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Abstract. We prove optimal convergence results for a finite element discretiza-
tion of three—dimensional stationary incompressible Navier—Stokes equations with
nostandard boundary conditions in case of a tetrahedral triangulation of a compu-
tational domain with piecewise smooth boundary.

1 Formulation of the Problem

Let Q C R? be a bounded domain with a boundary consisting of the sets
I'P and I'N. We consider the following stationary Navier-Stokes equations:

—vAu+ (Vu)u+Vp=f, divu=0 in €, (1.1)
u=wu, onlP (1.2)
u-n=0, (I-non)(Vu+Vul)n=¢ on 'V, (1.3)

where u denotes the velocity, p denotes the pressure, v is a constant and
positive kinematic viscosity, f is an outer volume force, ¢ is a surface force,
I is the identity tensor and m is the unit outward normal vector to the
boundary 02 of Q. We assume that 02 is Lipschitz—continuous and that
the sets I'? and T'V are open in 092, disjoint and such that measo(I'”) > 0,
measz(TV) > 0 and 992 = I'P UTN. Further we assume that

Fel* ()3,  @eH2(00?3,  @-n=0onIV,
ubeH%((?Q)?’, up-n=0 onITV, / up-ndo=0.
oN

For investigating effects caused by an approximation of €2 by a polyhedral
domain, we need some further assumptions on the regularity of 92. We
suppose that there exists an extension m € W2 (R3)? of the unit outward
normal vector to I'V, i.e., m|.y = n|.y. The boundary of Q is assumed
to consist of disjoint relatively open C? surfaces I';y € 99, i = 1,..., K,
such that I'; ¢ TP fori =1,...,KP, I c TN fori = KP +1,... K,
the boundaries OI'; are piecewise C? and, in each point without this C?



regularity, the angle between the respective parts of OI'; is positive. In
addition, we assume that each surface I'; can be extended to a C? surface fz
satisfying dist(dL;, ;) > 0. Finally, we shall assume that V.0 H/(Q)3 =V,
where V={ve H'(Q)?; v=0o0on TP, v-n=0on I'V}andlc {23}
is an integer for which the assumption Al in Section 3 is satisfied.

The plan of the paper is as follows. In Section 2, we introduce a weak
formulation of (1.1)—(1.3) and mention some related results. In Section 3,
we define a finite element discretization of (1.1)—(1.3) and give all necessary
assumptions on the triangulation and the discrete spaces. In Section 4, we
present some auxiliary results and, particularly, we investigate convergence
of integrals over a part of the boundary of the approximating domain 2. In
Section 5, we introduce operator formulations of both the weak formulation
and the discrete problem which are based on auxiliary problems obtained
by replacing the nonlinear terms by linear functionals. Finally, in Section 6,
we investigate convergence properties of the auxiliary problems and present
optimal convergence results for the discretization of (1.1)—(1.3) which fol-
low using the theory of approximation of branches of nonsingular solutions.
Many of the techniques we use are new and most of them can be applied in
both 2D and 3D. In addition, we only use the above realistic assumptions
on €2 whereas most authors make restrictive additional assumptions such as
convexity of Q and C? regularity of 9. Unfortunately, many details of the
proofs cannot be mentioned here and we refer to [4] and [5]. Throughout
the paper we use a standard notation which can be found e.g. in [2].

2 Weak Formulation

Denoting a(u,v) = ¥ [ (Vu + Vul) - (Vo + Vol)dz, n(u,a,v) =
Jo v - (Vu)udz, b(v,p) = — [, pdivedzr and <g,v> = [, f - vde +
v Jpn ¢ - vdo, we introduce the following weak formulation which can be
obtained in a standard way.

