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c© Jednota českých matematik̊u a fyzik̊u

ISBN 978-80-7015-004-7
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ROBUST 2008 – PÁR SLOV ÚVODEM

Ve dnech 8. – 12. zář́ı 2008 se v hotelu Mier v podh̊uř́ı Roháč̊u uskutečnila již
patnáctá letńı škola JČMF ROBUST 2008. Tato akce byla organizována sku-
pinou pro výpočetńı statistiku ČMS JČMF za podpory CQR, ČStS, KPMS
MFF UK a ÚM SAV. Tak jako v minulosti, i tentokrát byl ROBUST věnován
vybraným trend̊um matematické statistiky, teorie pravděpodobnosti a analý-
zy dat. Počet účastńık̊u z pěti evropských zemı́ (České republiky, Slovenska,
Holandska, Itálie a Rakouska) přesáhl sto dvacet.

Mezi účastńıky bylo k naš́ı velké radosti mnoho mladých tvář́ı1. Téměř
polovinu účastńık̊u totiž tvořili pregraduálńı a postgraduálńı studenti či ti,
kteř́ı obhájili doktorskou práci v roce 2008. Doufáme, že naše akce přispěje
k tomu, že česko-slovenská stochastika nevymře po meči ani po přeslici. Chtěli
bychom také touto cestou poděkovat předevš́ım firmám ČSOB, a. s., Median,
s. r. o., a grantu GA ČR 201/05/H007, které podpořily účast mnoha student̊u.

Pozváńı přednést následuj́ıćı přehledné přednášky přijali:

• Kolektiv pracovńık̊u odděleńı nelineárńıho modelováńı ÚI AV ČR, Zku-
šenosti se statistickým modelováńım spotřeby zemńıho plynu,

• Prof. Dr. Roberto Caliere, Wolfram Inc., Itálie, Mathematica and sta-
tistics,

• RNDr. R. Harman, PhD., KAMS FMFI UK, Bratislava, Algoritmy opti-
málneho navrhovania experimentov,

• Doc. RNDr. D.Hlubinka, PhD., KPMS MFF UK, Praha, Výprava do
hlubin dat,

• Prof. RNDr. A. Pázman, DrSc., KAMS FMFI UK, Bratislava, Ako
lepšie porozumiet’ nelineárnej metóde najmenš́ıch štvorcov pomocou geo-
metrie,

• Prof. RNDr. J. Štěpán, DrSc., KPMS MFF UK, Praha, Stochastické
modelováńı epidemíı.

Vedle toho bylo předneseno 41 deľśıch př́ıspěvk̊u a 47 krátkých sděleńı do-
plněných posterem.

V soutěži o nejlepš́ı práci student̊u a doktorand̊u odborná komise ve složeńı
prof. M. Hušková (MFF UK v Praze), prof. A. Pázman (MFF UK v Bra-
tislavě), Ing. Z. Roth (SZÚ v Praze) a prof. J. Štěpán (MFF UK v Praze)
ocenila práce následuj́ıćıch doktorand̊u (v abecendńım pořad́ı):

• Barbora Arendacká (MFF UK v Bratislavě),

• Martin Branda (MFF UK v Praze),

• Šárka Došlá (MFF UK v Praze),

• Kateřina Helisová (MFF UK v Praze),

• Michal Pešta (MFF UK v Praze),

• Ján Somorč́ık (MFF UK v Bratislavě).

1Nejmladš́ım účastńık̊um bylo okolo jednoho roku.
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Oceněńı obdrželi programy a knihy věnované společnostmi Elkan2 a Humu-
soft3.

Mnoho času též bylo věnováno diskuśım. Pondělńı večer byl zasvěcen
historii stereologie, pravděpodobnosti a statistiky v̊ubec, úterńı večer pak
otázkám výpočetńı statistiky. Vystoupili na něm zástupci firem Humusoft
a Median, kteř́ı předvedli nejnověǰśı verze jimi š́ı̌rených programů.

Vedle odborných diskuśı se též konaly debaty volněǰśı, at’ již během stře-
dečńıho výletu k Račkovu plesu, nebo při opékáńı sice možná nezdravých, ale
o to lahodněǰśıch buřt̊u a klobás. Také tanečńıci, zpěváci a milovńıci mı́stńıch
specialit si tentokrát přǐsli na své. Wimmerovci, hombres de tango, čardáš
i polka, odpadli až k pátečńımu ránu, zat́ımco tanečńıci až s kuropěńım.
I počaśı nám tentokrát vyšlo! Celou dobu bylo překrásné tatranské bab́ı
léto, při němž sluńıčko statečně ukazovalo svoji śılu. Zvláště ti, kteř́ı byd-
leli ve vyšš́ıch patrech hotelu, nestačili ráno co ráno obdivovat jeho překrásné
východy.

Z proslovených přednášek naleznete převážnou většinu v přiloženém sbor-
ńıku. Budete se možná divit, že jeden př́ıspěvek je publikován tak ř́ıkaj́ıc per
partes. Editor̊um totiž přǐslo nevhodné, tak jako před dvěma lety, omezovat
jedny v

”
rozmachu pera“ a a na straně dát podstatně v́ıce mı́sta druhým.

Rozhodli se proto v př́ıpadě velmi zaj́ımavého článku kolegy Komárka do
tǐstěného sborńıku zařadit pouze

”
krátkou upoutávku“, zat́ımco rozsáhleǰśı

pokračováńı čtenář nalezne na CD. Posledńı př́ıspěvek dorazil př́ılǐs pozdě,
takže byl zařazeny pouze na CD bez toho, že bychom měnili stránkováńı.

Z vystavených poster̊u naleznete téměř všechny na přiloženém CD. Záro-
veň CD obsahuje elektronickou verzi sborńıku a vybrané fotografie. Jinými
slovy to znamená, že do sborńıku a jeho elektronické př́ılohy přispěli prakticky
všichni přednášej́ıćı. Chtěli bychom t́ımto poděkovat nejenom jim, ale též
všem těm, kteř́ı články recenzovali.

ROBUST 2008 by se neuskutečnil a jeho publikace by neexistovaly, nebýt
nezǐstné pomoci mnoha lid́ı. Zvláště bychom chtěli poděkovat občianskemu
združeniu Vendeĺın, Centru J. Hájka pro aplikovanou a teoretickou statistiku
– projekt LC06024, pańı Haně B́ılkové, pracovńık̊um tiskárny Vězeňské služ-
by v Praze na Pankráci, panu Zdeňkovi Roub́ıčkovi ze společnosti Diskus,
s.r.o., a grantu GA ČR 201/09/0775. Dı́ky nim vám všem můžeme popřát
př́ıjemné čteńı.

V Praze 1. května 2009 Jaromı́r Antoch a Gejza Dohnal
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2http://www.elkan.cz
3http://www.humusoft.cz
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Klasifikácia zašumených dát . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Dienstbier Jan
Problems with extremes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

Dohnal Gejza
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Multiple changes in coefficients of autoregressive models . . . . . . . 271
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programových systémech . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 377
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Vokáčová Kateřina, Marek Patrice, Neumanová Martina
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POUŽITÍ GENETICKÝCH ALGORITMŮ
PRO ANALÝZU INTERVALOVÝCH DAT

Jaromı́r Antoch

Kĺıčová slova: Genetické algoritmy, intervalová data, mı́ry variability.

Abstrakt: Ćılem článku je ukázat možnost použit́ı genetických algoritmů
pro analýzu intervalových dat.

Abstract: Goal of the paper is to show how genetic algorithms can be used
for analysis of interval data.

1 Problém

V reálné praxi přibývá dat intervalového typu. Naraźıme na ně zpravidla
tehdy, kdy nejsme schopni sledovanou veličinu přesně změřit, nýbrž jsme
pouze nuceni konstatovat, že hodnota lež́ı v nějakém intervalu. Jako typický
př́ıklad si vezměme úlohu délku onemocněńı pacienta apod. V informatice
k zájmu o tuto problematiku př́ısṕıvá fakt, že i

”
přesně měřené“ hodnoty

jsou v poč́ıtači pouze
”
nepřesně aproximovány“.

Předpokládejme, že k dispozici nejsou přesně naměřené hodnoty, nýbrž
pouze intervaly v nichž jednotlivá data mohou ležet, a zaj́ımá nás, v jakém
rozmeźı mohou ležet vybrané charakteristiky takovýchto dat. V našem př́ıpa-
dě se jedná o mı́ry variability jako rozptyl apod. Na źıskané výsledky se ze sta-
tistického hlediska můžeme d́ıvat jako na analýzu citlivosti uvažovaných me-
tod v př́ıpadě, kdy jsou klasická

”
přesná“ data nahrazena daty intervalovými.

Hlavńı výhodou použit́ı genetických algoritmů je, vedle poměrně snadné im-
plementovatelnosti, předevš́ım skutečnost, že jsou schopny nás v řadě př́ıpad̊u
dovést k řešeńı mnohem rychleji než úplné prohledáváńı stavového prostoru.

Mějme intervaly Ii = [ai, bi], ai ≤ bi, i = 1, . . . , n, a označme K jejich
kartézský součin, tj. K = I1 ⊗ . . . ⊗ In ⊂ Rn. Naš́ım ćılem budiž:

P1. Nalézt mezi všemi body z K ten, který má největš́ı rozptyl, tj.

xmax = arg max
x∈K

1

n − 1

n∑

i=1

(
xi − xn

)2
. (1)

P2. Nalézt mezi všemi body z K ten, který má nejmenš́ı rozptyl, tj.

xmin = arg min
x∈K

1

n − 1

n∑

i=1

(
xi − xn

)2
. (2)

P3. Nalézt mezi všemi body z K ten, pro který je maximálńı středńı vzdále-
nost jeho složek od jejich mediánu, tj.

x̃max = arg max
x∈K

1

n

n∑

i=1

∣∣∣ xi − med
1≤j≤n

xj

∣∣∣, (3)
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P4. Nalézt mezi všemi body z K ten, pro který je minimálńı středńı vzdále-
nost jeho složek od jejich mediánu, tj.

x̃min = arg min
x∈K

1

n

n∑

i=1

∣∣∣ xi − med
1≤j≤n

xj

∣∣∣. (4)

Podobné úlohy dostaneme, nahrad́ıme-li v (3) a (4) medián pr̊uměrem
nebo použijeme-li L∞ normu mı́sto L1 či L2 normy. Zde je dobré si všimnout,
že pokud v (3) a (4) nahrad́ıme med1≤j≤n xj pr̊uměrem xn, tj. hledáme-li

˜̃x
max

= arg max
x∈K

1

n

n∑

i=1

∣∣∣ xi−xn

∣∣∣ či ˜̃x
min

= arg min
x∈K

1

n

n∑

i=1

∣∣∣ xi−xn

∣∣∣, (5)

řešeńı je totéž jako pro úlohu (1) a (2). Máme-li tedy vyřešeny úlohy (1) a (2),
máme vyřešenu úlohu (5) a naopak.

Na analogické problémy naraźıme při výpočtu charakteristik polohy, zá-
vislosti, měr informace, lineárńı regrese, konfidenčńıch interval̊u, apod. Z hle-
diska výpočetńı složitosti se touto problematikou již deľśı dobu zabývá sku-
pina V. Kreinoviche, viz [3], [4] či [7]. Statistické apekty jsou živě diskutovány
v komunitě statistik̊u zabývaj́ıćıch se intervalovými daty, viz např. [2].

2 Řešeńı využ́ıvaj́ıćı optimalizačńıch metod

Na prvńı pohled je zřejmé, že každá z výše uvedených úloh může mı́t několik
řešeńı, a že řešeńı může být i nekonečně mnoho. Ukažme to podrobně. Za t́ım
účelem je vhodné si přepsat vzorec pro rozptyl ve tvaru

var x =
1

n




n∑

i=1

x2
i −

1

n − 1

∑

1≤i6=j≤n

xixj


 =

1

n(n − 1)

∑

1≤i<j≤n

(
xi−xj

)2
, (6)

odkud okamžitě vid́ıme, že plat́ı následuj́ıćı tvrzeńı:

Věta 1. Předpokládejme, že I = ∩i Ii 6= ∅. Potom existuje bud’ jedno nebo
nekonečně mnoho řešeńı úloh P2 a P4. Jedno řešeńı existuje tehdy, je-li I
jednobodová množina, nekonečně mnoho řešeńı existuje tehdy, jedná-li se
o interval. Jde přitom o ta x =

(
x1, . . . , xn

)′ ∈ K, pro něž

amax ≤ x1 ≤ bmin a xi = xj ∀1 ≤ i, j ≤ n,

amin = min
1≤i≤n

ai, amax = max
1≤i≤n

ai, bmin = min
1≤i≤n

bi, bmax = max
1≤i≤n

bi.

Hodnota rozptylu, resp. absolutńı mediánové odchylky, je pro všechna tato
řešeńı rovna nule.

Pod́ıváme-li se na (6) pro potřeby úloh P1 a P2 z geometrického hle-
diska, vid́ıme, že nejde o nic jiného než o hledáńı takových bod̊u v K, které
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lež́ı nejdále (nejbĺıže) př́ımce L procházej́ıćı počátkem a bodem (1, . . . , 1)′.
Charakterizaci řešeńı shrnuje:

Věta 2. Řešeńı úloh P1 a P2 lež́ı na hranici K. Nav́ıc, řešeńı úlohy P1 se
shoduje s jedńım nebo v́ıce vrcholy K.

Důkaz: Viz [1]. ¤

Daľśı výhodou vztahu (6) a Věty 2 je to, že umožňuj́ı úlohy P1 a P2
převést na úlohy kvadratického programováńı. Skutečně, položme

H =




n−1
n . . . − 1

n
...

. . .
...

− 1
n . . . n−1

n


 , G = 2H, lb =




a1

...
an


 , ub =




b1

...
bn


 , (7)

kde diagonátńı prvky matice H jsou rovny (n−1)/n, zat́ımco všechny ostatńı
prvky jsou rovny −1/n. Potom úloha P1 odpov́ıdá úloze kvadratického pro-
gramováńı

min
{
− 1

2
x′Gx

}
při omezeńı lb ≤ x ≤ ub, (8)

zat́ımco úloha P2 odpov́ıdá úloze kvadratického programováńı

min
{1

2
x′Gx

}
při omezeńı lb ≤ x ≤ ub. (9)

Poznamenejme, že pro úlohy tohoto druhu existuje celá řada v́ıce či méně
dobrých softwarových řešič̊u. Je však třeba být opatrný a trpělivý, k hle-
danému řešeńı nevede v praxi cesta zdaleka tak př́ımočará jako na paṕı̌re.

Pod́ıvejme se dále na úlohy P3 a P4. Necht’ xi ∈ [ai, bi], 1 ≤ i ≤ n,
označuje hodnotu i-té souřadnice hledaného řešeńı. Pro každý interval Ii

zaved’me pomocné proměnné Ai a Bi reprezentuj́ıćı vzdálenost mezi ai a xi,
resp. mezi bi a xi tak, jak zobrazuje následuj́ıćı obrázek.

Ai Bi

ai bi
xi



Označme ri = ai + Ai − cA, resp. ri = bi − Bi − cB , kde cA, resp. cB, je
neznámá hodnota med1≤j≤n xj , a položme r = (r1, . . . , rn)′. Dále zaved’me
matice

f =




1n,1

1n,1

0n,1

0


 , yA =




r+

r−

A

cA


 , yB =




r+

r−

B

cB


 , lb =




0n,1

0n,1

0n,1

amin


 , ub =




b − a

b − a

b − a

bmax


 ,
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kde Aeq =
(
In

... − In

... − In

... 1n,1

)
, Beq =

(
In

... − In

... In

... 1n,1

)
,

aeq = a, beq = b, r+ označuje vektor kladných část́ı a r− vektor zápor-
ných část́ı vektoru r, A =

(
A1, . . . , An

)′
, B =

(
B1, . . . , Bn

)′
, 0n,1 vektor nul

a 1n,1 vektor jedniček řádu n × 1.

Potom úloha P4 odpov́ıdá bud’ problému lineárńıho programováńı

min f ′ · yA při omezeńı Aeq · yA = aeq a lb ≤ yA ≤ ub, (10)

nebo

min f ′ · yB při omezeńı Beq · yB = beq a lb ≤ yB ≤ ub, (11)

který lze řešit např́ıklad použit́ım simplexové metody. Hledané řešeńı dosta-
neme jako x̃min = a+yA(2n+1 : 3n) nebo jako x̃min = b−yB(2n+1 : 3n).
Pro úlohu P3 pouze nahrad́ıme v (10) a (11) minimum maximem.

Poznamenejme, že použit́ı reprezentace s pomocnými proměnnými Ai a Bi

umožňuje přeformulovat také úlohy P1 a P2 a převést je (opět) na úlohy
kvadratického programováńı, tentokrát v jiných proměnných. Reprezentaci
s použit́ım Ai a Bi lze už́ıt také v situaci, kdy v (3) a (4) nahrad́ıme medián
pr̊uměrem, nebo použijeme-li L∞ normu mı́sto L1 či L2 normy.

3 Genetické algoritmy

Metodika genetických algoritmů byla inspirována Darwinovou teorii evoluce,
a proto i názvoslov́ı odpov́ıdá biologickým termı́n̊um. Vzhledem k tomu, že ne
všichni čtenáři jsou s danou problematikou obeznámeni, připomeňme několik
nezbytných pojmů. Daľśı podrobnosti čtenář nalezne např. v [5], [8] či [9].
Učińıme tak na značně zjednodušeném problému, který, ne náhodou, úzce
připomı́ná úlohy P1 – P4.

Mějme funkci f : {0, 1}n → R1, n ∈ N, kterou chceme maximalizovat,
a zároveň hledejme bod ve kterém je maxima dosaženo, tj.

αopt = arg max
α∈{0,1}n

f(α). (12)

Bod α =
(
α1, . . . , αn

)′
nazveme jedincem, chromozomem. Je to nějaký

prvek prostoru {0, 1}n, na kterém funkci f maximalizujeme. Jednotlivé složky
tohoto vektoru budeme v souladu s biologickou terminologíı nazývat geny.
Množinu P = {α1, . . . ,αS} ⊂ {0, 1}n nazveme populaćı jedinc̊u rozsahu S.

Funkce f reprezentuje prostřed́ı ve kterém jedinci dané populace žij́ı, je-
dinec α reprezentuje genotyp organismu a hodnota f(α) jeho fenotyp. Mı́rou
śıly chromozomu může být např́ıklad jeho funkčńı hodnota. Funkci f chceme
maximalizovat, takže č́ım větš́ı je hodnota f(α), t́ım by měl být jedinec α

silněǰśı. To nás vede k zavedeńı funkce F : {0, 1}n → R1, tzv. fitness, jež
hodnot́ı śılu jedince. Tato funkce muśı pro úlohu (12) splňovat podmı́nku

∀α1,α2 ∈ P f(α1) ≤ f(α2) ⇒ F (α1) ≤ F (α2). (13)
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Normalizovanou fitness rozumı́me funkci F ′(α) = F (α)
/( ∑

α′∈P F (α′)
)
.

Hodnotu normalizované fitness jedince v rámci dané populace můžeme in-
terpretovat tak, že nám poskytuje pravděpodobnost přežit́ı daného jedince,
tj. odpov́ıdá šanci jedince na reprodukci. Možnost́ı, jak volit fitness, je celá
řada. Pro úlohu (12) přǐrad́ıme chromozomům hodnoty funkce kterou maxi-
malizujeme, tj. F (α) = f(α).

Poznamenejme, že kdybychom v (12) nahradili funkci arg max funkćı
arg min, potom je třeba podmı́nku na funkci fitness změnit na

∀α1,α2 ∈ P f(α1) ≤ f(α2) ⇒ F (α1) ≥ F (α2).

Pro problém P2 se osvědčila volba F (α) = 1/f(α).
Nejd̊uležitěǰśım operátorem na prostoru jedinc̊u P je kř́ı̌zeńı chromozom̊u,

jež napodobuje svou biologickou předlohu. Možnost́ı, jak tuto operaci zavést,
je celá řada. Základńım typem, který se nejv́ıce osvědčil i pro náš problém, je
tzv. jednobodové kř́ıžeńı. Operace spoč́ıvá v tom, že náhodně vybereme bod
kř́ıžeńı k ∈ {1, . . . , n−1}, po bod kř́ıžeńı do nových chromozomů zkoṕırujeme
obsah chromozomů p̊uvodńıch, a za t́ımto bodem jejich obsah prohod́ıme.
Schematicky můžeme jednobodové kř́ıžeńı znázornit tak, že chromozomy

α = (α1, . . . , αk, αk+1, . . . αn) a β = (β1, . . . , βk, βk+1, . . . βn)

daj́ı po zkř́ıžeńı

α′ = (α1, . . . , αk, βk+1, . . . βn) a β′ = (β1, . . . , βk, αk+1, . . . αn).

Kř́ıžeńı samozřejmě můžeme analogicky definovat jako dvou-, tř́ı- i v́ıcebodo-
vé, respektive náhodné. Pro náš problém ani v́ıcebodové ani náhodné kř́ıžeńı
žádné podstatné vylepšeńı nepřineslo.

Posledńı základńı operaćı je mutace chromozom̊u, jež vnáš́ı, stejně jako
v př́ırodě, do celého procesu evoluce něco nového. Zde slouž́ı zejména k tomu,
aby se algoritmus dostal z lokálńıch extrémů. Mutaćı jednoho či v́ıce gen̊u
chromozomu můžeme źıskat jedince, který se v populaci v̊ubec nenacháźı.
Jeho následným zkř́ıžeńım s chromozomy ostatńımi tak může GA dostat zcela
nový směr. Pro úlohu (12) se osvědčil základńı, a v praxi také nejrozš́ı̌reněǰśı,
typ mutace, kdy pro pevně zvolenou pravděpodobnost mutace pM postupně
generujeme náhodná č́ısla Ri z R[0, 1], a každý gen bud’ změńıme nebo po-
necháme nezměněný podle toho, zda k němu nagenerované náhodné č́ıslo Ri

nepřekroč́ı, resp. překroč́ı, pM . Jinými slovy, pro každý chromozom α ∈ P
vytvoř́ıme nový chromozom α⋆ =

(
α⋆

1, . . . , α
⋆
n

)′
tak, že

α⋆
i =

{
1 − αi, Ri < pM ,

αi, Ri ≥ pM ,
i = 1, . . . , n.

Nyńı jsme již připraveni popsat základńı postup genetického algoritmu.
Na počátku náhodně vygenerujeme populaci chromozomů z {0, 1}n, tedy
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P0 = {α1, . . . ,αS} ⊂ {0, 1}n, přičemž pod náhodně vygenerovanou popu-
laćı rozumı́me to, že jednotlivé geny pocházej́ı z alternativńıho rozděleńı
Alt(1/2). Všechny chromozomy populace P0 ohodnot́ıme pomoćı norma-
lizované fitness. Chromozom z P0 je vyb́ırán jako rodičovský chromozom
daľśı generace s pravděpodobnost́ı rovnaj́ıćı se jeho normalizované fitness.
Takto náhodně vyb́ıráme dvojice chromozomů z P0, aplikujeme na ně re-
produkčńı operátor, tj. zkř́ıž́ıme je mezi sebou, a výsledek následně ještě
zmutujeme. Výběry provád́ıme s vraceńım. Takto postupujeme tak dlouho,
dokud nemáme m nových chromozomů, kde m ∈ N, m ≥ S, je pevně zvolené
č́ıslo. Z m nových chromozomů vybereme S s největš́ımi hodnotami účelové
funkce, které vytvoř́ı novou populaci P1, chromozomy ohodnot́ıme normali-
zovanou fitness, atd. Celý postup opakujeme tak dlouho, dokud neńı splněna
nějaká ukončovaćı podmı́nka. Stále si přitom udržujeme informaci o několika
doposud nejlepš́ıch řešeńıch dané úlohy.

Zat́ımco někteř́ı autoři doporučuj́ı doposud nejlepš́ıho jedince (několik
doposud nejlepš́ıch jedinc̊u) v populaci P neustále udržovat, jińı před touto
modifikaćı sṕı̌se varuj́ı. V našem př́ıpadě se ukázalo, že udržet doposud nej-
lepš́ıho jedince v populaci se jednoznačně vypláćı, nebot’ k řešeńı dokonver-
gujeme mnohem rychleji. Zkusili jsme dokonce variantu, před kterou většina

”
guru“ v oblasti genetických algoritmů varuje, totiž, vždy kř́ıžit danou po-

pulaci P• s doposud nejlepš́ım jedincem. Obavou je, že tato strategie může
snadno skončit v některém lokálńım minimu. Je třeba ř́ıćı, že tato strategie
vedla v př́ıpadě úlohy P1 jednoznačně k nejrychleǰśımu dosažeńı řešeńı, a to
i v úlohách s několika tiśıci intervaly.

Ukončovaćı podmı́nkou může být např́ıklad maximálńı počet generaćı,
které projdeme. Daľśı možnost́ı je zastavit algoritmus tehdy, jsou-li všichni
jedinci populace stejńı nebo je-li hodnota maximalizované (minimalizované)
funkce po určitý počet generaćı

”
prakticky“ táž, apod. Vzhledem k tomu, že

slabš́ı jedinci jsou ohodnoceni malou fitness, k reprodukci se dále prakticky
neprosad́ı, nebot’ jsou vyb́ıráni jako rodiče daľśı generace jen s velmi malou
pravděpodobnost́ı. Na základě tohoto typu výběru k reprodukci bychom měli
postupně např́ıč generacemi źıskávat jedince stále

”
silněǰśı“. Důkaz konver-

gence genetického algoritmu lze nalézt např́ıklad v [6].

4 Př́ıklad

Vrat’me se nyńı k úloze P1 a pod́ıvejme se na ni pohledem genetických algo-
ritmů. Reprezentace rozptylu ve tvaru (6) má tu velkou výhodu, že je do-
voluje na daný problém velmi efektivně použ́ıt, nebot’ Věta 2 umožňuje se
soustředit pouze na vrcholy K. Ke každému vrcholu totiž můžeme jedno-
značně přǐradit některý vektor α =

(
α1, . . . , αn

)′ ∈ {0, 1}n, přičemž hodnota
αi = 1 odpov́ıdá volbě xi = ai, resp. hodnota αi = 0 odpov́ıdá volbě xi = bi.
K jednotlivým vrchol̊um tak máme naprosto přirozeně přǐrazeny chromo-
zomy, funkce fitness je dána hodnotou rozptylu spočtenou pro daný vrchol x,
takže pro vlastńı implementaci stač́ı zvolit rozsah populace S, bod kř́ıžeńı k,
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pravděpodobnost mutace pM a ukončovaćı pravidlo. Uvažujme krychli K vy-
tvořenou z následuj́ıćıch čtyřiceti interval̊u, tj.

ai bi ai bi ai bi ai bi

-47.50 28.75 40.75 95.00 -10.00 07.75 27.75 57.00
47.25 91.75 -47.00 30.50 -81.50 -72.25 49.75 85.50
38.50 81.50 -95.75 -25.25 -94.00 -18.75 12.75 90.75

-53.50 45.00 -34.00 -28.25 -65.50 22.00 18.50 85.50
-46.50 93.50 -1.25 34.50 -3.25 83.25 -93.00 -83.00
-98.25 -40.75 16.50 81.25 -90.25 -77.00 -95.75 -52.00
-34.50 -28.00 -21.75 39.75 -24.75 -01.25 -66.00 -61.25
51.00 64.00 30.25 80.25 42.50 79.75 -77.50 -42.75

-88.50 -71.50 -14.50 -06.00 -11.00 -05.00 -32.50 -13.50
-93.75 -33.00 -22.50 1.25 -19.50 06.75 -42.25 20.00

Nalezeńı řešeńı pro P1 je při použit́ı vyčerpávaj́ıćıho prohledáváńı na
hranici spočitatelnosti v

”
rozumném čase“, nebot’ proj́ıt všech 240 vrchol̊u

a spoč́ıtat pro každý z nich hodnotu rozptylu si vyžádalo na poč́ıtači s 16ti
v́ıcejádrovými procesory v́ıce než čtyři hodiny výpočt̊u, což je pro praxi sa-
mozřejmě neúnosné. Podle [4] je přitom exhaustivńı prohledáváńı jediným
zp̊usobem, který se 100%ńı jistotou zaručuje nalezeńı globálńıho extrému
pro

”
obecné intervaly“ tohoto typu. Naproti tomu genetický algortimus nalezl

totéž řešeńı při vhodném nastaveńı parametr̊u již po několika deśıtkách/stov-
kách generaćı. Pro zaj́ımavost uved’me, že globálńıho maxima je dosaženo
v bodě s vrcholy

-47.50 91.75 81.50 45.00 93.50 -98.25 -34.50 64.00
95.00 -47.00 -95.75 -34.00 34.50 81.25 39.75 80.25
7.75 -81.50 -94.00 -65.50 83.25 -90.25 -24.75 79.75

57.00 85.50 90.75 85.50 -93.00 -95.75 -66.00 -77.50
-88.50 -93.75 -14.50 -22.50 -11.00 -19.50 -32.50 -42.25

Hodnota rozptylu v tomto bodě je rovna 5 037.948.
Pod́ıvejme se na nastaveńı parametr̊u použitého genetického algoritmu.

Na základě doporučeńı z literatury a
”
doladěńı“ pomoćı simulaćı se jako

”
optimálńı“ ukázala následuj́ıćı volba:

• Počátečńı generace byla zvolena náhodně, tj. jednotlivé geny byly ge-
nerovány z alternativńıho rozděleńı Alt(1/2).

• Bod kř́ıžeńı k ≈ 0.6n.

• Pravděpodobnost mutace pM ≈ 0.01.

• Fitness f(α) = var x, kde x je vrchol K odpov́ıdaj́ıćı chromozomu α.

• Rozsah populace card(S) = 100.

• Počet generaćı 300.
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Dále se pod́ıvejme na to, jaký vliv na řešeńı má změna těchto parametr̊u.
Hlavńım závěrem je, že rozsah populace a počet generaćı podstatně záviśı na
pravděpodobnosti mutace, mnohem méně již na volbě ostatńıch parametr̊u.

• Volba počátečńı generace nemá podstatný vliv na rychlost dosažeńı
optimálńıho řešeńı.

• Volba bodu kř́ıžeńı nemá podstatný vliv na rychlost dosažeńı optimálńı-
ho řešeńı. Podobně dobré výsledky jako kř́ıžeńı v pevném bodě dává
kř́ıžeńı náhodné.

• Zvyšujeme-li pravděpodobnost mutace, je zapotřeb́ı podstatně zvýšit
bud’ počet generaćı nebo rozsah populace. Tak např́ıklad volba pM =
0.025, kterou literatura doporučuje pro tento typ úloh (pM ≈ 1/n),
si vyžádala bud’ zdvojnásobeńı rozsahu populace nebo ztrojnásobeńı
počtu generaćı.
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APROXIMÁCIA ZOVŠEOBECNENÉHO
KONFIDENČNÉHO INTERVALU PRE σ2

1

Barbora Arendacká

Kl’́učové slová: Lineárny zmiešaný model, variančné komponenty, zovšeobec-
nený pivot, približný konfidenčný interval.

Abstrakt: V pŕıspevku sa zaoberáme zovšeobecneným konfidenčným inter-
valom pre variančný komponent zodpovedajúci náhodnému faktoru v lineár-
nych zmiešaných modeloch, ktorý je založený na Parkovom-Burdickovom
zovšeobecnenom pivote, a približným, El-Bassiouniho-Williamsovým-Tukey-
ho intervalom pre spomı́naný variančný komponent. Ukážeme, že okrem oči-
vidných podobnost́ı medzi oboma procedúrami, El-Bassiouniho-Williamsov-
Tukeyho interval môžme v istom zmysle považovat’ za aproximáciu spome-
nutého zovšeobecneného intervalu. Tento výsledok je inšpirovaný prácou
Brossa (Biometrics, 6, 1950).

Abstract: A generalized confidence interval for the variance component
corresponding to the random factor in a linear mixed model with two vari-
ance components based on the Park-Burdick generalized pivot and an appro-
ximate, the El-Bassouni-Williams-Tukey, interval for the variance component
are considered. Besides apparent similarities, we show that the El-
Bassiouni-Williams-Tukey interval can be regarded as an approximation of
the generalized interval. This result is inspired by Bross (Biometrics, 6, 1950).

1 Model a značenie

Uvažujeme lineárny zmiešaný model

Y = Xβ + Za + ǫ (1)

kde Y (n × 1) je vektor pozorovańı, X (n × p) je známa matica nezávislých
premenných, β (p × 1) je vektor neznámych parametrov, ǫ (n × 1) je vektor
náhodných chýb, Z (n × q) je známa matica a a (q × 1) je nepozorovatel’ný
náhodný vektor. Predpokladáme, že a a ǫ sú navzájom nezávislé a každý
z nich má mnohorozmerné normálne rozdelenie s nulovou strednou hodnotou
a kovariančnou maticou σ2

1Iq, resp. σ2In (kde In je jednotková matica n×n),
σ2

1 ≥ 0, σ2 > 0. Ďalej predpokladáme, že R(Z) 6⊆ R(X), kde R(A) označuje

lineárny priestor generovaný st́lpcami matice A, a tiež že n > rank([X,Z]),
čo zaručuje existenciu jednoduchého odhadu pre rušivý parameter σ2. Táto
posledná podmienka sa dá chápat’ tak, že máme k dispoźıcii viac ako len
minimálny počet pozorovańı, a teda nie je vel’mi obmedzujúca.

Neznáme variančné komponenty σ2
1 , σ2 sú invariantné vzhl’adom na

posunutie v strednej hodnote. Môžme teda uplatnit’ prinćıp invariancie,
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skonštruovat’ maximálny invariant BT Y (BT B = In−rank(X), BBT =
In − X(XT X)−XT ) vzhl’adom na túto tranformáciu a následným uplat-
neńım prinćıpu postačujúcosti obdrž́ıme minimálnu postačujúcu štatistiku
U = (U1, ..., Ur)

T pre (σ2
1 , σ2)T v triede rozdeleńı

BT Y ∼ Nn−rank(X)(0, σ2
1BT ZZT B + σ2In−rank(X)).

Zložky U sú navzájom nezávislé náhodné premenné

Ui ∼ (λiσ
2
1 + σ2)χ2

νi
, i = 1, ..., r,

kde λ1 > ... > λr = 0 sú vlastné č́ısla matice BT ZZT B a ν1, ..., νr > 0 sú
ich násobnosti (pozri napr. [7], str. 880). Práve vd’aka našim predpokladom
(R(Z) 6⊆ R(X), n > rank([X,Z])) plat́ı, že λr = 0, t.j. Ur ∼ σ2χ2

νr
, a r ≥ 2.

Spomeňme ešte, že v najjednoduchšom pŕıpade modelu (1), t.j. vyváženom
modeli jednoduchého triedenia s náhodným efektom Yij = µ + ai + ǫij ,
i = 1, ..., I > 1, j = 1, ..., J > 1, je r = 2 a štatistiky U1, U2 sú známe sumy
štvorcov z tabul’ky analýzy rozptylu.

V d’aľsom texte použ́ıvame: s =
∑r−1

i=1 νi, αl, αu ∈ (0, 1) sú zvolené tak, že
αu −αl = 1−α, čo je konfidenčná úroveň, na ktorej sa intervaly konštruujú.
χ2

m;b, Fm,n;b označujú b kvantily pŕıslušného χ2 a F rozdelenia. Konvergenciu

podl’a distribúcie znač́ıme
D→.

2 El-Bassiouniho-Williamsov-Tukeyho interval

V [4] El-Bassiouni navrhol približný konfidenčný interval pre σ2
1 , ktorého

dolnú LEBWT a hornú UEBWT hranicu dostaneme ako nezáporné riešenia
alebo nuly, ak nezáporné riešenia neexistujú, nasledujúcich rovńıc:

r−1∑

i=1

Ui

λiLEBWT
χ2

s;αu

sFs,νr;αu

+ Ur
νr

= sFs,νr;αu
(2)

r−1∑

i=1

Ui

λiUEBWT
χ2

s;αl

sFs,νr;αl

+ Ur
νr

= sFs,νr;αl
. (3)

(Nezápornost’ riešenia sa vyžaduje kvôli nezápornosti parametra σ2
1 . Ne-

dostaneme potom intervaly so zápornými hranicami, ale na druhej strane,
výsledkom procedúry môže byt’ aj degenerovaný interval [0, 0]. Kladenie zá-
porných hrańıc konfidenčného intervalu rovných 0 samozrejme ovplyvňuje
pravdepodobnost’ pokrytia skutočnej nulovej hodnoty σ2

1 , ktorá by potom aj
v pŕıpade presného konfidenčného intervalu bola väčšia ako 1 − α.)

El-Bassiouni odvodil uvedený interval (pod názvom Waldov interval) ako
analógiu Williamsovho-Tukeyho intervalu (pozri [12]), ktorý sa považuje za
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dobré približné riešenie v situácii, ked’ r = 2. Všimol si totiž, že Williamsov-
Tukeyho interval môžme zaṕısat’ v tvare

[d1σ̂
2ρ̂l, d2σ̂

2ρ̂u] (4)

kde d1, d2 sú korekčné konštanty, σ̂2 = U2/ν2 je nevychýlený odhad parame-
tra σ2 a ρ̂l, ρ̂u sú hranice presného1 konfidenčného intervalu pre ρ = σ2

1/σ2.
El-Bassiouni si uvedomil, že v pŕıpade, ked’ r > 2, vieme tiež skonštruovat’

presný konfidenčný interval pre ρ (konkrétne uvažoval ten, ktorý navrhol
Wald [11]), ako aj nevychýlený odhad pre σ2 (Ur/νr). Tieto kvantity dosa-
dil do (4) a stupne vol’nosti vystupujúce v d1, d2 nahradil ich náprotivkami,
ked’ r > 2, čiže d1 = sFs,νr;αu

/χ2
s;αu

, d2 = sFs,νr;αl
/χ2

s;αl
. Po jednoduchých

algebraických úpravách dostaneme, že hranice takto vzniknutého intervalu
môžme spoč́ıtat’ z (2), (3). El-Bassiouni odporúčal tento interval použ́ıvat’

iba na základe výsledkov simulačnej štúdie, v ktorej sa zdalo, že jeho prav-
depodobnost’ pokrytia nikdy neklesá pod nominálnu úroveň (na rozdiel napr.
od známeho Thomasovho-Hultquistovho intervalu [9]). Dá sa však ukázat’, že
okrem dobrých simulačných výsledkov má El-Bassiouniho interval aj pekné
teoretické vlastnosti: existuje dolné ohraničenie pre jeho pravdepodobnost’ po-
krytia (konkrétne 1− 2α) a tiež, ked’ σ2

1/σ2 → ∞ alebo ked’ νr → ∞ (a σ2
1 je

kladné), sa jeho pravdepodobnost’ pokrytia bĺıži k nominálnej úrovni. Ako
presný konfidenčný interval sa El-Bassiouniho interval správa aj čo sa týka
pokrytia skutočnej nulovej hodnoty σ2

1 . Pozri [1].
Interval daný (2) a (3) nazývame El-Bassiouniho-Williamsov-Tukeyho

(EBWT) interval kvôli jeho prepojeniu s Williamsovým-Tukeyho interva-
lom, na ktorý sa redukuje, ked’ r = 2. EBWT interval nie je len formálnou
analógiou Williamsovho-Tukeyho intervalu, ale dá sa odvodit’ priamo použi-
t́ım Williamsovho pŕıstupu v [12] (pozri [1]).

3 Parkov-Burdickov zovšeobecnený pivot

Skôr ako uvedieme vzorec pre výpočet Parkovho-Burdickovho (PB) zovše-
obecneného pivota, stručne pribĺıžime pojem zovšeobecneného pivota a spô-
sob jeho použitia na konštrukciu zovšeobecnených konfidenčných intervalov,
postupovat’ budeme podl’a [6].

V našom pŕıpade chceme interval pre σ2
1 založit’ na minimálnej posta-

čujúcej štatistike U , ktorej distribúcia záviśı na σ = (σ2
1 , σ2)T . Označme

U∗ nezávislú kópiu U a nech u označuje realizáciu U . Zovšeobecnený pivot
pre σ2

1 , ozn. R(U ,U∗,σ), je funkcia U ,U∗, σ, pre ktorú plat́ı

V1 Podmienené rozdelenie R(U ,U∗,σ) pri U = u nezáviśı na σ.

V2 Pre každú možnú realizáciu u záviśı R(u,u,σ) na σ iba cez σ2
1 .

1V skutočnosti je tento interval presný len pre nenulové ρ, skutočnú nulu pokrýva
s pravdepodobnost’ou väčšou ako 1 − α, ked’že pŕıpadné záporné ρ̂l, ρ̂u sa kladú rovné
nule.
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Hodnota R(u,u,σ) sa nazýva napozorovaná hodnota zovšeobecneného pi-
vota R. Konštrukcia zovšeobecnenej oblasti spol’ahlivosti pre σ2

1 pomocou R
pripomı́na postup s obyčajnými pivotmi, akurát sa všetko deje podmienene,
pri daných napozorovaných hodnotách. Vd’aka V1 vieme pre každú rea-
lizáciu u nájst’ podmnožinu C(u) výberového priestoru R(u,U∗,σ), pre
ktorú P (R(u,U∗,σ) ∈ C(u)) ≥ 1 − α, pričom rovnost’ je možné vždy do-
siahnut’ pre spojitú náhodnú premennú R(u,U∗,σ). Zovšeobecnenú kon-
fidenčnú oblast’ potom tvoria všetky hodnoty σ2

1 , pre ktoré napozorovaná
hodnota pivota R(u,u,σ) patŕı do C(u). Vd’aka V2 záviśı táto oblast’ len
na napozorovaných dátach. Ak chceme garantovat’, aby zovšeobecnená konfi-
denčná oblast’ bola intervalom, môžme bez straty všeobecnosti spŕısnit’ vlast-
nost’ V2 a požadovat’, aby pre každé pozorovatel’né u, R(u,u,σ) = σ2

1 . Po-
tom budú zovšeobecnený konfidenčný interval tvorit’ priamo dolný a horný
kvantil qR

αl
(u), qR

αu
(u) rozdelenia R(u,U∗,σ). (Obvykle sa voĺı αl = α/2,

αu = 1−α/2.) To je aj pŕıpad PB zovšeobecneného pivota RPB , ktorý je de-
finovaný ako nezáporné riešenie alebo nula, ak nezáporné riešenie neexistuje,
rovnice

r−1∑

i=1

Ui

λiRPB + Ur/Qr
=

r−1∑

i=1

Qi, (5)

kde Qi = U∗
i /(λiσ

2
1 + σ2), i = 1, ..., r. Požadovanie nezápornosti má tie isté

dôvody ako v pŕıpade EBWT intervalu. Ked’že zovšeobecnený konfidenčný
interval pre σ2

1 založený na RPB tvoria vždy dolný a horný kvantil jeho roz-
delenia pri daných napozorovaných hodnotách ui, celú situáciu by sme mohli
vńımat’ aj tak, že sme na základe napozorovaných dát priradili neznámemu
parametru σ2

1 distribúciu, akú má RPB(u,U∗,σ). V takom pŕıpade by totiž
intervalový odhad pre σ2

1 tvorili prirodzene dolný a horný kvantil rozdele-
nia tohto parametra. Tento pohl’ad jasne odhal’uje spojitost’ zovšeobecnenej
inferencie s fiduciálnou metódou zavedenou Fisherom [5], pozri tiež [6]. Nie
je preto prekvapujúce, že v pŕıpade r = 2 sa interval založený na PB pivote
zhoduje s fiduciálnym intervalom pre σ2

1 , pozri [5], [3].

Všimnime si ešte, že ak by sme vo V2 mali R(u,u∗,σ) pre každé pozorova-
tel’né u, u∗, tak R(U ,U∗,σ) by bol klasický pivot pre σ2

1 a {σ2
1 ;R(u,u∗,σ) ∈

C(u)} by bola presná konfidenčná oblast’ pre σ2
1 . V skutočnosti je ale U∗ ne-

pozorovatel’ný a jediná realizovaná hodnota, ktorú máme k dispoźıcii je u.
Jej použitie namiesto realizácie u∗ spôsobuje, že pravdepodobnost’ pokry-
tia zovšeobecnených intervalov nie je teoreticky garantovaná. Často sa preto
ich použitie v praxi obhajuje len na základe simulačných výsledkov. O PB
zovšeobecnenom pivote sa však dá navyše ukázat’, že vedie k intervalom,
ktorých pravdepodobnost’ pokrytia sa bĺıži k nominálnej úrovni, ked’ νr → ∞
(a σ2

1 > 0) alebo ked’ σ2
1/σ2 → ∞. Taktiež, skutočnú nulovú hodnotu σ2

1

pokrývajú tieto intervaly ako keby boli presné. Pozri [2].
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4 Aproximácia

Podl’a popisu v predchádzajúcej časti je zrejmé, že pri konštrukcii PB zo-
všeobecneného intervalu pre σ2

1 potrebujeme pre konkrétnu realizáciu u =
(u1, ..., ur)

T spoč́ıtat’ dolný a horný kvantil rozdelenia implicitne zadanej
náhodnej premennej R̃, ktorá je daná ako nezáporné riešenie alebo nula, ak
nezáporné riešenie neexistuje, rovnice

r−1∑

i=1

ui

λiR̃ + ur/Qr

=

r−1∑

i=1

Qi, (6)

pozri (5). Spoč́ıtat’ pŕıslušné kvantily je možné simulačne (náhodným gene-
rovańım r-t́ıc (Q1, ..., Qr)

T , spoč́ıtańım hodnoty R̃ pre každú r-ticu a odhad-
nut́ım kvantilov ich výberovými ekvivalentmi) alebo numericky, ked’že pre
nenulový kvantil q̃α plat́ı

α = EQr

(
1 − F∑ r−1

i=1 Qi

(
r−1∑

i=1

ui

λiq̃α + ur/Qr

))

kde F∑ r−1
i=1 Qi

označuje distribučnú funkciu
∑r−1

i=1 Qi.

V každom pŕıpade však výpočet týchto kvantilov nie je práve jednoduchý.
Preto by sme sa mohli pokúsit’ nájst’ pre ne nejakú výpočtovo menej náročnú
aproximáciu. Pri jej hl’adańı sa inšpirujeme prácou Brossa [3], ktorý túto
úlohu riešil pre pŕıpad r = 2.

Podobne ako Bross, využijeme fakt, že v špeciálnych pŕıpadoch poznáme
tvar q̃α, t.j. α kvantilu R̃. Označme si = ui/νi, i = 1, ..., r, potom (6) môžme
preṕısat’ ako

r−1∑

i=1

νisi

λiR̃ + νrsr/Qr

=

r−1∑

i=1

Qi. (7)

Ked’že

P (R̃ = 0) = P

(
r−1∑

i=1

νisi/sr ≤ νr

r−1∑

i=1

Qi/Qr

)
,

je zrejmé, že q̃α je rovný nule, ked’

r−1∑

i=1

νisi/sr ≤ sFs,νr;1−α. (8)

Ďalej sa dá ukázat’, že ked’ νr → ∞ a s1, ..., sr považujeme za pevné, tak
R̃ konverguje v distribúcii k náhodnej premennej T , ktorú dostaneme ako
nezáporné riešenie alebo nulu, ak nezáporné riešenie neexistuje, rovnice

r−1∑

i=1

νisi

λiT + sr
=

r−1∑

i=1

Qi. (9)
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Tento fakt vyplýva zo spojitosti R̃ ako implicitne zadanej funkcie a toho, že

srνr/Qr
D→ sr, ked’ νr → ∞. Označme α kvantil T ako qT ;α. Potom qT ;α je

kladné riešenie alebo nula, ak kladné riešenie neexistuje, rovnice

r−1∑

i=1

νisi

λiqT ;α + sr
= χ2

s;1−α, (10)

ked’že pre nenulové qT ;α plat́ı

α = P (T ≤ qT ;α) = P

(
r−1∑

i=1

νisi

λiqT ;α + sr
≤

r−1∑

i=1

Qi

)
.

Spojitost’ kvantilovej funkcie náhodnej premennej T spolu s faktom R̃
D→ T

implikujú q̃α → qT ;α pre νr → ∞.
Nakoniec uvažujme situáciu, ked’ si/sr → ∞, i = 1, ..., r − 1, tak, že

si/
∑r−1

j=1 sj → ai > 0, i = 1, ..., r− 1, pre nejaké kladné konštanty ai. Potom

sa dá ukázat’, že pre q̃α/
∑r−1

i=1 si, čo je α kvantil R̃/
∑r−1

i=1 si, plat́ı

q̃α∑r−1
i=1 si

→
∑r−1

i=1 aiνi/λi

χ2
s;1−α

, (11)

ked’že v danej situácii R̃/
∑r−1

i=1 si
D→ (

∑r−1
i=1 aiνi/λi)/

∑r−1
i=1 Qi a kvantilová

funkcia limitnej náhodnej premennej je spojitá. V súvislosti s touto konver-
genciou si všimnime, že (7) sa dá preṕısat’ ako

r−1∑

i=1

νisi/
∑r−1

i=1 si

λiR̃/
∑r−1

i=1 si + νrsr/(Qr

∑r−1
i=1 si)

=

r−1∑

i=1

Qi.

Ak to zhrnieme, pre aproximáciu α kvantilu R̃, t.j. funkciu Bα, ktorá
záviśı na s1, ..., sr a nejakých tabelovaných kvantiloch, by malo platit’:

1. Bα = 0 práve vtedy, ked’
∑r−1

i=1 νisi/sr ≤ sFs,νr;1−α;

2. ak νr → ∞, tak Bα → t, kde t je nezáporné riešenie alebo nula, ak
nezáporné riešenie neexistuje, rovnice

r−1∑

i=1

νisi

λit + sr
= χ2

s;1−α;

3. ak si/sr → ∞, i = 1, ..., r − 1, tak, že si/
∑r−1

i=1 si → ai > 0, i =
1, ..., r − 1, tak

Bα∑r−1
i=1 si

→
∑r−1

i=1 aiνi/λi

χ2
s;1−α

.
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Je zrejmé, že aproximácia sṕlňajúca uvedené tri podmienky bude nulová
práve vtedy, ked’ aj pôvodný kvantil bude nula, a tiež napŕıklad, že s na-
rastajúcim νr môžme očakávat’ zlepšovanie jej presnosti.

Naš́ım pôvodným ciel’om bolo nájst’ približné vyjadrenie pre hranice PB

zovšeobecneného intervalu, t.j. pre qRP B

αl
(u), qRP B

αu
(u), čo sú pre konkrétnu

realizáciu u vlastne kvantily q̃αl
, q̃αu

náhodnej premennej R̃ z (6) s vhodnou
vol’bou ui, i = 1, ..., r. Od približných vyjadreńı, Bαl

, Bαu
, uvedených kvan-

tilov teda môžme vyžadovat’ splnenie vlastnost́ı 1-3 vyššie a je l’ahké dokázat’,
že tieto budú splnené, ak Bαl

, Bαu
zadefinujeme ako nezáporné riešenia alebo

nuly, ak nezáporné riešenie neexistujú, rovńıc

r−1∑

i=1

νisi

λiBαl

χ2
s;1−αl

sFs,νr;1−αl

+ sr

= sFs,νr;1−αl

r−1∑

i=1

νisi

λiBαu

χ2
s;1−αu

sFs,νr;1−αu

+ sr

= sFs,νr;1−αu
.

Porovnańım posledných rovnic s (2), (3) hned’ vid́ıme, že pre konkrétnu reali-
záciu u môžme hranice PB zovšeobecneného intervalu pri použit́ı
hlad́ın α̇l, α̇u v procedúre aproximovat’ realizáciou dolnej a hornej hranice
EBWT intervalu pri daných pozorovaniach, ak v EBWT procedúre zvoĺıme
αl = 1 − α̇u, αu = 1 − α̇l.

Vrát’me sa ešte k Brossovmu výsledku. Bross [3] uvažoval pŕıpad vyvá-
ženého modelu jednoduchého triedenia s náhodným efektom a fiduciálny
interval pre σ2

1 , ktorý sa zhoduje so zovšeobecneným intervalom, na ktorý
sa v tejto situácii redukuje PB zovšeobecnený interval. Bross si všimol, že
hl’adané kvantily sa dajú l’ahšie spoč́ıtat’ v niektorých špeciálnych situáciách,
č́ım dostal podmienky, ktoré by mala aproximácia týchto kvantilov sṕlňat’

a z jej rôznych možných podôb si vybral jednu. Nanešt’astie, Brossova vol’ba
mala jeden drobný nedostatok, ktorý si všimol Tukey [10], str. 67, navrhol
ako ho odstránit’ (pri zachovańı splnenia všetkých Brossových podmienok)
a dostal tak to, čo dnes poznáme pod názvom Williamsov-Tukeyho interval.
Z toho je zrejmý náš výsledok v špeciálnom pŕıpade r = 2.

5 Záver

Vzhl’adom na Brossove [3] a Tukeyho [10] výsledky, ako aj podobnost’ vzor-
cov (2), (3) a (5), nie je zistenie, že približný EBWT interval možno považovat’

za aproximáciu PB zovšeobecneného intervalu, prekvapujúce. V skúmanom
probléme však odhal’uje prepojenie medzi pomerne l’ahko konštruovatel’nými
zovšeobecnenými intervalmi a približnými metódami, ktoré sú zas l’ahšie
spoč́ıtatel’né. Náš výsledok bol inšpirovaný prácou Brossa [3], ktorý sa zaobe-
ral špeciálne pŕıpadom vyváženého modelu jednoduchého triedenia s náhod-
ným efektom a skúmal zovšeobecnený interval, na ktorý sa v tomto pŕıpade
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zjednoduš́ı nami skúmaná Parkova-Burdickova procedúra. Kým Bross pria-
mo využil jednoduchost’ konštrukcie zovšeobecneného konfidenčného inter-
valu pre σ2

1 , ked’ hl’adańım aproximácie jeho hrańıc navrhol približný kon-
fidenčný interval pre parameter záujmu, v našom pŕıpade šlo o skúmanie
súvislost́ı medzi približnými a zovšeobecnenými metódami na konštrukciu
konfidenčných intervalov pre σ2

1 , ktoré sa objavujú v literatúre.
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OBLASTI NECITLIVOSTI PRO VARIANČNÍ
KOMPONENTY VE SMÍŠENÉM
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Hana Boháčová

Kĺıčová slova: Smı́̌sený lineárńı regresńı model, variančńı komponenty, oblast
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Abstrakt: Skutečné hodnoty parametru variančńı matice θ ve smı́̌seném
lineárńım modelu obvykle bývaj́ı neznámé. Při odhadováńı parametr̊u střed-
ńı hodnoty β pak muśıme vycházet z odhadnutých hodnot parametr̊u va-
riančńı matice. V př́ıspěvku se použ́ıvá θ0-MINQUE odhad parametr̊u va-
riančńı matice, kde θ0 je daná počátečńı hodnota. Je zde popsán postup
odvozeńı oblasti necitlivosti pro lineárńı funkci parametr̊u variančńı matice,
uveden tvar této množiny a je nast́ıněno, jaké by mohla mı́t vlastnosti pro
speciálńı př́ıpad, kdy parametr θ má dvě složky.

Abstract: The real values of the variance components θ are usually not
known in case of the mixed linear model. Thus we need to use their estimates
when estimating the fixed effects parameters β. The θ0-MINQUE estimator
is used in this paper and an insensitivity region for a linear function of θ is
described and some properties of such a set are outlined for a special case of
two components of the parameter θ.

1 Seznam použitých symbol̊u

r(A) hodnost matice A
Tr(A) stopa matice A, definuje se pro čtvercové matice ja-

ko součet prvk̊u na hlavńı diagonále matice
ei i-tý jednotkový vektor; vektor, který má na i-té

pozici jedničku, na ostatńıch pozićıch nuly
I jednotková matice
A− pseudoinverzńı matice k matici A
A+ Mooreova-Penroseova pseudoinverze matice A
M(A) sloupcový prostor matice A
MA projekčńı matice (v euklidovské normě) na ortogo-

nálńı komplement prostoru M(A),
tzn.MA = I − AA+

Y n-rozměrný náhodný vektor
Y ∼ Nn(Xβ,Σθ) náhodný vektor Y má n-rozměrné normálńı rozděleńı

se středńı hodnotou Xβ a variančńı matićı Σθ

Varθ0
(Y) variančńı matice náhodného vektoru Y při skutečné

hodnotě parametru variančńı matice rovné θ0
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covθ0
(X,Z) kovariance veličin X a Z za předpokladu, že skutečná

hodnota parametru variančńı matice je θ0

∂f(θ)
∂θi

∣∣∣
θ=θ0

hodnota parciálńı derivace funkce f(θ) podle θi

v bodě θ0

2 Smı́̌sený lineárńı model

Uvažujme následuj́ıćı lineárńı regresńı model (viz [5], str. 229):

Y ∼ Nn (Xβ,Σθ) . (1)

Necht’ X rozměru n × k je známá matice plné sloupcové hodnosti r(X) = k,
β = (β1, β2, . . . , βk)′ je vektor neznámých parametr̊u středńı hodnoty a necht’

variančńı matice Σθ splňuje

Σθ =

r∑

i=1

θiVi, (2)

kde θ1, θ2, . . . , θr > 0 jsou neznámé variančńı komponenty - objekt našeho
zájmu - a V1,V2, . . . ,Vr jsou známé lineárně nezávislé symetrické pozitivně
semidefinitńı matice, přičemž uvažujeme pouze takové hodnoty variančńıch
komponent, pro které plat́ı:

θ = (θ1, . . . , θr)
′ ∈ S, (3)

kde S je množina takových θ ∈ Rr, pro která je (při daných V1, . . . , Vr)
matice Σθ pozitivně definitńı.

3 Odhady parametr̊u smı́̌seného lineárńıho modelu

Ćılem je odhadnout parametry středńı hodnoty β = (β1, . . . , βk)
′

a para-
metry variančńı matice - variančńı komponenty - θ = (θ1, . . . , θr). Použi-
jeme-li θ0 ∈ Rr - počátečńı hodnotu parametru θ, pak θ0-lokálně nejlepš́ım
lineárńım nestranným odhadem parametru β je (viz např. [4, str. 13])

β̂ (θ0) =
(
X′Σθ0

−1X
)−1

X′Σθ0

−1Y. (4)

θ0-MINQUE (nestranný kvadratický odhad s minimálńı normou při θ = θ0,
viz např. [3], str.97-101) vektoru θ je

θ̂ (θ0) = S−1

(MXΣθ0
MX)

+




Y′ (MXΣθ0
MX)

+
V1 (MXΣθ0

MX)
+

Y
...

Y′ (MXΣθ0
MX)

+
Vr (MXΣθ0

MX)
+

Y


 ,

(5)
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za předpokladu, že matice S
(MXΣθ0

MX)
+ je regulárńı. Matice S

(MXΣθ0
MX)

+

má na pozici (i, j) prvek

{
S
(MXΣθ0

MX)
+

}

i,j

= Tr
[
Vi (MXΣθ0

MX)
+

Vj (MXΣθ0
MX)

+
]
.

Pro variančńı matice odhad̊u (4) a (5) plat́ı

Varθ0

[
β̂ (θ0)

]
=

(
X′Σθ0

−1X
)−1

, (6)

Varθ0

[
θ̂ (θ0)

]
= 2S−1

(MXΣθ0
MX)

+ . (7)

4 Oblast necitlivosti pro lineárńı funkci parametru θ ve
smı́̌seném lineárńım modelu

Při odvozováńı oblasti necitlivosti pro lineárńı funkci vektoru variančńıch
komponent budeme vycházet z θ0-MINQUE vektoru θ (5) a př́ıslušné va-
riančńı matice (7). Necht’ je dán vektor g ∈ Rr. Uvažujme v daľśım g′θ -
lineárńı kombinaci složek vektoru θ. Jej́ı θ0-MINQUE je

ĝ′θ (θ0) = g′θ̂ (θ0) (8)

a podle (7) a (8) plat́ı

Varθ0

[
ĝ′θ (θ0)

]
= 2g′S−1

(MXΣθ0
MX)

+g. (9)

Budeme se zabývat otázkou, o jaké δθ = (δθ1, . . . , δθr) můžeme změnit

počátečńı hodnotu θ0, aby směrodatná odchylka odhadu ĝ′θ (θ0 + δθ) ne-

vzrostla ve srovnáńı se směrodatnou odchylkou odhadu ĝ′θ (θ0) o v́ıc než
o ε-násobek. Budeme tedy hledat množinu N

g′θ,θ0
, pro kterou plat́ı, že je-li

(θ0 + δθ) ∈ N
g′θ,θ0

, pak

√
Varθ0

[
g′θ̂(θ0 + δθ)

]
≤ (1 + ε)

√
Varθ0

[
g′θ̂(θ0)

]
(10)

pro dané ε > 0 dostatečně malé. Tuto množinu budeme nazývat oblast́ı ne-
citlivosti pro lineárńı funkci g′θ parametr̊u variančńı matice.

Může vzniknout otázka, č́ım je oblast necitlivosti pro statistika tak zaj́ı-
mavá, když variančńı komponenty urč́ıme iteraćı a tedy samotný odhad
na počátečńı hodnotě θ0 nezáviśı. Motivace k určeńı uvedené oblasti ne-
citlivosti je následuj́ıćı. Odhad θ̂ vektoru variančńıch komponent je cha-
rakterizován určitou mı́rou nejistoty, která v uvažovaném modelu je r̊uzná
pro r̊uzné hodnoty vektoru θ. Jestliže v daném bodě θ je v oblasti necitli-
vosti obsažena oblast spolehlivosti s dostatečně vysokou pravděpodobnost́ı, je
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zaručeno (s praktickou jistotou), že použitý odhad, v němž v roli θ0 vystupuje

hodnota odhadu θ̂ z posledńı iterace, má skutečnou disperzi jen nevýznamně
odchýlenou od hodnoty źıskané numericky. V př́ıpadě, že oblast necitlivosti je
př́ılǐs malá vzhledem k oblasti spolehlivosti, pak skutečná dosperze se může
od vypoč́ıtané odchylovat významně.

Poznámka 4.1. Budeme-li volit za vektor g určuj́ıćı lineárńı kombinaci složek
vektoru θ i-tý jednotkový vektor ei ∈ Rr, udává pro pevně zvolenou po-
čátečńı hodnotu θ0 oblast necitlivosti N

g′θ,θ0
množinu všech př́ıpustných

počátečńıch hodnot variančńıch komponent, které nevedou ke zvýšeńı směro-
datné odchylky odhadu i-té variančńı komponenty θi o v́ıce než o ε-násobek
ve srovnáńı se směrodatnou odchylkou odhadu θi založeného na počátečńı
hodnotě θ0. Vezmeme-li takto postupně g = ei pro i = 1, 2, ..., r a urč́ıme-li
pr̊unik př́ıslušných oblast́ı necitlivosti

r⋂

i=1

N
e′

iθ,θ0
,

dostaneme množinu vstupńıch hodnot variančńıch komponent, jejichž použit́ı
nezp̊usob́ı větš́ı než 100ε-procentńı zvětšeńı směrodatné odchylky žádné va-
riančńı komponenty v porovnáńı s odhady založenými na počátečńı hod-
notě θ0.

θ̂(θ0 + δθ) můžeme pomoćı Taylorova polynomu prvńıho stupně aproxi-
movat takto

θ̂(θ0 + δθ) ≈ θ̂(θ0) +
r∑

i=1

[
∂θ̂(θ)

∂θi

∣∣∣∣∣
θ=θ0

δθi

]
. (11)

Pro odpov́ıdaj́ıćı lineárńı funkci g′θ̂(θ0 + δθ) tedy plat́ı

g′θ̂(θ0 + δθ) ≈ g′θ̂(θ0) +

r∑

i=1

[
∂g′θ̂(θ)

∂θi

∣∣∣∣∣
θ=θ0

δθi

]
. (12)

Označme CA,B matici, která má na pozici (i, j) prvek Tr (ViAVjB), SA

matici s Tr (ViAVjA) na pozici (i, j) a

γ =




Y′(MXΣθMX)+V1(MXΣθMX)+Y
...

Y′(MXΣθMX)+Vr(MXΣθMX)+Y


 .

