
COMMUTATIVE PARASEMIFIELDSFINITELY GENERATED AS SEMIRINGSV�it�ezslav Kala and Tom�a�s KepkaAbstra
t. Commutative parasemi�elds that are �nitely generated as semirings arestudied in more detail.This short arti
le 
ontinues immediately [2℄ and [3℄ and the reader is fully referredto the 
ited papers as 
on
erns all ne
essary and/or helpful prerequisities.1. Introdu
tionBy a parasemi�eld we mean a non-trivial algebrai
 stru
ture with two 
ommu-tative and asso
iative binary operations, addition and multipli
ation, where themultipli
ation forms an (abelian) group and distributes over the addition. Familiarexamples of su
h a stru
ture are the parasemi�elds of positive rational or real num-bers. Both these parasemi�elds are 
ongruen
e-simple and they are not �nitelygenerated as semirings. In fa
t, a

ording to [1, 14.3℄, every 
ongruen
e-simple�nitely generated 
ommutative semiring is either �nite or additively idempotent.A 
orresponding result for ideal-simple �nitely generated 
ommutative semiringsseems to be an open problem. A

ording to [2, 5.1℄, it is suÆ
ient to solve theproblem only for parasemi�elds. Sin
e every parasemi�eld is in�nite, it wouldmean that a parasemi�eld is additively idempotent, provided that it is a �nitelygenerated semiring.2. Parasemifields and subsemigroups of Nm0In the paper, let S be a 
ommutative parasemi�eld that is not additively idem-potent (i.e., 1S 6= 1S + 1S = 2S).First, observe that the prime subparasemi�eld T of S (i.e., the subparasemi�eldgenerated by the unit 1S) is a 
opy of the parasemi�eld Q+ of positive rationals. It isquite easy to show that Q+ is a 
ongruen
e-simple semiring (i.e., idQ+ and Q+�Q+are the only semiring 
ongruen
es of Q+) and that Q+ is not a �nitely generated1991 Mathemati
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2 V�IT�EZSLAV KALA AND TOM�A�S KEPKAsemiring. Consequently, if � is a 
ongruen
e of S, then either � � T = idT or T is
ontained in a blo
k of � and the fa
tor-semiring S=� is additively idempotent.For every u 2 S, the set Iu = (S + u) [ fug is the prin
ipal ideal of the additivesemigroup S(+) generated by the element u. We denote by Q the set of the elementsu 2 S su
h that Iu \ T 6= ;. Furthemore, we put R = (S + T ) [ T and P = Q \R;noti
e that R is the ideal of S(+) generated by T .2.1 Proposition. ([3℄) (i) Both Q and R are subsemirings of S.(ii) R = Q�1 = fu�1ju 2 Qg.(iii) S = QR = fuvju 2 Q; v 2 Rg.(iv) T � P = Q+ T = Q \R.(v) P is an additively ar
himedean and 
an
ellative parasemi�eld.(vi) Neither Q nor P is a �nitely generated semiring,(vii) If u1; : : : ; un 2 S; n � 1 are su
h that u1+� � �+un 2 Q, then u1; : : : ; un 2 Q.(viii) If u 2 S and n � 1 are su
