Teorie spolehlivosti

m Priklad porovnani serioveho a paralelniho systemu

X1, ..., X iid srozdelenim exponencialnim s parametrem 6=1/A, tj. s hustotou
Cl ear [pexp, €];
1
dl = Exponenti al Di stri bution [—];
e

pexp[x_] :=PDF[dl, Xx]
pexp[Xx]

X

e ©

6

distribucni funkci afunkci spolehlivosti

Cl ear [rexp];

CDF[d1, x]

rexp =1-CDF[d1, x]

Pl ot [rexp /. e->1, {x, 0, 5}]

Intensita poruch je

Cl ear [rexp];
pexp[x]

X

@ e

rexp[x_J:=

rexp[y] //Sinplify
1
2]

Stredni doba do poruchy kazdeho prvku je
Mean [d1]

€]

Stredni doba do poruchy zalohovaneho systemu s nezatizenymi zalohami E X™ = n#.
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Doba do poruchy zalohovaneho systemu se zatizenymi zalohami ma distribucni funkci
P{Xmx <X} =P{¥i=1, ..nX <X} =F"(x) =
Cl ear [df Fn];

X n
df Fn[x_]: = (1 —Exp[——])
e
Stredni hodnota E Xy j€e tedy

Assumi ng[n € | nt egers, L (1 -df Fn[x1) dlx]

Expand [df Fn[x]]

x N

o)

x4y N X
(1 - (1-e%) ) 1 (1-ed) sy
1-y"
Sol ve [y == (1 - e":), x]
Solve::ifun: Inverse functions are being used by Solve, so

some solutions may not be found; use Reduce for complete solution information. >

D[x /. {{x»>-6Log[1-y]}}, y]

o

i)

1_ n
EXmax =6Integrate[$

, {y, 0, 1}, Assunptions » {nelntegers &&n>0}]
© Har noni cNunber [n]

Seri es [Har noni cNunber [n], {n, o, 1}] // Normal // Full Sinplify

Eul er Ga ! L !
ul er rrma+ﬂf og{g}

N[Eul er Ganma, 50]

0.57721566490153286060651209008240243104215933593992

Z toho vyplyva, ze Stredni hodnota E Xma je priblizne C + logn. Podil strednich hodnot je priblizne
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Log[n] + Eul er Ganma

Li st Pl ot [Tabl e[ , {n, 30}], Joi ned -» True, AxesOrigin - {0, O}]

n
06 —
05
04 —
03 —
02 —

01f

5 10 15 20 25 30

Pravdepodobnostni rozdeleni

Exponencialni rozdeleni Exp(6)

CDF[d1, x] // First //First //First //Full Form

Plus[1l, Tinmes[-1, Power [E, Tines[-1, x, Power [\ [Theta], -1]]]]

1
dl = Exponenti al Di stri buti on[—];
e

CDF[d1, x] //First //First //First
PDF[d1, x]
PDF[d1, X]

(*» Intensita poruch ) - - -
1- (CDF[dl, x] //First //First //First)

Pl ot [PDF[d1, x] /. 8> 1, {x, 0, 10}, PlotRange » Al | ]

10
08
06}
04}

02l




4 | TeorieSpolehlivosti2008.nb

Momenty

Expect edVal ue [x¥, d1, x, Assunptions » {k e I ntegers &k > 0}]
ok Gamma [l + k]

{Mean[d1l], Variance[dl]}

(0. @)

{Skewness [d1], Kurtosis[dl]}

{2, 93

Variacni koeficient v var X /E X

St andar dDevi ati on[dl]
Mean [d1]

Rozdeleni N
PDF[GanmmaDi stri bution[p, a], Y]

y
aPea y*1+p

Ganma [p]

CDF[GameDi stri bution[p, al, Yyl

GammaRegul ari zed [p, 0, Z}
a

Assumi ng[kelntegers &&k > 0,
R 1 o 1 S
CDF[GamTaDstrlbutlon[k, —], t] —CDF[GamraDstr|but|on[k+1, —], t] // Full Si rrpl|fy]
e e
GammaRegul ari zed [k, 0, t 6] - GammaRequl arized[1 +k, O, t 6]

-X
(—Integrate[xk'1 Exp[—] {x, 0, t}, Assurrptions-»{kelntegers&&k>0}] -
e Garma [k ] e

1

-X
Integrate[xkExp[—], {x, 0, t},
ok*l Gamma [k + 1] e

Assunptions -» {k e I ntegers &k >O}]) // FullSinmplify

Weibullovo rozdeleni W(8, B)