Pak
∂θ̂(θ)

∂θk

∣∣∣∣∣
θ=θ0

= −2S−1

(MXΣθ0
MX)+

×C(MXΣθ0
MX)+Vk(MXΣθ0

MX)+,(MXΣθ0
MX)+S−1

(MXΣθ0
MX)+

γ
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+S−1

(MXΣθ0
MX)+


×

2Y′(MXΣθ0
MX)+Vk(MXΣθ0

MX)+V1(MXΣθ0
MX)+Y

...
2Y′(MXΣθMX)+Vk(MXΣθ0

MX)+Vr(MXΣθ0
MX)+Y


 . (13)

K odvozeńı Varθ0

[
g′θ̂(θ0+δθ)

]
ve vztahu (10) použijeme vztah̊u (12) a (13).

Toto odvozeńı je poměrně zdlouhavé a kv̊uli stručnosti zde nebude uvedeno.
Je možné je naj́ıt např. v [1]. Výsledná oblast necitlivosti pak je množina

N
g′θ,θ0

=
{

θ0 + δθ : δθ′Wgδθ ≤
(
2ε + ε2

)
Var

[
g′θ̂ (θ0)

]}

=

{
θ0 + δθ : δθ′Wgδθ ≤ 2

(
2ε + ε2

)
g′S−1

(MXΣθ0
MX)+

g

}
, (14)

kde

Wg = Varθ0

[
∂g′θ̂(θ)

∂θ

]

= 8




a′
1
...
a′

r


S(MXΣθ0

MX)+ (a1, . . . ,ar) + 8S(MXΣθ0
MX)+Vg(MXΣθ0

MX)+

−8




a′
1
...
a′

r


C(MXΣθ0

MX)+,(MXΣθ0
MX)+Vg(MXΣθ0

MX)+

−8C′
(MXΣθ0

MX)+,(MXΣθ0
MX)+Vg(MXΣθ0

MX)+
(a1, . . . ,ar) . (15)

V zápisu matice Wg bylo použito následuj́ıćı značeńı:

a′
i = g′S−1

(MXΣθ0
MX)

+C
(MXΣθ0

MX)
+
Vi(MXΣθ0

MX)
+

,(MXΣθ0
MX)

+

·S−1

(MXΣθ0
MX)

+ , i = 1, . . . , r

Vg =

r∑

i=1

bgiVi,

(kde bgi
je i-tá složka vektoru bg = S−1

(MXΣθ0
MX)

+g).
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5 Vlastnosti oblasti necitlivosti pro lineárńı funkci pa-
rametr̊u variančńı matice

Pod́ıvejme se nejprve na okamžik na oblast necitlivosti pro lineárńı funkci h′β
parametru středńı hodnoty určenou vektorem h ∈ Rk. Podobným postupem,
jaký byl popsán v předešlé části, lze pro dané ε > 0, daný vektor h a daný
počátečńı bod θ0 źıskat oblast necitlivosti v tomto tvaru (podrobněǰśı odvo-
zeńı je uvedeno v článku [2], který vycháźı z šesté kapitoly [4])

N
h′β,θ0

= {θ0 + δθ : δθ′Whδθ ≤ 2εVarθ0
[h′β̂(θ0)]}. (16)

Matice Wh je rozměru r × r a má na pozici (i, j) prvek

{Wh}i,j

= covθ0

{
Lh

′ViΣθ0

−1
[
Y − Xβ̂ (θ0)

]
,Lh

′VjΣθ0

−1
[
Y − Xβ̂ (θ0)

]}

= Lh
′Vi (MXΣθ0

MX)
+

VjLh,

kde
Lh

′ = h′ (X′Σθ0

−1X
)−1

X′Σθ0

−1.

Lze ukázat, že plat́ı:

Lemma 5.1. (viz [3])

Pro matici Wh =




Lh
′V1

...
Lh

′Vr


 [MXΣθ0

MX]+(V1Lh, . . . ,VrLh), která je

přǐrazena funkci h(β) = h′β, β ∈ Rk plat́ı

M(Wh)⊥θ0. (17)

Z lemmatu vyplývá, že matice Wh je singulárńı. Podle (17) je vektor θ0

kolmý na podprostor prostoru Rr generovaný sloupci matice Wh. Pak tedy
pro speciálńı př́ıpad r = 2 můžeme množinu (16) graficky znázornit jako
pás vymezený dvojićı př́ımek rovnoběžných s orientovanou úsečkou spojuj́ıćı
počátek soustavy souřadnic s bodem θ0. Otázka je, zda podobné tvrzeńı lze
vyslovit i o matici Wg z množiny (14). Vzhledem k jej́ımu poměrně kompli-
kovanému tvaru je ovšem problém zabývat se jej́ımi vlastnostmi teoreticky.
Otázkou tedy je, jak vypadá prostor M (Wg) generovaný sloupci této ma-
tice a zda i v tomto př́ıpadě plat́ı, že vektor počátečńıch hodnot θ0 je na
prostor M (Wg) kolmý. Ve všech provedených numerických studíıch byla
matice Wg singulárńı a použitý vektor θ0 byl na prostor M (Wg) kolmý, pro
r = 2 byla tedy vždy množina N

g′θ, θ0
množinou všech bod̊u mezi dvojićı

rovnoběžných př́ımek se směrovým vektorem θ0 (včetně těchto hraničńıch
př́ımek). Vzhledem ke komplikovanému tvaru matice Wg se však tyto jej́ı
vlastnosti nepodařilo dokázat obecně.
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RECOURSE REFORMULATION
OF CHANCE CONSTRAINED PROBLEMS

Martin Branda

Keywords: Stochastic programming, chance constrained problems, penalty
function problems, asymptotic equivalence.

Abstract: We explore reformulation of stochastic programs with chance con-
straints by stochastic programs with suitably chosen penalty-type objectives.
We show that the two problems are asymptotically equivalent. The obtained
problems with penalties and with a fixed set of feasible solutions are much
simpler to solve and analyze then the chance constrained programs.

Abstrakt: Článek se zabývá možnost́ı přeformulovat úlohu s pravděpodob-
nostńımi omezeńımi pomoćı úlohy s penalizaćı v účelové funkci. Je ukázána
asymptotická ekvivalence obou úloh. Źıskané úlohy s penalizaćı jsou poté
snadněji řešitelné a i jejich struktura umožňuje snažš́ı studium vlastnost́ı.

1 Introduction

Stochastic programming treats problems where optimization and uncerta-
inty appears together. In general, we consider the following program with
a random factor

min {g0(x, ω) : x ∈ X, gi(x, ω) ≤ 0, i = 1, . . . , k} , (1)

where gi, i = 0, . . . , k, are real functions on Rn × Ω, X ⊆ Rn and ω is
a realization of a random vector with support Ω ⊆ Rs. However, ω is unknown
for us and we would like to hedge against a few worst realizations of ω.

Expectation is usually incorporated into objective, i.e. f(x) := E[g0(x, ω)]
if it exists is minimized over stochastic constraints. A question is how to deal
with them. In [6], three suggestions how to deal with stochastic constraints of
the special form gi(x, ω) = ωi − gi(x) ≤ 0, i = 1, . . . , k, where ωi are random
bounds with distribution functions Fi, are introduced. First, the constraints
can be incorporated into the objective function of the optimization problems
as penalty function

k∑

i=1

qi

∫ ∞

gi(x)

[ωi − gi(x)]Fi(dω).

with qi > 0 being constant. Next, reliability type model with chance or
probabilistic constraints is considered

P (gi(x) ≥ ωi, i = 1, . . . , k) ≥ 1 − ε.
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for some level ε ∈ (0, 1). Finally, constraints involving conditional expectation

E[ωi − gi(x)|ωi − gi(x) > 0] ≤ li, i = 1, . . . , k

for some small levels li > 0.
In this paper, we will study relation between general chance constrained

and penalty function problems. We will show that the model with chance
constraints and penalty type model are asymptotically equivalent under quite
mild assumptions.

The paper is organized as follows. In section 2, we will define the problems
and show that they are asymptotically equivalent. In section 3, equivalence
for generalized chance constrained problem is proven. In section 4, we will
summarize our results and suggest topics for future research.

2 Reformulation

The multiple chance constrained problem can be formulated as follows:

ψǫ = minx∈X f(x),
s.t.

P
(
g11(x, ω) ≤ 0, . . . , g1k1

(x, ω) ≤ 0
)

≥ 1 − ε1,
...

P
(
gm1(x, ω) ≤ 0, . . . , gmkm

(x, ω) ≤ 0
)

≥ 1 − εm,

(2)

with optimal solution xǫ, where ǫ = (ε1, . . . , εm), with the levels εj ∈ (0, 1).
At the time of writting this paper we do not know any solver which could

be used for solving previous multiple jointly chance constrained problems. On
the other hand, stochastic programs with penalties and fixed set of feasible
solution can be solved much simpler, see [5]. Thus, the recourse reformulation
which is stated bellow may be very useful.

In [4], asymptotic equivalence between problem with one joint chance
constraint and problem with simple recourse penalty function is shown. The
approach by [4] can be extended to a whole class of penalty functions with
desirable properties which was done in [3]. We propose further extension to
multiple jointy chance constrained problems (2).

Below, we will consider penalty functions ϑj : Rkj → R+, j = 1, . . . ,m,

which are continuous nondecreasing in their components, equal to 0 on R
kj

−
and positive otherwise. We denote

gj(x, ω) = (gj1(x, ω), . . . , gjkj
(x, ω)) : Rn × Ω → Rkj

and set pj(x, ω) = ϑj(gj(x, ω)). Our choice is appropriate, because it holds

P
(
gji(x, ω) ≤ 0, i = 1, . . . , kj

)
≥ 1 − εj ⇐⇒ P

(
pj(x, ω) > 0

)
≤ εj .

The corresponding penalty function problem can be formulated as follows:
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ϕN = min
x∈X

[
f(x) + N ·

m∑

j=1

E[pj(x, ω)]
]

(3)

with N a positive parameter. We denote xN an optimal solution of (3).
A rigorous proof of the relationship between optimal values of (2) and

those of (3) for a special additive penalty function and one chance constraint
was given by [4]. The following main theorem states the asymptotic equiva-
lence of the models in generalized settings.

Theorem 1. Consider the two problems (2) and (3) and assume: X 6= ∅
compact, f(x) = E[g0(x, ω)] a finite continuous function of x, ϑj : Rkj →
R+, j = 1, . . . ,m, are continuous functions, nondecreasing in their compo-

nents, which are equal to 0 on R
kj

− and positive otherwise, denote pj(x, ω) =
ϑj(gj(x, ω)), j = 1, . . . ,m, and assume

(i) gji(·, ω), i = 1, . . . , kj , j = 1, . . . ,m, are almost surely continuous;

(ii) there exists a nonnegative random variable C(ω) with E[C1+κ(ω)] < ∞
for some κ > 0, such that |pj(x, ω)| ≤ C(ω), j = 1, . . . ,m, for all x ∈ X;

(iii) E[pj(x
′

, ω)] = 0, j = 1, . . . ,m, for some x
′ ∈ X;

(iv) P (gji(x, ω) = 0) = 0, i = 1, . . . , kj , j = 1, . . . ,m, for all x ∈ X.

Denote γ = κ/(2(1 + κ)), and for arbitrary N > 0 and ǫ ∈ (0, 1)m put

εj(x) = P
(
pj(x, ω) > 0

)
, j = 1, . . . ,m,

αN (x) = N ·
m∑

j=1

E[pj(x, ω)],

βǫ(x) = ε−γ
max

m∑

j=1

E[pj(x, ω)],

where εmax denotes maximum of the vector ǫ = (ε1, . . . , εm) and [1/N1/γ ] =
(1/N1/γ , . . . , 1/N1/γ) is the vector of length m.

THEN for any prescribed ǫ ∈ (0, 1)m there always exists N large enough
so that minimization (3) generates optimal solutions xN which also satisfy
the chance constraints (2) with the given ǫ.

Moreover, bounds on the optimal value ψǫ of (2) based on the optimal
value ϕN of (3) and vice versa can be constructed:

ϕ1/εγ
max(xN ) − βǫ(xN )(xǫ(xN )) ≤ ψǫ(xN ) ≤ ϕN − αN (xN ), (4)

ψǫ(xN ) + αN (xN ) ≤ ϕN ≤ ψ[1/N1/γ ] + β[1/N1/γ ](x[1/N1/γ ]),

with
lim

N→+∞
αN (xN ) = lim

N→+∞
εj(xN ) = lim

εmax→0+

βǫ(xǫ) = 0

for any sequences of optimal solutions xN and xǫ.
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Proof. We denote

δN =

m∑

j=1

E[pj(xN , ω)]

for some sequence xN of optimal solutions of the problem (3). Our assumpti-
ons and general properties of the penalty function method, see [2, Theo-
rem 9.2.2], ensure that for any sequence xN of optimal solutions δN → 0+

and also αN (xN ) = NδN → 0 as N → ∞. Then by Chebysev inequality

P
(
pj(xN , ω) > 0

)
=

= P
(
0 < pj(xN , ω) ≤

√
δN

)
+ P

(
pj(xN , ω) >

√
δN

)

≤ Gj(xN ,
√

δN ) − Gj(xN , 0) +
1√
δN

E[pj(xN , ω)]

≤ Gj(xN ,
√

δN ) − Gj(xN , 0) +
√

δN → 0, as N → ∞, j = 1, . . . ,m.

Here for a fixed x, Gj(x, ·) denotes the distribution function of pj(x, ω) defined
by

Gj(x, y) = P
(
pj(x, ω) ≤ y

)
, j = 1, . . . ,m.

Assumption (iii) implies that for every vector ǫ > 0 (with small components)
there exists some xǫ ∈ X such that

P
(
gji(xǫ, ω) ≤ 0, i = 1, . . . , kj

)
≥ 1 − εj , j = 1, . . . ,m.

Then for any ǫ > 0 the following relations hold

m∑

j=1

E[pj(xǫ, ω)] =

=
m∑

j=1

∫

Ω

|pj(xǫ, ω)|I(pj(xǫ,ω)>0)P (dω)

≤
m∑

j=1

∫

Ω

C(ω)I(pj(xǫ,ω)>0)P (dω)

≤
(∫

Ω

C1+κ(ω)P (dω)

)1/(1+κ)

·
m∑

j=1

(∫

Ω

I(pj(xǫ,ω)>0)P (dω)

)κ/(1+κ)

≤ c ·
m∑

j=1

P
(
pj(xǫ, ω) > 0

)κ/(1+κ)

≤ c · m · εκ/(1+κ)
max ,
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where c :=
( ∫

Ω
C1+κ(ω)P (dω)

)1/(1+κ)

, which is finite due to the assumption

(ii). Accordingly, for εmax → 0+

0 ≤
m∑

j=1

E[pj(xǫ, ω)] ≤ c · m · εκ/(1+κ)
max → 0,

and also βǫ(xǫ) → 0. If we set

εj(xN ) = P
(
pj(xN , ω) > 0

)
, j = 1, . . . ,m,

then the optimal solution xN of the expected value problem is feasible for
the chance constrained program with ǫ(xN ) = (ε1(xN ), . . . , εm(xN )), because
the following relations hold

P
(
gji(xN , ω) ≤ 0, i = 1, . . . , kj

)
≥ 1 − εj(xN )

⇐⇒ P
(
pj(xN , ω) > 0

)
≤ εj(xN ).

Hence, we get

ϕN = f(xN ) + N ·
m∑

j=1

E[pj(xN , ω)]

≥ f(xε(xN )) + N ·
m∑

j=1

E[pj(xN , ω)]

= ψε(xN ) + αN (xN ).

Finally,

ψǫ =

(
ψǫ + ε−γ

max

m∑

j=1

E
[
pj(xǫ, ω)

])
− ε−γ

max

m∑

j=1

E[pj(xε, ω)]

≥ ϕε−γ
max

− ε−γ
max

m∑

j=1

E
[
pj(xǫ, ω)

]

= ϕε−γ
max

− βǫ(xǫ).

This completes the proof.
The bounds (4) and the terms αN (x), ǫ(x) and βε(x) depend on the

choice of the penalty function ϑ. Two special penalty functions are readily
available: ϑ1(u) =

∑k
i=1[ui]

+ applied in [4] and ϑ2(u) = max1≤i≤k[ui]
+.

However, only ϑ1 preserves convexity, whereas ϑ2 may work better for joint
chance constraints.

Notice, however, that when we want to evaluate one of the bounds in (4),
we must be prepared to face some problems. We are able to compute αN (xN ),
ǫ(xN ), hence the upper bound for the optimal value ψǫ(xN ) of the chance
constrained program (2) with probability levels ǫ(xN ). But we are not able
to compute βǫ(xN )(xǫ(xN )) without having the solution xǫ(xN ) which we do
not want to find or even may not be able to find.
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3 Generalization

Let Hj be set-valued mappings which map Rn into measurable subsets of
Ω ⊂ Rs with closed graphs. According to [7, Theorem 5.7] mappings Hj

are outer semicontinuous. Let the support Ω be compact and λ be a Borel
probability measure on Ω. We consider the generalized chance constrained
problem

ψ̃ǫ = min{f(x) : x ∈ X, λ(Hj(x)) ≥ 1 − εj , j = 1, . . . ,m}, (5)

with optimal solutin x̃ǫ. According to [8, Proposition 3.1] the functions
hj(x) = λ(Hj(x)) are upper semicontinuous. Hence, h′

j(x) = 1−hj(x) = λ(Ω\
Hj(x)) are lower semicontinuous. From [7, Theorem 5.7] and our assumptions
it follows that the inverse mappings defined by

H−1
j (ω) = {x ∈ Rn : ω ∈ Hj(x)}, j = 1, . . . ,m,

are outer semicontinuous. We define scalarization functions as

p̃j(x, ω) = min
z∈H−1

j (ω)
ρ(z, x), j = 1, . . . ,m,

where ρ(·, ·) denotes a continuous metric on Rn × Rn. The following equiva-
lences holds and may help us to penalize possible infeasibilities:

ω ∈ Hj(x) ⇐⇒ x ∈ H−1
j (ω) ⇐⇒ minz∈H−1

j (ω) ρ(z, x) = 0,

ω ∈ Ω \ Hj(x) ⇐⇒ x /∈ H−1
j (ω) ⇐⇒ minz∈H−1

j (ω) ρ(z, x) > 0.

Moreover, p̃j(x, ω), j = 1, . . . ,m, are continuous in x for all ω ∈ Ω and lower
semicontinuous in ω for all x ∈ X, see [1, Theorems 4.2.2, 4.2.3].

We show that the following penalty function problem

ϕ̃N = min
x∈X

f(x) + N

m∑

j=1

E[ min
z∈H−1

j (ω)
ρ(z, x)]. (6)

is asymptotically equivalent to the generalized chance constrained prob-
lem (5). We denote x̃N the optimal solution of (6). The following generali-
zation of Theorem 1 can be proved.

Theorem 2. Consider the two problems (5) and (6) and assume: X 6= ∅
compact, f(x) = E[g0(x, ω)] is a finite continuous function of x,

Let Hj , j = 1, . . . ,m be set-valued mappings which mapp Rn into mea-
surable subsets of Ω with closed graphs and denote

p̃j(x, ω) = min
z∈H−1

j (ω)
ρ(z, x), j = 1, . . . ,m,

where ρ(·, ·) denotes a continuous metric on Rn × Rn.
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Assume that

(i) there exists a nonnegative random variable C(ω) with E[C1+κ̃(ω)] < ∞
for some κ̃ > 0, such that |p̃j(x, ω)| ≤ C(ω), j = 1, . . . ,m, for all x ∈ X;

(ii) E[p̃j(x
′

, ω)] = 0, j = 1, . . . ,m, for some x
′ ∈ X;

(iii) There exist x′ ∈ X such that λ(Hj(x
′)) = 1, j = 1, . . . ,m.

Denote γ = κ̃/(2(1 + κ̃)), and for arbitrary N > 0 and ε ∈ (0, 1) put

ε̃j(x) = λ
(
p̃j(x, ω) > 0

)
, j = 1, . . . ,m,

α̃N (x) = N ·
m∑

j=1

E[p̃j(x, ω)],

β̃ǫ(x) = ε−γ
max

m∑

j=1

E[p̃j(x, ω)],

where εmax denotes maximum of the vector ǫ = (ε1, . . . , εm) and [1/N1/γ ] =
(1/N1/γ , . . . , 1/N1/γ) is the vector of length m.

THEN for any prescribed ǫ ∈ (0, 1)m there always exists N large enough
so that minimization (6) generates optimal solutions xN which also satisfy
the chance constraints (5) with the given ǫ.

Moreover, bounds on the optimal value ψ̃ǫ of (5) based on the optimal
value ϕ̃N of (6) and vice versa can be constructed:

ϕ̃1/ε̃γ
max(x̃N ) − β̃ǫ̃(x̃N )(x̃ǫ̃(x̃N )) ≤ ψ̃ǫ̃(x̃N ) ≤ ϕ̃N − α̃N (x̃N ),

ψ̃ǫ̃(x̃N ) + α̃N (x̃N ) ≤ ϕ̃N ≤ ψ̃[1/N1/γ ] + β̃[1/N1/γ ](x̃[1/N1/γ ]),

(7)

with
lim

N→+∞
α̃N (x̃N ) = lim

N→+∞
ε̃j(x̃N ) = lim

εmax→0+

β̃ǫ(x̃ǫ) = 0

for any sequences of optimal solutions x̃N and x̃ǫ.

Proof. The proof is similar to those of Theorem 1 using properties of scalari-
zation functions p̃j , j = 1, . . . ,m and assumptions (i)-(iii).

4 Conclusion

Reformulation of chance constrained programs by incorporating a suitably
chosen penalty function into the objective helps to arrive at problems with
expectation in objective and a fixed set of feasible solutions. The obtained
problems are much simpler to solve and analyze then the chance constrained
programs. The recommended form of the penalty function follows the basic
ideas of penalty methods and its suitable properties follow by generalization
of results of [4]. The questions for future research are how to choose the
parameter N so that the probability levels ǫ are ensured and to find bounds
which can be evaluated.
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ZÓNOVÝ REGULAČNÍ DIAGRAM

Elǐska Cézová

Kĺıčová slova: Regulačńı diagram, zónový regulačńı diagram, stabilita pro-
cesu, ARL, markovský model, optimalizace.

Abstrakt: Zónový regulačńı diagram je speciálńım typem regulačńıho dia-
gramu pro X a R. V př́ıspěvku je uveden nový návrh flexibilńıho zónového
diagramu pro X, který odstraňuje nevýhody klasického návrhu a svými vlast-
nostmi se bĺıž́ı ke složitěǰśımu CUSUM diagramu. Zároveň je prezentována
metoda pro výpočet pr̊uměrné doby běhu (ARL) tohoto diagramu pomoćı
Markovského řetězce. V tabulce jsou srovnány r̊uzné varianty zónového dia-
gramu pomoćı ARL při r̊uzných hodnotách posunu středńı hodnoty procesu
oproti předpokládané (stabilńı) nulové hodnotě. Ve spojeńı s ekonomicko-
statistickou optimalizaćı parametr̊u může tento diagram představovat velmi
dobrou alternativu pro automatickou regulaci procesu.

Abstract: Zone control chart is a special type of control chart X and R
chart. In this article a new flexible zone control chart for X chart is sugges-
ted, which eliminate disadvantage standard suggestion and his property near
complicated CUSUM chart. Simultaneously is presented method for calcu-
lation of average run length (ARL) this chart whereby Markov chain. There
are compared various variation zone control chart whereby ARL by various
values of shift mean process over against notional (stable) zero value in the
table. This chart can introduce very good alternative for automatic adjust-
ment process in connection with economic-statistic optimalization parametr.

1 Úvod

V dnešńı době se stále v́ıce výroba soustřed’uje na automatizaci výroby.
Každý z nás zná mnoho př́ıpad̊u automatických linek, bez kterých bychom si
nedokázali představit dnešńı výrobu. Dı́ky tomuto pokroku, můžeme použ́ıvat
i pro automatizaci Shewhartovi regulačńı diagramy, pomoćı nichž se snaž́ıme
odhalit chybu ve výrobě, at’ už je to vlivem opotřebeńı stroje nebo jeho
špatným nastaveńım.

V tomto př́ıspěvku se zaměř́ıme na Zónový regulačńı diagram, který je
specifickým typem Shewhartova regulačńıho diagramu. Tento diagram je
přitom pro obsluhu mnohem pochopitelněǰśı než Shewhart̊uv regulačńı di-
agram či např. CUSUM diagram.

Základńı Shewhart̊uv diagram vznikal od roku 1931. V roce 1956 byla
doporučována běžná pravidla Western Electric Company. V roce 1959 Bar-
nard navrhl CUSUM diagramy, které berou v úvahu jak minulost procesu
tak jeho př́ıtomnost. V roce 1971 Reynolds navrhl jednodušš́ı diagram pro
obsluhu. V roce 1987 Jaehn vyvinul zónový regulačńı diagram, který měl
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bohužel velmi vysoký poměr falešných poplach̊u. V tom samém roce Champ
a Woodall vypoč́ıtali běžná pravidla užit́ım Markovského řetězce.

V roce 1989 Jaehn modifikoval zónový regulačńı diagram, kde namı́sto ve
skóre 1 p̊uvodńıho zónového regulačńıho diagramu kolem centrálńı př́ımky
dosadil 0. T́ımto zp̊usobem se výkon zónového regulačńıho diagramu pod-
statně vylepšil. V roce 1989 Hendrix přibĺıžil pr̊uměrnou délku přebehu zó-
nového regulačńıho diagramu pomoćı simulaćı technik.

Zónový regulačńı diagram je doporučován v praxi d́ıky jeho výkonu, jed-
noduchosti, efektivitě, snadnosti užit́ı a snadnému porozuměńı.

2 Zónový regulačńı diagram

Původńı zónový regulačńı diagram obsahuje osm zón, čtyři na každé straně
centrálńı př́ımky (CL). Zóny jsou pásy mezi př́ımkami rovnoběžnými s cent-
rálńı př́ımkou, ve vzdálenosti ±1σ,±2σ a ±3σ. Na Obr. 1 jsou označeny
ṕısmeny A, B, C, D (nad CL) a E, F, G, H (pod CL). Zónám jsou přǐrazeny
skóry 8, 4, 2, 1, 1, 2, 4, 8 (na obr. 1 jsou uvedeny napravo od označeńı zón).
Regulace potom prob́ıhá obvyklým zp̊usobem: v pravidelných intervalech jsou
prováděna měřeńı sledované veličiny, z nich je vypoč́ıtána odpov́ıdaj́ıćı cha-
rakteristika (pr̊uměr, rozpět́ı, rozptyl) a tato je zakreslena jako jeden bod do
regulačńıho diagramu. Těmto bod̊um jsou přǐrazovány skóry podle toho, do
které zóny padnou a tyto skóry se postupně sč́ıtaj́ı. Součet se poč́ıtá vždy
pro nepřerušenou posloupnost po sobě jdoućıch bod̊u na jedné straně CL.
V okamžiku, kdy následuj́ıćı bod je na opačné straně CL než bod předchoźı,
součet je

”
vynulován“ a nač́ıtá se znovu. Signál o porušeńı stability je vyslán

ve chv́ıli, kdy součet dosáhne hodnoty 8.
Dodatečná pravidla, vydaná Western Electric Company, určuj́ı kdy má

být vyslán signál o porušeńı stability procesu i v př́ıpadě, že nebyla překro-
čena horńı nebo dolńı regulačńı mez. Lze je popsat následuj́ıćım zp̊usobem:

• Pravidlo 1 – jestliže nějaký bod padne mimo meze tři sigma (nad
zónu B nebo pod zónu G dle obr.1.), źıská skóre 8 bod̊u a je vyslán
signál.

• Pravidlo 2 – jestliže dva ze tř́ı po sobě jdoućıch bod̊u padnou na
stejnou stranu CL do vzdálenosti větš́ı než 2σ a ne větš́ı než 3σ, je
vyslán signál.

• Pravidlo 3 – jestliže čtyři z pěti po sobě jdoućıch bod̊u padnou na
stejnou stranu CL do vzdálenosti mezi σ a 2σ, je vyslán signál.

• Pravidlo 4 – signál je vyslán, jestliže osm po sobě jdoućıch bod̊u padne
na stejnou stranu CL do vzdálenosti 1σ.

Uvědomı́me-li si, jak funguje zónový regulačńı diagram, dostáváme po-
dobná pravidla:
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Obrázek 1: Původńı zónový regulačńı diagram.

• Pravidlo 1’ – jestliže nějaký bod padne mimo meze tři sigma (nad
zónu B nebo pod zónu G dle obr.1.), źıská skóre 8 bod̊u a je vyslán
signál.

• Pravidlo 2’ – jestliže tři po sobě jdoućı body padnou na stejnou stranu
CL, nenastane situace z Pravidla 1 a nejméně dva z těchto bod̊u padnou
do zóny B nebo G (dle obr. 1.), převýš́ı skóre 8 bod̊u a opět je vyslán
signál.

• Pravidlo 3’ – jestliže pět po sobě jdoućıch bod̊u padne na stejnou
stranu CL a z nich čtyři do zóny C nebo F, přičemž pátý nepadne od
CL dále než 1σ, velikost skóre opět překroč́ı hranici 8 bod̊u a je vyslán
signál.

• Pravidlo 4’ – signál je vyslán, jestliže osm po sobě jdoućıch bod̊u
padne do zóny D nebo E (dle obr. 1).

Ćılem bylo umožnit automatickou signalizaci následných indikátor̊u
stavu mimo kontrolu v Shewhartově diagramu. Kritici tohoto př́ıstupu tvrd́ı,
že v době výkonné výpočetńı techniky neńı tento argument na mı́stě, ale praxe
ukazuje, že jednoduchost zónového diagramu spolu s jeho snadnou algorit-
mizaćı jej stále stav́ı na předńı mı́sto v oblibě vedle klasického Shewhartova
diagramu, který ovšem k aplikaci dodatečných pravidel vyžaduje pamět’ na
předchoźı naměřené hodnoty sledované charakteristiky.

Studium výkonnosti diagramu ukazuje, že je pouze mı́rně lepš́ı než inter-
pretovaná pravidla Shewhartových regulačńıch diagramů. Velmi rychle odhaĺı
posun. Na druhou stranu, množstv́ı falešných poplach̊u (chyba 1. druhu) je
velmi vysoká.
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Obrázek 2: Nový zónový regulačńı diagram se skóre (0, 1, 2, 4, 8).

3 Návrh nového zónového regulačńıho diagramu

Navržená modifikace spoč́ıvá v přidáńı jedné zóny s nulovým skóre kolem
centrálńı př́ımky. Na Obr. 2 je označena jako A(U) resp. A(L). Ukazuje se,
že výkonnost diagramu se touto úpravou zlepš́ı.

Nový zónový regulačńı diagram je konstruován následuj́ıćım zp̊usobem:

• Parametry diagramu jsou čtyři hodnoty A, B, C a D.

• V diagramu sestroj́ıme celkem osm př́ımek, rovnoběžných s CL ve vzdá-
lenostech A, B, C a D od CL v oblasti nad a pod ńı.

• Tyto př́ımky rozděluj́ı diagram celkem do deseti zón, označených A(U),
B(U), C(U), D(U), E(U) (nad CL) a A(L), B(L), C(L), D(L), E(L) (pod
CL). Krajńı zóny E(U) a E(L) zahrnuj́ı všechny body, které jsou od CL
dále než 3σ (viz Obr. 2).

• Zónám jsou přǐrazena skóre postupně 0, 1, 2, 4, 8 bod̊u (nejbĺıže CL
je skóre 0 pro zóny A(U) a A(L), nejvyšš́ı skóre je přǐrazeno nej-
vzdáleněǰśım zónám E(U) a E(L)).

Meze A, B, C a D jsou dány jako výsledky optimalizačńıho algoritmu, který
minimalizuje pravděpodobnosti chyby druhého druhu pro hodnoty posunu
δu (nerozlǐsuj́ıćı posuny) zachovává dané pravděpodobnosti chyby prvńıho
druhu (falešných poplach̊u). V programu MATLAB byla aplikována optima-
lizačńı metoda Nelder-Mead simplexe, pomoćı něhož byly vypoč́ıtány opti-
malizačńı meze, se kterými se dále pracuje.
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4 Pr̊uměrná délka běhu (ARL)

Ke statistickému hodnoceńı a nastaveńı regulačńıch diagramů se běžně použ́ı-
vá pr̊uměrná délka běhu ARL (average run length). Délka běhu je očekávaný
(středńı) počet inspekćı, které proběhnou do okamžiku, kdy regulačńı diagram
vyšle signál o vzniku zjistitelné př́ıčiny. Očekávaný (středńı) počet inspekćı
označme ARL(0), kdy je proces pod kontrolou. ARL(δ) je očekávaný počet
inspekćı, které proběhnou než bude indikována chyba, kdy středńı hodota
procesu je posunuta o δ-násobek směrodatné odchylky sledované veličiny.
Optimálńı regulačńı diagram je takový, který má co nejdeľśı ARL(0) a pro δ,
které nás zaj́ımá, co nejkratš́ı ARL(δ).

Podle hodnot ARL při r̊uzných posuvech středńı hodnoty sledované cha-
rakteristiky můžeme vzájemně porovnávat r̊uzné typy regulačńıch diagramů.
K výpočtu ARL se často použ́ıvaj́ı Markovské řetězce. Přechodné stavy ta-
kového řetězce odpov́ıdaj́ı žádanému chodu procesu pod statistickou kont-
rolou. Pokud výsledek měřeńı zp̊usob́ı vysláńı signálu, tj. proces se dostane
mimo kontrolu, odpov́ıdaj́ıćı stav je absorpčńım. Doba do absorpce je po-
tom shodná s dobou do vysláńı signálu, tedy př́ımo ARL. Pravděpodobnosti
přechodu mezi jednotlivými stavy a do stavu absorpce závisej́ı př́ımo na
předpokládaném posuvu δ.

5 Markovský model

Předpokládejme markovský řetězec s těmito stavy (0, 1, 2, 3, 4, 5, 6, 7, 8+).
Všechny tyto stavy jsou přechodné kromě stavu (8+), který je stavem
absorpčńım. Rozděleńı doby do absorpce (pohlceńı) X může být popsáno
užit́ım PH rozděleńı s parametry (~π, P ), kde ~π je počátečńı rozděleńı pravdě-
podobnosti a P je matice intenzit pravděpodobnost́ı přechod̊u mezi přechod-
nými stavy, která bude mı́t rozměr (8x8). Předpokládáme začátek procesu ve
stavu 0, tedy π = (1, 0, 0, 0, 0, 0, 0, 0).

Středńı hodnota X je dána vztahem E(X) = ~π(I − P )−1~e, kde I je
jednotková matice a ~e je vektor samých jedniček.

Necht’ Z znač́ı sledovanou charakteristiku. Pro libovolný posun s jsme
schopni ohodnotit následuj́ıćı pravděpodobnosti (užit́ım kumulativńı distri-
bučńı funkce F (z) ze Z). Matice P může být ohodnocena středńı hodnotou
těchto pravděpodobnost́ı. Matice P má potom následuj́ıćı podobu:

p00 = p2
0; p01 = p0pA; p02 = p0pB ; p03 = p05 = p06 = p07 = 0; p04 = p0pC ;

p10 = p+
Ap−0 + p−Ap+

0 ; p11 = p0pA + 2p+
ApA−;

p12 = p0pB + p−A(p−A + p+
B) + p+

A(p+
A + p−B);

p76 = 0; p77 = (p−0 + p−A + p−B + p−C)p−0 + (p+
0 + p+

A + p+
B + p+

C)p+
0 ;
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Obrázek 3: Srovnáńı diagramů: CUSUM, Shewhart, Z3 a navržený zónový
regulačńı diagram.

kde

p−0 = P (−A < Z + s < 0) p+
0 = P (0 < Z + s < A) p0 = p−0 + p+

0

p−A = P (−B < Z + s < −A) p+
A = P (A < Z + s < B) pA = p−A + p+

A

p−B = P (−C < Z + s < −B) p+
B = P (B < Z + s < C) pB = p−B + p+

B

p−C = P (−D < Z + s < −C) p+
C = P (C < Z + s < D) pC = p−C + p+

C

p−D = P (Z + s < −A) p+
D = P (D < Z + s) pD = p−D + p+

D

6 Př́ıklad

Následuj́ıćı výpočty jsou provedeny v MATLABu a jejich výsledky jsou shrnu-
ty v tabulce a dány do grafu. Odpov́ıdaj́ıćı regulačńı diagramy jsou po-
rovnávány pomoćı ARL:

– CUSUM regulačńı diagram
– Z1 - regulačńı diagram Shewhartova typu (s UCL a LCL)
– Z3 - zónový regulačńı diagram, který signalizuje zjistitelnou př́ıčinu po

4 následuj́ıćıch pozorováńıch Z, které padnou nad mez B
– Z1234 - navržený zónový regulačńı diagram

ARL (posun) byl vypoč́ıtán dle následuj́ıćıch podmı́nek:
– ARL(0) = 400 pro rozsah výběru n = 1 (při každé inspekci je provedeno

pouze jediné měřeńı sledované charakteristiky).
Stanovené meze po optimalizaci:
– CUSUM(k = 0, 5;h = 5);
– Z1(C = 3, 03);
– Z3(B = 1, 06);
– Z1234 = (A = 0, 34;B = 1, 24;C = 2, 24;D = 3, 37).
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shift CUSUM Z1 Z3 Z1234

0 400,96 400,00 400,75 400,44
0,3 92,87 272,04 168,40 164,36
0,6 24,09 127,64 51,77 50,40
0,9 11,19 59,15 21,67 20,02
1,2 7,10 29,29 11,30 10,08
1,5 5,16 15,66 7,46 6,45
1,8 4,09 9,04 5,50 4,53
2,1 3,41 5,62 4,58 3,49
2,4 2,93 3,75 4,14 2,79
2,7 2,58 2,68 3,91 2,31
3,0 2,32 2,04 3,79 1,92

7 Závěr

Navržený regulačńı diagram má lepš́ı vlastnosti než p̊uvodńı zónový regulačńı
diagram a než diagram Shewhartova typu. Při stejném ARL(0), charakteri-
zuj́ıćım středńı frekvenci výskytu chyby prvńıho druhu (takzvaných

”
faleš-

ných poplach̊u“ kdy je vyslán signál, zat́ımco proces je ve stavu pod statistic-
kou kontrolou) vykazuje rychleǰśı reakci na posun středńı hodnoty sledované
charakteristiky (ARL(s)). Nav́ıc je jeho použit́ı jednodušš́ı než Shewhart̊uv
regulačńı diagram s dodatečnými pravidly.
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[4] Cézová E. (2008). A new type of zone control charts. Current Trends in
Statistics in V6 region, in print.
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KLASIFIKÁCIA ZAŠUMENÝCH DÁT

Kataŕına Cimermanová

Kl’́učové slová: Robustná klasifikačná metóda, zašumené dáta, analýza dychu,
fajčiarsky návyk.

Abstrakt: Klasifikácia viacrozmerných pozorovańı do dvoch tried je dôležitý
problém. Existuje niekol’ko klasifikačných metód na zatriedenie pozorovaných
vektorov do jednej z dvoch tried, avšak v reálnom živote sú vektory pozoro-
vańı zašumené. Riešeńım klasifikácie zašumených dát je robustná formulácia
vychádzajúca z metódy oporných bodov. Formulácia je konvexný optima-
lizačný problém, ktorý je súčast’ou problematiky kónického programovania
druhého rádu. V robustnej formulácii sa predpokladá elipsoidálny model
šumu. Nie je nutný predpoklad typu rozdelenia pozorovaných dát, predpo-
kladá sa len konečnost’ momentov druhého rádu.
Robustnú klasifikačnú metódu aplikujeme na analýzu vydychovaných ply-
nov, kde sa budeme venovat’ klasifikácii dobrovol’ńıkov do skupiny fajčiarov
a nefajčiarov.

Abstract: Classification of multidimensional data into one of two classes is
an important issue. There are some classification methods which classify data
to one of two classes, but in real live situation the observation vectors are
noisy. Solution to this problem is a robust formulation that stems from the
Support Vector Machine method. The formulation is a convex optimization
problem; in particular, it is an instance of the Second Order Cone Progra-
mming problem. An ellipsoidal uncertainty model is assumed in the robust
formulation. It is derived from a worst case consideration and assumes only
the existence of the second order moments.
The robust classification method is applied to breath gas analysis, where we
classify volunteers to group of smokers and non-smokers.

1 Úvod

Analýza dychu (Breath analysis, BA) ako neinvaźıvna diagnostická metóda
sa stáva v poslednom obdob́ı atrakt́ıvnou témou. Ukazuje sa, ako potenciálna
metóda na skorú detekciu rakoviny pl’́uc a pažeráka (viac detailov napr. v pro-
jekte 6. rámcového programu EU pod skratkou BAMOD - Breath-gas ana-
lysis for molecular-oriented detection of minimal diseases). Rakovina pl’́uc je
choroba, ktorá je s fajčeńım spájaná najčasteǰsie. Preto sa zameriavame na
analýzu vydychovaných plynov fajčiarov a nefajčiarov zdravej populácie.
L’udský dych obsahuje vel’ké množstvo rôznych prvkov, presneǰsie prchavých
organických zložiek (volatile organic compounds, VOCs), ktoré sú produko-
vané endogénne v l’udskom tele. Na meranie koncentrácíı prchavých organic-
kých zložiek vydychovaného plynu sa využ́ıvajú nové metódy, bližšie poṕısané
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napr. v [1]. Jednou z metód je hmotnostná spektrometria s protónovou preno-
sovou reakciou (proton-transfer-reaction mass spectrometry, PTR-MS). Mole-
kulové hmotnosti detekované PTR-MS sú v rozmedźı od m/z 21 do m/z 230.
Namerané množstvá (counts) sú prepoč́ıtané na základe znalost́ı z kinetic-
kej chémie na koncentrácie v jednotke čast’ na miliardu (particles-per-billion,
ppb), vid’ bližšie [4]. Zdokonal’ovanie procesu merania a analýzy dát pomocou
PTR-MS (kvalita a spol’ahlivost’ źıskaných merańı) je predmetom d’aľsieho
výskumu v tejto oblasti. Preto predpokladáme, že namerané koncentrácie
prchavých organických zložiek sú zašumené.

2 Robustná klasifikačná metóda

Klasifikácia subjektov do dvoch tried je dôležitým problémom. Na riešenie
daného problému existuje niekol’ko metód. Jednou z nich je aj metóda opor-
ných bodov (support vector machine, SVM). Jedná sa o klasifikátor, ktorý
sa snaž́ı lineárne oddelit’ dve skupiny tak, aby vzdialenost’ najbližš́ıch bodov
(support vectors) od deliacej nadroviny bola čo najväčšia prihliadajúc k čo
najmenšej chybovosti, bližšie napr. v [5]. Na rovnakom prinćıpe je založená
aj klasifikačná metóda, ktorá predpokladá zašumené vstupné dáta, viac v [2]
a [6].
Predpokladajme, že naše namerané dáta X ∈ RN sú zašumené a skutočná
hodnota je nejaký bod v špecifikovanom elipsoide, teda predpokladáme elip-
soidálny model zašumenia. Nech

B(X,Σ, γ) = {X : (X − X)
′

Σ−1(X − X) ≤ γ2}

je elipsoid, Σ je pozit́ıvne semidefinitná matica a γ ≥ 0 je skalár. Pre vstupné
dáta nie je nutný predpoklad typu rozdelenia, predpokladáme len konečnost’

momentov druhého rádu.
Riešeńım klasifikácie zašumených dát X ∈ B(X,Σ, γ) je nájdenie optimál-
nych parametrov w,b rozhodovacej funkcie

g(X) = sign (〈w,X〉 + b) ,

tak, aby rozpätie (margin) dvoch paralelných nadrov́ın ku g(X) oddel’ujúcich
dáta bolo čo najväčšie, teda rovné 2/||w||. V pŕıpade lineárne neseparova-
tel’ných dát ide o maximalizáciu rozpätia tak, aby bol čo najmenš́ı počet
zle klasifikovaných pozorovańı, teda minimálna strata d’alej charakterizovaná
vol’nými (slack) parametrami straty ξ ≥ 0. Elipsoidy, pre ktoré plat́ı

y(〈w,X〉 + b) ≥ 1,

pre ∀X ∈ B a rovnost’ palt́ı len v jednom z bodov, teda sa dotýkajú jed-
nej z paralelných nadrov́ın a kde y ∈ {1,−1} je kategorizácia pozorovania
do jednej z dvoch tried, hrajú rolu tzv. oporných bodov teda ich budeme
nazývat oporné elipsoidy (support ellipsoids). Tieto elipsoidy sú postačujúce
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x1

x2

ξ

g(X)
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funkcia
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2 \ ||w||
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Obrázok 1: Schéma riešenia metódy na klasifikáciu zašumených dát do dvoch
tried, ktorej riešeńım je nájdenie parametrov rozhodovacej funkcie tak, aby
rozpätie medzi dvoma paralelnými nadrovinami bolo čo najväčšie a v pŕıpade
lineárne neseparovatel’ných dát bola strata čo najmenšia.

pri popise rozhodovacej funkcie g(X), predstavujú len malý zlomok všetkých
dát, takže efekt́ıvny počet bodov definujúcich rozhodovaciu funkciu g(X) je
omnoho menš́ı ako počet subjektov v trénovacej množine. Na obrázku 1 je
znázornený prinćıp klasifikačnej metódy.
Riešeńım je optimalizačná úloha kvadratického programovania

min
w,b,ξ

1

2
‖w‖2 + C

n∑

i=1

ξi

s podm. yi(〈w,X〉 + b) ≥ 1 − ξi

ξi ≥ 0,

pre ∀X ∈ B(Xi,Σi, γi) a i = 1, . . . , n, kde n je rozsah trsénovacej vzorky
a parameter C je regularizačná konštanta, ktorá rieši kompromis medzi ma-
ximalizáciou rozpätia a stratou.
Optimalizačná podmienka sa využit́ım Karush-Kuhn-Tuckerových podmie-

nok dá preṕısat’ na tvar yi 〈w,X〉 = yi

〈
w,Xi

〉
− γi||Σ1/2

i w||, [2]. Potom
nasledovná robustná formulácia je ekvivalentná s predchádzajúcou optimali-
začnou úlohou

min
w,b,ξ

1

2
‖w‖2 + C

n∑

i=1

ξi
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s podm. yi(
〈
w,Xi

〉
+ b) ≥ 1 − ξi + γi‖Σ

1
2
i w‖

ξi ≥ 0,

pre i = 1, . . . n, kde robustnou ju rob́ı nelineárny člen ||Σ
1
2
i w|| nachádzajúci

sa v obmedzujúcich podmienkach. Optimalizačná úloha sa rieši ako úloha kó-
nického programovania druhého rádu (second order cone programing, SOCP)

min
w,b,ξ

n∑

i=1

ξi

s podm. yi(
〈
w,Xi

〉
+ b) ≥ 1 − ξi + γi‖Σ

1
2
i w‖

||w|| ≤ W

ξi ≥ 0,

pre i = 1, . . . n, kde člen ||w|| je presunutý do podmienky a ohraničený zhora
konštantou W , ekvivalentnou s konštantou C. Ide o konvexný optimalizačný
problém, v ktorom lineárna funkcia je minimalizovaná na prieniku lineárnej
variety (linear manifold) s produktom Lorentzových kužel’ov, ktoré predsta-
vujú jednotlivé podmienky.

3 Analýza dychu

Pilotná štúdia zostavená na Lekárskej Univerzite v Innsbrucku v rokoch 2006
a 2007 obsahuje namerané koncentrácie prchavých organických zložiek pre
54 fajčiarov a 178 nefajčiarov, u ktorých nebola potvrdená diagnóza rako-
viny pl’́uc. Každému subjektu v databáze sa priradila jedna hodnota, ktorá
predstavuje medián z mediánov jednotlivých vzoriek vydýchnutého vzduchu,
ktorý bol pre presnost’ meraný tri krát. Na spracované dáta aplikujeme kla-
sifikačnú metódu na základe zatriedenia podl’a fajčiarskeho návyku.
Klasifikačnú metódu sme otestovali pre naše dáta v dvoch simulačných štú-
diách. Výsledky sú priemery pravdepodobnost́ı chýb zo 100-krát náhodne
rozdelenej databázy fajčiarov a nefajčiarov na trénovaciu a testovaciu množi-
nu v pomere 3:2. Predpokladáme Σi = σ2I, kde σ2 predstavuje rozdiel medzi
najvyššou a najnižšou nameranou koncentráciou v testovacej množine.
V prvej simulačnej metóde sledujeme závislost’ empirickej pravdepodobnosti
zle klasifikovaných subjektov skupiny fajčiarov a nefajčiarov pri trénovańı
a testovańı klasifikačnej metódy pre kombinácie parametrov C = 0.1 : 0.1 : 1
a γ = 0 : 0.1 : 1. Výsledky simulačnej metódy sú znázornené na obrázku 2.
Z grafu vidiet’, že klasifikačná metóda prednostne zatried’uje subjekty z počet-
neǰsej skupiny. Pre rastúci parameter C chybovost’ trénovania klesá a zároveň
rastie pri testovańı. Pri vyšš́ıch hodnotách C dochádza k pretrénovaniu (over-
fitting) klasifikátora. Pre naše dáta sme za optimálny zvolili parameter
C = 0.2, nakol’ko pravdepodobnost’ zle zatriedených fajčiarov z trénovacej



Klasifikácia zašumených dát 45

0.2 1
0 

0.05 

0.1

0.15

0.2

0.25

0.30

0.35

pr
av

d.
 z

le
j k

la
si

fik
ác

ie

0

0.2 1

0.1

0.2 1

0.2

0.2 1

0.3

0.2 1

0.4

0.2 1

parameter C

0.5

 

 

0.2 1

0.6

0.2 1

0.7

0.2 1

0.8

0.2 1

0.9

0.2 1

1

 

 

trén. faj. trén. nefaj. test faj. test. nefaj.

parameter γ

Obrázok 2: Empirická pravdepodobnost’ zle klasifikovaných subjektov
fajčiarov a nefajčiarov pri testovańı a trénovańı metódy na klasifikáciu
zašumených dát pre kombinácie parametrov γ = 0 : 0.1 : 1 a C = 0.1 : 0.1 : 1.

množiny pre všetky parametre γ je najnižšia. Z grafu d’alej vidiet’, že pravde-
podobnost’ zlého zatriedenia subjektov z testovacej množiny pri zvyšujúcom
sa šume (parameter γ) pomaly klesá. Tým sme ukázali, že predpoklad, že
aplikované dáta sú zašumené znižuje pravdepodobnost’ zlého zatriedenia pri
testovańı.
Pri vel’kej hodnote parametra γ môže dochádzat’ k situácii, že dáta nie sú
lineárne oddelitel’né. Preto sme pre parameter C = 0.2 zostrojili d’aľsiu si-
mulačnú metódu, kde pravdepodobnost’ zlého zatriedenia bola odhadnutá
na základe 100-krát náhodne rozdelenej skupiny fajčiarov a nefajčiarov na
trénovaciu a testovaciu v pomere 3:2 pre parameter γ = 0 : 1000. Výsledky
sú znázornené na obrázku 3.
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Obrázok 3: Empirická pravdepodobnost’ zle klasifikovaných subjektov
fajčiarov a nefajčiarov pri testovańı a trénovańı metódy na klasifikáciu
zašumených dát pre kombinácie parametrov C = 0.2 a γ = 0 : 1000.
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Najlepšie výsledky dosahovala metóda pre parameter γ = 0.7 (PtestF = 0.31,
PtestN = 0.08). Pre γ ≥ 20 klasifikačná metóda nebola schopná oddelit’ jed-
notlivé skupiny, pre γ ≥ 300 zatried’uje všetky subjekty do početneǰsej sku-
piny.

4 Záver

V práci bola prezentovaná klasifikačná metóda na klasifikáciu zašumených
dát. Z výsledkov vyplýva, že pri predpoklade zašumenia dát sa znižuje pravde-
podobnost’ zlej klasifikácie subjektov pri testovańı. Ďaľśım zlepšeńım výsled-
kov by mohlo byt’ implementovanie nelineárneho mapovania premenných
zašumených dát do priestoru s vyššou dimenziou, č́ım by klasifikačná metóda
mala dosiahnut’ ešte lepšie výsledky zatriedenia testovaných subjektov.
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SR a Slovenskej akadémie vied (VEGA), grant 1/3016/06 a 2/7087/27.
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PROBLEMS WITH EXTREMES

Jan Dienstbier

Keywords: Extreme value index, Hill estimator, quantile regression.

Abstract: Univariate extreme value theory (EVT) along with all of its tools,
is bound to the validity of the basic assumption, the maximum domain of
attraction (MDA) condition. The aim of this paper is to briefly suggest what
effect a violation of the condition has on inference methods of EVT. Apart
from describing some previously suggested tests, which check the MDA con-
dition, we show how common estimators of the extreme value index γ behave
if the MDA doesn’t hold. We also pay attention to the inference of extremes
in linear models.

Abstrakt: Ćılem práce je zkoumat vliv porušeńı podmı́nek za nichž plat́ı
jednorozměrná teorie extremálńıch hodnot.

1 Introduction – Basic assumptions

Extreme value theory (EVT) is a branch of statistics devoted to studying
phenomena related to extreme, i.e. high or low, quantiles of distributions.
The purpose is to estimate or test hypothesis dealing with extreme quantiles,
probabilities, and return periods of events pertaining to the underlying dis-
tribution F of a given random sample. Such task can be accomplished only
under certain assumptions imposed on the distribution F . More preciously
we suppose that the distribution function (d.f.) belongs to the maximum do-
main of attraction (MDA) of an extreme value distribution Gγ with some
γ ∈ R, i.e there exist constants an > 0, bn ∈ R such that

lim
n→∞

Fn(anx + bn) = Gγ(x) := exp(−(1 + γx)−1/γ), (1)

for all 1 + γx > 0. In case of γ = 0, G0(x) is interpreted as exp(−e−x).
The previous relation to the domain of attraction is commonly denoted as
F ∈ MDA(Gγ). The parameter γ is called the extreme value index (EVI).
From the asymptotic point of view, an adequate approximation of the extreme
quantiles and probabilities can be obtained by the respective distribution Gγ ,
see de Haan and Ferreira [7]. However, we usually do not know the correct
EVI γ and hence the importance of its adequate estimation is evident.

During the fast development of the EVT in the last thirty years a lot of
various estimates of γ appeared, each based on a different strategy, see e.g.
Beirlant et al. [1] or de Haan and Ferreira [7]. Nevertheless, all these estimates
share some common properties. Particularly, as γ depends on the properties
of the tails only, the estimates depend on the choice of kn (or k), the num-
ber of the highest observations used for the estimation. Roughly speaking,
each estimate of the EVI is a function of k. It holds that with growing k the
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asymptotic variance of the estimate decreases whereas its asymptotic bias
grows. Various techniques have been created determining “the best” k or,
equivalently, an optimal portion of the data. Alternatively, other techniques
try to reduce the bias of the estimate. Nevertheless, all methods draw their
raison d’etre from another assumption often imposed in the context of EVT
– the second order condition. The second order condition extends the appro-
ximation of the tail of F beyond that of (1) up to the second order. More
precisely, suppose there exists some positive function a and some positive or
negative function A with limt→∞ A(t) = 0 such that for all x with 1+γx > 0,

lim
t↑x∗

1−F (t+xa(1/(1−F (t))
1−F (t) − (1 + γx)−

1
γ

A(1/(1 − F (t)))
= (1+γx)−

1+γ
γ Hγ,ρ

(
− 1

γ
(1 − x−γ)

)
,

where Hγ,ρ is some function that is not a multiple of the function − 1
γ (1−xγ).

In particular Hγ,ρ should not be identically zero. The second order condition
implies the MDA condition. The function Hγ,ρ can be written as

Hγ,ρ(x) =
1

ρ

(
xγ+ρ − 1

γ + ρ
− xγ − 1

γ

)
, (2)

which for the cases γ = 0 or ρ = 0 is understood to be equal to the limit of (2)
as γ → 0 or ρ → 0, respectively. As the MDA, or say the first order condition,
describes to which extreme value distribution the sample appertains, the
second order parameter ρ shows in which “direction” the maxima of the
underlying distribution deviate from the respective Gγ . It follows that the
asymptotic bias of an arbitrary estimator of γ is a function of the second
order parameter ρ and A.

These are the fundamental assumptions used by EVT. In the next section
we provide some answers to a natural question what happens if they do not
hold.

2 When assumptions fails

We are accustomed to say that all “basic” distributions belong to some do-
main of attraction. Indeed, normal, exponential, and Laplace distributions
represent the examples of the Gumbel domain of attraction (γ = 0), uniform
and Beta belong to the Weibull domain of attraction (γ < 0) with restricted
tails, and Cauchy, Pareto, and Student’s t-distribution are common examples
of the distributions belonging to the heavy-tailed Frechet domain (γ > 0).
On the other hand, we know distributions which do not lie in any of these
domains. Consider e.g. classical von Mises example

F (x) = 1 − e−x−sin(x), x ≥ 0. (3)

The distribution function (3) is infinitely differentiable for x ≥ 0, yet it does
not belong in any domain of attraction due to the oscillating character of its
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tail, see de Haan and Ferreira [7, pp. 36]. One can imagine a lot of distri-
butions similar to (3). Also some discrete distributions behave similarly, e.g.
Poisson distribution. Another example is truncated exponential distribution
F ∼ X = exp[E], where [E] denotes an integer part of the exponentially
distributed random variable.

There also exists a slightly different class of distributions with arbitrarily
smooth and strictly increasing distribution function without any oscillation
as in (3) which, nevertheless, do not belong to any domain of attraction. By
the EVT asymptotic expansions, any distribution belonging to the Frechet
domain of attraction γ > 0 can be approximated in tail by generalized Pareto
distribution. Hence the distribution function F (x) = 1−(log x)−β , x ≥ e and
β > 0, which cannot be approximated by any Gγ , does not belong to any
domain of attraction. Roughly speaking, such distributions are “too heavy”
– their tails are heavier than of any distribution in the Frechet domain of
attraction, c.f. Falk et al. [6, pp. 64].

Suppose we are faced with the following practical task. On the basis of the
random sample generated from an uknown distribution we ought to perform
a test or an estimate related to the extreme events, e.g. calculate high condi-
tional quantiles. An usual approach is to calculate these characteristics using
EVT – estimate γ and then approximate the tail of the unknown distribution
of the sample by Gγ . But what happens, if we are not given a sample from
a distribution fulfilling the domain of attraction condition? Can we discover
solely from the estimates of γ itself that something is wrong and the given
task cannot be accomplished using EVT?

We provide a partial answer by the accompanying figures. On Figure 1,
which is presented for the comparison, one can see the plots of different esti-
mates of γ against the growing k, the number of the highest observations used
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Figure 1: Student’s t-distribution with two degrees of freedom.
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Figure 2: von Mises example F (x) = 1 − e−x−sin x.

for the estimation. The data were generated from the Student’s t-distribution
with two degrees of freedom – this distribution belongs to the Frechet domain
of attraction with γ = 1

2 . There are plots of the three estimates of γ, the Hill
estimate (solid line), the maximum likelihood (ML) estimator (dashed), and
the probability weighted moments (PWM) estimator (dotted). Although each
of the estimators is based on a different idea, c.f. de Haan and Ferreira [7,
pp. 65 – 126], all curves representing estimated values of γ are roughly the
same. Note that all the plots demonstrate the mentioned properties of the
estimators of γ – with growing k the asymptotic variance decreases while the
asymptotic bias increases. The dilemma which k one should choose can be
solved by an adaptive selection of the optimal k on the basis of the sample,
c.f. Beirlant et al. [1, pp. 123 – 129]. The choice is often based simply on an
expert decision. One tries to find where the “region of stability” lies, i.e. the
first area where the estimate γ̂n(kn) remains roughly constant. Such method
works surprisingly well in practice, although some exceptions exist.

Confront the previous with Figure 2. The situation is different. While
one can (with some difficulty) detect a “region of stability” in each graph,
the estimator plots sharply differs. In this example the underlying sample
distribution have been simulated from the von Mises distribution (3). There-
fore, given a sample, calculating the results for more than just one estimator
of γ can be a helpful tool for detecting that the whole EVT setting is ina-
ppropriate. This is even more important conclusion, since any estimator plot
separately may represent a “typical” example how the estimator plot of the
EVI “looks like”.

Finally, consider Figure 3. We calculated the estimators from the distri-

bution F (x) = 1 − 1/ log
1

1000 (x). As noted before, the distribution doesn’t
belong to any domain of attraction. One can see that this fact is not reflected
neither on the ML nor on the PWM estimate, while results of the Hill esti-
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Figure 3: F (x) = 1 − 1
log1/1000(x)

.

mate (the solid line near the axis) look at least suspicious. Again, the results
of the different estimators pointed out that something is wrong.

Clearly, the use of more than one estimator is highly profitable. As each
estimator is based on a different strategy of estimating the parameter γ of Gγ ,
each reacts differently on a violation of the necessary condition. Hence if the
estimators show sharply different results, we should ask about the validity
of our assumptions. To validate the suspicion one can further use some tests
checking the validity of the MDA condition.

3 Tests checking the MDA condition

There had not been payed much attention to testing of the MDA condition
yet, nevertheless some results has been published in the past decade. The
article Dietrich et al. [3] can be considered as a pioneering work. The topic
have been further studied in Drees et al. [5] and Hüsler and Li [8]. In our
article, we concentrate on these methods only. Aside from these contributions,
one can, being strongly convinced that the sample is heavy tailed, use some
goodness-of-fit tests, see Neves and Fraga Alves [9] for references.

Consider the test statistic introduced by Dietrich et al. [3]

En(k) := k

∫ 1

0

(
log Xn−[kt]:n − log Xn−k:n

γ̂+
− t−γ̂− − 1

γ̂−
(1 − γ̂−)

)2

tηdt,

(4)
where γ̂+ and γ̂− are the positive and the negative part of a suitable esti-
mate γ̂ and η > 0 is some chosen constant. Under usual condition upon the
growth of k, the limit distribution of En(k) has been established using an
asymptotic expansion of tails due to Drees [4]. For critical point see the nu-
merical study in Hüsler and Li [8]. The limit distribution of En(k) has been
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described thoroughly only under the null hypothesis, but in Dietrich et al. [3]
we can find also some examples indicating that the statistic En(k) goes to in-
finity at least under some alternatives. Nevertheless, the behaviour of En(k)
under whole spectrum of alternatives has not been studied. Note also that
the growth of k can be controlled only through the parameters introduced
with the second order condition and hence it is necessary to assume that the
second order condition also holds. That can be seen as a little bit of paradox
– while testing whether the MDA condition holds, one needs to assume that
even the stronger condition holds – remark that the second order condition
is sufficient but absolutely not necessary for the MDA. However, the exhaus-
tive study provided in Hüsler and Li [8] shows that the test itself is not very
sensitive to the violation of the second order condition, at least in majority
of the cases.

Slightly different statistics introduced Drees et al. [5] to test the validity
of F ∈ MDA(Gγ), γ > −1/2. For any η > 0 they came with

Tn(k) := k

∫ 1

0

(
n

k
Fn

(
â

(n

k

) x−γ̂ − 1

γ̂
+ b̂

(n

k

))
− x

)2

xη−2dx, (5)

for some η > 0, where Fn = 1 − Fn and γ̂, â, and b̂ are suitable consistent
estimators – it is recommended to use the ML estimators for γ̂ and â, and
b̂(n/k) := Xn−k:n. Again the consistency of the estimator depends on the
suitably growing k and the second order condition. One can find the critical
values of (5) and a broad numerical comparison between the tests based on (5)
and (4) in Hüsler and Li [8].

Summarizing the foregoing, both testing methods share common proper-
ties: Both depend on k, the number of the observations used for the cal-
culation. There exist slightly different tests depending on the choice of the
estimate γ̂, yet the difference is negligible under the null hypothesis. We also
obtain different tests for different choices of parameter η. Moreover, not much
is known about what happens under the alternative. This holds even more
for (4) as the statistic (5) has the meaning of the distance between the ex-

cesses over b̂
(

n
k

)
and the approximating Pareto distribution. Hence also the

plot of (5) against k can be used as a tool to determine where the Pareto
approximation is inaccurate.

