ON SEPARATING SETS OF WORDS IV
V. FLASKA, T. KEPKA AND J. KORTELAINEN

ABSTRACT. Further properties of transitive closures of special re-
placement relations in free monoids are studied.

1. INTRODUCTION

This article is an immediate continuation of [1], [2] and [3]. Refer-
ences like 1.3.3 (I1.3.3, I11.3.3, resp.) lead to the corresponding section
and result of [1] ([2], [3], resp.) and all definitions and preliminaries
are taken from the same source.

2. COMPLEMENTARY SEQUENCES

Troughout this note, let Z C AT be a strongly separating set of
words and let ¢ : Z — A* be a mapping with ¢(z) # z for every
z € Z. Notice that then the corresponding replacement relation p
(= pzyp) is irreflexive.

Two sequences pg, Pi, ..., Pm and qo, q1, . .., @m, m > 1, of words will
be called ((Z,4)— or p-) complementary if, for every 0 < i < m, either
(pi, piz1) € p and q; = qip1 or p; = piy1 and (¢, giy1) € p. Notice that
due to the irreflexivity of p, just one of the two cases holds.

Lemma 2.1. Let pg,p1,...,Pm and qo,q1,--.,qm be complementary
sequences. Then:

(i) Both the sequences are \-sequences.

(i) (po, pm) € & and (go, 4m) € &

(i) If (posPm) & T ((90,Gm) & T, resp.), then po = p1 = -+ = pp,
(CJo =q1 =" =m, T'GSp.), qo,q1,---,49m (Pmpb < ey Pm; T'GS]J.)
is a p-sequence and (qo, qm) € T ((po, Pm) € T, TESP.).

(iv) FEither (po, pm) € T or (qo, qm) € T.

Proof. Easy. O

Let wg, wq, ..., w, be a p-sequence and let z € Z. Furthermore, let
a; = (pi, 2i, ¢i) € Tr(w;) (so that w; = p;zq;) for all i =0,1,...,m. We
will say that the p-sequence is (z, a, ..., ay)-fluent if the sequences
Do, P1y- - -5 Pm and qo, q1, . . ., ¢m are complementary.
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Lemma 2.2. Let (wo,w1) € p and a = (po, 2,q0) € Tr(wy). Then
wo = Pozqo and at least one of the following two cases holds:

(1) Wo g w1, (w07w1> S Pz and wy = pow(z)%{
(2) wy = p1zq1 and the sequences po, p1 and qo, ¢1 are complemen-
tary (and hence the sequence wg,wy is (z,a, B)-fluent, § =

(P1,2,q1)).

Proof. Assume that (1) is not true. Then there is v = (7, z1, s) € Tr(wyp)
such that v # « and wy; = ry(z1)s. We have ppzqy = wo = rz18, where
po # 1 and gy # 5. Consequently, [po| # |r| and |go| # |s|.

First, assume that |pg| < |r|. Then r = pory, r1 # €, 2q0 = 11215,
lgo| > |s], qo = s18, s1 # € and zs; = ry2;. From this, r; = 2t and s; =
tzy and we get wg = pozqo = pori121S = Poztz1S, qu = tz18, r = pozt,
wy = 1(21)s = pozty(21)s = pi1zqi, where py = p1, q1 = t(z1)s and

(QO7q1) € p.
Next assume that |r| < |po|. Then py = rr1, r1 # €, 11290 = 215,
Ir| > |z1|, m1 = =1t, s = tzqo, po = rzit. Now, wy = rzitzqo,

wy = r)(z1)s = rp(z1)tzqo = p1z2qi, where qo = q1, p1 = r(z)t
and (po,p1) € p.
The lemma follows easily from 1.6.4 as well. U

Lemma 2.3. Let wg, wy, . .., w, be a p-sequence and let oy = (po, 2, Qo) €
Tr(wg) (so that wy = pozqo). Then at least one of the following two
cases holds:
(1) wo =3 wi, (wo, w1) € ps and wy = porp(2)qo;
(2) There are 1 < n < m and o; = (pi,2,¢;) € Tr(w;) (so that
w; = pizqi), 0 < i < n, such that the sequence wg, wy, ..., wy,
is (2,0, a1, ...,q,)-fluent and either n = m or n < m and

W1 = Puth(2)qn (50 that (Wy, Wni1) € p. and wy, <3 Wy ).

