DUALITY PRINCIPLES AND REDUCTION THEOREMS

AMIRAN GOGATISHVILI AND LUBOľ PICK

Abstract. We introduce a fairly general class of Banach function spaces ~X given by kfk�_X := kf�¯kX, where f is de˛ned on a totally σ{˛nite non-atomic measure space (R, μ), f�¯ is the non-increasing rearrangement of f with respect to μ and X is certain rearrangement-invariant space over the interval (0, μ(R)). This class contains for example classical Lorentz spaces. We prove a general duality principle for these spaces and present several applications. In particular, we prove theorems which enable us to reduce weighted inequalities involving integral operators restricted to monotone functions to certain more manageable weighted inequalities. Reduction theorems are then applied to obtain a characterization of embeddings between ~X spaces.

1. Introduction

Let (R, μ) be a totally σ{˛nite non-atomic measure space. Let M(R, μ) be the set of all μ{measurable a.e. ˛nite real functions on R. By M+(R, μ) we denote the subset of M(R, μ) consisting of non-negative functions. When R is an interval (a, b), −∞ ≤ a < b ≤ ∞, and μ is the one-dimensional Lebesgue measure m, then we denote by M+(a, b; ↓) the subset of M+(a, b) consisting of non-increasing functions on (a, b).

For f ∈ M(R, μ) and a = μ(R), the non-increasing rearrangement of f is the function f^∗_μ de˛ned by f^∗_μ (t) = inf{λ; μ({x, |f(x)| > λ}) ≤ t}, t ∈ (0, a). When −∞ ≤ a < b ≤ ∞ and (R, μ) = ((a, b), m), we write f^∗ rather than f^∗_m. When w is a weight (that is, a Lebesgue-measurable non-negative function) on (a, b) and (R, μ) = ((a, b), w dm), we write f^∗_w.

As usual, by A . B and A & B we mean that A ≤ CB and B ≤ CA, respectively, where C is a positive constant independent of appropriate quantities involved in A and B. We write A ≈ B when both of the estimates A . B and B . A are satis˛ed. We shall use throughout the convention 0 · ∞ = 0, 0 = 0 and^∞ = 0.

In the theory of operators acting on function spaces it is often necessary to consider inequalities restricted to non-increasing non-negative functions on an interval. A typical example of such situation is the investigation of behaviour of integral operators on a classical Lorentz space. A classical Lorentz space ~^p(w)(R, μ), where p ∈ [1, ∞) and w is a weight on (0, ∞), is the set of all functions f ∈ M(R, μ) such that ‖f‖~p(_w) := (∫_∞ 0 ( f^∗_μ(t) )_p w(t) dt )1_{/p} < ∞.

AMS Class.: 46E30, 26D10. 1

2 AMIRAN GOGATISHVILI AND LUBOľ PICK

In the pioneering paper [1], Ari~no and Muckenhoupt characterized when the Hardy{ Littlewood maximal operator M is bounded on a classical Lorentz space, that is, they characterized the weights w for which the inequality ∫_∞ 0 [(Mf)^∗(t)]^p w(t) dt . ∫_∞ 0 [f^∗(t)]^p w(t) dt

holds for every locally integrable f on R^n . Recall that the operator M is de˛ned at f ∈ L1loc(R^n ) by (Mf)(x) = sup_{Q∋x} |Q|^−1 ∫ Q |f(y)| dy, x ∈ R^n , where the supremum is extended over all cubes Q ⊂ R^n with sides parallel to the coordinate axes and |E| denotes the n-dimensional Lebesgue measure of E ⊂ R^n . The authors ˛rst observed that M is bounded on ~^p(w) if and only if the weighted Hardy-type integral inequality (∫_∞ 0 ( 1 t ∫_t 0 f(s) ds )p w(t) dt )1_{/p} .^{(∫ ∞}_0 f(t)^pw(t) dt^{)1/p} (1.1)

holds for all f ∈ M+(0, ∞; ↓), and then they characterized the class of weights for which this is true. It turns out that this class is considerably wider than the class of weights for which (1.1) holds for all f ∈ M+(0, ∞). In another fundamental paper, Sawyer ([18]) characterized the quantity sup f ∈M^+(0,∞;↓) ∫_∞ 0 f(t)g(t) dt ( ∫_∞ 0 f(t)^pv(t) dt) 1/p for a given g ∈ M+(0, ∞). Again, the resulting characterization is quite di¸erent from the analogous one in which all f ∈ M+(0, ∞) are considered. Sawyer’s result has several important applications; for example, it produces a description of the associate space of a classical Lorentz space, it gives a characterization of weights v, w for which the inclusion ~^p(v) ⊂ ~^q (w) is true, and it enables one to characterize pairs of weights for which an operator T is bounded from one classical Lorentz space to another as long as certain a-priori estimate of (T f)^∗ in terms of f^∗ is known. In particular, Sawyer extended the results of Ari~no and Muckenhoupt to more operators than just M. In 1990’s, many authors have considered inequalities involving monotone functions in connection with various problems. In 1993, Stepanov ([19]) found a simple proof of Sawyer’s duality result and extended the range of admissible parameters. A remarkable fact was recently revealed in [5]: The boundedness between classical Lorentz spaces of the fractional maximal operator M_γ , de˛ned at f ∈ L1loc(R^n ) by

(M_γ f)(x) = sup_{Q∋x} |Q|^{γn −}1 ∫ Q |f(y)| dy, x ∈ R^n , where the supremum is again extended over all cubes Q ⊂ R^n with sides parallel to the coordinate axes, is equivalent to the boundedness of the operator

(T f)(t) := sup_{s∈} (t,∞) v(s) ∫_s 0 f(y) dy, t ∈ (0, ∞), (1.2)

DUALITY PRINCIPLES AND REDUCTION THEOREMS 3

restricted to f ∈ M+(0, ∞; ↓), between weighted Lebesgue spaces. Similar operators appeared recently in many other research projects in interpolation theory ([7], [9], [6], [16]) or in the theory of optimal Sobolev embeddings ([8], [12], [14], [15]).

This is our main motivation to develop a reasonably general concept of duality principles and reduction theorems which would be applicable to integral operators including those of the type (1.2). That is the subject of this paper. Let us outline our approach.

We ˛rst characterize the quantity sup f ∈M^+(0,a;↓) ∫_a 0 f(t)g(t) dt ‖f‖_X , where a ∈ (0, ∞], g ∈ M+(0, a), and X is a rearrangement-invariant space over the interval (0, a) endowed with a weighted measure. The proof is quite elementary and self-contained; the key step is a lemma in the spirit of [17] which gives a simple expression for a non-increasing rearrangement of a non-increasing function with respect to a weighted measure. One of the main consequences of this characterization is a duality principle for a fairly wide class of function spaces ~_X (R, μ), whose norm is de˛ned at f ∈ M(R, μ) by ‖f‖~_X := ‖f^∗_μ ‖_X . We present several applications. Perhaps the most important of them is what we call a reduction theorem for linear operators. The reduction theorem enables us to replace an inequality restricted to non-increasing functions by certain more manageable inequalities (the idea is borrowed from [18]). Another application is an embedding theorem for the ~_X spaces. As an example, we apply our results to kernel operators of Hardy and Volterra type.