For these reasons it is hard to recommend any of these tests as a prelimi-
nary filter checking the validity of the EVT model. Such approach could lead
to confusing results. Rejecting the EVT model we restrain from the general,
asymptoticly correct, and simple solution of tail modelling. We should really
be persuaded that the concept of EVT does not fit the model before trying
even more awkward solutions. Hence the lesson from this section is: Although
we often cannot evade estimating of γ we should be aware of the fact that
such estimation is not necessarily sufficient in some cases. And, what is even
more important, we have the tools to check, whether our assumptions are
right.
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4 Tests in linear models

The situation is even more complicated if we want to estimate γ in linear
regression models, i.e. estimate γ associated with the distribution of “errors”
in the model

Yn×1 = Xn×pβp×1 + En×1,

where Yn = Y = (Y1, . . . , Yn)⊤ is a vector of observations, Xn = X is
a known design matrix, β = (β1, . . . , βp)

⊤ ∈ Rp is an unknown parameter,
and En = E = (E1, . . . , En)⊤ is the vector of i.i.d. errors with a (generally
unknown) distribution function F . As one can expect, the choice of some k
“largest” observations is not an obvious task in such setting.

In Berlaint et al. [1] authors suggested to find a covariate dependent
threshold determining the “largest” observations by a regression quantile
β̂(α) for α near one. Assuming that β1 is the intercept, i.e. the first column

of Xn is (1, . . . , 1)⊤, we define the empirical regression quantiles β̂n as the
solutions of the minimization problem

β̂n (α|Y,x) := arg min
b∈Rp

n∑

i=1

ρα

(
Yi − b⊤xi

)
, (6)

where ρα denotes the loss function ρα(u) := u ·
(
α − 1{u<0}

)
.

In Dienstbier [2] we treated the estimation of γ on the basis of regression
quantiles using same techniques as Drees [4] used for i.i.d. random varia-
bles. Suppose we have k = kn highest regression quantiles of the intercept,
where k is growing suitably slowly to infinity. In Dienstbier [2] we showed that
location and scale invariant smooth functionals of the standardized intercepts
of the highest order regression quantiles have the same asymptotic distribu-
tion as the same functionals based on the empirical tail quantile function of
the underlying sample of errors. It follows that in the situation of linear model
same as (4) we can calculate all estimates of γ from suitably chosen regression
quantiles instead of unobservable highest order statistics of errors E. This
also proves that the method suggested in Berlaint et al. [1], i.e. to base the es-
timation of γ on the exceedances over the high quantile regression threshold,
leads to consistent estimates.

However, what can be done if different estimates of γ based on the regres-
sion quantiles show suspicious results similar to those in Section 2? Clearly,
a test checking the validity of the MDA in linear models is needed. In Dienst-
bier [2] we established strong approximations of the standardized intercepts
of regression quantiles to the tail quantile function of the sample of errors.
Hence, following the steps of Drees [4] and Drees [5], one can show that also
the tests statistic
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En(k) := k

∫ 1

0

(
log β̂1(1 − kt

n ) − log β̂1(1 − k
n )

γ̂Q
+

− t−γ̂Q
− − 1

γ̂Q
−

(1 − γ̂Q
−)

)2

tηdt,

(7)
has, under null hypothesis γ ∈ MDA(Gγ), γ ∈ R, the same distribution
as (4) in the i.i.d. case. Here γ̂Q denote a suitable estimator for the γ based

on the regression quantiles as in Dienstbier [2] and β̂1(·) denotes the empiri-
cal regression quantile estimating the intercept of the model. To sketch the
proof we refer to Theorem 1 of Dietrich et al. [3], which describes asymptotic
properties of (4). These properties follows from Theorem 2.1. of Drees [4], an
analogue to Theorem 2.1. of Dienstbier [2]. The result finally follows from the
continuity of the integral in (7). Details will be published in the forthcoming
PhD thesis of the author.

Conclusion is similar as in the previous section. Again we strongly recom-
mend to calculate more different estimates of γ instead of just one. If the
estimates sharply differ, consider whether the basic assumptions hold, e.g.
make a test checking validity of the MDA condition.
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O OPTIMALIZACI REGULAČNÍCH
DIAGRAMŮ

Gejza Dohnal

Kĺıčová slova: Statistická regulace procesu, regulačńı diagram, ekonomicko-
statistický návrh, stabilita procesu, ARL, markovský model, optimalizace.

Abstrakt: Při aplikaci statistické regulace výrobńıho procesu prostředni-
ctv́ım regulačńıch diagramů je třeba postupovat obezřetně, na základě pro-
myšleného návrhu. Př́ıspěvek má za ćıl ukázat hlavńı kroky při návrhu re-
gulačńıho diagramu, mezi něž patř́ı vedle d̊ukladné analýzy výrobńıho pro-
cesu a jeho pravděpodobnostńıch charakteristik také výběr vhodného typu
regulačńıho diagramu a optimalizace jeho parametr̊u. Ekonomicko-statistický
návrh bere do úvahy jak ekonomické parametry (náklady na měřeńı, identi-
fikaci vymezitelné poruchy, zásah v př́ıpadě falešného poplachu a v př́ıpadě
oprávněné signalizace, ztráty z provozu mimo kontrolu a daľśı), tak i statis-
tické vlastnosti (pravděpodobnost vzniku poruchy, předpokládanou dobu, po
kterou proces bude pod kontrolou, předpokládanou dobu běhu mimo kont-
rolu, pravděpodobnost falešného poplachu a daľśı).

Abstract: The design of control chart is the important part of application
of the statistical process control methodology into practice. This paper shows
that not only economic-statistical design is essential but the comprehensive
analysis of the process is needed. The main target of statistical process control
as a part of the manufacturing process management is to keep the process in
controllable state which gives the optimal conditions for quality production.
For this purpose we use two key tools: control charts for monitoring and
maintenance management for improving the manufacturing process.

1 Úvod

Regulačńı diagramy jsou velice rozš́ı̌reným nástrojem předevš́ım v oblasti
ř́ızeńı jakosti. Jsou velice obĺıbené pro svoji jednoduchost a snadnou apliko-
vatelnost. Je až s podivem, že se od třicátých let minulého stolet́ı, kdy byly
poprvé uvedeny Shewhartem, v podstatě nezměnily. Nicméně, jejich vývoj se
nezastavil a je stále aktuálńı [5].

Hlavńım ćılem regulačńıho diagramu je sledováńı posloupnosti náhodných
veličin (pozorováńı náhodného procesu v diskrétńım čase) a detekce změny
jeho parametr̊u. Základńı typy regulačńıch diagramů byly vytvořeny pro sle-
dováńı parametru polohy (středńı hodnoty, mediánu) nebo rozptýlenosti (roz-
ptyl, rozpět́ı) posloupnosti nezávislých náhodných veličin s normálńım nebo
binomickým rozděleńım. Zpravidla se jedná o sledováńı nějakého jakostńıho
znaku při výrobě. Slovo

”
proces“ je zde použ́ıváno ve dvoj́ım smyslu: jako

výrobńı proces (z hlediska provozńıho) a jako náhodný proces (z hlediska
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matematického) tvořený realizacemi sledovaného znaku v čase. Pokud je
výrobńı proces stabilńı (nep̊usob́ı v něm jiné než náhodné vlivy), je sledo-
vaný náhodný proces slabě stacionárńı. Jeho středńı hodnota a rozptyl jsou
konstantńı v čase. Variabilita sledovaného znaku je zp̊usobena tzv.

”
běžnou

př́ıčinou“ (common cause) o které se předpokládá, že je inherentńı vlastnost́ı
procesu a nelze ji změnit, aniž bychom změnili proces samotný. Kromě toho se
v náhodném čase objev́ı tzv.

”
zjistitelná př́ıčina“ (assignable cause), která je

zp̊usobena nějakou změnou podmı́nek, zpravidla poruchou. Porucha zp̊usob́ı
trvalou změnu charakteristiky procesu - bud’ posun středńı hodnoty nebo
změnu variability, př́ıpadně oboj́ı. Tato př́ıčina je vymezitelná, to znamená,
že předpokládáme, že ji lze identifikovat a po jej́ım odstraněńı proces vrátit
do

”
p̊uvodńıho stavu“. Jednou z funkćı regulačńıch diagramů je rozlǐsit mezi

těmito dvěmi př́ıčinami, což neńı tak úplně snadné. Obě př́ıčiny jsou často
vzájemně propojeny a jsou odlǐsitelné pouze v kontextu. To, co je běžnou
př́ıčinou dnes, může být zjistitelnou př́ıčinou źıtra.

Stacionarita sledovaného náhodného procesu je považována za znak sta-
bility výrobńıho procesu. Po dobu, kdy se náhodný proces chová jako sta-
cionárńı, ř́ıkáme že výrobńı proces je

”
pod statistickou kontrolou“. Po vzniku

zjistitelné př́ıčiny (poruchy) se charakteristiky náhodného procesu změńı
a výrobńı proces dostane

”
mimo statistickou kontrolu“. Nalezeńım a od-

straněńım zjistitelné př́ıčiny opět navrát́ıme výrobńı proces pod statistic-
kou kontrolu. Za předpokladu, že poruchy vznikaj́ı nezávisle na sobě v čase
a doby mezi nimi maj́ı stejné rozděleńı pravděpodobnosti, dále že doby do
nalezeńı a odstraněńı zjistitelné poruchy jsou nezávislé a stejně rozdělené,
tvoř́ı okamžiky

”
navráceńı“ procesu pod statistickou kontrolu proces obnovy.

Cyklus obnovy zač́ıná v okamžiku navráceńı výrobńıho procesu pod statis-
tickou kontrolu, zahrnuje fázi kdy je proces pod kontrolou až do okamžiku
vzniku zjistitelné př́ıčiny (fáze 1), dále fázi mimo statistickou kontrolu, kdy
prob́ıhá identifikace a odstraněńı této př́ıčiny (fáze 2) a konč́ı v okamžiku, kdy
je zjistitelná př́ıčina odstraněna. Délka tohoto cyklu záviśı na řadě parametr̊u
procesu samotného a parametr̊u regulačńıho diagramu.

Proces regulace pomoćı regulačńıho diagramu prob́ıhá tak, že v diskrét-
ńıch časových okamžićıch provád́ıme několik opakovaných měřeńı sledované

Obrázek 1: Regulačńı cyklus výrobńıho procesu.
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veličiny na r̊uzných vzorćıch – takzvaný výběr. Z výsledk̊u tohoto výběru
spočteme regulačńı charakteristiku (pr̊uměr, rozpět́ı, směrodatnou odchylku
či jinou statistiku sledované veličiny) a tuto zakresĺıme do regulačńıho dia-
gramu. Regulačńı cyklus má potom podobu která je znázorněna na obr. 1 [4]:

2 Statistické vlastnosti regulačńıho diagramu

Ćılem regulace procesu je jeho udržeńı ve stabilńım stavu s minimálńı va-
riabilitou. To v d̊usledku znamená udržeńı co nejlepš́ı kvality výroby. Ve
skutečnosti však samotná regulace nepřisṕıvá ke zvýšeńı stability či snižováńı
variability procesu. Proces je ve stabilńım stavu pouze

”
přechodně“. Před-

pokládáme, že dř́ıve či později vždy dojde k posunut́ı středńı hodnoty, ke
zvýšeńı variability či k jinému porušeńı stability procesu. Úkolem regulačńıho
diagramu je co nejdř́ıve toto porušeńı stability indikovat a vyslat př́ıslušný
signál. Za určitých podmı́nek můžeme regulaci chápat jako posloupnost sek-
venčńıch test̊u pro indikaci bodu změny.

Od
”
dobrého“ regulačńıho diagramu se očekává, že

• vyšle signál o detekci zjistitelné př́ıčiny co nejdř́ıve po jej́ım vzniku.
To znamená, že proces bude co nejkratš́ı dobu ve stavu mimo kontrolu
a bude možno rychle odstranit zjistitelnou př́ıčinu a t́ım proces vrátit
do stavu pod kontrolou.

• nebude vyśılat falešné signály v době, kdy je proces pod statistickou
kontrolou.

Budeme-li chápat situaci, kdy regulačńı diagram neodhaĺı zjistitelnou
př́ıčinu přestože už nastala, jako chybu II. druhu, potom prvńı vlastnost
souviśı s minimalizaćı pravděpodobnosti této chyby. Naopak, situaci kdy re-
gulačńı diagram detekuje zjistitelnou př́ıčinu, která ještě nenastala, můžeme
v jistém smyslu mluvit o chybě I. druhu. Potom druhá vlastnost je úzce spo-
jena s pravděpodobnost́ı chyby I. druhu. Při výběru regulačńıho diagramu,
př́ıpadně při jeho optimalizaci, bychom měli sledovat předevš́ım minimalizaci
pravděpodobnost́ı obou těchto chyb.

Všeobecně uznávanou mı́rou pro velikost pravděpodobnosti chyb I.
a II. druhu je středńı doba běhu (Average Run Length, ARL). Ta vyjadřuje
středńı počet výběr̊u při daných podmı́nkách do vysláńı signálu o detekci
zjistitelné př́ıčiny. Tak např́ıklad v př́ıpadě regulačńıho diagramu pro středńı
hodnotu (X̄ diagram) budeme symbolem ARL(0) označovat očekávaný
(středńı) počet výběr̊u (měřeńı) sledované charakteristiky vycentrovaného
procesu (jehož středńı hodnota je stále rovna požadované hodnotě), než do-
jde k falešnému signálu, tedy k chybě I. druhu. Naproti tomu, ARL(d) je
očekávaný počet výběr̊u, které proběhnou než bude indikována chyba, za
předpokladu, že proces má středńı hodnotu posunutou o d-násobek směro-
datné odchylky sledované veličiny. Ideálně by tato hodnota měla být rovna 1,
což znamená okamžitou detekci v prvńım výběru z takovéhoto procesu.
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Je zřejmé, že optimálńı regulačńı diagram by měl mı́t co nejdeľśı ARL(0),
zat́ımco ARL(d) by měla být co nejkratš́ı. Pro některé typy provoz̊u však
je žádoućı, aby ARL(d) klesala pomalu a malé hodnoty nabývala až od
nějakého du poč́ınaje dál. Důvodem je to, že malé vychýleńı např́ıklad středńı
hodnoty může být v takovém provozu nevýznamné a je často chápáno jako

”
falešný poplach“. Ukazuje se, že pro srovnáńı r̊uzných typ̊u regulačńıch dia-

gramů stač́ı porovnat jejich ARL při r̊uzných posuvech středńı hodnoty sle-
dované charakteristiky.

Optimalizace regulačńıho diagramu z hlediska ARL(.) se obvylke provád́ı
nastaveńım parametr̊u rozhodovaćı funkce, která na základě výsledku měřeńı
(výběru) rozhodne o vysláńı varovného signálu. Výpočet ARL(.) může být
poměrně komplikovaná procedura. V literatuře se použ́ıvá několik metod,
z nichž nejlepš́ı výsledky dává metoda výpočtu ARL pomoćı Markovského
řetězce. Při této metodě se možné výsledky vyhodnoceńı výsledku měřeńı
v každém výběru, které nevedou k vysláńı signálu o detekci zjistitelné př́ıčiny,
chápou jako přechodné stavy nějakého Markovského řetězce. Těchto stav̊u je
obvykle konečný počet. Výsledek měřeńı, který zp̊usob́ı vysláńı signálu, je
v tomto modelu chápán jako stav absorpčńı. Potom doba do absorpce takto
zkonstruovaného Markovského řetězce je doba do vysláńı signálu, tedy př́ımo
ARL. Hlavńı problém při použit́ı tohoto modelu je výpočet pravděpodobnost́ı
přechodu mezi jednotlivými stavy a do stavu absorpce. Tyto pravděpodob-
nosti v sobě zahrnuj́ı i informaci o př́ıpadném posunu sledované charakteris-
tiky.

Př́ıklad: Uvažujme zónový diagram pro středńı hodnotu, obsahuj́ıćı čtyři
limitńı hladiny ve vzdálenostech ±Aσ a ±Bσ od centrálńı př́ımky nahoru
i dol̊u. To znamená, že diagram je rozdělen do šesti zón. Při rozhodováńı se
použ́ıvaj́ı následuj́ıćı pravidla:

Signál je vyslán, pokud je sledovaná charakteristika

– 4x v zóně (A,B), aniž by mezi t́ım nabyla hodnoty na opačné straně

centrálńı př́ımky (CL)

– 2x nad limitou B, aniž by mezi t́ım nabyla hodnoty na opačné straně CL

– 2x v zóně (A,B) a 1x nad limitou B, aniž by mezi t́ım nabyla hodnoty na

opačné straně CL

– 4x v zóně (−A,−B), aniž by mezi t́ım nabyla hodnoty na opačné straně

CL

– 2x pod limitou −B, aniž by mezi t́ım nabyla hodnoty na opačné straně

CL

– 2x v zóně (−A,−B) a 1x pod limitou −B, aniž by mezi t́ım nabyla

hodnoty na opačné straně CL

Těmto pravidl̊um odpov́ıdaj́ı následuj́ıćı skóry:

– 0 pro zónu (−A,A)

– 2 pro zónu (−B,−A) nebo (A,B),

– 4 pro překročeńı limity ±B.
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Skóry se postupně nač́ıtaj́ı, v př́ıpadě překročeńı CL se tento součet poč́ıtá
znovu od nuly. Pokud součet skór̊u dosáhne hodnoty 8, regulačńı diagram
vyśılá signál [1].

Pro výpočet ARL budeme uvažovat Markovský řetězec s pěti stavy, odpo-
v́ıdaj́ıćımi počtu skór̊u, tedy stavy {0, 2, 4, 6, 8}. Prvńı čtyři stavy jsou pře-
chodné, pátý stav lze považovat za absorpčńı.

Ke stanoveńı pravděpodobnost́ı přechod̊u je třeba nav́ıc předpokládat
určité vlastnosti měřené charakteristiky – v tomto př́ıpadě rozděleńı pravdě-
podobnosti aritmetického pr̊uměru měřeńı při jednom výběru X̄ a nezávislost
výběr̊u. Budeme tedy předpokládat nezávislá, stejně rozdělená pozorováńı
s normálńım rozděleńım N(d, σ2). Matice pravděpodobnost́ı přechodu bude
mı́t tedy rozměr 5x5 a dobu do absorpce (ARL) můžeme popsat rozděleńım
fázového typu s reprezentaćı (π,A), kde π je vektor počátečńıho rozděleńı
(1,0,0,0) a A je matice pravděpodobnost́ı přechodu mezi prvńımi čtyřmi
stavy [3].

Optimálńı nastaveńı limit dostaneme minimalizaćı funkce arlZ23(du, k)
vzhledem k proměnné k při podmı́nce arlZ23(0, k) = a0. Pro tuto minimali-
zaci lze použ́ıt např́ıklad simplexovu metodu Nelder-Mead.

3 Ekonomické aspekty regulace
Udržeńı maximálńı kvality je ekonomicky náročné a často neńı ani nutné.
V řadě př́ıpad̊u je postačuj́ıćı

”
přijatelná“ kvalita za

”
rozumnou“ cenu. Toho

lze dosáhnout vhodnou volbou parametr̊u regulačńıho diagramu – předevš́ım
doby mezi pozorováńım (měřeńım), počtu pozorováńı (měřeńı) pro výpočet
sledované charakteristiky, nastaveńım parametr̊u rozhodovaćı funkce, na je-
j́ımž základě je vyslán signál o tom, že proces je mimo statistickou kon-
trolu (typicky se jedná o nastaveńı regulačńıch meźı). To je předmětem
ekonomicko-statistického návrhu regulačńıho diagramu. V současné praxi
se obvykle parametry výběru (frekvence a počet měřeńı) stanov́ı expertńım
odhadem a kritické meze jsou nastaveny na trojnásobek směrodatné odchylky
sledované charakteristiky. Ekonomicko-statistický návrh bere do úvahy jak
ekonomické parametry (náklady na měřeńı, identifikaci vymezitelné poruchy,
zásah v př́ıpadě falešného poplachu a v př́ıpadě oprávněné signalizace, ztráty
z provozu mimo kontrolu a daľśı), tak i statistické vlastnosti (pravděpodob-
nost vzniku poruchy, předpokládanou dobu, po kterou proces bude pod kont-
rolou, předpokládanou dobu běhu mimo kontrolu, pravděpodobnost falešného
poplachu a daľśı). Tato dvě hlediska – ekonomické a statistické – nelze od sebe
oddělovat. V literatuře jsou publikovány př́ıklady, kdy ekonomická optima-
lizace sice přisĺıb́ı nejnižš́ı náklady, nicméně za cenu př́ılǐs ńızkého ARL(0)
nebo př́ılǐs malého rozsahu výběru a t́ım i př́ılǐs širokých konfidenčńıch inter-
val̊u pro sledovanou charakteristiku. Naopak, pouze statistická optimalizace
nemůže zaručit dosažeńı co nejnǐsž́ıch náklad̊u na regulaci. Bohužel, v praxi
se velmi často provád́ı regulace klasickým Shewhartovým regulačńım diagra-
mem (s UCL a LCL ve vzdálenosti ±3σ od centrálńı př́ımky) a intervaly mezi
výběry, stejně jako rozsah těchto výběr̊u se určuje

”
expertńım“ odhadem.
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V př́ıpadě, kdy regulačńı proces můžeme chápat jako proces obnovy, je
sledována středńı cena (náklad) na hodinu provozu, kterou spočteme jako
pod́ıl středńıho nákladu na cyklus a středńı délky cyklu. Optimalizace se
provád́ı vzhledem ke ztrátové funkci, která vycháźı z Taguchiho ztrátové
funkce. Minimalizaci této ztrátové funkce provád́ıme za předem daných ome-
zeńı, např́ıklad na velikost ARL(0) nebo rozsahu výběr̊u. Existuje řada nu-
merických metod, jak hledat podmı́něné minimum v́ıcerozměrné funkce. Nám
se osvědčila simplexová metoda Nelder-Mead.

Nejznáměǰśım modelem pro ekonomickou optimalizaci je model Lorenzen-
Vance (Lorenzen T.J. a Vance L.C., 1986), který vycháźı z výše uvedeného
rozděleńı regulačńıho cyklu a vyjadřuje délku trváńı a náklady pro každou
jeho část. V literatuře lze nalézt řadu modifikaćı pro r̊uzné regulačńı modely
a r̊uzné předpoklady o chováńı sledovaného stochatického procesu [2],[4].

Ned́ılnou součást́ı procesu regulace jsou i následná opatřeńı po vysláńı
signálu o výskytu zjistitelné př́ıčiny. Proto je třeba do výpočtu zahrnout
i opravy a údržbu výrobńıho zař́ızeńı, [6]. Optimálńı nastaveńı údržbové
strategie totiž ovlivńı předpokládanou dobu do poruchy a tedy do vzniku
zjistitelné př́ıčiny. Zahrnut́ı údržby do modelu ř́ızeńı procesu rozšǐruje kla-
sický Lorenzen-Vance model o několik daľśıch variant. Na obrázku 2 jsou
zobrazeny jako čtyři r̊uzné cesty grafem.

Obrázek 2: Model regulace procesu s údržbou.

Pro klasický Shewhart̊uv regulačńı diagram nám optimalizačńı procedura
vrát́ı tři partametry: délku mezi výběry h, rozsah výběru n a hodnotu UCL.
Pokud bychom požadovali předem danou hodnotu ARL(0), bude hodnota
UCL dána t́ımto požadavkem. Pro požadavek ARL(0) = 400, který byl uve-
den v př́ıkladu, vycháźı UCL=3,23.
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4 Návrh regulačńıho diagramu

Pro praktickou aplikaci je třeba provést návrh regulačńıho diagramu. Pokud
bude regulačńı diagram chybně navržen (v praxi se tento návrh velice často
opomı́j́ı zcela), potom jeho aplikace nemůže přinést optimálńı výsledky. To
je paradoxně i častým d̊uvodem pro odmı́táńı regulačńıch diagramů jako
neefektivńıho nástroje, který pouze zvyšuje náklady [5], [3].

Návrh regulačńıho diagramu by měl proj́ıt následuj́ıćıch šest krok̊u:

1. analýza výrobńıho procesu,

2. stochastická analýza,

3. výběr regulačńıho diagramu,

4. výběr optimálńı strategie údržby,

5. ekonomicko-statistický návrh,

6. nastaveńı pravidel pro aplikaci.

4.1 Analýza výrobńıho procesu

Tato analýza by nám měla odpovědět na následuj́ıćı otázky:

• kterou veličinu/veličiny budeme sledovat?

• které vlastnosti výrobńıho procesu tato veličina ovlivňuje a naopak, jak
je ovlivňována t́ımto procesem?

• co přesně znamená z provozńıho hlediska, že je
”
proces pod kontrolou“?

• jaká jsou rizika v př́ıpadě, kdy je proces
”
mimo kontrolu“?

• může proces pokračovat v pr̊uběhu identifikace vymezitelné př́ıčiny
(ověřováńı signálu)? Jaké je riziko?

• může proces pokračovat v pr̊uběhu údržbových operaćı? Jaké je riziko?

• jaké jsou nákladové položky (ztráty) a jejich vyč́ısleńı?

Teprve po zodpovězeńı těchto otázek můžeme pokračovat v návrhu.

4.2 Stochastická analýza

Vzhledem k tomu, že regulačńı diagram pracuje s
”
vnořeným“ stochastickým

procesem, nelze provést návrh regulačńıho diagramu bez znalosti nebo ale-
spoň odhad̊u všech pravdě-podobnostńıch charakteristik a analýzy závislost́ı.
Minimálně je třeba odpovědět na tyto otázky:

• jaké je pravděpodobnostńı rozděleńı sledovaných charakteristik?

• jaké je pravděpodobnostńı rozděleńı doby do poruchy?

• (auto)korelačńı analýza sledovaných charakteristik v čase

• jaké je pravděpodobnostńı rozděleńı trváńı opravy nebo údržby
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4.3 Výběr regulačńıho diagramu

Nab́ıdka r̊uzných variant regulačńıch diagramů je velmi široká (a přesto se
v drtivé většině použ́ıvaj́ı klasické Shewhartovy diargamy pro X̄ a R). Pro
výběr té nejvhodněǰśı je třeba vźıt do úvahy

• charakter sledované charakteristiky/charakteristik

• zda je třeba sledovat jednu či v́ıce charakteristik současně

• závislostńı struktura sledovaného (stochastického) procesu

• požadavek na citlivost regulačńıho diagramu

• požadavek na jednoduchost aplikace za daných podmı́nek

4.4 Výběr optimálńı strategie údržby

Dobře načasovaná preventivńı údržba může významně sńıžit náklady na
výrobu a zvýšit jej́ı kvalitu. Proto je třeba určit optimálńı intervaly a rozsah
plánované údržby. Pro ekonomicko-statistický návrh regulačńıho diagramu je
třeba stanovit i vhodný typ údržby:

• renovace (replacement) – uvede systém do stavu
”
jako nový“,

• minimálńı oprava – uvede systém do stavu jako před poruchou,

• neúplná oprava – mezi renovaćı a minimálńı opravou.

4.5 Ekonomicko-statistický návrh

Výsledkem této části návrhu regulačńıho diagramu jsou předevš́ım parametry

• výběru (rozsah výběru, délka intervalu mezi výběry v hodinách),

• rozhodovaćı funkce (regulačńı meze, skóry).

4.6 Pravidla pro aplikaci

Pravidla pro aplikaci jsou velmi d̊uležitá: sebelepš́ı návrh regulačńıho dia-
gramu nebude funkčńı, pokud nebude aplikován správným zp̊usobem. Proto
je třeba tato pravidla stanovit už v okamžiku návrhu regulačńıho diagramu
a pokud možno zajistit jejich dodržováńı. Mezi pravidla pro aplikaci patř́ı
předevš́ım:

• organizačńı opatřeńı (podpora ze strany vedeńı, vyčleněńı a pravomoce
pracovńık̊u),

• podmı́nky měřeńı (zabezpečeńı odběru vzork̊u a jejich změřeńı),

• odpovědnost pracovńık̊u (a jejich kvalifikačńı předpoklady),

• technické podmı́nky ( vyhrazený prostor pro odběr vzork̊u, zastaveńı
provozu při signálu, při údržbě, . . . ),

• programové a výpočetńı zabezpečeńı (evidence a vyhodnoceńı výsledk̊u
měřeńı).
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5 Závěr

Tento př́ıspěvek je předevš́ım metodologický. Popisuje postup, který by měl
provázet každé zavedeńı regulačńıch diagramů do praktického provozu. Bez
uvedených postup̊u nelze zaručit, že aplikace statistické regulace bude plnit
požadované funkce efektivně. Řada z těchto zásad se v praxi zanedbává
a výsledkem je častá skepse k regulačńım nástroj̊um.
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ROBUST FILTERING AND PORTFOLIO
MANAGEMENT

Petr Dostál

Keywords: Small transaction costs, HARA utility function, non-constant co-
efficients.

Abstract: We consider a non-consuming agent investing in a stock and a mo-
ney market interested in the portfolio market price far in the future. We de-
rive an almost log-optimal strategy for small proportional transaction costs in
a model with stochastic coefficients. If the rate of return cannot be observed
directly, we use robust filtering in order to obtain a model with observable
stochastic coefficients. We also modify the obtained strategy for an investor
who is more risk averse so that the strategy almost maximizes the asympto-
tics of expected HARA utility in case of deterministic coefficients.

Abstrakt: Uvažujme investora, který může investovat do akcie a ukládat
finančńı prostředky na účet. Pro tohoto investora odvod́ıme téměř optimálńı
strategii vzhledem k logaritmické užitkové funkci pro malé transakčńı náklady
v modelu akcie se stochastickými koeficienty. Pro př́ıpad, že mı́ra návratnosti
akcie neńı př́ımo pozorovatelný proces, použ́ıváme techniku robustńıho filtro-
vańı založenou na Bayesově př́ıstupu tak, abychom obdrželi model s pozo-
rovatelnými koeficienty. V př́ıpadě, že je investor v́ıce averzńı v̊uči riziku,
modifikujeme odvozenou strategii tak, že v př́ıpadě konstantńıch determinis-
tických koeficient̊u odpov́ıdá snaze maximalizovat asymptotiku očekávaného
užitku mocninných užitkových funkćı.

1 Introduction

We consider an investment problem with proportional transaction costs with-
out consumption. We seek for a strategy that maximizes the long run growth
rate in case of logarithmic utility function and we modify the obtained method
for non-logarithmic HARA utility functions. In case of constant coefficients
our approach agrees with the aim to maximize the growth rate of the cer-
tainty equivalent of the investor’s wealth similarly as in [4, 5] in contrast to
[1, 2, 3, 6, 7, 8, 9, 10, 12], where the agent maximizes the expected value of the
Laplace transform of the utility of consumption at a point chosen according
to his/her time preferences. It is shown in [2] that the investment problem is
a limiting case of the investment-consumption problem in case of logarithmic
utility as the parameter of the Laplace transform goes to zero, i.e. when the
consumption is postponed to the future as much as it is possible. In case
of non-constant or rather non-deterministic coefficients and non-logarithmic
HARA utility, our approach is generally different from the one based on ma-
ximizing of the asymptotics of expected utility of the portfolio market price,
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but it is stable under reasonable time-change in model and the strategy up to
a certain time depends only on the form of the model up to this time. We are
searching for a strategy that is in comparison with a wide class of strategies
and for small transaction taxes not worse than about some minimized error
and therefore we can talk about almost optimal strategy in this sense. In case
where the rate of return process cannot be observed directly, we use robust
filtering in order to obtain a model, where the coefficients are known, but
stochastic.

2 Basic notation and model set-up

Let Ft be an augmented filtration representing the information flow of our
investor on a certain complete probability space (Ω,A, P ). Let us assume that
the investor may invest in a stock market with the stock market price denoted
by St and in a money market with the interest rate rt ≥ 0. Then the value of
money is given by Bt = exp{

∫ t

0
rs ds}. Let St be an Ft-semimartingale with

dSt = St[αt dt + σt dWt], S0 = s0 > 0, (1)

where Wt is a standard Ft-Brownian motion and where θt := σ−2
t (αt − rt),

lnσt are bounded continuous Ft-Itô processes with bounded coefficients. The
process σt is referred as the volatility of S at time t ≥ 0 and θt as the
log-optimal proportion and it is the optimal proportion of investor’s wealth
invested in the stock in case of zero transaction costs and logarithmic utility,
see section 3.

We denote by Wt the portfolio market price, by Nt the number of shares
of the stocks in the portfolio and by πt the corresponding investor’s position
in the market given by the equation

Wtπt = NtSt. (2)

Hence, the position πt is the proportion of investor’s wealth invested in the
stock. We assume that the deposit part is not discounted, see remark 1, and
that we pay (1 + b)-multiple of the stock market price in order to obtain the
stock and we obtain (1 − c)-multiple of the stock market price when we sell
it. Then when we buy or sell the stock, the following value remains the same,

Wt(1 + bπt) = Wt + bNtSt or Wt(1 − cπt) = Wt − cNtSt,

respectively. In particular, the investor is able to withdraw from the market
with positive portfolio market price after withdrawing if and only if the posi-
tion πt ∈ (−1/b, 1/c). Further, we introduce the value λ := ln[(1+b)/(1−c)] ∈
(0,∞), which describes the real level of transaction costs.

The initial problem was to maximize the asymptotics of expectation of
Uγ(Wt) = eγ(lnWt)

max asymptoticst→∞Eeγ(lnWt), (3)
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where Uγ are utility functions with hyperbolic absolute risk aversion (HARA)

Uγ(y) =
yγ

γ
, eγ(x) =

1

γ
exp{γx} if γ < 0 (4)

= ln y, eγ(x) = x if γ = 0. (5)

In case where γ = 0, we are able to find a strategy that almost maximizes (3)
for small transaction costs, and the same holds for γ < 0, provided that we
replace t in (3) by certain stopping times τ(t) → ∞ as t → ∞.

Our approach is based on our ability to find a complementary Rk-valued
process Ct summarizing the essential information, where k ∈ N, a piecewise
smooth function f ∈ C1(−1/b, 1/c) × Rk that balances the different infinite-
simal increments of conditional expected utility of the portfolio market price
corresponding to different values of the position πt and the values of the pro-
cess Ct, an Ft-progressive rate process νt and a deterministic function δλ,
which is small enough for λ > 0 small, such that

eγ(lnWt − f(πt, Ct) −
∫ t

0
νs ds − δλt)

is an Ft-supermartingale when applying any of wide class of strategies and
such that

eγ(lnWt − f(πt, Ct) −
∫ t

0
νs ds + δλt)

is an Ft-submartingale if we consider the special one. In case of deterministic
coefficients, νt can be understood as a value, which is close to the local growth
rate of the certainty equivalent. In case of constant coefficients, the problem
can be solved explicitly with zero error and without considering any comple-
mentary process. Then νt is just a constant and it corresponds to the rate of
the exponential growth of the certainty equivalent of the investor’s wealth.
Note that the certainty equivalent of a random variable X is a constant giving
the same expected utility as X.

Remark 1 In order to simplify our notation, we will further assume that the
interest rate is zero. Otherwise, we would have to consider the discounted
stock market price S̃t := StB−1

t instead of St and the discounted wealth
process W̃t := WtB−1

t instead of Wt (and α̃t := αt − rt instead of αt). It is
important to realize that S̃t is an Ft-Itô process satisfying (1) with α̃t instead
of αt and that πt = NtStW−1

t = NtS̃tW̃−1
t . So, the simplification is writing

Wt,St, αt and writing about wealth, stock market price and rate of return
instead of using more general and accurate notation W̃t, S̃t, α̃t.

3 Zero transaction costs

The purpose of this section is to illustrate our approach in case of zero
transaction costs. It is reasonable to consider only such strategies that πt

is a bounded Ft-progressive process. Then Wt is an Ft-Itô process with
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dWt = Nt dSt = Wtπt[αt dt + σt dWt], W0 = w0 > 0, i.e.

lnWt = lnw0 +
∫ t

0
σsπs dWs + (αsπs − 1

2 σ2
sπ2

s) ds.

We introduce log-optimal proportion θt := σ−2
t αt as the value of πt maximi-

zing the logarithmic drift coefficient αtπt − 1
2 σ2

t π2
t of Wt. Further,

Uγ(Wt) = exp{
∫ t

0
γσsπs dWs − γ2

2 σ2
sπ2

s ds} · eγ(ln w0 +
∫ t

0
uγ,s(πs) ds) (6)

is a product of an exponential martingale and a process which is maximal if

∀t ≥ 0 πt = Θt := θt

1−γ , where uγ,t(x) := αtx − 1−γ
2 σ2

t x2. (7)

In case of deterministic coefficients, it is easy to verify that the strategy given
by (7) gives the maximal expected utility of the wealth process Wt, as Θt is
deterministic process and also the second factor on the right-hand side of (6)
is. In case of non-deterministic coefficients and γ < 0, the strategy does not
possess such a property, but it does provided that we are interested in the
expected utility of the wealth Wt at the hitting times of the following process

µ̃t :=
∫ t

0
ν̃s ds, where ν̃s := 1−γ

2 σ2
sΘ2

s = uγ,s(Θs), (8)

if
∫ ∞
0

Θ2
t dt = ∞ holds a.s. Put τ̃h := inf{t ≥ 0; µ̃t ≥ h}. Then EUγ(Wτ̃h

) =

eγ(ln w0 + h) = Uγ(w0e
h) holds by Novikov theorem, and it means that the

certainty equivalent of Wτ̃h
is just w0e

h.
If we consider a time-changed model, the same approach leads to the same

strategy up to the time-change. Note that everytime we write Wt, we think
of the discounted wealth W̃t, see remark 1.

4 Robust filtering

This section is devoted to the case when the rate of return cannot be ob-
served directly. We use robust filtering, see [11, Chapter VI. part 3.], based
on Bayesian approach in order to obtain the model (1). The problem is that
generally, we do not observe the log-optimal proportion θt, αt and Wt.

Let (Ω,G, P,Gt) be a complete filtered probability space with a complete
filtration and assume that θt is bounded Gt-Itô process with bounded coeffici-
ents such that (1) holds with αt = rt +σ2

t θt and with Wt replaced by a stan-
dard Gt-Brownian motion Bt. Let us assume that we observe just the stock
market price St and the process Bt and denote by Ft the completed filtration
generated by these two processes. Note that Ft can be also viewed as a com-
plete filtration generated by the processes σt,Bt and Vt := Bt +

∫ t

0
σsθs ds as

0 < σt is assumed to be a continuous process.
We are going to introduce a standard Ft-Brownian motion Wt and a boun-

ded Ft-Itô process θ̂t with bounded coefficients playing the role of the log-
optimal proportion such that (1) holds with αt replaced by α̂t = rt + σ2

t θ̂t.
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Lemma 2 Let θ̂t be an Ft-progressive process such that θ̂t = E[θt|Ft] holds

almost surely for every t ≥ 0 and let us assume that the process
∫ t

0
σu|θu|du

is integrable. Then Wt given by (9) is a standard Ft-Brownian motion, where

Wt := Vt −
∫ t

0
σsθ̂s ds = Bt +

∫ t

0
σs(θs − θ̂s) ds. (9)

Proof of lemma is simple and it based on Levy’s characterization of a standard
Ft-Brownian motion Ŵt among continuous Ft-martingales.

Remark 3 Let us assume that θ̂t is as in lemma 2 and that (1) holds with Wt

replaced by Bt with αt = rt + σ2
t θt. Then Wt defined by (9) is a standard

Ft-Brownian motion and

S−1
t dSt = αt dt + σt dBt = α̂t dt + σt dWt

holds with α̂t = rt + σ2
t θ̂t. In particular, θ̂t plays the role of the log-optimal

proportion for the investor with the available information given by Ft.

We are going to apply the Bayesian approach to the filtering and therefore
we need a certain independent variable whose aposteriori distribution we will
be searching for. We need also a second independent variable absorbing the
observed information. Let us consider the following independent variables

Ξ : (Ω,G0) → (SΞ,SΞ), Υ : (Ω,G0) → (SΥ,SΥ). (10)

Since they are both G0-measurable, they are jointly independent with the
standard Gt-Brownian motion Bt. Further, we need to connect them with
the processes that we are interested in and that we observe. We assume that

θt = ϑt(Ξ, V, σ,B), σt = σt(Υ, V ), Bt = βt(Υ, V ) (11)

hold for every t ≥ 0, where ϑ and σ, β are continuous SΞ ⊗ C3
t and SΥ ⊗

Ct-adapted processes, respectively, where Ct denotes the canonical filtration
on the space of all continuous functions on R+ denoted by C. In order to
abbreviate the notation, we will denote by V the triplet of processes (V, σ,B)
and note that this triplet generates Ft up to the completion.

Lemma 4 Let exp{ 1
2

∫ t

0
σ2

sθ2
s ds} be an integrable process. Then the aposte-

riori density of Ξ w.r.t. the apriori distribution of Ξ given the history of Vs

up to t ≥ 0 (i.e. given Ft) is

fΞ|Ft
(ξ) := Et(ξ, V)/ Eξ [Et(ξ, V)] (12)

= exp
{∫ t

0
σu[ϑu(ξ, V) − θ̂u] dWu − σ2

u

2 [ϑu(ξ, V) − θ̂u]2 du
}

, (13)

where Eξ [Et(ξ, V)] :=
∫
Et(ξ, V)L(Ξ)(dξ) and where

Et(ξ, V) := exp
{∫ t

0
σuϑu(ξ, V) dVu − 1

2 σ2
uϑ2

u(ξ, V) du
}

. (14)
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The idea of the proof is the Bayesian approach, and the corresponding tech-
nical tools are Itô formula together with stochastic Fubini theorem.

Note that Et(ξ, V) is just the wealth process of the investor with the initial
wealth 1 paying no transaction costs and applying the corresponding log-
optimal strategy, see remark 3, who thinks that Ξ = ξ. Then Eξ Et(ξ, V) is the
wealth process of the investor with the initial wealth 1 who distributes his/her
initial wealth among the above mentioned investors with the distribution
L(Ξ). Then fΞ|Ft

(ξ) is the density of the wealth of such an investor of the
current distribution of his/her wealth w.r.t. the initial one. In particular, one
can regard the distribution of the wealth after a long time of investment as
the best information about the investors’ knowledge of the market provided
that they do not consume and they cumulate their wealth in order to achieve
the best ergodic result in case of no transaction costs.

We need to show that θ̂t is a bounded Ft-Itô process with bounded coefficients
under certain assumptions and to develop its dynamics.

Lemma 5 Let at, bt be bounded SΞ ⊗ C3
t -progressive coefficients and

dϑt(ξ, V) = at(ξ, V) dt + bt(ξ, V) dVt. (15)

Further assume that θt, σt,Bt satisfy (11) with ϑ, σ bounded. Then the dy-

namics of θ̂t := Eξ [ϑt(ξ, V)fΞ|Ft
(ξ)] = E[θt|Ft] is given by

dθ̂t = σtv̂art(θ) dWt + ât dt + b̂t dVt + σtĉovt(θ, b) dt, where (16)

ât := Eξ [at(ξ, V)fΞ|Ft
(ξ)] = E[at(Ξ, V)|Ft], (17)

b̂t := Eξ [bt(ξ, V)fΞ|Ft
(ξ)] = E[bt(Ξ, V)|Ft], (18)

v̂art(θ) := Eξ{ϑt(ξ, V)[ϑt(ξ, V) − θ̂t]fΞ|Ft
(ξ)} = var [θt|Ft], (19)

ĉovt(θ, b) := Eξ{bt(ξ, V)[ϑt(ξ, V) − θ̂t]fΞ|Ft
(ξ)} = cov [θt, bt(Ξ, V)|Ft]. (20)

In particular, if ϑt is a Lipschitz process, i.e. bt = 0, we have that

dθ̂t = σtv̂art(θ) dWt + ât dt. (21)

Lemma 5 can be obtained with the help of Itô formula and stochastic Fubini
theorem.

5 Almost optimal strategy

Let us denote [α̂t(ᾱt, β̄t)β̂t] the strategy that buys the stock whenever the
position πt reaches the value α̂t (or is lower) so that the value of the position
jumps onto the value ᾱt and similarly that sells the stock whenever the posi-
tion reaches the value β̂t (or higher) so that the value of the position jumps
onto the value β̄t.
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The construction of the almost optimal strategy is technical so that we
can prove its properties without additional technical difficulties. In order to
avoid technical details we only write that α̂t = Θ̂t−ωt, β̂t = Θ̂t +ωt and that

ᾱt = Θ̂t − ωt + τω2
t + o(ω2

t ), β̄t = Θ̂t + ωt − τω2
t + o(ω2

t ),

where τ > 0 is a parameter. In order to be able to prove that a certain
strategy is almost optimal, we have chosen

ωt =
3

√
3λ

4

[
σtΘt(1 − Θt) − d〈Θ,W 〉t

dt

]2
+ d〈Θ〉t

dt −
[ d〈Θ,W 〉t

dt

]2
+ σ2

t λa

σ2
t (1 − γ)

,

where we consider a = 1 if the numerator of the second fraction is bounded
away from zero. If this is not the case, we put a = 2/7. If a = 1, we put q = 1
and if a = 2/7 then q = 6/7.

In the logarithmic case, i.e. if γ = 0 we are able to show that

E ln Ŵρ − E lnWρ ≥ O(λ) + O(λq)Eρ

whenever ρ is a bounded Ft-stopping time, where Ŵ and W stand for the
wealth processes corresponding to the special strategy and to a strategy from
a wide class of admissible strategies, respectively.

If γ < 0, we are only able to find ̟λ = O(λq) and a system of Ft-stopping

times τh := inf{t ≥ 0,
∫ t

0
νs ds + ̟λt ≥ h} such that

lim sup
λ→0+

1

λq
lim sup

h→∞

e−1
γ Eeγ(lnWτh

) − e−1
γ Eeγ(ln Ŵτh

)

h
< ∞

holds with νt defined below provided that νt is a non-negative process.

νt := 1−γ
2 σ2

t (Θ2
t − ω2

t ) + r
2 Λ21[|Θt|<Λ] d〈θ〉t/dt,

where Λ := ( 3λ
4L )1/3 and L is a certain constant, which is not specified here.

Further, if there is a continuous function g positive at zero such that d〈θ〉t ≥
g(θt) dt, we are able to show that νt ≥ 0 holds for r > 0 is large enough.
We only remark that the constant L is such that 0 < ωt ≤ Λ holds for every
t ≥ 0.
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GENERALIZED ZERO RANGE PROCESS
AS A TRAFFIC MODEL

Lucie Fajfrová

Keywords: Zero range process, attractiveness, invariant measures.

Abstract: In the paper, a model of conservative particle system, which gene-
ralises a well known zero range process, is studied. The generalisation consists
in allowing jumps of more than one particle in one moment. We describe what
this generalisation means in the context of modeling a traffic flow.

Abstrakt: Př́ıspěvek je věnován konzervativńımu částicovému systému, kte-
rý zobecňuje známý částicový systém zvaný Zero-range proces. V tomto zo-
becněńı povoĺıme přeskok v́ıce než jedné částice v jednom kroku. Proces
použijeme pro modelováńı dopravńıho toku, kde má takové zobecněńı velmi
dobrý význam.

1 Introduction

We are interested in particle systems with zero range or exclusion interacti-
ons [1, 8]. A particle system is a large system of indistinguishable particles
which occupy sites of a graph, typically lattice Zd or for example binary
trees [4]. The evolution of such a system in time is given by movement of par-
ticles between sites and this movement is influenced by interactions among
particles. In case of zero range and exclusion interactions, the whole system
is conservative, i.e. there are no births or deaths. Exclusion models allow at
most one particle per site and interactions between two particles arise if one
particle attempts to jump to the site occupied by the second one. Such jumps
are excluded. Zero range models allow arbitrary number of particles per site
and interactions arise just among particles at the same site, the particles are
queueing. These systems are models for queuing systems, networks or traffic.
From the theoretical point of view they are Markov processes with continuous
time with a state space given by allowable particle configurations.

Particularly, the one dimensional (d = 1) exclusion process can be used
as a simple model for a traffic flow. Each particle (a car) can move forward
only if the site ahead is unoccupied. If zero range models are employed we
gain wider possibilities how to describe different speeds of columns of various
lengths. Both models were used as models for a traffic flow in [7].

In this contribution, we focus on a generalisation of zero range processes
with allowance of multiple jumps. This generalisation would permit to model,
in the traffic context, splitting of columns. Our aim is to study stationary
states of this process and also a closely connected problem of the existence
of a coupling process for the given dynamics.
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Previously, stationary states for zero range dynamics generalised by mul-
tiple jumps were studied by Evans [2, 3] in the framework of finite volume
systems, i.e. particles live only on a finite interval {1, ..., L} ⊂ Z.

In a special case, when jumps of particles have a constant rate - indepen-
dent of the number of particles at sites and also independent of the amount of
jumping particles, a multiple jump model was treated in [9]. The model from
paper [9], called stick process was studied in the context with Ulam’s pro-
blem, i.e. evaluation of a limit theorem for the longest increasing subsequence
of a random permutation of n symbols.

2 Definition of model

Let us consider a particle system living on one dimensional lattice Z, each
site i ∈ Z is occupied by an arbitrary number η(i) of particles and the whole
particle configuration η = (η(i) : i ∈ Z) is a state of our process (ηt)t≥0. We
suppose that the particle system is evolving in time in the sense given by
series of independent Poisson processes, where each of them rules movement
of particles at just one site i, and exactly events of these Poisson processes
are only possible moments for jumps of particles from one site to another.
We will consider here the totally asymmetric case, it means that jumps are
possible only between neighbours on Z and only in one direction (let us say
from the left to the right). In classical zero range processes, the jump of at
most one particle in one moment is possible. In generalised - multiple jumps
- zero range processes (MJ-ZRP), the following jumps may occur in time t of
a Poisson event at i:

k-many particles from total amount ηt−(i) leaves site i and moves
to site i + 1.

The rate of this jump is equal to

g(k, ηt−(i)) (1)

where g is a nonnegative function on N × N, g(k, α) = 0 if k > α.
The classical zero range process (ZRP) is then a special case with

g(k, α) = I[k=1]r(α) (2)

for a nonnegative function r on N, r(0) = 0. So only one particle can jump in
time t of a Poisson event at i and a rate of the jump is r(ηt−(i)). A meaning of
the rate is following: looking at site i in time s we will wait for a jump of one
particle from i an exponential time with mean 1/r(ηs(i)). We can imagine
an exponential clock at each site instead of the Poisson process. Note that
always when a jump happens some of exponential clocks have to change their
means according to new configuration η.

A totally asymmetric multiple jumps - zero range process on Z can be
defined as a Markov process (ηt)t≥0 with a state space X ⊂ NZ given by
infinitesimal generator
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(ÃLf)(η) =
∑

i∈Z

∑

k∈N+

g (k, η (i))
(
f

(
ηk,i

)
− f (η)

)
(3)

for every η ∈ X and every cylinder function f : X → R.

Notation and remark on definition:
1. We denoted by ηk,i a changed configuration after a multiple jump

ηk,i(j) =





η(i) − k if j = i
η(i + 1) + k if j = i + 1
η(j) otherwise.

2. A function f : NZ → R is called cylinder function, if there exists a finite
K ⊂ N such that f(η) depends only on η↾K = (η(j) : j ∈ K) for each η ∈ NZ.
3. The reason, why we can not consider the whole product space NZ as a state
space, is that even if we assume bounded function g there are particle con-
figurations that could induce arrival of infinitely many particles to the same
site in a finite time. This is the case of configurations with too many par-
ticles laying on the left halfline near −∞. Hence we allow only following set
of configuration X = {η ∈ NZ : limn→−∞

1
n2

∑−1
i=n η(i) = 0}, see [9].

Let us state here for completeness a generator of the classical zero range
process (totally asymmetric):

(ÃLcf)(η) =
∑

i∈Z

r (η (i))
(
f

(
η1,i

)
− f (η)

)
(4)

for every η ∈ NZ and every cylinder function f : NZ → R. No restriction on
the state space are needed if we assume r bounded. For a case of unbounded r,
see [1].

3 Traffic interpretation

In the framework of finite volume, zero range process was used as a model
for traffic flow in work [7]. Particle systems in finite volume consider only
finite configurations of particles living on an interval [1, ..., L] instead of Z,
usually with periodic boundary condition (site 1 is assumed as the neighbour
on the right from site L). In this paper, we are interested in models in infinite
volume, defined in (3).

Let us interpret particles as cars and one dimensional lattice Z as a road
on which cars move in one direction (to the right, by our definition). So each
i ∈ Z is either occupied by a car or is empty. The car at site i can move to
site i+1 only if site i+1 is empty. If there is an interval [i, i+1, ..., j] of sites
which are occupied by cars we will say that there is a column (convoy) of
cars. This simple model can be described by a totally asymmetric exclusion
process, which refers to evolution of a configuration (η(i) : i ∈ Z), where



76 Lucie Fajfrová

η(i) = 1 if site i is occupied or η(i) = 0 if it is empty. A jump of a particle
from site i to i + 1 has rate I[η(i)=1,η(i+1)=0], i.e. a constant rate of jumps
from an occupied site to its empty right neighbour.
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Therefore, if cars have empty space ahead of them they move fluently with
constant rate 1 (car 1 in the picture above). If, on the other hand, the traffic
is heavy then next site could be occupied and then the car has to wait (car 2
in the picture above).

But we would like if our traffic model covers the fact that the speed of
a single car, a short column and a long columns differs. From this reason
we use instead of the simple exclusion process the classical zero range pro-
cess (4). Note that the models can be transformed one by one in a simple
way demonstrated on a folllowing picture.

Z

d td d t t t td d d t td d d

Exclusion model

Z

t t

t

t

t

t

t

Zero range model

Now the first car of column i moves with a rate (speed) r (η (i)) where η(i) is
a number of cars of i-th column. In this context, it is natural to assume that r
is nonincreasing. Since ZRP with decreasing rate function r is not attractive
(attractiveness is defined in the next section), a lot of works on ZRP excluded
this case. ZRP with decreasing r was studied in details in [6].

The generalisation of zero range process defined by (3) allows to consi-
der situations that k particles of η(i) move together in one moment, which
means that a column of length k breaks away from i-th columns with a rate
g (k, η (i)).

4 Coupling process

In this section, we investigate the problem of attractiveness of MJ-ZRP (3).
Since the attractiveness is closely related to ordering of particle configurati-
ons, let us start with some notation.
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Let us consider the following partial order on state space X ⊂ NZ: η ≤ ζ
if and only if η(i) ≤ ζ(i) for every i ∈ Z, η, ζ ∈ X. We say that a function f
on X is monotone if f(η) ≤ f(ζ) whenever η ≤ ζ.

We say that a particle system is attractive if for every bounded, monotone
continuous function f and every time t > 0, function Stf is again bounded,
monotone continuous function, where (Stf) (ξ) for each ξ ∈ X is the expected
value of f(ηt) under assumption that the process (ηt)t≥0 have started from
configuration ξ at time 0. In another words, an attractive system preserves
ordering in the following sense. If we imagine two initial configurations η, ζ
which are ordered, η ≤ ζ, and then we let them evolve by the same dynamics
and control both of them by the same set of Poisson processes (same reali-
sation of exponential clocks), the configurations of these systems in arbitrary
time will be again ordered, ηt ≤ ζt.

The technique, we have just now used to explain what attractiveness
means, is called coupling technique. It is very usual tool and, specially, the
construction of a coupling process (i.e. particle system (η1

t , η2
t ) on X×X where

each its marginal ηi
t is the original process) which preserves ordering of its

marginals (i.e. η1
0 ≤ η2

0 implies η1
t ≤ η2

t for every t > 0) acts as a proof of
attractiveness. However it is not the aim of this paper to present results about
coupling process. We focus only on conditions on rate function g under which
the process is or is not attractive. A thorough characterisation of coupling
rates for a big class of conservative process, MJ-ZRP among them, can be
found in [5].

The attractiveness is an important property and a lot of results on particle
systems were proved only using the fact that a process is attractive. On the
other hand, if a process is not attractive then it could have some special
properties. At the end of the previous section, we said that using ZRP as
a traffic model it is natural to assume nonincreasing speed function r. And
it is well known fact, see e.g. [1], that in this case (except the constant speed
function) ZRP is not attractive. In [6], cases of decreasing speed function r
are studied for which so called condensation occurs. They showed that there
exists a critical density of particles and if we start with a configuration with
a supercritical density, a mass of particles will concentrate at one single site.
If we interpret this condensation phenomena in the traffic context we obtain
a critical density of traffic flow beyond which traffic jam occurs.

In the following proposition we examine single cases of rate function g of
MJ-ZRP and state conditions on g so that the process is attractive.

Proposition 4.1. Let us consider MJ-ZRP given by generator (3). We dis-
tinguish following cases:

g(k, α) = h(k) I[k≤α] (5)

g(k, α) = r(α) I[k≤α] (6)

g(k, α) = r∗(α)r∗(α − 1)...r∗(α − k + 1) I[k≤α]. (7)

for some functions h, r and r∗.
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The process is attractive if and only if following conditions on function h, r
and r∗, respectively, are satisfied:

• h(k) nonincreasing for k ≥ 1, nonnegative,

• r(α) nonincreasing & αr(α) nondecreasing for α ≥ 1, nonnegative, and

• 0 < r∗(α) ≤ 1 &
k∑

i=1

r∗(k) . . . r∗(i) ≤ r∗(α+1)
1−r∗(α+1) for every 1 ≤ k ≤ α,

respectively.

This result is a simple consequence of a general theorem presented in [5]
where necessary and sufficient conditions for a general class of conservative
particle systems are proved. Note that a sufficient condition on r∗ to have the
process attractive is to assume r∗ positive, bounded by 1 and nondecreasing.

An interesting problem now could be to study the condensation pheno-
mena for generalised zero range process (3) with such rate function g for
which we have obtained by Proposition 4.1 the process is not attractive. To
study this problem we need to know how invariant measures in mentioned
cases of the rate function look like.

5 Invariant measures

This part is devoted to the study of invariant measures of MJ-ZRP (3).
Invariant measures are stationary states of a Markov process which means:
if the distribution of the initial particle configuration is just a stationary
distribution then looking at the system in arbitrary fixed time we can observe
again the same distribution as at the start.

A measure µ on X ⊂ NZ is called invariant measure for the process with
generator ÃL if ∫

ÃLf dµ = 0 (8)

for every cylinder function f : X → R.
Note that (8) is other, more useful formulation of a standard formula for

invariant measures
∫

(Stf)(ξ) µ(dξ) =
∫

f(ξ) µ(dξ), for every continuous, bounded f,

since generator ÃL is given explicitly for a majority of particle systems. In case
of particle systems there is usually large set of invariant measures indexed
by a real parameter. An exhaustive description of all invariant measures for
given dynamics is then to set exactly how Ie, the set of extremal invariant
measures, looks like. Since the problem of finding Ie is nontrivial, a complete
description of Ie is known only for basic models. Sometimes, a simpler task
is to look for invariant measures which are in addition translation invariant,

i.e. µ({η : η(i) ∈ Ai, i ∈ I}) = µ({η : η(i + j) ∈ Ai, i ∈ I}) for each j ∈ Z.

A result on invariant measures for MJ-ZRP we want to present is following.
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Theorem 5.1. Let us consider MJ-ZRP given by generator (3). If

g(k, α) =
h(k)r(α)

r(α − k)
for every 1 ≤ k ≤ α, α ≥ 1, (9)

for some h nonnegative, r positive function, then product measures νϕ on X,

νϕ({η : η(i) = n}) = Zϕ
ϕn

r(n)
for every i ∈ Z, n ∈ N, (10)

with a normalising constant Zϕ, are invariant for (3) for every ϕ ∈ (0, c).

Let us discuss now the particular cases which we studied in the previous
section. We can see that cases (5) and (7) are covered by Theorem 5.1 and
product invariant measures νϕ have the following form:

νϕ(η(i) = n) = Zϕ ϕn/ (r∗(n)r∗(n − 1)...r∗(1)) , in case (7),

νϕ(η(i) = n) = ϕn(1 − ϕ), in case (5).

Hence invariant measures νϕ in case (5) do not depend on the exact form
of function h. Note that the same measures are also invariant for a classical
(totally asymmetric) ZRP (4) with a constant rate function r(α) = I[a>0].

The situation in case (6) is no more analogical to classical ZRP (4)

which has product invariant measures, νϕ(η(i) = n) = Zϕ
ϕn

r(n)r(n−1)...·r(1) ,

see e.g. [1]. In case (6) of MJ-ZRP, invariant and translation invariant mea-
sures are no more product ones.

Theorem 5.2. MJ-ZRP with rate function g(k, α) = r(α), case (6), has no pro-
duct translation invariant measures which are invariant with respect to (4),
except a trivial case when r is constant.

A similar problem was treated in [3] in the framework of finite volume
particle systems. They proved that finite volume MJ-ZRP has product inva-
riant measures if and only if rate function g can be formulated as in (9). So
Theorem 5.1 generalises one implication of this result for infinite volume MJ-
ZRP and Theorem 5.2 generalises the second implication for one particular
case of infinite volume MJ-ZRP.

Sketch of proof of Theorem 5.1. One can show that following condition
on rate function g:

g(k, k + l)
µ(η(i) = k + l)

µ(η(i) = l)
= c(k), for each k ≥ 1,

where c is a function independent of l ≥ 0, i ∈ Z, is sufficient for (8) to be
satisfied for a product measure µ on X. The proof is done, if we verify the
above conditions with g as given in (9) and µ = νϕ defined in (10).
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Sketch of proof of Theorem 5.2. We find necessary conditions on a pro-
duct, translation invariant measure µ on X for (8) to be satisfied. Let us
denote π(n) = µ (η (i) = n). Then for arbitrary n ∈ N, (l1, ..., ln) ∈ Nn

0 =
n∑

i=2

li∑

k=1

(
r(li−1 + k)

π(li−1 + k)

π(li−1)

π(li − k)

π(li)
− r(li)

)
+

+

l1∑

k=1

∑

m≥0

(
r(m + k)

π(m + k)

π(m)

π(l1 − k)

π(l1)
− r(l1)

)
π(m) +

+
∑

k≥1


r(ln + k)

π(ln + k)

π(ln)
−

∑

m≥0

r(m + k)π(m + k)




are desired necessary conditions. One can show that these conditions does
not hold if r is not a constant function.
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KOZIOLŮV-GREENŮV MODEL SE ZLEVA
USEKNUTÝMI POZOROVÁNÍMI

Michal Friesl

Kĺıčová slova: Náhodné cenzorováńı, Koziol̊uv-Green̊uv model, neparamet-
rické bayesovské odhady, gama proces, Channing House Data.

Abstrakt: Př́ıspěvek pojednává o neparametrickém bayesovském odhadu
funkce spolehlivosti v modelu s proporcionálńım cenzorováńım. Protože stan-
dardně se nepředpokládá, že by rozděleńı cenzoru mohlo souviset s rozděleńım
doby života, muśıme tvar neparametrických bayesovských odhad̊u pro tuto
situaci upravit. Na minulém Robustu jsme se zabývali odhady z dat pouze
cenzorovaných, tentokrát přidáme useknut́ı zleva.

Abstract: The paper deals with nonparametric Bayes estimator of the reli-
ability function in a model with proportional censorship and left truncation.
The paper complements our Robust’06 paper where no truncation was assu-
med.

1 Úvod

Uvažujeme dobu života — nezápornou náhodnou veličinu X, jej́ıž pozorováńı
může být zprava cenzorováno náhodným časem Y . To znamená, že známe
jen dobu ukončeńı pozorováńı a k tomu v́ıme, zda jsme pozorovali sledovanou
veličinu X, či pouze cenzor,

Z = X ∧ Y a I = I[X≦Y ].

Zároveň jsou pozorováńı useknutá zleva, tedy pozorováńı neprob́ıhá od času 0,
ale zač́ıná až v čase A. O př́ıpadech s X < A nebo Y < A se tak ne-
dozv́ıme, fakticky pozorováńı pocháźı z useknutého rozděleńı (X,Y |X,Y >A).
Předpokládá se nezávislost sledované veličiny X a cenzoruj́ıćı veličiny Y
(a času useknut́ı A).

Ćılem je z podmı́něných pozorováńı veličin (A,Z, I) odhadnout nepodmı́-
něné charakteristiky doby života X, např. funkci spolehlivosti

S(x) = 1 − F (x) = P(X > x), x > 0,

kde F znač́ı distribučńı funkci doby X.
Tato úloha je i v neparametrické bayesovské statistice a pro r̊uzné druhy

neúplných pozorováńı prozkoumána, viz např. [3]. V našem př́ıpadě ovšem
máme dodatečný Koziol̊uv-Green̊uv předpoklad z [4] o proporcionalitě cenzo-
rováńı. Předpokládáme totiž, že funkce spolehlivosti sledované a cenzoruj́ıćı
veličiny, S a SY jsou svázány vztahem

SY (t) =
(
S(t)

)γ
, t > 0, (1)
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pro nějaké γ > 0. Proporcionalitou cenzorováńı je zde myšlena proporcio-
nalita př́ıslušných intenzit poruch. Označ́ıme-li kumulativńı intenzitu poruch
veličiny X

Λ(t) = − ln S(t) =

∫ t

0

dF (x)/S(x) dx

a podobně ΛY pro cenzor Y , můžeme předpoklad (1) ekvivalentně zapsat
jako

ΛY (t) = Λ(t) · γ, t > 0.

