

The domain 2 is supposed to be sufficiently smooth, the operator is supposed
to be uniformly elliptic. More precisely, it is required

(HO) The boundary 99 of Q belongs to the class C2.
(H1) The mapping (z,£) — A(z,€) is uniformly continuous on U.

(H2) There exists some A > 0 such that for each z € U, £ € RN and v € RV*"

Az, vv = A7 (2, vl > Aol (3)

ij
(H3) There exists L > 0 such that for any z € U, £ € RV, and u,v € RV*"

Az, &) uv = A7 (2, §ugufy < Llullo]. (4)

(H4) For each z € U and £ € RV A%ﬁ(z,f) = Afia(z,f).

The assumptions (H1) and (H3) imply existence of a continuous function
w : [0,400) — [0,+00) which is bounded, concave, nondecreasing, w(0) = 0
and

Vo, 7 € QVt,t e (=T,0) Vu,u € RY
|A(t, z,u) — A(E 2, 0)| < w(lz— 2 + [t — 1] + |u—uf?). (5)

We note that (H3) implies that A%ﬁ(, u(+)) belongs to L*°(U) for any integrable
u.

Definition 1 (Weak solution) Under the weak solution to (2) we understand
function u € L2(=T,0; WH2(Q,R™N)) such that u(-,t) = 0 on I in the sense of
traces for almost every t € (—T,0) and

Yo € C°(U,RY) /U[ugot — A(z,u)DuDy] dz = 0. (6)

In the conclusion of this section we introduce some notation that will be used
throughout the paper. Euclidean norm in R¥ will be denoted by | - |, whereas
the parabolic metric in R x RY will be denoted by 4, i.e., for 2! = (t!,2!), 22 =
(t2,22) we have

§(2',2%) == max(|z' — 2, [t' — ?]7).
For xg = (zo1,To2; - - -, Ton—1,0), we write Bf (z0) = {z € R"; |z —x0| < p, 7, >
0} and Qf (to, z0) = (to — p*,to) X Bjf (x0) and further Q@ = Q7 (o, z0), QT =
Qf. D,(xo) denotes the set {z € R"; |z — z¢| < p,z,, = 0}.



For a set X C R x R™ with positive finite Lebesgue measure, we denote
the average of a given f € L'(X) by (f)x = f fdz := —— [y fdz, where
meas X denotes the Lebesgue measure of the set X. We also abbreviate f,, , :=
(f )Qi(zo)'

We will often make use of the following elementary observation: if X has pos-
itive finite Lebesgue measure and the function f lies in L?(X), then inf, g [y [f—
v|?dz is achieved for v = fdz.

By V,(20) we denote the Bochner space L?(to — p2,t0;W1’2(B;(xo),RN))
equipped with the norm

1
T /Q Gl i) a
20

P

We abbreviate V, := V,(to, xo), V := V1. We also make use of the space
Z = {f ¢ Wh3(BT RY); trace f = 0 on D}.

The space of a—Hoélder continuous functions with respect to the parabolic
metric § on a set QF(20), is denoted by Co’a(Qj(zo),é). It is equipped with
the seminorm

1y (2 ~
[f]CO’Q(Q;r(Zo),(;) = SUP{WQ 31722 € Q:(Zo), 2t # 2’2}.

By U”A(Qj (20),0) we will denote the appropriate Campanato space with the
seminorm

P =5 =X — P . A+
[f}ﬁp.A(Q;r(ZO)’(;)'_ sup {p /[;(Z’p) |f(t,.13) fU(z,p)' dz dtv z € Qp (20)5 14 > O}a

where U(z,p) = {y € Qf; 0(y,z) < p}. The spaces LPQF (20),6) and
C%*(Qf (20), 0) are isomorphic for v = #, for proof see [4].

By ¢ we denote a generic constant which depends only on the data of the
problem (1).

Statement of the result

The main result of this paper is the following local boundary partial regularity
theorem:

Theorem 2 Let u € L2(=T,0; WH2(Q,RY)) be a weak solution of (2) under
the assumptions (HO0), (H1), (H2), (H3) and (H4). Let o € (0,1) and yo €
(=T,0) x T be a point where the condition

lim inf lul?dz =0 (7)
POt S Qu(yo)nU
18 satisfied.

Then there exists some neighborhood U(yo) of the point yo such that u €
Co*(U(yo) NU, RN, 4).



We illustrate the main step in the proof of the boundary regularity in a
model situation — on a half cylinder. The general result then follows by a
transformation argument.