Finally, we give an alternative elementary proof of a di¸erent type of reduction theorem, applicable to operators that are not necessarily linear (such as those of the type (1.2)).

2. Preliminaries

Definition 2.1. Let X ⊂ M(R, μ) be a Banach space over (R, μ), endowed with a norm ‖ · ‖. Assume that the functional ‖ · ‖ is de˛ned on the entire M(R, μ) and X = {f ∈ M(R, μ); ‖f‖ < ∞}. We say that X is a Banach lattice if ‖f‖ ≤ ‖g‖ whenever 0 ≤ f ≤ g on R. We say that X is a rearrangement-invariant Banach function space (or shortly an r.i. space) over (R, μ) if the following four axioms hold:

(A1) 0 ≤ f_n ↗ f on R implies ‖f_n‖ ↗ ‖f‖; (A2) ‖χ_E ‖ < ∞ whenever E ⊂ R and μ(E) < ∞;

(A3) for every E ⊂ R with μ(E) < ∞ there exists a C > 0 such that ∫ E f(x) dμ(x) . ‖f‖ for all f ∈ M(R, μ). (A4) ‖f‖ = ‖g‖ for every f, g such that f^∗_μ = g^∗_μ.

Remark 2.2. We note that, by [2, Chapter 2, Theorem 2.7], (R, μ) is reasonant, that is, for each f and g in M(R, μ), the identity ∫_μ(_R) 0 f^∗_μ (t)g^∗_μ(t) dt = sup ∫ R f(x)h(x) dμ(x), (2.1)

4 AMIRAN GOGATISHVILI AND LUBOľ PICK

where the supremum is taken over all functions h ∈ M(R, μ) with h^∗_μ = g^∗_μ.

The concept of duality (with respect to the pairing ∫ R f(x)g(x) dμ(x)) is in the context of r.i. spaces realized through the notion of an associate space. Definition 2.3. Let X be an r.i. space over (R, μ). We de˛ne the associate space X^′ of X as the set of all functions f ∈ M(R, μ) such that ‖f‖_X′ < ∞, where ‖f‖_X′ := sup_{‖g‖X ≤} 1 ∫ R f(x)g(x) dμ(x). Remark 2.4. If X is an r.i. space over (R, μ), then so is X^′, and ‖f‖_X′ = sup_{‖g‖X ≤} 1 ∫_a 0 f^∗_μ (t)g^∗_μ(t) dt for all f ∈ X^′.

We shall use the important concept of representation spaces. The following result is well known as the Luxemburg Representation Theorem (cf. [2, Chapter 2, Theorem 4.10]).

Theorem 2.5. Let X be an r.i. space over (R, μ) and a = μ(R). Then there is an r.i. space X over ((0, a), m) such that ‖f‖_X = ‖f^∗_μ‖_X for all f ∈ M(R, μ).

The space X is called the representation space of X. We shall often use the Hölder inequality ∫ R f(x)g(x) dμ(x) ≤ ‖f‖_X ‖g‖_X′ for all f, g ∈ M(R, μ), and the fundamental identity ‖χ_E ‖_X ‖χ_E‖_X′ = t for every E ⊂ R, μ(E) = t, t ∈ (0, a). (2.2) We shall also use the well-known inequality of Hardy, Littlewood and Pólya: ∫ R f(x)g(x) dμ(x) ≤ ∫_a 0 f^∗_μ (t)g^∗_μ(t) dt for all f, g ∈ M(R, μ). (2.3)

Definition 2.6. Given an r.i. space X over (R, μ), the lower and upper Boyd indices i_X , I_X are given by

i_X = lim_{t→} 0+ log(1/t) log h_X (t)

, I_X = lim_{t→∞} log(1/t) log h_X (t) , where h_X (t) is de˛ned for t ∈ (0, ∞) by

h_X (t) = sup f ∈M^+(0,∞)^{‖(Etf)‖X‖f‖}X^, and E_t is the dilation operator given at f ∈ M+(0, a) by (E_tf)(s) = f(st), 0 < s, t < ∞. For a detailed treatment of (rearrangement-invariant) Banach function spaces, cf. [2].

Let a ∈ (0, ∞] and let w be a weight on (0, a). Then, for t ∈ (0, a), we denote W (t) = ∫_t 0 w(s) ds. We de˛ne the operators A^w and —A^w by (A_w f)(t) := 1 W (t) ∫_t 0 f(s)w(s) ds, f ∈ M((0, a), w), t ∈ (0, a),

DUALITY PRINCIPLES AND REDUCTION THEOREMS 5 and ( —A_wf)(t) := ∫_a t f(s) w(s) W (s) ds, f ∈ M((0, a), w), t ∈ (0, a). If, in particular, w ≡ 1, we get the usual integral average operator A and its dual —A, given as (Af)(t) = 1 t ∫_t 0 f(s) ds, f ∈ L1loc(0, a), t ∈ (0, a), and ( —Af)(t) = ∫_a t f(s) ds s , f ∈ L1loc(0, a), t ∈ (0, a). The de˛nition of —A_w of course depends on a but it will be always clear from the context which particular value of a is considered.

Remark 2.7. The operator A_w is called weighted average operator. When f ∈

M^+(0, a; ↓) and w is a weight on (0, a), then also Awf is non-increasing, and more-

over f(t) ≤ (A_w f)(t), t ∈ (0, a). (2.4) 3. Key lemma The following lemma is a key step to our main results. It is a general version of (2.6) in [17].

Lemma 3.1. Let a ∈ (0, ∞] and let w be a weight on (0, a). Let f ∈ M+(0, a; ↓). Then f^∗_w(t) = f(W^−1(t)), 0 < t < a, where W^−1 is the generalized right-continuous inverse of W , given by W^−1(t) = inf{s ∈ (0, a); W (s) > t}. Proof. Assume ˛rst that f is strictly decreasing on (0, a) and let λ ∈ (0, ∞). Then {x; |f(x)| > λ} = (0, f^−1(λ)), whence, for t ∈ (0, a), f^∗_w(t) = inf{λ > 0; w({x; |f(x)| > λ}) ≤ t} = inf{λ > 0; W (f^−1(λ)) ≤ t} = f(W^−1(t)).

A routine argument extends the result to all f ∈ M+(0, a; ↓).

As we shall see below, Lemma 3.1 has important consequences. Some of the most immediate ones are collected in the following corollary.