CDF[d2 = Wi bul | Di stribution[B, 6], X]
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Assuming [k e I ntegers &k > 0, Expect edVal ue[x*, d2, x]]

k+83
B

ok Gamma

{Mean[d2], Variance[d2]}

—Garrma[1+ ;}2+Gam‘ra[l+2}

1
{eGarma{l+E], 6? g

J

Variacni koeficient

‘ St andar dDevi ati on[d2]
B Mean [d2]

\Y

/7 Sinplify

\/-Gamm[1+-;]2+eam[2;5}

1
Garma[1+ —B}
nezavis nag !!!
Pl ot [vk, {B, 0.1, 3}, AxesOrigin- {0, 0}]

350
300
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15F
10F

051

0.5 1.0 15 2.0 25 3.0

Priklad (Odhad parametru 8 momentovou metodou)

Mean [Wei bul | Di stribution[1.5, 1]]

randonmsanpl e = RandonReal [Wei bul | Di stribution[l.5, 1], 501;
ex = Mean[randonsanpl e]

sd = St andar dDevi ati on [randonsanpl e]

-Ganma |1 + 7§]2+Garma[2/;’3]

sd

f = Fi ndRoot | = —. {8 1}]

Gamma[1 + - ] ex

B
Ganma [1 + %]
odhade = ——8M8 /. fr
ex

0. 902745
0. 867631
0. 509233

(B 1.75927)

1.02618
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B/. fr
1. 35525

B (XAt
Mani pul ate[Pl ot [— (—) , {x, 0.01, 10}], ({6, 1}, 0.5, 10}, {{B, 1.5}, 0.3, 3}]
e \e

M
9 U

30

25k

150

10F

B-1
Pl ot [Table[E (i) /.61, {B, {0.5 1, 1.5, 2, 2.5}}], {x, 0.01, 2}]
e \6

7t

05 1.0 15 2.0

Rayleighovo rozdel eni
{rrr = Mean[dz /. {342, 6—)0'\/?}],

sdr sdr
sdr = St andar dDevi ation[dZ /. {/3-»2, 6->0V2 }] —// Sinplify, — // N}
nr nr

{\/?o, Jz(lz) o, \/1+i, 0.522723}
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Normalni rozdeleni N(u, o)

d3 = Normal Di stribution[u, o]
Normal Di stribution(u, o]
Pst, ze nah. vel. dude mensi nez 4 — 307

(CDF[d3, u-30], COF[d3, u-30] // N}

{%Erfc[%}, 0. 0013499}

Pravidlo 20 : P(| N(u,0) - ul < 20)
CDF[d3, u+2 0] -CDF[d3, u-20]//N
0. 9545

Pravidlo 30 : P(| N(u,0) - ul <30)
CDF[d3, u+30] -CDF[d3, u-30] //N

0.9973

Hustota useknuteho normal niho rozdel eni

Clear [fr];
ftruncated[x_, u_, o_]:=
1 Lo X-u
- - - PDF[I\lorrraIDstrlbutlon[O, 17, —]
o CDF[Normal Di stribution[0, 1], u/o] o

(Integrate[ftruncated[x, u, o], {X, 0, @}] /. If[a_, b_, c___1-b)//FullSinplify

YERICUES

1+Erf [ﬁ]

Integratef[ftruncated[x, u, o], {X, 0, o}, Assunptions -» o> 0]

1

Pl ot [Tabl e[ftruncated[x, u, 11, {&, {0, 1, 3, 5}}1, {X, 0, 5}]

0.8
0.6
0.4

0.2

Stredni hodnota
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meantruncated = I ntegrate[x ftruncated[X, u, o], {X, 0, o}, Assunptions »o>0] //Sinplify

u?
eiznz [_2 o
s

e+ —————
1+ Erf [ ]
V2 o
Tabl e[ {nm " " meantruncated /. {u->mMm o-1}}//N, {mm 0.5, 5, 0.5}] // Tabl eForm
0.5 1.00916
1. 1.2876
1.5 1.63879
2. 2. 05525
2.5 2.51764
3. 3. 00444
3.5 3.50087
4. 4.00013
4.5 4.50002
5. 5.