h that un 2 Q (R;P , resp.), then u 2 Q (R;P ,resp.).(ix) If u; v; w 2 Q are su
h that u + v = u + w, then v + t = w + t for everyt 2 T .Proof. See [3, 4.3℄, [3, 4.8℄, [3, 3.11℄, [3, 4.10℄, [3, 4.18℄, [3, 4.4℄, [3, 4.6℄, and [3,4.15℄. �In the remaining part of the paper, assume that S is �nitely generated as asemiring. Let fz1; : : : ; zmg;m � 1; be a �nite set of generators of S.2.2 Lemma. (i) Q 6= S 6= R.(ii) Q 6= P 6= R.Proof. Combine 2.1(vi) and [3, 4.9℄. �PutA = f(k1; : : : ; km) 2 Nm0 jzk11 � � � zkmm 2 Qg, A0 = f(k1; : : : ; km) 2 Nm0 jzk11 � � � zkmm 2Rg, and B = f(k1; : : : ; km) 2 Nm0 jzk11 � � � zkmm 2 Pg (N0 denotes the semiring of non-negative integers).2.3 Proposition. (i) 0 2 A; 0 6= A 6= Nm0 and A is a pure subsemigroup of Nm0 (+)(i.e., nA = A \ nNm0 for every n � 1).(ii) A is not a �nitely generated semigroup.Proof. (i) Clearly, z01 � � � z0m = 1S 2 T � Q, and so 0 2 A. Sin
e Q(�) is a sub-semigroup of the multipli
ative group S(�), we see that A is a subsemigroup of theadditive semigroup Nm0 (+)(= N0(+)m). From 2.1(viii) follows that A is a puresubsemigroup.(ii) See [3, 4.19(iii)℄. �2.4 Lemma. Let k � 1 and ai = (ki;1; : : : ; ki;m) 2 Nm0 ; 1 � i � k.(i) If Pi zki;11 � � � zki;mm 2 Q, then ai 2 A for every i; 1 � i � k.(ii) If qi 2 Q+0 ; 1 � i � k (the semi�eld of non-negative rationals) are su
h thata =Pi qiai 2 Nm0 (+) and if ai 2 A for every i, then a 2 A.Proof. (i) The assertion follows easily from 2.1(vii).(ii) We have qi = ri=si for suitable ri 2 N0 and si 2 N . If s = s1 � � � sk thensqi 2 N0 ; bi = sqiai 2 A and sa =P bi 2 A \ sNm0 = sA. Thus a 2 A. �



COMMUTATIVE PARASEMIFIELDS FINITELY GENERATED AS SEMIRINGS 32.5 Proposition. 0 2 A0; A0 6= Nm0 and A0 is a pure subsemigroup of Nm0 (+).Proof. Similar to that of 2.3(i). �2.6 Proposition. (i) 0 2 B and B is a pure subsemigroup of Nm0 (+).(ii) B = A \ A0.(iii) B 6= A.Proof. (i) Similar to 2.3(i).(ii) We have P = Q \ R.(iii) If B = A then A � A0, and hen
e R = S, a 
ontradi
tion with 2.2(i). �2.7 Lemma. Let b 2 A. Then b 2 B if and only if a� b 2 A for every a 2 A su
hthat a� b 2 Nm0 .Proof. Let b = (k1; : : : ; km) and u = zk11 � � � zkmm 2 Q. If b 2 B then u 2 P , u�1 2 Qand zl1�k11 � � � zlm�kmm = u�1v 2 Q, where a = (l1; : : : ; lm) 2 A and a � b 2 Nm0 .Consequently, a� b 2 A.Now we are going to show the 
onverse impli
ation. We have u�1 =Pki=1 zki;11 � � � zki;mmfor some k � 1 and ai = (ki;1; : : : ; ki;m) 2 Nm0 ; 1 � i � k. Then 1S = uu�1 =Pi zk1+ki;11 � � � zkm+ki;mm 2 Q, and it follows from 2.4(i) that b + ai 2 A for everyi. On the other hand, ai = (b + ai) � ai 2 Nm0 and we get that ai 2 A. Thuszki;11 � � � zki;mm 2 Q for every i and, �nally, u�1 2 Q. Thus u 2 P and b 2 B. �2.8 Lemma. Let a 2 A0 and b 2 B be su
