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Druhá zápočtová ṕısemka

7.12.

Pǐste pečlivě. Lepeńı primitivńı funkce na celém definičńım oboru je za dva bonusové body.

∫
sinx dx

2 + sinx+ cosx

(6 bod̊u)

Řešeńı: Jelikož 2+sinx+cosx ≥ 0, přitom rovnost může nastat jen pro sinx = cosx = −1,
což neńı možné, tak funkce je definovaná na celém R. Jelikož R(u, v) = u

2+v+u nemá žádnou

symetrii, pak nezbývá než volit substituci y = tan x
2 pro x ∈ (−π, π). Pak plat́ı∫

sinx dx

2 + sinx+ cosx
=

∫
2 dy

(1 + y2)

2y

(1 + y2)(2 + 2y
1+y2

+ 1−y2
1+y2

)

=

∫
4y dy

(1 + y2)(2(1 + y2) + 2y + (1− y2))

=

∫
4y dy

(1 + y2)(y2 + 2y + 3)

Zřejmě y2 + 2y + 3 = (y + 1)2 + 2 > 0. Nyńı najdeme rozklad na parciálńı zlomky.

4y

(y2 + 1)(y2 + 2y + 3)
=
Ay +B

y2 + 1
+

Cy +D

y2 + 2y + 3

=
(Ay +B)(y2 + 2y + 3) + (Cy +D)(y2 + 1)

(y2 + 1)(y2 + 2y + 3)

=
y3(A+ C) + y2(2A+B +D) + y(3A+ 2B + C) + 3B +D

(y2 + 1)(y2 + 2y + 3)
.

Tud́ıž řeš́ıme soustavu:

A+ C = 0,

2A+B +D = 0,

3A+ 2B + C = 4,

3B +D = 0,
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Řešeńım je A = 1, B = 1, C = −1, D = −3. Stač́ı tedy spoč́ıst:∫
(y + 1) dy

y2 + 1
=

1

2
ln(1 + y2) + arctan y + c1∫

(y + 3) dy

y2 + 2y + 3
=

1

2

∫
(2y + 2) dy

y2 + 2y + 3
+ 2

∫
dy

y2 + 2y + 3

=
1

2
ln(y2 + 2y + 3) + 2

∫
dy

(y + 1)2 + 2

=
1

2
ln(y2 + 2y + 3) +

∫
dy( (y+1)√

2

)2
+ 1

∣∣∣∣ u =
y + 1√

2

=
1

2
ln(y2 + 2y + 3) +

√
2

∫
du

u2 + 1

=
1

2
ln(y2 + 2y + 3) +

√
2 arctan

(y + 1√
2

) + c2.

Celkově tedy integrál vyjde

F (x) =
1

2
ln(1 + tan2 x

2
) + arctan tan

x

2
− 1

2
ln(tan2 x

2
+ 2 tan

x

2
+ 3)−

√
2 arctan

(
tan x

2 + 1
√

2

)
+ c

=
1

2
ln

(
1 + tan2 x

2

tan2 x
2 + 2 tan x

2 + 3

)
+
x

2
−
√

2 arctan

(
tan x

2 + 1
√

2

)
+ c

=
1

2
ln

( 1 +
sin2 x

2
cos2 x

2

sin2 x
2

cos2 x
2

+ 2
sin x

2
cos x

2
+ 3

)
+
x

2
−
√

2 arctan

(
tan x

2 + 1
√

2

)
+ c

=
1

2
ln

( 1
cos2 x

2

sin2 x
2

cos2 x
2

+ 2
cos x

2
sin x

2
cos2 x

2
+ 3

cos2 x
2

cos2 x
2

)
+
x

2
−
√

2 arctan

(
tan x

2 + 1
√

2

)
+ c

=
1

2
ln

(
1

sin2 x
2 + 2 cos x2 sin x

2 + 3 cos2 x2

)
+
x

2
−
√

2 arctan

(
tan x

2 + 1
√

2

)
+ c

=
1

2
ln

(
1

2 sin2 x
2 + 2 cos2 x2 + sinx+ cos2 x2 − sin2 x

2

)
+
x

2
−
√

2 arctan

(
tan x

2 + 1
√

2

)
+ c

=
1

2
ln

(
1

2 + sinx+ cosx

)
+
x

2
−
√

2 arctan

(
tan x

2 + 1
√

2

)
+ c, x ∈ (−π, π).

Dále spočteme limity

lim
x→π−

F (x) =
π

2
−
√

2
π

2
=
π

2
(1−

√
2),

lim
x→−π+

F (x) = −π
2

+
√

2
π

2
=
π

2
(
√

2− 1).

Tud́ıž primitivńı na R je tedy tvaru

G(x) :=

{
F (x) + kC + c, x ∈ (−π + 2kπ, π + 2kπ)

(k + 1
2)C + c, x = kπ

,
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kde k ∈ Z, c je integračńı konstanta a

C := lim
x→π−

F (x)− lim
x→−π+

F (x) = π(1−
√

2).


