DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS

D. PREISS AND L. ZAJÍÈEK

Abstract. Let f be a Lipschitz mapping of a separable Banach

space X to a Banach space Y . We observe that the set of points at which f is di¸erentiable in a spanning set of directions but not G^ateaux di¸erentiable is σ-directionally porous. Since Borel σdirectionally porous sets, in addition to being ˛rst category sets, are null in Aronszajn’s (or, equivalently, in Gaussian) sense, we obtain an alternative proof of the in˛nite-dimensional generalisation of Rademacher’s Theorem (due to Aronszajn) on G^ateaux di¸erentiability of Lipschitz mappings. Better understanding of σdirectionally porous sets leads us to a new version of Rademacher’s theorem in in˛nite dimensional spaces which we show to be stronger then the one obtained by Aronszajn. A more detailed analysis shows that (a stronger version of) our observation follows from a somewhat technical result showing that the behaviour of the slopes (f(x + t(u + v)) − f(x + tv))/t as t → 0+ is in some sense independent of v. In particular, this implies that in the case of Lipschitz real valued functions the upper one-sided derivatives coincide with the derivatives de˛ned by Michel and Penot, except for points of a σ-directionally porous set. This has a number of interesting consequences for upper and lower directional derivatives. For example, for all x ∈ X, except those which belong to a σ-directionally porous set, the function v → f(x, v) (the upper right derivative of f at x in the direction v) is convex.

1. Introduction

The simple fact that some exceptional sets which arise naturally in the study of (directional) di¸erentiability of Lipschitz functions on separable Banach spaces are σ-porous had been pointed out by the authors in several lectures, but we felt that the corollaries were not strong enough to warrant a publication. (However, the corresponding

1991 Mathematics Subject Classification. Primary: 46G05. Secondary: 26E15, 49J52.

Key words and phrases. Lipschitz function, directional derivative, G^ateaux differentiability, upper directional derivative, Michel-Penot derivative.

The second named author was supported by the grants GAÈR 201/97/1161, GAUK 160/1999, and CEZ J13/98113200007. 1

2 D. PREISS AND L. ZAJÍÈEK

main idea was used in [NZ].) Several years ago we noted that these exceptional sets are even σ-directionally porous. This, we now believe, was an important observation, since Borel σ-directionally porous sets are not only ˛rst category sets (as all σ-porous sets are) but are also Aronszajn null (or, equivalently, Gaussian null). This was the motivation for the study of the structure of σ-directionally porous sets in [PZ], where we also state the result that the upper derivative of a real-valued Lipschitz function on a separable Banach space is a convex function of direction at all points except possibly those belonging to a σ-directionally porous set. Recently, we noticed that an application of the notion of σ-directional porosity gives, in addition to a ‘simple’ proof of Aronszajn’s version of Rademacher’s theorem, also several improvements of this theorem. We believe that these results show that the notion of σ-directional porosity is useful and have therefore decided to publish this account of the above observations.

In the meantime, essentially the same main idea was used in [BC]. For example, the result on convexity of directional derivatives mentioned above is stated in [BC] (Theorem 5.2 and Remark 3.1) for the case of a Hilbert space X and proved in the ˛nite-dimensional case. In [BC] one may also ˛nd a ˛nite dimensional analogy of the result that have led us to the improvement of Aronszajn’s theorem (Corollary 4.11) and the observation that it gives one of the ‘simple’ proofs of Aronszajn’s theorem. (However, as far as we can see, for the improvement the in˛nite dimensional version is necessary.)

The paper is organised as follows.

In Section 2 we prove that, if f is a Lipschitz mapping of a separable Banach space to a Banach space Y , then the set of points at which f is di¸erentiable in a spanning set of directions but not G^ateaux di¸erentiable is σ-directionally porous (Theorem 2); since this su‹ces for applications in Section 4, we give a separate proof. We then give an abstract version of this statement (Lemma 3) which shows that the behaviour of the slopes (f(x+t(u+v))−f(x+tv))/t as t → 0+ is in some sense independent of v. It implies on one side, that Theorem 2 holds even with one-sided derivatives and on the other side a result which may be considered as a vector-valued analogue of the results of Section 3. The following sections are independent of each other. Section 3 deals with real-valued Lipschitz functions only and points out that Lemma 3 immediately implies that ordinary and Michel-Penot upper directional derivatives coincide except for points of a σ-directionally porous set. This and known properties of Michel-Penot derivatives then imply the convexity of directional derivatives mentioned above, a certain symmetry result (Theorem 8(iii)) which generalises a known

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 3

result for Lipschitz functions of one variable, and an improvement of known results on existence of intermediate derivatives. (The last result is stated in [BC] for a Hilbert space and proved in the ˛nite-dimensional case.)

In Section 4 we ˛rst discuss a ‘simple’ proof of Aronszajn’s theorem which, if we wish so, may not use Fubini’s theorem and so need not distinguish between ˛nite and in˛nite dimensional spaces. (However, only the proof using Fubini’s theorem may be called simple; otherwise we use a somewhat less trivial result of [PZ].) We then prove an abstract statement (Theorem 10) whose weaker form says that a G^ateaux di¸erentiability result holds with exceptional sets belonging to some σ-ideal if and only if directional di¸erentiability result does. After a brief discussion of the notions of σ-ideals suitable for di¸erentiability results we prove the main result of this section, Theorem 12, which improves Aronszajn’s version of Rademacher’s theorem. Finally, we give examples showing that this is a genuine improvement.

In the last Section 5 we brie‚y discuss the problem which sets have to belong to exceptional sets for the Rademacher theorem.

In the rest of Introduction we give the basic notation and de˛nitions. De˛nitions particular to either Section 2 or 3 are given there.

In the following X will be a real Banach space. We say that a mapping of an open subset G ⊂ X to a Banach space Y is Lipschitz, if the number Lip(f) := sup{^{‖f(y)−f(x)‖}_{‖x−y‖} : x, y ∈ G} is ˛nite.

If f is a mapping from X to a Banach space Y and x, v ∈ X, then we consider the directional derivative f^′(x, v) and the one-sided (right) directional derivative f^′_+(x, v) de˛ned by

f^′(x, v) = lim_{t→0} f(x + tv) − f(x) t , f^′_+(x, v) = lim_{t→0+} f(x + tv) − f(x) t . We will often mention the notion of sets null in Aronszajn’s sense. By a remarkable result of Csörnyei [C] (see also [BL]) these sets coincide with Mankiewicz’s ([Ma]) \cube null sets" as well as with Gaussian null sets (cf. [Ph]), and for all but Section 4 any of these notions is su‹cient. The results of Section 4, however, develop Aronszajn’s original idea, and we will therefore speak about Aronszajn null sets throughout the paper.

Now we recall the de˛nitions of \porosity notions" that we need and present basic comments on them. Further information can be found in the survey article [Z2]. Of course, the notion of porosity can be (and has been) de˛ned in arbitrary metric spaces, but since we work in Banach spaces, we will not do it. The notion of directional porosity needs additional structure and could be de˛ned on suitable manifolds;

4 D. PREISS AND L. ZAJÍÈEK

again, we do not see any advantage in presenting a general de˛nition without application. We use the notation B(x, r) for the open ball with center x and radius r.

Definition. Let X be a Banach space, M ⊂ X and a ∈ X. Then we say that

(i) M is porous at a if there exists c > 0 such that for each ε > 0 there exist b ∈ X and r > 0 such that ρ(a, b) < ε, M ∩ B(b, r) = ∅ and r > cρ(a, b). (ii) M is porous at a in direction v if the b ∈ X from (i) verifying the porosity of M at a can be always found in the form b = a + tv, where t ≥ 0. We say that M is directionally porous at a if there exists v ∈ X such that M is porous at a in direction v.

(iii) M is porous (porous in direction v, directionally porous) if M is porous (porous in direction v, directionally porous) at each of its points.

(iv) M is σ-porous (σ-porous in direction v, σ-directionally porous) if it is a countable union of porous sets (sets porous in direction v, directionally porous sets).

Clearly every directionally porous (σ-directionally porous) set is also porous (σ-porous) and it is an easy well-known fact that these concepts coincide in ˛nite-dimensional spaces.

The notion of σ-porosity was introduced by Dolzhenko [D] and since then it has been used and investigated by many authors; in some applications other variants of porosity notions are natural (cf. [Z2]).

Every σ-porous set is clearly a ˛rst category set and the Lebesgue density theorem easily implies that every σ-porous subset of R^n is of Lebesgue measure zero. Unfortunately, a σ-porous subset of an in˛nitedimensional separable Banach space need not be null in any \natural measure sense". In fact, in [PT] an example of an F_σ σ-porous subset S of a separable Hilbert space H is constructed in such a way that the complement C := H \ S intersects any line in a set of null onedimensional Lebesgue measure (on this line) and therefore C is null in Aronszajn’s sense. As we already noted, by [C] this is equivalent to C being null in Gaussian or cube sense. In particular, G is also of Haar measure zero in Christensen sense (see [Ch] or [BL, Chapter 6] for the de˛nition).