h that a� b 2 Nm0 . Then a� b 2 A0.Proof. See the �rst part of the proof of 2.7. �2.9 Lemma. Let a 2 A and a1; : : : ; ak 2 Nm0 ; k � 1; be su
h that a + ai 2 A forevery i; 1 � i � k. Assume that there exist positive integers n1; : : : ; nk su
h that(ni � 1)a+ niai 2 A for every i. Then:(i) (n� 1)a+ nai 2 A for all i and positive integers n � max(ni).(ii) (n� 1)a+P riai 2 A for all n � max(ni) and r1; : : : ; rk 2 N0 ;P ri = n.Proof. (i) We have n = ni + li for some li 2 N0 and (n� 1)a+ nai = (ni � 1)a+niai + li(a+ ai) 2 A.(ii) We have (n� 1)a+P riai =P(ri=n)((n� 1)a+ nai) 2 Nm0 . It remains to
ombine (i) and 2.4(ii). �2.10 Lemma. Let a = (k1; : : : ; km) 2 A and u = zk11 � � � zkmm 2 Q. Let ai =(ki;1; : : : ; ki;m) 2 Nm0 ; 1 � i � k; be su
h that u�1 =P vi, where vi = zki;11 � � � zki;mm 2S. Then:(i) a+ ai 2 A for every i.(ii) a 2 B and u 2 P , provided that there exist positive integers ni su
h that(ni � 1)a+ niai 2 A for every i.Proof. (i) Easy (see the se
ond part of the proof of 2.7).(ii) Put n = Pni. Then u�n = (P vi)n = Pr trQki=1 vrii , r = (r1; : : : ; rk) 2Nk0 ;P ri = n; tr 2 N ; un�1 = z(n�1)k11 � � � z(n�1)kmm and u�1 = un�1u�n. On theother hand, un�1Qki=1 vrii = zs11 � � � zsmm , where sj = (n�1)kj+Pki=1 riki;j for everyj = 1; : : : ;m. Sin
e (n � 1)a+Pi riai 2 A by 2.9(ii), we have un�1Qki=1 vrii 2 Qand 
onsequently, u�1 =Pr tr(un�1Qki=1 vrii ) 2 Q. Thus u 2 P and a 2 B. �



4 V�IT�EZSLAV KALA AND TOM�A�S KEPKA2.11 Remark. Consider the situation from 2.10. If a 2 AnB (i.e., u 62 P ), thenthere exists i0; 1 � i0 � k; su
h that (n� 1)a+ nai0 62 A for every positive integern. In parti
ular, ai0 6= 0. Now, if ai0 = qa for some q 2 Q+ , then q = r=s; r; s 2 N ;and we get (s�1)a+sai0 = (s�1)a+ ra = (s+ r�1)a 2 A, a 
ontradi
tion. Thusai0 62 Q+0 a.2.12 Lemma. Let a; a1; : : : ; ak 2 A; k � 1; b 2 Nm0 ; r; s 2 Q+ and q1; : : : ; qk 2 Q+0be su
h that rb� sa =Pki=1 qiai. Then (n� 1)a+ nb 2 A for a positive integer n(and hen
e a+ b 2 A).Proof. There are positive integers n; l; t su
h that r = n=t and s = l=t. Now,nb� la =Pi qiai 2 Nm0 and nb� la 2 A by 2.4(ii). But (n� 1)a+nb = (nb� la)+(n+ l � 1)a 2 A. �2.13 Lemma. The following 
onditions are equivalent for all a 2 A and b 2 Nm0 :(i) (n� 1)a+ nb 2 A for some n 2 N.(ii) There are r; s 2 Q+ ; k 2 N ; a1 ; : : : ; ak 2 A and q1; : : : ; qk 2 Q+0 su
h thatr(a+ b)� sa =Pki=1 qiai.Moreover, if these equivalent 
onditions are satis�ed, then a+ b 2 A.Proof. If (i) is true, then (n� 1)a+ nb = a1 2 A and n(a+ b)� a = a1, so we 
anput r = n; s = 1 = k; q1 = 1. Moreover, n(a+ b) = a1 + a 2 A and a+ b 2 A sin
eA is a pure subsemigroup of Nm0 (+).Now, assume that (ii) is satis�ed. We have r = k1=t and s = k2=t for suitablek1; k2; t 2 N . Then 