Intensita poruch N(u, o)

PDF[Normal Di stribution[u, o], X]

V21 o

Manipulate[
X-HU

Pl ot [{—2 PDF[Normal Di stribution[u, o], x]/ (1-CDF[Normal Di stribution([u, o], x])},
[}

x, 0, 5}], {4, 0, 5}, {o, 0.1, 3}]

M
e

PDF[Nornmal Di stribution[u, o], Xx] /. {u>1, 0-50.5, x->5}

1.01045 x 107



(1 -CDF[Normal Di stribution[u, o], X]) /. {#->1, 0-50.5, x -5}
6.66134 x 1078

serl = Assum ng[o >0, Series[PDF[Normal Di stribution[u, o], x]/
(1 -COF[Normal Di stributionfu, o], X]), {X, o, 3}1]//Sinplify

X u 1 u w2 -2 o?
———+—+—+—+O[—
o2 o? X x? x3 X

Priklad (prvek, poruchy nahle i postupne — seriovy system) se spolehlivosti

-X
rR[X_, 6_, u_, o_] :=Exp[?] CDF[Normal Di stribution[u, o], X]

expect ed = Assum ng [6>0&&o>0, L rR[x, 6, u, ol dlx]

)

eu—az}

\/2_90

1 —26u+a?
— O |le 24
2

1+Erf[ +Erfc{

V2 o
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Log-normalni rozdeleni LN(g, o)

in[7:= PDF[d4 = LogNornal Di stribution[u, o], x]
! pslog[x])2
e 252
out[7 ——
V271 Xo
Momenty

{Mean[d4], Variance[d4], Skewness[d4], Kurtosis[d4]}

02
— 2 2 2 2 2 2 2
{e‘“z, @2 H+o (—l+eo), A\ -1+ e° (2+e”), _3+3e27 4 2¢3° +e4°}

2

Plot [-3+3e?” +2e°” +e'”, {0, 0, 2}]

140000;
120000?—
1ooooof—
soooof—
eoooof—
40000?—

20000

0.5 10 2.0

PDF[d4, X]

(-u+Log[x])2

e 202

V21 Xo
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Mani pul at e [Pl ot [PDF[d4, X] /. {u->ul, o-o0l}, {x, 0.5, 4},
Pl ot Range -» Al |, AxesOrigin - {0, 0}], {ul, 0, 2}, {01, 0.1, 2}]

(M
ul U

ol

()

04l
03]
02f

0.1

Intensita poruch

ing:= Mani pul at e [Pl ot [PDF[d4, x]/ (1 -CDF[d4, x]) /. {u->ul, o-ol},
{x, 0.5, 4}, PlotRange » All, AxesOrigin- {0, 0}1, {ul, O, 2}, {01, 0.1, 2}]

M
ul U

Out[8]=

Gamma rozdeleni Gammaga, p)

PDF[d5 = GanmaDi stri bution[p, 1/a], x]

(i ) P eax x-1:p

Gamma [p]
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{Mean[d5], Variance[d5], Skewness[d5], Kurtosis[d5]}
6

2
2 —_ —
[ap, a%p, p,3+p}

[Ftrteat at
=
Xp-le-ax
e@X x1P|f [Re[a} >08& 8% (IM[x] +#0 || x>0), aPGmma[p] +xP (ax)™P (-Ganmma[p] + Ganma[p, ax]),

Integrate[e?'t 1P, (t, X, o}, Assunptions >x <0 || Re[a] <0]]

[TtPtet at
expr = Assum ng [x >0&&p >0&.&a >0, —]
Xp—l eax

aPe®* xP Gamma [p, ax]

dexpr = D[expr, x] // Full Sinmplify

aPxP (—(@ax)P+e?* (1-p+ax) G@mm[p, ax])

Reduce [dexpr <0&&%a >0&&p >0, {x, a, p}, Real s]

Reduce::nsmet: This system cannot be solved with the methods available to Reduce. >

Reduce[a®PxP (-(ax)P+e®* (1-p+ax) Gamma[p, ax]) <0& &a>0&&p >0, {X, a, p}, Reals]
Grafy intensity poruch

Xp-l e X

Tabl e , {p, {0.5, 1, 2, 3, 5}}] // Eval uat e
Assuning[x >0, [“tPle ! dt]

(e—X

{XO'S (1.77245 - 2. x% % HypergeonetriclF1[0.5, 1.5, -x])
X x? x4

1+X 2+X (2+X) 244X (24+X (12 +X (4+x)))}

1,

xP-1 @

Pl ot [Table . {p, {0.5, 1, 2, 3, 5}}] // Eval uate, {x, 0.001, 5}]

Assuming[x >0, [“tPle ! dt]

150

10}
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