Definition 2.1 Let u, € H'(Q)? be any function satisfying @p|yq = us.
Then the functions u, p are a weak solution of the problem (1.1)—(1.3) if

u—u, €V, pe L), (2.1)
a(u,v) + n(uw,u,v) + b(v,p) = <g,v> VveV, (2.2)
bu,q) = 0 VgeL3(Q). (2.3)



It can be shown that any classical solution uw € C?(Q)3, p € C1(Q) N
L3(9) of (1.1)~(1.3) is a weak solution and that any weak solution satisfying
u € C?(Q)3, p € CYQ) is a classical solution. Under the assumption

Jee(0,1) YveV,divv=0 Fa,c H(Q)?: diva, =0,

Uplpp =up, Up-n|py =0, n(v,v,up) < ca(v,v),

one can prove using the Leray—Schauder principle that the weak formulation
is solvable. Further, the problem (1.1)—(1.3) has exactly one weak solution
if | £lloa/v?, llusll: o0/V and [lell) pn /v are sufficiently small.
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3 The Discrete Problem

We assume that we are given a family T = {7} of triangulations of €2
consisting of closed tetrahedra 7" having standard properties (cf. [1]). We
denote Qj, = int Upeg, T and assume that, for any face 7" C 98, of some
T € Ty, there exists ¢ € {1,...,K} such that all three vertices of 7" be-
long to I';. Further, we assume that the set of the vertices of any 75, € T
contains all the points, in which some OT; is not C2. The family of the
triangulations is assumed to be regular, i.e., there exists a number ¢ > 0
such that hy/or < o for any T' € Ty, T, € T, where hp = diam(7T) and orp
is the maximal diameter of balls contained in 7. Since the set of the pa-
rameters h is bounded, we can introduce a bounded domain Q c R? with a
Lipschitz—continuous boundary such that Q C Q and Q, C Q for any h > 0.

For any ¢ € {1,...,K}, the set I'; will be approximated by a rela-
tively open set I';, C 09y, consisting of boundary faces 17" C 9%, such
that all vertices of T” belong to I'; and the barycentre x5, of 1" satisfies
dist(x%,,T;) < C hZ,, where hyw = diam(T”). The set 'V will be approxi-
mated by a relatively open set FE consisting of T, i = 1,..., K, and the
set TV will be approximated by a relatively open set FhN consisting of I';p,
i=KP4+1,... K.

For a given integer n > 0, we assume that we are given spaces

Vi,c{velC()?; v=0on TP, vj; € P,(T)® VT €T},
Qn C {v e L§(); vlp € P(T) YT €T}

approximating the spaces V and L3(£), respectively:



A1l: There exist an integer [ € {2,3} and an operator r, € L(V N
HY(Q)3,V},) such that

Lo, SChE ], Ywe ()P, vlge V.

|lv —rpv
If { = 2, then
[on - mnllo s py < Chlflonllig, Vo€ Va, (3.1)

where ny, is the unit outward normal vector to 0€y,. If [ = 3, then
_ 3
v - nh||0,1,1“}1:7 < Chz HUhHl,Qh Vv, € Vp, (3.2)

where f, € L?(082;,)? is the piecewise linear interpolate of m. Any
vy, € V), satisfies vy, - nj = 0 in any vertex of 7, lying in Fflv, where
n; satisfies for some fixed o € (0, 1]

Inj,(x) —n(z)] < ChL™™ in any vertex z € T,
with T' € 7;, being any element containing the vertex .

A2: There exists an operator s, € L(L3(2) N H'=1(Q),Qp,) such that

1 ~
lg = snallog, <Chllall,_, 5  YaeH R, dlq € L§(S).

A3: There exists a constant S > 0 independent of h such that

/ qn div vy, dx
Qpn

sup > Bllanlloq, — Van € Qn.
wh€Van#0 ol o,

Examples of finite element spaces satisfying the above assumptions with
[ = 2 were constructed in [4], Section V.7. Finite element spaces satisfying
A1-A3 with | = 3 can be found in [5].