Theorem 3 Let u € L2(—1,0; W2(BT RY)) be a weak solution of (2) on
U= Q" withT = D. We assume the structure conditions (H1), (H2), (HS3)
and (Hj) with Q = BY, T =1. Let a € (0,1) and yo € (—1,0) x D be a point
where the condition

lim inf][ lul>dz =0 (8)
Pt S Qi (wo)

1s satisfied.
Then there exists some neighborhood U(yg) of the point yo such that u €
Co*(U(yo) N QT RV, ).

Preliminary results

In this section, we summarize auxiliary lemmas that will be used in the main
section. These include a-priory estimates for parabolic systems, Campanato
lemma and A-caloric lemma.

In the whole section we put zg = (tg, o) where g = (o1, ..,Zon-1,0).

Lemma 4 (Caccioppoli lemma) Let p > 0 and Q}(20) CC Q. LetucV
be a weak solution of (2) on U = QF with T = D under the conditions (H2)
and (H3). Then there holds

/ |Dul?dz < %/ lul? dz,
Q} (z0) P~ Q% (20)

where ¢ does not depend on u, p and zg.

=0DKAZ=

Now, we formulate properties of solutions to the parabolic systems with
constant coefficients which we call A-caloric functions:
Definition 2 Let h € V,(20),A > 0 and A be a bilinear form defined on RN*"
(i.e. A= Af}ﬁ is constant) which satisfies

Avv > AMo? for all v € RN*™, 9)

We say that the function h is A-caloric on Qj(zo) if

/ (hey — ADh D) dz =0 (10)
QF
holds for all ¢ € C2(Qf (z0),RY).

We will often use homogeneous Dirichlet boundary conditions on the “flat
boundary” (to — p*,to) X D,(zo) which are interpreted in the sense of traces on
almost all time levels.



Lemma 5 (Infinite differentiability) Let A be a symmetmc (A3 off Aﬁa)

bilinear form on RN*" which satisfies (9). Let h € L2 (to—p?, to; Wh 2(B+ (70), RM))
be an A-harmonic function with h =0 on (to — p?,to) X D,(xo).

Then, for any o < p, the function h belongs to COO(Q+(20) RY) and there
holds

ak
| D |2dz < (o, k, 0, p)/ |h|? dz (11)
/Q:m) otk QF (z0)
for any multiindez o and any k € Ny.

Lemma 6 (Campanato) Let A be a symmetm'c (Aa Aﬁa) bilinear form
on RN*" which satisfies (9). Let h € L2(t0 — p?, to; VV1 2(B+(x0) RM)) be an
A-caloric function fulfilling h = 0 on (to — p*, to) X D,(x0). Then there exists a
constant Cegmp such that for any o € (0, p) there holds

][ |h|2dz < cmm,,(g)z][ |h|? de. (12)
Qo (20) P Qp(20)

The proof is originally due to Campanato [4].

Proof: Without loss of generality, we suppose o € (0,5). (For o € [£,p)
we choose Ceamp = 2"12.) Let 29 = (to,x0). By the previous lemma, for any
k=1,2,... there holds

Il sy < o) [ Pt (13)
5 ’ Q7 (20)

Thanks to Sobolev embedding theorem we have h € C'(Q7} (20),R"), and
2
for sufficiently big k

oh
sup (DB 4 120) < el )y oy (14)
Qg (z0) 2

Let 2 = (t,21,...,2,) € QF(20) be arbitrary. We denote the orthogonal
projection of z on (ty — 0%,t9) x Dy(20) by 2/, ie. 2/ = (t,21,...,7n_1,0). As
h € CY Q7% (20),R") and h = 0 on (ty — 02,t9) X Dy(x0), we can estimate

2

6h1
axn

|h(z) — h(z )|2<0 sup Zl
:O Q (20) i=1

This yields,

oh
/+ |h|* dz dt < meas (QF (z0)) o® sup (|Dh)* + |a %),
Qs (20) ng:(zo)

and thus, cf. (14), (13):

/ |h|? dzdt < c(p) meas (QF (z0)) o° / |h|? dz dt.
Q¥ (20) Q4 (20)



It now remains to precise the dependence of the constant ¢(p) on p. Without
loss of generality, we suppose zg = 0. We consider v(7,y) = h(A\*7, \y) with
A > 0, which is also .A-caloric on the half-cylinder @7 (0) and fulfils v = 0 on

A

(_/p\;’ 0) x Dg(o)- Setting A := p, we thus have

/ lv(1,9)|*> dydr < ¢(1) meas (Q}') (5)2/ lo(T,y)|* dydr.
Qh P Jef

P

Transformation of variables y = £, 7 = p% yields

/ \h(t,x)|2dxdt§c(1)meaS(Q§)(g)2/ |n(t, )| dz dt,
QF PP Jof

P

thus c(p) = ;ﬂ)él We have proved the inequality (12). O

We now state the A-caloric approximation lemma which is the main tool in
this paper. The interior version of this lemma can be found in [2]. The elliptic
boundary variant is presented in [3]. For simplicity, we formulate the estimates
on QT but they can be easily transformed on any Q;‘ (2).