On the other hand, every Borel σ-directionally porous subset of a separable Banach space X is null in Aronszajn’s sense. This fact is an easy consequence of Aronszajn’s theorem, which says that every Lipschitz function on X is G^ateaux di¸erentiable at all points except a set which is Aronszajn null, and the easy observation (cf. [Z1], p. 299)

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 5

that a set E ⊂ X is directionally porous at a point a ∈ E if and only if the distance function d(x) := dist (x, E) is not G^ateaux di¸erentiable at a. An independent proof of the same fact is contained in [PZ], where also some other facts concerning σ-directionally porous sets can be found. Namely, the following result is proved in [PZ] (Theorem 4.10 and Remark 4.11).

Theorem 1. Let X be a separable normed linear space and let (v_n)^∞_1 be a complete sequence in X (i.e., span {v_1, . . . } = X). Let A ⊂ X be a Borel σ-directionally porous set. Then we can write A = ⋃_∞ n=1(A^+_n ∪ A^−_n ), where A^+_n , A^−_n are Borel sets σ-porous in directions v_n, −v_n, respectively.

For yet another argument showing that Borel σ-directionally porous sets are Aronszajn null see the proof of the inclusion C^∗ ⊂ A of Proposition 13.

We ˛nish with an important remark concerning a permanence property of σ-directionally porous sets. It will be used to prove Corollary 6.

Remark 1. Let F : X → Y be a bilipschitz bijection between Banach spaces X, Y . It is obvious that then F (M) is σ-porous whenever M ⊂ X is σ-porous. If, moreover, F has all one-sided directional derivatives at all points (in particular, if F is G^ateaux smooth), then it is easy to observe that F (M) is σ-directionally porous (and therefore also Aronszajn null) whenever M is σ-directionally porous.

2. Lipschitz mappings

The starting point of our investigation is the following statement. It can be easily deduced from Lemma 3, but because of its independent interest (see its application in Section 4), we give a separate proof.

Theorem 2. Let f be a Lipschitz mapping of an open subset G of a separable Banach space X to a Banach space Y. Then the following implication holds at each point x ∈ X except a σ-directionally porous set:

If the directional derivative f^′(x, u) exists in all directions u from a set U_x ⊂ X whose linear span is dense in X, then f is Gâteaux differentiable at x.

Proof. Since the closed linear span of the range f(G) is clearly separable, we may suppose without any loss of generality that Y is separable. We may also suppose Lip(f) ≠ 0. For any u, v ∈ X, y, z ∈ Y , ε, δ > 0 denote by A(u, v; y, z; ε, δ) the set of those x ∈ G such that

6 D. PREISS AND L. ZAJÍÈEK (i) ‖f(x + tu) − f(x) − ty‖ ≤ ε|t| and ‖f(x + tv) − f(x) − tz‖ ≤ ε|t| for all |t| < δ and (ii) ‖f(x + t(u + v)) − f(x) − t(y + z)‖ > 3ε|t| occurs for arbitrarily small |t|.

To show that A(u, v; y, z; ε, δ) is directionally porous, it su‹ces to prove that B(x + tv, r) ∩ A(u, v; y, z; ε, δ) = ∅ whenever x ∈ A(u, v; y, z; ε, δ), |t| < δ has the property from (ii) and r = ε|t|/(2Lip(f)). For this note that for every q ∈ B(x + tv, r), ‖f(q + tu) − f(q) − ty‖ ≥ ‖f(x + t(u + v)) − f(x + tv) − ty‖ − 2Lip(f)‖q − (x + tv)‖ > ‖f(x + t(u + v)) − f(x) − t(y + z)‖ − ‖f(x + tv) − f(x) − tz‖ − ε|t| > ε|t|, hence q /∈ A(u, v; y, z; ε, δ) by (i), as required.

De˛ne A as the union of all the sets A(u, v; y, z; ε, δ) obtained by choosing u, v from a dense countable subset U of X, y, z from a dense countable subset V of Y , and rational numbers ε, δ > 0. Then A is σ-directionally porous. For any x ∈ X \ A, any u_0, v_0 ∈ X such that f^′(x, u_0) and f^′(x, v_0) exist, and any rational ε > 0 we ˛nd rational δ > 0 such that ‖f(x + tu_0) − f(x) − tf^′(x, u_0)‖ ≤ ε|t|/2 and ‖f(x + tv_0) − f(x) − tf^′(x, v_0)‖ ≤ ε|t|/2 for all |t| < δ, and we pick y, z ∈ V and u, v ∈ U such that ‖y − f^′(x, u_0)‖ < ε/4, ‖z − f^′(x, v_0)‖ < ε/4, ‖u−u_0‖ < ε/4Lip(f) and ‖v −v_0‖ < ε/4Lip(f). Observe that (i) holds since, for example, ‖f(x + tu) − f(x) − ty‖ ≤ ‖f(x + tu_0) − f(x) − tf^′(x, u_0)‖ +‖f(x + tu) − f(x + tu_0)‖ + ‖ty − tf^′(x, u_0)‖ ≤ ε‖t|/2 + ε‖t|/2 + ε‖t|/4 = ε|t| for all |t| < δ. Since x /∈ A(u, v; y, z; ε, δ) and (i) holds, we obtain that, for all su‹ciently small |t| > 0, ‖f(x + t(u + v)) − f(x) − t(y + z)‖ ≤ 3ε|t| and consequently also ‖f(x + t(u_0 + v_0)) − f(x) − t(f^′(x, u_0)+f^′(x, v_0))‖ ≤ ‖f(x+t(u+v))−f(x)−t(y+z)‖+ε|t| ≤ 4ε|t|. Hence f^′(x, u_0 + v_0) exists and is equal to f^′(x, u_0) + f^′(x, v_0). Since f^′(x, su_0) = sf^′(x, u_0) for all s ∈ R, this shows that the set of directions of di¸erentiability of f at any point x ∈ X \ A is a linear space. Since this set is also closed (see Lemma 11 for a proof of this well-known fact), the statement follows.

We observe that the proof of Theorem 2 gives a stronger statement, namely that the set of directions of di¸erentiability of f at a point

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 7

x forms a closed linear subspace of X, with the exception of a σdirectionally porous set of points x. We may ask if a similar statement holds for one-sided di¸erentiability and we may also ask if results of this type carry in some natural sense over to the upper and lower derivatives. Instead of re˛ning the proof, we give the following somewhat technical statement which, as we will see, easily implies such results.

Lemma 3. Suppose that f is a Lipschitz mapping of an open subset G of a separable Banach space X to a Banach space Y and that ˘: Y →

R is Lipschitz. Then there is a σ-directionally porous set A ⊂ X such

that for every x ∈ X \ A and u ∈ X the set of the limit points, as t → 0+, of the function t →˘ ( f(x + t(u + v)) − f(x + tv) t )

does not depend on v ∈ X.

Proof. We can suppose Lip(˘) ≠ 0 and Lip(f) ≠ 0. Note also that the above function has only ˛nite limit points since it is clearly bounded for each u, v ∈ X. Now ˛x directions u, v, w ∈ X, positive numbers α, δ and real (open) intervals I, J such that the α-neighbourhood of I is contained in J, and consider the set M of those x ∈ G such that

(i)˘ (_{f(x+t(u+v))−f(x+tv)} t ) /∈ J for all 0 < t < δ and

(ii)˘ (_{f(x+t(u+w))−f(x+tw)} t ) ∈ I occurs for arbitrarily small t > 0.

To show that M is porous in the direction w − v, it clearly su‹ces to prove that B(x + t(w − v), r) ∩ M = ∅ whenever δ > t > 0 has the property from (ii) and r = αt/(2Lip(˘)Lip(f)). For this note that for every z ∈ B(x + t(w − v), r) the distance of˘ (_{f(z+t(u+v))−f(z+tv)} t ) and ˘ (_{f(x+t(u+w))−f(x+tw)} t ) does not exceed 2Lip(˘)Lip(f) ‖ ‖ ‖^{z−(x+t(w−v))} t ‖ ‖ ‖ < α, so˘ (_{f(z+t(u+v))−f(z+tv)} t ) ∈ J and hence (i) implies that z /∈ M as required.