We replace the forms used in the weak formulation by the forms ay, np,
by, and g, obtained by changing Q to €, and 'V to F{lv and by extending
f and ¢ onto Q, ie., fe€ LQ(SN))?’ and ¢ € Hl(ﬁ)?’. Further, we introduce
a function wy, € H(Q,)? such that limy_q |P 2y — ﬁbhHLQh = 0 for some
extension operator P : H' ()% — H(Q)3.



Definition 3.1 The functions wy,, py, are a discrete solution of (1.1)—(1.3) if

up, — Upy, € Vi, Ph € Qn, (3.3)
ap(up,vp) + np(wn, wp,vp) + by (Vh, ph) = <gp,vp> Vo, € Vy, (3.4)
bp(up,qn) = 0 VagneQn. (3.5)

It is important that the bilinear from ay, is uniformly elliptic on Vy,: there
exists a constant C' > 0 independent of h such that C th||%79h < ap(vp,vp)
for any vy, € Vj,. It is the so—called discrete Korn inequality (cf. [3] or [5]).

4 Auxiliary Results
In view of the above assumptions, we have
measz (2 \ O, UQ, \ Q) < C 12 (4.1)

and there exist operators P € L(H(Q), H}(Q)) and P, € L(H (), H} ()
satisfying for any v € H'(Qy,), with C independent of A,

[Proll, g < Cllvlliq, lim [P v — Pn (Po)la,ll, g =0 (4.2)

Further, it can be shown that ||Pj vy, QU0 < Chs lvnlly q, for any

vy, € Vj, and that th”O,Qh\Q <Ch? lgnllo.q, for any gn € Qu.

The sets I';, i = 1,..., K, can be decomposed into disjoint sets I';» C T
assigned to the faces T C T';,. We denote by K(T”) the circle lying in
the plane determined by 7" and having a radius hgv and the centre in the
barycentre of T". For small h, each I'7v can be represented by the graph of a
function ¢,» € C?(K(T")) satistying | (Z)| < C k%, and |V ()| < C by
for any 7 € K(T'). Further, we can define disjoint sets Gy related to the
“space between T” and I'»” and making up the set Q\ Q, UQ; \ Q. We
denote by D7 the projection of I'yv into K(T') and by By the intersec-
tion of T with the projection of I'7v N Gpv into K(T”). Then, for esti-
mating the difference [p fvdo — fFlh fvdo with 0, v € Hl(ﬁ), it suffices
to estimate the terms fBT’ 0(Z, o1 (T)) (T, o (T)) pr (T) —0(T, 0) v(T, 0) d,
Ip,\B,, 0@, 001 (2) (T, 1 (7)) pre(®) AT and [ g, 0(F,0) v(T,0) dT,
where prs(7) = (14 [Vr(@)[2)}. Since [, | [o(7, o0 (@) — o7, 0)2 d7 <
CHpuloR g, ¥ v € HYS), [1 = ppo()] < Chds and Sy o, measa((Dy \



Br) U(T'\ Brv)) < C h?, we infer that

<Ch|d| Vo,ve H(Q). (4.3)

dea—/ fvdo
Tip

~ 'l) ~
5 walol g

Using the above techniques, we can also prove that

3
: fvdo — g Ovdo| < C(h2 Hv||15 +h ’v|17Q\QhUQh\Q) ||9H0,007§ +
1 1h

+Chl0h ovauonallvlg Vo€ L=(Q)NHY(Q),ve HY(Q).