Proof. Assume that (1) is not true and proceed by induction on m.
If m = 1 then 2.2 applies. If m > 2, we consider the sequence
W1, W2y ..., Wn. ]

Remark 2.4. Consider the situation from 2.3 (2) and assume that
n < m. Put vy = pozqo = wo, v1 = pPo¥(2)qo, v2 = P1Y(2)q, ...,
Up = Ppaa¥(2)qn—1 and vpy1 = pp¥(2)g¢n = wpyr. Clearly, wy =

. oqQ o
Vo, V1y..-,Un,Upnr1 = Wpy1 1S a p-S€QUENCE, Vg = Wy — V1, W1 — V2, ...,
Qn
Wp = Vpt1 = Wpy1 and Wo = Vo, V1, -+ -, Un,y Ungl = Wpt1; Wnt2, - - - Wiy

is a p-sequence. In particular, (pov’(2)qo, W) = (v1,wy,) € T.

3. AUXILIARY RESULTS (A)
Lemma 3.1. Let 21,20 € Z and r € A*. Then z1r(29) = ¢ (21)rz2 iff
at least (and then just) one of the following two cases holds:
(1) There are s,t € A" such that sr = rt (see 1.3.5) and z =
Y(21)s, 22 = th(22);
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(2) There are s,t € AT such that sr = rt and ¥(z1) = 218, ¥(z2) =
tZQ.

Proof. Easy. U

Corollary 3.2. The following two conditions are equivalent:
(i) z1m(22) # WU(21)rze for all z1,20 € Z and r € A*.

(i) sr # rt for every r € A* whenever s,t € A" and z1, 2, € Z are
such that either zy = ¥(21)s and zo = t(29) or ¥(z1) = 218
and V(zy) = tzo (the latter case does not take place when 1 is
strictly length decreasing).

Lemma 3.3. Let (wp,wy1) € p and o = (po, z,q0) € Tr(wp) (see 2.2).
If the equivalent conditions of 3.2 are satisfied, then just one of the
cases 2.2 (1), (2) holds.

Proof. If both 2.2 (1), (2) are true, then pyt(z)qy = w1 = p1zq1 and
either po = p1 and (o, q1) € p or (po,p1) € p and gy = ¢;. Assume the
first case, the other one being similar. Then ¥(2)qy = 2q1, qo = 7215,
¢ = r(z1)s and (2)rz; = zrip(z1). The rest is clear from 3.2. O

Remark 3.4. Assume that the equivalent conditions of 3.2 are satisfied
and let (wgp,w;) € p. Then it follows from 3.3 that wy <% w; for a
uniquely determined instance a € Tr(wy).

Remark 3.5. Assume that the equivalent conditions of 3.2 are satisfied
and consider the situation from 2.3. Then just one of the cases 2.3 (1),
(2) holds. Furthermore, if 2.3 (2) is true, then the number n and the
instances «g, aq, ..., o, are determined uniquely.

4. AUXILIARY RESULTS (B)

In this section, let zq,20 € Z, 21 # 29, 71,79, 81,52 € A", t1 = r12151
and t9 = r92989.

Lemma 4.1. t; # ty in each of the following six cases:

2) S§1 = S92,

3) 11, $1 are reduced;
4) roy, so are reduced;
5) r1, To are reduced;
6) s1, s2 are reduced.

Proof. Easy to see (use 1.6.4). d
Lemma 4.2. Assume that the mapping 1 is length decreasing. Then

(t1,t2) & T in each of the following three cases:

(1) |ri| + |s1] < |r2| + Is2l, 21| < |22| and at least one of these
inequalities is sharp (equivalently, |t1] < |t2|);



ON SEPARATING SETS OF WORDS IV 4

(2) 71, 81 are reduced, |ri| + [s1] < |ro| + |s2], [1(21)| < [22] and at
least one of these inequalities is sharp;
(3) 71, s1 are reduced and |(z1)| < |z1].

Proof. Easy (if 11, s1 are reduced and (ty,t3) € 7, then (r19(21)s1,t2) €
6) .