Remark 1.1. V př́ıpadě spojitých rozděleńı (což ovšem úplně přesně nebude
náš př́ıpad) znamená tento předpoklad nezávislost indikátoru cenzorováńı I
na pozorovaném čase, tj. pravděpodobnost, že pozorováńı (ukončené v čase Z)
bude necenzorované, na čase Z nezáviśı a je p = P(I = 1) = 1/(1 + γ).

Vlastnost proporcionality z̊ustává zachována i při useknut́ı zleva, stále
máme d́ıky nezávislosti X a Y i u funkćı spolehlivosti podmı́něných rozděleńı
SY (t | Z > a) =

(
S(t | Z > a)

)γ
.

Vı́me-li, že rozděleńı cenzoru souviśı s rozděleńım doby života, je to z hle-
diska kvality odhad̊u výhodou, nebot’ např. i samotné pozorováńı cenzo-
ruj́ıćıho času Y poskytuje informaci o S; na druhou stranu je třeba odvodit
odhady, které tento předpoklad zohledńı. V [1] jsme se zabývali modelem
bez useknut́ı zleva a ilustrovali mimo jiné, jak se využit́ı předpokladu pro-
jev́ı na sńıžeńı bayesovských rizik odhad̊u. V [5] jsou studovány vlastnosti
neparametrického odhadu, který analogicky jako Abdushukurov̊uv-Cheng̊uv-
Lin̊uv (ACL) odhad vycháźı z neparametrického odhadu funkce spolehlivosti
veličiny Z, zde ale poč́ıtaného z useknutých dat, viz (4).

2 Odhady

Hodláme naj́ıt neparametrický bayesovský odhad funkce spolehlivosti S, tzn.
nepředpokládáme, že by bylo známo byt’ jen z jaké rodiny rozděleńı sledované
veličiny pocháźı. Parametrem, který při bayesovském př́ıstupu chápeme jako
náhodnou veličinu, je zde tedy nikoliv jedna hodnota (popř. hodnoty dvě,
tři,. . . ), nýbrž celá funkce spolehlivosti (S(t), t > 0) jako nekonečněrozměrný
parametr.

Tradičńım apriorńım modelem pro náhodné rozděleńı S jsou zprava ne-
utrálńı procesy, či ekvivalentně, využijeme-li k formulaci kumulativńı inten-
zitu Λ, předpokládáme, že (Λ(t), t > 0) je neklesaj́ıćı proces s nezávislými
př́ır̊ustky. V daľśım budeme poč́ıtat konkrétně s gama procesem, který u př́ı-
r̊ustk̊u procesu Λ předpokládá gama rozděleńı

Λ(s, t) = Λ(t) − Λ(s) ∼ G(n0, n0Λ0(s, t))

kde Λ0 je nějaká pevně zvolená intenzita poruch; pro jednoduchost necht’ Λ0

je spojitá. Zde Λ0 slouž́ı jako apriorńı středńı hodnota, E Λ(s, t) = Λ0(s, t),
zat́ımco parametr n0 ř́ıd́ı rozptyl var Λ(s, t) = Λ0(s, t)/n0.
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Remark 2.1. Nem̊užeme čekat, že by platilo ES(t) = e−Λ0(t), k této hodnotě
se ovšem ES(t) = E e−Λ(t) = (1+1/n0)

−n0Λ0(t) bĺı̌źı při n0 → ∞, kdy limitně
apriorńı rozděleńı Λ je soustředěno do nenáhodné intenzity Λ0.

Pro koeficient proporcionality γ nepožadujeme žádné specifické apriorńı
rozděleńı, necht’ má hustotu π(γ) vzhledem k nějaké mı́̌re µ na (0,∞). Před-
pokládáme ale, že parametr γ je nezávislý s Λ.

Necht’ pozorovaná data spoč́ıvaj́ı v náhodném výběru rozsahu n z rozděleńı
trojice (A,Z, I). K popisu aposteriorńıho rozděleńı budeme potřebovat ná-
sleduj́ıćı označeńı. Uspořádáńım pozorovaných čas̊u A1, Z1, . . . , An, Zn podle
velikosti a po odstraněńı př́ıpadných opakuj́ıćıch se hodnot dostaneme na
časové ose posloupnost už navzájem r̊uzných časových okamžik̊u

0 = T0 < T1 < · · · < TN < TN+1 = ∞, (2)

kde jsme přidali př́ıpadně T0 = 0 a TN+1 = ∞. Pro každý okamžik Tj defi-
nujeme

Uj = # necenzorovaných pozorováńı se Zk = Tj ,

Cj = # cenzorovaných pozorováńı se Zk = Tj ,

Nj = # pozorováńı s Ak ≦ Tj a Zk > Tj

Dále definujme

Mm
j (γ) = n0 + Nj(1 + γ) + m, j = 0, . . . , N, a

cm
j (γ) =

Uj∑

k=0

Cj∑

ℓ=0

(−1)k+ℓ

(
Uj

k

)(
Cj

ℓ

)
ln

(
Mm

j (γ) + Cj

Mm
j (γ) + Cj + k + ℓγ

)
, (3)

qm
j (γ) =

(
Mm

j−1(γ)
)−n0Λ0(Tj−1,Tj)

cm
j (γ), j = 1, . . . , N,

m = 0, 1, přičemž ṕı̌seme Mj(γ) = M0
j (γ), cj(γ) = c0

j (γ) a qj(γ) = q0
j (γ).

Tvrzeńı 1. Pro aposteriorńı rozděleńı parametr̊u vycháźı:

1. při daném γ má kumulativńı intenzita Λ nezávislé př́ır̊ustky

– na intervalech mezi body děleńı (2) s gama rozděleńım

(Λ(s, t) | data, γ) ∼ G(Mj−1(γ), n0Λ0(s, t)), (s, t〉 ⊂ (Tj−1, Tj),

– v bodech děleńı Tj shodných s některým Zi (tj. s Uj +Cj > 0) má
Λ skok ∆Λ(Tj) s hustotu

x−1e−(Mj(γ)+Cj)x(1 − e−x)Uj (1 − e−γx)Cj /cj(γ), x > 0,

2. parametr γ má hustotu

π(γ | data) ∝
( N∏

j=1

qj(γ)
)
π(γ), γ > 0, vzhledem k µ.
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Obrázek 1: Neparametrické bayesovské odhady pro Channing House Data.
Čárkovaně použitá exp(−Λ0), plnou čarou odhady při n0 = 10, tečkovaně při
n0 = 50 (tlustě odhad z tvrzeńı 2, tence když useknut́ı ignorováno). Vlevo
počty jedinc̊u sledovaných v daném věku.

Odhlédneme-li od parametru γ, změńı se u př́ır̊ustk̊u v aposteriorńım
rozděleńı oproti apriorńımu parametr měř́ıtka, středńı hodnota př́ır̊ustk̊u na
intervalech se sńıž́ı. Na druhou stranu přibudou skoky, jejichž rozděleńı je
dáno pouze konfiguraćı uspořádáńı pozorováńı, nikoliv jejich konkrétńı polo-
hou v čase.

Tvrzeńı 2. Bayesovský odhad funkce spolehlivosti S(t) při kvadratické ztrá-
tové funkci je

E(S(t) | data) =




∫ (∏

j<i

q1
j

)(∏

j≥i

qj(γ)
) (

Mi−1(γ)

M1
i−1(γ)

)n0Λ0(Ti−1,s)

π(γ) dµ(γ)




×




∫ ( N∏

j=1

qj(γ)
)
π(γ) dµ(γ)



−1

, t ∈ 〈Ti−1, Ti).

Můžeme konstatovat, že výsledky jsou vlastně stejné jako v modelu bez
useknut́ı zleva,

”
jen“ s jinak definovanými Nj , které zde berou v úvahu usek-

nut́ı zleva.
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Obrázek 2: Odhad podmı́něné funkce spolehlivosti.

3 Př́ıklad

Na minulém Robustu jsme porovnávali neparametrické bayesovské odhady
(bez useknut́ı zleva) mj. na př́ıkladu dat týkaj́ıćıch se délky života 97 muž̊u
zaznamenaných v d̊uchodcovské komunitě Channing House, viz např. [2].
Tato pozorováńı ale vznikla jako zleva uskenutá časem př́ıchodu do komunity
(tento údaj je u každého pozorováńı k dispozici), což jsme minule ignorovali.
Dnes se pod́ıváme, jak se na odhadech z těchto dat projev́ı, když useknut́ı
zleva správně vezmeme do úvahy.

V následuj́ıćıch ukázkách jako referenčńı rozděleńı uvažujme stejně jako
v [1] rozděleńı Weibullovo s kumulativńı intenzitou

Λ0(t) = (t/θ)b, t > 0,

s parametry θ = 1071 a b = 15,9, kde jako parametr tvaru budeme př́ıpadně
mı́sto b uvažovat hodnoty 2b a b/2, resp. mı́sto parametru měř́ıtka θ hod-
notu 0,9θ (viz obr. 3–5). Dále budeme uvažovat n0 = 50 a 10. Volba apri-
orńıho rozděleńı pro parametr proporcionality γ nemá na výsledné odhady
velký vliv, tedy alespoň pokud předem neomeźıme obor hodnot γ. Prezen-
tované grafy poč́ıtaj́ı s rovnoměrným rozděleńım na diskrétńıch hodnotách
γ = 1/p − 1, p = 0,1, 0,2, . . . , 0,9.

Nejprve na obr. 1 můžeme porovnat odhad z Tvrzeńı 2 s odhady pre-
zentovanými minule, které useknut́ı ignoruj́ı, tj. jako kdyby sledováńı všech
jedinc̊u začalo v čase 0 (v definici Nj by se použilo Ak = 0, k = 1, . . . , n).

Můžeme si všimnout relativně velkých skok̊u u prvńıch čas̊u pozorováńı
(v časech 777, 781 na začátku zobrazeného grafu funkce) zejména při menš́ı



86 Michal Friesl

hodnotě parametru n0, kdy zvyšujeme váhu pozorováńı. To, jak asi očekává-
me, souviśı s problémem počtu pozorováńı v jednotlivých intervalech. Skok
našeho odhadu funkce spolehlivosti v časech pozorováńı Tj vzniká vynáso-
beńım jej́ı předchoźı hodnoty faktorem, který má např. v př́ıpadě okamžiku
s necenzorovaným pozorováńım (Uj = 1, Cj = 0) hodnotu vycházej́ıćı z

E(e−∆Λ(Tj) | data, γ) =
ln(1 + 1/(a + 1))

ln(1 + 1/a)
,

kde a = Mj(γ) = n0 + Nj(1 + γ). Je-li pak a malé (z d̊uvodu malého počtu
pozorováńı Nj , viz levý graf v obr. 1, a malého n0 = 10), může být tento
výraz o dost menš́ı než 1. Např. pro a = 10, 11, 12 vycháźı 0,91, 0,92 a 0,93.

Remark 3.1. Podobnou vlastnost má ovšem i neparametrický odhad předsta-
vený v [5]

ŜLTACL(t) =


 ∏

i,Zi≦t

(
1 − 1/

∑

j

I[Aj≦Zi≦Zj ]

)



p̂

, p̂ =
∑

Uj/n, (4)

u kterého se m̊uže dokonce vyskytnout násob́ıćı faktor 0. Pro naše data se toto
stane už u druhého nejmenš́ıho z čas̊u Zi (mezi časy T4 = Z(2) a T5 = A(3)

nebyl sledován žádný jedinec), odhad z̊ustává na intervalu 〈T4,∞) = 〈781,∞)
už nulový.

Proto se v daľśım zaměřme na odhad funkce spolehlivosti podmı́něného
rozděleńı

P(X > t | X > t0) = e−Λ(t0,t), t > 0,

kde t0 je zvoleno jako okamžik, kde již je k dispozici v́ıce pozorováńı. Tak
jako jińı autoři u těchto dat budeme poč́ıtat s t0 = 867, u prvńıho zahrnutého
okamžiku Tj tak bude činit počet pozorováńı Nj = 24. Obr. 2 ukazuje situaci
s referenčńı apriorńı intenzitou Λ0. Po započteńı vlivu useknut́ı se odhady
posunuj́ı směrem k podmı́něné verzi odhadu ŜLTACL, znázorněné jako šedá
schodovitá funkce.

Na obr. 3, 4 a 5 se nakonec můžeme pod́ıvat, jak se na odhadech pro-
jev́ı změna tvaru apriorńı středńı hodnoty Λ0(t). Předpokládáme postupně
rozděleńı soustředěné na interval užš́ı, širš́ı a na interval rozš́ı̌rený směrem
doleva. Př́ıslušná exp(−Λ0(t)) je zakreslena vždy čárkovanou čarou v malém
obrázku, ve velkém pak spolu s podmı́něnými odhady i jej́ı podmı́něná verze.



Koziol̊uv-Green̊uv model s useknut́ım zleva 87

Obrázek 3: Pro Λ0 s parametry (θ, 2b).

Obrázek 4: Pro Λ0 s parametry (θ, b/2).
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Obrázek 5: Pro Λ0 s parametry (0, 9θ, b/2).
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MODEL PRO NÁHODNÉ SJEDNOCENÍ
KRUHŮ SE VZÁJEMNÝMI INTERAKCEMI

Kateřina Helisová, Jesper Møller

Kĺıčová slova: Booleovský model, interakce, Markovský proces, model zárod-
ku a zrna, náhodná množina, proces kruh̊u.

Abstrakt: Př́ıspěvek se zabývá modelem náhodné množiny dané konečným
sjednoceńım kruh̊u, mezi nimiž se vyskytuj́ı vzájemné interakce. Tento mo-
del je popsán hustotou pravděpodobnosti vzhledem k Booleovskému modelu,
která záviśı na geometrických charakteristikách (např. plocha, obvod apod.)
dané množiny. Popsány jsou zde hlavně metody odhadu parametr̊u hustoty,
testováńı jejich významnosti a kontroly vhodnosti modelu.

Abstract: The contribution concerns a model of a random set given by a fi-
nite union of interacting discs. The model is described by a density with re-
spect to a Boolean model. This density depends on geometrical characteristics
(e.g. area or perimeter) of the given set. Methods for estimating the parame-
ters of the density, testing their relevance and checking the fit of the model
are shown.

1 Úvod

Mnoho jev̊u v př́ırodě (keře, stromy v lese apod.) je modelováno sjednoceńım
kompaktńıch množin v prostoru R2. Ve stochastické geometrii se pro tyto
modely použ́ıvá název modely zárodku a zrna. Název je odvozen z konstrukce
těchto model̊u. Jednotlivé objekty reprezentovány kompaktńımi množinami
tvoř́ı základńı stavebńı prvky, tzv. zrna, jejichž tvar může být náhodný.
Umı́stěńı v prostoru dané posunem každého zrna Ki o vektor ui je také
náhodné a bod ui reprezentuj́ıćı toto umı́stěńı se nazývá zárodkem. Sjedno-
ceńı zárodk̊u je bodový proces v prostoru R2 a náhodná množina popsaná
t́ımto modelem je pak sjednoceńı ∪{ui + Ki} = ∪{ui + x : x ∈ Ki}.

Pokud jsou tvary jednotlivých zrn navzájem nezávislé a nezáviśı ani na zá-
rodćıch, mluv́ıme o Booleovských modelech. Často však jednotlivá zrna inter-
aguj́ı s jinými, což je pak třeba při tvorbě modelu vźıt v úvahu.

Tento článek je rešerš́ı [2] a [3] zaměřených na model, v němž jsou zrna
tvořena kruhy s náhodnými poloměry a interakce jsou dány geometrickými
charakteristikami celého sjednoceńı. Model jsme aplikovali na data popisuj́ıćı
vřesový porost (viz Obrázek 1). Pr̊uřez keře vřesu totiž můžeme považovat za
kruh a z dř́ıvěǰśıch analýz těchto dat jsou interakce mezi keři patrné. Jelikož
nav́ıc tvar hustoty, j́ıž je model popsán, záviśı na celém sjednoceńı a nikoliv
na jednotlivých kruźıch, máme vyřešen také problém, že z dat nejsou hranice
jednotlivých keř̊u pozorovatelné.
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Obrázek 1: Keře vřesu označené černě, vpravo s šedě vyznačenými kompo-
nentami prot́ınaj́ıćı hranici pozorovaćıho okna.

2 Model

2.1 Bodový proces daný hustotou

Necht’ (Ω,F , P ) je pravděpodobnostńı prostor. Označme N systém lokálně
konečných podmnožin Rd, N = σ({x ∈ N : ♯(x∩A) = m} : A ∈ B,m ∈ N0),
kde B znač́ı omezené Borelovské množiny, a uvažujme bodový procesX na Rd

jako měřitelné zobrazeńı z (Ω,F) do (N,N ). Mějme Poisson̊uv bodový pro-
ces Y s mı́rou intenzity µ (tj. proces splňuj́ıćı, že pro systém {An} dis-
junktńıch množin v Rd jsou počty bod̊u v těchto množinách Y (An) nezávislé
náhodné veličiny a pro každou A ⊂ Rd takovou, že µ(A) < ∞, má Y (A) Po-
issonovo rozděleńı s parametrem µ(A) = EY (A)). Pak při označeńı Π(F ) =
P (Y ∈ F ), F ∈ N , je X bodový proces daný hustotou f vzhledem k Poissonovu
procesu Y , jestliže

P (X ∈ F ) =

∫

F

f(x)Π(dx).

2.2 Proces kruh̊u daný hustotou

Pro konstrukci modelu interaguj́ıćıch kruh̊u si označme b = b(z, r) kruh
se středem v bodě z ∈ R2 a poloměrem r ∈ (0,∞). Ztotožńıme-li b s bo-
dem x = (z, r) ∈ R2 × (0,∞), pak sjednoceńı ∪i∈Ibi = ∪i∈Ib(zi, ri), I ⊆ N,
můžeme ztotožnit s bodovým procesem na R2 × (0,∞).

Za vztažný proces si zvoĺıme Poisson̊uv bodový proces Y (tj. vztažný
Booleovský model je náhodná množina daná sjednoceńım kruh̊u odpov́ıdaj́ı-
ćıch procesu Y ) s mı́rou intenzity ρ(z) dz q(dr) na R2 × (0,∞), kde ρ znač́ı
funkci intenzity bodového procesu střed̊u a q je rozděleńı poloměr̊u kruh̊u.

Výsledným modelem pak bude sjednoceńı kruh̊u UX odpov́ıdaj́ıćı bodové-
mu procesu X, který je absolutně spojitý vzhledem k Poissonovu procesu Y
a je vzhledem k němu daný hustotou f(x) pro konfiguraci x = {x1, . . . , xn}.

Budeme nav́ıc předpokládat, že X je konečný bodový proces definovaný
na S × (0, R), kde S ⊂ R2 je omezená množina taková, že

∫
S

ρ(z) dz > 0,
a R < ∞. Hustotu pak předpokládáme ve tvaru
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fθ(x) =
1

cθ
exp (θ · T (Ux)) (1)

=
1

cθ
exp (θ1A(Ux) + θ2L(Ux) + θ3Ncc(Ux) + θ4Nh(Ux)) ,

kde cθ je normovaćı konstanta, θ = (θ1, θ2, θ3, θ4) je vektor parametr̊u, · znač́ı
skalárńı součin a T (Ux) = (A(Ux), L(Ux), Ncc(Ux), Nh(Ux)) je vektor geo-
metrických charakteristik sjednoceńı kruh̊u Ux odpov́ıdaj́ıćıch konfiguraci x,
přičemž A(Ux) znač́ı plochu, L(Ux) obvod, Ncc(Ux) počet spojitých kompo-
nent a Nh(Ux) počet děr v tomto sjednoceńı.

Jelikož interakce v procesu daném hustotou (1) záviśı na vektoru geome-
trických charakteristik T , mluv́ıme o něm jako o T -interakčńım procesu.

2.3 Markovská vlastnost modelu

Definujme Papangelouovu podmı́něnou intenzitu jako

λθ(x, v) = fθ(x ∪ {v})/fθ(x).

T -interakčńı proces nazveme Markovským vzhledem k reflexivńı relaci ∼
(nazývané sousedstv́ı), jestliže λθ(x, v) záviśı na x pouze prostřednictv́ım
{u ∈ x : u ∼ v}, tj. soused̊u v v konfiguraci x. Obvykle se předpokládá, že
relace ∼ záviśı pouze na porovnávaných bodech. Pokud uvažujeme relaci ∼
závislou i na zbytku konfigurace x, mluv́ıme o Markovském procesu nejblǐzš́ıho
souseda. Pro oba typy proces̊u plat́ı Hammersley-Cliffordova věta (viz [4]).

Jelikož pro T -interakčńı proces lze hustotu psát ve tvaru

fθ(x) =
1

cθ

∏

K∈K(Ux)

exp (θ1A(K) + θ2L(K) + θ3 + θ4Nh(K)) ,

kde K(Ux) je množina všech spojitých komponent Ux, pak pokud definujeme
relaci ∼ jako př́ıslušnost k téže spojité komponentě, je podle Hammersley-
Cliffordovy věty tento model Markovským procesem (nejbližš́ıch soused̊u).

3 Analýza dat

3.1 Data

Pro aplikaci jsme si vybrali data poprvé prezentována v [1] znázorňuj́ıćı
(černou barvou) keře vřesu na ploše 10×20 m v oblasti Jädråas ve Švédsku
(viz Obrázek 1 vlevo). Data jsme źıskali v rozlǐseńı 250×508 pixel̊u, tj. 1 pixel
odpov́ıdá přibližně čtverci o straně délky 4cm.

3.2 Okrajové efekty

Jelikož pozorovaćı okno W je menš́ı než plocha, na které se nacháźı sb́ıraná
data, nastává problém s chyběj́ıćı informaćı o chováńı komponent lež́ıćıch
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mimo okno, které mohou chováńı uvnitř okna ovlivnit (tzv. problém s okra-
jovými efekty). Tento problém však lze vyřešit použit́ım Markovské vlastnosti
popsané v kapitole 2.3.

Rozdělme X na procesy X(a), X(b), X(c) odpov́ıdaj́ıćı spojitým kompo-
nentám UX lež́ıćım postupně (a) celé v pozorovaćım W , (b) částečně v okně W
a částečně mimo něj a (c) lež́ıćı celé mimo W . Označ́ıme-li x(b) realizaci X(b),
pak z Markovské vlastnosti plyne, že podmı́něně při X(b) = x(b) jsou X(a)

a X(c) vzájemně nezávislé a nav́ıc podmı́něné rozděleńı X(a) záviśı na x(b)

pouze prostřednictv́ım V = W ∩ Ux(b) .
Toto děleńı procesu X je znázorněno na datech na Obrázku 1 vpravo.
Abychom se vyhnuli problémům s okrajovými efekty, budeme za data

považovat pouze realizaci procesu X(a), tj. komponenty lež́ıćı celé uvnitř W ,
a za pozorovaćı okno množinu W \ V = W \ Ux(b) . Hodnoty charakteristik
těchto dat jsou A = 45.6 (m2), L = 190.0 (m), Ncc = 32 a Nh = 2.

3.3 Vztažné procesy

Jedinou podmı́nkou pro volbu vztažného procesu je požadavek, aby výsledný
model byl vzhledem k němu absolutně spojitý. Rozhodli jsme se zkoumat, jak
volba vztažného procesu ovlivňuje hodnoty a významnost parametr̊u v mo-
delu, proto jsme jako vztažné procesy zvolili kv̊uli porovnáńı tři Booleovské
modely s r̊uznými intenzitami počtu kruh̊u ρ a r̊uznými náhodnými polomě-
ry Q. Těmito procesy jsou

(R1): ρ = 2.45 a Q má rozděleńı N(0.26, 0.162) zúžené na interval [0, 0.50],
(R2): ρ = 2.45 a Q má rovnoměrné rozděleńı na intervalu [0, 0.53],
(R3): ρ = 1.16 a Q má rovnoměrné rozděleńı na intervalu [0, 0.53].

Rozděleńı poloměr̊u byla volena tak, aby jejich horńı hranice nebyla menš́ı
než maximálńımu poloměr keře, který je dle předešlých analýz těchto
dat 0.5m. Konkrétńı hodnoty vycházej́ı rovněž z předchoźıch analýz. Simulace
těchto proces̊u jsou ukázány na Obrázku 2.

3.4 Odhad parametr̊u a Wald̊uv test

K źıskáńı θ̂ odhadu parametru θ = (θ1, . . . , θ4) jsme použili metodu ma-
ximálńı věrohodnosti založenou na simulaćıch (viz [4]). Mějme pozorováńı Ux

a pǐsme hustotu ve tvaru fθ(x) = hθ(x)/cθ. Logaritmicko-věrohodnostńı
funkce je

l(θ) = log hθ(x) − log cθ (2)

= θ1A(Ux) + θ2L(Ux) + θ3Ncc(Ux) + θ4Nh(Ux) − log cθ.

Jelikož ale cθ nemá explicitńı vyjádřeńı, nelze tuto funkci maximalizovat
př́ımo. Proto je potřeba mı́sto (2) maximalizovat pro pevný vektor θ0 poměr
věrohodnost́ı l(θ) − l(θ0) = log(hθ(x)/hθ0

(x)) − log(cθ/cθ0
), který lze apro-

ximovat pomoćı
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Obrázek 2: Simulace vztažných Booleovských model̊u (R1)-(R3) (nahoře
zleva doprava) a (A,L,Ncc)-interakčńıch model̊u vzhledem ke vztažným pro-
ces̊um (R1)-(R3) (dole rovněž zleva doprava).

l(θ) − l(θ0) = log(hθ(x)/hθ0
(x)) − log

1

n

n−1∑

m=0

hθ(Zm)/hθ0
(Zm),

kde Zm jsou realizace z hustoty fθ0
źıskané pomoćı MCMC simulaćı.

Pro testováńı významnosti parametr̊u jsme použili Wald̊uv test (viz [4]),
který testuje hypotézu H : θM = 0, kde M je p × k-rozměrná matice hod-
nosti k a p je délka vektoru θ. Waldova statistika (θ̂M)(MT j(θ̂)−1M)(θ̂M)T

pak má asymptoticky χ2
k-rozděleńı, kde j(θ̂) = VarθT (X) je kovariančńı ma-

tice geometrických charakteristik, kterou lze źıskat ze simulaćı procesu z hus-
toty s parametrem θ̂.

Pro speciálńı volbu, kdy M je matice rozměru p×1 se všemi prvky rovnými
nule kromě i-tého, který je roven 1, plat́ı H ′ : θi = 0 ⇐⇒ H : θM = 0.

Výsledky odhad̊u parametr̊u a hodnoty př́ıslušné Waldovy statistiky jsou
zobrazeny v následuj́ıćı tabulce.

θ1 θ2 θ3 θ4

(R1) -2.14 0.89 -1.78 -1.01
Wald 7.45 17.89 48.96 2.14
(R2) -4.81 1.17 -2.26 -0.69
Wald 37.04 29.77 83.66 1.01
(R3) -3.67 1.62 -2.25 -0.13
Wald 17.01 46.67 73.01 0.04

Jelikož kritická hodnota χ2
1(0.95) = 3.842, můžeme pro všechny tři kon-

struované modely považovat parametr θ4 za nulový a tud́ıž Nh z hustoty
vypust́ıme. Pro nové modely, jejichž hustoty obsahuj́ı pouze A, L a Ncc, jsme
provedli nové odhady parametr̊u a zjistili jsme, že jejich hodnoty se př́ılǐs
nelǐśı od hodnot pro p̊uvodńı model, jak je videt i z následuj́ıćı tabulky.
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θ1 θ2 θ3

(R1) -2.33 0.92 -1.77
Wald 9.54 21.01 46.89
(R2) -4.91 1.18 -2.25
Wald 38.02 32.33 78.78
(R3) -3.71 1.64 -2.25
Wald 17.04 47.11 73.89

Jelikož se na klasické 5% hladině jev́ı všechny parametry jako významné,
považujeme (A,L,Ncc)−interakčńı modely s uvedenými parametry za výsled-
né modely. Jejich simulace jsou ukázány na Obrázku 2. Je vidět, že oproti
vztažným Booleovským model̊um se v simulaćıch (A,L,Ncc)−interakčńıch
model̊u nevyskytuje tolik samostatných kruh̊u, č́ımž se vztažné modely od
dat nejv́ıce odlǐsovaly. Z tohoto pohledu se (A,L,Ncc)−interakčńı procesy
dat̊um podobaj́ı mnohem v́ıce než vztažné Booleovské modely.

4 Testováńı vhodnosti modelu

K testováńı byly použity sumárńı statistiky náhodných množin uvedeny např.
v [6] a statistiky založené na modifikaci množiny popsané bĺıže v [5].

Necht’ A ⊂ R2 je množina pozorovaná v (omezeném) okně W ⊂ R2 a G je
množina pixel̊u digitálńıho záznamu A.

4.1 Normovaná sférická kontaktńı distribučńı funkce

Sférická kontaktńı distribučńı funkce je distribučńı funkce náhodné veličiny
popisuj́ıćı vzdálenost od libovolného bodu lež́ıćıho mimo náhodnou množinu
k nejbližš́ımu bodu této množiny. Matematicky je definována jako H(r) =
P(D ≤ r|D > 0), r ≥ 0, kde D = inf{r ≥ 0 : A ∩ b(0, r) 6= ∅}. Jej́ı
neparametrický odhad je dán vztahem

Ĥ(r) =

∑
u∈G 1[u 6∈ A, u + b(0, r) ⊂ W, (u + b(0, r)) ∩ A 6= ∅]∑

u∈G 1[u 6∈ A, u + b(0, r) ⊂ W ]
.

Pro větš́ı přehlednost se využ́ıvá normovaná kontaktńı distribučńı funkce

T (r) = −1

r
log(1 − H(r)),

jej́ıž tvar pro vztažné Booleovské modely je T (r) = 2ρπEQ + ρπr.

4.2 Kovariančńı funkce

Kovariančńı funkce je definována jako C(r) = P(u ∈ A, v ∈ A) pro u, v ∈
R2 : ‖u − v‖ = r. Jej́ım neparametrickým odhadem je

Ĉ(r) =

∑
u,v∈G 1[‖u − v‖ = r, {u, v} ⊂ A]∑

u,v∈G 1[‖u − v‖ = r]
.
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Obrázek 3: Sloupce odpov́ıdaj́ı zleva doprava proces̊um (R1)-(R3), řádky
shora dol̊u statistikám T (r), C(r) a d(r). Na jednotlivých grafech jsou
znázorněny jejich odhady źıskané z dat (plná křivka), 2.5 % a 97.5 % obálky
źıskané ze simulaćı vztažného Booleovského modelu (tečkovaná křivka),
2.5 % a 97.5 % obálky źıskané ze simulaćı (A,L,Ncc)−interakčńıho modelu
(čárkovaná křivka) a - s výjimkou dilatace - teoretické funkce pro Booleovský
model (čerchovaná křivka).

Pro Booleovské modely má pak funkce tvar

C(r) = 2p − 1 + (1 − p)2 exp
(
ρE

[
2Q2 arccos Q

2r − r
2

√
4Q2 − r2

])
.

4.3 Dilatace množiny

Necht’ A⊕r = ∪u∈Ab(u, r) je zvětšeńı a A⊖r = {u : b(u, r) ⊆ A} zmenšeńı
množiny A o hodnotu r. Dilatace množiny A je definována jako funkce

d(r) =
|A⊕r ∩ W⊖r|

|W⊖r|
.

Porovnáńı výše popsaných statistik źıskaných z dat s teoretickými funkce-
mi pro vztažné Booleovské modely a s 2.5% a 97.5% obálkami źıskanými ze
simulaćı (viz [4]) vztažného a (A,L,Ncc)−interakčńıho modelu je ukázáno
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na Obrázku 3. Z graf̊u je stejně jako při vizuálńım porovnáńı patrné, že
(A,L,Ncc)−interakčńı modely popisuj́ı data lépe než vztažné Booleovské mo-
dely. Nav́ıc vzhledem k tomu, že všechny uvedené statistiky odhadnuté z dat
lež́ı v 2.5%− 97.5% obálkách, můžeme vyslovit závěr, že vytvořený proces je
modelem dobře popisuj́ıćım analyzovanou množinu.
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VÝPRAVY DO HLUBIN DAT

Daniel Hlubinka

Kĺıčová slova: Hloubka dat, kvantilové kontury, směrové kvantily, zobecněná
poloprostorová hloubka

Abstrakt: V článku je představena hloubka dat jako zobecněńı pojmu uspo-
řádáńı pro účely mnohorozměrné statistické analýzy. Pro náhodné vektory
jsou zopakovány hlavńı typy hloubek spolu s jejich vlastnostmi, výhodami
i nevýhodami. V druhé části článku jsou diskutovány dvě alternativńı definice
hloubky, které umožňuj́ı oproti běžným hloubkám zvýraznit lokálńı vlastnosti
rozděleńı.

Abstract: The data depth is introduced as a generalization of ranking to be
used in the multivariate statistical analysis. The most common definitions of
depth are recalled together with their properties and both advantages and
disadvantages. I the second part of the paper two alternative definitions of
depth are discussed. These definitions allow to emphasize, in contrast to most
usual depths, the local behaviour of the underlying distribution.

1 Kvantil a problém uspořádáńı

Ve statistické analýze se občas objev́ı chv́ıle, kdy potřebujeme hovořit o oblas-
ti spolehlivosti, predikčńı oblasti, kritické oblasti. V jednorozměrném př́ıpa-
dě si obvykle můžeme pomoci kvantily, ve většině př́ıpad̊u nejde o složitý
problém. Nemuśıme ale dlouho vzpomı́nat, abychom si uvědomili, že kvan-
til tak jak jej známe je pojem úzce vázaný na jednorozměrnou náhodnou
veličinu. Většina z nás bude velmi váhat s definićı kvantilu pro dvou- a v́ıce-
rozměrná rozděleńı. Jednou z výjimek je mnohorozměrné normálńı rozděleńı,
kde existuj́ı přirozeně definované elipsoidy (definované pomoćı středńı hod-
noty a variančńı matice), které plně uspokoj́ı naše požadavky na uvedené
oblasti spolehlivosti. Jak se ale obej́ıt bez předpokladu normality? V tomto
článku budeme hledat nějaký vhodný neparametrický př́ıstup k pojmu kvan-
til ve v́ıce rozměrech. Napřed si ale připomeňme, co v́ıme o jednorozměrných
kvantilech a mohlo by při našem hledáńı být užitečné.

Pro jednorozměrnou náhodnou veličinu X je kvantil definován r̊uznými
zp̊usoby. Nejčastěji tak, že hodnoty náhodné veličiny kvantil qα rozděluje na
menš́ı a vetš́ı; přitom plat́ı zároveň

P [X ≤ qα] ≥ α, P [X ≥ qα] ≥ −α,

a hodnota α ∈ [0, 1] je předem pevně zvolená. Kvantil v Rp muśı být p-roz-
měrný vektor. Zde je jádro problémů pro náhodné vektory—v prostoru Rp

neńı přirozené lineárńı uspořádáńı. My ale muśıme být schopni porovnat
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Obrázek 1: Inspirace krabicovým diagramem.

každé dvě hodnoty náhodného vektoru, každé dva vektory, jinak neńı možné
definovat oblast spolehlivosti analogicky jednorozměrnému př́ıpadu.

Pro jednorozměrnou náhodnou veličinu existuje nástroj, který nám může
být inspiraćı i pro náhodné vektory. Pod́ıvejme se na známý krabicový dia-
gram, jednoduchý obrázek patř́ıćı do obyčejné popisné statistiky. V něm po-
moćı jednorozměrných kvantil̊u zobraźıme podstatnou informaci o rozděleńı.
Zaujme nás prostředńı bod, medián, vnitřńı krabička, ohraničená dolńım
a horńım kvartilem, a tykadla—vousy, ukazuj́ıćı k nejvyšš́ı a nejnižš́ı hod-
notě1. Náš zrak je zde veden nejenom zleva doprava, od malých hodnot
k větš́ım, ale sṕı̌s zprostřed ke kraj̊um, od středových hodnot ke vněǰśım.
Každé dvě hodnoty tak mohou být porovnány s ohledem na vzdálenost od
středu, přičemž pojem vzdálenosti je pevně svázán s rozděleńım; v jedno-
rozměrném př́ıpadě je př́ımo definován pomoćı kvantil̊u.

Zde se potkávaj́ı dva koncepty. Na jedné straně je to mı́ra odlehlosti od
středu2. Na druhé straně to je naopak určitá obklopenost ostatńımi hodnotami
náhodné veličiny. Pro medián je polovina realizaćı náhodné veličiny větš́ıch
a polovina menš́ıch, je tedy uprostřed, nebo hluboko v rozděleńı. Pro dolńı
kvartil jen čtvrtina realizaćı náhodné veličiny je menš́ıch, je tedy z této strany
mnohem méně obklopen rozděleńım než medián, je méně hluboko.

Takto se budeme d́ıvat i na mnohorozměrné náhodné vektory. Každá hod-
nota může být s jinou porovnána s ohledem na odlehlost od středu. Budeme
proto posuzovat, jak hluboko se určitý bod nacháźı v daném rozděleńı. Ne-
boli zkoumáme, jak je bod ve výběrovém prostoru obklopen ostatńımi body
s ohledem na pravděpodobnostńı rozděleńı. Tomuto konceptu budeme ř́ıkat
hloubka, hloubka dat3. Funkce, které bod̊um ve výběrovém prostoru přǐrazuj́ı
jejich hloubku, nazveme hloubky, př́ıpadně hloubkové funkce. Takových funkćı
je jistě celá řada. V př́ıspěvku nejprve pohlédneme na hloubku trochu z nad-
hledu, ujasńıme si č́ım jsou hloubkové funkce inspirovány, jak se daj́ı tř́ıdit do
skupin, jaké jsou jejich žádoućı a nežádoućı vlastnosti. Také si představ́ıme
několik známých i méně známých hloublových funkćı i s jejich základńımi
výhodami a nevýhodami. Ve druhé části článku se budeme věnovat dvěma
koncept̊um hloubky, které v současnosti podrobněji zkoumáme.

1Obvykle se usekávaj́ı v určité vzdálenosti od krabičky, ale to každý dobře zná
2V angličtině se většinou použ́ıvá výraz outlyingness
3Anglický termı́n je depth, data depth O hloubce dat hovoř́ıme proto, že p̊uvodně tento

koncept vyšel z popisné statistiky a byl aplikován na náhodné výběry.
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2 Kvantil v ř́ı̌si v́ıce rozměr̊u

Již jsme uvedli, že pro dvou- a v́ıcerozměrné náhodné vektory mı́sto uspořádá-
ńı hodnot podle velikosti užijeme lineárńı kvaziuspořádáńı podle odlehlosti4.
Formálně postupujeme takto. Označme P soubor všech pravděpodobnostńıch
rozděleńı na prostoru Rp.

Definice 1. Hloubkovou funkćı rozumı́me zobrazeńı H : P × Rp → R+.
Bod x ∈ Rp je pro rozděleńı P ∈ P hlubš́ı než bod y ∈ Rp, pokud H(P, x) ≥
H(P, y). Bod d ∈ Rp je pro rozděleńı P ∈ P nejhlubš́ı, pokud H(P, d) ≥
H(P, x) pro všechna x ∈ Rp. Označme dP,H = H(P, d) hloubku nejhlubš́ıho
bodu.

Nebude-li třeba zd̊urazňovat rozděleńı P budeme psát krátce H(x) mı́sto
H(P, x) a dH mı́sto dP,H , př́ıpadně naṕı̌seme ještě stručněji pouze d.

Dva r̊uzné body mohou mı́t stejnou hloubku, proto jde o kvaziuspořádáńı
a každé dva body jsou vzájemně porovnatelné s ohledem na svou hloubku,
proto se jedná o lineárńı kvaziuspořádáńı.

Nejhlubš́ı bod budeme chápat jako mnohorozměrnou obdobu mediánu.
Nemuśı být dán jednoznačně, stejně jako nemuśı být jednoznačný medián
v jednorozměrném př́ıpadě. Dı́ky hloubce lze definovat centrálńı oblasti pro
dané rozděleńı a kvantilovou konturu.

Definice 2. Pro dané rozděleńı P a hloubkovou funkci H definujeme a hlu-
bokou oblast

RP,H(a) := {x : H(P, x) ≥ a}, 0 ≤ a ≤ dP,H .

Hranice oblasti RP,H se nazývá a-hloubkovou konturou a budeme ji značit
cP,H(a). V př́ıpadě, kdy nem̊uže doj́ıt k záměně, znač́ıme a hlubokou oblast
zkráceně R(a), a hloubkovou konturu obdobně c(a).

Jak je vidět z definice, a hluboké oblasti, 0 ≤ a ≤ dP,H jsou úrovňové
množiny hloubkové funkce H. Problematika úrovňových množin je velmi
aktuálńı tematikou současné matematiky a i my se k ńı v tomto článku
stručně vrát́ıme o něco později.

Poznámka 1. Pro jednorozměrnou náhodnou veličinu X a jej́ı rozděleńı m̊u-
žeme hloubku bodu x definovat

H(x) = 1 − 2|F (x) − 1/2|, (1)

kde F (x) je distribučńı funkce X. Hloubka mediánu X̃ je zřejmě 1 a hloubka
klesá v obou směrech od mediánu. Body se stejnou hodnotou distribučńı funkce
maj́ı stejnou hloubku a a hlubokou oblast́ı je množina

4Též můžeme ř́ıkat uspořádáńı ve smyslu vnitřńı/vněǰśı, nebo centrálńı/odlehlý, . . .
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q1−α
1−Q βα1−Q q1−β

Obrázek 2: Centrálńı oblast (vlevo) a kvantilová kontura. 0 < β < α < 1.

R(a) = {x : a/2 ≤ F (x) ≤ 1 − a/2}.
V př́ıpadě spojité a rostoućı distribučńı funkce je

c(a) = {F−1(a/2), F−1(1 − a/2)},

a zřejmě

P [R(a)] = 1 − a, pro všechna a ∈ [0, 1]. (2)

Obecně samozřejmě nemuśı platit, že pro zvolenou hloubku H je hloubka
nejhlubš́ıho bodu rovna 1 pro všechna P ∈ P. Nemuśı ani platit (a pro
většinu klasických hloubek opravdu neplat́ı) vztah (2) P [RP,H(a)] = 1 − a.
Proto je nezbytné definovat centrálńı oblasti a kvantilové kontury rozděleńı P
v hloubce H.

Definice 3. Definujme

h(1 − α) = hP,H(1 − α) = sup
{
a : P [RP,H(a)] ≥ 1 − α

}
.

Oblast QP,H(1 − α) = RP,H

(
hP,H(1 − α)

)
nazveme 1 − α centrálńı oblast́ı.

Hranici qP,H(1− α) oblasti QP,H(1− α) nazveme 1− α kvantilovou kon-
turou.

Jak je vidět z definice oblasti Q(1− α) a hodnoty h(1− α), bude k jejich
určeńı obvykle nezbytné naj́ıt všechny úrovňové množiny hloubkové funkce H
a jejich pravděpodobnosti. To pochopitelně neńı snadný úkol. Později si
ukážeme, že existuje možnost definovat specifickou hloubku tak, aby hod-
nota hloubky a pravděpodobnost a hluboké oblasti byly svázané předpisem

P [H(P,X) ≥ α] = 1 − α pro všechna α ∈ [0, 1], (3)

č́ımž se velmi usnadńı hledáńı požadovaných 1 − α centrálńıch oblast́ı.
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Obrázek 3: Je bod N hluboko? Je bod × hluboko?

Klasický jednorozměrný kvantil umožňuje vytvářet centrálńı množiny ve
tvaru interval̊u. Někdy jsou upřednostňovány úrovňové množiny hustoty,
které mohou být tvořeny sjednoceńım interval̊u. Ve vyšš́ıch rozměrech se
nám však, d́ıky bohatš́ı geometrii, otv́ırá svět rozmanitěǰśıch5 tvar̊u. Č́ım
v́ıce rozměr̊u, t́ım bohatš́ı tvary centrálńıch oblast́ı můžeme uvažovat. Přesto
se dnes hlavńı proud výzkumu v oblasti hloubky omezuje jen na hloubkové
funkce, pro něž jsou centrálńı oblasti (úrovňové množiny) konvexńı.

Je dobré si připomenout, že každá redukce informace o rozděleńı, v našem
př́ıpadě do několika centrálńıch oblast́ı, nám jiným zp̊usobem poukazuje na
podstatu náhody v uvažovaném modelu (pokusu). Každá hloubka svým zp̊u-
sobem zvýrazńı určité rysy rozděleńı, zat́ımco ostatńı vlastnosti rozděleńı
hodnotu hloubky v podstatě neovlivńı. Každá hloubka má také své výpočetńı
aspekty; jak při výpočtu teoretické hloubky bodu pro dané rozděleńı (vesměs
muśıme použ́ıvat numerické metody), tak i při výpočtu hloubky bod̊u v ná-
hodném výběru. Pod́ıvejme se na obrázek 3. Na obou obrázćıch bychom
o bodu N prohlásili, že je hluboko. Bod × je na horńım obrázku zřejmě
mimo data, co však na dolńım?

Uděláme-li si na dolńım diagramu v obrázku 3 marginálńı rozděleńı (pro-
jekce do os), bude v obou př́ıpadech bod × bĺızko mediánu. A dopadneme tak

5Mnohdy také jen těžko představitelných.
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i v př́ıpadě projekce na libovolnou př́ımku. Neńı proto možné jednoznačně
ř́ıci, zda × je či neńı hluboko. Tento př́ıklad nám ukazuje, že ponět́ı o tom,
který bod je hluboko a který neńı hluboko v rozděleńı, záviśı na tom, co od
hloubky očekáváme.

3 Tiśıc podob hloubky

Př́ıklad 1. Hloubka (1) jednorozměrné náhodné veličiny X definovaná po-
moćı distribučńı funkce FX jako H(P, x) = 1 − 2|F (x) − 1/2| pro x ∈ R

je funkćı bodu a pravděpodobnostńı mı́ry. Na druhou stranu je zřejmé, že
pravděpodobnostńı mı́ra popisuje vněǰśı prostřed́ı, jinak do definice hloub-
kové funkce nepřisṕıvá. Neměńı totǐz samotnou podstatu hloubky. Pro všechna
rozděleńı je koncept H shodný.

Motivačńı př́ıklad 1 nás navád́ı k tomu, že hloubková funkce by měla
vycházet z nějaké obecné myšlenky, přičemž konkrétńı pravděpodobnostńı
rozděleńı tento koncept neměńı. Jak by takový př́ıstup k hloubkové funkci
měl vypadat? Serfling v práci [45] navrhuje řadu žádoućıch vlastnost́ı hloubky,
potažmo hloubkové funkce.

3.1 Serfling̊uv pr̊uvodce vlastnostmi hloubky

I. Afinńı invariance hloubky. Označme A nějakou afinńı transformaci Rp.
Má platit H

(
P ◦ A,A(x)

)
= H(P, x). Hloubka nezáviśı na souřadnico-

vém systému, hloubkové a kvantilové kontury jsou afinně ekvivariantńı.

II. Maximalita ve středu. Je-li rozděleńı P v nějakém smyslu symetrické
kolem s ∈ Rp, pak H(P, s) je maximálńı. Neboli s je nejhlubš́ım bodem
pro P .

III. Přenos symetrie. Je-li rozděleńı P v nějakém smyslu symetrické kolem
s ∈ Rp, pak H(P, x) je odpov́ıdaj́ıćım zp̊usobem symetrické kolem s.

IV. Pokles podél paprsk̊u. Je-li s nejhlubš́ı bod pro P , pak funkce H(P, x)
je nerostoućı na všech polopř́ımkách s počátkem v s (ve směru od s).

V. Zanedbatelnost v nekonečnu. Plat́ı H(P, x) → 0 kdykoliv ‖x‖ → ∞.

VI. Spojitost v prostoru. Zobrazeńı x 7→ H(P, x) je spojité, nebo shora po-
lospojité. Dı́ky této vlastnosti jsou úrovňové množiny H a tedy i a hlu-
boké oblasti a 1 − α centrálńı oblasti uzavřené.

VII. Spojitost na rozděleńıch. Zobrazeńı P 7→ D(P, x) je spojité vzhledem
ke slabé konvergenci měr.

VIII. Kvazikonkavita. Úrovňové množiny (a hloubkové oblasti, 1−α centrálńı
oblasti) jsou konkávńı.
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Uvedeným vlastnostem se budeme v článku pr̊uběžně věnovat. V tuto
chv́ıli se pozastav́ıme jen u požadavk̊u na symetrii. V bodech II a III se hovoř́ı
o symetrii v nějakém smyslu, jejich splněńı je proto závislé na formě uvažované
symetrie6. V bodě III je dobré specifikovat, jak se symetrie rozděleńı P má
přenést na (a na jakou) symetrii hloubové funkce H.

3.2 Račte si vybrat . . .

Na př́ıkladech známých i méně známých hloubek si ukážeme si, že v jed-
notlivých definićıch lze vysledovat několik základńıch př́ıstup̊u k mnoho-
rozměrným rozděleńım, na kterých jsou hloubkové funkce založené. Kromě
definice a některých základńıch vlastnost́ı se pokuśıme alespoň trochu pohled7

na silné a slabé stránky studované hloubky.

3.2.1 Poloprostorová hloubka Sluš́ı se zač́ıt nejklasičtěǰśı ze všech hlou-
bek (matkou hloubek). Jde o koncept, který představil ve svém článku [47]
John Tukey v roce 1975.

Definice 4. Bud’ P rozděleńı na Rp. Definujme poloprostorovou hloubku8

bodu x jako

H(P, x) = inf{P (D) : D je uzavřený poloprostor , x ∈ D}. (4)

Zřejmě stač́ı uvažovat poloprostory, pro něž je x na hranici.

Tato definice je docela názorná. Jde o poměrně jednoduché zobecněńı
kvantilu. V jednorozměrném př́ıpadě máme pouhé dva směry; hodnoty větš́ı
než x a hodnoty menš́ı než x. V mnohorozměrném př́ıpadě je směr̊u pocho-
pitelně nespočetně.

V dvourozměrném prostoru lze poloprostorovou hloubku názorně defino-
vat také pomoćı projekćı na př́ımku. Každá př́ımka p procházej́ıćı bodem x
je t́ımto bodem rozdělena na dvě polopř́ımky p1 a p2. Označme Pp rozděleńı
vzniklé projekćı pravděpodobnostńı mı́ry P na př́ımku p. Hloubka bodu x je
v tomto př́ıpadě

H(P, x) = inf
{
min{Pp(p1), Pp(p2)} : p je př́ımka, x ∈ p

}
9.

Je zřejmé, že v této definici nijak nezohledňujeme vzdálenosti ostatńıch
bod̊u od x a svým zp̊usobem ani jejich polohu v̊uči x. T́ım se někdy zbytečně
ochuzujeme o d̊uležitou informaci. Najdeme-li totiž poloprostor D takový,

6Symetríı lze uvažovat celou řadu; může j́ıt o klasickou středovou symetrii, osovou sy-
metrii, středově-angulárńı symetrii, eliptickou symetrii, ale třeba i o symetrii v̊uči otáčeńı
atd.

7značně subjektivńı
8Anglicky halfspace depth
9Čtenář si může sám domyslet, co by nastalo, kdyby mı́sto všech př́ımek obsahuj́ıćıch

x uvažoval pro každý bod jen dvě př́ımky rovnoběžné s osami.
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Obrázek 4: Hledáńı poloprostorové hloubky.
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Obrázek 5: Poloprostorová hloubka využ́ıvá jen částečně tvar nosiče rozděleńı.

že x ∈ D a P (D) je minimálńı, nev́ıme, jak vypadá rozděleńı na D. Je
rozd́ıl, je-li rozděleńı na D symetrické kolem normálového vektoru, nebo velmi
nesymetrické (viz obrázek 5).

Na druhou stranu, pro náhodný výběr (empirickou mı́ru) plat́ı, že znalost
všech kvantilových kontur charakterizuje tuto empirickou mı́ru [46].

Zaměřme se na některé základńı vlastnosti poloprostorové hloubky. Afinńı
invariance vyplývá z faktu, že poloprostor po afinńı transformaci z̊ustane po-
loprostorem. Vzájemná poloha bod̊u se tak, z pohledu definice poloprostorové
hloubky, neměńı.

Necht’ absolutně spojité rozděleńı P je středově symetrické kolem stře-
du s10, pak s je nejhlubš́ım bodem. Jakýkoliv uzavřený podprostor na jehož
hranici lež́ı s muśı mı́t pravděpodobnost 1/2, takže hloubka H(P, s) = 1/2;

10Plat́ı tedy P (s + A) = P (s − A) pro každý náhodný jev A.
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Obrázek 6: Poloprostorová hloubka klesá směrem od nejhlubš́ıho bodu a je
kvazikonkávńı.

větš́ı hloubku nemůže mı́t žádný bod pro libovolné spojité rozděleńı. Pro spo-
jitá rozděleńı se souvislým nosičem lze dokázat i jednoznačnost nejhlubš́ıho
bodu. V diskrétńım př́ıpadě (speciálně pro empirické mı́ry) se může stát, že
existuje konvexńı množina nejhlubš́ıch bod̊u.

Pro středově symetrická rozděleńı plat́ı symetrie hloubky kolem středu s,
neboli

H
(
P, (s + x)

)
= H

(
P, (s − x)

)
pro všechna x ∈ Rp.

Monotonie a kvazikonkavita poloprostorové hloubky jsou také př́ımým
d̊usledkem použ́ıváńı poloprostor̊u. Na obrázku 6 je znázorněn bod x a D,
poloprostor s nejmenš́ı pravděpodobnost́ı, na jehož hranici x lež́ı. Zřejmě

max{H(P, y),H(P, z)} ≤ P (D′) ≤ P (D) = H(P, x) ≤ 1/2

a pro spojitá rozděleńı se souvislým nosičem dokonce plat́ı ostré nerovnosti

H(P, x) > 0 ⇒ max{H(P, y),H(P, z)} < H(P, x).

T́ım jsme dokázali pokles hloubky podél polopř́ımek s počátkem v nej-
hlubš́ım bodě. Podobné úvahy pomohou i k d̊ukazu konvexity centrálńıch
oblast́ı.

Poloprosotrová hloubka splňuje daľśı z požadovaných vlastnost́ı, konzis-
tenci. Označ́ıme-li H(Pn, x) hloubku bodu x vzhledem k empirické mı́̌re Pn,
plat́ı H(Pn, x) → H(P, x) skoro jistě. Čtenáře odkazujeme na klasický člá-
nek [11], d́ıky kterému se poloprostorová hloubka stala velice populárńı.
V uvedené práci je diskutována také robustnost poloprostorové hloubky a dal-
š́ı zaj́ımavé pokročilé vlastnosti.

Velkou nevýhodou poloprostorové hloubky z̊ustává jej́ı výpočetńı nároč-
nost. I poč́ıtáńı hloubky byt’ jen jediného bodu je s rostoućı dimenźı a s ros-
toućım počtem pozorováńı časově velmi náročné. Nejčastěji použ́ıvané algo-
ritmy vyvinul Rousseeuw se spolupracovńıky [42, 43].
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Obrázek 7: Náhodné simplexy v R2 a simplexová hloubka.

Na druhou stranu zaj́ımavé rozš́ı̌reńı poloprostorové hloubky přináš́ı re-
gresńı hloubka. Mı́sto hloubky bod̊u je definována (poloprostorová) hloubka
regresńı př́ımky a t́ım i nejhlubš́ı regrese spolu s centrálńımi oblastmi re-
gresńıch př́ımek. Jde o zaj́ımavý alternativńı robustńı př́ıstup k regresńım
úlohám. Detailńı rozbor regresńı hloubky lze nalézt v článku [44].

3.2.2 Simplexová hloubka Tato hloubka se objevuje v článćıch Reginy
Y. Liu(ové) [29, 30]. Jde o hloubku, kterou můžeme zařadit do tř́ıdy hlou-
bek založených na pravděpodobnosti pokryt́ı bodu náhodnou oblast́ı určitého
tvaru. V př́ıpadě simplexové hloubky je t́ım předepsaným tvarem simplex, čili
konvexńı obal p + 1 bodu x1, . . . , xp+1 ∈ Rp.

Definice 5. Bud’ P rozděleńı na Rp. Náhodným simplexem rozumı́me útvar
vzniklý konvexńım obaleńım bod̊u Vi, i = 1, . . . p + 1, kde Vi jsou nezávislé
náhodné vektory s rozděleńım P . Definujme simplexovou hloubku11 bodu x
jako

H(P, x) = P [x ∈ S], kde S je náhodný simplex. (5)

Mı́sto simplexu můžeme brát i jiné útvary definované nezávislým výběrem
k bod̊u z rozděleńı P . Tak můžeme uvažovat náhodné koule, elipsoidy, mno-
hoúhelńıky.

Náhodné simplexy maj́ı před ostatńımi tvary zásadńı výhodu. Po afinńı
transformaci z̊ustává simplex simplexem, což např́ıklad pro koule a elipsoidy
neplat́ı. Proto hloubka založená na simplexech afinně invariantńı je, zat́ımco
ostatńı obdobné hloubky afinně invariantńı být nemuśı (a typicky nejsou).

Ačkoliv jsou hloubky založené na pravděpodobnosti pokryt́ı náhodným
útvarem, podobně jako poloprostorová hloubka, velmi názorné, jejich vlast-
nosti se tak snadno nedokazuj́ı. Asymptotické chováńı simplexové hloubky

11Anglicky simplicial depth
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Obrázek 8: Loupáńı slupek.

je shrnuto v článku [13]. Simplexová hloubka je kvazikonkávńı, konzistentńı,
afinně invariantńı, spojitá a má spoustu daľśıch vlastnost́ı.

Na druhou stranu je simplexová hloubka výpočetně velmi náročná. V te-
oretických rozděleńıch je téměř nemožné ji určit. Pro empirickou mı́ru jde
o výpočetně náročný úkol. Možná i proto je simplexová hloubka poněkud
ve st́ınu slavněǰśı a obĺıbeněǰśı poloprostorové hloubky. Přesto jej́ı vývoj ne-
ustává, jak lze zjistit např́ıklad v článku [4].

3.2.3 Konvexńı slupky Př́ısně vzato nejde o hloubku, protože neexistuje
definice pro spojitá rozděleńı, ale pouze pro výběry ze spojitých rozděleńı,
tedy pro diskrétńı rovnoměrné rozděleńı. Jak již název napov́ıdá, do hloubi
dat se vyprav́ıme skrze odstraňováńı konvexńıch obal̊u výběru12.

Definice 6. Bud’ Pn empirická mı́ra př́ıslušná náhodnému výběru X1, . . . ,Xn

o rozsahu n z rozděleńı P . Konvexńı obal hloubky 1/n, označme jej C1, je
konvexńım uzávěrem extremálńıch bod̊u množiny X = {X1, . . . ,Xn}. Kon-
vexńı obal hloubky k/n, 2 ≤ k ≤ n, označme jej Ck, je konvexńım uzávěrem
extremálńıch bod̊u množiny intCk−1, kde intC označuje (relativńı) vnitřek
množiny C. Definujme

H(Pn, x) = k/n ⇐⇒ x ∈ Ck \ Ck+1. (6)

Přechod na obecná diskrétńı rozděleńı, nebo na teoretické spojitá rozděle-
ńı neńı u konvexńıch slupek jasný. To je ovšem podstatná nevýhoda. Slabou
útěchou může být, že se výpočetně jedná o výrazně jednodušš́ı verzi hloubky,
než jsou simplexová hloubka a poloprostorová hloubka.

Z podstaty definice plyne, že centrálńı oblasti vymezené konvexńımi slup-
kami jsou konvexńı. Konvexńı slupky jsou také afinně ekvivariantńı. O kon-

12Odtud se vzal anglický název covex hull peeling.
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Obrázek 9: Zonoidy a jejich definuj́ıćı funkce.

zistenci se, pochopitelně, hovořit nedá. Podobně problematické je mluvit o sy-
metrii, protože náhodný výběr ze symetrického rozděleńı tvoř́ı symetrickou
empirickou mı́ru s pravděpodobnost́ı nula13.

3.2.4 Zonoidy Jde o př́ıklad hloubky, která mı́sto mediánu zobecňuje
středńı hodnotu. Zonoidy definovali Koshevoy a Mosler v článku [24].

Definice 7. Bud’ α ∈ [0, 1]. Množina

Zα(P ) = {x ∈ Rp : ∃g : Rp → [0, 1/α],EP g(X) = 1 a EP Xg(X) = x} (7)

se nazývá α zonoidem.
Zonoidová hloubka bodu x je definována

H(P, x) = inf{α : x ∈ Zα(P )} (8)

Poprvé se setkáváme s nerobustńı definićı hloubky. V definici zonoidu
předpokládáme existenci prvńıho momentu EX. Existuje-li konečná středńı
hodnota, je vždy nejhlubš́ım bodem. Neexistuje-li konečná středńı hodnota,
nelze obecně zonoidy definovat.

Pro α = 1 je zřejmě jedinou volbou g ≡ 1 s.j. a Z1 = EX. Je-li α1 <α2, pak
zjevně (viz obrázek 9) plat́ı Zα1

⊃ Zα2
. Snadno lze nahlédnout, že zonoidy

jsou konvexńı. Stač́ı použ́ıt konvexńı kombinaci ag1(x)+(1−a)g2(x) nějakých
dvou funkćı g1, g2 : Rp → [0, 1/α]. Zonoidová hloubka je tedy kvazikonkávńı
a nav́ıc, jak lze ověřit př́ımo z definice, afinně invariantńı.

Empirická zonoidová hloubka se dá poměrně rychle spoč́ıtat pro konkrétńı
bod. Je ale mnohem složitěǰśı určit vlastńı zonoid pro dané α. Algoritmus pro
dimenzi p = 2 lze naj́ıt v [14], jeho výpočetńı náročnost pro rozsah výběru n
je O(n2 log n). Pro vyšš́ı dimenze jde prakticky o nemožný úkol, stejně jako
pro teoretická rozděleńı.

Daľśı vlastnosti a aplikace zonoid̊u lze naj́ıt v článku [38] či v knize [37].

13Je samozřejmě pravda, že symetrická empirická mı́ra vede na symetrickou hloubku—
taková situace ale asi v historii lidstva nebyla pozorována
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Obrázek 10: Určováńı směr̊u a výpočet L1 hloubky.

3.2.5 L1 hloubka Výpočetńı náročnost spojená s předchoźımi definicemi
hloubky a s t́ım spojené obt́ıže s určováńım centrálńıch oblast́ı vedly k defi-
nićım nových hloubek. Ty často nesplňuj́ı úplně všechny klasické požadavky
na hloubku (viz část 3.1), ale zato jsou výpočetně mnohem snazš́ı. Jednou
z nich je L1 hloubka uvedená v článku [49]. Podobně jako v př́ıpadě polo-
prostorové hloubky nezáviśı L1 hloubka bodu x na vzdálenostech ostatńıch
bod̊u. Na rozd́ıl od poloprostorové hloubky ale záviśı na jejich vzájemném
postaveńı.

Na obrázku 10 vid́ıme postup pro určeńı empirické L1 hloubky. Formálně
L1 hloubku definujeme pomoćı délky pr̊uměrného směrového vektoru k ostat-
ńım bod̊um.

Definice 8. Pro zvolený bod x ∈ Rp určeme středńı hodnotu E(X −x)/ ‖X −
x‖. L1 hloubkou bodu x nazveme hodnotu

H(P, x) = 1 − ‖s‖, kde s = E
X − x

‖X − x‖ =

∫

Rp

u − x

‖u − x‖P (du). (9)

Výpočet hloubky je velmi snadný. Neńı nutné pro každý bod procházet
všechny možnosti, stač́ı spoč́ıtat středńı hodnotu jednoduché transformace
náhodného vektoru. Asi nejviditelněǰśı ztrátou za tuto jednoduchost je ztráta
afinńı invariance hloubky. Po afinńı transformaci se může změnit vzájemné
postaveńı bod̊u; v tomto př́ıpadě jde o změnu úhl̊u mezi dvojicemi vektor̊u.
Daľśı, možná ještě horš́ı, vlastnost́ı L1 hloubky je fakt, že ani vně konvexńıho
uzávěru nosiče rozděleńı neńı hloubka nulová. Nulová hloubka znamená, že
s pravděpodobnost́ı jedna všechny hodnoty náhodného vektoru lež́ı v jediném
směru od uvažovaného bodu. To ale obvykle neńı možné, takže nulovou
hloubku obvykle nemá žádný bod a plat́ı pouze limitńı vztah H(x) → 0,
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Obrázek 11: Zobecněńı kvantilu na mnohorozměrný M-kvantil. Vlevo
ztrátová funkce, vpravo ukázky volby směrových funkćı pro R2.

jestliže ‖x‖ → ∞. Velmi nevhodná je tato vlastnost pro náhodné vektory,
jejichž nosič neńı celý prostor.