In the proof, we use the following proposition which is due to Simon, cf. [5],
theorem 3 there:

Proposition 7 Assume X and B are Banach spaces, X CC B, F C L?(0,T; B)
where 1 < p < oo, F is bounded in Li_(0,T; X) and

£+ h) = fOllLro,r—nB) — 0 as h — 0, uniformly for f € F. (15)
Then F is relatively compact in LP(0,T; B).
Lemma 8 (A-caloric lemma) Consider fized positive \,L € R and n,N € N
with n > 2. Then for any given € > 0 there exists § = §(n, N, A\, L,¢) € (0,1]
with the following property: for any bilinear form A on RN*™ which fulfils

Avv > No2  for all v e RV*™, (16)

|Auv| < Llul|v| for all u,v € RN*", (17)

and for any u € Vq satisfying

. / (Jul? + |Duf?) dz < 1, (18)
Q+

. |,/Q+ (ugpt—ADuDgo)dz| SSSCE&HD@\, for all p € CHQT,RY), (19)

e u=0 on(-1,0)xD. (20)
there exists an A-caloric function h € Vi satisfying
. / (11 + |DR[?) d= < 1, (21)
Q+
. / |h —ul?dz <e, (22)
Q+
e h=0 on(-1,0)xD. (23)



The proof follows ideas of Duzaar and Mingione [2] and we give it here for the
reader’s convenience.

Proof. We proceed by a contradiction argument. Let us suppose that the
assertion is false. We can thus find € > 0, a sequence { Ay} of bilinear forms on
RN with uniform ellipticity (16) and upper bounds (17), and a sequence of
functions {vy} with v € L%(—1,0; WH2(B*,R")) such that

/ (Jo|* + [Dug[?) dz < 1, (24)
Q+
vy =0 on (-1,0) x D, (25)
and )
| / (vrpr — Ay Dog Do) dz| < 7 Sup | Dy (26)
Qt Qt
for all ¢ € CH(Q*T,RY) and k € N, but
/ log — h>dz > € (27)
o+
for all h € L2(—1,0; WL2(BT RY)) satisfying
e h is Ag-caloric function on Q, (28)
. / (||* +|Dh*)dz < 1, (29)
Qt
e h=0 on(-1,0)x D. (30)

Passing to a subsequence (also labeled with k) we obtain the existence of v €
L2(—1,0; WH2(B*,RY)) and A such that there holds

vy — v weakly in L2(Q*,RY),
Duv, — Dv  weakly in L2(Q1,RV*™), (31)
A — A

We thus have v, — v in L?(—1,0; Z) and so v € L?(—1,0; Z). Thus, v = 0 on
(—1,0) x D. Using the lower semicontinuity of v fQ+ (|v]* + |Dv|?) dz with
respect to weak convergence in L2(—1,0; W2(B*+ R¥)) we obtain

/ (Jo* +|Dv|?) dz < 1. (32)
Qt
Moreover, for ¢ € C5°(Q,RY) we have
/ (vpr — ADvDyp) dz —/ ((v—vk)pr — A(Dv — Duy) Dy) dz
Q+

.A Ak ka Dgo dz
Q+

+ / (vepr — A Doy, Do) dz. (33)
o+



Passing to the limit kK — oo we see that the first term of the right-hand side
converges to 0 due to (31), the same holds for the second term in view of the
uniform bound of Dvy in L2(Q+, RV*") — see (24) and the convergence of { Ay},
the third term vanishes in the limit & — oo via (26). This shows that the weak
limit v is an A-caloric function on Q7, i.e.,

Yo € CP(QT,RY) / (vpr — ADv D) dz = 0. (34)
Q+

We want to show that (up to a subsequence) vy — v in L2(Q*,RY). To get
this convergence, we now check the assumptions of the proposition 7, where we
put X = WH2(B+ RN), B = L3(BT,RY), F = {v; }ren-