Corollary 4.3. Assume that the mapping ¥ s strictly length decreasing
and the words rq, re, $1, So are reduced. Then (t1,t2) ¢ & and (ty, 1) ¢

€.
5. AUXILIARY RESULTS (C)

In this section, let z; € Z, r;,s; € A" and t; = r;z;8;, i1 = 1,2, be
such that (¢1,t2) ¢ € and (t2,t1) ¢ & (see the preceding section). Put
(P(t1,t2) =) P = {w € A*|(w,t;) € & (w,t3) € &} and denote by
(Q(t1,t2) =) Q the set of w € P such that w = w" whenever v’ € P
and (w,w’) € €.

Lemma 5.1.
(i) If w € P, then (w,ty) € T, (w,t2) € T and t1 # w # ts.
(i) If w € P, then w € Q if and only if (w,w’") & p for every
w' € P.

Proof. Easy. O

Remark 5.2. Assume that P # (). By I11.6.4 (i), there exists at least
one word t € A* with (t1,t) € £ and (t2,t) € £&. Then (¢1,t) € 7 and
(ta,t) € 7. Furthermore, if r;, s; are reduced, then (r19(z1)s1,t) € &
and (rq1)(29)s9,1) € &.

Lemma 5.3. Assume that the relation p is reqular (e.qg., if ¥ is strictly
length decreasing — see 111.7.7). Then for every w € P there exists at
least one w' € Q with (w,w') € &.

Proof. Put R = {v € P|(w,v) € £} and M = {dist(v, t1)+dist(v, t2) | v €
R}. Then M is a non-empty set of positive integers and if w’ € R is
such that dist(w’,t1) + dist(w’, t5) is the smallest number in M, then
w’ € . Notice that if 1) is strictly length decreasing and w’' € R is
such that |w’| is the smallest number in |R|, then w' € Q. O

Now, take w € @) and let wéi),wgi),...,w,(q?i, m; > 1,1 =1,2, be
p-sequences such that w(()z) = w and w) =t,.

Lemma 5.4. If (wj(.il),w,(f)) € & for {i1,in} = {1,2} and some 0 <
j<my, 0<k<m,,, then wj(-il) =w.

Proof. We have (w](-il),til) € ¢ and (w,(f),tiz) € £ Since iy # g, it

follows that wj(-il) € P. But w € Q and (w,wj(-il)) € £. Consequently,
wj(.il) = w. O
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Lemma 5.5. w1 #wl .

Proof. If w(l) =0 = w12 , then v € P, (w,v) € p and v = w, since
w E Q. Thus (w,w) € p, a contradiction with the irreflexivity of p. O

Lemma 5.6. Assume that either T is irreflexive (see 111.3.3) or that
the sum my + mgy is minimal (for the word w). Then:

(i) (Wi, wi®) ¢ € for all {i, iz} = {1,2}, 0 < j <myy, 0< k<
mi, .

(ii) All the words w = w(()) = w(()Q), ](j), Jgi=1,2,...,m, 1 =1,2,
are pair-wise different.

Proof. Easy (use 5.4). O
Lemma 5.7. tr(w) > 2 (i. e., w is not meagre).

Proof. Clearly, w is not reduced. On the other hand, if tr(w) = 1,
then w = pzq, where z € Z and p, g are reduced. Consequently,

= pY(2)q, w§ ) = wg ), a contradiction with 5.5. O

Lemma 5.8. alph(w) C alph(¢;) U alph(ts).

Proof. Let, on the contrary, w = pzq, where z € Z and z ¢ alph(¢;) U
alph(ty). Using 2.3 and 2. 4 we get p-sequences v(()),v§ ), i ,vﬁ,il, 1=
1,2, such that v(()) = w, vl = pY(z)q and v() = t;. Then ’UY) = v,
where (v,t;) € &, v € P and v = w a contradiction with the irreflexivity

of p. O

Lemma 5.9. Assume that z; # zo and z; ¢ alph(ry) U alph(ss) (i. e.,
z1 ¢ alph(ts)). If w = poz1qo, then the sequence w = w(()l), wgl), .. wmz =
t1 4s (21,00, - . ., Q) -fluent, where ag = (po, 21,qo), 1 = (P17217Q1);

Opy = (pmuzl?qwn>7 Pm; = 71, @m; = S1 (then <p07r1) € f and
(g0, 51) € &).