De˛ne A as the union of all the sets M obtained by choosing u, v, w from a dense countable subset V of X, rational numbers α, δ and intervals I, J with rational end-points. Then A is σ-directionally porous. Suppose that x ∈ X, u_0, v_0, w_0 ∈ X and that c ∈ R is a limit point of the function t →˘ (_{f(x+t(u0+w0))−f(x+tw0)} t ) as t → 0+ but not of

the function t →˘ (_{f(x+t(u0+v0))−f(x+tv0)} t ) . Then we can clearly ˛nd

8 D. PREISS AND L. ZAJÍÈEK

rational numbers a, b, α, δ such that a < c < b and ˘ ( f(x + t(u_0 + v_0)) − f(x + tv_0) t ) /∈ (a−3α, a+3α) for all 0 < t < δ. If we choose u, v, w ∈ V so that max(‖u − u_0‖, ‖v − v_0‖, ‖w − w_0‖) < α/3Lip(f)Lip(˘), and put I := (a−α, b+α), J := (a−2α, b+2α), then (i) and (ii) hold, which shows that x ∈ A as claimed by the Lemma.

Remark 2. Several slightly more general versions of Lemma 3 may be obtained by obvious modi˛cations of its proof: As the completeness of X and Y has not been used, the Lemma holds for normed linear spaces X, Y . Also, f may be assumed to be locally Lipschitz instead of Lipschitz. The target space of ˘ could be any separable metric space instead of R. Finally one can show a version of the Lemma in a non-separable X with directions u, v restricted to a ˛xed separable subspace.

It is also interesting to note that by using the statement with v replaced by −(u + v) one obtains that the function from the Lemma has the same limit points for t → 0+ and for t → 0−.

If Y is separable and we use Lemma 3 with the functions ˘_k(z) = ‖z − y_k‖, where z_k are dense in Y , we immediately get

Corollary 4. Suppose that f is a Lipschitz mapping of an open subset G of a separable Banach space X to a separable Banach space Y . Then there is a σ-directionally porous set A ⊂ G such that for every x ∈ G \ A, u, v ∈ X and y ∈ Y , lim inf t→0+ ‖ ‖ ‖ ‖ f(x + tu) − f(x) t − y ‖ ‖ ‖ ‖ = lim inf t→0+ ‖ ‖ ‖ f(x + t(u + v)) − f(x + tv) t − y ‖ ‖ ‖ and lim sup t→0+ ‖ ‖ ‖ f(x + t(u + v)) − f(x + tv) t − y ‖ ‖ ‖ = lim sup t→0+ ‖ ‖ ‖ f(x + tu) − f(x) t − y ‖ ‖ ‖ . We use this statement to deduce the following natural generalisation of Theorem 2.

Theorem 5. Let f be a Lipschitz mapping of an open subset G of a separable Banach space X to a Banach space Y. Then there is a σ-directionally porous set A ⊂ G such that for every x ∈ G \ A the

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 9

set U_x of those directions u ∈ X at which the (one-sided) derivative f^′_+(x, u) exists is a closed linear subspace of X. Moreover, the mapping u → f^′_+(x, u) is linear on U_x.

Proof. Since the closed linear span of the range f(G) is clearly separable, we may suppose without any loss of generality that Y is a separable space. We show that the statement holds for any x ∈ X \A, where A is the set from Corollary 4. Since f is Lipschitz, the set U_x is closed and the mapping u → f^′_+(x, u) is continuous (even Lipschitz) on U_x. (These well-known facts follow from the \one-sided" analogue of Lemma 11.)

Hence it su‹ces to show that f^′_+(x, −u) = −f^′_+(x, u) and f^′_+(x, u + v) = f^′_+(x, u) + f^′_+(x, v) for every u ∈ U_x, v ∈ U_x.

If f^′_+(x, u) exists, we use the second inequality of Corollary 4 with v = −u and y = f^′_+(x, u) to infer that

lim sup t→0+ ‖ ‖ ‖ f(x) − f(x − tu) t − f^′_+(x, u) ‖ ‖ ‖ = 0. Hence f^′_+(x, −u) exists and f^′_+(x, −u) = −f^′_+(x, u).

If f^′_+(x, u) and f^′_+(x, v) exist, the second inequality of Corollary 4 with y = f^′_+(x, u) gives that

lim sup t→0+ ‖ ‖ ‖f(x + t(u + v)) − f(x + tv) t − f^′_+(x, u) ‖ ‖ ‖ = 0. Hence

lim_{t→0+} f(x + t(u + v)) − f(x) t = lim_{t→0+} f(x + t(u + v)) − f(x + tv) t + lim_{t→0+} f(x + tv) − f(x) t = f^′_+(x, u) + f^′_+(x, v),

as required.

As an example of application of Theorem 5, we use it, together with the permanency property of σ-directionally porous sets mentioned in Remark 1, to obtain the following result. (See Section 4 for de˛nition of Aronszajn null sets, and note that simple examples [BL, Example 6.35] show that a bilipschitz image of an Aronszajn null set need not be Aronszajn null.)

Corollary 6. Let X, Y be separable Banach spaces, Z be a Banach space with the Radon-Nikodym property and let f : X → Z be a Lipschitz mapping. Denote by N_f the set of all points at which f is not Gâteaux differentiable. Let further F : X → Y be a bilipschitz mapping

10 D. PREISS AND L. ZAJÍÈEK

having all one-sided directional derivatives at all points. Then F (N_f ) is Aronszajn null.

Proof. Denote by ~N_f the set of all points x ∈ X at which f has not the one-sided derivative in a direction v_x. Observe that N_f \ ~N_f is σ-directionally porous by Theorem 5 and therefore (cf. Remark 1) also F (N_f \ ~N_f ) is σ-directionally porous (and consequently also Aronszajn null). Let N_g be the set of all G^ateaux non-di¸erentiability points of the Lipschitz function g := f ∘ F^{−1}. Now observe that F (N_f ) ⊂ N_g ∪ F (N_f \ ~N_f ). Indeed, otherwise there exists a point x ∈ ~N_f such that F (x) /∈ N_g. But this implies that the one-sided derivative in the direction v_x of f = g ∘ F at x exists, which is a contradiction. Thus F (N_f ) is Aronszajn null.

Remark 3. The statement holds, with the same proof, also in the case when F has all one-sided directional derivatives at all points except a set S such that F (S) is Aronszajn null. It is not di‹cult to see that each set S which is a countable union of sets with ˛nite Hausdor¸ dimension has this property.

3. Ordinary and Michel-Penot upper directional derivatives

In this section we show that our results easily apply to the problem of coincidence of ordinary and Michel-Penot upper directional derivatives of Lipschitz real-valued functions and so also to the problem of existence of intermediate derivatives. These notions are de˛ned for real-valued functions only; in this section we therefore consider only such functions.

If f is a real-valued function on a Banach space X, then we de˛ne the upper and lower (one-sided) directional derivatives f(x, v) and f(x, v) by f(x, v) = lim sup_{t→0+} f(x + tv) − f(x) t and f(x, v) = lim inf_{t→0+} f(x + tv) − f(x) t . We also consider the (upper) Clarke derivative of f at x in the direction v

f^0(x, v) = sup{lim sup_{n→∞} f(y_n + t_nv) − f(y_n) t_n : y_n → x, t_n ↘ 0}

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 11

and the Michel-Penot (upper) derivative ([MP1] and [MP2], where it is called a radial strict derivative) of f at x in the direction v

f^♦(x, v) := sup_{u∈X}{lim sup_{t→0+} 1 t (f(x + tu + tv) − f(x + tu))}. Clearly f(x, v) ≤ f^♦(x, v) ≤ f^0(x, v) (1) and −f(x, v) = (−f)(x, v). (2) The Michel-Penot directional derivative has the following remarkable properties (see [MP2], Propositions 1.2 and 1.7).

Theorem MP. Let X be a Banach space, x ∈ X and let f be a Lipschitz function on X. Then (a) The function v → f^♦(x, v) is convex and positively homogeneous on X.

(b) The equality f^♦(x, −v) = (−f)^♦(x, v) holds for each direction v ∈ X. (c) If f is Gâteaux differentiable at x then f^♦(x, v) = f^′(x, v) = f(x, v) for each v ∈ X.

Note that analogues of (a) and (b) for the Clarke directional derivative also hold, but that of (c) does not.

Giles and Sci¸er [GS1] proved that, for a Lipschitz function on a separable Banach space, at all points x ∈ X except those which belong to a ˛rst category set (i.e. generically), the equality f(x, v) = f^0(x, v) holds for each direction v ∈ X. It is well-known that it is not possible to assert that this exceptional set is null in Aronszajn’s sense (even in the case X = R).

The just mentioned result of [GS1] and (1) immediately imply that for a Lipschitz function on a separable Banach space, at all points x ∈ X except those which belong to a ˛rst category set A, the equality f(x, v) = f^♦(x, v) (3) holds for each v ∈ X.

Moreover, Aronszajn’s in˛nite-dimensional Rademacher’s theorem ([A]) and Theorem MP, (c) immediately imply that the exceptional set

12 D. PREISS AND L. ZAJÍÈEK

A from the above statement is Aronszajn null. As an immediate consequence of Lemma 3 we point out that the following joint strengthening of both these facts concerning the size of the set where (3) holds.