 = (k1�k2)a+k2b = t(r(a+b)�sa) =Pi tqiai 2 Zm\(Q+0 )m =Nm0 and 
 2 A by 2.4(ii). Consequently, (k1 � 1)a+ k1b = 
+ (k2 � 1)a 2 A. �2.14 Lemma. Let a 2 A be su
h that for every b 2 Nm0 with a+ b 2 A there exista1; : : : ; ak 2 A; k � 1; r; s 2 Q+ and q1; : : : ; qk 2 Q+0 with r(a+ b)� sa = Pi qiai.Then a 2 B.Proof. Combine 2.13 and 2.10. �2.15 Corollary. (
f. 2.11) Let a 2 AnB (see 2.6(iii)). Then there exists b 2 Nm0su
h that a+b 2 A and r(a+b)�sa 6=P qiai for all a1; : : : ; ak 2 A; k � 1; r; s 2 Q+and q1; : : : ; qk 2 Q+0 . In parti
ular, a+ b 62 Qa and b 62 Qa.2.16 Remark. Let � be a 
ongruen
e of S maximal with respe
t to (1S; 2S) 62 �,Then S=� is a parasemi�eld that is not additively idempotent.As in [3℄, de�ne a relation �S on S by (a; b) 2 �S if and only if b = a + z forsome z 2 S [ f0g and de�ne a relation �S on S by (a; b) 2 �S if and only if thereexist m;n 2 N su
h that (a;mb) 2 �S and (b; na) 2 �S . Then �S is the smallest
ongruen
e of S su
h that the 
orresponding fa
tor is additively idempotent (see[3, 1.5℄).Hen
e, �S � �1, whenever �1 is a 
ongruen
e of S su
h that � ( �1. In parti
ular,the fa
tor-semiring S=� is subdire
tly irredu
ible.3. Mapping to RThe pre
eding se
tion is immediately 
ontinued. Sin
e S is a non-trivial �nitelygenerated semiring, S possesses at least one (proper) maximal 
ongruen
e �. Com-bining [1, 14.3℄, [1, 10.1℄, [1, 5.3℄, we 
on
lude that there exists a mapping ' : S ! R(the �eld of real numbers) su
h that ker(') = �; '(u + v) = min('(u); '(v)) and



COMMUTATIVE PARASEMIFIELDS FINITELY GENERATED AS SEMIRINGS 5'(uv) = '(u) + '(v) for all u; v 2 S. Then '(1S) = 0 and '(S)(+) is a non-zero�nitely generated subgroup of R(+). In fa
t, if the semiring S is generated byfz1; : : : ; zmg;m � 1; then the semigroup '(S)(+) is generated by the real numbers'(z1); : : : ; '(zm).Put V = '�1('(S) \ R+0 ); U = '�1('(S) \ R�0 ) and W = '�1(0).3.1 Proposition. (i) V and U are subsemirings of S.(ii) W is a subparasemi�eld of S.(iii) U = V �1.(iv) S + U = U and W + V = W .(v) V [ U = S and V \ U = W .(vi) V 6= S 6= U .(vii) V 6= W 6= U .(viii) Q � V;R � U and P � W .Proof. The �rst seven assertions follow easily from the properties of the mapping'. It remains to show the last one.First, T � W = V \ U , sin
e T is the prime subparasemi�eld of S. If v 2 QnT ,then v + w 2 T for some w 2 S and we have 0 = '(v + w) = min('(v); '(w)).Consequently, '(v) � 0 and v 2 V . This means that Q = (QnT )[T � V . If u 2 R,then u�1 2 V , and so u 2 U by (iii). �3.2 Lemma. Let u1; : : : ; un 2 S; n � 1; and u = u1 + � � �+ un.(i) If u 2 V , then u1; : : : ; un 2 V .(ii) If u 2 U , then ui 2 U for at least one i.(iii) If u 2W , then u1; : : : ; un 2 V and ui 2W for at least one i.Proof. It is easy. �3.3 Lemma. If u 2 S and n � 1 are su