For ¢ € C§°(QT,RY) we have

1
|/ ngotdz| < |/ .AvakDgpdz|—|—fsup\D<p|
Q+ Qr kg
3 1
< |Ak|(/ |ka|2dz> (/ |Dgo|2dz> + —sup |Dy|
Q+ Q+ k Qt
1
2 1
<lul( [ 1DpPaz) + sup Dyl (35)
Q-+ k o+

Here, we have used (24) and (26). Now, for —1 < 51 < s < 0 and € > 0 small
enough we choose

0 for —1<t<s;—e¢
%(t—sl—I—e) for s —e<t<sy,
C(t) = 1 for s7 <t < sq, (36)
—%(t—SQ—ﬁ) for sy <t<sy+e
0 for sy +e<t<0,

and let ¢(t,z) = ((t)y(z) for ¢ € Cg°(BT,RY). Testing (35) with (mollified)
 we obtain

81 So+e€
,Bﬁ / (t,2) dt — © / op(t, 2) dt ) () d|

s2

0 1
3 1
<1l ([ 07 at) 1D6 e+ s DU sup [G(0)
-1 k g+ —1<t<0

1
< (JAk|Vs2 — 51+ 2e + =) sup |Dy|. (37)
k’ gt
By Sobolev-embedding
n+2
sup D] < cln, D¢ lyrogpeys 1>, (38)
B+



we see that

‘ . (% /Sl_ vg(t, ) dt — 1/82+€ ve(t, x) dt)w(w) dx‘

1
< c(n, V) (| Ak|V's2 — s1+ 2e + E) ||1/J||Wé,z(B+). (39)

Passing to the limit € — 0 we obtain for a.e. —1 <51 < 52 <0
1
| /B+ (vk(s2,°) — vr(s1,-)) v da| < c(n, 1) (|A|Vs2 — 51+ E)”lp”wg*?(m) (40)

for any ¢ € C3°(B*,RYN). By density of C5°(B*,RN) in W52(B*,RYN) the last
inequality is also valid for any v € Wé’Q (B*,RY). Taking the supremum over
all ¢ € W52(BT,RYN) with 19l w24y < 1 we infer

1
o (s2,2) = o5t )llw-rape mvy < elln) (MelVsz —si+ 7). (41)

Interpolating L2(B*,RY) between WH2(B+ RY) and W=42(B+ RY) it follows
for p > 0 that

—h
/1nw@+mo—vanm§wﬂdt

—h
sM/’nwu+m»—wwNmmwﬂm
1

—h
+4m/‘nwa+m»—wwﬂm%mﬁﬂt
-1
0 2 2 1.2
< 4u/1 Jon (6 My o) + () (A VA + )

1
< dp+ 20(u)e® (|Ax*h + 73)- (42)
Here, we have used in the first line the interpolation inequality
||w||iz(3+) < MHwH%/Vm(Bﬂ + C(M)||w||€v—l>2(3+) (43)

which is valid for w € WH2(B*,RY). Moreover, in the second-last line we have
used the bound (41) for |lvg(t + h,-) — vi(t,-)[lw-1.2(p+) from above and the
bound (24).
We are now in the position to show that
~h
}ILiH%) llvi(t + h,-) — vg(t, -)HiQ(Bﬂ dt = 0 uniformly in k. (44)
—0J1

In order to do this we recall that Ay — A as k — oo so that supgcy [Ax| < a <
oo. Using this in (42) we obtain

—h
1
/ ) okt + Ry ) = ot 2y dt < dp+ 2¢(p)c? (a*h + ﬁ) (45)

10



For given @ > 0 we choose p = . This fixes p and also ¢(p) = (). Next we
1,..

choose ko € N such that 2209 < & for any k > ko. Then, for k= 1,..., ko — 1
we choose hi > 0 such that
—h
VO<h<hy, k=1,...,kg—1 / ||vk(t+h,-)—vk(t,-)|\%2(3+)dt<9. (46)
-1
Finally, we choose hy > 0 such that 2¢(u)c?a?h < g for any 0 < h < hg. Then,
for any k € N and 0 < h < hg := min(hy, ha) we have

—h
/_1 ||Uk(t+h7') —Q)k(t,-)Hiz(BJr)dt <46 (47)
which proves (44).