Theorem 7. Let G be an open subset of a separable Banach space X and let f be a real Lipschitz function on G. Then, at all points x ∈ G except a σ-directionally porous set, f(x, v) = f^♦(x, v) holds for each direction v ∈ X.

Proof. It is su‹cient to apply Lemma 3 with Y = R and ¯(y) = y.

This result, equation (2) and the properties of Michel-Penot derivatives stated in Theorem MP directly imply several interesting facts concerning upper and lower directional derivatives.

Theorem 8. Let X be a separable Banach space and let f be a real Lipschitz function on X. Then there exists a σ-directionally porous set A ⊂ X such that, for all x ∈ X \ A, the following assertions hold.

(i) The function v → f(x, v) is convex. (ii) The function v → f(x, v) is concave.

(iii) The equality f(x, v) = −f(x, −v) holds for each v ∈ X.

Note that the symmetric behaviour of Lipschitz functions given by condition (iii) in the case X = R is well-known; it is an immediate consequence of a result of [EH] on Dini derivatives of monotone functions, see also [T], Example 66.2 and Theorem 73.1.

Theorem 8 (except (iii)) is stated in [BC] in the case X is Hilbert (and proved in the ˛nite-dimensional case) and in [PZ], p. 3 in the general case. Its Baire category version (in which the exceptional set A is a only ˛rst category set) follows, of course, directly from the result of Giles and Sci¸er mentioned above.

As an immediate consequence of Theorem 8 we obtain a strengthening of existence results for intermediate derivatives in separable spaces. Following [FP] we say that x^∗ ∈ X^∗ is an intermediate derivative of a function f : X → R at a point x ∈ X if f(x, v) ≤ (x^∗, v) ≤ f(x, v) for every v ∈ X. Since f clearly has the intermediate derivative at all points at which it is G^ateaux di¸erentiable, the in˛nite-dimensional Rademacher’s theorem [A] implies that every (locally) Lipschitz function on a separable space X has the intermediate derivative at all points except a set P which is null in Aronszajn’s sense. This also implies that P is of the ˛rst category, since it is not di‹cult to prove that in this case the set of

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 13

points of intermediate di¸erentiability of a Lipschitz function is G_δ. Much stronger information is contained in the following result, which is in the case of a Hilbert space X stated also in [BC].

Theorem 9. Let f be a Lipschitz function on a separable Banach space X. Then the intermediate derivative of f exists at all points x ∈ X except those which belong to a σ-directionally porous set.

Proof. Use Theorem 8 to choose a σ-directionally porous set P ⊂ X such that, for each x ∈ X \ P , f(x, v) = −f(x, −v) for each v ∈ X and the function v → f(x, v) is convex. Let x ∈ X \ P be given. Since the function v → f(x, v) is convex, continuous and positively homogeneous, the Hahn-Banach theorem provides us with x^∗ ∈ X^∗ such that (x^∗, v) ≤ f(x, v) for every v ∈ X. Since (x^∗, v) = −(x^∗, −v) ≥ −f(x, −v) = f(x, v) we see that x^∗ is an intermediate derivative of f at x.

We should point out that this result goes in somewhat di¸erent direction than those of [FP]. These authors introduced the intermediate derivatives to study (mainly) the non-separable situation; their main result shows that the intermediate derivative of a Lipschitz real-valued function on X exists at all points except a ˛rst category set provided that X is a subspace of a space Y that contains a dense continuous image of an Asplund space. This condition holds if X is separable, but, as we have seen before Theorem 9, in this case the result is more straightforward. Another intermediate di¸erentiability result, with a \uniform intermediate derivative" and a \σ-globally porous" exceptional set was recently obtained for (possibly non-separable) superre‚exive Banach spaces in [Z3] as an easy consequence of a rather deep result of [BJLPS]. Note, however, that the notions of σ-directional porosity and \σ-global porosity" are incomparable, and so are the results of [Z3] and Theorem 9.

4. Stronger versions of Rademacher’s theorem in infinite-dimensional spaces

In this section we apply the notion of σ-directional porosity to improve the known results on the size of sets of points of G^ateaux nondi¸erentiability of Lipschitz mappings. The proofs are self-contained except for the use of Theorem 1 and for the proofs of Borel measurability of this set; the former may be found in [PZ], and the latter in any paper containing a version of Rademacher’s theorem in in˛nitedimensional spaces, for example [A] or [BL, Proof of Theorem 6.42].

14 D. PREISS AND L. ZAJÍÈEK

We start by pointing out that the statement

Borel σ-directionally porous sets are Aronszajn null (⋆) together with Theorem 2 provides us with a simple proof of Aronszajn’s version of Rademacher’s theorem for which we do not have to distinguish between ˛nite and in˛nite dimensional spaces:

A Lipschitz mapping of a separable Banach space X to a Banach space Y with the Radon-Nikodym property is Gâteaux differentiable except at points of an Aronszajn null set.

Indeed, for any spanning set e_k ∈ X we have (by one of the de˛- nitions of the Radon-Nikodym property) that the set E_k = {x ∈ X : f^′(x, e_k) doesn’t exist} is null on every line in the direction e_k; it is also easy to see that it is Borel (cf. Lemma 11 below). By Theorem 2, f is G^ateaux di¸erentiable except at points of A ∪ ⋃ k E_k, where A is a Borel σ-directionally porous set. Since by (⋆), A is Aronszajn null, the statement follows.

The needed fact (⋆) immediately follows from the (non-trivial) Theorem 1; note that this proof does not use Fubini’s theorem at all. A simpler proof of (⋆) (without using, of course, Aronszajn’s theorem) may be obtained by the argument used to show that C^∗ ⊂ A (see the proof of Proposition 13); this is based on a lemma of Aronszajn, which is an easy consequence of Fubini’s theorem. Of course, (⋆) also follows directly from the inclusion C^∗ ⊂ A.

In general terms, our goal may be described as an attempt to de˛ne a Borel σ-ideal N of subsets of X (i.e., a hereditary family of Borel subsets of X closed under countable unions), as small as possible, for which the di¸erentiability statement holds. The above approach naturally leads to the following statement saying roughly that the G^ateaux di¸erentiability result holds for N provided that the directional di¸erentiability result does.

Theorem 10. Suppose that X, Y are Banach spaces, X separable. Then for every Lipschitz mapping f of an open subset G of X to Y and every complete sequence (v_n) in X the set

{x ∈ G : f is not Gâteaux diferentiable at x}

belongs to the Borel σ-ideal generated by the sets of the form {x ∈ G : f^′(x, v_n) does not exist} and {x ∈ X : h^′(x, v_n) does not exist}, where h: X → R is Lipschitz.

Proof. The statement requires us to show that the set N of those x ∈ G at which f is not G^ateaux di¸erentiable but f^′(x, v_n) exists for all n belongs to the σ-ideal described above. By Theorem 2, N is σdirectionally porous, so by Theorem 1 we can write N = ⋃_∞ n=1(N^+_n ∪

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 15

N^−_n ), where N^+_n , N^−_n are Borel sets σ-porous in directions v_n, −v_n, respectively. Let N^+_{n,k}, N^−_{n,k} be sets porous in directions v_n, −v_n, respectively, such that N^+_n = ⋃_∞ k=1 N^+_{n,k} and N^−_n = ⋃_∞ k=1 N^−_{n,k}. De˛ning φ_{n,k}(x) = dist (x, N^+_{n,k}) and ψ_{n,k}(x) = dist (x, N^−_{n,k}), we obtain Lipschitz real-valued functions on X such that N^+_{n,k} ⊂ {x ∈ X : φ^′_{n,k}(x, v_n) does not exist} and N^−_{n,k} ⊂ {x ∈ X : ψ^′_{n,k}(x, v_n) does not exist}, which gives the statement.

Remark 4. If we are satis˛ed with a weaker result, namely that the set of non-di¸erentiability points of f belongs to the Borel σ-ideal generated by the sets of the form {x ∈ G : f^′(x, v) does not exist} and {x ∈ X : h^′(x, v) does not exist}, where h: X → R is Lipschitz, then we may restate the above proof without recourse to Theorem 1, since the fact that every Borel directionally porous set belongs to this σ-ideal is straightforward.