For any v € H(Q) with vlp,, = 0, we obtain [[v|[; 4 r, < C hljv]|, 5 and
737
3 .
[vllo1r, < Ch? ||UH1§ + Ch|v|1Q\Qhth\Q Finally, for v € Hl(Q) , wWe
have |[|v - nHO%I1 v - nplg e Flh‘ < Chlv|, 5 and, if the extension I'y
3
of T'y is a C? surface, then [[|v-nllg,p, — [lv- nhHO,l,I‘lh’ < Chz vl 5+

Ch ”U|1,Q\Qhu9h\9'

5 Operator Formulations

We denote X = H'(Q)% x L}(Q), Xj, = H' ()% x L2(Q,), X = HE(Q)? %
L2(Q) and Y = H 1(Q)? and define an operator P : X — X such that,
for U = (v,q) € X, it holds PU = (Pw,q), where P is the operator from
Section 4 and q is con81dered as extended by zero outside €2. Analogously,
we define an operator P, : Xh — X by P, (vp,qn) = (Prvp,qp). Further,
we define an operator Ry, : X — Xh as restriction from € onto Q. Finally,
we introduce arbitrary extension operators Py : H*(Q) — H*(Q), k > 0,
and define operators Py, : H*(Q)? x H*¥=1(Q) — H*(Q)3 x HF1(Q), k> 1,
by Pr(v,q) = (Pxv, Py_1 g) for any (v,q) € H¥(Q)P x HF1(9).

To define an operator formulation of (3.3)—(3.5), we first introduce the
following auxiliary problem: Given @ € Y, find uy, pp such that

up —Uph € Vi,  pr € Qp, (5.1)
ah(uh,vh) +bh('vh,ph) = <P, Ppup> Yo, € Vy, (5.2)
bn(un,qn) = 0 Vg, €Qn. (5.3)

This problem is umquely solvable and we can therefore define an operator
T : Y — X, such that Uy, = T}, @ is the solution of (5.1)—(5.3). Defining a
nonlinear operator Gy, : X — Y by

<Gp(U),v> = <gp,v>—np(u,u,v), U= (u,p) X, ve H&((NZ)?’,



we can introduce an operator Fj, : X — X defined by
Fi(U) =P, T,G(U)-U, UekX.

Then any solution Uy, of (3.3)-(3.5) satisfies F,(P;, Up) = 0 and, for any
U € X satisfying F,(U) = 0, the restriction Ry, U is a solution of (3.3)—(3.5).

Analogously, we can define an operator formulation of (2.1)—(2.3). For
this, we define an operator F : X — X by

F(U)=PTG(U)-U, UeX,
where T : Y — X corresponds to an auxiliary problem of (2.1)~(2.3) and
<G(U),v> = <g,v> —n(u,u,v), U= (u,p)eX, veH Q).
Theorem 5.1 The operators F, Fj, : X — X are C' mappings and we have
IDFA(U) — DFA(D) ) <CIU=DTx YU, TeX,
where the constant C' is independent of h, U and U.

Proof. The proof of the C! continuity is easy and the Lipschitz—continuity
of DF}, follows from the Lipschitz—continuity of DGy,. a

6 Convergence Results
Theorem 6.1 The operators T and T}, satisfy

lim IR\PTG(U) - T, G(U)llg, =0  VUeX. (6.1)

Proof. Choose an arbitrary U = (@,p) € X and denote (u,p) = PT G(U)

and (Uh,ﬂh) = T, G(U). For any vj, € Vy, there exists functions 172, 172,

vy € HY(Q)? and b € HY(Q) satisfying
Phv, =) + o, + 0 +ulm, w)geV,
_ _ b b
18311, 5+ 19wl & + 140, 5 + a2 & < Cliwalls o,
. - 1
1Tnll, < Chllonllig, s lBnlloag, <O oallig,

supp oy, C Up(T"”),  suppuj C Uy (99),



where Up,(T) = {z € R?; dist(z,T) < Ch}. Then

’a(uﬂjg) —ap(u,vp)| < C (\uh,ﬂ\ghuﬂh\QuUh(aQ) + h® |u]1,9) thHLQh )
b(v}, p) — bu(vs,p)| < C (lpllo.ove, v, 09) + B 1Pllo.0) VR0, »