Corollary 3.2. Let a ∈ (0, ∞] and let w be a weight on (0, a). Let X be an r.i. space over ((0, a), w). (i) For every f ∈ M+(0, a; ↓), ‖f‖_X = ‖f^∗_w‖_X = ‖f(W^−1)‖_X . (3.1) (ii) Let i_X > 1. Then ‖A_wf‖_X . ‖f‖_X for all f ∈ M+(0, a; ↓).

(3.2) (iii) Let I_X < ∞. Then ‖ ‖ —A_wf ‖ ‖_X . ‖f‖_X for all f ∈ M+(0, a; ↓).

(3.3)

6 AMIRAN GOGATISHVILI AND LUBOľ PICK

Proof. (i) This follows from the Luxemburg Representation Theorem (Theorem 2.5) and Lemma 3.1.

(ii) By [2, Chapter 3, Theorem 5.15], the average operator A is bounded on X, more precisely, ‖Ag‖_X . ‖g‖_X for all g ∈ M+(0, W (a)).

Thus, by the monotonicity of A_wf and (3.1), ‖A_wf‖_X = ‖ (A_wf)(W^−1(t)) ‖ X = ‖ ‖ ‖ ‖ 1 t ∫_W −1(_t) 0 f(s)w(s) ds ‖ ‖ ‖ ‖_X = ‖ ‖ ‖ ‖ 1 t ∫_t 0 f(W^−1(s)) ds ‖ ‖ ‖ ‖_X . ‖ ‖f(W^−1(t)) ‖ ‖_X = ‖f‖_X . The proof of (iii) is analogous and thus left as an exercise.

Example 3.3. Let p, q ∈ (0, ∞]. Let a ∈ (0, ∞], let w be a weight on (0, a) and let L^{p,q}((0, a), w) be the usual Lorentz space, given by ‖f‖_Lp,q((0_{,a})_{,w}) = ‖ ‖ ‖t 1_{p −} 1_q

f^∗_w(t) ‖ ‖ ‖_{q,} (0,W (a)) , f ∈ M((0, a), w). When q ∈ (0, ∞), we get from Lemma 3.1 for every f ∈ M+(0, a; ↓), ‖f‖_Lp,q((0_{,a})_{,w}) = ( ∫ W (a) 0 [f(W^−1(t))]^q t^{qp −}1 dt )1_{/q}

≈ (∫_a 0 f(s)^qW (s)^{qp −}1w(s) ds )1_{/q} , which is just a complementary result to (2.6) in [17]. When q = ∞, we have analogously

‖f‖_Lp,∞((0_{,a})_{,w}) = sup 0<t<a W (t)1^{/p}f(t) for all f ∈ M+(0, a; ↓).

Definition 3.4. Let (R, μ) be a totally σ{˛nite non-atomic measure space with a = μ(R). Let w be a weight on (0, a) and let X be an r.i. space over ((0, a), w). De˛ne the space ~_X by ~_X = ~_X (R, μ) = {f on R; ‖f‖~_X := ‖f^∗_μ‖_X < ∞}.

Since f^∗_μ is non-increasing on (0, a), we have by Corollary 3.2 (i)

‖f‖~_X = ‖f^∗_μ‖_X = ‖(f^∗_μ)^∗_w‖_X = ‖f^∗_μ(W^−1)‖_X , for all f ∈ ~_X .

Example 3.5. For X = L^{p,q}((0, a), w), 1 ≤ p, q ≤ ∞, we have ~_X = ~^{p,q}_w (μ), the space introduced by Carro and Soria in [4].

We shall now give a characterization of an associate space of ~_X for those X on which the operator —A is bounded.

Theorem 3.6. Let (R, μ) be a totally σ{˛nite non-atomic measure space with a = μ(R). Let w be a weight on (0, a) and let X be an r.i. space over ((0, a), w). Assume that the operator —A is bounded on X, that is, ‖ ‖ ‖ ∫_a t s^−1g(s) ds ‖ ‖ ‖_X ≤ C‖g‖^X for all g ∈ M +(0, a). (3.4)

Then (~_X )^′ = ~_X′ .

DUALITY PRINCIPLES AND REDUCTION THEOREMS 7

Proof. First, by De˛nition 2.3, (2.1), (2.3), and the Hölder inequality, we get for every f ∈ ~_X′

‖f‖(~_X )′ = sup_{g∈}M (R,μ) ∫_a 0 f^∗μ (t)g^∗μ(t) dt ‖g^∗_μ‖_X ≤ ‖f^∗_μ‖_X′ = ‖f‖~_{X′} . Note that for this inequality the assumption (3.4) is not needed.

As for the converse, let f ∈ (~_X )^′. Then, by (3.4), Fubini’s theorem and (2.4),

‖f‖(~_X )′ = sup_{g∈}M (R,μ) ∫_a 0 f^∗μ(t)g^∗μ(t) dt ‖g^∗_μ‖_X ≥ sup

h∈M^+(0,a) ∫_a 0 (∫_a t h(s) ds ) f^∗_μ(t) dt ‖ ∫_a t h(s) ds‖_X & sup_{h∈}M_{+(0,a)} ∫_a 0 h(s) (∫_s 0 f^∗μ (t) dt ) ds ‖th(t)‖_X ≥ ‖ ‖ ‖ ‖ 1 t ∫_t 0 f^∗_μ (s) ds ‖ ‖ ‖ ‖_{X′} & ‖f^∗_μ‖X′ = ‖f‖~_{X′} . Another characterization of the associate space of ~_X (under assumptions different than (3.4)) will be given in the next section.

4. Duality principles

We now present our main results. First, we shall prove the following general duality principle.

Theorem 4.1. Let a ∈ (0, ∞], let w be a weight on (0, a) and let X be a Banach function space over ((0, a), w). Assume that 1 < i_X ≤ I_X < ∞. (4.1)

Let g ∈ M+(0, a). Then sup f ∈M^+(0,a;↓) ∫_a 0 f(t)g(t) dt ‖f‖_X ≈ ‖ ‖ ∫_a W^−1(t) g(s) W (s) ds ‖ ‖ X^′ (4.2)

≈ ‖ ‖ ‖ 1 t ∫_W −1(_t) 0 g(s) ds ‖ ‖ ‖_{X′} + ∫_a 0 g(s) ds ‖χ(0_{,W} (_a))‖_X , where the last term is taken as zero when W (a) = ∞.