We now turn our attention to de˛nitions of various classes suitable for showing G^ateaux di¸erentiability results. The basic idea behind these de˛nitions is as follows: First, a notion of sets \small in a direction v" is de˛ned. Second, one of the two possibilities is chosen: A weaker one de˛nes a set to be small if it can be written as a countable union of sets each of which is small in some direction, or a stronger one which de˛nes a set to be small if for every complete sequence (v_n) in X it can be written as a countable union of sets N_n such that N_n is small in direction v_n. There are two exceptions to this construction of which we are aware. The ˛rst are Christensen’s Haar null sets [Ch], which, however, form a rather vast class of sets and contain all the classes that we de˛ne; they are therefore not a suitable candidate for the smallest σ-ideal for which a di¸erentiability result holds. The second are very recent new null sets of Lindenstrauss and Preiss; they are also not a suitable candidate for the smallest σ-ideal for which a G^ateaux di¸erentiability result holds since they contain some very large sets. In fact, every continuous convex function on any space with separable dual is Fréchet di¸erentiable everywhere except a null set in this sense; by the result of [MM] (see [M] for a generalisation) the set of points of Fréchet di¸erentiability may be Aronszajn null, and so the ‘new’ null sets may have a complement which is Aronszajn null. It is not clear if these null sets contain any class de˛ned by our approach (in particular, the class ~A); if not, then more optimal versions of di¸erentiability results have to count with them. We start by describing three notions of smallness in a direction; the ˛rst of them is the one used by Aronszajn in [A].

16 D. PREISS AND L. ZAJÍÈEK

Definition. Let X be a separable Banach space and 0 ≠ v ∈ X be given. We de˛ne the following classes of sets:

(i) A(v) is the system of all Borel sets B ⊂ X such that B ∩ (a + Rv) is Lebesgue null on each line a + Rv, a ∈ X.

(ii) A^∗(v, ε) is the system of all Borel sets B ⊂ X such that B ∈ A(w) for each w such that ‖w − v‖ < ε, and A^∗(v) is the system of all sets B such that B = ⋃_∞ k=1 B_k, where B_k ∈ A^∗(v, ε_k) for some ε_k > 0.

(iii) ~A(v, ε) is the system of all Borel sets B ⊂ X such that {t : φ(t) ∈ B} is Lebesgue null whenever φ: R → X is such that the function t → φ(t) − tv has Lipschitz constant at most ε, and ~A(v) is the system of all sets B such that B = ⋃^∞_{k=1} B_k, where B_k ∈ ~A(v, ε_k) for some ε_k > 0.

Remark 5. The property of φ from the above de˛nition is clearly equivalent to the condition that ‖^{φ(s)−φ(t)}_{s−t} − v‖ ≤ ε for s ≠ t. This condition is clearly satis˛ed if φ is Lipschitz and ‖φ^′(t) − v‖ ≤ ε for almost all t ∈ R; moreover, these two conditions are equivalent provided that X has the Radon-Nikodym property.

Further, a simple extension argument shows that if we consider φ de- ˛ned on an arbitrary closed interval, or even on an arbitrary set (instead of on the whole R), we obtain the same notion of ~A(v, ε).

Clearly, A(v) ⊃ A^∗(v) ⊃ ~A(v). We note that A(λv) = A(v), A^∗(λv) = A^∗(v), and ~A(λv) = ~A(v) for λ ≠ 0; the only statement that may require an argument is the last one, which follows by considering the function t → φ(λt).

The de˛nition of the three classes of negligible sets corresponding to the above notions should now be clear. We use the letter C for the weaker de˛nition (since the basic observation of Christensen [Ch] implies that C is non-trivial) and A for the stronger de˛nition, since its idea is due to Aronszajn and A is the class of Aronszajn null sets.

Definition. Let X be a separable Banach space.

(i) We de˛ne C, C^∗ and ~C, respectively, as the system of those subsets B of X that can be written as B = ⋃_∞ n=1 B_n, where each B_n belongs to A(v_n), A^∗(v_n) or ~A(v_n), respectively, for some v_n.

(ii) We de˛ne A, A^∗ and ~A, respectively, as the system of those subsets B of X that can be, for every given complete sequence v_n in X, written as B = ⋃_∞ n=1 B_n, where each B_n belongs to A(v_n), A^∗(v_n) or ~A(v_n), respectively.

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 17

Remark 6. The fact that σ-porous subsets of R are Lebesgue null immediately implies that each Borel set which is σ-directionally porous in a direction v (or −v) belongs to A(v). Therefore Theorem 1 implies that each Borel σ-directionally porous set belongs to A (i.e. is Aronszajn null); this is what we have used in the proof of Aronszajn’s theorem in the beginning of this section. By a slightly more careful argument one may show directly that each Borel set B which is σdirectionally porous in a direction v (or −v) belongs to A^∗(v) and even to ~A(v). (Indirectly, this follows from Theorem 12.) For this one would write (cf. [PZ]) B = ⋃_∞ n=1 B_n where B_n are Borel sets c_n-porous in the direction v (or −v) and, to show that B_n ∈ A^∗(v, ε), note that every line in direction close to v meets B_n in a porous sets, so in a set of measure zero. To show that B_n ∈ ~A(v, ε) one would replace this argument by noting that for any φ for which the Lipschitz constant of t → φ(t) − tv is small enough the set {t : φ(t) ∈ B_n} is porous in R.

Using these remarks one may prove Theorem 12 or its weaker version for A^∗ without recourse to Theorem 10.

The ˛rst three simple statements of the following Lemma are often used to deduce Borel measurability of sets de˛ned using derivatives. A simple modi˛cation of the proof of Theorem 12 would establish that they are su‹cient to show our di¸erentiability results for the class A^∗. The (also simple) statement (iv) is used to prove Theorem 12 in its full strength.

Lemma 11. Let f be a Lipschitz mapping of an open subset G of a Banach space X to a Banach space Y . For x ∈ G and v ∈ X denote the expression

lim_{ε→0+} sup{‖ f(x + tv) − f(x) t − f(x + sv) − f(x) s ‖ : 0 < |t|, |s| < ε} by O(f, x, v). Then

(i) f^′(x, v) exists if and only if O(f, x, v) = 0.

(ii) g(x) := O(f, x, v) is a Borel measurable function on G, for each v ∈ X. (iii) h(v) := O(f, x, v) is Lipschitz on X, for each x ∈ G. (iv) If φ: R → X, r ∈ R and the mapping ψ : t → φ(t) − tv has Lipschitz constant strictly less than O(f, φ(r), v)/4Lip(f), then the mapping f ∘ φ is not differentiable at r.

Proof. The statement (i) is obvious, (ii) follows easily from the fact that, in the de˛nition of O(f, x, v), it is clearly su‹cient to consider ε of the form ε = 1/n, n ∈ N and rational t, s, and for (iii) we simply estimate |h(u) − h(v)| ≤ 2Lip(f)‖u − v‖.

18 D. PREISS AND L. ZAJÍÈEK

To prove (iv), denote x = φ(r), ˛nd, for any given ε > 0, 0 < |t|, |s| < ε such that ‖^{f(x+tv)−f(x)}_t −^{f(x+sv)−f(x)}_s ‖ > 3O(f, x, v)/4 and estimate D := ‖^{f∘φ(r+t)−f∘φ(r)}_t −^{f∘φ(r+s)−f∘φ(r)}_s ‖ ≥ ‖^{f(x+tv)−f(x)}_t −^{f(x+sv)−f(x)}_s ‖ − ‖^{f(x+tv)−f(φ(r+t))}_t ‖ − ‖^{f(x+sv)−f(φ(r+s))} s ‖. Since ‖^{f(x+tv)−f(φ(r+t))} t ‖ ≤ 1 |t| Lip(f)‖φ(r) + tv − φ(r + t)‖ =^1_{|t|} Lip(f)‖ψ(r) − ψ(r + t)‖ ≤ Lip(f)Lip(ψ) ≤ O(f, φ(r), v)/4 and an analogical estimate holds for ‖^{f(x+sv)−f(φ(r+s))}_s ‖, we obtain D > 3O(f, φ(r), v)/4 − 2O(f, φ(r), v)/4 = O(f, φ(r), v)/4; so O(f ∘ φ, r, 1) ≥ O(f, φ(r), v)/4 is strictly positive as required.

It is immediate to see that ~A is the smallest from the classes de˛ned in De˛nition 4. (See Proposition 13 for more information on their relations.) We will therefore prove our improvement of the in˛nite dimensional Rademacher Theorem for this class only.

Theorem 12. Let f be a Lipschitz mapping of an open subset G of a separable Banach space X to a Banach space Y with the Radon- Nikodym property. Then f is Gâteaux differentiable at all points of G except those belonging to a set A ∈ ~A.

Proof. We ˛rst show that, for any v ∈ X \ {0}, the set A = {x ∈ X : f^′(x, v) does not exist} belongs to ~A(v). To this end, we de˛ne A_k = {x : O(f, x, v) > 1/k} and use Lemma 11(i) to reduce the proof to showing that A_k ∈ ~A(v, 1/4kLip(f)). By Lemma 11(ii), A_k are Borel sets. If φ: R → X is such that the function t → φ(t) − tv_n has Lipschitz constant at most 1/4kLip(f), then by Lemma 11(iv) the function f ∘ φ is non-di¸erentiable at any t for which φ(t) ∈ A_k. Hence {t ∈ R : φ(t) ∈ A_k} is a subset of the set of points at which f ∘ φ is not di¸erentiable; since f ∘ φ is Lipschitz and Y has the Radon-Nikodym property, we infer that this set has measure zero as required for showing that A ∈ ~A(v).