Pro empirické mı́ry mohou centrálńı oblasti L1 hloubky být i nekonvexńı.
Rozd́ıl mezi centrálńı oblast́ı a jej́ım konvexńım obalem je obvykle zanedba-
telný. Proto autoři této metody doporučuj́ı použ́ıt mı́sto centrálńıch oblast́ı
jejich konvexńı obaly14.

3.2.6 M-kvantily V souvislosti s mnohorozměrnými kvantily se nab́ıźı
zobecněńı známé definice jednorozměrného kvantilu. Zaved’me funkci

̺(x) = (1 − α)I(x < 0)|x| + αI(x > 0)|x|, x ∈ R.

Hodnota qα minimalizuj́ıćı výraz E̺(X−qα) je α kvantilem rozděleńı náhodné
veličiny X15. Připomeňme, že qα neńı definováno jednoznačně, ale může j́ıt
jak o jediný bod, tak o interval.

Funkci ̺ zobecńıme do v́ıce rozměr̊u. Ćılem je źıskat jakýsi
”
nakloněný

polokužel“, obdobu funkce ̺. Mı́sto indikátor̊u I(x < 0) a I(x > 0) budeme
uvažovat směrové funkce φs(x), s ∈ Rp, ‖s‖ = 1. Funkce φs(x) je funkćı úhlu
mezi x a s.

Také vzdálenost l v Rp můžeme volit r̊uzně, nejčastěji se vyskytuj́ı L1,L2

a L∞ vzdálenosti.
Definujme α M-kvantil pro α ∈ [0, 1/2] ve směru s jako libovolnou hod-

notu qα,s minimalizuj́ıćı

qα,s(P ) = arg min
q∈Rp

EP

[
(1 − 2α)φs(X − q) + α

]
l(X − q).

Volbou α = 1/2 źıskáme mnohorozměrný medián x̃, se zmenšuj́ıćı se hod-
notou α se pro pevné s α M-kvantil vzdaluje od mediánu. Připomeňme, že
takto definovaný medián (a potažmo M-kvantily) neńı afinně ekvivariantńı.

14Jak uvid́ıme dále, s touto nucenou konvexitou se nedokážeme úplně ztotožnit. Stejně
jako s žádoućı vlastnost́ı hloubky VIII—v tom ale nejsme ojediněĺı.

15Existuje-li prvńı moment náhodné veličiny X
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Obrázek 12: Úrovňové množiny.

Na M-kvantily je navázána hloubka

H(P, x) = sup
{
α : x 6∈ {qβ,s(P ); ‖s‖ = 1, β ≥ α}, α ∈ [0, 1/2]

}
. (10)

M-kvantily se pravděpodobně poprvé objevuj́ı v práci [2]. Poté jsou roz-
v́ıjeny v článćıch [7, 3] a také u nás v př́ıspěvku [19] a v diplomové práci [17].
Velmi d̊ukladný rozbor teoretických vlastnost́ı M-kvantil̊u a obecněǰśıch
M-parametr̊u mnohorozměrných rozděleńı lze naj́ıt v článku [23].

Připomeňme, že M-kvantil je funkćı směru s a necentrality α. Praktické
pokusy ukazuj́ı, že empirické M-kvantily qα,s pro pevné s a pro α ∈ [0, 1/2]
nelež́ı na př́ımce od středu. V mnoha př́ıpadech existuj́ı dva r̊uzné směry s
a t a hodnota α takové, že empirické kvantily x̃, qα,s a qα,t lež́ı na př́ımce,
tedy kvantilová kontura m̊uže být zacyklená.

3.2.7 Množiny minimálńıch objemů Posledńı z mnoha definic hlou-
bek, které si ukážeme je založena na úrovňových množinách. Připomeňme, že
pro libovolnou funkci f : Rp → R definujeme úrovňové množiny16 funkce f

La = La(f) = {x ∈ Rp : f(x) ≥ a}, a ∈ R.

Hlavńı výhoda úrovňových množin je zřejmá. Bud’ X p-rozměrný náhodný
vektor s absolutně spojitým rozděleńım P s hustotou ψ(x). Uvažujeme-li
úrovňovou množinu La(ψ) hustoty ψ, pak plat́ı

λp(La) = min{λp(B);P (B) = P (La)},
kde λp je p-rozměrná Lebesgueova mı́ra. Proto hovoř́ıme o množinách mi-
nimálńıho objemu17 v nějaké tř́ıdě množin, v tomto př́ıpadě mezi množinami
s danou pravděpodobnost́ı.

Hloubka bodu může být definována jednoduše jako hodnota hustoty v da-
ném bodě. Je však vhodněǰśı definovat hloubku tak, aby byla v rozmeźı [0, 1].

16Anglický termı́n je level-sets
17Minimum volume sets
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Definice 9. Bud’ P absolutně spojité rozděleńı pravděpodobnost́ı s hustotou ψ.
Označme La, a ≥ 0 úrovňové množiny hustoty ψ. Definujme hloubku

H(P, x) = 1 − min{P (La);x ∈ La} = 1 − P (Lψ(x)).

Má-li rozděleńı P jeden modus (př́ıpadně v́ıce stejně velkých mod̊u, které
dohromady maj́ı pravděpodobnost 0), pak modus je nejhlubš́ım bodem a jeho
hloubka je 1. Body mimo nosič hustoty maj́ı zřejmě hloubku 0. Jak je zřejmé
i ze schematického obrázku 12, nemuśı být centrálńı množina minimálńıho
objemu ani souvislá, natož konvexńı.

Empirická verze úrovňových množin je většinou založena na vhodném
odhadu hustoty. Od vlastnost́ı těchto odhad̊u se odv́ıjej́ı i vlastnosti empirické
hloubky, zejména možná afinńı invariance a asymptotické valstnosti. Tomuto
problému byla věnována řada praćı, např́ıklad [1, 40, 35].

3.3 Dvě tváře hloubky: tř́ıděńı podle definice a podle
vlastnost́ı

Hloubková funkce může být založena na několika r̊uzných nápadech, přičemž
jsou vždy zd̊urazněny jiné globálńı a jiné lokálńı vlastnosti rozděleńı. Mezi
jednotlivými př́ıstupy k hloubce nelze zcela libovolně přecházet, jedna neńı
speciálńım př́ıpadem druhé, těžko by se hledalo zobecněńı zastřešuj́ıćı r̊uzné
př́ıstupy k hloubce. Dá se tedy ř́ıci, že při definici hloubky můžeme sledo-
vat pravděpodobnost nějakých útvar̊u s referenčńım bodem x (poloprosto-
rová hloubka), pravděpodobnost, že x je pokryto nějakou množinou (sim-
plexová hloubka), polohu x v̊uči ostatńım bod̊um (L1 hloubka, konvexńı
slupky), řešit optimalizačńı úlohu (M-kvantily), vázat hloubku př́ımo na hus-
totu v daném bodě (úrovňové množiny), nebo si vymyslet spoustu daľśıch
koncept̊u. V každé této tř́ıdě lze volit r̊uzné varianty základńı definice. Mı́sto
náhodných simplex̊u může j́ıt o náhodné elipsoidy, mı́sto poloprostor̊u o jiné
útvary (kužele, pásy, . . . ), zohlednit vzdálenost, zavést váhy.

Kromě roztř́ıděńı hloubek na základě jejich definice lze také posuzovat
jejich jednotlivé vlastnosti. Pro stejnou tř́ıdu hloubek se chováńı hloubkové
funkce může velmi lǐsit podle zvolené varianty definice. Typickým př́ıkladem
bývá afinńı invariance, méně často kvazikonkavita. Také konzistence empi-
rické hloubky se odv́ıj́ı od faktu, zda použitá definice splňuje předpoklady
některého ze stejnoměrných zákon̊u velkých č́ısel (pro asymptotickou norma-
litu pak nějaké funkcionálńı centrálńı limitńı věty), které mohou být nalezeny
např́ıklad v [12, 48].

3.4 Jaké vlastnosti má mı́t ideálńı hloubka?

Výše jsme uvedli Serfling̊uv seznam vlastnost́ı, které by měla splňovat každá
hloubka, hloubková funkce.

Začněme bodem I, afinńı invarianćı. Vzhledem k tomu, že hloubka pouka-
zuje na centrálńı oblasti a kvantilové kontury, což jsou parametry polohy mno-
horozměrného rozděleńı, je požadavek afinńı invariance přirozený. Dodejme
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ještě, že v jednorozměrném př́ıpadě jsou kvantily ekvivariantńı v̊uči ryze mo-
notónńım transformaćım (potažmo na kvantilech založená hloubka (1) je in-
variantńı). Obdoba takové vlastnosti neńı ve v́ıce rozměrech obecně možná18.

Afinńı invariance až na výjimky plat́ı pro otočeńı, překlopeńı, posunut́ı.
Problém nastává, jestliže zvolená transformace měńı r̊uzně měř́ıtko jednot-
livých os. T́ım se totiž měńı úhly mezi vektory a hloubka jej́ıž definice nějakým
zp̊usobem úhly mezi vektory zahrnuje, nemůže být v̊uči této transformaci in-
variantńı. Typickým př́ıkladem je L1 hloubka, ale i M-kvantily.

Asi největš́ım zklamáńım je skutečnost, že přirozený kandidát na mno-
horozměrný medián, hodnota minimalizuj́ıćı středńı L1 odchylku E‖X − a‖1

neńı afinně ekvivariantńı19. Proto existuj́ı r̊uzné postupy, jak definovat afinně
ekvivariantńı medián založený na minimálńı středńı L1 odchylce. Častým po-
stupem je standardizace dat, výpočet mediánu a následná zpětná transfor-
mace, viz např́ıklad [5].

Pokud tedy hloubková funkce neńı afinně invariantńı, doporučuje se zač́ıt
výpočet hloubky vhodnou standardizaćı dat20 a určeńım kvantilových kontur
pro standardizovaná data. Poté pomoćı zpětné transformace urč́ıme hloubku
a kvantilové kontury pro p̊uvodńı rozděleńı. Možných řešeńı je spousta, větši-
na je založena na takové transformaci, aby standardizovaná data měla shodný
parametr měř́ıtka pro všechna marginálńı rozděleńı a aby byla nekorelovaná.
Této problematice se věnuj́ı např́ıklad články [5, 6, 18].

Vlastnosti II a III hovoř́ı o nějaké symetrii rozděleńı kolem bodu s ∈ Rp.
Bod, kolem kterého je rozděleńı symetrické má být nejhlubš́ı. To je určitě
rozumný požadavek. Někdy ale jsme před těžkou volbou, zda bod, který neńı
bodem symetrie, ale přesto k němu má v nějakém smyslu bĺızko, má či nemá
být nejhlubš́ım bodem. Tato situace je ilustrována na obrázku 13. Obrázky
znázorňuj́ı nosiče absolutně spojitého rozděleńı, přičemž předpokládáme, že
hustota klesá stejně ve všech směrech od vyznačeného modu. V levém sloupci
vid́ıme dvě situace, kde rozděleńı neńı středově symetrické, ale přesto bychom
oba vyznačené body mohli považovat za nejhlubš́ı. V pravém sloupci obráz-
ku 13 jsou dvě středově symetrická rozděleńı pro která vyznačené body bez
váháńı označ́ıme za nejhlubš́ı.

Vlastnost IV, klesáńı podél paprsk̊u, probereme spolu s konvexitou, se
kterou částečně souviśı. Zanedbatelnost hloubky v nekonečnu, vlastnost V,
je pro rozděleńı náhodného vektoru také přirozeným požadavkem.

Z našeho hlediska je nejv́ıce diskutabilńı vlastnost VIII, kvazikonkavita
hloubky. Jedná se o velmi obĺıbenou vlastnost, která je jako pozitivńı vy-
zdvihována u nejčastěji použ́ıvaných hloubek. Je ale zřejmé, že pro úrovňové
množiny je konvexita centrálńıch oblast́ı dosažitelná jen ve speciálńıch př́ıpa-
dech. Takže diktát konvexity neńı tak úplný, jak se zdá.

18Opět se potýkáme s neexistenćı lineárńıho uspořádáńı a tedy s nemožnost́ı definovat
rozumně ryźı monotonii zobrazeńı z R

p do R.
19Afinně ekvivariantńı neńı ani, na prvńı pohled též přirozený, medián po složkách, tedy

vektor marginálńıch medián̊u.
20Což bývá vhodné afinńı vzájemně jednoznačné zobrazeńı
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Obrázek 13: Nejhlubš́ı bod a střed symetrie.

V práci [10] autoři navrhuj́ı uvažovat unimodálńı hvězdicovité rozděleńı
a nahradit konvexńı konfidenčńı množiny množinami hvězdicovitými. Při-
pomeňme, že absolutně spojité unimodálńı rozděleńı s modem v bodě 0 je
hvězdicovité kolem nuly, jestliže pro jeho hustotu f plat́ı

0 ≤ s ≤ t < ∞ ⇒ f(tx) ≤ f(sx)

pro všechny body x ∈ Rp. Množina M je hvězdicovitá v̊uči bodu x, centru
hvězdicovité množiny M , jestliže plat́ı

y ∈ M ⇒ xy ⊂ M,

kde xy znač́ı úsečku s koncovými body x a y. Autoři [10] navrhuj́ı naj́ıt nej-
vhodněǰśı tvar konfidenčńı množiny C mezi všemi hvězdicovitými množinami
se společným centrem (modem rozděleńı) a poté konstruovat centrálńı oblas-
ti zvěťsováńım a zmenšováńım optimálńı množiny C. Za zmı́nku stoj́ı, že
všechny takto zkonstruované konfidenčńı množiny maj́ı stejný tvar.

Samozřejmě nechceme zpochybňovat oprávněnost konvexńıch centrálńıch
oblast́ı. Jsou př́ıpady, kdy se jedná o nezpochybnitelnou volbu. Např́ıklad
pro mnohorozměrné normálńı rozděleńı bychom čekali, že všechny definice
hloubky povedou ke známým (a stejným) elipsoid̊um. Domńıváme se ale,
že by kvazikonkavita hloubky, tedy konvexita centrálńıch oblast́ı, měla být
požadována jen v od̊uvodněných př́ıpadech21. Na obrázku 14 je znázorněno,

21Jinak jsme sváděni k domněnce, že kvazikonkavita hloubky je pouze z nouze ctnost,
protože vycháźı u všech hloubek z hlavńıho proudu
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Obrázek 14: Konvexńı a hvězdicovitá množina.

jak nuceně konvexńı tvary centrálńıch oblast́ı mohou obsahovat zbytečně
mnoho hluchých mı́st. V určitých př́ıpadech nezbývá než uznat, že mno-
horozměrné prostory nab́ızej́ı bohatš́ı geometrii než jednorozměrný. Proto se
přidáváme k názoru, že je vhodné uvažovat bohatš́ı množinu tvar̊u, než jsou
konvexńı množiny.

Opust́ıme-li tedy požadavek konvexity centrálńıch oblast́ı, muśıme se za-
myslet zda tento požadavek nějak nahrad́ıme. DasGupta a spol. navrhuj́ı
použ́ıvat hvězdicovité množiny, tedy zachovat alespoň vlastnost IV, pokles
hloubky podél paprsk̊u (navrhuj́ı ale použ́ıt jeden tvar množiny pro všechny
centrálńı oblasti daného rozděleńı, což je hodně omezuj́ıćı požadavek vzniklý
snad z výpočetně-optimalizačńıch d̊uvod̊u). Na druhé straně stoj́ı úrovňové
množiny, které mohou mı́t zcela libovolný tvar, nemuśı být ani souvislé, ne-
muśı být dokonce ani otevřené, ani uzavřené (nesplňuj́ı tedy apriori požadav-
ky IV, VI a VIII). Z analogie k jednorozměrným kvantil̊um se přirozeným
požadavkem ukazuje souvislost centrálńıch oblast́ı, alespoň v př́ıpadech uni-
modálńıch rozděleńı22. V každém př́ıpadě pro obecná rozděleńı se nezdá být
vhodné omezovat možné tvary centrálńıch oblast́ı. Sṕı̌se je podstatné vybrat
hloubkovou funkci, která z rozděleńı zachová a zvýrazńı ty vlastnosti, které
zkoumáme23.

4 Směrové hloubky

Chceme-li rozš́ı̌rit možné tvary centrálńıch oblast́ı na hvězdicovité množiny,
muśıme se zamyslet nad definićı hloubky, která tuto vlastnost zaruč́ı. Výše
jsme uvedli, že v článku [10] se hledá optimálńı tvar hvězdicovité množiny

22Tato vlastnost je pro unimodálńı rozděleńı úrovňovými množinami pochopitelně
splněna.

23Volba metody je dost subjektivńı—to by nás nemělo ve statistice překvapovat.
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pro dané rozděleńı. Existuje však definice hloubky, která př́ımo vede na
hvězdicovité množiny a nav́ıc α centrálńı oblasti mohou mı́t pro r̊uzná α
velmi odlǐsné tvary. Jedná se o směrovou hloubku.

4.1 Směrová hloubka na př́ımkách

Ve svém článku [52] definuje Wei směrové kvantily pomoćı rozděleńı na
př́ımkách procházej́ıćıch středem.

Definice 10. Uvažujme absolutně spojité rozděleńı pravděpodobnost́ı P na Rp

a jeho hustotu f . Bud’ S mnohorozměrný medián rozděleńı P . Pro libovolnou
př́ımku l tvaru l = S + tx, t ∈ R, kde x = (x1, x2, . . . , xp) je vektor délky 1
a xp ≥ 0 (l procháźı bodem S, x směřuje na

”
sever“) definujme podmı́něnou

hustotu fl(t) na R jako hustotu podmı́něného rozděleńı reálného parametru t
za podmı́nky, že X = S + tx (X lež́ı na př́ımce l). Pro (jednorozměrné)
rozděleńı s hustotou fl najdeme α/2 kvantil qα/2(l) a 1−α/2 kvantil q1−α/2(l).
Body S + qα/2(l)x a S + q1−α/2(l)x tvoř́ı α směrové kvantily pro př́ımku l.
Množina všech směrových α kvantil̊u tvoř́ı α kvantilovou konturu.24

Všimněme si, že směrové kvantily samy o sobě nedefinuj́ı střed. Ten muśı
být dodán zvenč́ı.

Samotná definice směrových kvantil̊u, tedy pomoćı podmı́něných rozdě-
leńı na př́ımkách, je afinně invariantńı. Př́ımka z̊ustane př́ımkou a pořad́ı
bod̊u na př́ımce se bud’ zachová, nebo převrát́ı. Pro afinńı invarianci je tedy
rozhoduj́ıćı afinńı invariance navrženého středu. Wei navrhuje použ́ıt mno-
horozměrný medián, který obecně afinně invariantńı neńı, proto doporučuje
nejprve provést standardizace diskutované výše.

Směrové kvantily na př́ımce maj́ı jednu zásadńı nevýhodu. Pro jednotlivé
př́ımky je medián q1/2(·) totožný se středem S jen velmi výjimečně (v př́ıpadě
středově symetrických rozděleńı). Může se proto snadno stát, že oba kvan-
tily, qα/2(l) a q1−α/2(l) lež́ı v̊uči středu S na stejné straně př́ımky l. T́ım
docháźı k nevhodnému zacykleńı kvantilových kontur, což je jen velmi obt́ıžně
vysvětlitelný fenomén. Zejména postaveńı středu S je v tomto př́ıpadě značně
podivné.

Daľśı otázkou je, jak poč́ıtat směrové kvantily pro empirická rozděleńı.
V tomto př́ıpadě skoro všechny př́ımky neobsahuj́ı žádné pozorováńı. Pro
určeńı směrových kvantil̊u proto muśıme použ́ıt nějakou lokálńı metodu.
Nab́ıźı se nahradit kvantily na př́ımce nějakým odhadem kvantilu na okoĺı
zkoumané př́ımky. Jinou možnost́ı je nejprve odhadnout rozděleńı, např́ıklad
pomoćı jádrového odhadu hustoty, a poté spoč́ıtat směrové kvantily pro od-
had hustoty. V každém př́ıpadě na volbě metody záviśı, zda empirické směrové
kvantily budou afinně invariantńı, př́ıpadně konzistentńı.

24Autor doufá, že zde přesně vystihl význam trochu vágněji napsané definice, kterou lze
naj́ıt v p̊uvodńım článku.
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Obrázek 15: Nezacyklená a zacyklená kvantilová kontura.

Pokud nedocháźı k zacykleńı kvantilových kontur, jsou směrové centrálńı
množiny přirozeně hvězdicovité. V opačném př́ıpadě pochopitelně nikoliv.
V článku [52] autor navrhuje zacyklenou oblast přidat do centrálńı množiny,
č́ımž se odstrańı (?!) uvedený defekt a centrálńı množina je hvězdicovitá.
Střed S v každém př́ıpadě z̊ustává na hranici všech zacyklených kvantilových
kontur.

4.2 Polárńı směrové kvantily—cykly u nás nevedeme

V diplomové práci [17] se objevuje jiná definice směrového kvantilu. Tentokrát
se nebudeme d́ıvat na př́ımky procházej́ıćı středem S, ale na polopř́ımky,
kterým je S počátkem.

Definice 11. Uvažujme absolutně spojité rozděleńı pravděpodobnost́ı P na Rp

s hustotou f . Bud’ S mnohorozměrný medián rozděleńı P . Pro libovolnou po-
lopř́ımku m tvaru m = S + tx, t ≥ 0, kde ‖x‖ = 1 definujme podmı́něné
rozděleńı fm(t) jako podmı́něné rozděleńı P za podmı́nky, že X lež́ı na po-
lopř́ımce m. Pro (jednorozměrné) rozděleńı s hustotou fml najdeme 1 − α
kvantil q1−α(m). Body S + q1−α(m)x tvoř́ı 1 − α směrové kvantily pro po-
lopř́ımku m. Množina všech směrových 1−α kvantil̊u tvoř́ı 1−α kvantilovou
konturu.

Ekvivalentńı a názorněǰśı je definice polopř́ımkového kvantilu pomoćı po-
lárńıch souřadnic v̊uči středu S.

Uvažujme absolutně spojité rozděleńı pravděpodobnost́ı P na Rp s hus-
totou f . Bud’ S mnohorozměrný medián rozděleńı P . Převed’me náhodnou
veličinu X s rozděleńım P na náhodnou veličinu Z = (D,A) vyjadřuj́ıćı hy-
persférické souřadnice X v̊uči S. Konkrétně D ≥ 0 je vzdálenost X od S
a A určuje směr25 X od S. Převod do sférických souřadnic v trojrozměrném
Euklidově prostoru lze přehledně nalézt např́ıklad v [41].

25V hypersférických souřadnićıch se jedná o vektor úhl̊u φ1 ∈ [0, 2π), φi ∈ [0, π),
i = 2, . . . , p − 1.
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Obrázek 16: Polopř́ımkový směrový kvantil a jeho výpočet pomoćı polárńıch
(hypersférických) souřadnic.

Označme Q rozděleńı náhodné veličiny Z, Q je opět absolutně spojité,
a označme g hustotu Q v̊uči Lebesgueově mı́̌re. Označme dále ga hustotu
podmı́něného rozděleńı Qa vzdálenosti D při podmı́nce A = a.

Definice 12. Polárńımi kvantily rozděleńı P v̊uči středu S rozumı́me kvantily
podmı́něných rozděleńı Qa.

Polárńı α kvantil ve směru a, označený q1−α(a), je definovaný jako 1−α
kvantil jednorozměrné náhodné veličiny D za podmı́nky A = a.

Po převedeńı hypersférických souřadnic (q1−α(A), A) zpět do kartézských
dostaneme stejné kvantilové kontury jako v definici 11. Z praktických d̊uvod̊u
dáváme přednost definici 12, protože názorně ukazuje cestu k výpočtu, viz
obrázek 16.

Stejně jako v př́ıpadě př́ımkového směrového kvantilu, i polárńı směrový
kvantil je afinně ekvivariantńı, je-li afinně ekvivariantńı volba středu S. Dı́ky
polárńım souřadnićım je možné poměrně snadno poč́ıtat podmı́něné kvantily
q1−α(a) ve směru a i pro empirická rozděleńı. Tato definice př́ımo vyb́ıźı
k použit́ı regresńıch kvantil̊u, které v tomto př́ıpadě muśı být ve správném
smyslu periodické. Vı́ce o tomto př́ıstupu lze nalézt v diplomové práci [26],
př́ıpadně v tomto svazku v př́ıspěvku [27].

Centrálńı oblasti polárńıch kvantil̊u jsou z definice přirozeně hvězdicovité
v̊uči středu S.

4.3 Porovnáńı obou př́ıstup̊u

V obou př́ıpadech se směrovými kvantily spojujeme přirozeně definovanou
směrovou hloubku. Pro př́ımkové směrové kvantily ji lze pro bod x lež́ıćı na
př́ımce l = S + tz definovat jako

H(P, x) = sup{α : x ∈ [S + qα/2(l)z, S + q1−α/2(l)z]}. (11)
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V př́ıpadě polárńıch směrových kvantil̊u je pro bod x lež́ıćı ve směru a od
středu S hloubkou hodnota

H(P, x) = sup{α : ‖x − S‖ ≤ q1−α(a)}. (12)

Jinými slovy, bod x má hloubku H(P, x), jestliže na př́ımce (polopř́ımce)
spojuj́ıćı x a S lež́ı uvnitř každé 1 − h kvantilové kontury pro h < H(P, x).

Velkou výhodou směrových kvantil̊u je fakt, že lze př́ımo určovat 1 − α
centrálńı oblasti. To vyplývá z faktu, že z podmı́něných rozděleńı ve směrech
(na př́ımkách, nebo v polárńıch souřadnićıch) určuje obyčejné jednorozměrné
kvantily, proto oblast vymezená kvantily pro daný směr má pravděpodobnost
1 − α a d́ıky větě o úplné pravděpodobnosti má př́ıslušná centrálńı oblast
pravděpodobnost 1 − α. Pro empirickou verzi toto plat́ı samozřejmě jen
přibližně. Tato vlastnost je velmi výjimečná, u všech ostatńıch uvedených
hloubek je nutné postupovat opačně. Pro úrovňové množiny hloubkové funkce
nejprve urč́ıme pravděpodobnost, za centrálńı oblast vybereme tu úrovňovou
množinu, která má předepsanou pravděpodobnost.

V obou př́ıpadech se jedná o výpočetně poměrně jednoduché postupy.
Domńıváme se, že náš postup pomoćı polárńıch souřadnic je dokonce ná-
zorněǰśı a př́ımočarý. Jediné, nač muśıme upozornit u polárńıch kvantil̊u je
nutnost periodicity (v́ıce v [26, 27]).

Směrové kvantily jsou teoreticky afinně ekvivariantńı. V obou př́ıpadech
ale tato vlastnost záviśı na volbě středu S (viz výše). Afinńı invariance
hloubky neplat́ı pro empirické verze, nebot’ je nutné nahradit př́ımky (po-
lopř́ımky) oblastmi s nenulovou Lebesgueovou mı́rou. Zvoĺıme-li takovou
oblast pevně, nemůže být afinně ekvivariantńı. Proto lze doporučit vhod-
nou standardizaci náhodného výběru předt́ım, než přistouṕıme k vlastńımu
výpočtu hloubky.

Na polárńıch směrových kvantilech je dobře vidět, že konzistence hloubky
je spjata s konzistenćı jednotlivých odhad̊u. Konzistentńı muśı být odhad
středu, odhad regresńıch kvantil̊u a, v př́ıpadě standardizece, odhad standar-
dizačńı transformace. V článku [52] je konzistence uvedena jako zřejmá.

4.4 Voĺıme střed

Jak zvolit ten nejvhodněǰśı střed pro směrové kvantily? Wei [52] navrhuje
použ́ıt afinně ekvivariantńı verzi mnohorozměrného mediánu (minimalizuj́ı-
ćıho středńı L1 vzdálenost). V tom př́ıpadě ale potřebujeme předpokládat
existenci konečného prvńıho momentu. Nav́ıc pro nekonvexńı nosič rozděleńı
nemuśı mnohorozměrný medián být uvnitř nosiče. Ideálńı kandidát na střed
směrových kvantil̊u by ale měl být obklopen oblast́ı s nenulovou pravděpo-
dobnost́ı ve všech směrech. Z podobných d̊uvod̊u nemuśı být vhodným kan-
didátem ani nejhlubš́ı bod v poloprostorové hloubce, př́ıpadně v L1 hloubce.

Zat́ımco při použit́ı př́ımkových směrových kvantil̊u střed mimo nosič
rozděleńı vede vždy k zacykleńı (všech) kvantilových kontur26, pro polárńı

26K zacykleńı může doj́ıt i v př́ıpadě, kdy střed je uvnitř nosiče
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Obrázek 17: Polopř́ımkový směrový kvantil; střed je na hranici všech
centrálńıch oblast́ı.

směrové kvantily k zacykleńı nemůže doj́ıt ani v tomto př́ıpadě. Přesto pře-
chod k polárńım kvantil̊um neńı všespásný. Stále z̊ustává faktem, že polárńı
směrové kvantily jsou vhodné pro hvězdicovitá rozděleńı. Nemůže sice na-
stat zacykleńı kvantilové kontury, ale střed může stále být na hranici všech
centrálńıch oblast́ı. Na obrázku 17 je proto znázorněno rozděleńı na banánu,
klasický př́ıklad odhaluj́ıćı slabiny mnoha hloubek.

Světle šedá oblast neosahuje žádné hodnoty náhodné veličiny, přesto je
zahrnuta do všech centrálńıch oblast́ı. Střed je na hranici všech centrálńıch
oblast́ı (je obsažen ve všech kvanitlových konturách). Problém je zjevně ve
volbě středu27. Přitom množina na obrázku 17 hvězdicovitá je v̊uči mnoha
bod̊um (což sice neznamená, že i rozděleńı s t́ımto nosičem je hvězdicovité,
ale předpokládejme, že ano), takže by vhodným středem mohl být některý
z těchto bod̊u.

V mnoha situaćıch by se nejlépe hodil modus rozděleńı. Modus se ale
nesnadno hledá a, což je podstatněǰśı, nemuśı být jediný28.

Ve standardńıch př́ıpadech symetrických rozděleńı je vesměs jedno, kte-
rou hloubku zvoĺıme pro hledáńı středu—nejhlubš́ıho bodu. Jsou ale situace,
kdy nemůžeme ř́ıci, který střed je ten pravý. Snad by stálo za úvahu použ́ıt
pro hledáńı vhodného středu podobný postup, jaký je v článku [10] navržen
pro hledáńı vhodného tvaru hvězdicovité množiny. Vybrat střed (definuje
př́ıslušnou hloubku a kvantilové kontury) podle nějakého vhodného kritéria
pro (vybrané) centrálńı oblasti.

27Ale co dělat, když např́ıklad medián po složkách, nebo poloprostorově nejhlubš́ı bod
takto vyjde?

28Modus ovšem může také ležet na hranici nosiče, jako je tomu např́ıklad pro expo-
nenciálńı rozděleńı
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Nezbytnost dosadit zvenč́ı střed S do definice směrové hloubky může vést
ke zvýšeńı výpočetńı náročnosti. Na druhou stranu, ani při použit́ı poloprosto-
rové hloubky neńı nutné poč́ıtat hloubku všech bod̊u k určeńı nejhlubš́ıho
bodu. Mezi rychlé algoritmy výpočtu empirického nejhlubš́ıho bodu patř́ı
např́ıklad postup popsaný v článku Jǐŕıho Matouška [36].

Poznámka 2. Směrová hloubka se hod́ı zejména na rozděleńı hvězdicovitého
typu. Oproti kvazikonkávńım hloubkám dostaneme širš́ı tř́ıdu možných tvar̊u
centrálńıch množin.

Přesto v některých př́ıpadech m̊užeme potřebovat ještě flexibilněǰśı tř́ıdu
možných centrálńıch oblast́ı. Např́ıklad pro směsi rozděleńı. Nechceme-li při-
tom použ́ıvat úrovňové množiny, muśıme nějakým zp̊usobem lokalizovat ně-
kterou z klasických definic hloubek.

5 Zobecněńı poloprostorové hloubky—vážená hloubka

Původně tato hloubka vznikla při hledáńı vhodného středu pro směrovou
hloubku. Ukázalo se ale, že má některé nečekané, ale zaj́ımavé vlastnosti,
viz [20, 50, 51]. Zejména oceňujeme možnost volit mezi zvýrazněńım či po-
tlačeńım lokálńıch a globálńıch vlastnost́ı zkoumaného rozděleńı.

5.1 Definice

Nejprve definujme váhovou funkci.

Definice 13. Funkce w+ : Rp → [0,∞) taková, že w+(x) = 0 pro x ∈
{(x1, . . . xp);xp < 0} se nazývá váhová funkce hloubky. Označme dále
w−(x) = w+(−x).

Z mnoha d̊uvod̊u se vyplat́ı použ́ıvat jen rozumné váhové funkce. Na-
př́ıklad takové, že jejich hodnota záviśı na vzdálenosti podél osy xp a na
vzdálenosti x2

1 + . . . x2
p−1 od osy xp. Tedy

w+(x1, . . . , xp−1, xp) = w(x2
1 + · · · + x2

p−1, xp), (13)

což je požadavek určité silné symetrie funkce w+ okolo osy xp. Slabš́ım
požadavkem je symetrie váhové funkce hloubky

w+(x1, x2, . . . , xp−1, xp) = w+(−x1,−x2, . . . ,−xp−1, xp). (14)

Někdy je vhodné předpokládat také směrovou homogenitu váhové funkce
hloubky

w+(x1, . . . , xp−1, xp) = w+(x1, . . . , xp−1, kxp), pro všechna k > 0, (15)

př́ıpadně úhlovou homogenitu ve tvaru

w+(x1, . . . , xp−1, xp) = w+(kx1, . . . , kxp−1, kxp), pro všechna k > 0. (16)
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w+w+

w−w−

x x

y

y

Obrázek 18: Výpočet vážené hloubky bodu x minimalizaćı přes všechny orto-
normálńı transformace rozděleńı.

Nebudeme-li váhovou funkci specifikovat, budeme dále požadovat jej́ı syme-
trii, po částech spojitost a w+(0, . . . , 0, xp) ≥ m > 0 pro xp ≥ 0. Př́ıkladem
vhodné váhové funkce může být např́ıklad pásová váhová funkce

w+(x) =

{
1

∑p−1
1 x2

i ≤ h, xp ≥ 0,

0 jinak.
(17)

Pásová váhová funkce je zřejmě silně symetrická a směrově homogenńı ve
smyslu (13) a (15).

Vektor (0, 0, . . . , 0, 1) má úlohu směru, kterým je zobecněná poloprosto-
rová hloubka orientována. Označme Op množinu všech ortonormálńıch trans-
formaćı (zachovávaj́ıćıch vzdálenosti a úhly) prostoru Rp.

Definice 14. Bud’ P rozděleńı pravděpodobnost́ı na prostoru Rp a w+ vhodná
váhová funkce hloubky. Definujme hloubku bodu x jako

D(P, x) = inf
A∈Op

EP w+

(
A(X − x)

)

EP w−
(
A(X − x)

) , (18)

kde pod́ıl 0/0 definujeme jako 1.

Na obrázku 18 je znázorněn postup poč́ıtáńı vážené hloubky. V bodě x je
poč́ıtána hloubka s využit́ım váhových funkćı w+ a w−. Provedeme všechny
ortonormálńı transformace které nezměńı bod x (na obrázku je znázorněno
otočeńı bodu y a celého rozděleńı) a pro každou takovou ortonormálńı trans-
formaci A spoč́ıtáme pod́ıl vah EP w+

(
A(X − x)

)
/EP w−

(
A(X − x).

Takto definovaná hloubka je invariantńı v̊uči posunut́ı i rotaćım. Obecně
však afinně invariantńı neńı, protože definice váhové množiny v sobě obvyk-
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Obrázek 19: Zavedeńı vah do poloprostorové hloubky kaźı afinńı invarianci.

le zahrnuje (byt’ skrytě) úhly mezi vektory. Např́ıklad pásová hloubková
funkce (17) nemůže definovat hloubku invariantńı v̊uči r̊uznému přenásobeńı
os, viz obrázek 19. Proto doporučujeme použ́ıt opět standardizaci pomoćı
vhodné transformace a teprve poté volit vhodnou hloubkovou funkci a poč́ıtat
hloubku.

5.2 Základńı vlastnosti a volba hloubkové funkce

Na rozd́ıl od většiny hloubek nemuśı existovat právě jeden bod s největš́ı
váženou hloubkou. V tom je vážená hloubka podobná úrovňovým množinám.
Centrálńı oblasti nemuśı být ani konvexńı, ani hvězdicovité, ba ani sou-
vislé množiny. Na druhou stranu, při volbě vhodné hloubky (symetrické,
př́ıpadě ještě homogenńı) lze snadno ukázat, že střed symetrických rozděleńı
(př́ıpadně angulárně symetrických rozděleńı) je jediným nejhlubš́ım bodem.
V př́ıpadě středově symetrických rozděleńı je i vážená hloubka středově sy-
metrická za předpokladu, že váhová funkce hloubky je symetrická.

Pro absolutně spojitá rozděleńı a rozumné váhové funkce je hloubka bodu
konzistentńı. Rozumné váhové funkce jsou takové, které jsou dostatečně spo-
jité (po částech spojité) a správně měřitelné. př́ıkladem může být funkce (17),
př́ıpadně nějaká jej́ı spojitá verze. Toto plat́ı až na některé patologické př́ı-
pady bod̊u na hranici nosiče hustoty při nevhodně zvolené váhové funkci.
Ukázka nekonzistence je na obrázku 2029. Představme si rovnoměrné roz-
děleńı na znázorněné množině. Přirozený střed ve vrcholu kužele teoreticky
má, d́ıky symetrii rozděleńı, hloubku jedna. Ale pro libovolný náhodný výběr
z tohoto rozděleńı existuje pozorováńı y takové, že při vhodném otočeńı ne-
zasáhne váhová funkce w+ žádné pozorováńı, zat́ımco váhová funkce w−
zasáhne právě pozorováńı y. Empirická hloubka vrcholu kuželu je 0/n−1 = 0
s pravděpodobnost́ı jedna, nemůže tak konvergovat k jedné.

29Jde o dost podivný, až patologický př́ıklad
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Obrázek 20: Vážená hloubka nemuśı být konzistentńı ve všech bodech. Teore-
ticky (vlevo) má vrchol kuželu hloubku jedna. Pro libovolně velký výběr má
vrchol s pravděpodobnost́ı jedna hloubku nula (vpravo).

Jde zřejmě o velmi umělý př́ıklad. Hloubka všech ostatńıch bod̊u v tomto
př́ıpadě konzistentńı je. Zde se sešly dvě neblahé skutečnosti; střed (vrchol
kuželu) neńı obklopen nosičem ze všech stran a váhové funkce w+ s w−
nepokrývaj́ı dohromady žádné okoĺı bodu 0, jen výseč tohoto okoĺı. Bud’ se
tedy smı́̌ŕıme s t́ım, že hloubka nemuśı být konzistentńı na hranici nosiče,
nebo zavedeme požadavek lokálńıho pokryt́ı váhové funkce. Tento požadavek
lze vyjádřit formálně

∃r > 0, ε > 0 tak, že ‖x‖ ≤ r, xp ≥ 0 ⇒ w+(x) ≥ ε > 0. (19)

Celkově lze ř́ıci, že vážená hloubka oproti poloprostorové hloubce zvý-
razňuje lokálńı vlastnosti rozděleńı. Z toho plyne i návod, jak volit váhovou
funkci. Volbou

w+(x) =

{
1 xp ≥ 0,

0 xp < 0

dostáváme ekvivalent poloprostorové hloubky. Č́ım v́ıce zužujeme nosič
hloubkové funkce k ose xp (viz např́ıklad vážená hloubka (17)), t́ım v́ıce vy-
zdvihujeme lokálńı vlastnosti rozděleńı. Na druhou stranu, empirická vážená
hloubka poč́ıtá jen s pozorováńım, které padne do nosiče váhové funkce. Ne-
spojitá váhová funkce má podobné dopady jako nespojité jádro v odhadu hus-
toty. Proto lze, zejména pro menš́ı rozsahy výběru, doporučit váhové funkce
spojité v Rp−1 × R+.

5.3 Př́ıklady rozd́ıl̊u mezi poloprostorovou a váženou
hloubkou

Zaměřme se na situace, kdy vážená hloubka dává podstatně jiné výsledky než
poloprostorová hloubka. Použijme váhovou funkci (17). Připomeňme, že č́ım



Výpravy do hlubin dat 125

Obrázek 21: Centrálńı oblasti vážené (vlevo) a poloprostorové (vpravo)
hloubky pro rovnoměrné rozděleńı na čtverci.

větš́ı hodnotu h v (17) voĺıme, t́ım v́ıce se vážená hloubka bĺıž́ı poloprostorové
hloubce a naopak.

Na obrázku 21 vid́ıme schematicky znázorněné centrálńı oblasti pro rov-
noměrné rozděleńı na čtverci [0, a]2. Volbou váhové funkce (17), kde h je
relativně malé v̊uči délce strany a (např́ıklad h = a/20) dostáváme obrázek
vlevo. Na prvńı pohled centrálńı oblasti vážené hloubky mnohem v́ıce koṕıruj́ı
tvar nosiče hustoty. Zaobleńı v roźıch jsou zp̊usobena volbou š́ı̌rky pásu h.
Standardńı poloprostorová hloubka (vpravo) vede na centrálńı oblasti, které
jsou, protože jde o rovnoměrné rozděleńı, stejně velké v Lebesgueově mı́̌re
jako odpov́ıdaj́ıćı centrálńı oblasti vážené hloubky. Tvar centrálńıch oblast́ı
je hodně proměnlivý a jen pomalu se přibližuje nosiči hustoty. Připomeňme,
že úrovňové množiny jsou v tomto př́ıpadě jen tři, jmenovitě ∅, [0, a]2 a R2.

Rovnoměrné rozděleńı neńı možná úplně typické. Na obrázku 22 máme
schematicky naznačeny centrálńı oblasti pro dvourozměrné rozděleńı s expo-
nenciálńımi marginálami a nezávislými složkami. Pro porovnáńı jsou do-
plněny vybrané vrstevnice hustoty (hranice úrovňových množin).

Vážená hloubka opět nab́ıźı centrálńı oblasti, které jsou mnohem bĺı̌ze
struktuře hustoty rozděleńı. Tyto centrálńı oblasti se př́ılǐs nelǐśı od úrovňo-
vých množin naznačených v obrázku. Centrálńı oblasti pro poloprostorovou
hloubku jsou př́ılǐs vypouklé a zbytečně objemné (v Lebesgueově mı́̌re), podle
našeho názoru nejsou moc vhodné30. Na tomto př́ıkladu je pěkně vidět, proč
o vážené hloubce tvrd́ıme, že je kompromisem mezi úrovňovými množinami
a poloprostorovou hloubkou.

Posledńı ilustraćı budiž př́ıpad směsi dvou normálńıch rozděleńı.
Na obrázku 23 máme schematicky nakreslené vrstevnice dvou normálńıch
rozděleńı, které kombinujeme s vahami 0,3 a 0,7. Uprostřed a vlevo jsou na-
značeny vrstevnice vážené, př́ıpadně poloprostorové hloubky a jejich centrálńı
oblasti.

30Nikomu ale náš názor nevnucujeme. Volba hloubky a posuzováńı jej́ıch vlastnost́ı je
velice subjektivńı.
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Obrázek 22: Centrálńı oblasti vážené (vlevo) a poloprostorové hloubky pro
dvourozměrné eponenciálńı rozděleńı. Čárkovaně jsou naznačeny úrovňové
množiny.

0,3

0,7

Obrázek 23: Centrálńı oblasti vážené (uprostřed) a poloprostorové (vpravo)
hloubky pro směs dvou normálńıch rozděleńı. Vlevo jsou naznačeny vrstevnice
obou složek a jejich váha ve směsi.

Opět vid́ıme již známý fenomén. Vážená hloubka v́ıce koṕıruje hustotu,
centrálńı oblasti poloprostorové hloubky jsou konvexńı a maj́ı zbytečně velkou
plochu. Centrálńı oblasti vážené hloubky naznačuj́ı existenci dvou oblast́ı,
podobně jako by tomu bylo u úrovňových množin. Zde se rýsuje možnost
použ́ıt váženou hloubku pro diskriminačńı a klasifikačńı účely.

Př́ımo se nab́ıźı otázka, zda množina všech kvantilových kontur, nebo ekvi-
valentně množina všech centrálńıch oblast́ı, může charakterizovat rozděleńı.
Pro poloprostorovou hloubku plat́ı, viz [46], že množina všech empirických
kvantilových kontur charakterizuje náhodný výběr, potažmo empirickou mı́-
ru. Podobný výsledek je znám i pro některé daľśı hloubky. Speciálně pro zo-
noidy [24] a pro simplexovou hloubku [25]. Pro váženou hloubku ještě obdob-
ný výsledek nemáme.
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6 Použ́ıváńı hloubky

Hloubka se uplatňuje např́ıklad v mnohorozměrných obdobách neparamet-
rických test̊u. Rozsáhlé shrnut́ı nab́ıźı článek [31], ve kterém se lze doč́ıst
o popisných statistikách, obdobách známých QQ diagramů, nebo o mnoho-
rozměrné variantě krabicových diagramů, slunečńıch grafech31. Jsou defi-
novány pojmy jako měř́ıtko a rozptyl, šikmost, špičatost coby obdoby zná-
mých charakteristik jednorozměrné náhodné veličiny. Pomoćı grafických me-
tod jsou potom testovány hodnoty těchto charakteristik, př́ıpadně porovná-
vány dva výběry. Zde se naskýtá mnoho př́ıležitost́ı pro odvozováńı daľśıch
variant a verźı neparametrických mnohorozměrných metod založených na
uspořádáńı hloubkou. Nověǰśı výsledky lze nalézt např́ıklad v člán-
ćıch [28, 33].

Daľśı z aplikaćı hloubek je v oblasti klasifikace dat. Velkou výhodou je
neparametrická podstata hloubky, čili klasifikačńı kriteria nejsou založena
na (obvyklém) předpokladu normality. Vı́ce informaćı lze źıskat v člán-
ćıch [15, 16, 22, 39].

Hloubka je ale zaj́ımavá i pro výzkumńıky v oblasti výpočetńı geometrie.
Zájemc̊um doporučujeme http://www.cs.tufts.edu/research/geometry.
Zde lze nalézt také odkaz na software Depth Explorer [21]. Ten pokrývá
zejména poloprostorovou hloubku a L1 hloubku a v současné době by měl už
být i ve verzi pro Linux.

Posledńı oblast́ı, kterou zmı́ńıme, je uplatněńı hloubky pro funkcionálńı
data, tedy pro nekonečněrozměrné výběrové prostory. V posledńı době se
objevuje několik praćı, zabývaj́ıćıch se touto problematikou, např́ı-
klad [8, 9, 34]. I zde je výzkum teprve v počátćıch. Proto se domńıváme,
že v oblasti hloubky a jej́ıch aplikaćı je spousta zaj́ımavých a nevyřešených
problémů, které čekaj́ı, až se jich někdo choṕı.
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ESTIMATION OF THE SCALE PARAME-
TER IN BURR TYPE XII DISTRIBUTION

Erika Hönschová
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Abstract: An L-estimate of the scale parameter of the Burr type XII dis-
tribution, under the assumption that other parameters of this distribution
are known, is presented. The parameter c of this distribution is assumed to
fulfill the inequality c > 1

2 , which includes the Pareto distribution (the value
c = 1) as a special case. Under this assumption the asymptotic normality of
this estimate is proved and the order of convergence of the remainder term in
the asymptotic linearity expansion of the presented statistic is also included.

Abstrakt: V práci je skonštruovaný L-odhad parametra škály Burrovho roz-
delenia typu XII, za predpokladu, že ostatné parametre tohto rozdelenia sú
známe. Predpokladáme, že parameter c tohto rozdelenia sṕlňa podmienku
c > 1

2 , čo zahŕňa aj Paretovo rozdelenie (hodnotu c = 1) ako špeciálny
pŕıpad. Za tohto predpokladu je dokázaná asymptotická normalita tohto od-
hadu a práca tiež zahŕňa rád konvergencie zvyšku v asymptotickej lineárnej
reprezentácii.

1 Introduction

Let X be a random variable with distribution function belonging to the
location-scale family of the Burr type XII distribution, which is according
to [4] given by

F (x, µ, σ, k, c) = 1 −
(

1 +

(
x − µ

σ

)c)−k

for x ≥ µ, (1)

where k > 0, c > 0, σ > 0, µ ∈ R.
The density function is

f(x, µ, σ, k, c) =
kc

σ

(
1 +

(
x − µ

σ

)c)−k−1 (
x − µ

σ

)c−1

for x ≥ µ. (2)

The Burr type XII distribution has been applied in studies of household
income, insurance risk, reliability analysis etc, e.g. by Tadikamalla [9],
Embrechts and Schmidli [1], McDonald [8].

The topic of this paper is the estimation problem of the scale parameter σ
based on order statistics, parameters k, c, µ are assumed to be known. The
asymptotic distribution of the estimate is presented. When compared with
the maximal likelihood estimate, this estimate is easier to compute.
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The estimation of the scale parameter based on order statistics in the
special case c = 1 (known also as the Pareto distribution) has been studied
by Kulldorf and Vännman [7] and Vännman [10]. They derived the best linear
unbiased estimator provided that the parameter k is known and fulfills the
condition k > 2, the case k ≤ 2 is also covered, but by estimates based on
a few selected order statistics, what may be disadvantageous. The asymptotic
distribution of the estimates derived in [7] and [10] is unknown.

The basic idea used in [7] and [10] is to compute the means and covari-

ances of the order statistics X
(1)
n ≤ X

(2)
n , . . . ≤ X

(n)
n and compute the best

linear unbiased estimator using Gauss-Markov theorem. The disadvantage
of this method is, that only order statistics with finite second moments can
be considered to obtain the estimate. E.g. in the case of Pareto distribution
with k < 2 we can use just first m < n + 1 − 2/k order statistics. It is
not easy to compute the means and covariances of the order statistics from
Burr type XII distribution, therefore we present another method of obtaining
L-estimate of scale. The estimate is asymptotically normally distributed and
asymptotically efficient.

2 Estimation of the scale parameter

We will use L-estimates in the form:

Ln =
n∑

i=1

cniX
(i)
n , cni =

i/n∫

(i−1)/n

J(u)du, (3)

where X
(1)
n ≤ X

(2)
n , . . . ≤ X

(n)
n are the order statistics and J(u), u ∈ 〈0, 1〉

is a weights generating function. Under various set of conditions imposed
on the distribution function of the random sample and the weights genera-
ting function, the asymptotic linearity of the estimate was proved by several
authors [2, 6, 3]. The statement of the theorem proved in [3] is as follows:

Theorem 1. (I) Let following assumption be fulfilled:
(A 1) The distribution function F (t) = P (X ≤ t) is continuous and strictly
increasing on (d,D), where d = inf{t; F (t) > 0}, D = sup{t; F (t) < 1}.
(A 2) The function J : (0, 1) → R possesses the derivative J ′ on (0, 1) and

ν =

∫ 1

0

J(u)F−1(u)du

is a real number.
(A 3) There exist real numbers γ = γd > −2, K > 0 such that for each
u ∈ (0, 1

2 〉
|J(u)| ≤ Ku1+γ , |J ′(u)| ≤ Kuγ .

There exist real numbers γ = γD > −2, K > 0 such that for each u ∈ 〈 1
2 , 1)

|J(u)| ≤ K(1 − u)1+γ , |J ′(u)| ≤ K(1 − u)γ .
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(A 4) There exist real numbers κd < γd + 1, κD < γD + 1 such that the
integrals

1/2∫

0

uκd dF−1(u) ,

1∫

1/2

(1 − u)κD dF−1(u)

are real numbers.
(A 5) For every real number x the integrals

H(x) =

+∞∫

x

|J(F (y))| dy ,

+∞∫

−∞

H(x) dF (x) < +∞ ,

+∞∫

−∞

J(F (y))F (y) dy

are real numbers and F (x)H(x) → 0 as |x| → +∞.
Then for the L-estimate (3) the following representation holds

Ln = ν +
1

n

n∑

i=1

ψ(Xi) + OP (
1

n
), (4)

where

ψ(x) =

+∞∫

−∞

J(F (y))F (y) dy −
+∞∫

x

J(F (y)) dy .

(II) Put

L∗
n =

n∑

i=1

cniX
(i)
n , cni =

1

n
J

(
i

n + 1

)
. (5)

In addition to (A 1) - (A 5) suppose also that for some td , tD ∈ (d,D) and
some positive real numbers βd, βD the inequalities

sup{|x|βdF (x); d < x ≤ td}<+∞ , sup{|x|βD (1−F (x)); tD ≤ x < D}<+∞

hold. If

δ1 = 2 + γd − 1

βd
> 0 , δ2 = 2 + γD − 1

βD
> 0 , (6)

then

L∗
n = µ +

1

n

n∑

i=1

ψ(Xi) + Rn , (7)

where

Rn =





OP

(
log n

n

)
, min{δ1, δ2} = 1 ,

OP

(
1

nδ∗

)
otherwise .

Here (cf. (6))
δ∗ = min{1 , δ1 , δ2} .
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Since
∫
R

ψ(x)f(x)dx = 0, by means of the central limit theorem from (4)

follows, that
√

n(Ln−ν)→N(0, V ) in distribution, where ν =
∫ 1

0
J(u)F−1(u) du

and V =
∫
R ψ2(x)f(x)dx.

Let X1, . . . Xn be a random sample from the Burr type XII distribution.
The parameters µ, k, c are assumed to be known. To find the L-estimate of
the scale parameter we will compute the weights generating function J(u) in
a manner described e.g in [5] p.77, which ensures the asymptotically efficiency
of the estimate. Define

φ(x) =
1

I(σ)

∂ ln (f(x, µ, σ, k, c))

∂σ

where

I(σ) = E

[(
∂ ln2(f(x, µ, σ, k, c))

∂σ

)]

is the Fisher information. For c > 1/2, k > 0 put

J(u) = φ
′

(F−1(u)) =
(k + 1)(k + 2)

k
(1−u)

2
k ((1−u)−

1
k −1)

c−1
c , u ∈ (0, 1)

and

σ̂n =
n∑

i=1

cni

(
X(i)

n − µ
)

, cni =

i/n∫

(i−1)/n

J(u)du. (8)

For c > 1
2 , k > 0 the functions J(u), F (u) satisfy the assumption of the

theorem 1 (I) (when compared with [6], [2], this work allows more general
condition imposed on the parameters k, c in the Burr type XII distribution)
with γd = − 1

c , γD = 1
k + 1

kc − 1, κd = − 1
c + ∆d, where 0 < ∆d < 1,

κD = 1
kc + ∆D, where 0 < ∆D < 1

k , therefore the representation (4) holds
with

ν =

∫
J(u)F−1(u)du = σ

ψ(x) =
σ(2 + k)

c

[
1 − (1 + k)

k

(
1 +

(
x − µ

σ

)c)−1
]

for x > µ

and √
n (σ̂n − σ) → N(0, V ) (9)

in distribution, where

V =
1

I(σ)
=

2 + k

kc2
σ2.

If it is tedious to compute the score cni defined in (8), we can use the appro-
ximation c̃ni = 1

nJ( i
n+1 ). Since the conditions of theorem 1 (II) are fulfilled

for c > 1
2 , k > 0 with βd = −c , βD = ck, the representation (4) holds also

for estimate computed with score c̃ni.
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If µ is not known the estimate µ̂=X
(1)
n can be used. The scale estimate

takes the form ˆ̂σn =
∑n

i=1 cni(X
(i)
n −µ̂). Since for c≤2 the relation {X(1)

n −µ} =
Op(1/

√
n) holds, the asymptotic normality (9) of the estimate remains un-

changed for 1
2 < c ≤ 2. This condition includes also the case c = 1, which

was in connection with estimation the location and scale parameter studied
in [7, 10]. In [10] the author derived the BLUE, based on order statistic, when
µ, k of the Pareto distribution are known but only for k > 2. If 2

n < k ≤ 2,
the estimate based on first m order statistics is derived, but under the con-
dition m < n + 1 − 2/k, what may by disadvantageous, mostly if k is small.
The estimate derived in [10] with m = n −

⌊
2
k

⌋
( for which according to [10,

p. 705] the highest efficiency is obtained) is given by:

σ̃m =
1

Tm
((k + 1)

m−1∑

i=1

BiX
(i)
n + ((n − m + 1) k − 1) BkX(k)

n

+ (Tm + 2 − nk) µ),

where

Tm =
nk − 2 − ((n − m) k − 2) Bm

k + 2
(10)

Bi =

(
1 − 2

k (n − i + 1)

)
Bi−1, B0 = 1.

This estimate is unbiased, with variance V (σ̃m) = σ2

Tm
(cf. (10)). The estimate

defined by (8) is

σ̂n =

n∑

i=1

cni(X
(i)
n − µ), (11)

where

cni = (k + 1)

[(
1 − i − 1

n

) 2
k +1

−
(

1 − i

n

) 2
k +1

]
.

This estimate is simpler to compute,
√

n(σ̂n −σ) → N(0, 2+k
k σ2) in distribu-

tion and it is asymptotically efficient. It is useful mostly if k is small, because
then the estimate σ̃m is not defined, while σ̂n is defined for all k > 0. In the
following table are this two estimates compared on the basis of 5000 simulati-
ons of samples from the Pareto distribution with µ = 0, σ = 1. We selected
the values k = 3, 1, 0.5, 0.1 and the sample ranges n = 20, 50, 100. The 25%
and 75% sample quantiles are computed for each sample of estimates.

n=20
k 3 1 0.5 0.1
(Q1(σ̂n), Q3(σ̂n)) (0.84, 1.25) (0.82, 1.42) (0.8, 1.64) (0.86, 3.17)
(Q1(σ̃m), Q3(σ̃m)) (0.79, 1.17) (0.7, 1.2) (0.6, 1.22) *
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n=50
k 3 1 0.5 0.1
(Q1(σ̂n), Q3(σ̂n)) (0.9, 1.14) (0.88, 1.21) (0.86, 1.31) (0.8, 1.96)
(Q1(σ̃m), Q3(σ̃m)) (0.87, 1.12) (0.82, 1.14) (0.77, 1.17) (0.5, 1.24)

n=100
k 3 1 0.5 0.1
(Q1(σ̂n), Q3(σ̂n)) (0.92, 1.09) (0.9, 1.14) (0.89, 1.2) (0.8, 1.52)
(Q1(σ̃m), Q3(σ̃m)) (0.9, 1.08) (0.87, 1.1) (0.84, 1.14) (0.63, 1.21)
* For n = 20, k = 0.1 is the estimate σ̃m not defined.

The simulation showed, that this two estimates seems to be comparable, but
in case k = 0.1, n = 20 only the estimate given by (8) is defined. This
estimate can be used also in the case c 6= 1. This can by useful mainly in the
case, when the data come from unimodal distribution. The density function
of Pareto distribution is strictly decreasing and cannot be used for such data.
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KVANTILY V SEKVENČNÍ ANALÝZE
BODU ZMĚNY

Ondřej Chochola

Kĺıčová slova: sekvenčńı analýza, bod změny, kvantily

Abstrakt: Př́ıspěvek se věnuje možnému využit́ı kvantil̊u v detekci bodu
změny v sekvenčně pozorovaných datech. Teoretická část je rozš́ı̌reńım prá-
ce [3], která je doplněna výsledky simulačńı studie.

Abstract: The contribution is devoted to possible usage of quantiles in
sequential change point analysis. The theoretical part is a extention of [3]
accompanied with a simulation study.

1 Úvod

Práce vycháźı ze schématu navrženém v [2] a rozpracovaném v [3] na tzv.
L1 odhady parametru polohy a regresńıho parametru. Zde se zaměřujeme na
testováńı změny kvantilu distribuce pozorovańı.

Zkoumáńı kvantil̊u bylo motivováno možnou aplikaćı na testováńı změny
Value at Risk (VaR). VaR se často použ́ıvá v ekonometrii jako mı́ra nej-
r̊uzněǰśıch rizik, předevš́ım pak tržńıho rizika daného portfolia. VaR odpo-
v́ıdá ztrátě, kterou portfolio s danou pravděpodobnost́ı nepřekroč́ı v daném
časovém úseku. Z matematického hlediska je tedy kvantilem distribuce vý-
nos̊u.

2 Model

Uvažujeme sekvenčně přicházej́ıćı nezávislá data Yi, i = 1, 2, . . . s distribuč-
ńımi funkcemi Fi, i = 1, 2, . . .. Označme tτi = F−1

i (τ) τ kvantil pozorováńı.
Předpokládáme tzv. podmı́nku stability
(A) máme k dispozici historická (tréninková) data beze změny kvantilu

pozorováńı o délce m, tj. tτ1 = . . . = tτm =: tτ0 , pocházej́ıćı z distribuce F .
Testujeme nulovou hypotézu, že se τ kvantil pozorováńı neměńı:

H0 : tτi = tτ0 , 1 ≤ i < ∞, (1)

přesněji, že se distribučńı funkce Fi v okoĺı tτ0 shoduj́ı s F , proti alternativě,
že se v neznámém bodě m + k∗ distribučńı funkce pozorováńı změńı tak, že
se na okoĺı tτ0 shoduje s F∗, tj. pro τ kvantil pozorováńı plat́ı:

H1 : existuje k∗ ≥ 1 takové, že tτi = tτ0 , 1 ≤ i < m + k∗,

tτi = tτ∗ , m + k∗ ≤ i < ∞, kde tτ∗ = F−1
∗ (τ) 6= tτ0 .

(2)
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Dále předpokládáme
(B) F je spojitá distribučńı funkce, F ′′ existuje v okoĺı tτ0

a F ′(tτ0) = f(tτ0) > 0,
(C) F∗ je spojitá distribučńı funkce.

3 Testová statistika a hlavńı výsledky

Přirozené by bylo založit test na rozd́ılu výběrových kvantil̊u źıskaných z mo-
nitorovaćıho a tréninkového obdob́ı. Přepoč́ıtáváńı výběrových kvantil̊u po
každém novém pozorováńı je však výpočetně náročné, takže se v testové sta-
tistice využ́ıvá analogie L1 rezidúı. Definujeme

ε̃i = τ − I[Yi < t̃τm],

kde I[. . .] znač́ı indikátor jevu a t̃τm je výběrový τ kvantil historických pozo-
rováńı źıskaný minimalizaćı

min
a

m∑

i=1

ρτ (Yi − a) pro ρτ (v) = v(τ − I[v < 0]).

Populačńı analogie je εi = τ − I[Yi < tτ0 ], pro které za H0 plat́ı: Eεi = 0,
var εi = τ(1 − τ). Proto velké absolutńı hodnoty testové statistiky

Q(m, k) =
1√

τ(1 − τ)

m+k∑

i=m+1

ε̃i

zřejmě vedou k zamı́tnut́ı nulové hypotézy.
Čas zastaveńı definujeme jako

τ(m) = inf{k : |Q(m, k)|/g(m, k, γ) ≥ cm(α)}, (3)

kde g(m, k, γ) =
√

m
(

m+k
m

) (
k

m+k

)γ

, γ ∈ [0, 1/2) je takzvaná hraničńı funk-

ce a cm(α) je určeno tak, že jsou splněny následuj́ıćı podmı́nky

lim
m→∞

P (τ(m) < ∞|H0) ≤ α, lim
m→∞

P (τ(m) < ∞|H1) = 1. (4)

Skutečnou změnu tedy detekujeme s pravděpodobnost́ı jdoućı k 1, kdežto
v nezměněném modelu zamı́táme nulovou hypotézu pouze s pravděpodob-
nost́ı α.