Proof. Fix a function g ∈ M+(0, a). First, using (2.4), Fubini’s theorem, a change of variables, Hölder’s inequality and (3.1), we observe that, for f ∈ M+(0, a; ↓) and

g ∈ M^+(0, a),_{∫ a} 0 f(t)g(t) dt ≤ ∫_a 0 1 W (t) (∫_t 0 f(s)w(s) ds ) g(t) dt = ∫_a 0 f(t)w(t) (∫_a t g(s) W (s) ds ) dt = ∫_W (_a) 0 f(W^−1(t)) (∫_a W^−1(t) g(s) W (s) ds ) dt ≤ ‖f(W^−1)‖_X ‖ ‖ ‖ ∫_a W^−1(t) g(s) W (s) ds ‖ ‖ ‖_{X′} = ‖f‖X ‖ ‖ ‖ ∫_a W^−1(t) g(s) W (s) ds ‖ ‖ ‖_{X′} ,

8 AMIRAN GOGATISHVILI AND LUBOľ PICK

and therefore sup f ∈M^+(0,a;↓) ∫_a 0 f(t)g(t) dt ‖f‖_X ≤ ‖ ‖ ∫_a W^−1(t) g(s) W (s) ds ‖ ‖ X^′ . (4.3)

Now, for t ∈ (0, a), we denote G(t) = ∫_t 0 g(s) ds. Assume ˛rst that W (a) < ∞.

Then, integrating by parts, using a change of variables and (2.2), we get ∫_a W^−1(t) g(s) W (s) ds = ∫_a W^−1(t) dG(s) W (s) = G W | | | | a

W^−1(t) + ∫_a W^−1(t) G(s) W 2(s) w(s) ds (4.4)

≤ G(a) W (a) + ∫_W (_a) t G(W^−1(s)) s2 ds = G(a) ‖χ(0_{,W} (_a))‖_X ‖χ(0_{,W} (_a))‖_X′ + ∫_W (_a) t G(W^−1(s)) s2 ds.

By (4.1) and [2, Chapter 3, Theorem 5.15], the operator —A is bounded on X^′. Thus, ‖ ‖ ‖ ∫_a W^−1(t) g(s) W (s) ds ‖ ‖ ‖_{X′} ≤ G(a) ‖χ(0_{,W} (_a))‖_X + ‖ ‖ ‖ ∫_W (_a) t G(W^−1(s)) s2 ds ‖ ‖ ‖_{X′} (4.5)

.^{G(a)}

‖χ(0_{,W} (_a))‖_X + ‖ ‖ ‖ G(W^−1(t)) t ‖ ‖ ‖_{X′} .

When W (a) = ∞, we ˛x ξ ∈ (0, a), replace g by gχ(0_{,ξ}) and (accordingly) take G(t) = ∫_t 0 g(s)χ(0^{,ξ})(s) ds. Then we obviously have^G (a) W (a) = 0 whence, on letting ξ → a_−, we obtain, in place of (4.4), ∫_a W^−1(t) g(s) W (s) ds ≤ ∫_W (_a) t G(W^−1(s)) s2 ds.

Thus, instead of (4.5) we get ‖ ‖ ‖ ∫_a W^−1(t) g(s) W (s) ds ‖ ‖ ‖_{X′} . ‖ ‖ ‖ G(W^−1(t)) t ‖ ‖ ‖_{X′} . (4.6)

Next, note that for any function h ∈ M+(0, a) we have, by Lemma 3.1, (4.1) and [2, Chapter 2, Theorem 5.15], ‖ ‖ ‖ ∫_a t h(s) ds ‖ ‖ ‖_X = ‖ ‖ ‖ ∫_a W^−1(t) h(s) ds ‖ ‖ ‖_X = ‖ ‖ ∫_W (_a) t h(W^−1(s)) w(W^−1(s)) ds ‖ ‖_X . ‖ ‖ h(W^−1(t)) w(W^−1(t)) t ‖ ‖_X .

DUALITY PRINCIPLES AND REDUCTION THEOREMS 9

Therefore, sup f ∈M^+(0,a;↓) ∫_a 0 f(t)g(t) dt ‖f‖_X ≥ sup

h∈M^+(0,a) ∫_a 0 (∫_a t h(s) ds ) g(t) dt ‖ ∫_a t h(s) ds‖_X (4.7)

& sup_{h∈}M_{+(0,a)}^{∫ a0 h(s)G(s) ds}

‖^h(^{W −}

1(_t))_t w(W^−1(t)) ‖X = sup h∈M+(0,a) ∫_W (_a) 0^h

(W^−1(s))G(W^−1(s)) w(W^−1(s)) ds ‖^h(^{W −}

1(_t))_t w(W^−1(t)) ‖X = ‖ ‖ ‖ G(W^−1(t)) t ‖ ‖ ‖_{X′} . When W (a) < ∞, we moreover have sup f ∈M+(0,a;↓) ∫_a 0 f(s)g(s) ds ‖f‖_X ≥ ∫_a 0 g(t) dt ‖χ(0_{,a})‖_X = ∫_a 0 g(t) dt ‖χ(0_{,W} (_a))‖_X . (4.8)

Combining (4.3), (4.5), (4.6), (4.7) and (4.8) we get (4.2).

Remark 4.2. When X = L^p, 1 < p < ∞, the preceding theorem yields part of the result of [18, Theorem 1].

The ˛rst important corollary of Theorem 4.1 is a characterization of the associate space of ~_X .

Theorem 4.3. Let (R, μ) be a totally σ{˛nite non-atomic measure space with a = μ(R). Let w be a weight on (0, a) and let X be an r.i. space over ((0, a), w). Assume further that (4.1) holds. Let g ∈ M+(R, μ). Then sup f ∈M(R,μ) ∫ R f(x)g(x) dμ(x) ‖f‖~_X ≈ ‖ ‖ ∫_a W^−1(t) g^∗_μ(s) W (s) ds ‖ ‖ X^′ ≈ ‖ ‖ 1 t ∫_W −1(_t) 0 g^∗_μ(s) ds ‖ ‖_{X′} + ∫_a 0 g^∗μ(s) ds ‖χ(0_{,W} (_a))‖_X , where the last term is taken as zero when W (a) = ∞.

Proof. By (2.1), (2.3) and [2, Chapter 2, Corollary 7.8] sup f ∈M(R,μ) ∫ R f(x)g(x) dμ(x) ‖f‖~_X = sup f ∈M(R,μ) ∫_a 0 f^∗μ (t)g^∗μ(t) dt ‖f^∗_μ‖_X = sup h∈M+(0,a;↓) ∫_a 0 h(t)g^∗μ(t) dt ‖h‖_X , and the result follows from Theorem 4.1.

Theorem 4.1 can be used to obtain the following reduction theorem concerning linear positive operators.

Theorem 4.4. Let a ∈ (0, ∞]. Let v, w be weights on (0, a). Let X be an r.i. space over ((0, a), w) and let Y be an r.i. space over ((0, a), v). Let T be a positive linear operator acting on measurable functions de˛ned on (0, a). Let T^∗ be the

10 AMIRAN GOGATISHVILI AND LUBOľ PICK

dual operator of T with respect to the pairing ∫_a 0 f(t)g(t) dt. Then the following statements are equivalent.