If h: X → R is Lipschitz, then the above proof (and the fact that R has the Radon-Nikodym property) gives that {x ∈ X : h^′(x, v) does not

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 19

exist} also belongs to ~A(v). Consequently, for any complete sequence (v_n) in X, Theorem 10 implies that the set N of points of G^ateaux nondi¸erentiability of f can be written as a union N = ⋃_∞ n=1 ⋃_∞ k=1 N_{n,k}, where N_{n,k} ∈ ~A(v_n). By de˛nition of ~A(v), N_n = ⋃_∞ k=1 N_{n,k} belongs to ~A(v_n). Since N = ⋃^∞_{n=1} N_n, this proves the statement.

Finally, we observe some relations between the classes from De˛nition 4. Together with the previous Theorem, these results show that the in˛nite dimensional Rademacher Theorem holds for each of the classes C, C^∗, ~C, A, A^∗ and ~A. In addition, they show that these results for the classes C^∗, A^∗ and ~A present di¸erent genuine improvements on Aronszajn’s Theorem (which covers the case of A). Some questions concerning ~C are left open: we do not know whether ~C ⊂ A^∗ or ~C = ~A. Another open question is if all six classes coincide in ˛nite dimensional spaces; this is clearly so if dim(X) = 1 and by a recent result of the ˛rst named author they coincide also if dim(X) = 2.

Proposition 13. Let X be a separable Banach space. Then C ⊃ A ⊃ C^∗ ⊃ A^∗ ⊃ ~A and C^∗ ⊃ ~C ⊃ ~A, and, if dim(X) = ∞, these inclusions, with the possible exception of the last one, are proper. Moreover, A^∗ \ ~C ≠ ∅. Proof. With the exception of A ⊃ C^∗, all the above inclusions follow directly from the de˛nition. To prove that C^∗ ⊂ A, it is clearly su‹cient to show that A^∗(v, ε) ⊂ A for each 0 ≠ v ∈ X and ε > 0. Let B ∈ A^∗(v, ε) and a complete sequence (v_n) be given. Let u = ∑_m n=1 a_nv_n be such that ‖u − v‖ < ε. So B ∈ A(u), which by a result of [A] (see also [BL, Proposition 6.29]) implies that it can be written as a countable union of sets from A(v_n).

To construct the examples, let I = {x ∈ ℓ_∞ : 1 ≤ x_k ≤ 2}. We equip I with the topology of pointwise convergence (so it is a compact metrizable space; in fact it is the Hilbert cube) and with the measure μ de˛ned as the product of countably many copies of the Lebesgue measure on [1, 2].

Suppose that dim(X) = ∞, u_0, u_1, . . . ∈ X and u^∗_k ∈ X^∗ are such that u^∗_k(u_k) = 1 and u^∗_j (u_k) = 0 if k < j. We will also require that u_k or u_{2k} are dense in X (in the last example we will require that they are dense in a certain open subset of X). Such u_k, u^∗_k may be easily constructed by induction. We also de˛ne c_0 = 1 and choose recursively c_k > 0 so that

c_k(|u^∗_j (u_k)| + ‖u_k‖ + 1) ≤ 2^{j−k−1}c_j for 0 ≤ j < k. (4)

20 D. PREISS AND L. ZAJÍÈEK

Using (4) for j = 0, we see that c_k‖u_k‖ ≤ 2^{−k} and we infer that the formula F (t) = ∑_∞ k=0 c_kt_{k+1}u_k de˛nes a linear mapping of ℓ_∞ to X.

We show that it is injective. Indeed, if t ∈ ℓ_∞, t ≠ 0 and F (t) = 0, we choose j so that |t_{j+1}| > ‖t‖_∞/2 and infer from u^∗_j (F (t)) = 0 that c_jt_{j+1} + ∑_∞ k=j+1 cktk+1u ∗ j (u_k) = 0. But this and (4) give a contradiction by c_j‖t‖_∞/2 < c_j|t_{j+1}| ≤ ‖t‖_∞ ∑_∞ k=j+1 ck|u ∗ j (u_k)| ≤ c_j‖t‖_∞/2. Since ∑ k c_k‖u_k‖ < ∞, the series de˛ning F converges uniformly on I, and so the restriction of F to I is continuous. Hence F (I) is a compact convex subset of X which belongs to C (since for every compact subset C of X there is 0 ≠ v ∈ X such that C meets every line in direction v in at most one point) but not to A provided that u_k are complete (since μ{t ∈ I : F (t) ∈ B} = 0 whenever B ∈ A(u_k) for some k). Our examples will be obtained by using some of the directions u_k to make this well known example slightly non-linear.

For the example of a set from A^∗ \ ~C we just require that u_k be dense in X. Let

F_1(x) = ( ∞∑ k=1 c^2_kx^2_k)u_0 + ∞∑ k=1 c_kx_ku_k = F ( ∞∑ k=1 c^2_kx^2_k, x_1, x_2, . . . ).

Using (4) for j = 0, we obtain that F_1 is well-de˛ned for x ∈ l_∞. It is easy to see that the restriction of F_1 to I is continuous and thus F_1(I) is a compact set.

Note that, if x, y ∈ I and 0 < t < 1 are such that x ≠ y and tF_1(x) + (1 − t)F_1(y) ∈ F_1(I), then, since F is a linear injection of ℓ_∞ to X, tF_1(x)+(1−t)F_1(y) ∈ F_1(I) = F_1(tx+(1−t)y) and consequently ∑_∞ k=1 c^2_k(tx_k + (1 − t)y_k)^2 = t ∑_∞ k=1 c^2_kx^2_k + (1 − t) ∑_∞ k=1 c^2_ky^2_k. But this is impossible since the function z^2 is strictly convex on R, so c^2_k(tx_k + (1 − t)y_k)^2 ≤ tc^2_kx^2_k + (1 − t)c^2_ky^2_k for each k and, since x ≠ y, there exists k, for which the inequality is strict. We conclude that each line meets F_1(I) in no more than two points, hence F_1(I) ∈ A^∗.

Suppose now that F_1(I) ∈ ~C, hence F_1(I) = ⋃_∞ n=1 ⋃_∞ m=1 B_{n,m}, where B_{n,m} ∈ ~A(v_n, ε_{n,m}). We show that μ(F^{−1}_1 (B_{n,m})) = 0 for each n, m. For any given m, n we ˛nd j such that c_j‖u_0‖ < ε_{n,m}/8 and ‖u_j −v_n‖ < ε_{n,m}/2. Let e_j be the j-th member of the canonical basis of l_∞. For any x ∈ I the mapping φ_x : t → F_1(x+te_j )/c_j is Lipschitz on [1−x_j, 2−x_j] and satis˛es ‖φ^′_x(t) − v_n‖ = ‖2c_j(x_j + t)u_0 + u_j − v_n‖ < ε_{n,m}, hence the set {t : x + te_j ∈ F^{−1}_1 (B_{n,m})} = {t : φ_x(t) ∈ B_{n,m}} is Lebesgue null, and Fubini theorem gives μ(F^{−1}_1 (B_{n,m})) = 0 as claimed. But this contradicts I = ⋃_∞ n=1 ⋃_∞ m=1 F^{−1}_1 (B_{n,m}), and we infer that F_1(I) /∈ ~C.

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 21

For the example of a set from A \ C^∗ we require that u_{2k} be dense in X. De˛ne

F_2(x) = ∞∑ k=1 c_{2k−1}ξ_kx_1x_2 · · · x_ku_{2k−1} + ∞∑ k=1 c_{2k}x_ku_{2k} = F (0, ξ_1x_1, x_1, ξ_2x_1x_2, x_2, ξ_3x_1x_2x_3, x_3, . . . ),

where 0 < ξ_k ≤ 1/k! are such that lim_{j→∞} ∑_∞ k=j 2^kξ_kc_{2k−1}‖u_{2k−1}‖/c_{2j} = 0. Note that, if x, y ∈ I are such that x ≠ y and tF_2(x)+(1−t)F_2(y) ∈ F_2(I) for in˛nitely many real t, then the fact that F is a linear injection of ℓ_∞ to X implies that, for each k,

(tx_1 + (1 − t)y_1) · · · (tx_k + (1 − t)y_k) = tx_1 . . . x_k + (1 − t)y_1 . . . y_k

for in˛nitely many t, and so for all t, since both sides are polynomials in t. For y di¸ering from x in more than one coordinate the polynomial on the left has, for su‹ciently large k, degree greater that one, so the two sides are not equal. (This is why we de˛ned I using the intervals [1, 2]). Hence our x and y may di¸er in one coordinate only. Conversely, for any x ∈ I, the points F_2(y), where y ∈ I di¸ers from x in j-th coordinate only form a segment on the line F_2(x) + Rw_j (x), where w_j(x) = ∑_∞ k=j ξ_kx_1 . . . x_{j−1}x_{j+1} . . . x_kc_{2k−1}u_{2k−1} + c_{2j}u_{2j}.