Proof. Proceeding by contradiction, assume that our result is not true.
According to 2.3 and 2.4, there is a p-sequence w = v((f),pow(zl)qo =
v§ ),vg). o) = t,. Thus v?) =v = v§2), (v,t1) € & (v,t2) € &,
v € Pand v =w, (w,w) € p, a contradiction with the irreflexivity of
p- U

Lemma 5.10. Assume that zy # zo and z; ¢ alph(ry) U alph(ry) U
alph(sy). Then w # yoz1yr21y2 for all yo, y1,y2 € A*.

Proof. Let, on the contrary, w = yoz19121%2. Then (yoz1y1,71) € &
and (y2,s1) € & by 5.9 and 2.1 (ii). Since z; ¢ alph(ry), we have
(Yot (21)y1,71) € € by 2.4, and therefore (yo1)(z1)y12192,t1) € €. On the
other hand, z; ¢ alph(ts), and so (yow(21)y121Y2, t2) € £ as well. Thus
Yo (z1)y121y2 € P, a contradiction with w € @ and ¥(z1) # 2. O
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Proposition 5.11. Assume that zy # 2o and r;, s; are reduced, i = 1, 2.
Then there exist reduced words xg, x1,To € A* such that just one of the
following two cases takes place:

(1) w = xoz1m122%2, Ty = T1, (T120m9,81) € T, (Toz121,72) €
T and Ty = So (then w = 1121212282, (x19(22)82,81) € &,
(r1¢(z1)x1,1m2) € € and 11, so are reduced);

(2) w = xp2em121T2, Ty = To, (X121T9,82) € T, (Tozax1,71) €
T and o = s1 (then w = rozewi2151, (T190(21)81,82) € &,
(rotp(22)x1,m1) € € and 1o, $1 are reduced).

Proof. Combining 5.7, 5.8 and 5.10 (and the dual), we see that tr(w) =
2 and alph(w) = {21, 22}. According to 1.6.4, either w = xgz121 2929 OF
W = Tg2ZeX121T2, Where xg, x1 and xo are reduced. Assume the former
equality, the latter being dual. Now, it follows from 5.9 that (xg,71) €
€. Since 1z is reduced, we get xy = 7. Furthermore, (z12919,51) €
¢ and, since zo ¢ alph(s;), we have (x12919,51) € 7. The rest is
similar. O

Remark 5.12. Consider the situation from 5.11 (and its proof) and
assume that (1) is true (the other case being dual). Put u; = z19(22)s
and uy = m19(z1)x;. We have (uy,s1) € € and (ug, ) € €.

(i) If uy is reduced, then uy = s1, t; = r212190(22)S2, (w,t1) € p
and (t1,u3) € p, where uz = r19(21)r19(22) 2.

(ii) If us is reduced, then ug = 19, to = r1v(21)T12282, (w,t2) € p
and (t2,u3) € p, where uz = r19(z1)x19(22)S2.

(iii) If the equivalent conditions of I1.7.3 are satisfied, then all the
words uq, ug, S1, ro are meagre. Now, if s; is not reduced,
then sy = yoz3y1, 23 € Z, 21 # 23 # 22, Yo, Y1 are reduced and
t1 = riz1y023y1. If 79 is not reduced, then ro = yo24y3, 24 € Z,
21 # 24 # Z9, Y2, y3 are reduced and ty = Yo24Y3292.

Remark 5.13. Assume that P # () and choose w’ € P such that m/ +m/,
is minimal, where m) and m/, is the length of a p-sequence from w’ to
t; and to, resp. It is easy to see that 5.5, 5.7, 5.8 and 5.9 remain true.

6. THE ULTIMATE CONSEQUENCE

Theorem 6.1. Assume that the mapping v is strictly length decreas-
ing. Let z1,z9 € Z and ri,79,581,89 € A* be such that zy # z, the
words 11, T, S1, S2 are reduced and P(ty,ts) # 0, where t; = ri218
and ty = roz989. Then Q(t1,t2) # 0 and, if w € Q(t1,t2), then just one
of the following two cases takes place:

(1) w=riz122289, (rz12,72) € T, (x2952, 51) € T and x is reduced;
(2) w = rozeyz151, (r222y,11) € T, (Y2151, $2) € T and y is reduced.

Proof. By 5.3, Q(t1,t2) # (). The rest follows from 5.11. O
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