Since the sequence {v;} is also bounded in L2(—1,0; Wh2(BT RY)) we are
able to apply the Simon’s theorem 7 to obtain a subsequence {v;} (again labelled
by k) such that

vy — v strongly in L2(QF,RY). (48)

To obtain the desired contradiction we denote by wy, : @ — R a solution
to the following initial-Dirichlet problem; its existence can be deduced from
standard existence arguments, cf. [6], [7] for instance.

wy € C([—1,0;; L2(B*,RY)) N L(—1,0; Wy (B+,RN)),

Gk € L2(=1,0; W~12(BT,RY)), (49)
wk(-, 71) = 0,
Yo € C(QT,RY) / (wipr — Ax Dwi D) dz = / (A — Ag) Dv Dpdz.
Qt Q+
(50)
A standard a-priori estimate holds for the solution wy:
1
§Hwk(-,t)\|iz(3+) —l—/ Ay Dwy, Dwy dz
(=1,t)x B+

= / (Arp — A) DvDw,dz  for ae. t € (—1,0). (51)
(=1,6)xB+

Using the ellipticity of the bilinear forms Ay we see that the second term of
the left-hand side of (51) is bounded from below by )\f(_l X B+ | Dwy|? dz.

Moreover the right-hand side of (51) is estimated easily by Cauchy-Schwarz
inequality, the bound fQ+ |Dv|?dz < 1 from (32), and Young’s inequality

/ (Ax, — A) Dv Dwy dz
(-1,t)xB*

1 1
< \A—Ak\(/ |Dv|2dz)2(/ |Dwk|2dz)2
Q+ (—1,t)x B+
1 A
< —|A- AP+ f/ | Dwy | dz. (52)
2) 2 Jc1nxB+

11



This implies in particular

1

A 1
L / g (8, )2 d + 2 / DuwPdz < 24— A2 (53)
2 Jp+ 2 Jc1nxB+ 2A

for a.e. t € [—-1,0] and k € N.
Taking the supremum over ¢ € (—1,0) we arrive at

1 A
sup f/ lwg(t, -)|? dx+7/ |Dwy|*dz — 0 as k — oo. (54)
te(-1,0) 2 B+ 2 Jo+

Letting gr := v —wy, € L(—1,0; WH2(BT RY)) we easily see that g; agrees with
v on the parabolic boundary 9,Q" of Q1 and satisfies

Vo € CP(QT, RN) /+ (gkgot — A Dgy. D(p) dz = 0. (55)
Q
From (54) and the definition of g; we see that
/ (lge — v|* + |Dgi — Dv|?) dz — 0 as k — oo, (56)
Q+
which implies in particular that
/ (lg|* + [Dgx|?) dz — / (Jo]> +[Dv[*)dz <1 as k — oo. (57)
Qt QF
Letting

by == maX{l,/Q+ (|g’€|2 + |ng|2) dz}, 9r = 27: %)

we see that by — 1 and fQ+(|§k|2 +|Dgx|?)dz < 1 for any k € N. Note that
e € L2(—1,0; W-2(B*,RY)) and

e §j is Ag-caloric function on QT, (59)

o [ (P +1DaP) s <1, (60)
Q+

e gr=0 on(—1,0)xD. (61)

Furthermore,

(e < (o) oo e oo

as k — oo, which yields the desired contradiction to (27). O
We now formulate another variant of the previous lemma which fits better
for our purposes, cf. [1].

12



Lemma 9 Let A > 0, L > 0, and n, N € N with n > 2. Then for any given
€ > 0 there exists a constant C. = C(n, N, \, L, €) with the following property:
for any bilinear form A on RN*™ which fulfils (16) and (17) and for any u €
V,(20) with uw =0 on (to — p*,to) x D,(z0) there exists an A-caloric function
h € V,(z) which satisfies:

e h=0on (to—p? to) x Dy(wo), (63)
1 1
. = |h|2dz—|—/ IDh|2dz < 72/ \u|2dz—|—/ Dud:  (64)
P JQF (z0) QF (20) P~ JQ} (20) QF (20)
1
e there exists a function ¢ € O} (Q;r(zo),RN) such that sup |Dy| < 5 and
QF (20)
2
][ lu —h|*dz < C. <p2][ (ups — A Du Do) dz)
QF (20) Q7 (20)
+ e][ (Jul® + p?|Dul?) d=. (65)
QF (20)
Proof: It is sufficient to consider the case zg = 0,p = 1. The general

result can be obtained by the transformation from Q;‘ (20) to Q@ and back, i.e.,

(T, X) = u(ty + p?T,x¢ + pX) and h(t,z) = B(p%(t —to), %(a: —x0)).