The above analysis shows that the set of lines which contain any ˛xed point F_2(x), x ∈ I, and meet the set F_2(I) in an in˛nite set is countable. (In fact, the union of these lines is covered by the lines F_2(x)+Rw_j (x), j = 1, 2, . . . .) Hence F_2(I) meets every two dimensional subspace of X in a set of two dimensional Lebesgue measure zero which by [A] (see also [BL, Proposition 6.29]) implies that F_2(I) ∈ A.

Suppose now that F_2(I) ∈ C^∗, hence F_2(I) = ⋃_∞ n=1 ⋃_∞ m=1 B_{n,m}, where B_{n,m} ∈ A^∗(v_n, ε_{n,m}). We show that μ(F^{−1}_2 (B_{n,m})) = 0 for each n, m. For any given m, n we ˛nd j such that ∞∑ k=j 2^kξ_kc_{2k−1}‖u_{2k−1}‖ < c_{2j}ε_{n,m}/2 and ‖u_{2j} − v_n‖ < ε_{n,m}/2. For any x ∈ I we have ‖w_j(x) − c_{2j}v_n‖ ≤ ∑_∞ k=j 2^kξ_kc_{2k−1}‖u_{2k−1}‖ + c_{2j}‖u_{2j} − v_n‖ < c_{2j}ε_{n,m}. So ‖w_j(x)/c_{2j} − v_n‖ < ε_{n,m}, which shows that the line F_2(x) + Rw_j (x) meets B_{n,m} in a Lebesgue null set. Hence the set {t : x + te_j ∈ F^{−1}_2 (B_{n,m})} = {t : x + tw_j(x) ∈ B_{n,m}} is Lebesgue null, and Fubini theorem gives μ(F^{−1}_2 (B_{n,m})) = 0. But this contradicts I = ⋃_∞ n=1 ⋃_∞ m=1 F^{−1}_2 (B_{n,m}), and we infer that F_2(I) /∈ C^∗.

For our last example, of a set from C^∗ \A^∗, we choose a closed convex cone K ⊂ X with nonempty interior for which X \(K ∪(−K)) ≠ ∅. We require that u_k ∈ K and that u_{2k} be dense in K and de˛ne F_3 : I → X

22 D. PREISS AND L. ZAJÍÈEK

by F_3(x) = ∑_∞ k=1 c_{2k−1}ξ_kx_1x_2 . . . x_ku_{2k−1} + ∑_∞ k=1 c_{2k}x_ku_{2k}, where not only the formula but also the ξ_k are as in the previous example. The arguments of the previous example together with the observation that w_j(x) ∈ K for each j and x ∈ I then show that F_3(I) is null on every line in direction of any vector v not belonging to K ∪ (−K). So F_3(I) ∈ A^∗(v) for any v not belonging to K ∪ (−K); hence F_3(I) ∈ C^∗. Moreover, the ˛nal argument of the previous example shows that F_3(I) cannot be written as ⋃_∞ n=1 B_n, where B_n ∈ A^∗(v_n) and v_n ∈ K. Since there are complete sequences v_n consisting of elements of K, this shows that F_3(I) /∈ A^∗.

5. Which sets have to be exceptional?

The above results contribute towards a general problem of ˛nding a geometric description of the (Borel) σ-ideal L(X) of subsets of a separable Banach space X generated by the sets of G^ateaux nondi¸erentiability of Lipschitz mappings of X into spaces with the Radon- Nikodym property. The current results concerning this question seem to be rather weak. It is not even known if the σ-ideal LR(X) generated by sets of G^ateaux non-di¸erentiability of real-valued Lipschitz functions on X coincides with L(X). Moreover, if X is ˛nite dimensional and dim(X) ≥ 3, it is not known if L(X) coincides with Lebesgue null sets. This is the case if dim(X) ≤ 2; the case when dim(X) = 1 is classical and the case dim(X) = 2 follows from a recent result of the ˛rst named author that for every Lebesgue null set M ⊂ R^2 there is a Lipschitz mapping g : R^2 → R^2 which is non-di¸erentiable at all points of M. Interestingly enough, this implies that as long as dim(X) ≥ 2, there is a set N ∈ LR(X) for which one cannot ˛nd a real-valued Lipschitz function G^ateaux non-di¸erentiable at all points of N. To see this, let π be a continuous linear projection on a two dimensional subspace V of X, κ: ℓ_2 → X a continuous linear mapping with a dense image and M ⊂ V a G_δ set of Lebesgue measure zero containing all lines passing through two distinct points with rational coordinates (in some ˛xed basis for V ). We de˛ne N = π^{−1}(M). Note that κ^{−1}(N) = (π ∘ κ)^{−1}(M) and so, since π ∘ κ is an open mapping, for every u, v ∈ ℓ_2 and ε > 0 there are u^′, v^′ ∈ ℓ_2 such that ‖u − u^′‖ + ‖v − v^′‖ < ε and the line segment [u^′, v^′] lies in κ^{−1}(N). So, by a result of [Pr], every Lipschitz real-valued function on ℓ_2 is Fréchet di¸erentiable at a point of κ^{−1}(N). Whenever f : X → R is Lipschitz, we use this for f ∘ κ to ˛nd a point y ∈ κ^{−1}(N) at which it is Fréchet di¸erentiable. It is now easy to verify that f is G^ateaux di¸erentiable at x = κ(y) ∈ N; so N is not contained in the set of points of non-di¸erentiability of a single Lipschitz real-valued function. However, as was mentioned above, there is a

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 23

Lipschitz mapping g : V → R^2 which is Lipschitz and non-di¸erentiable at the points of M. Hence g ∘ π is G^ateaux non-di¸erentiable at all points of N, so N ∈ LR(X).

From the observations on distance functions made before the statement of Theorem 1 it immediately follows that every σ-directionally porous set belongs to LR. In fact the following stronger observation due to Bernd Kirchheim holds. (We note in passing that the statement holds also for σ-porous sets and Fréchet derivative; for this the argument of [PT] together with the decomposition of the sum from the end of the following proof is su‹cient. See [HMWZ].)

Proposition 14. If X is a separable Banach space and A ⊂ X is σdirectionally porous, then there is a real-valued Lipschitz function f on X which is Gâteaux non-differentiable at any point of A.

Proof. We ˛rst note that for every set S ⊂ X there is a function h: X → [0, ∞) such that Lip(h) ≤ 4, min(dist (x, S), 1) ≤ h(x) ≤ 4 min(dist (x, S), 1) for all x ∈ X, and h is G^ateaux di¸erentiable at every point of X \ S. This may be seen as follows: Write dist (x, S) = ∑_∞ k=−∞ gk(x), where gk(x) = min(2

k, max(dist (x, S) − 2^k, 0)) and de- ˛ne h_k = g_k ⋆ μ_k, where μ_k is a non-degenerated cube measure (cf. [BL, p. 142]) with support in B(0, 2^{k−2}). Since g_k is clearly Lipschitz (with Lip(g_k) ≤ 1), it is G^ateaux di¸erentiable at μ_k-almost all points of X (cf. [BL, 6.25,6.27,6.42]) and therefore Lebesgue’s dominated convergence theorem easily gives (as in [BL, 6.43]) that h^′_k(x, v) = (g^′_k(., v) ⋆ μ_k)(x) for every x, v ∈ X and therefore h_k is an everywhere G^ateaux di¸erentiable function.

It is easy to verify that 0 ≤ h_k ≤ 2^k, Lip(h_k) ≤ 1, |h_k − g_k| ≤ 2^{k−2} and h_k(x) = g_k(x) unless 2^k − 2^{k−2} < dist (x, S) < 2^{k+1} + 2^{k−2}. Letting h = 2

∑_0

k=−∞ hk, we thus have h(x) ≤ 2

∑_0 k=−∞ 2 k = 4, h(x) = 0 if x ∈ S, h(x) ≥ 2h_0(x) ≥ 2g_0(x)−2^{−1} ≥ 1 if dist (x, S) ≥ 2, and, if k ≤ 0 and 2^k ≤ dist (x, S) < 2^{k+1}, then h(x) ≤ 2dist (x, S) + 2^k ≤ 4dist (x, S) and h(x) ≥ 2dist (x, S) − 2^k ≥ dist (x, S). Moreover, since h^′_k(x) = 0 unless 2^k − 2^{k−2} < dist (x, S) < 2^{k+1} + 2^{k−2} and ‖h^′_k(x)‖ ≤ 1, we have that h is G^ateaux di¸erentiable at every point of X\S and ‖h^′_k(x)‖ ≤ 4; together with the inequality 0 ≤ h(x) ≤ 4dist (x, S) this shows that Lip(h) ≤ 4.