Lo+ )T o) lvnll g,

n(@,a, vy — Prop)| < C ([l g\q,00, @0) 12

‘/Q f- (0 —Ppop)de

/1“N - (00 — Pyoy)de

< C (1 flo.ovanuvn@n) + 2 I fllog) lvallig,

< C(llellornrw, oy el g) lvnllq, -

Since 172\9 can be used as a test function in the auxiliary problem represented
by the operator T, we obtain

|lan(un — w,vp) + bp(vn, pn — p)| < Kp llvalli g, »

where Kj — 0 for h — 0. Now the proof can be completed in a similar way
as for Q5 = Q (cf. [2]). O

Corollary 6.1 The operators F and Fy, satisfy for any U € X

lim [F(U) ~ Fj,(U) | = 0. (6.2)
%ii% IDF(U) — DFh(U)H[L(X,X) =0. (6.3)

Proof. The first relation follows from limy,_,o [|G(U) — G (U)||y = 0, which
is a consequence of (4.3) and (4.1), and from (4.2) and (6.1). The relation
(6.3) follows using limj_,o [|[DG(U) — DGh(U)HL(XX) = 0, (6.1) and the
compactness of DG(U). 0

Theorem 6.2 Let k € {2,3} be a given integer and let A1 and A2 hold with
=k Ifk=2let f € L3(Q)3. If k = 3, let f € L'2(Q)3, p € W= (Q)3
and let the extensions T; of Ty, i=KP+1,... K, be C? surfaces. Let U=
(w,p) € X be given and let w,uy, € H*(Q)3, TG(U) € H*(Q)? x H-1(Q)
and ||Py @y — ppll,q, < Ch?. Then

IR, Px TG(U) — Th Ga(U) g, < Ch=. (6.4)



Proof. Denote (u,p) = P, TG(U) and (un, pn) = Tj Gx(U). The functions
u, p satisfy (1.1)—(1.3) with (V uw)u replaced by (V @)u and, in the same way
as used for deriving the weak formulation, we can obtain an integral form of
the first equation valid for any test function v € H 1(Q)?’. Subtracting this

equation with v = Pp vy, from (5.2) with @ = G,(U), we get

ap(up,vp) — a(w, Pyop) + by (vn, pr) — b(PL s, p) =

— <Cu(T) - G(0),Pron> — v /D (Prop) - (Vu + VuT) ndo —
r
—y/ (n~thh)n-(Vu+VuT)nda+/ pn- (Ppv,)do.
Ny o9

In view of (3.1), (3.2) and the results of Section 4, the terms on the right—
hand side are bounded by Cht |vnlly q,- Thus, we obtain

k
lap(up — w,vp) + bp(vn, prn —p)| S Ch2 ||vpll1q, Vo€V

and the proof can be completed in a similar way as for Q = Q (cf. [2]). O

Theorem 6.3 Let the assumptions given in Sections 1 and 3 be satisfied.
Let U = (u,p) € X be a nonsingular weak solution of the problem (1.1)-
(1.3). Then there exist constants hog > 0 and R > 0 such that, for h € (0, hg),
the discrete problem (3.3)—(3.5) has a solution which is unique in the ball

By(U,R) = {VeXy; [RyPU - Vig, < R}

Moreover, this unique solution U, = (up,pn) € gh(ﬁ, R) is nonsingular and
satisfies

lim {[P1u —unlly g, +[[Pop = prllog,} = 0. (6.5)

If, in addition, w € H*(Q)3, p € H*1(Q) for some k € {2,3}, the assump-
tions A1 and A2 hold with I = k and uy, f, @ and Q are like in Theorem 6.2,
then i

IPrw —wnlly 0, + [Pr—1p = pPallog, < Chz. (6.6)

Proof. The properties of the operators F and Fj, given in Theorem 5.1 and
Corollary 6.1 make it possible to apply results of the theory of approximation
of branches of nonsingular solutions stated in [2], pp. 301-302, immediately
proving the locally unique solvability and the convergence (6.5). The esti-
mate (6.6) follows using (6.4). O
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