We may assume ||ul|y; # 0. Let us put @ := Tl and consider two different
cases. !
First case: Let us assume
Ve e CHQNRY) | [ (o - ADIDg)ds| < GsupIDgl,  (66)
QT QT

where § corresponds to e from lemma 8. By lemma 8 we obtain an A-caloric
function h satisfying h = 0 on (—1,0) x D and

/ (|h|* + |Dh|*) dz < 1, / |i —h|?dz < e (67)
Q+ Q+

We now set h := hl|jul|y,. This yields
[ ne+ Py < Juliy [ (B + DAP) 0z
Qf Qt

<ol = [ (WP +1DuP)az (6

/ lu—h|*dz = Hu||%/l/ |u—h|?dz < ||u||%/le:e/ (|ul®*+|Dul?) dz, (69)
Qt Qt Qt

Thus, we have proved (63), (64) and (65) (with p = 1) provided (66) holds.
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Second case: If (66) does not hold then there is a function ¢ € C}(QT,RY)
(which is not identically zero) which satisfies

|/ (wpy — ADuDyp)dz| > §sup |Dy|. (70)
Qt QT
Writing @ := m, this implies
1
’/ (u@py — ADu D) dz| >5(/ (Jul® + |Dul?) dz)Q. (71)
QT QT

We now set h = 0 and verify that

/ |u—h|2dz:/ \u|2dz§/ (|ul* + [Dul?) d=
Q* Qt QFf

< 512(/@+(u% —ADu,D@)dz)Z. (72)

Thus, (65) holds with C, = 5. O

Proof of the main theorem

We will now prove the theorem 3. Let us define
Ieop)i= |  JuPde I(p)=IGop) (73)
QF (z0)

The most important part of the proof including application of the A-caloric
lemma is contained in the following lemma.

Lemma 10 Let u be a weak solution of (2) where @ = QT,T' = D. Then there
18 a constant ¢ > 0 with the following property: for any e > 0 there exists Ce > 0
such that for any zo € (=1,0) x D and p > 0 which fulfil Q;'p(zo) cc Qt and
for any o € (0, p) holds

10) < e[(2)"* (Coo(1(p) +20%) + ) + (0] 1(2). (74)

Proof. Let u € L2(—1,0; W12(B*+ RY)) be a weak solution to the system (2)
on the domain QT = (—1,0) x BT, with the homogeneous boundary condition
u = 0 on the flat part (—1,0) x D of the boundary. Let zyp = (to,z0) €
(-1,0) x D, Qgp(zo) C Qt and let ¢ € CHQT,RY) be a test function with
supp ¢ C Qj(zo) and SUP G+ (1) |Dyp| < %.

14



Using (6) and Holder inequality, we obtain

f / [ups — A(20,0)DuDyp] dz| = | [(A(z,u) — A(20,0)) DuDy] dz|
Q7 (20) Q7 (20)
< (/ |A(z,u) — A(20,0)|*dz)? (/ |Du|2dz)% sup |De|.
Q7 (20) Q7 (20) Q¥ (20)
Il 12
(75)

The Caccioppoli inequality provides

I < cf“ / Juf? dz. (76)
P Jog, o)

Using the continuity of A, cf. (5) and concavity of w we get

1
th][ . 2LJA(zw) - A(z0,0)|d
p QP(ZO)

§2L][ (| — ol + [t — to] + [ut, 2)[?) de dt
QF (20)

§2Lw(][ (|2 = 2ol + [t — to| +]u(t, 2)[?) d;z:dt)
QF (z0)

<2p?
—9Lw (2p2 + ][ Juf? dz). (77)
QF (20)

We use the estimates for I; and I and recall SUDG+ (2 | Dyl < % to obtain

| [upi—A(20,0) DuDyp| dz|
Q4 (20)

< c\/meas QN w(I(p) +2p?)) \/plzmeas Q) I(2p) %

< cmeas (Q) \/I (2p)w (I(p) + 2p?). (78)

We now take fixed € > 0 which we will specify later and apply lemma 9. It
ensures existence of an A := A(zp, 0)-caloric function kA which approximates u.
More precisely, there holds (63), (64) and (65). We utilize (65), (78) and the

15



Caccioppoli inequality to get:
2
f oo uewpazze (et f - AGo0)DuDydz)
Q; (20) Q5 (20)
—1—6][ (Jul* + p*|Dul?) dz
Q7 (20)

< (5 11+ 27))

—|—6][ |u|2dz—|—eccacc][ lu|? dz
Q7 (20) Q7,(20)

< I(2p) (Cew(l(p) +2p°) + ce). (79)

Let o be any positive number satisfying 0 < p. We use the Campanato
inequality (12) and (63) on the second line

/ |u\2dz§2/ \u—h|2dz+2/ b2 d2
Q (20) Q3 (20) Q3 (20)
< 2/ lu— h|2dz + c(ﬂ)”“/ h2ds. (80)
Q7 (20) P Q7 (20)