‖T f‖_Y . ‖f‖_X for all f ∈ M+(0, a; ↓); (i) ‖ ‖ ∫_a W^−1(t)

(T^∗(gv)) (s) W (s) ds ‖ ‖_{X′} . ‖g‖Y ′ for all g ∈ M+(0, a);

(ii) ‖ ‖ 1 t ∫_W −1(_t) 0 (T^∗(gv)) (s) ds ‖ ‖_{X′} + ∫_a 0 (T^∗(gv)) (s)ds ‖χ(0_{,W} (_a))‖_X . ‖g‖_Y ′ . (iii)

for all g ∈ M+(0, a).

Proof. First, note that sup f ∈M+(0,a;↓)^{‖T f‖Y‖f‖}X^{= sup}f ∈M+(0,a;↓)^{sup}g∈M+(0,a) ∫_a 0 (T f)(s)g(s)v(s) ds ‖f‖_X ‖g‖_Y ′ = sup

g∈M^+(0,a)^{1‖g‖}Y^{′ sup}f ∈M^+(0,a;↓) ∫_a 0 f(s) (T^∗(gv)) (s) ds ‖f‖_X , and the assertion follows from Theorem 4.1.

In a similar vein we can obtain the following theorem which is of independent interest.

Theorem 4.5. Let a, w, v, X, Y and T be as in Theorem 4.4. Then the following statements are equivalent.

‖(T f)(V^−1)‖_Y . ‖f‖_X for all f ∈ M+(0, a; ↓); (i) ‖ ‖ ∫_a W^−1(t)

(T^∗(h(V )v)) (s) W (s) ds ‖ ‖_{X′} . ‖h‖_Y^′ for all h ∈ M+(0, a);

(ii) ‖ ‖ 1 t ∫_W −1(_t) 0 (T^∗(h(V )v)) (s) ds ‖ ‖_{X′} + ∫_a 0 (T^∗(h(V )v)) (s)ds

‖χ(0_{,W} (_a))‖_X . ‖h‖_Y ′ (iii)

for every h ∈ M+(0, V (a)).

Proof. As in the proof of the preceding theorem, sup f ∈M^+(0,a;↓)^{‖(T f)(V} −1)‖_Y ‖f‖_X = sup

f ∈M^+(0,a;↓)^{sup}h∈M^+(0,V (a))

∫_V (_a) 0 (T f)(V^− 1(s))h(s) ds ‖f‖_X ‖h‖_Y ′ = sup

h∈M^+(0,V (a))^{1‖h‖}Y^{′ sup}f ∈M^+(0,a;↓) ∫_a 0 f(s) (T^∗(h(V )v)) (s) ds ‖f‖_X , and the assertion follows from Theorem 4.1 again.

Theorem 4.6. Let a, w, v, X, Y and T be as in Theorem 4.4. Then the estimate ‖(T f)(V^−1)‖_Y . ‖f‖_X (4.9) holds for all f ∈ M+(0, a; ↓) if and only if both of the conditions ‖ ‖ ‖ [ T (∫_W (a) W (·) h(s) s ds )] ( V^−1(t) ) ‖ ‖ ‖_Y . ‖h‖X for all h ∈ M +(0, W (a)),

DUALITY PRINCIPLES AND REDUCTION THEOREMS 11 and ‖(T χ(0_{,ξ}))(V^−1(t))‖_Y . ‖χ(0_{,W} (_ξ))‖_X for all ξ ∈ (0, a), are satis˛ed.

Proof. By the Fubini theorem, we get for g ∈ M+(0, W (a)) and h ∈ M+(0, V (a)), ∫_W (_a) 0 g(t) t (∫_{W −}1 (t) 0 (T^∗(h(V )v)) (s) ds ) dt

= ∫_a 0 (T^∗(h(V )v)) (s)

(∫_W (_a) W (s) g(t) t dt ) ds

= ∫_a 0 h(V (s))v(s) [ T (∫_W (_a) W (·) g(t) t dt )] (s) ds

= ∫_V (_a) 0 h(s) [ T (∫_W (a) W (·) g(t) t dt )] (V^−1(s)) ds. Moreover, by a change of variables, we get for each ˛xed ξ ∈ (0, a), ∫_ξ 0 (T^∗(h(V )v)) (s) ds = ∫_ξ 0 h(V (s))v(s) ( T χ(0_{,ξ}) ) (s) ds = ∫_V (_ξ) 0 h(s) ( T χ(0_{,ξ}) ) (V^−1(s)) ds. Thus, the assertion follows from Theorem 4.5.

Our aim now is to apply the results obtained to a kernel operator of Volterra type.

Corollary 4.7. Let a, w, v, X and Y be as in Theorem 4.4. Let ϱ and σ be two weights on (0, a). Let k(t, s) be a measurable positive function on (0, a) × (0, a). Let T be the Volterra operator given as (T f)(t) = ϱ(t) ∫_t 0 k(t, s)σ(s)f(s) ds, f ∈ M+(0, a), t ∈ (0, a). (4.10)

Then (4.9) holds for all f ∈ M+(0, a; ↓) if and only if all of the following three conditions are satis˛ed for all h ∈ M+(0, W (a)) and ξ ∈ (0, a): ‖ ‖ϱ(V_−1(t)) (∫_{V −}1 (t) 0 k(V^−1(t), y)σ(y) dy ) (∫_W (a) W (V^−1(t)) h(s) s ds ) ‖ ‖ Y . ‖h‖_X ; ‖ ‖ ‖ϱ(V^−1(t)) ∫_W (_V −1(_t)) 0 h(s) s (∫_{W −}1(_s) 0 k(V^−1(t), y)σ(y) dy ) ds ‖ ‖ ‖_Y . ‖h‖_X ; ‖ ‖ϱ(V^−1(t)) ∫_V −1(_t) 0 k(V^−1(t), s)χ(0_{,ξ})(s)σ(s) ds ‖ ‖_Y . ‖χ(0_{,W} (_ξ))‖_X .

If, moreover, the kernel k satis˛es k(ξ, η) ≈ k(ξ, θ) + k(θ, η) whenever 0 < η < θ < ξ < a, (4.11)

12 AMIRAN GOGATISHVILI AND LUBOľ PICK

then the second of the above three conditions can be replaced by the two estimates ‖ ‖ ‖ϱ(V^−1(t)) ∫_W (_V −1(_t)) 0 h(s) s k(V^−1(t), W^−1(s))

(∫_{W −}1(_s) 0 σ(y) dy ) ds ‖ ‖ ‖_Y . ‖h‖_X and ‖ ‖ ‖ϱ(V^−1(t)) ∫_W (_V −1(_t)) 0 h(s) s (∫_{W −}1(_s) 0 k(W^−1(s), y)σ(y) dy ) ds ‖ ‖ ‖_Y . ‖h‖_X , satis˛ed for every h ∈ M+(0, W (a)).