h that un 2 V (U;W , resp.), then u 2 V(U;W , resp.).Proof. It is easy. �3.4 Lemma. Both V 0 = V nW and U 0 = UnW are subsemirings of S.Proof. It is easy. �3.5 Lemma. '(S) = '(Q)� '(Q).Proof. We have '(S) = '(QR) = '(QQ�1) = '(Q) + '(Q�1) = '(Q)� '(Q). �PutA = f(k1; : : : ; km) 2 Nm0 jzk11 � � � zkmm 2 V g, eA = f(k1; : : : ; km) 2 Nm0 jzk11 � � � zkmm 2Ug, and B = f(k1; : : : ; km) 2 Nm0 jzk11 � � � zkmm 2Wg.3.6 Proposition. (i) 0 2 A; 0 6= A 6= Nm0 and A is a pure subsemigroup of Nm0 (+).(ii) A � A 6= Nm0 .(iii) If A is a �nitely generated semigroup, then V is a �nitely generated semiring.Proof. (i) An easy 
onsequen
e of the de�nition of A.(ii) A � A, sin
e Q � V , and A 6= Nm0 sin
e V 6= S.(iii) Use 3.2(i). �



6 V�IT�EZSLAV KALA AND TOM�A�S KEPKA3.7 Lemma. Let k � 1; a1; : : : ; ak 2 A and q1; : : : ; qk 2 Q+0 be su
h that a =Pi qiai 2 Nm0 . Then a 2 A.Proof. Similar to that of 2.4(ii). �3.8 Proposition. (i) 0 2 eA; 0 6= eA 6= Nm0 and eA is a pure subsemigroup of Nm0 (+).(ii) A [ eA = Nm0 .Proof. It is easy (use 3.1(v)). �3.9 Lemma. Let k � 1 and ai = (ki;1; : : : ; ki;m) 2 Nm0 ; 1 � i � k; be su
h thatPi zki;11 � � � zki;mm 2 V (U , resp.). Then ai 2 A for every i (aj 2 eA for at least onej, resp.).Proof. It is easy. �3.10 Proposition. (i) 0 2 B and B is a non-zero pure subsemigroup of Nm0 (+).(ii) B = A \ eA.(iii) A 6= B 6= eA.Proof. (i) Clearly, 0 2 B and B is a pure subsemigroup of Nm0 (+). Sin
e thesemiring S is generated by the set fz1; : : : ; zmg there are k � 1 and 0 6= ai 2Nm0 ; i = 1; : : : ; k; ai = (ki;1; : : : ; ki;m); su
h that 1S =Pi zki;11 � � � zki;mm . By 3.2(iii),ai 2 B for at least one i. Thus B 6= 0.(ii) We have W = V \ U by 3.1(v).(iii) If B = A, then A � eA, and hen
e V � U and U = S, a 
ontradi
tion. IfB = eA, then eA � A, and hen
e A = Nm0 , again a 
ontradi
tion. �3.11 Lemma. (i) Let b 2 A. Then b 2 B if and only if a� b 2 A for every a 2 Asu
h that a� b 2 Nm0 .(ii) Let b 2 B. Then a� b 2 eA for every a 2 eA su
h that a� b 2 Nm0 .Proof. Similar to that of 2.7. �3.12 Remark. By 3.1(iv), we have W + V = W . We are going to show thatw + V 6= W for every w 2W .Assume, on the 
ontrary, that w1 + V = W for some w1 2 W . Then w�11 2 W ,and hen
e 1S + V = 1S + w�11 V = w�11 (w1 + V ) = w�11 W = W . Furthemore,w + V = w + wV = w(1S + V ) = wW = W for every w 2 W . In parti
ular,w+2S+V = W , and then w+1S+V +2S = W +1S . But V +2S = V +1S+1S �W + 1S and we see that w+ 1S +W + 1S = W + 1S . Now, it is 
lear that W + 1Sis a subgroup of S(+). If z is the neutral element of the subgroup, then 2z = z,and hen
e 2S = 1S, a 
ontradi
tion.Referen
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