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Outline

— stabilization for incompressible flow problems

— local projection stabilization for the Oseen problem

— generalized formulation with overlapping projection domains
— stability and error analysis with respect to an improved norm

— optimal convergence results for correctly scaled stabilization
parameters
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—vAu+ (b-Vju+ocu+Vp=f, divu=0 inQ,
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Lipschitz—continuous boundary dQ

v > 0and o > 0 constants, b € W1 (Q)4, £ € L*(Q)4,
divb =0



Oseen problem
—vAu+ (b-V)u+ocu+Vp=£f, divu=0 inQ,
u=0 ondQ

Q CcR? d=2,3...bounded domain with a polyhedral
Lipschitz—continuous boundary dQ

v > 0and o > 0 constants, b € W1 (Q)4, £ € L*(Q)4,
divb =0

Weak formulation

Findu € H} (Q)¢ and p € L5(Q) such that

a(u,v) — (p,divv) + (¢g,diva) = (f,v) VveH}(Q) qgeLiQ),
where

a(u,v) =v(Vu,Vv)+ ((b-V)u,v)+ 0o (u,v).



Galerkin discretization
Find w;, € V¢ and p;, € Q), such that

a(uh,vh) — (ph,diVVh) -+ (qh,divuh) — (f, Vh) Vv, € V],fl, qn € Oy .

Vi, CH}(Q), 0, CL3(Q) ... finite—dimensional spaces
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Two sources of instabilities:
— dominant convection
— violation of the inf—sup condition
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Residual-based stabilization (SUPG/PSPG/div-div)
Find w, € V¢ and p,, € Oy, such that

a(uy,vy) — (pp,divvy) + (gp, divuay,)

—I—(—VAhuh -+ (b - V)uh +ou,+ Vp, —1, o) ((b - V)Vh —+ th))
+(divuh,ydivvh) = (f, Vh) Vv, E Vhd, qn € Oy
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Hughes, Franca, Balestra (1986)
Hansbo, Szepessy (1990)

Franca, Frey (1992)



Galerkin discretization
Find u;, € V¢ and p;, € 0y, such that
a(uh,vh) — (ph,diVVh) -+ (qh,divuh) — (f, Vh) Vv, € V}fl, qn € Oy .
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Residual-based stabilization (SUPG/PSPG/div-div)
Find w, € V¢ and p,, € Oy, such that

a(uy,vy) — (pp,divvy) + (gp, divuay,)

—I—(—VAhuh —+ (b - V)uh +ou,+ Vp, —1, o) ((b - V)Vh —+ th))
+(divuh,ydivvh) = (f, Vh) Vv, E Vhd, qn € Oy
Drawbacks: non—symmetric, second—order derivatives,

difficulties for non—steady problems,
strong coupling between velocity and pressure



Residual-based stabilization (SUPG/PSPG/div-div)
Find u;, € V¢ and p;, € 0y, such that

a(uh,vh) — (ph,diVVh) -+ (qh,divuh)
—I—(—VAhllh—l—(b-V)uh+Guh+Vph—f 5(( )Vh—l—th))
+(divuy, ydivv,) = (£,vy) Vv, €V g, € Oy.

Projection-based stabilization K, = id — T,
Find u;, € V¢ and p;, € 0y, such that

a(uy,vy) — (pp,divvy) + (gp, divuay,)

—|—(Kh((b - V)uh), o Kh((b - V)Vh)) —+ (Kthh, oF Kthh)
—I—(KhdiVuh, ’}/KhdiVVh) = (f, Vh) Vv, E Vhd, qn € Oy
Codina (2000)

Kaya, Layton (2003)

Braack, Burman (2006)



Local projection stabilizations

Becker, Braack (2001) Stokes

Becker, Braack (2004) transport, Navier—Stokes

Braack, Burman (2006) Oseen

Braack, Richter (2006, 2007) Stokes; Navier—Stokes; react. flows
Becker, Vexler (2007) conv.—diff.—react., optimal control
Lube, Rapin, Lowe (2007) Oseen

Ganesan, Tobiska (2007) conv.—diff.—react., Stokes, Oseen
Matthies, Skrzypacz, Tobiska (2007) Oseen, enrichment
Matthies, Skrzypacz, Tobiska (2008) conv.—diff.—react.
Knobloch, Lube (2009) conv.—diff.—react.

Knobloch, Tobiska (2009) conv.—diff.—react.