Proof. We have [ T (∫_W (_a) W (·) h(y) y dy )] ( V^−1(t) )

= ϱ(V^−1(t))

∫_V −1(_t) 0 k(V^−1(t), s)σ(s) (∫_W (a) W (s) h(y) y dy ) ds. We now split the innermost integral, ∫_W (_a) W (s) = ∫_W (_V −1(_t)) W (s) + ∫_W (_a)

W (V^−1(t)) , and use the Fubini theorem. The ˛rst part of the assertion now follows from Theorem 4.6. The second part is easily obtained on observing that, by (4.11),

k(V^−1(t), y) ≈ k(V^−1(t), W^−1(s)) + k(W^−1(s), y)

whenever 0 < y < W^−1(s) < V^−1(t).

It would be desirable to characterize (4.9) by conditions which would not involve arbitrary functions. In a particular case when the pair (X, Y ) satis˛es the so-called L{condition, this is possible using results of [10].

Definition 4.8. We say that a pair of Banach function spaces (X, Y ) over the same measure space (R, μ) satis˛es the L{condition (we write (X, Y ) ∈ L) if there exists a Banach sequence space ℓ with a standard basis {e_k}_{k∈}N and positive constants C, c such that for every sequence of disjoint sets {E_k} ⊂ R, ⋃ k E_k = R, we have ‖ ‖ ‖ ‖ ∑ k e_k‖χ_{Ek} f‖_X ‖ ‖ ‖ ‖ ℓ ≤ C‖f‖_X for all f ∈ X and ‖ ‖ ‖ ‖ ∑ k e_k‖χ_{Ek} f‖_Y ‖ ‖ ‖ ‖ ℓ ≥ c‖f‖_Y for all f ∈ Y. The L{condition in the sense of our de˛nition was (as far as we know) ˛rst introduced by Berezhnoi ([3, De˛nition 2]) as a generalization of the concept of pconvexity that had been used before (cf. [13, Part II, Chapter 1d]). Unfortunately, it is a very restrictive condition.

The following result is [10, Theorem 3.1].

DUALITY PRINCIPLES AND REDUCTION THEOREMS 13

Theorem 4.9. Let a ∈ (0, ∞]. Let X, Y be two Banach function spaces over

an interval (0, a) and assume that (X, Y ) ∈ L. Let α, β be two non-decreasing

functions on (0, a) such that 0 ≤ α(t) ≤ β(t) ≤ a for every t ∈ (0, a). Let ϱ, σ be

two weights on (0, a). Assume that k(t, s) is a non-negative function de˛ned a.e. on

{(t, s); 0 < t < a, α(t) ≤ s ≤ β(t)}, non-decreasing in t, non-increasing in s, and

such that k(t, s) . (k(t, β(y)) + k(y, s)) whenever y ≤ t and α(t) ≤ s ≤ β(y). (4.12)

(Such k we shall call an admissible kernel.) Let T be a kernel operator given by (T f)(t) = ϱ(t) ∫_β(_t) α(t) k(t, s)σ(s)f(s) ds, f ∈ M+(0, a). Then T is bounded from X into Y if and only if both of the conditions sup t≤s,α(s)≤β(t) ‖χ(_{t,s})(y)ϱ(y)k(y, β(t))‖_Y ‖χ(_α(_s)_{,β}(_t))(y)σ(y)‖_X′ < ∞, sup t≤s,α(s)≤β(t) ‖χ(_{t,s})(y)ϱ(y)‖_Y ‖χ(_α(_s)_{,β}(_t))(y)k(t, y)σ(y)‖_X′ < ∞ are satis˛ed.

Combining Theorem 4.9 with Corollary 4.7, we get the following result.

Theorem 4.10. Let a, w, v, X and Y be as in Theorem 4.4 and let moreover

(X, Y ) ∈ L. Let k be an admissible kernel and let T be the Volterra operator

given by (4.10). Then (4.9) holds if and only if all of the following ˛ve conditions

are satis˛ed: sup 0<x<V (a) ‖ ‖ ‖ ‖ χ(0_{,x})(t)ϱ(V^−1(t))

∫_V −1(_t) 0 k(V^−1(t), s)σ(s) ds ‖ ‖ ‖ ‖_Y × ‖ ‖ ‖χ(_W (_{V −}1(_x))_{,W} (_a))(t)1 t ‖ ‖ ‖ X^′ < ∞, sup 0<x<V (a) ‖ ‖χ(_{x,V} (_a))(t)ϱ(V^−1(t))k (V^−1(t), V^−1(x)) ‖ ‖_Y

× ‖ ‖ ‖ ‖ ‖ χ(0_{,W} (_V −1(_x)))(t) 1 t ∫_W −1(_t) 0 σ(s) ds ‖ ‖ ‖ ‖ ‖_{X′} < ∞,

sup 0<x<V (a) ‖ ‖χ(_{x,V} (_a))(t)ϱ(V^−1(t)) ‖ ‖_Y

× ‖ ‖ ‖ ‖χ(0_{,W} (_V −1(_x)))(t)k ( V^−1(x), W^−1(t) ) 1 t ∫_W −1(_t) 0 σ(s) ds ‖ ‖ ‖ ‖ X^′ < ∞,

sup 0<x<V (a) ‖ ‖χ(_{x,V} (_a))(t)ϱ(V^−1(t)) ‖ ‖_Y

× ‖ ‖ ‖ ‖ χ(0_{,W} (_V −1(_x)))(t) 1 t ∫_W −1(_t) 0 k(W^−1(t), s)σ(s) ds ‖ ‖ ‖ ‖_{X′} < ∞, ‖ ‖ ‖ ‖ ϱ(V^−1(t))

∫_V −1(_t) 0 k(V^−1(t), s)χ(0_{,ξ})(s)σ(s) ds ‖ ‖ ‖ ‖_Y . ‖ ‖χ(0_{,W} (_ξ)) ‖ ‖_X

14 AMIRAN GOGATISHVILI AND LUBOľ PICK

for every ξ ∈ (0, a).

In particular, for the two-weight Hardy operator (T f)(t) = ϱ(t) ∫_t 0 σ(s)f(s) ds, f ∈ M+(0, a), (4.13)

where ϱ, σ are weights on (0, a), we have the following result.

Corollary 4.11. Let a, w, v, X and Y be as in Theorem 4.4 and let moreover (X, Y ) ∈ L. Let T be the two-weight Hardy operator from (4.13). Then (4.9) holds if and only if all of the following three conditions are satis˛ed: sup 0<x<V (a) ‖ ‖ ‖ ‖ ‖ χ(0_{,x})(t)ϱ(V^−1(t))

∫_V −1(_t) 0 σ(s) ds ‖ ‖ ‖ ‖ ‖_Y ‖ ‖ ‖ ‖χ(^W (^{V −}1(^x))^{,W} (^a))(t) 1 t ‖ ‖ ‖ ‖_{X′} < ∞;

sup 0<x<V (a) ‖ ‖χ(_{x,V} (_a))(t)ϱ(V^−1(t)) ‖ ‖_Y ‖ ‖ ‖ ‖ χ(0_{,W} (_V −1(_x)))(t) 1 t ∫_W −1(_t) 0 σ(s) ds ‖ ‖ ‖ ‖_{X′} < ∞; ‖ ‖ ‖ ‖ ‖ ϱ(V^−1(t))

∫_V −1(_t) 0 σ(s)χ(0_{,ξ})(s) ds ‖ ‖ ‖ ‖ ‖_Y . ‖ ‖χ(0_{,W} (_ξ)) ‖ ‖_X for every ξ ∈ (0, a).

