NMTP438, topic 3: random measures and point processes

. Show that

o ([0, 00], B(]0, ¢])) for every B € B(E),
(M, M) for every B € B(E).
(M, ) to ([0, 0], B([0,00])) for every non-

a) p+— u(B) is a measurable mapping from (M, 9N) ¢

b) T ,u|3 is a measurable mapping from (M, M) to
) = [ f(x) p(dz) is a measurable mapping from
negative measurable function f on FE.

. Prove that ¥ is a random measure if and only if ¥(B) is a random variable for every B € 5.

. The Prokhorov distance for finite measures u, v is defined as
op(u,v) =inf{e > 0: u(F) < v(F°) +¢e,v(F) < u(F®) +¢) for every F € F},

where F© = {x € E: 3y € F,d(z,y) < €} is an open e-neighbourhood of a closed set F. Show that gp is
a metric.

. For 0 < a < b < ¢ let us consider the sets K1 = {0,a,a +b,a+ b+ ¢} and Ko = {0,a,a + ¢c,a+ b+ c}.
Let X be a random variable with the uniform distribution on the interval [0, a + b+ ¢]. We define simple
point processes ®; and P53 on R such that supp®;, ={z e R: e =Xg+y+z2(a+b+c),y € K;,z € Z},
i =1,2. Show that P(®,(I) = 0) = P(®2(I) = 0) for every interval I C R but the distributions of ®; and
®, are different.

. Consider intependent random variables U; a Uy with uniform distribution on the interval [0,a], a > 0,
and the point process ® on R? defined as

® = Z 6(U1+ma,U2+na)~
m,n€”’

Determine the intensity measure of this process.

. Let ¥ be a random measure. Check that the following formulas hold for B, By, By € B:

a) var ¥(B) = M)(B x B) ~ A(B)?,
b) COV(\IJ(Bl),‘I’(BQ)) = M(Q)(Bl X Bg) _ A(Bl)A(Bz)

. Let ® be a simple point process. Check that the following formulas hold for B, By, Bs, B3 € B:

a) M®)(B; x By) = A(By N By) + a® (B x By),

b) M®)(By x By x Bs) = A(By N ByN Bs) +a® ((By N By) x Bs) + o ((ByNBs) x By) +a®((ByN
Bg) X Bl) + C¥(3)(Bl X By X Bg),

¢) o™ (B x -+ x B) =E[®(B)(®(B) — 1) (®(B) —n+1)].