Braack (2008, 2009) Navier—Stokes; Oseen, optimal control
Braack, Lube (2009) review on LPS for incompressible flows



Local projection stabilizations

Advantages: preserve the stability properties of RBS
no second order derivatives
no couplings between various unknowns
easy to apply to non—steady problems
symmetric

operations discretization and optimization
commute Becker, Vexler (2007), Braack (2009)



Local projection stabilizations

Advantages: preserve the stability properties of RBS

Drawbacks:

no second order derivatives

no couplings between various unknowns
easy to apply to non—steady problems
symmetric

operations discretization and optimization
commute Becker, Vexler (2007), Braack (2009)

more DOFs than RBS
IN some cases less accurate
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Assumptions

V, C Hy(Q) ...FE space on 7,

M, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:

card{M' € ,; MM £ 0} <C,

hy := diam(M) < Ch,

hyy <Chyy VM € M, MOM' 0,

Vil < Chy alloas Vvi €Vi

ABy C (Vi|y) NHy(M):  dimBy, >0, By CVy,

3Dy C L*(M) : sup v.9)u
vEBuY HVHQ,M

> Prellglloys ¥V q € Du,



One-level approach Matthies, Skrzypacz, Tobiska (2007)

My = T

examples of spaces: Dy =PF_1(M) VM e 4,

Vi=P.3, + €D bu-P_1(M)
Me.#,

or Vi=019, + P bu-0i-1(M)
Me Ay,  (mapped)



Two-level approach Becker, Braack (2001)
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Two-level approach Becker, Braack (2001)

9, is obtained by a refinement of .,

examples of spaces:

Dy =P_1(M)
VM e #,,

Vi="PF g

can be viewed as one—level approach for simplicial meshes



Overlapping sets M € ./, K. (2009)

Let any element of 9}, have a vertex in Q.
Let x1,...,xy, be the vertices of .7, lying in Q.

Set Mi=int |J T, i=1,...,N,,
TE%,X,‘ET

My = {M}.
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Overlapping sets M € ./, K. (2009)

Let any element of 9}, have a vertex in Q.
Let x1,...,xy, be the vertices of .7, lying in Q.

Set Mi=int |J T, i=1,...,N,,
TE%,X,‘ET
My =M}

Then we can use

Dy =P_(M) YMe .4,

Vi=PF. g or V=0 7.

cheaper and more robust than the previous approaches



Assumptions

V, C Hy(Q) ...FE space on 7,

M, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:

card{M' € ,; MM £ 0} <C,

hy := diam(M) < Ch,

hyy <Chyy VM € M, MOM' 0,

Vil < Chy alloas Vvi €Vi

ABy C (Vi|y) NHy(M):  dimBy, >0, By CVy,

3Dy C L*(M) : sup v.9)u
vEBuY HVHQ,M

> Prellglloys ¥V q € Du,



Assumptions

V, C Hy(Q) ...FE space on 7,

A, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:

Ty . ..orthogonal L? projection of L*(M) onto Dy,



Assumptions

V, C Hy(Q) ...FE space on 7,

A, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:
Ty . ..orthogonal L? projection of L*(M) onto Dy,

Ky = id — myy . . . fluctuation operator



Assumptions

V, C Hy(Q) ...FE space on 7,

A, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:
Ty . .. orthogonal L? projection of L*(M) onto Dy,
Ky = id — myy . . . fluctuation operator

by € R4 such that

, 00, M 9 ’ oo M —



Assumptions

V, C Hy(Q) ...FE space on 7,

A, . .. set of a finite number of open subsets M of Q such that
Q= ) M,
Me. #,
Forany M € .#),:
Ty . .. orthogonal L? projection of L*(M) onto Dy,
Ky = id — myy . . . fluctuation operator

by, € R? such that

,00.M ? oM —

On CHMYM(Q)NLE(Q) ... FE space on 7,
H'"(Q) ={qe*(Q); qly cH(T)VT € I}



A local projection discretization

Find w,, € V¢ and p;, € 0y, such that

Ah([uhaphL [Vh7Qh]) — (fvvh) \V/Vh - Vl?la dnh € Qha

where

Ap([u, pl,[v,q]) = a(u,v) — (p,divv) + (¢,divu)
+sp(w,v) + st (w,v) + 55 (p,q) + s, (p,q) -



A local projection discretization

spw,v) =Y Ty (ke [(bar - V)ul, kg [(bag - V)V])

ME//},
sp(u,v) = Z Ly (K (diva), Ky (divv) ),
Me.#,
ship.q) =Y o (ku(Vip), k1 (Vinq) )
Me. #,

sip,a) =Y Be([plg ldle)e

E€é,

Stabilization parameters:

T Y; hjz”
M~ M = ,
Vg [ g 13y 0
h2 hi
~v+hio, oy~—" A
(orﬁ?\j:O) " " viro e V+hio