5. Embedding theorems for ~_X spaces

Theorem 4.6 will now be applied to characterize embeddings of type ~_X → ~_Y .

Theorem 5.1. Let a ∈ (0, ∞], let v, w be two weights on (0, a), let X be an r.i. space over ((0, a), w) and let Y be an r.i. space over ((0, a), v). Then the inequality ‖f‖_Y . ‖f‖_X holds for all f ∈ M+(0, a; ↓) if and only if both of the conditions ‖ ‖ ‖ ∫_W (_a)

W (V^−1(t)) h(s) s ds ‖ ‖ ‖_Y . ‖h‖_X for all h ∈ M+(0, W (a)),

(5.1) and ‖χ(0_{,V} (_ξ))‖_Y . ‖χ(0_{,W} (_ξ))‖_X , for all ξ ∈ (0, a),

(5.2)

are satis˛ed.

Proof. We just apply Theorem 4.6 to the case when T is the identity operator.

Corollary 5.2. Let a, v, w, X and Y be as in Theorem 5.1. Then the embedding ~_X → ~_Y (5.3)

holds if and only if both of the conditions (5.1) and (5.2) are satis˛ed.

Corollary 5.3. Let a, v, w, X and Y be as in Theorem 5.1 and assume moreover that (X, Y ) ∈ L. Then (5.3) holds if and only if both of the conditions sup 0<x≤V (a) ‖ χ(0_{,x}) ‖ Y ‖ ‖ ‖χ(^W (^{V −}1(^x))^{,W} (^a))(t) 1 t ‖ ‖ ‖_{X′} < ∞ and (5.2) are satis˛ed.

DUALITY PRINCIPLES AND REDUCTION THEOREMS 15

6. A reduction theorem

Our ˛nal main goal is to prove a reduction theorem for the inequality ‖ ‖ ‖T (∫_t 0 f(y) dy )‖ ‖ Y . ‖f‖X , (6.1)

where f ∈ M+(0, a; ↓), a ∈ (0, ∞], and the operator T is not necessarily linear but instead it is supposed to be monotone (that is, if T f ≤ T g on (0, a) whenever 0 ≤ f ≤ g on (0, a).)

Examples of such operators are the identity operator T f := f or, more importantly, the operator (T g)(t) := sup_{s≥t} v(s)g(s), where v is a weight on (0, a). Applied to this operator, the reduction theorem can be used to obtain information about the behaviour of the fractional maximal operator. For details see [11] and [5].

We shall give a direct proof which does not rely on duality results. On the other hand, a restriction on Boyd indices has to be assumed.

Theorem 6.1. Let a ∈ (0, ∞]. Let T be a positive quasilinear monotone operator. Assume that X is an r.i. space over ((0, a), w) and let Y be a Banach lattice over (0, a). Suppose that 1 < i_X ≤ I_X < ∞. (6.2)

Then the inequality (6.1) holds for all f ∈ M+(0, a; ↓) if and only if both of the inequalities

‖T (tf(t))‖_Y . ‖f‖_X for all f ∈ M+(0, a; ↓),

(6.3) and ‖ ‖ ‖ ‖T (∫_t 0 g(y) dy )‖ ‖ ‖_Y . ‖ ‖ ‖ ‖g(s) W (s) sw(s) ‖ ‖ ‖ ‖_X for all g ∈ M

+(0, a) (6.4)

are satis˛ed.

Proof. We begin with proving the necessity of (6.3) and (6.4). First, for f ∈

M^+(0, a; ↓) we obviously have_{∫ t} 0 f(y) dy ≥ tf(t), t ∈ (0, a), hence (6.3) immediately follows from (6.1) and the monotonicity of T . Let g ∈

M^+(0, a) and set h(t) =^{∫ a}_t s^{−1}g(s) ds. Then for t ∈ (0, a), ∫_t 0 g(s) ds = ∫_t 0 s^−1g(s) (∫_s 0 dy ) ds = ∫_t 0 (∫_t y s^−1g(s) ds ) dy ≤ ∫_t 0 h(s) ds. Now, h is obviously non-increasing, whence, by monotonicity of T , (6.1) and (3.3), ‖ ‖ ‖ ‖T (∫_t 0 g(y) dy )‖ ‖ ‖_Y ≤ ‖ ‖ ‖ ‖T (∫_t 0 h(y) dy )‖ ‖ ‖_Y . ‖h‖^X = ‖ ‖ ‖ ∫_a t y^−1g(y) dy ‖ ‖ ‖_X . ‖ ‖ ‖g(t) W (t) tw(t) ‖ ‖ ‖_X , proving the necessity of (6.4).

16 AMIRAN GOGATISHVILI AND LUBOľ PICK

To show the su‹ciency part of the theorem, we can restrict ourselves to those f which can be expressed as

f(t) = K + ∫_a t h(s) ds = f1(t) + f2(t), h ∈ M+(0, a), t ∈ (0, a), where K > 0. First, for the constant function f1 we have ∫_t 0 f1(y) dy = tf1(t), hence, by (6.3), the inequality (6.1) is satis˛ed for f = f1. Since the operator T is quasilinear, it is enough to verify (6.1) also for f2. We have ∫_t 0 f2(s) ds = ∫_t 0 (∫_a y h(s) ds ) dy = ∫_t 0 (∫_t y h(s) ds ) dy + t ∫_a t h(s) ds = ∫_t 0 sh(s) ds + tf2(t). By (6.3), ‖T (tf2(t))‖_Y . ‖f2‖_X , and therefore it will su‹ce to show ‖ ‖ ‖ ‖T (∫_s 0 h(s) ds )‖ ‖ ‖_Y . ‖f‖^X . (6.5)

Next, ∫_t 0 sh(s) ds = 1 W (t) ∫_t 0 sh(s)W (s) ds + ∫_t 0 sh(s)W (s) (∫_t s w(y) W 2(y) dy ) ds ≤ t W (t) ∫_t 0 h(s)W (s) ds + ∫_t 0 h(s)W (s) (∫_t s y W 2(y) w(y) dy ) ds = t W (t) ∫_t 0 (∫_t y h(s) ds ) w(y) dy + ∫_t 0 y W 2(y) (∫_y 0 h(s)W (s) ds ) w(y) dy = t W (t) ∫_t 0 f(y)w(y) dy + ∫_t 0 y W 2(y) (∫_y 0 (∫_y z h(s) ds ) w(z) dz ) w(y) dy = t W (t) ∫_t 0 f(y)w(y) dy + ∫_t 0 y W 2(y) (∫_y 0 f(z)w(z) dz ) w(y) dy. By (6.3) (note that A_wf is non-increasing, as mentioned in Remark 2.7), and (3.2), ‖ ‖ ‖ ‖T ( t W (t) ∫_t 0 f(s)w(s) ds )‖ ‖ ‖_Y . ‖A^wf‖^X . ‖f‖^X , and, by (6.4) and (3.2), ‖ ‖ ‖T (∫_t 0 y W 2(y) (∫_y 0 f(s)w(s) ds ) w(y) dy )‖ ‖ Y . ‖Awf‖X . ‖f‖X . The last two estimates yield (6.5). The proof is complete.