Suppose now that A is a σ-directionally porous subset of X and write A = ⋃ n A_n, where A_n is directionally porous. For each n use the above to ˛nd a function h_n : X → [0, ∞) such that Lip(h_n) ≤ 4, min(dist (x, A_n), 1) ≤ h_n(x) ≤ 4 min(dist (x, A_n), 1) for all x ∈ X, and h_n is G^ateaux di¸erentiable at every point of X \ A_n. Let f_n = 2^{−n}h_n and f = ∑_∞ n=1 f_n. Clearly, f is Lipschitz on X. If x ∈ A, we write

24 D. PREISS AND L. ZAJÍÈEK

f = f_m + ∑_′ f_n + ∑_{′′} f_n, where m is such that x ∈ A_m, the ˛rst sum extends over those n ≠ m for which f_n(x) = 0 and the second sum over those n for which f_n(x) > 0. Let v be the direction of porosity of A_m at x. The de˛nition of porosity gives that

lim sup t↘0 (f_m(x + tv) + f_m(x − tv) − 2f_m(x))/t > 0. Since f_n ≥ 0, we have ∑_′ (f_n(x+tv)+f_n(x−tv)−2f_n(x))/t ≥ 0 for every t > 0. Finally, the sum ∑_{′′} f_n is G^ateaux di¸erentiable at x since all f_n involved in it are G^ateaux di¸erentiable at x and ∑ Lip(f_n) < ∞.

Hence lim_{t↘0} ∑_{′′} (f_n(x + tv) + f_n(x − tv) − 2f_n(x))/t = 0, and we conclude that lim sup_{t↘0}(f(x + tv) + f(x − tv) − 2f(x))/t > 0, and so f is not G^ateaux di¸erentiable at x.

For any set N ⊂ R of measure zero and any projection π of X onto

R the set π^{−1}(N) belongs to L; this is obvious by composing a function f : R → R non-di¸erentiable at points of N with π. A more general

version of this argument is given in the following statement.

Proposition 15. Suppose that X, Y are separable Banach spaces, N ∈ L(Y ) and that g : X → Y is a Lipschitz mapping. For x ∈ X denote by U_x the set of directions of (one sided) differentiability of g. Then the set of those x ∈ g^{−1}(N) for which the span of the set {g^′_+(x, u) : u ∈ U_x} is dense in Y belongs to L(X).

Proof. By Theorem 5, there is a σ-directionally porous set A ⊂ X such that for every x ∈ X \ A the set U_x is a closed linear subspace of X and the mapping u → g^′_+(x, u) is linear on U_x.

By de˛nition of L(Y ) we can suppose without any loss of generality that there exists a Lipschitz function f : Y → Z, where Z has the Radon-Nikodym property, which is G^ateaux non-di¸erentiable at any point of N. If x ∈ g^{−1}(N)\A, it is easy to see that f ∘g is G^ateaux nondi¸erentiable at x. Indeed, suppose to the contrary that f ∘g is G^ateaux di¸erentiable at x and consider a vector u ∈ U_x. An easy argument then shows that f^′(g(x), g^′(x, u)) exists and is equal to (f ∘g)^′(x, u) (this can be also deduced from Lemma 11 (iv)). Since {g^′_+(x, u) : u ∈ U_x} is a linear dense subspace of Y , we easily deduce (cf. [BL, Lemma 6.40]) that f is G^ateaux di¸erentiable at x, which is a contradiction. Hence g^{−1}(N)\A belongs to L(X); since A belongs to L(X) by Proposition 14, this ˛nishes the proof.

References

[A] N. Aronszajn, Di¸erentiability of Lipschitzian mappings between Banach spaces, Studia Math. 57 (1976), 147{190.

DIRECTIONAL DERIVATIVES OF LIPSCHITZ FUNCTIONS 25

[BL] Y. Benyamini and J. Lindenstrauss, Geometric Nonlinear Functional Analysis, Vol. 1 , Colloquium publications (American Mathematical Society); v. 48, Providence, Rhode Island, 2000.

[BC] D. N. Bessis and F. H. Clarke, Partial subdi¸erentials, derivates and Rademacher’s theorem, Trans. Amer. Math. Soc. 351 (1999), 2899{2926.

[BJLPS] S.M.Bates, W.B. Johnson, J. Lindenstrauss, D.Preiss and G. Schechtman, A‹ne approximation of Lipschitz functions and non linear quotiens, Geom. Funct. Anal. 9 (1999), 1092{1127.

[C] M. Csörnyei, Aronszajn null and Gaussian null sets coincide, Israel J.

Math. 111 (1999), 191{202.

[Ch] J.P.R. Christensen, Topology and Borel structure, North-Holland, Amsterdam 1974.

[D] E. P. Dolzhenko, Boundary properties of arbitrary functions (in Russian), Izv. Akad. Nauk SSSR Ser. Mat. 31 (1967), 3{14.

[EH] M.J. Evans, P.D. Humke, The equality of unilateral derivates, Proc.

Amer. Math. Soc. 79 (1980), 609{613.

[FP] M. Fabian, D. Preiss, On intermediate di¸erentiability of Lipschitz functions on certain Banach spaces, Proc. Amer. Math. Soc. 113(1991), 733{ 740.

[GS1] J.R. Giles and S. Sci¸er, Locally Lipschitz functions are generically pseudo-regular on separable Banach spaces, Bull. Austral. Math. Soc. 47(1993), 205{212.

[GS2] J.R. Giles and S. Sci¸er, Generalising generic di¸erentiability properties from convex to locally Lipschitz functions, Jour. Math. Anal. Appl. 188(1994), 833{854.

[HMWZ] P. Holický, J. Malý, L. Zajíèek and C. Weil, A note on the gradient problem, Real Anal. Exch. 22(1996), No.1, 225-235.

[Ma] P. Mankiewicz, On the di¸erentiability of Lipschitz mappings in Frechet spaces, Studia Math. 45(1973), 15{29.

[M] E. Matouźková, An almost nowhere Frechet smooth norm on superre‚exive spaces, Studia Math. 133 (1999), 93{99.

[MM] J. Matouźek and E. Matouźková, A highly nonsmooth norm on Hilbert space, Israel J. Math. 112 (1999), 1{28.

[MP1] P. Michel and J.P. Penot, Calculus sous-di¸erentiel pour des fonctions lipschitziennes et non lipschitziennes, C. R. Acad. Sci. Paris Ser. I Math. 298(1984), 269{272.

[MP2] P. Michel and J.P. Penot, A generalized derivative for calm and stable functions, Di¸erential Integral Equations 5(1992), 433{454.

[NZ] A. Nekvinda and L. Zajíèek, a simple proof of the Rademacher theorem, Èasopis Pìst. Mat. 113 (1988), 337{341.

[Ph] R. R. Phelps, Gaussian null sets and di¸erentiability of Lipschitz maps on Banach spaces, Paci˛c J. Math. 18 (1978), 523{531.

[Pr] D. Preiss, Di¸erentiability of Lipschitz functions in Banach spaces, J.

Funct. Anal. 91(1990), 312{345.

[PT] D. Preiss and J. Tiźer, Two unexpected examples concerning di¸erentiability of Lipschitz functions on Banach spaces, in Collection: Geometric aspects of functional analysis, 219{238, Oper. Theory Adv. Appl. 77, Birkhauser 1995.

26 D. PREISS AND L. ZAJÍÈEK

[PZ] D. Preiss and L. Zajíèek, Sigma-porous sets in products of metric spaces and sigma-directionally porous sets in Banach spaces, Real Anal. Exchange. 24 (1998/9), 295{314.

[T] B.S. Thomson, Real Functions, Lecture Notes in Math. 1170, Springer- Verlag 1985.

[Z1] L. Zajíèek, Di¸erentiability of of the distance function and points of multi-valuedness of the metric projection in Banach space, Czechoslovak Math. J. 33(108)(1983), 292{308.

[Z2] L. Zajíèek, Porosity and σ-porosity, Real Analysis Exchange 13(1987-88), 314 {350.

[Z3] L. Zajíèek, A note on intermediate di¸erentiability of Lipschitz functions, Comment. Math. Univ. Carolinae 40 (1999), 795{799.

Department of Mathematics, University College London, London WC1E 6BT, United Kingdom

E-mail address: dp@math.ucl.ac.uk

Department of Mathematical Analysis, Charles University, Sokolovská 83, 186 00 Prague 8, Czech Republic

E-mail address: zajicek@karlin.mff.cuni.cz