K naplněńı (4) využijeme asymptotické chováńı statistiky popsané pro
obě uvažované hypotézy v následuj́ıćıch 2 větách (plat́ı stejné vztahy jako
pro statistiky zkoumané v [2] či [1]).

Věta 1. Necht’ Y1, Y2, . . . jsou nezávislé náhodné veličiny splňuj́ıćı uvažova-
ný model s předpoklady (A),(B) a γ ∈ [0, 1/2). Potom za platnosti nulové
hypotézy (1) pro všechna c > 0

lim
m→∞

P

(
sup

1≤k<∞

|Q(m, k)|
g(m, k, γ)

≤ c

)
= P

(
sup

0≤t≤1

|W (t)|
tγ

≤ c

)
,

kde {W (t), t ∈ [0, 1]} je Wiener̊uv proces.
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Věta 2. Necht’ Y1, Y2, . . . jsou nezávislé náhodné veličiny splňuj́ı uvažovaný
model s předpoklady (A),(C) a γ ∈ [0, 1/2). Potom za platnosti alternativńı
hypotézy (2)

sup
1≤k<∞

|Q(m, k)|
g(m, k, γ)

P−→ ∞, m → ∞.

Věta 1 nám umožňuje aproximovat kritické hodnoty pro testovaćı pro-
ceduru, zat́ımco Věta 2 zaručuje, že nastalá změna bude detekována s prav-
děpodobnost́ı jdoućı k 1.

4 Důkazy vět

Postupujeme analogicky jako v [3], bĺıže se tedy věnujeme pouze rozd́ıl̊um
zp̊usobeným použit́ım kvantil̊u mı́sto L1 odhadu. Všechny konvergence jsou
myšleny pro m → ∞.

Předpoklady (A) umožňuj́ı použit́ı Bahadurovy asymptotické reprezen-
tace výběrového τ kvantilu t̃τm (viz. [1]). Plat́ı

t̃τm − tτ0 =
τ − 1

m

∑m
i=1 I[Yi < tτ0 ]

f(tτ0)
+ Rm sj., (5)

kde Rm = O(m−3/4(ln m)3/4) sj., tedy

t̃τm − tτ0 =

∑m
i=1 εi

mf(uτ )
+ Rm = O(m−1/2(ln lnm)1/2) sj., (6)

nebot’
∑m

i=1 εi = O(
√

m ln lnm) sj., jak plyne ze zákona iterovaného loga-
ritmu.

Dále v d̊ukazech uvažujeme m dostatečně velké tak, aby t̃τm již sj. ležel
v okoĺı tτ0 , kde maj́ı pozorováńı distribučńı funkci shodnou s F resp. F∗.
Jelikož jsou tréninková data Y1, . . . , Ym při začátku monitorováńı známa,
můžeme veškeré výpočty provádět podmı́něně na nich. V podmı́nce jsou tyto
tréninková data reprezentována t̃τm.

Důkaz Věty 1 je rozdělen do několika lemma, jenž maj́ı stejné předpoklady
jako věta. Definujeme pomocné náhodné veličiny Zi, i = m + 1,m + 2, . . .
vztahem Zi = ε̃i − εi = −I[Yi < t̃τm] + I[Yi < tτ0 ]. Tyto veličiny jsou zřejmě
podmı́něně nezávislé.

Lemma 1. Podmı́něná středńı hodnota
∑m+k

i=m+1 Zi je

E

(
m+k∑

i=m+1

Zi|t̃τm

)
= − k

m

m∑

j=1

εj(1 + O(m−3/4(lnm)3/4)) sj.

D̊ukaz. Rozlǐśıme 2 př́ıpady v závislosti na sign(t̃τm − tτ0).
i) Pro t̃τm − tτ0 < 0 máme Zi = I[t̃τm ≤ Yi < tτ0 ] a tedy

E(Zi|t̃τm) = P (t̃τm ≤ Yi < tτ0 |t̃τm) =

∫ tτ
0

t̃τ
m

f(x)dx,
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nebot’ dle (6) plat́ı t̃τm → tτ0 sj. Protože f ′ existuje na okoĺı tτ0 plat́ı

sup{|f(tτ0) − f(x)|, x ∈ [t̃τm, tτ0 ]} = o(1).

Proto E(Zi|t̃τm) = f(tτ0)(tτ0 − t̃τm)(1 + o(1)) sj.

ii) Pro t̃τm − tτ0 ≥ 0 máme Zi = −I[tτ0 ≤ Yi < t̃τm] a analogicky jako
v předchoźım př́ıpadě dostaneme E(Zi|t̃τm) = −f(tτ0)(t̃τm − tτ0)(1 + o(1)) sj.

Tedy bez ohledu na znaménko t̃τm − tτ0 plat́ı

E(Zi|t̃τm) = −f(tτ0)(t̃τm − tτ0)(1 + o(1)) sj.

Odtud pro celou sumu dostáváme

E

( m+k∑

i=m+1

Zi|t̃τm
)

=
m+k∑

i=m+1

E(Zi|t̃τm) = −kf(tτ0)(t̃τm − tτ0)(1 + o(1)) sj.

a použit́ım (6) máme

E

( m+k∑

i=m+1

Zi|t̃τm
)

= −kf(tτ0)

(∑m
j=1 εj

mf(tτ0)
+ Rm

)
(1 + o(1)) =

=

(
− k

m

m∑

j=1

εj − kf(tτ0)Rm

)
(1 + o(1)) = − k

m

m∑

j=1

εj(1 + O((ln m/m)3/4)) sj.

Lemma 2. Pro podmı́něný rozptyl
∑m+k

i=m+1 Zi plat́ı

1

k
var

( m+k∑

i=m+1

Zi|t̃τm
)

= O(m−1/2(ln lnm)1/2) sj.

stejnoměrně v k.

D̊ukaz. Při stejném rozděleńı v závislosti na sign(t̃τm − tτ0) jako v Lemma 1
plat́ı.

i) Z2
i = Zi a tedy

var(Zi|t̃τm) = E(Z2
i |t̃τm) − [E(Zi|t̃τm)]2 = E(Zi|t̃τm)(1 − E(Zi|t̃τm)).

Z d̊ukazu Lemma 1 v́ıme, že

E(Zi|t̃τm) = (t̃τm − tτ0)O(1) = O(m−1/2(ln lnm)1/2) sj.,

a proto var(Zi|t̃τm) = O(m−1/2(ln lnm)1/2) sj.

ii) Z2
i = −Zi a analogicky

var(Zi|t̃τm) = E(Zi|t̃τm)(1 + E(Zi|t̃τm)) = O(m−1/2(ln lnm)1/2) sj.

Podmı́něná nezávislost Zi dává tvrzeńı lemma.
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Lemma 3. Plat́ı

sup
1≤k<∞

∣∣∣
∑m+k

i=m+1(Zi − E(Zi|t̃τm))
∣∣∣

g(m, k, γ)
= op(1).

D̊ukaz. Viz. Lemma 5.3 v [3].

Lemma 3 může být s pomoćı Lemma 1 formulováno také následovně

sup
1≤k<∞

∣∣∣
∑m+k

i=m+1 ε̃i −
∑m+k

i=m+1 εi + k
m

∑m
i=1 εi

∣∣∣
g(m, k, γ)

= op(1),

kde již prvńı sč́ıtanec představuje (až na normováńı) testovou statistiku
Q(m, k). Zbytek d̊ukazu je již zcela analogický postupu uvedeném v [2], tj.
pomoćı Komlós-Major-Tusnádyovy aproximace zbylé 2 sumy aproximujeme
Wienerovými procesy, jež se v distribuci shoduj́ı s funkcionálem Wienerova
procesu z Věty 1.

D̊ukaz Věty 2. Nenormovanou testovou statistiku Q1(m, k) rozděĺıme na část
před změnou distribučńı funkce pozorováńı a po ńı, kdy se distribučńı funk-
ce Yi v okoĺı tτ0 shoduje s F∗

Q1(m, k) = Q
(1)
1 (m, k) + Q

(2)
1 (m, k) =

m+k∗−1∑

i=m+1

ε̃i +

m+k∑

i=m+k∗

ε̃i.

Z Věty 1 plyne, že prvńı sč́ıtanec dělený g(m, k, γ) (rostoućı funkce v k) je
omezen v pravděpodobnosti. K d̊ukazu stač́ı tedy naj́ıt posloupnost {km}
takovou, že km − k∗ → ∞ a Q

(2)
1 (m, km)

P−→ ∞ rychleji než g(m, km, γ).
Statistiku

Q
(2)
1 := Q

(2)
1 (m, km) =

m+km∑

i=m+k∗

(
τ − I[Yi < t̃τm]

)

aproximujeme podmı́něnou středńı hodnotou.

Pro ε > 0 označme Bτ
m(ε) množinu, na které |t̃τm − tτ0 | < ε. Z (6) máme

t̃τm → tτ0 sj. a tedy P (Bτ
m(ε)) → 1. Necht’ např́ıklad F∗(tτ0) > F (tτ0). Potom

na Bτ
m(ε)) pro vhodně zvolené malé ε a i ≥ m + k∗ plat́ı

P (Yi < t̃τm|t̃τm) = F∗(t̃
τ
m) > F∗(t

τ
0 − ε) > F (tτ0) = τ sj.

a proto E(ε̃i|t̃τm) = τ − P (Yi < t̃τm|t̃τm) := −c1 < 0 sj. Obdobně pro druhý
možný vztah uvažovaných distribućı dostáváme E(ε̃i|t̃τm) := c2 > 0 sj. Tedy
bez ohledu typ změny

E
∣∣∣
(
Q

(2)
1 |t̃τm

)∣∣∣ ≥ (km − k∗ + 1)c3 sj., (7)

kde c3 = min(c1, c2).
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Pro podmı́něný rozptyl plat́ı

var(ε̃i|t̃τm) = var
(
I[Yi < t̃τm]|t̃τm

)
= EI[Yi < t̃τm]

(
1 − EI[Yi < t̃τm]

)
< 1 sj.

Použit́ım Čebyševovy nerovnosti

P
(∣∣∣Q(2)

1 − E
(
Q

(2)
1 |t̃τm

)∣∣∣ ≥ A
)
≤ var

(
Q

(2)
1 |t̃τm

)

A2
<

km − k∗ + 1

A2
,

pro libovolné A > 0. Dosazeńım A = B(km − k∗ + 1)1/2, B > 0 dostáváme

∣∣∣Q(2)
1 − E

(
Q

(2)
1 |t̃τm

)∣∣∣ = Op

(
(km − k∗)1/2

)
. (8)

Hraničńı funkce může být pro k > m odhadnuta

g(m, k, γ) =
√

m

(
1 +

k

m

)(
k

m + k

)γ

= m−1/2(m + k)1−γkγ ≤

≤ c4m
−1/2k1−γ+γ = c4m

−1/2k, (9)

pro nějaké c4 > 0.
Spojeńım (7), (8) a (9) dostáváme

|Q(2)
1 (m, km)|

g(m, km, γ)
≥ (km − k∗)c3(1 + Op((km − k∗)−1/2))

c4m−1/2km
≥ c5m

1/2,

pro nějaké c5 > 0, což dokončuje d̊ukaz.

5 Simulačńı studie

V programu R byly provedeny simulace pro ohodnoceńı výkonnosti pro-
cedury s konečným tréninkovým obdob́ım při použit́ı asymptotických kri-
tických hodnot, tj. kritických hodnot pro uvedený funkcionál Wienerova pro-
cesu. Uvažovaly se vlivy

• délky historického obdob́ı (m = 50; 100; 500)
• okamžiku změny (k∗ = 50; 100; 500)
• dolad’ovaćı konstanty (γ = 0; 0,25; 0,45)
• rozděleńı chyb (normálńı a Laplaceovo)
• typu alternativy - změna středńı hodnoty pozorováńı o δ a změna roz-

ptylu pozorováńı

pro r̊uzné kvantily (τ = 0,1; 0,25; 0,5; 0,75; 0,9). Vždy bylo použito 5000 si-
mulaćı. To vše na 5% hladině spolehlivosti.

Jelikož se v testové statistice neobjevuj́ı př́ımo velikosti pozorováńı, neńı
procedura citlivá na rozděleńı chyb, jako to bývá u procedur založených na
L2 odhadech.
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τ\m 50 100 500
0,5 3,9 4,1 3,7
0,25 4,2 4,3 3,9
0,1 9,7 6,8 4,7

Tabulka 1: Empirické velikosti testu v závislosti na délce tréninkového obdob́ı
a uvažovaném kvantilu (pro γ = 0, 25).

τ δ\m 50 100 500

0,5 360 246 206
0,5 2 176 156 151

-2 173 156 151

0,5 1000 782 335
0,25 2 322 228 199

-2 135 129 128

0,5 249 207 187
0,75 2 135 129 128

-2 322 235 199

Tabulka 2: Mediány času zastaveńı pro r̊uzné velikosti změny středńı hodnoty
δ, k∗ = 100, γ = 0,25.

0,1 0,25 0,5 0,75 0,9
168 376 1000 365 167

Tabulka 3: Mediány času zastaveńı při ztrojnásobeńı směrodatné odchylky
pozorováńı, m = k∗ = 100, γ = 0,25.

V Tabulce 1 jsou shrnuty výsledky za platnosti H0 - procenta překročeńı
asymptotické kritické hodnoty, tj. procenta chybných zastaveńı pro monito-
rovaćı obdob́ı délky 10000. K překročeńı předepsané hladiny docháźı tedy jen
pro extrémńı kvantily a zejména malé m.

Za alternativńı hypotézy procedura vykazuje stejné rysy jako obdobné
procedury, a to pro všechny kvantily (speciálně pro medián jsou výsledky
shodné s [3]) To znamená:

• dolad’ovaćı konstanta γ - pro k∗ malé je nejvhodněǰśı γ bĺızké 1/2,
naopak pro pozdńı změnu γ = 0. Konstanta 0,25 je nevhodněǰśı pro k∗

srovnatelné s m

• zhoršeńı rychlosti detekce s nár̊ustem k∗ - typický problém CUSUM
procedur

• prodloužeńı historického obdob́ı - zlepšeńı rychlosti detekce; výrazné
pro malé změny (δ = 1/2 · sd(Yi))
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• větš́ı změny (nad 2 · sd(Yi)) se již neprojevuj́ı zrychleńım detekce -
typické pro ,,L1” procedury

Oproti jiným procedurám se však muśı rozlǐsovat znaménko změny. Zat́ım-
co pro medián je zpožděńı detekce pro změnu +δ resp. −δ prakticky stejné,
u jiných kvantil̊u je situace rozd́ılná. Jak je vidět v Tabulce 2, pokud změna
nastala ,,ve směru kvantilu”, tj. např. záporná změna pro 1. kvartil, docháźı ke
zrychleńı detekce, naproti tomu při opačné změně docháźı ke zpomaleńı. Pro
extrémněǰśı kvantily je situace ještě výrazněǰśı. Tento fakt je zp̊usoben tvarem
definice ε̃i. V tabulce také můžeme pozorovat zrychleńı detekce s r̊ustem m
u malé změny.

V Tabulce 3 uvažujeme situaci v modelu, kdy se distribuce chyb měnila
z N(0,1) na N(0,9). Medián distribuce se nezměnil, nedetekuje se tedy pro
něj žádná změna (1000 odpov́ıdá max. monitorovaćımu obdob́ı).
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[2] Horváth L., Hušková M., Kokoszka P., Steinebach J. (2004). Monitoring
changes in linear models. J. Stat. Plann. Inference, 126, 225 – 251.
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a ČSOB za umožněńı účasti na konferenci.

Adresa: O. Chochola, MFF UK, KPMS, Sokolovská 83, 186 75 Praha 8 –
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ŘEŠENÍ PROBLÉMŮ ANALÝZY OBRAZU
POMOCÍ MINIMA TOTÁLNÍ VARIACE

Jǐŕı Janáček

Kĺıčová slova: Totálńı variace, minimálńı řez.

Abstrakt: Práce je věnována řešeńı úloh analýzy obrazu minimalizaćı funkce
složené z totálńı variace obrazu a Lp ztrátové funkce. Minimalizaci lze provést
iteračńı metodou největš́ıho spádu s výpočtem kroku založeným na nalezeńı
minimálńıho řezu v grafu obrazových prvk̊u. Jako př́ıklad je uvedena regu-
larizace zašuměného obrazu a registrace mikroskopických obraz̊u fyzických
řez̊u.

Abstract: A solution of various problems in image analysis using concurrent
minimization of total variation and Lp loss function is presented. The minimi-
zation is achieved by a steepest descend method using graph cut minimization
in each step. Regularization of noisy image and registration of microscopic
images of physical sections are demonstrated.

1 Úvod

Řadu problémů vznikaj́ıćıch při analýze obrazu a v poč́ıtačovém viděńı lze
formulovat jako optimalizačńı úlohy s vhodnými hodnotovými funkcemi. Jako
př́ıklad může sloužit filtrace obrazu, kde hledáme hladký obraz s malou
vzdálenost́ı od daného zašuměného obrazu. Časem byla vyzkoušena řada de-
terministických i stochastických metod na řešeńı podobných optimalizačńıch
úloh, ale v obt́ıžněǰśıch př́ıpadech trvaly stochastické metody ne̊uměrně dlou-
ho a deterministické metody končily v lokálńım optimu. Pr̊ulom znamenalo
nalezeńı odhadu s maximálńı aposteriorńı pravděpodobnost́ı v binárńım Isin-
gově modelu pomoćı minimálńıho řezu ve vhodném grafu [2].

Ukázalo se poté, že podobnou metodu lze použ́ıt i pro daľśı úlohy, na-
př́ıklad filtraci šedotónového obrazu, segmentaci nebo korespondenci mezi
dvěma obrazy s využit́ım při registraci obraz̊u, ve stereoskopickém viděńı
a při výpočtu optického toku. Tento př́ıspěvek má na úlohách filtrace obrazu
a registrace mikroskopických sńımk̊u fyzických řez̊u demonstrovat zvlášt’ jed-
noduchou implementaci optimalizačńı metody založené na minimálńım řezu.
Uvedené formule pro čtvercové obrazy s horizontálńı a vertikálńı souvislost́ı
mezi pixely lze snadno zobecnit na libovolný tvar a dimenzi obrazu a libo-
volnou sousednost mezi obrazovými prvky.
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2 Řešeńı diskrétńı TV −Lp regularizace metodou největ-
š́ıho spádu

Mějme digitálńı obraz g a označme u hledaný regularizovaný (vyhlazený)
obraz

g : Pix → {0 . . . 255} , u : Pix → {0 . . . 255} ,

kde Pix je mř́ıžka obrazových prvk̊u (pixel̊u)

Pix = {{i, j} ; i, j = 1 . . . N} .

Označme dále Edg množinu vertikálńıch nebo horizontálńıch hran mezi
sousedńımi obrazovými prvky

Edg = {{{i, j} , {i + 1, j}} ; i = 1 . . . N − 1, j = 1 . . . N}
∪ {{{i, j} , {i, j + 1}} ; i = 1 . . . N, j = 1 . . . N − 1} .

Jako kritérium pro volbu regularizovaného obrazu použijeme hodnotovou
funkci

Fp (u) =
∑

e∈Edg

|ue1
− ue2

| + 1

pλ

∑

x∈Pix

|ux − gx|p

a u voĺıme jako argument minima Fp.
Prvńı člen funkce je diskrétńı totálńı variace TV (u) a penalizuje nehladké

obrazy, druhý člen je násobek p−té mocniny Lp normy rozd́ılu obraz̊u, pa-
rametr λ ř́ıd́ı poměr mezi požadovanou hladkost́ı řešeńı a jeho bĺızkost́ı ke
vstupńımu obrazu.

Fp je zřejmě konvexńı pro p≥1 a striktně konvexńı pro p>1 a Fp (u) → ∞
pro u → ∞. Úloha tedy má řešeńı, pro p > 1 dokonce právě jedno.

2.1 Př́ıklad:

Necht’ γ > 0, S je množina o ploše A, IS je jej́ı indikátorová funkce, g (x) =
γIS (x), pak TV (g) = γTV (IS), ‖g‖p

p = γpA. Řešeńı minimalizačńıho prob-

lému je 0 pro γp

pλA = 1
pλ ‖g‖p

p < TV (g) = γTV (IS) a g při opačné nerovnosti.

Ekvivalentńı nerovnost je γp−1A < pλTV (IS). TV (IS) je přibližně úměrná
obvodu objektu S. Pro p = 1 je řešeńı nezávislé na γ, takže TV −L1 regula-
rizace odstraňuje z obrazu objekty s velkým poměrem obvodu k ploše (např.
malé objekty) bez ohledu na kontrast.

2.2 Minimalizace Fp metodou největš́ıho spádu

Necht’ δ ∈ Z, I je indikátorová funkce.
V každém kroku metody nalezneme S ⊆ Pix tak, že Fp (u + δIS) je mi-

nimálńı a u nahrad́ıme u + δIS [1].
F je konvexńı a tedy postupné iterace δ = ±2n, prováděné pro každé

n = 7, 6, . . . 0 tak dlouho dokud funkce klesá, dokonverguj́ı po konečném
počtu krok̊u ke globálńımu minimu.
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Vhodné S ⊆ Pix v každém kroku najdeme pomoćı minimálńıho řezu ve
vhodném grafu. Vytvoř́ıme ohodnocený orientovaný graf na množině vrcho-
l̊u Pix ∪ {source, sink}. Minimálńı hodnota Fp (u + δIS) odpov́ıdá hodnotě
nejmenš́ıho řezu mezi source a sink, kde ohodnoceńı hran je

x ∈ Pix : h (source, x) =
1

pλ
|ux + δ − gx|p , h (x, sink) = 0,

{x, y} ∈ Edg : h (x, y) = |ux − uy − δ| .
K nalezeńı minimálńıho řezu můžeme použ́ıt větu o dualitě, podle ńıž

se minimálńı řez mezi source a sink rovná maximálńımu toku mezi source
a sink, a dostupné programy pro nalezeńı maximálńıho toku [3].

2.3 Detekce nanočástic

Sńımek nanočástic stř́ıbra (Silver proteinate, Fluka, Švýcarsko) před
TV − L1 regularizaćı a po ńı. Sńımky z transmisńıho elektronového mikro-
skopu laskavě poskytl Anatolij Filimoněnko z ÚMG AVČR. Filtrace zachovala
i málo kontrastńı objekty a výsledný obraz je vhodný pro daľśı zpracováńı
a detekci částic, např. adaptivńım prahováńım.

3 TV − L1 korespondence metodou největš́ıho spádu

Mějme digitálńı obrazy u a v a označme ξ =
(
ξ1, ξ2

)
hledaný vektorový obraz

korespondence přǐrazuj́ıćı obrazovému prvku x obrazu u prvek x+ξx obrazu v

u : Pix → R, v : Pix → R,

ξ : Pix → Z2.

Jako kritérium pro volbu obrazu korespondence použijeme funkci

F (ξ) =
∑

e∈Edg

∣∣ξ1
e1

− ξ1
e2

∣∣ +
∣∣ξ2

e1
− ξ2

e2

∣∣ +
1

λ

∑

x∈Pix

|ux − vx+ξx
|

a ξ voĺıme jako argument minima funkcionálu F .
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3.1 Minimalizace metodou největš́ıho spádu

Necht’ δ ∈ Z2, δ =
(
δ1, δ2

)
, I je indikátorová funkce.

V každém kroku metody nalezneme S ⊆ Pix tak, že F (ξ + δIS) je mi-
nimálńı a ξ nahrad́ıme ξ + δIS . Protože F nemuśı být konvexńı, konvergence
ke globálńımu minimu neńı jistá. δ můžeme volit např́ıklad tak, že se jeho
směry vhodně měńı a jeho velikost se v následných iteraćıch zmenšuje.

S ⊆ Pix najdeme metodou minimálńıho řezu. Vytvoř́ıme ohodnocený
orientovaný graf na množině vrchol̊u Pix ∪ {source, sink}. Minimálńı hod-
nota F (u + δIS) odpov́ıdá hodnotě nejmenš́ıho řezu mezi source a sink, kde
ohodnoceńı hran je

x ∈ Pix : h (source, x) =
1

λ
|ux − vx+ξx+δ| , h (x, sink) = 0,

{x, y} ∈ Edg : h (x, y) =
∣∣ξ1

x − ξ1
y − δ1

∣∣ +
∣∣ξ2

x − ξ2
y − δ2

∣∣ .

K nalezeńı minimálńıho řezu můžeme opět použ́ıt větu o dualitě nejmen-
š́ıho řezu a největš́ıho toku [3].

3.2 Registrace sńımk̊u fyzických řez̊u

Pro rekonstrukci 3D objektu ze sńımk̊u paralelńıch fyzických řez̊u je obvyk-
le nutné nalézt vzájemnou polohu řez̊u a kompenzovat př́ıpadné deformace
zp̊usobené krájeńım.

Pr̊uměr dvou sńımk̊u sousedńıch fyzických řez̊u hlavou želvy před regis-
traćı a po ńı. Sńımky poř́ıdila Barbora Tvarožková z PřF UK. Můžeme vidět
úspěšnou elastickou registraci celého řezu včetně nespojitého přechodu mezi
lebkou (vpravo) a čelist́ı (vlevo).
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4 Závěr

V řešeńı optimalizačńıch úloh ve zpracováńı obrazu bylo v posledńı době
dosaženo znatelného pokroku d́ıky kombinatorické optimalizaci založené na
minimálńım řezu v grafu. Na rozd́ıl od naivńı optimalizace, při které bychom
procházeli obraz postupně a v každém pixelu hledali optimálńı změnu, v de-
monstrované metodě hledáme k předem zvolenému kroku množinu, na ńıž
změna o tento krok vyvolá největš́ı pokles v penalizačńı funkci. Zvýšená
výpočetńı náročnost metody je vyvážena zvýšenou robustnost́ı k lokálńım
minimům.
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ON THE IMPORTANCE OF ENTROPY
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Abstract: The aim of the paper consists in demonstrating the relevance
of the fundamental information-theoretic concepts, namely the entropy and
the I-divergence, for both the statistical inference and the limit theorems of
probability theory.

Abstrakt: Ćılem je ukázat význam základńıch pojmů teorie informace, tj.
entropie a I-divergence, jak pro statistické úlohy tak i pro limitńı věty teorie
pravděpodobnosti.

1 Introduction

Entropy, as a fundamental concept arising from statistical physics, was origi-
nally understood as a thermodynamical property of heat engines (see, e.g., [8]
or [12]). Later, in the pioneering Shannon’s paper [13] it was introduced as
a crucial quantity of information theory. Its relevance as a measure of un-
certainty (ignorance, information) was early recognized and widely exploited
(see [3], [4], [10]). As the number of different names for the same concept indi-
cates, the more general quantity of I-divergence (relative entropy, Kullback-
Leibler number, information gain) became also widely used (see again [3], [4],
or [11], [14], and the references therein).

The purpose of the present paper consists in showing even more funda-
mental importance of the concepts for the area of mathematical statistics and
probability theory. We intend to illustrate how the quantities are inherent,
especially, for the multidimensional joint distributions, and how they arise
naturally in various situations.

Similar contents as here can be found, e.g., in [8]. For many topics of the
present paper, in particular for the limit theorems, [3] or [4] are the basic
references. For exponential distributions, closely related to the maximum
entropy principle, see [2], or, more generally, [5]. For statistical problems
see [11] or [14]. The presented results can be also generalized from the I.I.D.
case to the random processes or fields, see [6], [7], [9],and [15].

2 Basic definitions and properties

Let us consider a finite state space X = {x1, . . . , xM}.
By P(X ) we denote the class of all probability measures on X , and by

F(X ) the class of all real-valued functions on X . In particular, by R ∈ P(X )
we denote the uniform distribution, i.e., R(x) = 1

M for every x ∈ X .
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Let us recall the formulas for the entropy and the I-divergence, respecti-
vely, namely

H(P ) =

∫
− log P dP =

∑

x∈X
− log P (x)P (x),

for P ∈ P(X ), and

I(P |Q) =

∫
log

P

Q
dP =

∑

x∈X
log

P (x)

Q(x)
P (x)

for P,Q ∈ P(X ), providing the terms are well defined. Otherwise we set
I(P |Q) = ∞.

Proposition 1. For P,Q ∈ P(X ) it holds
i) H(P ) ∈ [0, log M ];
ii) H(P ) = 0 iff P (xi) = 1 for some i ∈ {1, . . . ,M} and P (xj) = 0 for

every j 6= i;
iii) H(P ) = log M iff P = R.
iv) I(P |Q) ∈ [0,∞];
v) I(P |Q) = 0 iff P = Q;
vi) I(P |Q) = ∞ iff P 6≪ Q.

Proof. H(P )≥0 follows from − log P (x)≥0 for every x∈X . Thus H(P )=0
can occur only if − log P (x) ≡ 0 which proves ii). H(P ) ≤ log M and
iii) follow from iv) and v) with Q = M .

iv) and v) are due to Jensen’s inequality, vi) is obvious. ¤

Remark.
Due to the above properties of the entropy, which is minimal for non-

random case and maximal for the uniform distribution, it can be understood
as a measure of uncertainty contained in the probability distribution. Namely,
if the entropy is zero then the output is sure, if it is maximal then all possible
outputs are equally likely.

The I-divergence, on the other hand, can serve as a distance, being equal
to zero for identical distributions, and maximal, equal to ∞, if the first dis-
tribution is not supported on the same set as the second one.

3 Maximum entropy principle

As a rule, whenever we have no information about the distribution of some
random phenomenon, we turn to the uniform distribution. It is justified by
the fact that we have no reason for preferring any particular output. Thus,
in the light of the above Remark, we opt for the distribution with maximum
entropy.
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Such approach can be extended (see, e.g., [10] as the standard reference)
to the general maximum entropy principle (MAXENT). Suppose we have only
a partial information about the distribution, namely P ∈ E where E ⊂ P(X ).

Then, applying the MAXENT, we seek for

P E ∈ argmaxP∈EH(P )

or, more generally,
P E ∈ argminP∈EI(P |Q)

where Q ∈ P(X ) is some fixed reference probability measure.
Usually, the first definition, which, after all, agrees with the latter one for

the uniform Q = R, is meant by the maximum entropy principle.

Example (maximum entropy with linear constraints). Let us con-
sider a collection of statistics f = {fj}j∈K with |K| < ∞, where fj ∈
F(X ) for every j ∈ K. Moreover, in order to guarantee the basic regula-
rity (identifiability) condition, we assume the system (1, {fj}j∈K) to be
linearly independent.

Now, for a collection of constants m = {mj}j∈K we denote

E = M(m,f) =

{
P ∈ P;

∫
fj dP = mj for every j ∈ K

}
.

Further, let us introduce the exponential distribution Pα given by

Pα(x) = exp





∑

j∈K
αj fj(x) − c(α)





where α = (αj)j∈K ∈ RK is a parameter, and the appropriate normalizing

constant is given by c(α) = log
∑

x∈X exp
{∑

j∈K αj fj(x)
}

.

Then, we may deduce the following properties:
i) There is a one-to-one relation between the parameter α and the expo-

nential distribution Pα. Namely, for Pα = P β we have 〈α − β,f〉 = const.,
and the statement holds thanks to the identifiability condition above.

ii) Let Pα, P β ∈ E . Then α = β. We observe

0 ≤ I(Pα|P β) + I(P β |Pα) = 〈β − α,

∫
f dP β −

∫
f dPα〉 = 0.

Hence Pα = P β , and, due to i), we have α = β.
iii) Let Pα ∈ E . Then P E is given uniquely, and P E = Pα.
As it is well-known, we have

0 ≤ I(P |Pα) = c(α) − 〈α, m〉 − H(P ) = H(Pα) − H(P )

where, by Proposition 1.v), the inequality turns into equality iff P = Pα.
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We may conclude that whenever there exists the exponential representa-
tive Pα ∈ E = M(m,f) then it is given uniquely and satisfies the MAXENT.
Thus, the exponential distributions maximize the entropy under the linear
constraints, and, since the linear constraints are rather standard form of par-
tial information (see, e.g., the moment conditions in mathematical statistics),
the exponential families are well justified as probability models.

4 I.I.D. sequences

Let us consider a sequence xn = (x1, . . . , xn) where xi ∈ X for every i =
1, . . . , n. Let us denote by Nxn(y) =

∑n
i=1 δ(y, xi) the number of occurrences

of the state y ∈ X in the sequence xn. Consequently, we shall denote by
P xn = 1

nNxn the empirical distribution induced by the sequence xn.
Now, we understand the sequence xn as a collection of data obtained from

a sequence of I.I.D. random variables with a one-body marginal distribution
P ∈ P(X ). Then, for the joint distribution, we may easily observe

Pn(xn) =
n∏

i=1

P (xi) =
∏

y∈X
P (y)Nxn (y) = exp{−n[D(P xn |P ) + H(P xn)]}.

As a result we may express the log-likelihood as

− 1

n
log Pn(xn) = D(P xn |P ) + H(P xn).

Thus, we may conclude that, first, the empirical distribution is a suffici-
ent statistics for the joint distribution, and, moreover,the joint distribution
depends on the empirical distribution just through the above quantities, na-
mely the entropy and the I-divergence. Let us emphasize that such relation
is not imposed or artificial, it is apparently natural and inherent for the joint
probability distributions.

5 Statistical problems

5.1 Parameter estimation

In this section let us consider a parametric family of probability distributions
{P θ}θ∈Θ where P θ ∈ P(X ) for every θ ∈ Θ. For the sake of simplicity we
shall assume P θ > 0 for every θ ∈ Θ (we may, e.g., imagine the exponential
family as introduced in Section 3).

Based on a data sequence xn = (x1, . . . , xn), we may define the maximum

likelihood estimate (MLE) standardly as : θ̂n = arg maxθ∈Θ log P θ
n(xn).

But, due to the above formula for the log-likelihood, we have also

θ̂n = arg min
θ∈Θ

D(P xn |P θ).
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Thus, the MLE can be alternatively understood as the Minimum I-diver-
gence estimate which provides us with an additional justification for the MLE:
we seek for such value of the parameter that makes the theoretical distribution
as close (in the sense of I-divergence) to the empirical one as possible. Con-
versely, if we stay within the framework of “minimum distance estimation”
then the distance measured by the I-divergence is privileged since it yields
the maximum likelihood estimation with all its favourable properties.

Remark(Consistency). The consistency of the MLE is in general rather
well-known. Nevertheless, it can be simultaneously derived from the minimum
I-divergence approach. Let us give a sketch of the proof:

Suppose θ0 ∈ Θ is the true parameter. Then, obviously,

θ0 = arg min
θ∈Θ

D(P θ0 |P θ).

Denote Ln(θ) = D(P xn |P θ) for every n = 1, ..., and L0(θ) = D(P θ0 |P θ).
Then, due to the law of large numbers, we obtain Ln(θ) −→n→∞ L0(θ)
a.s.[P ] point-wise for every θ ∈ Θ. But, in order to prove

θ̂n = arg min
θ∈Θ

Ln(θ) −→n→∞ arg min
θ∈Θ

L0 = θ0

we need the above convergence uniform at least on every compact set. The
latter is satisfied if all the functions Ln are convex, which is the case, e.g., of
the exponential families.

5.2 Testing hypotheses

Similarly as for the estimates, the likelihood ratio test may be understood as
tests based on the I-divergence. In particular, for Θ = RK , let us consider
the test of a simple hypothesis H0 : θ = θ0 against the alternative H1 : θ =
Θ \ {θ0}. Then

2nD(P θ̂n |P θ0) =⇒n→∞ χ2
K in distribution [P θ0 ].

More generally, for a subspace or a hyperplane Θ0 ⊂⊂ Θ, we may consider
the affine hypothesis H0 : θ ∈ Θ0 against the alternative H1 : θ ∈ Θ \ Θ0.
Then

2nD(P θ̂n |P θ̂n
0 ) =⇒n→∞ χ2

K−dim(Θ0)
in distribution [P θ]

for every θ ∈ Θ0, where

θ̂n
0 = arg min

θ∈Θ0

D(P xn |P θ).

For more detailed treatment see, e.g., [9] or [14].
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6 I.I.D. sequences and types

From Section 3 we know Pn(xn) = exp{−n[D(P xn |P ) + H(P xn)]} providing
x1, . . . , xn are drawn I.I.D. according to P ∈ P(X ).

Now, let xn ∈ Tn(Q) = {xn : P xn = Q} for some Q ∈ P, we say xn is in
the type class of Q, then

Pn(xn) = exp{−n[D(Q|P ) + H(Q)]}.

In particular, for xn ∈ Tn(P ) we have Pn(xn) = exp{−nH(P )}.
At the same time, by combinatorial arguments we can obtain |Tn(P )| .

=
exp{nH(P )} or, more precisely

exp{nH(P ) + o(n)} ≤ |Tn(P )| ≤ exp{nH(P )}

(see, e.g. [3]), and, therefore

Pn[Tn(P )]
.
= 1

while, in general,

Pn[Tn(Q)]
.
= exp{−nD(Q|P )}.

Thus, we may conclude that the joint distribution Pn is approximately
supported on the set Tn(P ) ⊂ Xn, that contains approximately enH(P ) confi-
gurations. And each of the configurations has the equal probability e−nH(P ).
In such a way the joint distribution Pnis essentially determined by the entropy
H(P ).

As a corollary we obtain the law of large numbers. Namely, for g : X → R
we obtain

1

n

n∑

i=1

g(xi) =

∫
gdP xn

.
=

∫
gdP.

7 Limit theorems

From the preceding section we know that every joint distribution Pn is con-
centrated on the configurations from its own type class Tn(P ). Nevertheless,
we are still interested in the behaviour of Pn outside its type class. Such
behaviour is again characterized by the entropy and related notions.

Definition(I-projection). For E ⊂P(X ) we denote D(E|P)=infQ∈E D(Q|P).
If there exists P∗ = arg minQ∈E D(Q|P ) we call it I-projection.

Due to compactness of P(X) and continuity of D(•|P ) we observe that
P∗ is attained if E ⊂ P(X ) is closed.

The proofs of the following results can be found. e.g., in [3] and [4], or, in
the most general form, also in [7].
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Theorem 1(Large deviations). If E = cl(intE) then

− 1

n
log Pn(P xn ∈ E) −→n→∞ D(P∗|P ).

¤

The above theorem has many interesting consequences, as an example let
us introduce the following result.

Corollary(Test power). When testing a simple hypothesis H0 : P = P 0

against a simple alternative H1 : P = P 1 with a level (first kind error) equal
to α ∈ (0, 1) we obtain for the second kind error

− 1

n
log βn −→n→∞ D(P 0|P 1).

¤

The theorem on large deviations proclaims that, whenever the distance
D(E|P ) is positive, the probability Pn(P xn ∈ E) is very small, it tends to zero
exponentially fast. The following important and nice theorem shows what will
happen if we still “enforce” the distribution to concentrate on such a “small”
set.

Theorem 2 (Conditional limit theorem). Let E be a closed convex
subset of P(X) and P /∈ E . Then

Pn(•|P xn ∈ E) =⇒n→∞ P∞
∗ (weakly).

¤

The conditional limit theorem proofs, e.g., one of the fundamental results
of statistical physics.

Remark (the second law of thermodynamics). For P = R we have
P∗ = arg maxQ∈E H(Q). That means the conditional distribution attains (at
infinity) the maximum entropy.

Usually we have the set E given by a linear constraint (see Section 3), i.e.
E = {Q ∈ P(X );

∫
EdQ ≤ c}. Then we obtain the exponential distribution

P∗ ∝ exp{αE} · P as the I-projection.

Remark (importance sampling). The above conditional limit theorem
can be also used for approximating the conditional distribution, e.g., for the
simulation method known as “importance sampling”.

Namely, for estimating some “small” probability P (A) we can use P̂ (A) =
1
k

∑k
i=1 IA(yi)

P (yi)
Q(yi)

where y1, . . . , yk are drawn I.I.D. with some Q ∈ P(X ).

From the minimum variance point of view, the optimal choice is Q =
P (•|A), and, whenever we have A = An = {xn;P xn ∈ E}, we may use the
approximation Pn(•|An)

.
= Pn

∗ (see [1]).
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[1] Antoch J. (2006). O simulaci ř́ıdkých jev̊u. In: Robust 2006 (Eds.: J. An-
toch, G. Dohnal), JČMF, Praha.
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TESTOVÁNÍ NORMALITY
VE VÍCEROZMĚRNÉM PŘÍPADĚ

Daniela Jarušková

Kĺıčová slova: Normalita, empirický proces, šikmost, špičatost, Kolmogoro-
vova-Smirnovova statistika, velké odchylky.

Abstrakt: Jsou uvažovány tři testy (Pearson̊uv, Koziol̊uv a Kolmogorov̊uv-
Smirnov̊uv) pro testováńı normality ve v́ıcerozměrném př́ıpadě.

Abstract: Three tests (Pearson’s, Koziol’s and Kolmogorov-Smirnov’s tests)
are considered for testing normality in a multivariate case.

1 Úvod

Testováńı normality ve v́ıcerozměrném př́ıpadě je komplikovaný problém,
protože narušeńı normality se může d́ıt mnoha r̊uznými zp̊usoby. V řeči
matematické statistiky to znamená, že máme sice jen jednu nulovou hy-
potézu, která tvrd́ı, že data jsou výběrem z normáńıho rozděleńı, ale můžeme
uvažovat nepřeberné množstv́ı alternativ.

O testováńı normality existuje řada článk̊u a knih. Čtenář̊um, kteř́ı by
chtěli do problematiky nahlédnout hlouběji, doporučujeme monogra-
fii [2]. V našem př́ıspěvku se budeme věnovat jen třem test̊um, které jsme
pro jednoduchost nazvali Pearson̊uv, Koziol̊uv a Kolmogorov̊uv-Smirnov̊uv.

2 Transformace

Studovaná data jsou p-rozměrné vektory X1 = (X11, . . . ,X1p)
T , . . . , Xn =

(Xn1, . . . ,Xnp)
T . Nulová hypotéza tvrd́ı, že vektory X1, . . . ,Xn můžeme

považovat za výběr z p-rozměrného normálńıho rozděleńı N(µ,Σ). Pokud
bychom µ a Σ znali, bylo by možné založit naše rozhodnut́ı o normalitě na
vektorech Y1, . . . ,Yn, kde

Yi = Σ−1/2(Xi − µ).

Poznámka. Vektory Y1, . . . ,Yn maj́ı nezávislé komponenty. Statistiky, které
jsou poč́ıtány z r̊uzných komponent, jsou pak přirozeně nezávislé. Většina
praktických statistik̊u zač́ıná své šetřeńı studiem normality marginálńıch
rozděleńı složek vektor̊u X1, . . . ,Xn. Pro závěrečné rozhodnut́ı mohou pak
použ́ıt např. Bonferoniho nerovnost, to znamená uvažovat v jednotlivých tes-
tech mı́sto hladiny významnosti α hladinu α/p.

Pokud µ a Σ neznáme, můžeme je nahradit maximálně věrohodnými
odhady, tj. vektorem pr̊uměr̊u X = (X1, . . . ,Xp)

T a výběrovou kovariančńı
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matićı S = (sij)
p
i,j=1, kde sij = (1/n)

∑n
k=1(Xki − Xi)(Xkj − Xj), a naše

rozhodnut́ı založit na vektorech Z1, . . . ,Zn, kde

Zi = S−1/2(Xi − X).

Pro j = 1, . . . , p plat́ı (1/n)
∑n

k=1 Zkj = 0 a (1/n)
∑n

k=1 Z2
kj = 1.

3 Pearson̊uv test

Jedńım z nejpouž́ıvaněǰśıch test̊u pro testováńı normality v jednorozměrném
př́ıpadě je D’Agostin̊uv test založený na standardizované šikmosti a špiča-
tosti. Pro výběr X1, . . . ,Xn je standardizovaná šikmost C3 a špičatost C4

definovaná následovně:

C3 =
1

n

n∑

k=1

(Xk − X

s

)3
√

n

6
, C4 =

(
1

n

n∑

k=1

(Xk − X

s

)4

− 3

)√
n

24
.

Za platnosti nulové hypotézy, která tvrd́ı, že X1, . . . ,Xn je náhodným
výběrem z normálńıho rozděleńı N(µ, σ2), jsou standardizovaná šikmost a špi-
čatost asymptoticky nezávislé a maj́ı standardńı normálńı rozděleńı. Testová
statistika χ2 = C2

3 + C2
4 má za platnosti nulové hypotézy asymptoticky

χ2- rozděleńı o 2 stupńıch volnosti.
Ve v́ıcerozměrném př́ıpadě lze pro testováńı použ́ıt statistiku

χ2
PE =

p∑

i=1

(
C2

3 (i) + C2
4 (i)

)
,

kde C3(i) je standardizovaná šikmost a C4(i) standardizovaná špičatost pro
i-tou komponentu vektor̊u Z1, . . . ,Zn:

C3(i) =

∑n
k=1 Z3

ki

n

√
n

6
, C4(i) =

(∑n
k=1 Z4

ki

n
− 3

)√
n

24
, i = 1, . . . , p.

Jak uvid́ıme později, má statistika χ2
PE za platnosti nulové hypotézy

asymptoticky χ2 rozděleńı o 2p stupńıch volnosti. Statistika byla p̊uvodně
navržena proti alternativě, že data pocházej́ı z rozděleńı patř́ıćıho do určité
Pearsonovy tř́ıdy. V následuj́ıćım textu uvid́ıme, proti jakým typ̊um alterna-
tiv může být test zaměřen, a také se seznámı́me s d̊ukazem o asymptotickém
chováńı veličiny χ2

PE .

4 Koziol̊uv test (jednorozměrný př́ıpad)

Abychom lépe pochopili Koziol̊uv test, začněme opět s jednorozměrným př́ı-
padem. Nejprve předpokládejme, že středńı hodnotu µ a rozptyl σ2 pozoro-
vaných (nezávislých, stejně rozdělených) veličin X1, . . . ,Xn známe. Označme
fY (y) hustotu a FY (y) distribučńı funkci veličin Y1, . . . , Yn, kde Yi =
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(Xi − µ)/σ, a φ(y) hustotu, respektive Φ(y) distribučńı funkci, standardńıho
normálńıho rozděleńı. Testujeme nulovou hypotézu H0 proti alternativě A:

H0 :fY (y) = φ(y),

A : fY (y) = φ(y)
(
1 + θ3 H3(y) + θ4 H4(y)

)
, (1)

kde θ3 a θ4 jsou reálná č́ısla a funkce H3(y) a H4(y) jsou Hermitovy polynomy
3. a 4. stupně. Hermitovy polynomy {Hi(y), i = 1, 2, . . . } maj́ı zaj́ımavé vlast-
nosti vzhledem ke standardńımu normálńımu rozděleńı. Necht’ Y je veličina
ř́ıd́ıćı se standardńım normálńım rozděleńım, pak pro i, j = 1, 2, . . .

EHi(Y ) =

∫ ∞

−∞
Hi(y)φ(y) dy = 0, E

(
Hi(Y )

)2
=

∫ ∞

−∞

(
Hi(y)

)2
φ(y) dy = i !,

E [Hi(Y )Hj(Y ) ] =

∫ ∞

∞
Hi(y)Hj(y)φ(y) dy = 0 pro i 6= j.

Pro zaj́ımavost uved’me tvar Hermitových polynomů až do 4. stupně:
H0(y) = 1, H1(y) = y,H2(y) = y2−1,H3(y) = y3−3y,H4(y) = y4−6y2 +3.

Poznámka. Pro θ3 6= 0 nebo θ4 6= 0 funkce φ(y)
(
1 + θ3 H3(y) + θ4 H4(y)

)

neńı hustota, protože může nabývat záporných hodnot. Rovnosti (1) je třeba
rozumět tak, že plat́ı jen na okoĺı bodu 0.

Přirozené testové statistiky jsou, vzhledem ke zvolené alternativě a defi-
nici Hermitových polynomů, statistiky

U3 =
1√
6n

n∑

i=1

H3(Yi), U4 =
1√
24n

n∑

i=1

H4(Yi).

Jestliže neznáme středńı hodnotu µ a rozptyl σ2, použijeme dvojici:

Û3 =
1√
6n

n∑

i=1

H3(Zi), Û4 =
1√
24n

n∑

i=1

H4(Zi),

kde Zi = (Xi − X)/s, i = 1, . . . , n. Vzhledem k tomu, že
∑

Zi = 0

a (1/n)
∑

Z2
i = 1, neńı Û3 a Û4 nic jiného než standardizovaná šikmost

a standardizovaná špičatost. Statistika χ2
KO = Û2

3 + Û2
4 je pak testovou sta-

tistikou D’Agostinova testu. Nyńı se pojd’me pod́ıvat, proč má tato statistika
asymptoticky χ2 rozděleńı o 2 stupńıch volnosti.

5 Konvergence empirického procesu

Necht’ Gn(z) je empirická distribučńı funkce spočtená z transformovaných
veličin Z1, . . . , Zn. Definujme empirický proces

Dn(t) =
√

n
(
Gn

(
Φ−1(t)

)
− t

)
, t ∈ [0, 1].
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Jedna z nejzákladněǰśı vět asymptotické statistiky tvrd́ı
(
viz [3] a [7]

)
:

Dn(t)
D(D[0,1])−→ D(t), (2)

kde {D(t), t ∈ [0, 1]} je gaussovský proces s nulovou středńı hodnotou a ko-
variančńı funkćı rD(t, s):

rD(t, s) = (3)

min(t, s) − t s − φ
(
Φ−1(t)

)
φ(Φ−1(s)

)
− 1

2Φ−1(t)φ
(
Φ−1(t)

)
Φ−1(s)φ

(
Φ−1(s)

)
.

Připomeňme, že funkce rB(t, s) = min(t, s) − ts je kovariančńı funkćı
Brownova můstku. Pokud bychom znali středńı hodnotu µ i rozptyl σ2 a uva-
žovali empirickou distribučńı funkci Fn(y) standardizovaných veličin Yi =
(Xi − µ)/σ, i = 1, . . . , n, pak by proces {D⋆

n(t) =
√

n
(
Fn(Φ−1(t)) − t

)
,

t ∈ [0, 1]}, konvergoval právě k Brownovu můstku.

Poznámka. Konvergence v (2) je konvergence v distribuci na prostoru po
částech spojitých funkćıch definovaných na intervalu [ 0, 1 ], které jsou v bo-
dech nespojitosti spojité zprava a maj́ı limitu zleva, přičemž uvažujeme tak-
zvanou Skorochodovu metriku, viz [1]. Jestliže nějaký náhodný proces {Xn(t),
t ∈ [0, 1]} s trajektoriemi v prostoru D([0, 1]) konverguje v distribuci k li-
mitńımu procesu {X(t), t ∈ [0, 1]}, pak pro libovolný spojitý funkcionál f
definovaný na prostoru D(0, 1) plat́ı, že f

(
Xn(t)

)
konverguje v distribuci

na R1 k f
(
X(t)

)
. Takovým funkcionálem f , který k funkci g ∈ D([0, 1])

přǐrazuje reálné č́ıslo f(g) je nejčastěji max0≤t≤1 g(t) nebo
∫ 1

0
h(t) dg(t), kde

h je spojitá funkce na [0, 1].

Velmi často je kv̊uli zápisu šikovněǰśı pracovat s empirickým procesem
{En(x), x ∈ R1} definovaným:

En(x) =
√

n
(
Gn(x) − Φ(x)

)
, x ∈ R1,

a procesem E(x) = D
(
Φ(x)

)
, x ∈ R1. Proces {E(x), x ∈ R1} je opět gaus-

sovský s nulovou středńı hodnotou a kovariančńı funkćı:

K(x, y) = Φ
(
min(x, y)

)
− Φ(x)Φ(y) − φ(x)φ(y) − 1

2xφ(x) yφ(y). (4)

Budeme ř́ıkat, že En(x) → E(x) právě tehdy, když Dn(t)
D(D[0,1])−→ D(t).

Zřejmě Û3 =
∫

1√
6
H3(x) dEn(x) a Û4 =

∫
1√
24

H4(x) dEn(x) a d́ıky kon-

vergenci (2) plat́ı:

Û3 =

∫
1√
6
H3(x) dEn(x)

D→
∫

1√
6
H3(x) dE(x),

Û4 =

∫
1√
24

H4(x) dEn(x)
D→

∫
1√
24

H4(x) dE(x).

Vzhledem k tomu, že limitńı veličiny jsou integrály vzhledem ke gaussovské-
mu procesu s nulovou středńı hodnotou, pak je zřejmé, že vektor
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( ∫
(1/

√
6)H3(x) dE(x),

∫
(1/

√
24)H4(x) dE(x)

)

je normálně rozdělený s nulovou středńı hodnotou. Nyńı pouze stač́ı ukázat,
že:

E
( ∫

(1/
√

6)H3(x) dE(x)
)2

= 1, E
(∫

(1/
√

24)H4(x) dE(x)
)2

= 1, (5)

E
( ∫

H3(x) dE(x)

∫
H4(x) dE(x)

)
= 0, (6)

nebot’ z (6) pak plyne nezávislost. Zřejmě pro libovolné funkce f(x) a g(x)
(pro které integrály existuj́ı) plat́ı

E
( ∫

f(x) dE(x)
)( ∫

g(x) dE(x)
)

=

∫ ∫
f(x)g(y) dK(x, y)

a dále pro i, j ≥ 3 plat́ı
∫ ∫

Hi(x)Hi(y) dK(x, y) =

∫
Hi(x)2 φ(x) dx = i ! (7)

∫ ∫
Hi(x)Hj(y) dK(x, y) =

∫
Hi(x)Hj(x)φ(x) dx = 0. (8)

Důkaz vztah̊u (7) a (8) pouze nast́ıńıme. Poměrně snadno je možno ukázat,
že integrály vzhledem k diferencovatelné části jádra se rovnaj́ı nule, a tedy∫ ∫

Hi(x)Hj(y)dK(x, y) =
∫ ∫

Hi(x)Hj(y) dΦ(min(x, y)). Rovnosti (5) a (6)
plynou z toho, že

∫ ∫
f(x)g(y) dΦ(min(x, y)) =

∫
f(x)g(x)φ(x) dx.

Obdobný typ konvergence jako (2) lze dokázat i pro v́ıce dimenźı. Limitńı
p− rozměrný proces {E(x),x ∈ Rp} je opět gaussovský s nulovou středńı
hodnotou a kovariančńı funkćı

K(x,y) = Φ(x ∧ y) − Φ(x)Φ(y) −
∫

z<x

zT dΦ(z) ·
∫

z<y

z dΦ(z) (9)

− 1

2
tr

( ∫

z<x

(zzT − I) dΦ(z) ·
∫

z<y

(zzT − I) dΦ(z)
)
.

Proces {D(t1, . . . , tp), (t1, . . . , tp) ∈ [0, 1]p} vznikne časovou transformaćı
D(t1, . . . , tp) = E

(
Φ−1(t1), . . . , Φ−1(tp)

)
, a analogicky źıskáme i jeho kova-

riančńı funkci.
Pro p = 2 má kovariančńı funkce (9) tvar:

K
(
(x1, x2), (y1, y2)

)
= Φ(min(x1, y1))Φ(min(x2, y2))−Φ(x1)Φ(x2)Φ(y1)Φ(y2)

− φ(x1)φ(y1)Φ(x2)Φ(y2) − φ(x2)φ(y2)Φ(x1)Φ(y1)

− 1

2
x1y1φ(x1)φ(y1)Φ(x2)Φ(y2) −

1

2
x2y2φ(x2)φ(y2)Φ(x1)Φ(y1)

− φ(x1)φ(x2)φ(y1)φ(y2).
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6 Koziol̊uv test (v́ıcerozměrný př́ıpad)

Hermitovy polynomy v́ıce proměnných vznikaj́ı jako součiny Hermitových po-
lynomů jedné proměnné. Tak např́ıklad Hermitovy polynomy 3. stupně maj́ı
tvar: xyz, 1√

2
(x2−1)y, 1√

6
(x3−3x). Poznamenejme, že všechny Hermitovy po-

lynomy 3. stupně proměnných x1, . . . , xp dostaneme záměnnou proměnných,
a tedy všechny Hermitovy polynomy 3. stupně jsou:

H
{i,j,k}
3 (x1, . . . , xp) = xixjxk, i < j < k, H

{i,i,j}
3 (x1, . . . , xp) = 1√

2
(x2

i −1)xj ,

i 6= j, H
{i,i,i}
3 (x1, . . . , xp) = 1√

6
(x3

i − 3xi); i, j, k = 1, . . . , p. Jejich počet je(
p+2
3

)
. Obdobně všechny Hermitovy polynomy 4. stupně maj́ı tvar:

xyzu, 1√
2
(x2 − 1)yz, 1

2 (x2 − 1)(y2 − 1), 1√
6
(x3 − 3x)y, 1√

24
(x4 − 6x2 + 3)

a jejich počet je
(
p+3
4

)
.

V Koziolově testu se opět testuje nulová hypotéza H0 proti alternativě A:

H0 :fY (y1, . . . , yp) =φ(y1) . . . φ(yp)

A : fY (y1, . . . , yp) =φ(y1) . . . φ(yp)
(
1 + θ

{1,1,1}
3 H

{1,1,1}
3 (y1, . . . , yp) + . . .

+ θ
{1,1,2}
3 H

{1,1,2}
3 (y1, . . . , yp) + . . .

)
.

V závorce
(
1 + θ

{1,1,1}
3 H

{1,1,1}
3 (y1, . . . , yp) + . . .

)
se vyskytuj́ı všechny Her-

mitovy polynomy 3. a 4. stupně.

Lepš́ı představu o tom, jak vypadaj́ı funkce vyskytuj́ıćı se v alternativě pro
př́ıpad dvou proměnných, umožňuj́ı následuj́ıćı obrázky. Obrázek 1 představu-
je vrstevnice funkce f(x, y) = φ(x)φ(y), obrázek 2 vrstevnice funkce f(x, y) =
φ(x)φ(y)

(
1+0.2(x3−3x)

)
, obrázek 3 vrstevnice funkce f(x, y) = φ(x)φ(y)(

1 + 0.2(x2 − 1)y
)
, obrázek 4 vrstevnice funkce f(x, y) = φ(x)φ(y)

(
1 + 0.2

(x3 − 3x)y
)
, obrázek 5 vrstevnice funkce f(x, y)=φ(x)φ(y)

(
1 + 0.1(x2 − 1)

(y2−1)
)
, obrázek 6 vrstevnice funkce f(x, y)=φ(x)φ(y)

(
1−0.1(x2−1)(y2−1)

)
.
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Obrázek 2:
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Obrázek 6:

Analogicky jako v jednorozměrném př́ıpadě můžeme pomoćı konvergence
k limitńımu v́ıcerozměrnému gaussovskému procesu ukázat, že testová sta-
tistika χ2

KO = Û2
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má za platnosti nulové hypotézy asymptoticky χ2 rozděleńı o
(
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3

)
+

(
p+3
4

)
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stupni volnosti. Každý sč́ıtanec v součtu Û2
3 + Û2

4 má χ2 rozděleńı o 1 stupni
volnosti. Jestliže zamı́tneme nulovou hypotézu, můžeme z rozboru velikosti
jednotlivých člen̊u poznat, jakým zp̊usobem byla normalita porušena.

Poznámka. Pochopitelně můžeme uvažovat i alternativy, které neobsahuj́ı
všechny Hermitovy polynomy 3. a 4. stupně. Budeme-li např. uvažovat jen

Hermitovy polynomy H
{j,j,j}
3 (y1, . . . , yp), H

{j,j,j,j}
4 (y1, . . . , yp), j = 1, . . . , p,

bude testová statistika shodná se statistikou χ2
PE Pearsonova testu, přičemž

jej́ı asymptotické rozděleńı bude χ2 o 2 p stupńıch volnosti.

7 Kolmogorov̊uv-Smirnov̊uv test (jednorozměrný př́ıpad)

Nejobecněǰśı test dobré shody pro normálńı rozděleńı má samozřejmě tvar:

H0 :FY (y) = Φ(y),

A : FY (y) 6= Φ(y).

Testová statistika KS Kolmogorovova-Smirnovova testu má tvar:

KS = max
t∈[0,1]

|Dn(t)| = max
x∈R1

|En(x)|. (10)

Z konvergence (2) vyplývá, že za platnosti H0

max
t

|Dn(t)| D−→ max
t

|D(t)|,

kde {D(t)} je gaussovský proces s nulovou středńı hodnotou a kovariančńı
funkćı (3). Rozděleńı veličiny maxt |D(t)| je však velmi složité. Vyjdeme-
li z předpokladu, že nás zaj́ımaj́ı kritické hodnoty testu pro malé hodnoty
hladiny významnosti α, pak je možno źıskat jejich přibĺıžeńı z teorie velkých
odchylek, viz [4]:

P
(

max
t∈[0,1]

|D(t)| > u
)

= 2

√
2π

π − 2
exp

(
− 2π

π − 2
u2

)(
1 + o(1)

)
. (11)

Tabulka 1 porovnává 5% a 1% kvantily statistiky KS źıskané z aproxi-
mace (11), pomoćı simulaćı (50 000 vygenerovaných výběr̊u o rozsahu n=300
a 10 000 vygenerovaných výběr̊u o rozsahu n = 500) a kvantily maxima abso-
lutńı hodnoty Brownova můstku maxt |B(t)|. Na přáńı Járy Antocha zde
znovu zd̊urazněme, že Kolmogorovova-Smirnovova testová statistika konver-
guje k maxt |B(t)| pouze pokud jsou známy parametry normálńıho rozděleńı
a empirická distribučńı funkce je poč́ıtána z hodnot {Yi}. Zároveň připomeň-
me, že

P
(

max
t∈[0,1]

|B(t)| > u
)

= 2

∞∑

k=1

(−1)k−1 e−2k2u2

.
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Tabulka 1 ukazuje jasně, že použit́ı kvantil̊u maxima absolutńı hodnoty Brow-
nova můstku je nevhodné. Dř́ıve běžné chybě se dnes vyhýbaj́ı i tv̊urci statis-
tických softwar̊u. Ve statistickém toolboxu Matlabu se v takzvaném Lilliefor-
sově testu, v kterém se testuje normalita pomoćı Komogorovovy-Smirnovovy
statistiky, použ́ıvá kritická hodnoty 1.103 pro hladinu významnosti α = 0.01
a hodnota 0.886 pro hladinu α = 0.05. Domńıváme se, že tyto hodnoty byly
źıskané simulaćı.

aprox. (11) sim.(n = 300) sim.(n = 500) max |B(t)|
5% kvantil 0.909 0.899 0.905 1.35
1% kvantil 1.057 1.052 1.054 1.64

Tabulka 1: 5% a 1% kvantily Kolmogorovovy-Smirnovovy statistiky KS
źıskané pomoćı (11) a pomoćı simulaćı ve srovnáńı s kvantily maxima abso-
lutńı hodnoty Brownova můstku.

8 Kolmogorov̊uv-Smirnov̊uv test (v́ıcerozměrný př́ıpad)

Testujeme opět nulovou hypotézu H0 proti alternativě A:

H0 :FY (y) = Φ(y),

A : FY (y) 6= Φ(y),

kde FY (y) je distribučńı funkce vektor̊u Y1, . . . ,Yn a Φ(y) = Φ(y1) · · ·Φ(yn).
Testová statistika má tvar:

KS = max
z∈Rp

√
n

∣∣ Gn(z) − Φ(z)
∣∣, (12)

kde Gn(z) je p− rozměrná empirická distribučńı funkce veličin

Z1 = S−1/2(X1 − X), . . . ,Zn = S−1/2(Xn − X).

Plat́ı KS
D−→ max(t1,...,tp)∈[0,1]p

∣∣ D(t1, . . . , tp)
∣∣.

Poznámka. Výpočet empirické distribučńı funkce v́ıce proměnných, a tedy
i Kolmogorovovy-Smirnovovy statistiky, je velmi časově a pamět’ově náročný.
Např́ıklad pro p = 2, kde data tvoř́ı množinu M = {(u1, v1), . . . , (un, vn)},
je třeba pro všechny dvojice (ui, vj), i, j = 1, . . . , n, spoč́ıtat počet dvojic
z množiny M takových, že prvńı souřadnice je menš́ı než ui a druhá menš́ı
než vj a dále počet dvojic z M , kde prvńı souřadnice je menš́ı rovna ui a druhá
menš́ı rovna vj . Je-li např. n = 100, je třeba spoč́ıtat 2 · 1002 hodnot.

Pro výpočet kritických hodnot statistiky (12) lze použ́ıt aproximaci, která
plat́ı pro velké hodnoty u, navrženou opět Fatalovem (1993). Pro p = 2 má
tato aproximace tvar:
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P
(

sup
(t1,t2)∈(0,1)×(0,1)

|D(t1, t2)| > u
)

= 309.4u exp(−4.939u2) (1 + o(1)).