Stability of the local projection discretization

Local projection norm:
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Stability of the local projection discretization

Local projection norm:

TRRACAIETACAY

p J 1/2
+5,(q,9) +s5;(q, q))

lv.alllle = (vIvia+oly

Stronger norm:

1/2
1
[ [v.q]ll] = <||[V>Q]|\%p+1 i Y mll(b-V)v+Viglgu
—I_a)h Me.#),
with
1 hlz\l‘b 1,00, M
(X.)h — Imnax

Medty, V+hy o



Stability of the local projection discretization

Theorem 3 > 0 such that, for any u;, € V¢ and p;, € Oy,

sup Ap([un, prls [ Vas qn))

[Vh,qh]EVéith HHV}HQh] ‘ H



Stability of the local projection discretization

Theorem 3 > 0 such that, for any u;, € V¢ and p;, € Oy,

Ap([un, prls [ Vas qn))

oD > B {I[[wn, pallll-
Vi,qn] EVE X Q) HHVMQhHH
General error estimate for any w;, € V& and ry € Qy,

B ll[w—un,p—paulll|< BIl|[w—wpn,p—rall]]
Ap(lw—wp, p—rp), [V, qn])

=+ sup
Vignl €V X 0, [ [vas gn]l]
i sup SZ(u7Vh) +Si(p7Qh)
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Stability of the local projection discretization

Theorem 3 > 0 such that, for any u;, € V¢ and p;, € Oy,

Ap([un, prls [ Vas qn))

°p > B[] [un, palll] -
vaalevixo,  IYmanlll]
General error estimate for any w;, € V& and ry € Qy,

B ll[w—un,p—paulll|< BIl|[w—wpn,p—rall]]
Ap(lw—wp, p—rp), [V, qn])

+ sup
[Vhth]EV;leQh HHVh)q}lHH
+ sup SZ(u7Vh) +S§(p7Qh)
[Vi,an] €V < Oy, [ [vasgnl||

For an optimal estimate of the consistency error, it is essential
that we use by, instead of b in s?.



Approximation properties of the spaces V,, O, and Dy,
Ji € L(H*(Q)NH)(Q),V,) and j, € L(HY(Q)NLZ(Q),0x)
such that, for some constants Iy € N, [p € Ny and C and for any
M e .4,
v — ihv’l,M+hA_41 v — ih"”o,M < Chy, Mr+1,M
Vve HHQ), r=1,...,1y,
IVi(v—jwv)llor+hag v —jwvlloss < Chiy Vi1
Yve H T Q)NLE(Q), r=0,...,1p.

d constants Ip € N and C such that

inf ||g—V|loy <Chylql,,y YqeH (M),Me ., r=1,...,Ip.

vED)y



A priori error estimates

Theorem Letuc H' ' (Q)? and p € H™1(Q) with
1 <r<min{ly,lp} and 0 < s < min{lp,Ip}. Then

1/2
[l —uy, p— pal||] SChr(lerﬁ)l/z( ) 6M’“‘%+1,M>
Me. #,

1/2
+Chs< Z OCMP’?H,M) :

Me. #,

where

O =V+hy|blloey+hyo, o=

and C is independent of 42 and the data.



Estimate of ||p — pxl|, o

Lemma There is a constant y > 0 independent of 4 such that,
for any g € HY"(Q)NLE(Q),

1/2
,divv
sup (4,div ) +< Y Iy llkuVag (2)M>
Me.#),

1/2
+ ( y hEH[q]EH%,E> > ¥llalloo.

E€é,



Estimate of ||p — pxl|, o

Theorem Letuc H™1(Q)4 with r € {0,...,Ip} and p € H'(Q).
Then

p— pnl

0.0

Cr [[bllo.0
v+Cio

<C(viCio) (1+ ) =i p— pilllls

1/2

+C(V+h[bllowma+Cro) 2R 2 b2 o uli10,

where C is independent of 4 and the data.



Stokes problem
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Stokes problem
= Oseen problemwithv=1,b=0,0=0
Stabilization parameters:

Ly =1, Oy = hyy BE ~ hE
(or uy =0)

Theorem Letuc H ™ (Q)? and p c HTH(Q) with 1 <r <y
and 0 <s <min{lp,Ilp}. Then

[[a—wp, p=pallll+ 1P = Pallo < CH" 0],y o +CH Loy 0.
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Conclusions

— generalization of LPS to projection spaces defined on
overlapping sets

— overlapping LPS is cheaper and more robust

— stability and optimal error estimates with respect to an
improved norm for the Oseen problem

— modification of the convective stabilization term
— correctly scaled stabilization parameters

— discontinuous pressures