The relation (64) and the Caccioppoli inequality imply

/ |h|?dz < / (|h|* + p*|Dh|?) dz
Q4 (20) Q7 (20)
< / (Jul® + p?|Dul?) dz < c/ lul? dz. (81)
Q7 (20) Qi (20)

Using (80), (81) and (79) we obtain

)"*2][ \u—h\2dz+2(g)2][ |h|? dz
QF (z0) p QF (20)

][ \u—h\de—l—c(g)Q][ lu|? dz
Q7 (20) p Q3,(20)

1(2p) (Cew(l(p) +2p%) + ce) + c(g)2 ][er - Ju|? dz.

=

2
N
[\]

—

IN
[

n+2

Qi Q™ 9™
SN—
3
+
[V}

~—

IA
V)

p

IA

l

The rest of the proof of the theorem 3 consists in a standard iterative pro-
cedure for estimates on cylinders and half-cylinders. At first, we deduce the
estimate on half-cylinders.

—~

g)”“’ (Céw(l(p) +20%) + e) + (%)2] 1(2p). (82)

O
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Lemma 11 Let Ry > 0 be arbitrarily small. Under the assumptions of theorem
3 there exist po € (0, Ry), c1 > 0 and a “flat neighborhood” V (yo) C (—1,0) x D
of the point yg such that

Vz € V(yO) Vp € (OapO) I(Z()ap) < Cl(£)2a1(207p0)' (83)

Proof. Let zp € (=1,0) x D, p > 0, Q;’p(zo) cc Qt, o€ (0,p) and € > 0.
From the previous lemma, we get the estimate (74). To simplify our reasoning,
we rewrite it using I(zo, p) < 2721 (29, 2p) and the fact that w is nondecreasing
function:

I(zp,0) < c[(g)n+2 (Cew(2"+21(zo,2p) +2p%) + e) + (%)Q}I(zoﬂp). (84)

Let o0 = 2p1, where T € (0, %) is to be specified later. We get

I(z0,27p) < T2 72_20‘0{7_”_4 (Cew(2"+21(z0, 2p) +2p°) + e) + 1} I(20,2p).

we want to make this smaller than 1 (85)

85

Since o € (0,1) we can choose 7 € (0,1) so that 2¢7272* < 1. Now we set
€:= 37" and find € > 0 such that

C.w(é) < =74,

N |

Recalling (8), we choose py € (0, £2) small enough to ensure that

221 (yo,2p0) + 295 <

DN | v

The continuity of I(-,2p) implies that there exists some “flat neighborhood”
V(yo) C (—1,0) x D of yo such that

2" 2[(20,2p0) + 2p3 < € holds for all 29 € V(yo). (86)
Thus we get

Cew(2"21(20,2p0) +205) < 57" Vzg € V(yo)-

N | =

Our choice of V(yp) and constants 7, e and py implies
Vzo € V(o) cr?™2@ [T_"_4 (C’ew(2"+21(zo, 2p0) + 2,03) + e) + 1] <1 (87)

and thus by (85) we get

Vzo € V(yo) I(z0,2p07) < 721 (20,2p0).
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Using stepwisely 2po7" with k = 1,2,3,... instead of 2py, we see that (87)
remains true in all steps and thus we obtain

Vk e Ng  I(z20,2p07" 1) < 721(20,2p07"). (88)

This yields
Vk e N I(z, 2p07F) < Tzakl(zo, 2p0). (89)

Let us now choose arbitrary p € (0,2p,) and find k € Ny such that 2p,7* ! <
p < 2poTk. We estimate

1 1 1
ot [ e [
meas Q Q;’pork(zf)) 77+t2 meas ;_poTk Q. -k (20)
1 1
< by (89) < — 572 / [ul® dz
T2 meas Q;rpo Q% (20)
1 p Qa][ 2
P |u|®dz (90)
Tn+2+20£ (ZPO) Q2+po(20)

(In the last inequality, we have used 7F+1 < ﬁ.) This yields

Vp € (0,2p0) I(z0,p) < (T, a)(ﬁ)mf(zoﬂpo).