(13)
Tabulka 2 porovnává 5% a 1% kvantily statistiky KS źıskané z aproxi-
mace (13), pomoćı simulaćı (10 000 vygenerovaných výběr̊u o rozsahu n=200)
s kvantily maxima absolutńı hodnoty Brownova můstku maxt1,t2 |B(t1, t2)|,
které byly také źıskány metodou velkých odchylek.

aprox. (13) sim. (n = 200) max |B(t1, t2)|
5% kvantil 1.352 1.292 1.695
1% kvantil 1.474 1.544 1.957

Tabulka 2: 5% a 1% kvantily Kolmogorovovy-Smirnovovy statistiky
KS źıskané aproximaćı (13) a pomoćı simulaćı ve srovnáńı s kvantily
maxt1,t2 |B(t1, t2)|.

9 Př́ıklad

Obrázek 7 představuje rozptylový graf odpov́ıdaj́ıćı 1000 bod̊um {(yi,1, yi,2)}
vygenerovaným z rozděleńı s hustotou

f(y1, y2) =
1

2π

((√
2e−y2

1/2 − e−y2
1

)
e−y2

2 +
(√

2e−y2
2/2 − e−y2

2

)
e−y2

1

)
(14)

spolu s jej́ımı́ vrstevnicemi. Rozděleńı neńı dvourozměrné normálńı, ale má
nekorelované standardńı normálńı marginály, viz [6, strana 211]. Obrázek 8
představuje vrstevnice funkce φ(y1)φ(y2)

(
1−0.117(y2

1 −1)(y2
2 −1)

)
. (Srovnej

s Tabulkou 3.)
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Tabulka 3 udává velikosti jednotlivých člen̊u v Koziolově statistice χ2
KO =

Û3 + Û4. Na hladině α = 0.05 se nulová hypotéza H0 zamı́tá (χ2
KO = 17.25)

d́ıky nenulovosti parametru θ
{1,1,2,2}
4 u Hermitova polynomu H

{1,1,2,2}
4 . Pear-

sonova statistika χ2
PE = 1.73 nulovou hypotézu nezamı́tá. Kolmogorovova-

Smirnovova statistika, která nabývá hodnoty KS = 0.745, také H0 nezamı́tá.

stat. st.vol. p-hodnota

1
2n

( ∑
i Z2

i1Zi2

)2
+ 1

2n

( ∑
i Z2

i2Zi1

)2
1.37 2 0.50

1
6n

( ∑
i Z3

i1

)2
+ 1

6n

( ∑
i Z3

i2

)2
0.93 2 0.63

1
4n

( ∑
i(Z

2
i1Z

2
i2 − 1)

)2
13.68 1 2.16 · 10−4

1
6n

( ∑
i Z3

i1Zi2

)2
+ 1

6n

( ∑
i Z3

i2Zi1

)2
0.47 2 0.79

1
24n

( ∑
i(Z

4
i1 − 3)

)2
+ 1

24n

( ∑
i(Z

4
i2 − 3)

)2
0.80 2 0.33

Û3 2.30 4 0.68

Û4 14.95 5 0.01

χ2
KO 17.25 9 0.04

Tabulka 3: Rozbor jednotlivých člen̊u v Koziolově statistice.
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LÈVY PROCESSES AND BALAYAGE SPACE

Andrea Karlová
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hyperharmonic functions.

Abstract: Bliedtner, Hansen [2] state the theorem which gives the characte-
rization for the cones of excessive functions for sub-Markov processes, where
all excessive functions are lower semicontinuous and positive hyperharmonic
functions for a family of harmonic kernels on X. We formulate the con-
sequence of this rather general theorem for Lévy processes.

Abstrakt: Bliedtner, Hansen [2] uváděj́ı obecný theorem, který umožňuje
charakterizovat kužel excesivńıch funkćı pro sub-markovské procesy tak, že
všechny tyto excesivńı funkce jsou zdola polospojité a kladné hyperharmo-
nické funkce pro rodinu harmonických jader na lokálně kompaktńım pro-
storu X. V tomto článku vysvětĺıme výše uvedené pojmy, vyslov́ıme zmı́něnou
větu a formulujeme d̊usledek pro Lèvyho procesy.

1 Introduction

The classical potential theory provides a very close connection between the-
ory of probability and mathematical calculus. A very known is a powerfull
Feymann-Kac theorem which very formally speaking allows us to interpret
the solution of the partial differential equation of a specific form as an ex-
pected value of the functional of Brownian motion stopped at a certain time.
The link between these two branches of mathematics is however much wider.
We can look at potential theory from four different angles via Hunt proces-
ses, sub-Markov semigroups, families of harmonic kernels and balayage space.
This is stated in Theorem IV.8.1 in Bliedtner, Hansen [2]).

Our motivation comes from the interest in the family of functions which
solves generalized Dirichlet problem. Consider for example a heat equation.
The functions which are harmonic with respect to the heat equation are
a special example of the general class of harmonic kernels. The harmonic
functions are also closely related with the class of Brownian semigroups. Our
intention is to study Lèvy processes. The later covers large class of stochastic
processes which however still owns very nice and handable properties.

The article is organized as follows. We firstly introduce notation and give
definitions of balayage space, sub-Markov semigroups, excessive functions,
hyperharmonic functions, family of harmonic kernels and Hunt processes in
the section Preliminaries. The reader familiar with these terms may prefer to
skip this part. In the second section we state a rather general theorem from
Bliedtner J., Hansen W. [2]. In the last section we recall the definition of Lèvy
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process and use the theorem from the second part to formulate a consequence
of it for Lèvy processes as a special case of Hunt processes.

The introduced theory is of great importance not only for the theoretical
studies. It has great applicability to optimal stopping problems and stochastic
control problems and consequently is of interest e.g. in the pricing of the
American contingent claims. For an introduction to the latter topics and
Dirichlet problem the reader may appriciate chapters 9-12 from Oksendal [3].

2 Preliminaries

We consider a locally compact space X with a countable base and denote U
a base for the topology on X consisting of relatively compact open sets in X.
We further denote by C(X) space of all continuous real functions on X and
C0(X) space of all continuous real functions vanishing in infinity. We also fix
the probability space (Ω,F , P ) on which live considered stochastic processes.

In the following we explain what is a balayage space. Let us consider W
a convex cone of positive lower semicontinuous1 numerical functions on X. For
v ∈ W we denote v̂ the lower regularization of v, i.e. v̂(x) := lim infy→x v(y),
x ∈ X.

The coarsest2 topology which is at least as fine as the initial topology and
for which all the functions from W are continuous will be called (W)-fine
topology.

Observe that functions from a convex cone W are missing the continuity
property in the initial topology U of locally relatively compact open sets and
thus we take new topology such that we add some sets to topology U in which
the functions from W will be continuous.

By v̂f we will denote the lower regularization of the function v in the
W-fine topology.

Definition 1. (X,W) is a balayage space, if the following properties are sa-
tisfied:

1. W is σ−stable, i.e. for every increasing sequence (vn) of functions
from W the supremum sup vn is in W

2. înf V
f
∈ W for every subset V of W.

3. if u, v′, v′′ ∈ W such that u ≤ v′ +v′′, then there exists u′, u′′ ∈ W such
that u = u′ + u′′ and u′ ≤ v′, u′′ ≤ v′′.

4. W is linearly separating, i.e. ∀x, y ∈ X,x 6= y and λ ≥ 0 exists v ∈ W,
s.t. v(x) 6= λv(y)

1Real function f defined on the topological space is lower semicontinous if for every
real α is the set {x; f(x) > α} open.

2Consider two topologies Θ1, Θ2 on X, s.t. Θ1 ⊆ Θ2 then we say that Θ2 is finer then
Θ1 and Θ1 is coarser then Θ2.
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and there exist positive u0, v0 ∈ W ∩ C(X) s.t. u0

v0
∈ C0(X)

and v = sup{u ∈ W ∩ C(X) : u ≤ v} for every v ∈ W

As an example consider X a discrete space (at most countable) and W the
set of all positive numerical functions on X, then (X,W) is a balayage space.

Just for completness recall what we understand by the sub-Markov (resp.
Markov) semigroup. We also explain what are excessive functions.

Definition 2. A family P = (Pt)t>0 of kernels3 on X is a semigroup, if Ps+t =
PsPt for s, t > 0.
It is a sub-Markov (resp. Markov), if for every t > 0 PtI ≤ I (resp.PtI = I).

Further note, that having define a semigroup of Markov kernels we will
call a positive borel measurable function f ∈ B+(X) excessive with respect
to the Markov semigroup P (P-excessive) if supt>0 Ptf = f . The set of all
P-excessive functions we denote by EP := {f ∈ B+(X) : supt>0 Ptf = f}.

Now, we describe what are families of harmonic kernels and give definiti-
ons of hyperharmonic and superharmonic functions.

Consider a family of kernels (HU )U∈U on X. We call (HU )U∈U a family of
sweeping kernels (relative to U) if for every set U from the base U of X, we
have a kernel HU on X for which holds that HU (x,U) = 0 for every x ∈ U
and for every x ∈ UC : HU (x, ·) = δx where δx denotes dirac mass.

Now for every open subset V of X we denote U(V ) the set of all open
subsets W ⊆ V such that closure W̄ is a compact set in V . Let H∗(V ) denote
the set of all positive hyperharmonic functions on V , that is the set of all po-
sitive borel measurable functions v on X, such that v is lower semicontinuous
on V and −∞ < HUv ≤ v for all U ⊂ U(V ). We also denote by S∗(V ) the
set of all positive superharmonic functions on V , i.e. the set of all positive
hyperharmonic functions w on V for which HUw|U ∈ C(U) for all U ⊂ U(V ).

We call (HU )U∈U a family of harmonic kernels if the following axioms are
fullfiled:

1. ∀x ∈ X, limU↓x HU I(x) = I

2. HV HU = HU for all U, V ∈ U and V̄ ⊂ U

3. For all U ∈ U and f ∈ B(X) which are bounded on ∂U the function
HUf is continuous on U.

4. for U ∈ U and every x ∈ U there exists a hyperharmonic function w
s.t. w(x) < ∞ and limA = ∞ for every non-regular ultrafilter4 A on U

3A kernel K on X is a mapping K : X × B(X) → R
+ s.t. x → K(x, B) is Borel

measurable for every B ∈ B(X) and B → K(x, B) is a measure on (X,B(X)) for every
x ∈ X

4For non-empty set U a ultrafilter A is non-empty system of subsets of U s.t. (i): 0 /∈ A,
(ii): A1, A2 ∈ A then A1 ∩ A2 ∈ A, (iii): A1 ∈ A and A1 ⊆ A2 then A2 ∈ A, and finaly
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5. the space of positive hyperharmonic functions H∗(X) is linearly sepa-
rating and there exists a strictly positive function s0 ∈ S∗(X) ∩ C(X).

For better understanding of the definition reader can verify (or read e.g.
in Bliedtner, Hansen [2]) that heat kernel in the classical Dirichlet problem
is a harmonic kernel.

Finally we need to define Hunt process. As we will see from the definition
it is a rather general stochastic process. However it still posses a Markov
property.

Definition 3. A markov process Z = (Z(t), t ≥ 0) is called a Hunt process if
the following conditions are satisfied:

1. the trajectories of Z(t) are right-continuous on t ≥ 0 and have limits
from left for 0 ≤ t ≤ T for T ∈ R+

2. (Z(t), t ≥ 0) has the strong markov property w.r.t to the augmented
natural filtration (GZ

t , t ≥ 0), i.e. given any GZ
t -adapted stopping time τ

and ∀s ≥ 0, B ∈ B(Rd) the following holds:

P (Z(τ + s) ∈ B|GZ
t ) = P (Z(s) ∈ B|Z(τ))

3. (Z(t), t ≥ 0) is quasi-left continuous, i.e. whenever (τn) is sequence
of GZ

t -adapted stopping times and τ is GZ
t -adapted stopping time, s.t.

τn ր τ then
lim

n→∞
Z(τn) = Z(τ) a.s. on [τ < ∞]

We will further denote by EZ the set of all functions excessive with respect
to Markov semigroup P of Hunt process Z.

3 Theorem

The following theorem provides us with a general result which allows us to
describe the cone W of excessive functions for sub-Markov processes, where
all excessive functions are lower semicontinuous and positive hyperharmonic
functions for a family of harmonic kernels on X. Further (X,W) is a balayge
space.

Theorem 1. Let P ∈ C+(X) be a function cone and W = S(P) := {sup fn :
(fn) ∈ P increasing} s.t. I ∈ W. Then the following statements are equiva-
lent:

(iv): A1 ∈ A or Ac
1 ∈ A. Considering an ultrafilter A on U converging to point z from

interior of U , then we say that ultrafilter A is regular w.r.t to the family of kernels HU if
limx,A HU (z, ·) = δz (δz is dirac mass at z). Every ultrafilter which is not regular is called
non-regular.
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1. (X,W) is a balayage space

2. there exists a family (HU )U∈U of harmonic kernels on X such that
H∗(X) = W.

3. W is min-stable, i.e for every f, g ∈ W the infimum inf(f, g) ∈ W
and there exists a sub-Markov semigroup P = (Pt)t>0 on X s.t. EP = W

4. there exists a Hunt process Z = (Z(t), t ≥ 0) with state space (X,X )
s.t. EZ = W.

Proof: see Bliedtner J., Hansen W. (1986) [2], Theorem IV.8.1, p.168.

4 Application to Lèvy processes

Lèvy processes are an example of Markov processes with more restrictive con-
ditions. They are also closely related to convolution semigroups of measures
such that the distribution of the Lèvy process forms a convolution semigroup.
To have nice insight about their behaving, we can also describe them as pro-
cesses which can in general consist from the process with finite variation,
a Brownian motion part and jump process which has countable many jumps.
Each of these component can be missing so for example Brownian motion or
Poisson process or mixture of these is Lèvy process.

Definition 4. A stochastic process Z = (Z(t), t ≥ 0) on X is a Lèvy process
if the following conditions holds:

1. Z(0) = 0 a.s.

2. (Z(t), t ≥ 0) has independent and stationary increments

3. (stochastic continuity)
∀ε > 0 and all h > 0 lim

h→0
P(|Z(t + h) − Z(h)| > ε) = 0

4. (cadlag property of trajectories)
(Z(t), t ≥ 0) is right continuous in t ≥ 0 and has left limits in t > 0.

The following proposition which we can formulate due to Theorem 1 gives
us properties for the set of all excessive functions with respect to considered
Lèvy process such that the set is closed under infimum and supremum and
can be characterized via hyperharmonic functions.

Proposition 1. For a function cone P ∈ C+(X) and W = S(P) s.t. I ∈ W
and Lèvy process Z = (Z(t), t ≥ 0) with the state space (X,X ), s.t. EZ = W
there exists a family (HU )U∈U of harmonic kernels on X, s.t. H∗(X) = W,
W is min-stable and σ−stable and there exists a sub-Markov semigroup P =
(Pt)t>0 on X, s.t. EP = W

Proof: The fact that Lèvy process is Hunt process follows from definitions
of these processes. Note, that Lèvy process is a Markov process (see e.g.
Sato K. [4]) and every Lèvy process is a Feller process and every Feller process
is a Hunt process (Applebaum D. [1]). The rest is a consequence of Theorem 1.
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Karĺın;
ČSOB, Value and Risk Management, Radlická 333, 150 57 Praha 5 – Radlice
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INTERVALOVÝ ODHAD PARAMETRU p

BINOMICKÉHO ROZDĚLENÍ:
CO JE (RELATIVNĚ) NOVÉHO?

Jan Klaschka

Kĺıčová slova: Binomické rozděleńı, znáhodněné konfidenčńı intervaly, fuzzy
konfidenčńı intervaly

Abstrakt: Práce navazuje na článek z ROBUSTu 2006, kde byly vyloženy
r̊uzné typy konfidenčńıch interval̊u pro parametr p binomického rozděleńı.
Pravděpodobnost pokryt́ı skutečného p konfidenčńım intervalem nemůže být
na celém intervalu [0, 1] rovna předepsané nominálńı hladině spolehlivosti
1−α. Odtud vyplývaj́ı dilemata (muśı být pravděpodobnost pokryt́ı vždy ale-
spoň 1−α, nebo je lepš́ı aproximovat 1−α z obou stran?) a množstv́ı návrh̊u,
jak konfidenčńı interval konstruovat. Nyńı bude výklad rozš́ı̌ren o zobecněńı

”
obyčejných“ konfidenčńıch interval̊u, která dosažeńı konstantńı pravděpo-

dobnosti pokryt́ı umožňuj́ı: znáhodněné konfidenčńı intervaly (známé už ně-
kolik desetilet́ı) a relativńı novinku – tzv. fuzzy konfidenčńı intervaly.

Abstract: The present work follows up the ROBUST 2006 paper where
various types of confidence intervals for binomial parameter p have been
exposed. The coverage probability cannot equal the nominal confidence level
1 − α in the whole domain [0, 1]. This leads to dilemmas (is the coverage
of at least 1 − α a must, or is it better to approximate 1 − α from both
sides?), and to multiplicity of proposals of confidence interval types. The
present work extends the scope of the previous paper by such generalizations
of “ordinary” confidence intervals that enable a constant coverage, namely
by the randomized confidence intervals (introduced several decades ago), and
by the relatively new idea of the fuzzy confidence intervals.

1 Úvod

S intervalovým odhadem pravděpodobnosti jevu na základě počtu jeho vý-
skyt̊u v určitém počtu nezávislých pokus̊u se v nejr̊uzněǰśıch aplikaćıch set-
káváme velmi často. Aktuálně jej potřebuji při studiu možnost́ı detekce stav̊u
hroźıćıch mikrospánkem ze záznamu EEG, ale stejně tak se bez něj neobejdu
jako statistický konzultant v lékařském výzkumu a naraźıme na něj v mnoha
situaćıch v biologii, ekonomii, technice a v řadě daľśıch disciplin.

Dalo by se očekávat, že problém tak frekventovaný a jednoduchý bude
dávno mı́t uspokojivé řešeńı. Dávno ano – Laplace publikoval vzorec, který
se dodnes už́ıvá (tolik, že se mu ř́ıká standardńı), v r. 1812 [9]. S uspokojivost́ı
už je to horš́ı: Interval kdysi navržený Laplacem má dnes značně pochrouma-
nou reputaci a existuje řada nověǰśıch návrh̊u typ̊u konfidenčńıch interval̊u,
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z nichž ale žádný
”
nev́ıtěźı“ tak jednoznačně, aby se nenašly d̊uvody pro daľśı

vylepšeńı. Z údivu nad t́ım, že se tak starou úlohou zabývaj́ı dobř́ı autoři ještě
po r. 2000, vznikla má přednáška na ROBUSTu 2006 a článek [8]. Jestliže se
dnes k tématu znovu vraćım, je to proto, že jsem krátce po ROBUSTu 2006
zjistil, že kolem konfidenčńıch interval̊u pro parametr binomického rozděleńı
je živo ještě v́ıce, než jsem tušil.

Tou v nadpisu avizovanou relativně novou myšlenkou jsou tzv. fuzzy kon-
fidenčńı intervaly. Než se k nim dostaneme, shrnu v sekci 2 některá fakta
o

”
obyčejných“ konfidenčńıch intervalech a v sekci 3 se zmı́ńım o znáhod-

něných konfidenčńıch intervalech. Fuzzy konfidenčńım interval̊um pak bude
věnována sekce 4.

2 Malé opakováńı

V daľśım budeme X značit počet
”
úspěch̊u“ (výskyt̊u nějakého jevu) v n ne-

závislých pokusech, když pravděpodobnost
”
úspěchu“ v jednotlivém pokusu

je p ∈ [0, 1]. X tedy má binomické rozděleńı s parametry n a p, tj.

Pp(X = i) =

(
n

i

)
pi(1 − p)n−i, i = 0, 1, . . . , n.

Budeme se zabývat oboustrannými konfidenčńımi intervaly CI = [pD, pH ]
pro p na hladině spolehlivosti 1 − α při pevném známém n.

V elementárńıch statistických učebńıch textech stejně jako v aplikaćıch se
nejčastěji setkáme s tzv. standardńım konfidenčńım intervalem

CIst = p̂ ± zα/2

√
p̂(1 − p̂)/n, (1)

kde p̂ = X/n a zα/2 je (1 − α/2)-kvantil N(0, 1). Tento interval publikoval
Laplace již v r. 1812.

Vzorec (1) je založen na aproximaci binomického rozděleńı normálńım
rozděleńım. Pro malé n nebo p bĺızké krajńım hodnotám 0 a 1 aproximace
neńı kvalitńı, a proto se už́ıváńı standardńıho intervalu doporučuje jen tehdy,
jsou-li splněny určité podmı́nky, např. min(np̂, n(1− p̂)) ≥ 5. Pokud splněny
nejsou, saháme v praxi většinou k

”
exaktńımu“ Clopper-Pearsonovu intervalu

(publikovanému v r. 1934 [6]). Jeho meze pD a pH jsou řešeńım rovnic

n∑

i=X

(
n

i

)
(pD)i(1 − pD)n−i = α/2,

X∑

i=0

(
n

i

)
(pH)i(1 − pH)n−i = α/2 (2)

s výjimkami pD = 0 pro X = 0 a pH = 1 pro X = n.
Standardńı a Clopper-Pearson̊uv konfidenčńı interval se mnohdy chápou

jako dvě řešeńı jedné a té samé úlohy – prvńı jednodušš́ı, přibližné a platné
jen v určitých meźıch, druhé složitěǰśı, ale přesné a univerzálńı. To však neńı
tak úplně pravda. Každý z daných dvou typ̊u konfidenčńıho intervalu můžeme
brát jako reprezentanta jiného př́ıstupu, tedy vlastně jako řešeńı jiné úlohy.
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Exaktńı př́ıstup požaduje, aby pro funkci pokryt́ı cover(p) = Pp(p ∈ CI)
v celém definičńım oboru platilo cover(p) ≥ 1−α. (Např. C. Mehta v diskusi
k článku [5] argumentuje, že zaručit něco na 95 % znamená alespoň na 95 %,
ne na přiblǐzně 95 %.) Clopper-Pearson̊uv konfidenčńı interval dané kritérium
evidentně splňuje, na rozd́ıl od standardńıho intervalu.

Př́ıznivci přiblǐzných konfidenčńıch interval̊u (výmluvný je název Agresti-
ho a Coullova článku [1]: Approximate is better than “exact” for interval
estimation of binomial proportions) považuj́ı naproti tomu za dostatečné,
když funkce cover(p) nominálńı hladinu spolehlivosti 1 − α dobře aproxi-
muje z kterékoli strany; velké kladné odchylky od 1 − α pokládaj́ı za stejně
nežádoućı jako odchylky záporné. Poukazuj́ı na to, že striktńı omezeńım
cover(p) ≥ 1 − α vede k tomu, že funkce cover(p) téměř v celém či v úplně
celém definičńım oboru fakticky prob́ıhá vysoko nad 1 − α. Důsledkem jsou
pak př́ılǐs dlouhé intervaly, zbytečně rozsáhlé experimenty atp.

Aby nebyla mýlka: Pokud někdo dává přednost přibližným konfidenčńım
interval̊um, neznamená to ještě zdaleka, že má v oblibě standardńı inter-
val (1). Vı́ se, že funkce pokryt́ı coverst(p) = Pp(p ∈ CIst) aproximuje
konstantu 1 − α špatně (i v meźıch, kde literatura metodu doporučuje); na
1 − α

”
se d́ıvá zdola“ př́ılǐs často, takže se sotva dá mluvit o koĺısáńı kolem

1−α – viz př́ıklad na obr. 1a. V práci [5], která srovnává řadu r̊uzných typ̊u
přibližných konfidenčńıch interval̊u pro p, byl standardńı interval podroben
zdrcuj́ıćı kritice, uzavřené

”
doporučeńım“: Neuž́ıvat a neučit!

Existuje řada lepš́ıch alternativ ke standardńımu intervalu. K těm přij́ı-
maným jako nejlepš́ı patř́ı mj. tyto:

• Wilson̊uv interval je podobně jako standardńı interval založen na nor-
málńı aproximaci binomického rozděleńı, ale mı́sto Waldova testu hy-
potézy p = p0 s testovou statistikou (p̂ − p0)/

√
p̂(1 − p̂)/n, invertuje

skórový test se statistikou (p̂ − p0)/
√

p0(1 − p0)/n. (Vzorec pro meze
Wilsonova intervalu viz např. [8].) Tato drobná změna má dramatické
d̊usledky – srovnejme obr. 1a a 1b.

• Agresti-Coull̊uv interval byl navržen jako jednodušš́ı aproximace Wilso-
nova intervalu. Poč́ıtá se jako standardńı interval, ale s t́ım rozd́ılem, že
počet

”
úspěch̊u“ i

”
neúspěch̊u“ se oproti skutečně pozorovaným počt̊um

zvýš́ı o 2. Př́ıklad funkce pokryt́ı viz obr. 1c.

• Jeffreys̊uv interval je odvozen Bayesovsky – meze jsou kvantily aposte-
riorńıho rozděleńı p při apriorńım rozděleńı Beta(1/2, 1/2).

Vı́ce podrobnost́ı o výše uvedených i daľśıch přibližných konfidenčńıch inter-
valech pro p (mid-P, arcsinovém, logitovém aj.) lze naj́ıt v [5].

Ani Clopper-Pearson̊uv interval neńı v rámci exaktńıho př́ıstupu jedinou
a nejlepš́ı možnost́ı. Lze mu vytknout, že je př́ılǐs konzervativńı – funkce po-
kryt́ı je typicky v celém definičńım oboru ostře (a o dost) větš́ı než nominálńı
hladina spolehlivosti, viz obr. 1d. V článku [8] cituji sérii praćı datovaných
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Obrázek 1: Pravděpodobnost pokryt́ı p při n = 50 a 1 − α = 0,95. a) Stan-
dardńı interval, b) Wilson̊uv interval, c) Agresti-Coull̊uv interval, d) Clopper-
Pearson̊uv interval, e) Blaker̊uv interval.

léty 1954 až 2000, které přinášej́ı r̊uzné návrhy méně konzervativńıch konfi-
denčńıch interval̊u zachovávaj́ıćıch omezeńı cover(p) ≥ 1−α. (Vesměs u nich
na rozd́ıl od Clopper-Pearsonova intervalu smı́ být jedna z pravděpodobnosti
Pp(p < pD) a Pp(pH < p) větš́ı než α/2 –

”
hĺıdá se“ pouze jejich součet.)

Na obr. 1e je pro srovnáńı s Clopper-Pearsonovým intervalem graf funkce
pokryt́ı Blakerova intervalu (viz [3]) pro stejné n.

Literatura o konfidenčńıch intervalech pro p by patrně byla chudš́ı a v pra-
xi by nám ubylo nejasnost́ı, co vlastně použ́ıvat, kdybychom uměli intervaly
spolehlivosti konstruovat tak, že by se funkce pokryt́ı cover(p) všude rovnala
1−α. Bohužel to neumı́me, a neńı to jen t́ım, že bychom konfidenčńı intervaly
konstruovali nešikovně. Funkci pokryt́ı můžeme vyjádřit ve tvaru

coverCI(p) =

n∑

i=0

I[CI(i)] · Pp(X = i), (3)

kde CI(i) je konfidenčńı interval při X = i a I[A] znač́ı charakteristickou
funkci množiny A. Dle (3) je funkce pokryt́ı po částech polynom stupně n
a je nespojitá v krajńıch bodech interval̊u CI(i), kde má skoky o Pp(X = i) –
rovnat se v celém definičńım oboru konstantě 1−α tedy nemůže. (Všimněme
si, že (3) plat́ı pro diskrétńı rozděleńı obecně. Nespojitá, a tud́ıž nekonstantńı
funkce pokryt́ı tedy zdaleka neńı jen specifikem binomického rozděleńı.)
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3 Znáhodněné konfidenčńı intervaly

Navzdory tomu, co bylo řečeno na konci předcházej́ıćı sekce, funkce pokryt́ı
vlastně konstantńı být může – sáhneme-li k randomizaci. Meze znáhodněného
konfidenčńıho intervalu jsou určeny nejen empirickými daty (tj. počtem

”
úspěch̊u“ X), ale také realizaćı náhodné veličiny U (nezávislé na X).

Př́ıkladem znáhodněného konfidenčńıho intervalu je Stevens̊uv interval
publikovaný v r. 1950 (viz [12]). Jeho meze pD, pH jsou řešeńım rovnic

n∑

i=X+1

(
n

i

)
(pD)i(1 − pD)n−i + (1 − U)

(
n

X

)
(pD)X(1 − pD)n−X = α/2, (4)

X−1∑

i=0

(
n

i

)
(pH)i(1 − pH)n−i + U

(
n

X

)
(pH)X(1 − pH)n−X = α/2, (5)

kde U je náhodná veličina s rovnoměrným rozděleńım na [0, 1]. Přesněji
řečeno, pD je řešeńım (4) (resp. pH je řešeńım (5)), pokud takové řešeńı
je v [0, 1], jinak pD = 0 (resp. pH = 1).

Optimálńı procedura mezi znáhodněnými testy hypotézy p = p0 proti
oboustranné alternativě je stejnoměrně nejsilněǰśı nestranný znáhodněný test
(UMPU test; viz [10]). Jeho invertováńım źıskáme Neymanovsky nejkratš́ı
nestranný znáhodněný konfidenčńı interval. (

”
Nejkratš́ı“ je v tom smyslu,

že ve tř́ıdě nestranných znáhodněných konfidenčńıch interval̊u CI, pro které
coverCI(p) ≥ 1 − α na [0, 1], pro p′ 6= p minimalizuje Pp(p

′ ∈ CI).) Ta-
bulky meźı takového znáhodněného konfidenčńıho intervalu – ř́ıkejme mu
znáhodněný UMPU interval – byly publikovány v r. 1960 ([4]).

Znáhodněný UMPU interval by mohl znamenat konec všech nejasnost́ı,
jaký typ konfidenčńıho intervalu pro p použ́ıvat – kdyby ovšem praxe byla
s to takový

”
dar“ od teorie přijmout. Kdo pracuje pro uživatele a váž́ı si

jejich d̊uvěry, nebude asi snadno sb́ırat odvahu nab́ızet jim metodu, která
konfidenčńı interval odpov́ıdaj́ıćı jedněm a týmž dat̊um (tj. n a X) umı́st́ı
tu v́ıce vlevo, tu v́ıce vpravo podle toho, jaké náhodné č́ıslo poč́ıtač právě
vygeneroval.1

Znáhodněné konfidenčńı intervaly byly v době, kdy představovaly no-
vinku, považovány za nadějné a očekávalo se, že by se v praxi mohly uchytit.
Tak např. E. S. Pearson [11] se domńıval, že statistici by mohli přijmout
myšlenku znáhodněńı po experimentu zrovna tak, jako se dř́ıve postupně sžili
s randomizaci experimentu jako takového. V dnešńı době však, jak konsta-
tuj́ı např. Agresti a Gottard [2], má znáhodněná inference význam jen v teorii
a o jej́ım reálném použ́ıváńı prakticky nikdo vážně neuvažuje.

1U znáhodněných test̊u se dodatečný náhodný pokus alespoň použ́ıvá jen v
”
hraničńıch“

př́ıpadech, ale meze typického znáhodněného konfidenčńıho intervalu záviśı na náhodných
vstupech vždy, při jakýchkoli empirických datech.
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Obrázek 2: Fuzzy UMPU konfidenčńı interval pro p při 1− α = 0,95, n = 10
a X = 0 (a), 1 (b), 3 (c).

4 Fuzzy konfidenčńı intervaly

V r. 2005 přǐsli Geyer a Meeden [7] s novým nápadem, jak dosáhnout u in-
tervalových odhad̊u parametr̊u diskrétńıch rozděleńı konstantńıho pokryt́ı.

Mějme rodinu rozděleńı s parametrem θ ∈ Θ a necht’ φ(x, α, θ0) je kritická
funkce znáhodněného testu hypotézy θ = θ0 na hladině α, tj. pravděpodob-
nost, že na základě dat x bude hypotéza θ = θ0 na hladině α zamı́tnuta.
Je-li test neznáhodněný, tj. φ nabývá pouze hodnot 0 a 1, je 1 − φ(x, α, θ)
pro pevné x a α charakteristická funkce konfidenčńıho intervalu pro θ na
hladině spolehlivosti 1−α. Obecně (v př́ıpadě znáhodněného testu) je h(θ) =
1 − φ(x, α, θ) funkce s hodnotami v [0, 1]. Geyer a Meeden navrhuj́ı brát ji
jako fuzzy množinu, nazývat ji fuzzy konfidenčńı interval a interpretovat jej́ı
hodnoty jako stupeň př́ıslušnosti ke konfidenčńımu intervalu.

Dle zažité terminologie teorie fuzzy množin definuj́ı autoři [7] nosič (sup-
port) a jádro (core) konfidenčńıho intervalu jako množiny {θ;h(θ) > 0}
a {θ;h(θ) = 1}. Do konfidenčńıho intervalu

”
úplně patř́ı“ prvky jádra,

”
čás-

tečně patř́ı“ ostatńı prvky nosiče a
”
v̊ubec nepatř́ı“ prvky Θ mimo nosič.

Pokud hodnoty funkce h(θ) neinterpretujeme pravděpodobnostně (což
bychom snadno mohli, ale Geyer a Meeden se tomu bráńı), nemá pro fuzzy
konfidenčńı intervaly smysl definice funkce pokryt́ı jakožto pravděpodobnosti
pokryt́ı. Definici ale můžeme rozš́ı̌rit a položit cover(θ) = Eθ[1− φ(X,α, θ)].
Takto definovaná funkce pokryt́ı je pak evidentně na celém Θ rovna 1 − α,
pokud test s kritickou funkćı φ je exaktńı, tj. když pro všechna α a θ plat́ı
Eθφ(X,α, θ) = α.

Vrat’me se ale od obecných pojmů k binomickému rozděleńı. Geyer a Me-
eden odvodili fuzzy konfidenčńı interval pro p odpov́ıdaj́ıćı znáhodněnému
UMPU testu a naprogramovali jej jako baĺık ump v R. Na obr. 2 jsou př́ıklady
vypočtené t́ımto softwarem. Právě takto – ve formě grafu funkce h(θ) – by
se podle Geyera a Meedena měly fuzzy konfidenčńı intervaly prezentovat.

Článek [7] lze zájemci o v́ıce podrobnost́ı doporučit i s celou diskuśı, v ńıž
se velká chvála stř́ıdá i s dosti př́ıkrou kritikou.
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Obrázek 3: Alternativńı fuzzy konfidenčńı interval podle [2]. a–b) Vztah mezi
Stevensovým znáhodněným konfidenčńım intervalem a funkćı h(p), c) pr̊uběh
h(p) pro 1 − α = 0,95, n = 10, X = 0 (—), 3 (– –), 9 (· · ·).

S asi nejzaj́ımavěǰśım diskusńım př́ıspěvkem k článku [7] přǐsli Agresti
a Gottard [2], kteř́ı navrhuj́ı alternativńı typ fuzzy konfidenčńıho intervalu
pro p. Základem jejich konstrukce je Stevens̊uv znáhodněný konfidenčńı in-
terval, určený rovnicemi (4) a (5). Konstrukci funkce h(p) popisuj́ı zp̊usobem
naznačeným na obr. 3a a 3b: Pro X r̊uzné od 0 a n meze Stevensova intervalu
rostou s rostoućı hodnotou veličiny U . (Speciálńı př́ıpady X = 0 a X = n
vyžaduj́ı pečlivěǰśı formulaci, kterou si dovoĺım podobně jako autoři [2] po-
minout.) Jsou-li pro U = u meze Stevensova intervalu pD a pH , je h(pD) = u
a h(pH) = 1− u. (T́ım je funkce h(p) definovaná ve dvou disjunktńıch inter-
valech ID, IH . Vlevo od ID a napravo od IH je h(p) = 0, mezi ID a IH pak
h(p) = 1.) Př́ıklady fuzzy konfidenčńıch interval̊u dle [2] jsou na obr. 3c.

Alternativńı fuzzy konfidenčńı interval lze chápat jako
”
obálku“ na Ste-

vensovy znáhodněné intervaly – z funkce h(p) lze odeč́ıst, jak by znáhodněný
interval vypadal pro všechny možné hodnoty náhodného vstupu U . Samotný
fuzzy konfidenčńı interval přitom, což je z hlediska praktické použitelnosti
klad, na žádných náhodných vstupech nezáviśı a je určen pouze empirickými
daty. Poznamenejme, že obdobný vztah, jaký existuje mezi fuzzy interva-
lem dle [2] a Stevensovým znáhodněným intervalem, existuje také mezi fuzzy
UMPU intervalem a znáhodněným UMPU intervalem.

Fuzzy konfidenčńı interval dle [2] má úzký vztah ke dvěma známým typ̊um

”
klasických“ konfidenčńıch interval̊u. Jeho nosičem je Clopper-Pearson̊uv in-

terval. (Nosič fuzzy UMPU intervalu často Clopper-Pearson̊uv interval obsa-
huje jako vlastńı podmnožinu, což autor̊um [2] zaváńı přehnanou konzervativ-
nost́ı.) Kdybychom chtěli fuzzy konfidenčńı interval daného typu aproximovat

”
klasickým“ intervalem, mohla by k tomu posloužit množina {p;h(p) ≥ 1/2},

což ale neńı nic jiného než tzv. mid-P interval (přibližný konfidenčńı interval,
který dostaneme, když v rovnićıch (4), (5) nahrad́ıme U konstantou 1/2.)
Agresti a Gottard to vyzdvihuj́ı jako novou motivaci pro mid-P interval.

Geyer a Meeden předložili v [7] fuzzy konfidenčńıch intervaly velmi se-
bevědomě, jako ideu, která se muśı v praxi prosadit, protože představuje to
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pravé řešeńı starých problémů. Agresti a Gottard [2] ovšem nabádaj́ı k větš́ı
zdrženlivosti v očekáváńıch: Znáhodněné konfidenčńı intervaly také kdysi
vstupovaly na scénu s naděj́ı, že se prosad́ı, a kde dnes jsou? I kdyby ale
fuzzy konfidenčńı intervaly z̊ustaly jen kapitolkou v teorii, měli bychom jim
být vděčńı i za skromněǰśı

”
zisky“, jako je např. již zmiňovaná nová motivace

pro mid-P interval.
Sám bych také byl, co se týká šance, že se fuzzy konfidenčńıch intervaly

uchyt́ı v praxi, poměrně skeptický. Ze zkušenosti v́ım, že pro mnoho uživatel̊u
statistiky je i

”
obyčejný“ interval spolehlivosti př́ılǐs komplikovaný pojem.
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LOGISTICKÁ REGRESE
V SUBKOHORTNÍCH STUDÍICH

Petr Klášterecký, Michal Kulich

Kĺıčová slova: Subkohortńı studie, model proporcionálńıch šanćı, logistická
regrese.

Abstrakt: V subkohortńı studii pozorujeme u sledovaných jedinc̊u zprava
cenzorovanou dobu do výskytu určité události. Pro analýzu však máme k dis-
pozici pouze jedince, u nichž událost nastala, a výběr z kontrolńı skupiny.
Ćılem analýzy je obvykle odhadnout parametry vhodného regresńıho mo-
delu. Subkohortńı odhady použ́ıvané v současnosti nevykazuj́ı dobré chováńı
v situaćıch, kdy má sledovaná událost velmi malou pravděpodobnost. V př́ıs-
pěvku proto navrhneme nový odhad s lepš́ımi vlastnostmi, založený na zkom-
binováńı odhad̊u źıskaných opakovaně logistickou regreśı v časech událost́ı.

Abstract: In a case-cohort study, right censored times to some event are
recorded on the study subjects, however only the cases are followed together
with a sample from the control group. The goal of the statistical analysis usu-
ally is to estimate the parameters of a suitable regression model. All currently
known case-cohort estimators suffer from serious performance problems in si-
tuations with rare events. We therefore aim to develop a new estimator with
better properties, based on combining logistic regression estimators obtained
at failure times.

1 Subkohortńı studie

V mnoha statistických aplikaćıch, zejména pak v medićıně a epidemiologii,
nás zaj́ımá doba do výskytu určité události (doba do propuknut́ı nemoci,
doba do vyléčeńı pacienta atd.) a vztah této doby k daľśım faktor̊um. Ke
statistickému zhodnoceńı podobných dat slouž́ı metody analýzy přež́ıváńı,
nejčastěji pak Cox̊uv regresńı model proporcionálńıch rizik. Tyto základńı
metody předpokládaj́ı, že analyzovaná data tvoř́ı prostý náhodný výběr z ćı-
lové populace, který po určitou dobu sledujeme a zaznamenáváme události
a cenzorováńı.

Pojem subkohortńı studie (angl. case-cohort study) zavedl R. L. Pren-
tice v článku [6], přičemž hlavńı motivaćı byla snaha o úsporu náklad̊u
u rozsáhlých epidemiologických studíı. V klasické kohortńı studii je totiž
nutné sledovat všechny jedince, přestože nejpodstatněǰśı informaci (pro všech-
ny použ́ıvané modely) nesou ti, u nichž se vyskytla pozorovaná událost (př́ı-
pady, cases). Subkohortńı studie se omezuj́ı na sledováńı př́ıpad̊u a pouze
malého vzorku z kontrolńı skupiny. Č́ım vzácněǰśı je ve sledované populaci
výskyt dané události, t́ım větš́ı je v klasické kohortńı studii pod́ıl kontrolńı
skupiny a t́ım větš́ı také je úspora plynoućı z využit́ı studie subkohortńı.
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Při analýze dat pocházej́ıćıch ze subkohortńı studie je ćılem odhadnout
parametry regresńıho modelu stejně jako v klasické analýze přež́ıváńı. Nemá-
me však k dispozici pozorováńı kontrolńıch jedinc̊u, kteř́ı nebyli vybráni do
subkohorty. Standardńı postupy je tak nutno upravit a tato úprava obvyk-
le spoč́ıvá v zavedeńı vah do odhadovaćıch rovnic. Nepozorovaným kon-
trolńım jedinc̊um se přǐrad́ı váha nulová, ostatńım pak váha zohledňuj́ıćı
pravděpodobnost výběru do subkohorty. Různé volby váhových funkćı vedou
k r̊uzným subkohortńım odhad̊um (stručný přehled např. v [4]). Kromě Co-
xovy regrese bylo pro subkohortńı studie postupně v literatuře publikováno
zobecněńı odhadovaćıch rovnic mnoha daľśıch model̊u, ale základńı myšlenka
vážeńı jednotlivých př́ıspěvk̊u z̊ustává stále stejná.

2 Problémy s ř́ıdkými jevy

V praxi je poměrně časté vyb́ırat kontrolńı skupinu přibližně stejně početnou
jako je skupina př́ıpad̊u. Události s malou pravděpodobnost́ı generuj́ıćı malý
počet př́ıpad̊u tak vedou k požadavk̊um na velmi malé subkohorty. To má
za následek, že pravděpodobnost výběru i-tého jedince do kontrolńı skupiny,
označme ji pi, je také velmi malá. Právě tato pravděpodobnost však vstupuje
do vah, které se přidávaj́ı do odhadovaćıch rovnic, a hraje tak podstatnou
roli při určováńı asymptotických vlastnost́ı subkohortńıch odhad̊u.

Jedńım z předpoklad̊u pro platnost asymptotických výsledk̊u je totiž
požadavek, aby tato pravděpodobnost byla tzv. odražená od nuly, tj. pi ≥
ǫ > 0. Důkazy asymptotické normality a konzistence subkohortńıch odhad̊u
se oṕıraj́ı o aproximaci subkohortńı skórové funkce součtem skórové funkce
pro úplná data a zbytkového členu. Výsledky dokázané již dř́ıve pro skórové
funkce při úplných datech potom dávaj́ı požadované vlastnosti i pro sub-
kohortńı odhady, ale bez splněńı předpokladu na kladné pravděpodobnosti
výběru nelze ukázat konvergenci zbytkového členu k nule a celá konstrukce
tud́ıž nevede k ćıli (podrobněji viz např. [2], kap. 3).

V př́ıspěvku na minulém Robustu [3] jsme ukázali, jak špatně mohou
dopadnout subkohortńı odhady při modelováńı velmi ř́ıdkých jev̊u. Simulo-
vali jsme situaci s 1% pod́ılem př́ıpad̊u a při vybráńı srovnatelně velké nebo
menš́ı kontrolńı skupiny bylo patrné vychýleńı odhad̊u, menš́ı než předepsaná
pravděpodobnost pokryt́ı u konfidenčńıch interval̊u a špatná konvergence
k teoretickému asymptotickému rozděleńı odhad̊u. Uvedené problémy byly
t́ım patrněǰśı, č́ım menš́ı byla pravděpodobnost výběru do subkohorty, tj.
pod́ıl velikost́ı subkohorty a p̊uvodńı populace. Při výběru velké subkohorty
se odhady chovaj́ı podle očekáváńı dobře, ale na druhou stranu subkohortńı
studie s velkou subkohortou již ztráćı na své úspornosti.

3 Model proporcionálńıch šanćı

Všechny dosud známé subkohortńı odhady využ́ıvaj́ı principu vážeńı a týkaj́ı
se jich tak všechny uvedené problémy. Proto bylo naš́ım ćılem vyvinout
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odhad, který by se choval lépe. Označme T dobu do události, S(t) funkci
přežit́ı T (doplněk distribučńı funkce), δ(t) indikátor udávaj́ıćı, zda se do
času t vyskytla sledovaná událost, a symbolem Z = (Z1, . . . , Zp) vektor re-
gresńıch proměnných. Z mnoha model̊u použ́ıvaných v analýze přež́ıváńı pro
naše účely nejlépe vyhovuje model proporcionálńıch šanćı, který lze definovat
rovnićı1

logit(P[δ(t) = 1|Z = z]) = α(t) + β′z. (1)

Jedná se o semiparametrický model, jehož parametry lze interpretovat jako
referenčńı logaritmus šance (log odds) na výskyt události v čase t–funkce α(t),
respektive logaritmické poměry šanćı (log odds ratios) na výskyt události
– parametry β1, . . . , βp. Model předpokládá, že tyto poměry šanćı z̊ustávaj́ı
v čase neměnné (podobně jako u Coxova modelu z̊ustává konstantńı relativńı
riziko).

Všimněme si jisté podobnosti s modelem logistické regrese. Kdybychom
subkohortńı studii zastavili v nějakém pevně daném čase t1 a pod́ıvali se na
naměřená data, mohli bychom vyjádřit vztah mezi δ(t1) a regresory logis-
tickým modelem

logit(P[δ(t1) = 1|Z = z]) = α(t1) + β′z = α1 + β′z. (2)

Poměry šanćı β zavedené v (1) se v čase neměńı a jsou proto v obou mode-
lech (1) i (2) totožné, nav́ıc logistická regrese umožňuje tyto poměry šanćı
odhadovat bez nutnosti vážit jednotlivé př́ıspěvky do skórové funkce. Pokud
tedy nepotřebujeme odhadovat absolutńı člen, zdánlivě bychom mohli jed-
noduchou logistickou regreśı, provedenou např́ıklad na konci studie, nahra-
dit komplikované procedury vyvinuté speciálně pro model proporcionálńıch
šanćı. Taková analýza je však značně neefektivńı, protože nevyuž́ıvá všechny
dostupné informace – konkrétně zahazuje časy a pořad́ı jednotlivých událost́ı.

4 Alternativńı odhad

Jako jedno z možných řešeńı jak zachytit časový faktor se nab́ıźı provést
analýzu pomoćı logistické regrese opakovaně a źıskané odhady poté zkom-
binovat do odhadu nového. Předpokládejme prozat́ım, že jediné př́ıpustné
cenzorováńı je cenzorováńı konstantou – časem τ (např́ıklad konec studie).
Předpokládejme dále, že skutečné parametry modelu proporcionálńıch šanćı
jsou rovny α0(t) a β0 a označme jejich odhady źıskané pomoćı logistické re-
grese v předem daných časech t1, . . . , tK jako α̂(t1), β̂1, . . . , α̂(tK), β̂K . Tyto
odhady přitom poč́ıtáme z dat dostupných v konkrétńım čase analýzy. Ke
kontrolńı skupině tak postupně přidáváme př́ıpady, nebo měńıme status po-
zorováńı, která byla vybrána do kontrolńı skupiny, ale před časem τ se u nich
vyskytla událost.

1V literatuře se model proporcionálńıch šanćı obvykle definuje pomoćı funkce přežit́ı
rovnićı −logit(S(t|Z = z)) = G(t) + β′z. Jelikož S(t) = P[T > t] = 1 − P[δ(t) = 1)]
a záporné znaménko zaměńı v logaritmu čitatele a jmenovatele, jsou oba zápisy ekviva-
lentńı.
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Označme symbolem I jednotkovou matici a definujme pro libovolné ma-
tice konstant W1, . . . ,WK typu p× p takové, že

∑K
k=1 Wk = Ip×p, tř́ıdu kom-

binovaných logistických odhad̊u vztahem

β̃W =

K∑

k=1

Wkβ̂k. (3)

Tvrzeńı: Každý odhad β̃W z tř́ıdy (3) je konzistentńı a asymptoticky nor-
málńı, tj. √

n(β̃W − β0)
D−→ Np(0,ΣW ), (4)

kde ΣW záviśı na váhových matićıch W = {W1, . . . ,WK}.
Důkaz: Konzistence je zřejmá d́ıky skutečnosti, že každý z logistických odha-
d̊u β̂k konzistentně odhaduje β0 a

∑K
k=1 Wk = Ip×p. Asymptotická norma-

lita pak plyne ze sdružené asymptotické normality vektoru (β̂1, . . . , β̂K)′.
Skutečnost, že vektor odhad̊u má asymptoticky sdružené normálńı rozděleńı
lze ukázat přes sdružené rozděleńı skórových funkćı, které je také asympto-
ticky normálńı. Podrobněji viz [2], kap. 4.

Ze všech možných odhad̊u bychom samozřejmě chtěli zvolit ten, který
bude podle nějakých kritéríı nejlepš́ı. Jedńım z takových kritéríı může být
rozptyl odhadu, což vede k úloze naj́ıt kombinaci W opt, která tento rozptyl
minimalizuje. Váhové matice ale záviśı na datech skrze variančńı matice jed-
notlivých logistických odhad̊u. To znamená, že by bylo nutné odhadnout pro
všechna k = 1, . . . ,K daľśıch p2 parametr̊u (všechny hodnoty matice W

opt
k ).

Přitom již pro K = 2 je výpočet numericky nestabilńı a výsledky nespolehlivé
(viz [4]). Jako řešeńı tohoto problému navrhujeme omezit se v (3) na diago-
nálńı matice Wk(p×p)

= diag{wk} = diag{(w1k, . . . , wpk)}, k = 1, . . . ,K.
Omezeńım na diagonálńı matice se zbav́ıme Kp(p − 1) variančńıch para-

metr̊u, stále ovšem pracujeme s vysoce korelovanými odhady źıskanými z jed-
notlivých logistických analýz. Často tak docháźı ke kompenzaci vlivu jednoho
odhadu jiným (je přǐrazena podobně velká váha s opačným znaménkem).
Tomu zabráńıme daľśım omezeńım na váhové matice – kromě diagonálńı
struktury budeme nav́ıc požadovat, aby lineárńı kombinace generované v (3)
byly konvexńı. Výsledný odhad β̃ je pak možno poč́ıtat po složkách jako

β̃j =

K∑

k=1

wjkβ̂jk,

K∑

k=1

wjk = 1, 0 ≤ wjk ≤ 1 (5)

a rozptyl každé ze složek kombinovaného odhadu β̃ je dán vztahem

Varβ̃j =

K∑

k=1

w2
jkVarβ̂jk + 2

K∑

k=1

K∑

l=k+1

wjkwjlCov(β̂jk, β̂jl). (6)

Při použit́ı asymptotických rozptyl̊u a kovarianćı pak tvoř́ı prvky (6) di-
agonálu asymptotické variančńı matice ΣW . Jako optimálńı kombinovaný
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logistický odhad β̃opt označ́ıme odhad, který tyto diagonálńı prvky ΣW mi-
nimalizuje. Tuto optimalizačńı úlohu lze v př́ıpadě známých (asymptotických)
variančńıch matic Varβ̂k a meziodhadových kovarianćı Cov(β̂k, β̂k′), k, k′ =
1, . . . ,K řešit pomoćı standardńıch numerických algoritmů, např́ıklad kvazi
newtonovským L-BFGS-B algoritmem s omezuj́ıćımi podmı́nkami (viz [1]).
Skutečné hodnoty variančńıch a kovariančńıch matic opět neznáme, nicméně
lze ukázat, že je můžeme nahradit jejich odhady při zachováńı platnosti všech
výsledk̊u.

Odhady asymptotických rozptyl̊u β̂jk pro prospektivńı studie (pozoru-
jeme výskyt události při daných regresorech) známe z klasické teorie pro
maximálně věrohodné odhady parametr̊u v logistické regresi. Při analýze re-
trospektivńıch dat máme k dispozici výběr z rozděleńı regresor̊u při dané
odezvě (událost nastala/nenastala) a právě marginálńı hustota regresor̊u
obecně vstupuje do analýzy jako rušivý parametr. Prentice a Pyke [7] ukázali,
že v modelu logistické regrese lze tento rušivý parametr eliminovat a re-
trospektivńı data analyzovat pomoćı formálně stejného logistického modelu
jako data prospektivńı. Odhady poměr̊u šanćı a jejich asymptotická variančńı
matice přitom z̊ustávaj́ı v platnosti, měńı se pouze odhad absolutńıho členu
v modelu a souvisej́ıćıch nebo odvozených charakteristik.

Detailněǰśı rozbor lze kromě p̊uvodńıho článku [7] nalézt v [2], kde je
také uveden výpočet kovarianćı mezi jednotlivými odhady. Jeho odvozeńı
je založeno na výpočtu kovariance Cov(n−1/2U(s), n−1/2U(t)) mezi normo-
vanými logistickými skórovými funkcemi vyhodnocenými ve dvou časech t
a s. Postupným dosazováńım t1, . . . , tK za t a s následně dostaneme všech
K2 blok̊u kovariančńı matice sdruženého rozděleńı vektoru logistických skóre
ze všech jednotlivých analýz. Pro výpočet Cov(β̂jk, β̂jl) pak nahrad́ıme kaž-

dé β̂k aproximaćı založenou na Taylorově rozvoji skórových funkćı kolem
skutečné hodnoty parametru β0 a použijeme zmı́něné meziodhadové kova-
riance normovaných skórových funkćı.

5 Časy jednotlivých analýz

Pod́ıvejme se nyńı bĺıže na možnosti volby čas̊u, ve kterých studii jakoby
zastavujeme a provád́ıme analýzu logistickou regreśı. Datový soubor, který
analyzujeme, se mezi dvěma danými časy může změnit pouze v př́ıpadě, že
nastane sledovaná událost. Pak bud’ přibude jedno nebo v́ıce pozorováńı,
a/nebo některá pozorováńı přejdou z kontrolńı skupiny mezi př́ıpady. Nab́ıźı
se proto myšlenka opustit pevně volené časy zastaveńı t1, . . . , tK a provádět
logistickou analýzu po každé pozorované události. Vkládáńı daľśıch odhad̊u
mezi dva časy událost́ı je neefektivńı, nebot’ by se poč́ıtaly regresńı odhady
z naprosto stejných dat, naopak vynecháńı některého z čas̊u událost́ı vede ke
ztrátě informace a hrubš́ı aproximaci.

Ukážeme, že také věrohodnost pro model proporcionálńıch šanćı se měńı
pouze v časech událost́ı. Murphy a kol. v [5] odvodili, že věrohodnostńı funkci
v modelu proporcionálńıch šanćı lze zapsat ve tvaru
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LPO(H,β) =

n∏

i=1

[
exp(Z′

iβ)h(yi)

(1 + H(yi) exp(Z ′
iβ))2

]δi
[

1

1 + H(yi) exp(Z ′
iβ)

]1−δi

=

n∏

i=1

[
exp(Z′

iβ)h(yi)

1 + H(yi) exp(Z ′
iβ)

]δi
[

1

1 + H(yi) exp(Z′
iβ)

]
, (7)

kde yi znač́ı cenzorovanou dobu do události pozorováńı s indexem i, i =
1, . . . , n, H(t) = exp{α(t)} a h(t) = ∂/∂t{H(t)}. Zápis (7) je sice kompaktńı,
ale poněkud maskuje vývoj závislosti věrohodnostńı funkce na čase. Označme
symboly f1, . . . , fK indexy př́ıpad̊u ve výběru a jako tf1

, . . . , tfK
pak jejich

doby do události. Jednoduchou úpravou (7) můžeme źıskat tvar

LPO(t) = 1 pro t < tf1
,

LPO(tf1
) = 1 ×

h(tf1
) exp(Z′

f1
β)

1 + H(tf1
) exp(Z′

f1
β)

×
n∏

i=f1

1

1 + H(tf1
) exp(Z′

iβ)
,

LPO(t) = LPO(tf1
) pro t ∈ (tf1

, tf2
),

LPO(tf2
) = 1 ×

h(tf1
) exp(Z′

f1
β)

1 + H(tf1
) exp(Z′

f1
β)

×
f2−1∏

i=f1

1

1 + H(tf1
) exp(Z′

iβ)

×
h(tf2

) exp(Z ′
f2

β)

1 + H(tf2
) exp(Z ′

f2
β)

×
n∏

i=f2

1

1 + H(tf2
) exp(Z ′

iβ)
,

LPO(t) = LPO(tf2
) pro t ∈ (tf2

, tf3
) atd.

Kdybychom stejným zp̊usobem pokračovali dále, dostaneme vyjádřeńı

LPO(tK) =
K∏

k=1


 h(tfk

) exp(Z ′
fk

β)

1 + H(tfk
) exp(Z ′

fk
β)

fk+1−1∏

i=fk

1

1 + H(tfk
) exp(Z′

iβ)


, (8)

kde jsme pro usnadněńı zápisu položili fK+1 = n + 1. Ihned vid́ıme, že
věrohodnostńı funkce (8) se měńı právě v časech událost́ı a jinak z̊ustává
konstantńı. Přechod od pevně volených čas̊u jednotlivých analýz k náhodným
čas̊um událost́ı vyžaduje jistou opatrnost při přej́ımáńı teoretických výsledk̊u.
Lze však ukázat, že i v tomto př́ıpadě je výsledný kombinovaný odhad kon-
zistentńı a asymptoticky normálńı.

Zavedeńım náhodných čas̊u jednotlivých analýz zároveň také připoušt́ıme
situace, kdy bychom odhadovali parametry z dat s několika málo událostmi
(odhady v prvńıch logistických modelech). Takové odhady je nutno vyloučit
a pro výsledný kombinovaný odhad uvažovat až odhady β̂k pro k > k0.
Volba parametru k0 je subjektivńı, v simulačńıch studíıch vykazovala dobré
výsledky hodnota k0 = 30. Při volbě k0 = K − 1 dostáváme jako speciálńı
př́ıpad jedinou logistickou regresi provedenou na konci studie. Podrobněji je
volba tohoto parametru diskutována v práci [2].
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6 Závěrem

V př́ıspěvku jsme navrhli nový odhad regresńıch parametr̊u pro model pro-
porcionálńıch šanćı, založený na zkombinováńı odhad̊u źıskaných opakovaně,
v časech událost́ı, pomoćı logistické regrese. Souhrnně můžeme jeho výpočet
popsat následuj́ıćı procedurou:

1. Zvoĺıme parametr k0.

2. Odhadneme poměry šanćı pomoćı logistické regrese po každé události,
źıskáme tak odhady β̂k0+1, . . . , β̂K .

3. Odhadneme asymptotické kovariančńı matice odhad̊u β̂k a kovariance
mezi jednotlivými odhady Cov(β̂k, β̂k′).

4. Odhadneme optimálńı diagonálńı váhové matice a spočteme kombino-
vaný odhad β̃opt.

5. Odhadneme Σopt
W , asymptotickou variančńı matici odhadu β̃opt.

Přestože hlavńı motivaćı bylo selháváńı odhad̊u použ́ıvaných v současné
době v subkohortńıch studíıch, je uvedený odhad použitelný obecně i pro
úplná data. Pro posouzeńı jeho kvality jsme provedli rozsáhlou simulačńı stu-
dii, v ńıž jsme jeho chováńı porovnali s chováńım ostatńıch běžně použ́ıvaných
odhad̊u na úplných i subkohortńıch datech. Zat́ımco při práci s úplnými
daty fungoval kombinovaný odhad podobně dobře jako eficientńı maximálně
věrohodný odhad navržený v [5], na subkohortńıch datech vykazoval pouze
zanedbatelné vychýleńı a až o 50 % nižš́ı středńı čtvercovou chybu než stan-
dardńı subkohortńı odhady. Podrobný popis a výsledky studie lze prozat́ım
nalézt v [2], časopisecky budou publikovány později.

Pro odvozeńı odhadu byl z technických d̊uvod̊u zvolen model propor-
cionálńıch šanćı, který lze chápat jako př́ımé zobecněńı modelu logistické re-
grese. Má stejně interpretovatelné parametry, podobné odhadovaćı rovnice
(viz [2]) a standardńı subkohortńı odhady parametr̊u u něho při malých
pravděpodobnostech výběru selhávaj́ı podobně jako u ostatńıch model̊u. Při
analýze velmi ř́ıdkých jev̊u však lze výsledný kombinovaný odhad bez prob-
lémů použ́ıt i pro odhad parametr̊u v Coxově modelu proporcionálńıch rizik.
Pokud je totiž obecně pravděpodobnost výskytu události v populaci velmi
malá, lze relativńı riziko odhadované Coxovým modelem dobře aproximovat
právě poměrem šanćı.

Samotný vývoj kombinovaného odhadu je stále ještě sṕı̌se na počátku,
i zde jsme při odvozeńı odhadu např́ıklad pro jednoduchost předpokládali
cenzorováńı konstantou (koncem studie) a neexistenci shod v časech událost́ı.
Zat́ımco př́ıpadné shody na výpočtu ani vlastnostech odhadu nic neměńı, vliv
obecněǰśıch typ̊u cenzorováńı bude třeba ještě podrobit daľśımu výzkumu.
Prvńı výsledky jsou prozat́ım k dispozici pro rovnoměrné cenzorováńı nezá-
vislé na době do události a budou publikovány v daľśı práci.
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R BALÍČEK PRO ODHAD JEDNO I VÍCE-
ROZMĚRNÝCH ROZDĚLENÍ POMOCÍ
NORMÁLNÍCH SMĚSÍ,PŘÍPADNĚ S INTER-
VALOVĚ CENZOROVANÝMI DATY

Arnošt Komárek

Kĺıčová slova: Monte Carlo Markov̊uv řetězec, odhad hustoty, software, tran-
sdimenzionálńı simulace.

Abstrakt: V článku je představen R baĺıček mixAK, jenž je určen k odhadu
neznámé jedno i v́ıcerozměrné hustoty, přičemž data mohou být cenzorována.
Odhad je proveden metodou MCMC na základě modelu normálńı směsi.

Abstract: The present paper introduces R package mixAK which is designed
to estimate uni- and multivariate density. At the same time, the data are
allowed to be censored. The estimation proceeds using the MCMC method
and the normal mixture model.

1 Úvod

Na mnoha mı́stech bylo ukázáno, že normálńı směsi jsou vhodným semipa-
rametrickým nástrojem pro odhad neznámého spojitého rozděleńı. Kromě
odhadu rozděleńı lze směśı využ́ıt též k diskriminaci či shlukováńı (viz např.
McLachlan a Basford [6]). Jako jedni z prvńıch navrhli Diebolt a Robert [2]
využ́ıt́ı MCMC metody a Gibbsova alogoritmu k bayesovskému odhadu nor-
málńı směsi s předem daným počtem komponent. Následně Richardsonová
a Green [8] využili transdimenzionálńı MCMC (RJ-MCMC) k současnému
odhadu počtu složek jednorozměrné normálńı směsi i jej́ıch parametr̊u. K vý-
běru počtu složek směsi lze však využ́ıt též některého z ukazatel̊u vhodnosti
a složitosti modelu. V kontextu bayesovské statistiky je deviančńı informačńı
kritérium (DIC) jedńım z často použ́ıvaným ukazatelem tohoto typu, viz
Spiegelhalter a kol. [11], Celeux a kol. [1].