Theorem 6.1 can be applied to obtain an important characterization of weights for which the operator from (1.2) is bounded from one weighted Lebesgue space into another. Details can be found in [11].

We now present a generalization of Theorem 6.1 to operators involving kernels. The proof uses the same ideas and is therefore omitted.

DUALITY PRINCIPLES AND REDUCTION THEOREMS 17

Theorem 6.2. Let a ∈ (0, ∞]. Let T be a positive quasilinear monotone operator. Let k(t, s) be a non-negative measurable function on non-increasing in s and nondecreasing in t, and satisfying k(t, s) ≈ k(t, y) + k(y, s) for every 0 < s ≤ y ≤ t < a. Assume that X is an r.i. space on (0, a) and let Y be a Banach lattice over (0, a). Suppose that (6.2) is satis˛ed. Then the inequality ‖ ‖ ‖T (∫_t 0 k(t, s)f(s) ds )‖ ‖ ‖_Y . ‖f‖^X , f ∈ M +(0, a; ↓), holds if and only if all of the inequalities ‖ ‖ ‖T ( f(t) ∫_t 0 k(t, s) ds )‖ ‖ Y . ‖f‖X , f ∈ M^+(0, a; ↓), ‖ ‖ ‖T (∫_t 0 k(t, s)sw(s) W (s) g(s) ds )‖ ‖ ‖_Y . ‖g‖^X , g ∈ M +(0, a), and ‖ ‖ ‖ ‖ ‖ T (∫_t 0 w(s) (∫_s 0 k(s, y) dy ) W (s) g(s) ds )‖ ‖ ‖ ‖_Y . ‖g‖_X , g ∈ M+(0, a), are satis˛ed.

Acknowledgment: This research was partly supported by the grant no. 201/97/0744 of the Grant Agency of the Czech Republic and further by CEZ J13/98113200007. The paper was written while the ˛rst author was visiting the Mathematical Institute of the Czech Academy of Sciences the warm hospitality of which he wishes to acknowledge. We would like to thank B. Opic for helpful comments.

References

[1] M. Ari~no and B. Muckenhoupt, Maximal functions on classical Lorentz spaces and Hardy’s inequality with weights for non-increasing functions, Trans. Amer. Math. Soc. 320 (1990), 727{735.

[2] C. Bennett and R. Sharpley, Interpolation of Operators, Pure and Applied Mathematics Vol. 129, Academic Press, Boston 1988.

[3] E.I. Berezhnoi, Weighted inequalities of Hardy type in general ideal spaces, Soviet Math.

Doklady 43 (1991), 492{495.

[4] M. Carro and J. Soria, Weighted Lorentz spaces and the Hardy operator, J. Funct. Anal.

112 (1993), 480{494.

[5] A. Cianchi, R. Kerman, B. Opic and L. Pick, A sharp rearrangement inequality for fractional maximal operator, Studia Math. (to appear).

[6] M. Cwikel and E. Pustylnik, Sobolev type embeddings in the limiting case, J. Fourier Anal.

Appl. 4 (1998), 433-446.

[7] R.Ya. Doktorskii, Reiteration relations of the real interpolation method, Soviet Math. Dokl.

44 (1992), 665{669.

[8] D. E. Edmunds, R. Kerman and L. Pick, Optimal Sobolev embeddings involving rearrangement-invariant quasinorms, J. Funct. Anal. (to appear).

[9] W. D. Evans and B. Opic, Real interpolation with logarithmic functors and reiteration, (to appear).

[10] A. Gogatishvili and J. Lang, The generalized Hardy operator with kernel and variable integral limits in Banach function spaces, J. Ineq. Appl. 4 (1999).

[11] A. Gogatishvili, B. Opic and L. Pick, Weighted inequalities for Hardy-type operators involving suprema, Preprint, 2000.

[12] R. Kerman and L. Pick, The dual of an optimal Sobolev domain, Preprint, 1999.

18 AMIRAN GOGATISHVILI AND LUBOľ PICK

[13] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I and II, Springer-Verlag, Berlin{ Heidelberg{New York 1996.

[14] L. Pick, Optimal Sobolev embeddings, Nonlinear Analysis, Function Spaces and Applications 6. Proceedings of the Spring School held in Prague, May 31-June 6, 1998, M. Krbec and A. Kufner (Eds.), Olympia Press, Prague 1999, 156{199.

[15] L. Pick, Optimal Sobolev inequalities, supremum operators and duality of rearrangementinvariant norms, Function Spaces, Di¸erential Operators and Nonlinear Analysis 4. Proceedings of the Conference held in Syöte (Finland), June 10-16, 1999, V. Mustonen and J. Rákosník (Eds.), Math. Inst. Acad. Sci. Czech Republic, Prague 2000, 207{219.

[16] E. Pustylnik, Optimal interpolation in spaces of Lorentz-Zygmund type, Preprint, 1998. [17] E. Sawyer, Weighted Lebesgue and Lorentz norm inequalities for the Hardy operator, Trans.

Amer. Math. Soc. 281 (1984), 329{337.

[18] E. Sawyer, Boundedness of classical operators on classical Lorentz spaces, Studia Math. 96 (1990), 145{158.

[19] V. D. Stepanov, The weighted Hardy’s inequality for non-increasing functions, Trans. Amer.

Math. Soc. 338 (1993), 173{186.

Amiran Gogatishvili, A. Razmadze Mathematical Institute, Georgian Academy of Sciences, M. Aleksidze 1, 380093 Tbilisi, Georgia, e-mail: gogati@rmi.acnet.ge current address: Mathematical Institute, Czech Academy of Sciences, őitná 25, 115 67 Praha 1, Czech Republic, e-mail: gogatish@math.cas.cz

Luboź Pick, Mathematical Institute, Czech Academy of Sciences, őitná 25, 115 67 Praha 1, Czech Republic current address: Department of Mathematical Analysis, Faculty of Mathematics and Physics of the Charles University in Prague, Sokolovská 83, 186 00 Praha 8, Czech Republic, e-mail: pick@karlin.mff.cuni.cz