This inequality implies (83) where we write pg instead of 2pg. O
Analogical estimates hold on the whole cylinder:

Proposition 12 Let u be a weak solution of (2). Let us assume the conditions
(H1), (H2), (H3) and let « € (0,1) be arbitrary. Then there exist € > 0 and
co > 0 such that for any (interior point) zo € U the condition

][ U — UqQp()? dz + R <€ (91)
Qr(20)
(with any R > 0 such that Qr(z0) CC U) implies

T\ 2«
vr € (0, R) ][ |u—uQ,,,(ZO)\2dz < CQ(E) ][ |u—uQR(ZO)\2dz.
Qr(20) Qr(20)
(92)

The estimate (92) can be proved in a similar way as the estimates on half-
cylinders. We refer to [2] where the estimates are presented for solutions of
nonlinear parabolic systems. Cf. also [1] , theorem A.4 and [3].

For any 2 € QT, let us define

J(z0,p) = ][Q [u— (4)g, (z)nq+|” dz.

p(20)NQT

We now prove the general decay estimate for J:

18



D 20 Yo D 20 Yo

Figure 1: Estimates on two cylinders near the flat boundary. Left-hand side:
p > T, right-hand side: p < x,,.

Lemma 13 Under the assumptions of theorem 3 there exists ¢ > 0, pg > 0 and
a neighborhood of the point vy, whose intersection with Q% we denote by U(yo),
such that
V20 € U(yo) Yp € (0,p0)  J(20,p) < c(g)“. (93)

Proof. Let zg = (t,21,...,%,) € Q" and p > 0. We realize that dist (2q, (—1,0)x
D) = z,, and denote z, the orthogonal projection of zy onto (—1,0) x D, i.e.,
zy = (t,21,...,2p—_1,0). The idea of the proof is outlined on the figure 1. If the
cylinder Q,(z0) intersects the flat boundary (—1,0) x D (left-hand side of the
figure) then we initially estimate J(zo, p) by I(z{,2p) and then use the lemma
11 to estimate I(2(,2p) by I(z),po). If the cylinder Q,(z0) does not intersect
the flat boundary (—1,0) x D (right-hand side of the figure) then we initially use
the proposition 12 to estimate J(zo, p) by J (20, Z»), then we estimate J(zo, zy,)
by I(z{,2x,) and then use the lemma 11 to estimate I(z(, 22, ) by I(z}, po)-

Apparently, we have to choose U(yg) and pg small enough to ensure that the
assumptions of lemma 11 and proposition 12 are fulfilled. To do this we consider
€ from the proposition 12, ¢; from lemma 11 and find py > 0 and V(yo) such
that the assumptions of the lemma 11 are fulfilled and furthermore

: (94)
(using (8)). (95)

Using the continuity of (-, pg), we choose V(yo) C (—=1,0) x D to be a “flat
neighborhood” of yo such that V(yo) C V(yo) and

IN
SN N e Y

I

2" ey I(yo, po) <

Ve € Vigo) 2" lei(,po) < % (96)
Now we put U(yo) = V(yo) x (0,22). For any z € U(yo) we get
J(20,%n) = ][ lu|? dz < 2"+1][ |u|?> dz < (lemma 11)
Qup, (20) Q3. (25)

. (o7)

[NCN e

Po

<1

2zn
< ontle (i)m][ lul? dz < due to (96) <
Q7 (%)
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Thus, with this choice of py and U(yo), the condition (91) holds for any zy €
U(yo) and R = x,,. We can thus estimate J(zg, p) by J(20,2,) (prop. 12) for
any zn, € U(yo) a p € (0,2,).

Let us now assume 29 € U(yo), p € (0,%). We distinguish two different
cases: p € (zyn, %) and p € (0,2y), cf. figure 1.

First case: let p € (xy, B). We see that Q,(20) C Q;p(zé). We get

J(z0,p) = ][ lul?dz < 2”“][ |u|? dz < (lemma 11)
Qp(20)NQ* Q3,(26)

2p\2a ¢
<9t () ][ [u? dz < (due to (96)) < e2(£-)*. (98)
A po

Second case: let p € (0,2,). We see that Q,(z0) C Qu,(20) C Q3,, (2)). We
get

J(z0, p) < (proposition 12) < CQ(xL)QQJ(zO,xn) < 022"+1(§)2a1(z6,2xn)
(e} 2 n @
< (lemma 11) < 022"*'1(&)2 c1(i)2 I(z4, po)
In Po
< (due to (96)) < c2622a(pﬁ)2“. (99)
0

We see that (93) holds with ¢ = max(e22%, c2€22%). O

In accordance to the previous lemma, the solution v belongs to the Cam-
panato space £2"T2+22(U(yq),d) on some neighborhood of the “regular point”
Yo. By the isomorphism of £27+2+2%(U(y),d) and C**(U(yo),RY,d) we fi-
nally obtain u € C%%(U(yo), RY,§). We have proved the theorem 3.
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