V současné době je možné pomoćı MCMC odhadovat normálńı směsi
s předem daným počtem složek programovým baĺıkem WinBUGS (Lunn
a kol. [4]), který se stal v́ıceméně standardem pro aplikované problémy baye-
sovské statistiky. Nicméně výpočet DIC v kontextu směśı lze ve WinBUGSu
provést pouze ,,ručně“ a s jistou dávkou programovaćıho úsiĺı. Pro př́ıpad
současného odhadu počtu složek směsi s ostatńımi parametry směsi lze nalézt
návrhy na implementaci obecně použitelného transdimenzionálńıho MCMC
ve WinBUGSu v práci Lunn a kol. [5]. Avšak v př́ıpadě směśı neposkytuje je-
jich př́ıstup plnou flexibilitu jako např. algoritmus popsaný Richardsonovou
a Greenem [8]. V neposledńı řadě, mnohý uživatel je od použ́ıváńı WinBUGSu
odrazen faktem, že v současné době ho lze spouštět pouze pod operačńım
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systémem jednoho konkrétńıho výrobce. Na druhou stranu v současnosti
je baĺık R (R Development Core Team [7]) jedńım (nejen v akademické
sféře) z nejrozš́ı̌reněǰśıch a nejprogresivněji se rozv́ıjej́ıćıch statistických pro-
gramových baĺık̊u. Smyslem práce popsané v tomto článku bylo rozš́ı̌rit R
o možnosti bayesovského odhadu normálńıch směśı pomoćı (transdimenzi-
onálńıho) MCMC s automatickým výpočtem DIC pro volbu počtu složek
směsi v př́ıpadě, že neńı odhadován spolu s ostatńımi parametry směsi.
S ohledem na autorovy potřeby a širš́ı uplatněńı umožňuje pro tyto účely
vytvořený R baĺıček mixAK též odhad směśı v př́ıpadě, kdy data jsou zprava,
zleva či intervalově cenzorována. Pro zajǐstěńı rozumné výpočetńı rychlosti
při MCMC výpočtu jsou hlavńı procedury baĺıčku mixAK implementovány
v C++, přičemž R volá pouze jejich zkompilovanou variantu. Vzhle-
dem k omezenému prostoru ve sborńıku ROBUST 2008 představ́ı tento
čánek pouze základńı principy a krátkou ilustraci. Detaily lze nalézt v práci
Komárek [3]. Baĺıček mixAK lze zdarma źıskat na základě e-mailové žádosti
od autora článku.

2 Model

2.1 Model pro neznámou hustotu

Necht’ Y1, . . . , Yn jsou p-dimenzionálńı i.i.d. náhodné vektory s hustotou
gy(y). Za účelem zahrnut́ı zprava, zleva a intervalově cenzorovaných pozo-
rováńı do modelu budeme předpokládat, že pozorujeme ⌊l1,u1⌋, . . . , ⌊ln,un⌋,
kde

⌊li, ui⌋ =



⌊li,1, ui,1⌋

...
⌊li,p, ui,p⌋


 (i = 1, . . . , n). (1)

Ve výrazu (1) jsou −∞ ≤ li,j < ∞ dolńı meze pozorovaných interval̊u,
−∞ < ui,j ≤ ∞ horńı meze pozorovaných interval̊u (li,j ≤ ui,j ,
i = 1, . . . , n, j = 1, . . . , p) a ⌊ ⌋ je dle kontextu otevřený, uzavřený či zpola
otevřený interval. Jinými slovy, yi,j = li,j = ui,j pro necenzorované pozo-
rováńı, −∞ = li,j < ui,j < ∞ znač́ı pozorováńı cenzorované zleva, −∞ <
li,j < ui,j = ∞ označuje zprava cenzorované pozorováńı a −∞ < li,j < ui,j <
∞ označuje intervalově cenzorované pozorováńı. Předpokládáme, že cenzo-
rováńı vedoućı k pozorovaným interval̊um je neinformativńı. Hustotu gy(y)
vyjádř́ıme následuj́ıćı posunutou a škálovanou normálńı směśı:

gy(y) = |S|−1
K∑

k=1

wkϕ
(
S−1(y − m)

∣∣ µk, Σk

)
(2)

kde ϕ(· |µk, Σk) je hustota normálńıho rozděleńı Np(µk, Σk), w =

(w1, . . . , wK)′, 0 ≤ wk ≤ 1,
∑K

k=1 wk = 1, je vektor neznámých vah, µ =
{µ1, . . . ,µK} jsou neznámé středńı hodnoty složek směsi a Σ={Σ1, . . . ,ΣK}
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jsou neznámé variančńı matice složek směsi. Dále, m = (m1, . . . ,mp)
′ je daný

vektor posunut́ı a S = diag(s1, . . . , sp) je daná škálovaćı matice. Zahrnut́ı
vektoru posunut́ı m a škálovaćı matice S do modelu bylo provedeno za účelem
umožnit zlepšeńı vlastnost́ı MCMC algoritmu, zejména v situaćıch, kdy jsou
jednotlivé složky náhodného vektoru Y měřeny s výrazně odlǐsnými měř́ıtky.
Konečně necht’ Q={Q1,. . . ,QK} jsou inverze variančńıch matic složek směsi,
tj., Qk = Σ−1

k (k = 1, . . . ,K). Po zbytek článku, necht’ y∗ = S−1(y −m) je
posunutá a škálovaná hodnota vektoru y a necht’

gy∗(y∗) =

K∑

k=1

wkϕ(y∗ |µk, Σk) (3)

je hustota náhodného vektoru Y ∗ = S−1(Y − m). Závěrem necht’ l∗i =
S−1(li − m) a u∗

i = S−1(ui − m) (i = 1, . . . , n) jsou posunuté a škálované
meze pozorovaných interval̊u.

2.2 Bayesovská specifikace

Baĺıček mixAK využ́ıvá bayesovskou metodu a MCMC k odhadu neznámých
parametr̊u. Je proto nutné specifikovat apriorńı rozděleńı. Necht’ f(·) a f(· | ·)
označuj́ı hustotu a podmı́něnou hustotu a dále necht’

θ = (w1, . . . , wK , µ′
1, . . . ,µ

′
K , vec(Q1)

′, . . . , vec(QK)′, γ′)′ (4)

je vektor neznámých parametr̊u v situaci, kdy počet komponent směsi je dán.
Hyperparametr γ = (γ1, . . . , γp)

′ je v modelu zahrnut za účelem možnosti
specifikovat neinformativně apriorńı rozděleńı variančńıch matic složek směsi.
Necht’ dále [data] označuje množinu pozorovaných meźı interval̊u {li, ui :
i = 1, . . . , n}. Dle výrazu (2) je věrohodnost založená na pozorovaných datech
rovna

Lθ(θ, K) = f
(
[data]

∣∣ θ, K
)

(5)

= |S|−n
n∏

i=1

{∮ ui,1

li,1

· · ·
∮ ui,p

li,p

K∑

k=1

wkϕ
(
S−1(yi − m)

∣∣ µk, Σk

)
dyi,p · · · dyi,1

}
.

V zápise věrohodnosti je použita konvence
∮ u

l
f(y)dy =

∫ u

l
f(y)dy, je-li l < u

a
∮ u

l
f(y)dy = f(l) = f(u) je-li l = u (necenzorované pozorováńı).

Apriorńı rozděleńı je specifikováno hierarchicky. V př́ıpadě daného počtu
komponent směsi je dáno vztahem

f(θ |K) = f(w |K) × f(µ, Q |γ, K) × f(γ). (6)

Pro počet složek směsi K odhadovaný spolu s ostatńımi parametry je apriorńı
rozděleńı dáno výrazem

f(θ, K) = f(θ |K) × f(K). (7)
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Aposteriorńı rozděleńı f(θ | [data], K) (K dáno), respektive f(θ, K | [data])
(K odhadováno spolu s ostatńımi parametry směsi) je poté dle Bayesova
vzorce proporcionálńı součinu Lθ(θ, K) × f(θ |K), respektive Lθ(θ, K) ×
f(θ, K), tj., např.,

f
(
θ, K

∣∣ [data]
)
∝ Lθ(θ, K) × f(θ, K). (8)

Možnosti konkrétńıch voleb činitel̊u ve výrazech (6) a (7) lze nalézt v práci
Komárek [3].

3 Aposteriorńı inference

3.1 MCMC metoda

Aposteriorńı inference je založena na metodě MCMC, jej́ıž použit́ı dále při-
bĺıž́ıme pro př́ıpad, kdy je počet složek směsi, K, odhadován současně se
zbylými parametry směsi. Pro př́ıpad, kdy je K dáno předem je ve všech
rozděleńıch nutno přesunout K do podmı́nky. Pro použit́ı MCMC je výhodné
zavést skryté parametry, jež označ́ıme ψ. Sdružené apriorńı rozděleńı pro
(ψ′, θ′, K)′ je opět zadáno hierarchicky jako

f(ψ, θ, K) = f(ψ |θ, K) × f(θ |K) × f(K). (9)

Metodou MCMC je zkonstruován Markov̊uv řetězec
{
(ψ(t), θ(t), K(t)) :

t = 1, . . . , T
}
, jehož limitńım rozděleńım je aposteriorńı rozděleńı

f
(
ψ, θ, K

∣∣ [data]
)
. Podřetězec

{
(θ(t), K(t)) : t = 1, . . . , T

}
má potom

zřejmě f
(
θ, K

∣∣ [data]
)

(aposteriorńı rozděleńı, jež nás primárně zaj́ımá) za
své limitńı rozděleńı. Charakteristiky aposteriorńıho rozděleńı jsou následně
odhadnuty pomoćı výběrových charakteristik zkonstruovaného Markovova ře-
tězce, podrobněji viz např. Robert a Casella [9].

V kontextu směśı a cenzorovaných dat je výhodné uvážit dva druhy
skrytých parametr̊u: (i) př́ıslušnosti do komponent označené dále jako r =
(r1, . . . , rn)′, ri ∈ {1, . . . ,K}, (ii) nepozorované hodnoty (posunutých a šká-
lovaných) cenzorovaných dat, tj., hodnoty y∗

1 , . . . , y∗
n pro ta pozorováńı,

jež jsou cenzorována. Pro jednoduchost značeńı se daľśı výklad omeźı na si-
tuaci, kdy jsou všechna pozorováńı cenzorovaná a vektor ψ je tedy roven
ψ = (y∗

1
′, . . . ,y∗

n
′, r1, . . . , rn)′. Prvńı faktor součinu (9) dále faktorizujeme

jako

f(ψ |θ, K) =
n∏

i=1

f(y∗
i , ri |θ, K) =

n∏

i=1

{
f(y∗

i | ri, θ, K) × f(ri |θ, K)
}
,

(10)kde

f(y∗
i | ri, θ, K) = f(y∗

i | ri, θ) = ϕ(y∗
i |µri

, Σri
)

f(ri |θ, K) ≡ P(ri = k |θ, K) = wk (k = 1, . . . ,K).
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Snadno lze nahlédnout, že kombinace sdruženého apriorńıho rozděleńı (9)
a věrohodnosti

Lψ,θ(ψ, θ, K) = f
(
[data] |ψ, θ, K

)

=
n∏

i=1

f(l∗i , u∗
i |y∗

i ) ∝
n∏

i=1

I
(
y∗

i,1 ∈ ⌊l∗i,1, u∗
i,1⌋, . . . , y∗

i,p ∈ ⌊l∗i,p, u∗
i,p⌋

)

źıskané při využit́ı p̊uvodńıch parametr̊u θ, K a skrytých parametr̊u ψ vede
ke sdruženému aposteriorńımu rozděleńı

f
(
ψ, θ, K

∣∣ [data]
)
∝ Lψ,θ(ψ, θ, K) × f(ψ, θ, K), (11)

jehož marginálńı rozděleńı f
(
θ, K

∣∣ [data]
)

je rovno p̊uvodńımu aposteri-
orńımu rozděleńı (8).

Konkrétńı detaily konstrukce MCMC jsou uvedeny v práci Komárek [3].
Pro př́ıpad pevně daného K je v baĺıčku mixAK implementována MCMC simu-
lace pro libovolnou dimenzi p odezvy Y . V př́ıpadě současného odhadu počet
složek směsi K a zbylých parametr̊u směsi je MCMC simulace v současné
době implementována pouze pro jednorozměrná data (p = 1).

3.2 Aposteriorńı prediktivńı hustota

Jedńım z primárńıch ćıl̊u popisovaných metod je odhad hustoty náhodného
vektoru Y , př́ıpadně jeho posunuté a škálované varianty Y ∗. Vhodným odha-
dem je aposteriorńı prediktivńı hustota E

[
gy(y)

∣∣ [data]
]
př́ıpadně E

[
gy∗(y∗)

∣∣
[data]

]
. Pomoćı vygenerovaného Markovova řetězce lze tyto aproximovat jako

ĝy(y) =
1

T

T∑

t=1



|S|−1

K(t)∑

k=1

w
(t)
k ϕ

(
S−1(y − m)

∣∣ µ
(t)
k , Σ

(t)
k

)




≈ E
[
gy(y)

∣∣ [data]
]
. (12)

Analogicky źıskáme výraz pro ĝy∗(y∗) ≈ E
[
gy∗(y∗)

∣∣ [data]
]
.

3.3 Deviančńı informačńı kritérium

Spiegelhalter a kol. [11] navrhli obecný př́ıstup k porovnáváńı model̊u r̊uzné
složitosti na základě náhodného výběru z aposteriorńıho rozděleńı (respektive
na základě Markovova řetězce s př́ıslušným limitńım rozděleńım) založený na
deviančńım informačńım kritériu (DIC). V diskuzi k článku Spiegelhaltera
a kol. ukázala Richardsonová, jakým zp̊usobem je možné pomoćı aposteriorńı
prediktivńı hustoty definovat DIC pro směsové modely a jakým zp̊usobem je
poté možno DIC využ́ıt k volbě optimálńıho počtu složek směsi. Problema-
tika DIC v kontextu směśı byla dále rozpracována v práci Celeux a kol. [1].
V baĺıčku mixAK je implementován výpočet DIC dle Richardsonové (označený
v práci Celeuxe a kol. jako DIC3).
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Obrázek 1: Data Galaxie: histogram a odhad aposteriorńı prediktivńı hustoty.

4 Př́ıklad: Data Galaxie

Data Galaxie udávaj́ıćı rychlosti (v km/s) 82 vzdálených galaxíı byla v kon-
textu modelováńı směśı poprvé použita v práci Roeder [10]. Richardsonová
a Green [8] na těchto datech ilustrovali odhad hustoty pomoćı transdimen-
zionálńıho MCMC. Jejich analýzu lze pomoćı baĺıčku mixAK jednoduše zre-
produkovat následuj́ıćım zp̊usobem:

### Načtenı́ dat

> data(Galaxy)

### Specifikace apriornı́ho rozdělenı́ a dalšı́ch parametrů MCMC

### odpovı́dajı́cı́ volbám Richardsonové a Greena

> GalaxyPrior <- list(priorK="uniform", Kmax=30, delta=1,

+ priormuQ="independentC", xi=21.73, D=630.5121,

+ zeta=2*2, g=0.2, h=0.016/2)

> parRJMCMC <- list(par.u1=c(2, 2), par.u2=c(2, 2), par.u3=c(1, 1))

### MCMC simulace

> GalaxyModel <- NMixMCMC(y0=Galaxy, prior=GalaxyPrior,

+ RJMCMC=parRJMCMC,

+ nMCMC=c(burn=100000, keep=100000, thin=1, info=10000),

+ scale=list(shift=0, scale=1))

### Základnı́ charakteristiky aposteriornı́ho rozdělenı́

> print(GalaxyModel)

Normal mixture with at most 30 components estimated using RJ-MCMC

=================================================================

Posterior distribution of K:
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----------------------------

1 2 3 4 5 6 7 8

0.00012 0.00452 0.03598 0.11724 0.22201 0.24206 0.18451 0.10610

9 10 11 12 13 14 15

0.05116 0.02188 0.00849 0.00380 0.00149 0.00055 0.00009

Deviance information criteria:

------------------------------

DIC pD D.bar D.in.bar

DIC3 442.4403 22.00288 420.4375 398.4346

Posterior summary statistics for moments of mixture for original data:

----------------------------------------------------------------------

Mean:

Mean Std.Dev. Min. 2.5% 1st Qu.

20.8599025 0.7842305 1.3313071 19.6654139 20.4947485

Median 3rd Qu. 97.5% Max.

20.8639968 21.2289407 22.0401376 42.8685378

Standard deviation:

Mean Std.Dev. Min. 2.5% 1st Qu.

5.0154316 1.0198730 0.1992252 3.7957217 4.4628958

Median 3rd Qu. 97.5% Max.

4.8440500 5.2943971 7.6354345 28.4306825

Z výstupu lze např. vyč́ıst, že aposteriorně jsou nejv́ıce zastoupeny směsi
s K=5, 6, respektive 7 komponentami vykazuj́ıćı P

(
K = k | [data]

)
rovnu

0,22, 0,24, respektive 0,18 (k = 5, 6, 7).

### Aposteriornı́ prediktivnı́ hustota a jejı́ graf

> GalaxyPDens <- NMixPredDensMarg(GalaxyModel)

> plot(GalaxyPDens)

Posledně provedený př́ıkaz nakresĺı základńı obrázek odhadu aposteriorńı
prediktivńı hustoty. S pomoćı standardńıch funkćı programu R lze následně
využ́ıt spočtený objekt GalaxyPDens k nakresleńı obrázku v uživatelem po-
žadovaném formátu, jak je ukázáno na obr. 1.

5 Závěr

V tomto článku jsme stručně představili R baĺıček mixAK využitelný k baye-
sovskému odhadu neznámého rozděleńı pomoćı směśı. U jednorozměrného
rozděleńı lze počet složek směsi odhadnout současně se zbylými parametry
pomoćı transdimenzionálńıho MCMC. Pro v́ıcerozměrná rozděleńı lze volbu
počet složek směsi založit na deviančńım informačńım kritériu. Představený
baĺıček dále umožňuje cenzorováńı dat zprava, zleva i cenzorované. Vı́ce
detail̊u spolu s př́ıklady analýzy v́ıcerozměrných a cenzorovaných dat lze
nalézt v práci Komárek [3]. Podrobný technický popis syntaxe pro analýzu
představenou v tomto článku i práci [3] je k dispozici v rámci dokumentace
baĺıčku mixAK dostupné po jeho nainstalováńı.
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TEXT MINING OF ARTICLES
IN LIFE SCIENCE
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Abstract: This article presents advantages that appear by the use of text
mining methods in life science.

Abstrakt: Tento př́ıspěvek popisuje výhody vznikaj́ıćı použit́ım text miningu
v př́ırodńıch vědách.

1 Introduction

More than 80% of information is stored in textual form. A large number of
papers appear every day. It is beyond power of anybody to go through even
a part of these published works. A use of search machines yields excessive
numbers of results and does not make a problem more simple. There are
additional difficulties in biochemical research such as an abundance of terms
with ambiguous nomenclature, acronyms and abbreviations. That is the re-
ason for a boom of text mining methods in this area. Text mining methods
transfer unstructured textual data into a structured data matrix, which can
be evaluated with data mining methods.

2 Text mining

The discovery by computer of new, previously unknown information, by au-
tomatically extracting information from different written resources is text
mining. A key element is the linking together of the extracted information
to form new facts or new hypotheses to be explored further by more con-
ventional means of experimentation. In text mining, the goal is to discover
heretofore-unknown information, something that no one yet knows and so
could not have yet written down. The most active and promising application
area for text mining are biosciences. With biomedical literature increasing at
a rate of several thousand papers per week, it is impossible to keep abreast
of all developments. Therefore, automated means to manage the information
overload are required. Text mining techniques, which involve the processes of
information retrieval, information extraction and data mining, provide a way
of solving this. By adding meaning to text, these techniques produce a more
structured analysis of textual knowledge than simple word searches, and can
provide powerful tools for the production and analysis of systems biology
models.
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Information Retrieval

IR
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3 The investigating of knowledge

To investigate all our knowledge experimentally is much more expensive and
time consuming. The mining of literature can give us useful information and
can lead to a better conclusion.

Experiments Literature

ց ւ
Data Mining Text Mining

ց ւ
Knowledge

Both experiments and literature can produce data from which we can
derive new knowledge.

4 Articles

The best known world document collection suitable for text mining is Pub-
Med, the National Library of Medicine’s online repository of citation-related
information for biomedical research articles. PubMed has received significant
attention from computer scientists interested in employing text mining tech-
niques because this online service contains text-based document abstracts for
more than 15 million articles on topics in the life sciences. The publication
data of Pub Med’s collected articles stretch from half of 19 century to the
present. The collection is dynamic and grows. Every month is approximately
40,000 new biomedical abstracts added.

5 Example

An example, a potential relationship might be inferred between two pro-
teins P1 and P2 by the pattern of (a) several articles mentioning the protein
P1 in relation to the enzyme E1, (b) a few articles describing functional simi-
larities between enzymes E1 and E2 without referring to any protein names,
and (c) several articles linking enzyme E2 to protein P2. In this example,
the information is not provided by any single document but rather from the
totality of the collection. Text mining’s methods of pattern analysis seek
to discover co-occurrence relationships between concepts as reflected by the
totality of the corpus at hand.

6 Conclusion

New knowledge can be investigated also in interdisciplinary research. A struc-
ture from theory of information can be recognized for example in theoretical
biology, chemistry or life science generally. The text mining program can
search for similarities without the dependence on a discipline in order to give
us some suggestions.
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ZÁKLADY ŠTATISTIKY S FUZZY DÁTAMI
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Kl’́učové slová: Fuzzy množina, fuzzy náhodná premenná, vágne dáta.
Keywords: Fuzzy set, fuzzy random variable, vague data.

Abstrakt: Pod fuzzy dátami rozumieme náhodné vágne dáta vyjadrené pri-
rodzeným jazykom. Ciel’om pŕıspevku je čiastočné zhrnutie súčasného stavu
štatistiky s fuzzy dátami z pohl’adu teórie fuzzy množ́ın, pričom sa zameria-
vame len na fuzzy náhodnú premennú a popisnú štatistiku.

Abstract: Fuzzy data are random vague data expressed by a natural langu-
age. The main aim of our paper is a partial overview of the current state of
statistics with fuzzy data from the fuzzy set theory point of view. We focus
on the fuzzy random variable and descriptive statistics only.

1 Úvod

Za rok zrodu teórie fuzzy množ́ın je považovaný rok 1965, ked’ Lotfi Zadeh
publikoval svoj článok Fuzzy Sets, aj ked’ niektoré myšlienky tejto teórie je
možné nájst’ aj v starš́ıch prácach iných autorov. Zjednodušene povedané je
základným ciel’om tejto teórie najmä vytvorenie matematického aparátu pre
popis neurčitosti sveta okolo nás. Táto neurčitost’ je dôsledkom vágneho po-
pisu sveta prostredńıctvom prirodzeného jazyka. Hoci teória fuzzy množ́ın
popisuje kvalitat́ıvne iný druh neurčitosti ako teória pravdepodobnosti, od
jej vzniku je zauj́ımavou otázka ich vzájomného vzt’ahu a možnosti využ́ıvat’

ich súčasne pri riešeńı praktických problémov. Je napŕıklad známe, že funk-
cia pŕıslušnosti fuzzy množiny je interpretovatel’ná pravdepodobnostne, ale aj
bez využitia teórie pravdepodobnosti. Vzhl’adom na to, že moderná štatistika
je úzko previazaná z teóriou pravdepodobnosti, úplne prirodzenou sa stáva
otázka, aký je vzt’ah štatistiky a teórie fuzzy množ́ın. Podl’a nášho názoru
tento vzt’ah má dve polohy, pričom motivácia obidvoch súviśı s praktickými
aplikáciami teórie fuzzy množ́ın v tzv. soft sciences. Prvou polohou je zo-
všeobecnenie známych štatistických metód s využit́ım teórie fuzzy množ́ın.
To znamená, že pracujeme s klasickými dátami, ale použ́ıvaná štatistická
metóda obsahuje zapracované fuzzy verzie vzdialenost́ı, podobnosti a pod.,
často s

”
fuzzy“ interpretáciou výsledku. Pŕıkladom je napŕıklad fuzzy zhlu-

ková analýza, ktorá bola rozpracovaná už začiatkom sedemdesiatych rokov
minulého storočia. V druhej polohe pracujeme s vágnymi dátami, ktoré sú pri-
amo vyjadrené slovným popisom. Takéto dáta sa prirodzene vyskytujú v tzv.
spoločenských vedách a źıskame ich najčasteǰsie z dotazńıkových prieskumov.
Ked’že respondent miesto výberu konkrétnej odpovede uvádza svoje prefe-
rencie pre každú alternat́ıvu, dochádza k menšej strate informácie a takýto
dotazńık by mal lepšie popisovat’ subjekt́ıvny názor respondenta.
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Pre štatistické spracovanie týchto dát je potom nutné použ́ıvat’ odlǐsné
štatistické metódy. Je to jedna z oblast́ı, na ktoré sa upriamuje pozornost’

výskumu v oblasti teórie fuzzy množ́ın v posledných rokoch (pozri [3, 14]).
Prezentovaný článok sa venuje práve druhému aspektu vzt’ahu teórie fuzzy
množ́ın a štatistiky. Vzhl’adom na obmedzený rozsah sa obmedźıme len na
vel’mi stručné naznačenie základných koncepcíı štatistiky s fuzzy dátami so
zamerańım na fuzzy náhodnú premennú a popisnú štatistiku.

2 Základné pojmy teórie fuzzy množ́ın

Defińıcia 2.1. (Zadeh, 1965) Nech X je základná množina. Fuzzy podmno-
žina A množiny X je jednoznačne určená svojou funkciou pŕıslušnosti µA :
A → [0, 1].

Množinu všetkých fuzzy podmnož́ın množiny X označujeme F(X). Miesto
fuzzy podmnožina A základnej množiny X hovoŕıme pri pevne zvolenej zá-
kladnej množine často zjednodušene o fuzzy množine A. Funkcia pŕıslušnosti
je zovšeobecneńım pojmu charakteristická funkcia a nazývame ju vertikálnou
reprezentáciou fuzzy množiny.

Ďaľśımi elementárnymi pojmami teórie fuzzy množ́ın sú suport,
jadro a α-rez fuzzy množiny.

Defińıcia 2.2. Nech X je základná množina. Suportom fuzzy množiny A
nazývame množinu Supp(A), pre ktorú plat́ı

SuppA = {x ∈ X;µA(x) > 0}.

Defińıcia 2.3. Nech X je základná množina. Jadrom fuzzy množiny A na-
zývame množinu Core(A), pre ktorú plat́ı

Core(A) = {x ∈ X;µA(x) = 1}.

Defińıcia 2.4. Nech X je základná množina a nech α ∈ (0, 1〉. Alfa rezom
fuzzy množiny A nazývame množinu Aα, pre ktorú plat́ı

Aα = {x ∈ X;µA(x) ≥ α}.
α-rezy predstavujú tzv. horizontálnu reprezentáciu fuzzy množ́ın.
Na popis neurčitosti v reálnych dátach môžeme použit’ špeciálny typ fuzzy

množ́ın, fuzzy intervaly. Je ich možné definovat’ nasledujúcim spôsobom:

Defińıcia 2.5. Fuzzy interval A je fuzzy podmnožina množiny R, ktorá spĺňa
nasledujúce podmienky

• je normálna, t. j. existuje x ∈ R, pre ktoré µA(x) = 1,

• suport je ohraničená množina,

• každý α-rez je uzavretý interval.
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Fuzzy intervaly, ktorých množina {x ∈ R; pre ktoré µA(x) = 1} má je-
diný prvok, nazývame fuzzy č́ısla. Fuzzy č́ısla sú zovšeobecneńım reálnych
č́ısel a môžeme pre ne definovat’ aritmetické operácie na základe Zadehovho
prinćıpu neurčitosti s využit́ım t-noriem.

Defińıcia 2.6. (Schweizer, Sklar, 1958) Funkcia T : [0, 1]2 → [0, 1], ktorá

pre všetky x, y, z ∈ [0, 1] spĺňa nasledujúce podmienky:

• T (x, y) = T (y, x),

• T (x, T (y, z)) = T (T (x, y), z),

• y ≤ z ⇒ T (x, y) ≤ T (x, z),

• T (x, 1) = x,

sa nazýva t-norma.

Defińıcia 2.7. (Zadehov prinćıp rozš́ırenia) Nech A, B sú l’ubovol’né fuzzy
č́ısla. Aritmetickú operáciu ∗T na množine všetkých fuzzy č́ısel definujeme
nasledujúcim spôsobom

µA∗T B(z) = sup{T(µA(x), µB(y)); z = x ∗ y, x ∈ R, y ∈ R},

kde ∗ je aritmetická operácia definovaná na množine reálnych č́ısel a T je
t-norma.

Predchádzajúce defińıcie je možné jednoducho rozš́ırit’ pre Rn.

3 Fuzzy náhodná premenná

V tejto časti sa zameriame na pojem fuzzy náhodná premenná, ktorý je
nevyhnutne potrebný pre budovanie pŕıslušnej štatistickej teórie. Pŕıstupy
k fuzzy náhodnej premennej môžeme rozdelit’ do dvoch skuṕın. Prvú skupinu
predstavujú koncepcie, ktoré fuzzy náhodnú premennú viažu na podkladovú
klasickú náhodnú premennú, t. j. hodnoty fuzzy náhodnej premennej pred-
stavujú fuzzy popis reálnych hodnôt výsledkov experimentu. Tento pŕıstup
je prezentovaný v prácach [9, 12, 13]. V druhej skupine sú pŕıstupy, ktoré
každému experimentálnemu výsledku prirad’ujú priamo fuzzy hodnotu. Tento
pŕıstup je prezentovaný v práci [16]. Vzt’ah medzi týmito koncepciami vyja-
druje napŕıklad nasledujúca veta.

Veta 3.1. [6] Uvažujme pravdepodobnostný prietor (Ω,A, P ) a zobrazenie
χ : Ω → Fc(R), kde Fc(R) je množina všetkých konvexných podmnož́ın (R).
Potom χ je fuzzy náhodná premenná v zmysle [9, 12, 13] práve vtedy, ked’ je
fuzzy náhodnou premennou aj v zmysle [16].

V d’aľsom texte sa zameriame na pŕıstup v [16].
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Defińıcia 3.1. Uvažujme pravdepodobnostný prietor (Ω,A, P ). Zobrazenie
χ : Ω → F(Rn) sa nazýva fuzzy náhodná premenná (niekedy aj náhodná
fuzzy množina), ak pre každé α ∈ 〈0, 1〉 zobrazenie χα : Ω → K(Rn) je také,
že pre každé ω ∈ Ω

χα(ω) = (χ(ω))α

je náhodná množina.

Př́ıklad 3.1. Uvažujme náhodný experiment, v ktorom náhodne vyberáme
študenta zo skupiny študentov, ktoŕı práve absolvovali test z predmetu X.
Uvažujme náhodnú premennú χ = klasifikácia náhodne vybraného študenta
vzhl’adom na jeho vńımanie náročnosti absolvovaného testu. V tomto pŕıklade
neexistuje prototyp jednotky náročnosti testu. Jednotlivé stupne vńımania
náročnosti testu vieme porovnávat’ len vzájomne, t.j. neexistuje podkladová
klasická náhodná premenná. Ak využijeme pŕıstup z [16], môžeme túto si-
tuáciu modelovat’ nasledujúcim spôsobom. Pravdepodobnostný priestor je
(Ω,A, P ), kde Ω = {študenti účastniaci sa testu}, A = P(Ω). Študenta vy-
beráme náhodne, pričom uvažujeme rovnakú pravdepodobnost’ výberu pre
každého študenta, preto P(ω) = 1

kard(Ω) pre každé ω ∈ Ω. Klasifikáciu štu-

dentov vzhl’adom na ich vńımanie obtiažnosti testu môžeme považovat’ za
fuzzy náhodnú premennú χ asociovanú s (Ω,A, P ), ktorá môže nadobúdat’

napŕıklad hodnoty: x1 - vel’mi vel’ká náročnost’, x2 - vel’ká náročnost’,
x3 - stredná náročnost’, x4 - nižšia náročnost’, x5 - vel’mi ńızka náročnost’.
Tieto hodnoty môžeme modelovat’ napŕıklad pomocou lineárnych fuzzy č́ısel
(pozri [2]) so suportom 〈0%, 100%〉.

Zauj́ımavou otázkou samozrejme je, akým spôsobom sú zavedené pojmy
s pojmom náhodná premenná úzko súvisiace. My sa obmedźıme len na stred-
nú hodnotu, rozptyl, kovarianciu a koreláciu. Najprv si pripomenieme de-
fińıcie Hausdorffovej metriky a Steinerovho bodu, ktoré budeme v d’aľsom
texte využ́ıvat’. Hausdorffova metrika je základnou metrikou použ́ıvanou na
meranie vzdialenost́ı dvoch fuzzy množ́ın priestore. Steinerov bod slúži ako
referenčný bod pre lokalizáciu priestorového útvaru (v našom pŕıpade fuzzy
množiny). Na rozdiel od t’ažiska nedochádza k jeho zmene pri rovnomernom
raste útvaru vo všetkých smeroch.

Hausdorffova metrika na priestore K
(
RP

)
: pre každé A,B ∈ K

(
RP

)

dH (A,B) = max

{
sup
a∈A

inf
b∈B

|a − b| , sup
b∈B

inf
a∈A

|a − b|
}

.

Pre Steinerovho bod fuzzy množiny A, budeme ho označovat’ σA, plat́ı

σA = n ·
∫ 1

0

∫

Sn−1

u · sA (u)µ (du) dα.

kde µ je normovaná Lebesguova miera na jednotkovom kruhu

Sn−1
(
µ

(
Sn−1

))
= 1.



Základy štatistiky s fuzzy dátami 209

Defińıcia 3.2. [16] Máme daný pravdepodobnostný priestor (Ω,A, P ). Nech
χ : Ω → F

(
RP

)
je fuzzy náhodná premenná, ktorá je integrovatel’ná v zmysle

dH ({0} , χ0) ∈ L1 (Ω, A, P ), potom fuzzy náhodná stredná hodnota je taká
hodnota E (χ|P ) ∈ F

(
RP

)
, že pre všetky α ∈ [0, 1]

(E (χ|P ))α =
{
E (χ|P ) |X : Ω → RP ,X ∈ (Ω, A, P ) ,X ∈ χα

}

=Aumannov integrál náhodnej množiny χα.

Př́ıklad 3.2. [6] Majme pravdepodobnostný priestor (Ω,A, P ) a fuzzy náhod-
nú premennú χ : Ω → F

(
RP

)
ktorej hodnoty sú zrezané ihlany s podsta-

vami ležiacimi v rovine tvorenej osami x a y a centrovanými v bode (0, 0, 0).
Súradnica z bodu, ktorým prechádza rezová rovina rovnobežná s podstavou
ihlana je reálna náhodná premenná β : Ω → R majúca rovnomerné rozdele-
nie U[0,1] a polomer je tiež reálna funkcia ρ : Ω → R majúca χ2 rozdelenie
s jedným stupňom vol’nosti.

V tomto pŕıpade, hodnota fuzzy náhodnej premennej v bode ω je daná

χ (ω) (x, y) =





0, ak x2 + y2 > [ρ (ω)]
2
;

γ (ω), ak x2 + y2 = [γ (ω)]
2
,

kde ρ (ω) (1 − β (ω)) ≤ γ (ω) ≤ ρ (ω);

β (ω), ak 0 < x2 + y2 < [ρ (ω)]
2
[1 − β (ω)]

2
;

1, ak 0 = x2 + y2.

a teda α-rezy χα sú dané
χα (ω) (x, y) =

=

{{
(x, y) ∈ R2|x2 + y2 ≤ [ρ (ω)]

2
(1 − α)

2
}

ak 0 ≤ α ≤ β (ω) ,

{(0, 0)} ak α > β (ω) .

Ak teraz vypoč́ıtame Aumannovým integrálom strednú hodnotu α-rezu,
dostaneme kruh so stredom (0, 0) a polomerom 1 − α.

V literatúre sa často uvádzajú d’aľsie dve defińıcie strednej hodnoty

1. defińıcia odvodená pomocou Bochnerovej strednej hodnoty pŕıslušnej
suport funkcie fuzzy náhodnej premennej X (pozri [17]),

2. stredná hodnota fuzzy náhodnej premennej definovaná v metrickom
priestore normálnych kompaktných konvexných fuzzy množ́ın s metri-
kou d2 (definovaná pomocou L2 metriky na priestore Lebesgueovsky
meratel’ných funkcíı) je uvedená v práci [11].

Všetky tri defińıcie sú rovnocenné, čo je dokázané v práci [11].

Defińıcia 3.3. [11] Máme daný pravdepodobnostný priestor (Ω,A, P ). Nech
χ : Ω → F

(
RP

)
je fuzzy náhodná premenná, ktorá je integrovatel’ná v zmysle

dH ({0} , χ0) ∈ L1 (Ω,A, P ) a označme µ jej strednú hodnotu. Potom fuzzy
rozptyl náhodnej premennej χ definujeme
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var (χ|P ) = E
(
(χ − µ)

2 |P
)
.

V nasledujúcej vete uvedieme niekol’ko vlastnost́ı strednej hodnoty a roz-
ptylu fuzzy náhodnej premennej.

Veta 3.2. [11] Majme fuzzy náhodné premenné X,Y . Nech x je integro-
vatel’ná náhodná premenná, A ∈ FC(množina všetkých normálnych kom-
paktných fuzzy podmnož́ın v RP ) a λ, γ sú reálne č́ısla.

1. E (λX + γY ) = λEX + γEY ,

2. var (X) = E ‖X‖2
2 − ‖EX‖2

2,

3. var (λX) = λ2 var (X),

4. var (xA) = ‖A‖2
2 · var (x),

5. var (A + X) = var (X),

6. var (xX) = E ‖X‖2
2 · var (x) + Ex2 · var (X), ak x,X sú stochasticky

nezávislé,

7. var (X + Y ) = var (X) + var (Y ), ak X,Y sú nezávislé fuzzy náhodné
premenné.

Kovarianciu medzi dvoma náhodnými premennými budeme definovat’ ako
skalárny súčin ich suportov nasledujúcim spôsobom (Körner v [11]).

cov (X,Y ) = E 〈sX − sEX , sY − sEY 〉,

kde skalárnym súčinom je

〈sA, sB〉 = 〈A,B〉 = n ·
∫ 1

0

∫

Sn−1

sA (α, u) · sB (α, u) µ (du) dα,A,B ∈ FC .

Potom korelačný koeficient medzi dvoma náhodnými premennými definu-
jeme

ρ (X,Y ) = cov(X,Y )√
var(X) var(Y )

.

Pre kovarianciu a korelačný koeficient platia vlastnosti uvedené v nasle-
dujúcej vete.

Veta 3.3. [11] Nech X,Y je dvojica fuzzy náhodných premenných. Nech
σX(σY ) je Steinerov bod pre fuzzy náhodnú premennú X (Y ). Nech X0 =
X − σX a Y0 = Y − σY . Potom

1. cov (X,Y ) = cov (X0, Y0) + cov (σX , σY ),

2. var (X) = cov (X,X),
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3. cov (X,Y ) = 0, ak X,Y sú nezávislé,

4. |ρ (X,Y )| ≤ 1,

5. cov (X,Y ) = E 〈X,Y 〉 − 〈EX,EY 〉.

Z hl’adiska praktického použitia i z hl’adiska teoretického sú dôležité ana-
lógie slabého a silného zákona vel’kých č́ısel a centrálne limitné vety. Tieto
boli skúmané pri použit́ı rôznych metŕık. Čast’ týchto výsledkov má śıce
hlavne teoretický charakter, ale na základe niektorých z nich boli vytvorené
napŕıklad asymptotické procedúry na testovanie hypotéz o fuzzy strednej
hodnote fuzzy náhodnej premennej (pozri napŕıklad [10]).

4 Popisná štatistika

V tejto časti sa zameriame na charakteristiky fuzzy dát, ktoré budú zovše-
obecneńım klasických pojmov aritmetický priemer, modus a medián. V pŕı-
pade, že merańım źıskame priamo n fuzzy kvant́ıt (fuzzy č́ısel) fx1, . . . , fxn,
môžeme pre výpočet fuzzy aritmetického priemeru fx̄ použit’ nasledujúci
analógiu klasického vzt’ahu, kde operácie sč́ıtania a delenia sú definované na
základe prinćıpu rozš́ırenia. Výsledkom je opät’ fuzzy kvantita. Pri praktickom
použit́ı sa ako vstup použ́ıvajú najmä trojuholńıkové fuzzy č́ısla a operácie sú
založené na vhodnej t-norme, aby ostala zachovaná linearita fuzzy č́ısel (po-
zri [2]). Analogicky je možné definovat’ použit́ım vzt’ahov klasickej popisnej
štatistiky modus a medián. V pŕıpade kvalitat́ıvnych dát, ktoré źıskavame
napŕıklad pri spracovańı dotazńıkov, je ale problematické źıskat’ priamo fuzzy
kvantitu. V takom pŕıpade zvyčajne źıskame len subjekt́ıvnu preferenciu
k možným hodnotám fuzzy náhodnej premennej. Priemer a modus môžeme
potom definovat’ napŕıklad nasledujúcim spôsobom (pozri [14]).

Defińıcia 4.1. Nech X je základná množina, nech L = {L1, L2, . . . , Lk} je
množina lingvistických faktorov. Nech

{
Fxi =

{
µiL1

L1
,
µiL2

L2
, . . . ,

µiLn

Lk

}
, i = 1, 2, . . . , n

}

je realizácia náhodného fuzzy výberu, µij(
∑k

j=1 µij = 1) je pŕıslušnost’ xi

vzhl’adom na Lj. Fuzzy výberový priemer je definovaný ako

Fx =

{ 1
n

∑n
i=1 µiL1

L1
,

1
n

∑n
i=1 µiL2

L2
, . . . ,

1
n

∑n
i=1 µiLn.

Ln

}
.

Nech Sj =
∑n

i=1 µij , j = 1, 2, . . . , k. Fuzzy modus je definovaný nasledujúcim
spôsobom

Fx̂ =

{
Lj ;Sj = max

1≤i≤k
Si

}
.
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Př́ıklad 4.1. (Záujem o výrobok) L1 : vel’mi ńızky = 1, L2 : ńızky = 2, L3 :
stredný = 3, L4 : vel’ký = 4, L5 : vel’mi vel’ký = 5

1 2 3 4 5
Fx1 0,7 0,3 0 0 0
Fx2 0 0,9 0,1 0 0
Fx3 0 0 0,7 0,3 0
Fx4 0 0 0 0,8 0,2
Fx5 0 0 0 0,2 0,8

Fx =

{
0,14

1
,
0,24

2
,
0,16

3
,
0,26

4
,
0,2

5

}

S1 = 0,7, S1 = 1,2, S3 = 0,8, S4 = 1,3, S5 = 1,

Fx̂ = 4( vel’ký záujem )

5 Záver

V článku sme sa pokúsili vel’mi stručne naznačit’ základnú koncepciu fuzzy
náhodnej premennej a popisnej štatistiky s fuzzy dátami. Zvolili sme ukážky
práve z týchto dvoch oblast́ı, pretože koncepcia fuzzy náhodnej premen-
nej predstavuje teoretický základ, bez ktoréhom by nebolo možné budovat’

ucelenú štatistickú teóriu pre fuzzy dáta a popisná štatistika reprezentuje
základný krok pri snahe o praktickú aplikáciu tejto teórie. Hoci sme pre
obmedzený priestor úplne opomenuli výberové skúmanie a regresnú analýzu,
článok by mal umožnit’ čitatel’ovi źıskat’ pomerne jasnú elementárnu pred-
stavu o možnostiach prezentovanej teórie. V pŕıpade záujmu môže čitatel’

nájst’ úplneǰśı prehl’ad napŕıklad v prácach [6, 14]. Za najväčšiu slabinu pre-
zentovanej teórie je možné označit’ to, že hoci bol zavedený pojem normality
pre fuzzy náhodnú premennú (pozri [15]), z praktického hl’adiska nepred-
stavuje úplnú analógiu normálneho rozdelenia v klasickom pŕıpade. Ďaľsou
nevýhodou je, že je možné pri defińıciách využit’ rôzne metriky, Zadehov
prinćıp rozš́ırenia založený na rôznych t-normách a pod., č́ım vzniká množstvo
teoretických výsledkov, ale výrazne to st’ažuje reálnu aplikáciu teórie.

V súčasnosti sa pozornost’ v tejto oblasti zameriava práve na konštrukciu
testovaćıch techńık pre testy (fuzzy) hypotéz s fuzzy dátami, regresnú analý-
zu, techniky bootstrapu, ale nad’alej sa venuje pozornost’ i teoretickým aspek-
tom fuzzy náhodnej premennej a fuzzy náhodných množ́ın. Vykonávajú sa
aj simulačné štúdie s účelom porovnat’ jednotlivé techniky, empiricky overit’

niektoré predpoklady a výsledky teórie fuzzy náhodnej premennej. Skúmajú
sa aj simulačné techniky na simulovanie fuzzy náhodných premenných pre po-
treby modelovania reálnych situácii. V oblasti aplikácíı je predmetom záujmu
napŕıklad konštrukcia rôznych kontrolných systémov, systémov na podporu
rozhodovania a oceňovaćıch modelov, v ktorých sa prirodzeným spôsobom
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súčasne vyskytuje neurčitost’ i náhodnost’. Podrobnosti môže nájst’ čitatel’

napŕıklad v prácach [1, 4, 5, 7, 8, 18].
Predpokladáme, že d’aľśı výskum bude pokračovat’ vo všetkých vyššie uve-

dených oblastiach so zamerańım na viacrozmerné dáta. Predpokladáme aj in-
tenźıvny teoretický i aplikačný výskum možného rozš́ırenia uvedenej teórie na
zovšeobecnenia fuzzy množ́ın, najmä intervalovo ohodnotené fuzzy množiny
(v tomto pŕıpade stupeň pŕıslušnosti nie je určený jedným reálnym č́ıslom, ale
intervalom) a intuicionistické fuzzy množiny v zmysle Atanassova (v tomto
pŕıpade okrem funkcie pŕıslušnosti máme aj funkciu nepŕıslušnosti). Okrem
toho sa v posledných rokoch venuje stále väčšia pozornost’ aj skúmaniu tzv.
neurčitých pravdepodobnost́ı.

Autori by sa v d’aľśıch prácach chceli venovat’ z teoretického, ale
najmä z praktického hl’adiska štatistickému spracovaniu fuzzy dát ekono-
mického charakteru s dôrazom na komparat́ıvnu analýzu prednost́ı a nedo-
statkov možných pŕıstupov i možné použitie intervalovo ohodnotených fuzzy
množ́ın.
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TESTING HYPOTHESES ABOUT
THE PARAMETERS OF THE SHIFTED
AND RESCALED WIENER PROCESS

Andrea Kvitkovičová

Keywords: Wiener process, constant drift rate and instantaneous variance,
uniformly most powerful tests, unbiased tests, Rényi divergences.

Abstract: The paper deals with testing hypotheses about the parameters a
and b2 of the random process {bwt + at; t ≥ 0}, where {wt; t ≥ 0} is the
Wiener process, a ≥ 0 and b2 > 0. Tests are based on the first time when the
process reaches a pre-specified positive boundary. We focus on tests about
the drift rate a and on testing both parameters simultaneously.

Abstrakt: V pŕıspevku sa zaoberáme testovańım hypotéz o parametroch
a a b2 náhodného procesu {bwt + at; t ≥ 0}, kde {wt; t ≥ 0} je Wienerov
proces, a ≥ 0 a b2 > 0. Testy sú založené na čase, kedy proces prvýkrát
dosiahne vopred zvolenú kladnú hranicu. Dôraz kladieme na testy hypotéz
o smernici a a na testy hypotéz o oboch parametroch súčasne.

1 Introduction

Random processes can be used to describe development of various charac-
teristics in many practical situations. Even when these characteristics do
change continually over time, information, which we can use, is often limi-
ted. For example, the process can only be observed in a set of discrete time
points. Or, we can only observe the time points when the process reaches
a pre-specified set of values.

In many situations the second approach follows naturally from the type
of the problem. As an example, let us consider a process, which is only ob-
servable with difficulties or not at all, but when it reaches a given value, we
observe a certain event. In what follows we will focus on this setting.

We will assume that the underlying process is a Wiener process with a con-
stant non-negative drift rate and instantaneous variance. The information
available will be the first time when the process reaches a pre-specified posi-
tive boundary. This can be used as a starting model in various fields, such as
medicine, biology, environmental sciences, social sciences and others (see [4]
for examples).

Using only the first hitting time, we will test hypotheses about the drift
rate and the instantaneous variance of the process. Working with limited
information usually decreases quality of results. It is therefore important to
ask whether the available information is sufficient to answer the questions
of interest in a satisfactory way. We will study the power of the constructed
tests to address this question.
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We will start with a more detailed problem formulation in the following
section. Later, in Section 3 we will test hypotheses about the drift rate, and
in Section 4 we will study several ways of testing both parameters simulta-
neously. Finally, we will summarize the results in Section 5.

2 Problem formulation and first considerations

Let us have a random process Yt = bwt + at, where {wt; t ≥ 0} is a Wiener
process, a ≥ 0 is a drift rate and b2 > 0 is an instantaneous variance. Instead
of the whole trajectory of the process, let us observe the first time when the
process reaches a boundary point A ≥ 0. Thus, instead of {Yt; t ≥ 0} we
observe X = inf {t ≥ 0;Yt ≥ A}.

The loss of information leads to considering a and b2 parameters of a ran-
dom variable, instead of a random process. It has been shown (see for exam-
ple [1]) that the first hitting time X is a continuous random variable with
the density fA,a,b(x) with respect to the Lebesgue measure, where

fA,a,b(x) =

√
A2

2πb2

1

x
3
2

exp

{
− 1

2xb2
(A − ax)

2

}
I {x > 0} for all x ∈ R.

We can notice that the distribution of X given by the density fA,a,b(x) =
fθ(x) constitutes an exponential family with the natural parametrization

θ = (θ1, θ2)
⊤ with θ1 = 1

b2 and θ2 = a2

b2 . The natural parameter space is
Θ = (0,∞) × [0,∞).

For a positive drift rate we have an inverse Gaussian distribution, whereas
in case of no drift we obtain an inverse gamma distribution. Let us realize
that a non-negative drift rate guarantees that the first hitting time is a.s.
finite. However, its expected value is infinite if a = 0. For a positive drift the
expectation is finite decreasing function of the drift rate.

Considering the nature of experiment, we can expect that higher values of
a with b2 kept fixed lead to higher probability of reaching the boundary early.
The same holds for higher values of b2 with a kept fixed. Density fA,a,b(x)
indeed has one peak, which is reached earlier for larger a or b2. However,
when both parameters can be varied at the same time, their influence on the
first hitting time is mixed. As a result, if both parameters are unknown, more
observations will be needed to derive conclusions about a and/or b2.

For n > 1 independent observations of the first hitting time, the maximum
likelihood estimators of the parameters a and b2 are given by â = A

x̄ and

b̂2 = A2

n

∑n
j=1

(
1

Xj
− 1

x̄

)
, where x̄ = 1

n

∑n
j=1 Xj . It can be shown (see for

example [1]) that these are consistent estimators, provided that a > 0.
Independent observations X1, . . . ,Xn can be obtained by observing n in-

dependent realizations of the process Yt and the corresponding first hitting
times of A. Alternatively, we could observe the first times ZA, Z2A, . . . , ZnA,
when a single realization of the process reaches the boundaries A, 2A . . . , nA,
respectively. Let us consider random variables Z1, . . . , Zn such that Z1 = ZA
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and Zi = ZiA − Z(i−1)A for 2 ≤ i ≤ n. It follows from the strong Markov

property of the Wiener process that L
(
(X1, . . . ,Xn)⊤

)
= L

(
(Z1, . . . , Zn)⊤

)

(see [1] for details of the proof). This gives us an opportunity to conduct an
experiment in two different ways and to use the observations from any of the
settings in a unified testing approach discussed below.

3 Tests about the drift rate

Techniques for testing hypotheses about one parameter component in a dis-
tribution coming from an exponential family are well-developed. We have
employed strategies discussed in [2] to construct uniformly most powerful or
uniformly most powerful unbiased tests about a and about b2. Here we will
shortly summarize the results for the drift rate. The derivation of results as
well as tests about the instantaneous variance can be found in [1].

Before we start, let us realize a special importance of hypotheses assuming
a = 0, since these lead to a Wiener process multiplied by a constant.

In what follows, we will assume that we have observations X1, . . . ,Xn

obtained in one of the ways discussed at the end of the previous section.

3.1 Tests assuming a known variance

Far easiest case emerges when we can assume that the variance b2 is known.
Under this assumption we can construct a uniformly most powerful test of
the hypothesis H1 : a ≤ a0 against the alternative K1 : a > a0 for a given
value a0 ≥ 0.

The testing function is given by ψ(x) = I

{∑n
j=1 xj ≤ C

}
with a con-

stant C satisfying α=exp
{

2nAa0

b2

}
Φ

(
−nA−a0C

b
√

C

)
+Φ

(
−nA+a0C

b
√

C

)
. The power

at any a > a0 is given by the power function βA,a0,b,n(a) = Φ
(

−nA+aC
b
√

C

)
+

exp
{

2nAa
b2

}
Φ

(
−nA−aC

b
√

C

)
.

Let us consider Xi = ZiA − Z(i−1)A as described above. We can notice
that to test the hypothesis it suffices to observe the hitting time ZnA of
the last point only. The hypothesis is rejected, if the last point is reached
“too early”. Let us further realize that if the boundary is not reached until
a certain time, we will not reject the hypothesis. Thus, to draw a conclusion
we even do not have to wait until the boundary is reached. Based on similar
considerations we can construct tests using more limited information on the
number of boundaries reached until time T (see [1] for details).

Power βA,a0,b,n(a) is shown as a function of a and b2 in the left panel
of Figure 1. It can be easily shown that it is an increasing function of the
drift rate a. For the special case when a0 = 0 we can even show that it is an
increasing function of nAa

b2 . This gives an insight into the way how the power
depends on each of the parameters a and b2, and A and n, when we keep
the remaining parameters fixed. Further, it can be shown that for sufficiently
large values of nAa

b2 the power is arbitrarily close to one.
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Figure 1: Left panel: power of a uniformly most powerful test of H1 : a = 0
against K1 : a > 0 assuming a known value of b2. Right panel: power of
a uniformly most powerful unbiased test of H2 : a = 0 against K2 : a > 0
assuming an unknown value of b2. Both are shown as functions of a and b2

with A = 1, n = 10 and α = 0.05 fixed.

The simple setting of a known variance gives us opportunities to opti-
mize the testing design with respect to time, costs and other aspects of the
experiment (see [1] for more details).

3.2 Tests assuming an unknown variance

If we consider an unknown instantaneous variance b2, the situation becomes
less insightful. With the variance being a nuisance parameter, we can only
construct a uniformly most powerful unbiased test of the hypothesis H2 :
a = 0 against the alternative K2 : a > 0. Developing a test of a more general
hypothesis H1 considered in the previous paragraph is not straigthforward.
This is due to the form of the natural parametrization, where a and b2 are
combined into one parameter component θ2.

The testing function of H2 against K2 is gven by ψ(x) = I

{(∑n
j=1 xj

)
×

×
(∑n

j=1
1
xj

)
≤ n2

(
n−1

F1, n−1, 1−α
+ 1

)}
. We can notice that it now takes into

account both unknown drift rate via considering
∑n

j=1 xj and unknown va-

riability via considering
∑n

j=1
1
xj

.

Let us realize that we cannot simplify the experiment to observing only
until a pre-specified time point. This is rather inconvenient, since the expected
experiment duration under the null hypothesis is infinite.

Further, it is not straightforward to study the power dependence on the
parameters. For concrete values of A and n it is shown in the right pa-
nel of Figure 1 as a function of a and b2. In general, the power at any
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a > 0 can be calculated as

∫ ∞

F1, n−1, 1−α

∫ ∞

0

y
n
2 −1 v− 1

2

Γ
(

1
2

)
Γ

(
n−1

2

)
2

n
2 (n − 1)

1
2

×

× exp

{
−

(
b2vy − n (n − 1) aA

)2

2 (n − 1) b4vy
− y

2

}
dy dv.

4 Testing both parameters simultaneously

When testing hypotheses about a multidimensional parameter, we can choose
from a variety of techniques. Perhaps one of the easiest approaches is to
consider a conrete alternative of interest. We can then apply the classical
Neyman-Pearson theory. The resulting most powerful test can be expected
to reach high power against a set of simple alternatives in the direction of the
original simple alternative. Even though this can be used in some situations,
we will not study this approach here.

In what follows, we will focus on tests which can be used in an asymptotic
way. We will briefly explore opportunities offered by a class of tests based on
the Rényi divergences. These have already been applied in a slightly different
setting in [3].

For two distributions coming from the same exponential family and diffe-
ring only in the value of parameter θ, the Rényi divergence Dr(fX,θ1 , fX,θ2)
is given by

Dr(fX,θ1 , fX,θ2) =
1

r(r − 1)
log

∫

S

(
fX,θ1(x)

fX,θ2(x)

)r

fX,θ2(x) dµ(x)

for r ∈ R \ {0, 1}; D1(fX,θ1 , fX,θ2) =

∫

S

log
fX,θ1(x)

fX,θ2(x)
fX,θ1(x) dµ(x), and

D0(fX,θ1 , fX,θ2) = D1(fX,θ2 , fX,θ1). These have been studied in much detail
previously. One of their applications follows from the fact that under certain
assumptions (see [1] for details), the asymptotic distribution of 2Dr(θ̂n,θ)

for large n is χ2
k, where θ̂n is the maximum likelihood estimator of the true

parameter value θ and k is the dimension of θ. We can notice that the
generalized likelihood ratio test is obtained as a special case for r = 1.

In our situation, in terms of the maximum likelihood estimators â and b̂2,
the test statistics are given by

r(r − 1)

n
Dr,n(θ̂n,θ0) = A (1 − r)

a0

b2
0

+
r

2
log

b2
0

b̂2
− 1

2
log

(
r

b2
0

b̂2
+ (1 − r)

)
+

+Ar
1

b2
0

b2
0

b̂2
â − A

b2
0

√(
r

b2
0

b̂2
+ (1 − r)

) (
r

b2
0

b̂2
â2 + (1 − r)a2

0

)

for the values of the hypothesized θ0 and θ̂n, for which the divergence is finite,

and for r 6= 0, 1. The estimators â and b̂2 depend on n but for simplicity we
do not use the subscript here. Further,
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1

n
D1,n(θ̂n,θ0) = −1

2
− A

a0

b2
0

− 1

2
log

b̂2

b2
0

+
1

2

b̂2

b2
0

+
A

2

a2
0

b2
0

1

â
+

A

2

1

b2
0

â

for â 6= 0. Moreover, for a0 6= 0 we have

1

n
D0,n(θ̂n,θ0) = −1

2
− 1

2
log

b2
0

b̂2
+

1

2

b2
0

b̂2
+

A

2

a0

b2
0

b2
0

b̂2
+

A

2

1

b2
0a0

b2
0

b̂2
â2−A

1

b2
0

b2
0

b̂2
â.

If the number of observations is sufficient, these statistics can be used
to test the hypothesis H3 : (a, b2)⊤ = (a0, b

2
0)

⊤ against the alternative K3 :
(a, b2)⊤ 6= (a0, b

2
0)

⊤. However, perhaps the most interesting hypothesis of this
type, the hypotheses that we observe the Wiener process, cannot be tested
asymptotically in this way (see [1]).

The problem could be solved by using the exact distribution of the test
statistic. For this reason and for several others not mentioned here, the exact
distribution is an interesting issue. However, it is beyond the scope of the
present paper to derive it.

Instead of that, let us now study a motivation to consider such a numerous
family of tests. We can notice that for a given hypothesized value (a0, b

2
0)

⊤

tests based on the Rényi divergences differing in the value of r will have diffe-
rent critical regions. Some of the regions will be more sensitive to departures
from a and some others will be more sensitive to departures from b2. Several
examples of this phenomenon are shown in Figure 2.

However, a critical region more sensitive to departures from a than from b2

does not guarantee that a test for a given fixed n will be more sensitive to
departures from a than from b2. Thorough understanding of behaviour of
the maximum likelihood estimators â and b̂2 would be needed to study the
correspondence between the shape of the critical region and the power of the
test.

Further, we can notice that for given values of r /∈ [0, 1] and (a0, b
2
0)

⊤ there
are regions where the divergence is infinite (white areas in Figure 2). A finite

divergence value is reachead when r

b̂2
+ (1−r)

b20
> 0 and râ2

b̂2
+

(1−r)a2
0

b20
≥ 0.

The finite-values areas are shown for several values of r in Figure 3. The
shape of these areas can be derived analytically and it can be shown that
for |r| → ∞ the true parameter value “moves to the boundary” of the finite-
divergence-values area. However, for each fixed n we can find an open ball
containing the true parameter value, where the divergence is finite. Thus, the
probability of obtaining an infinite divergence tends to zero for large n under
the null hypothesis. However, infinite values are an issue in deriving the exact
test statistic distribution and they are also of interest when choosing from
the family of tests.

Let us remark that an infinite value cannot be reached for r ∈ (0, 1)
(see [1]) and it occurs with zero probability for r = 0 or r = 1. However,
r = 0 cannot be used when we need to test for a0 = 0.
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5 Conclusion and discussion

We have explored quality of tests concerning parameters of a random process
and constructed using a limited information. We have seen that even when we
base our decision on an incomplete information, we are still able to construct
a variety of tests with convenient properties. The choice of the test has to be
carefully considered, depending on the set of alternatives of interest and on
several other issues.

There still remain plenty of interesting issues not addressed by the present
paper. Let us mention at least the infinite expected experiment time under
some hypotheses, experiment design optimized with respect to other criteria
than power, a rigorous study of powers of tests under the assumption of
unknown variance, optimized choice of r for the tests based on the Rényi
divergences, and many others. These are still to be explored.
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MODEL PŘENOSU GENŮ V POPULACI
JAKO ZÁKLAD PRO HOSPODÁRNÉ
NAKLÁDÁNÍ S GENOVÝMI ZDROJI

Petr Lachout, Milan Lstib̊urek

Kĺıčová slova: geneticky podmı́něná proměnlivost, př́ıbuznost, inbreeding.

Abstrakt: Účelem tohoto př́ıspěvku je teoreticky popsat přenos gen̊u v obec-
né populaci. Představuje se v něm model vhodný pro předáváńı gen̊u z rodič̊u
na potomky. Pro využit́ı v aplikovaných oborech jsou uvedeny přesněǰśı for-
mule.

Abstract: The purpose of this paper is to layout a solid teoretical foundation
to gene transfer in general population. It presents a model convenient for gene
transfer from parents to offsprings. More accurate computations of introduced
model are presented to account for realistic scenarios in applied fields.

1 Úvod

Jedńım z často diskutovaných témat v aplikovaných oborech (zemědělstv́ı,
lesnictv́ı, ochrana př́ırody) je záchrana a reprodukce genových zdroj̊u. V pra-
ktickém hospodařeńı s genovými zdroji často docháźı k hledáńı kompromisu
mezi produkćı a ochranou. V ideálńım př́ıpadě je takový kompromis stanoven
na základě exaktńıch vědeckých postup̊u. V d́ılč́ıch aplikaćıch se však často
setkáváme s př́ıstupy, které jsou od tohoto ideálńıho stavu velmi vzdáleny
(viz četné diskuze na téma genových zdroj̊u v národńıch parćıch). Je pak
možné spekulovat o hospodárnosti takových postup̊u.

Velmi často použ́ıvaným pojmem je tzv. biodiverzita. Ve výše uvedených
programech nás primárně zaj́ımaj́ı kauzálńı složky proměnlivosti (polymor-
fismu), které maj́ı genetický základ. V praxi často neumı́me popsat přesný fy-
ziologický mechanismus a nedokážeme jednoduše popsat vztah mezi polymor-
fismem na úrovni DNA a sledovanou proměnlivost́ı řady adaptačńıch znak̊u
na úrovni fenotypu. Toto předevš́ım plat́ı u tzv. kvantitativńıch znak̊u, je-
jichž exprese bývá ovlivněna velkým počtem gen̊u s relativně malým účinkem.
Obecně můžeme tvrdit, že takové znaky v populaćıch převládaj́ı; viz [4]. Dále
bylo empiricky prokázáno, že převažuj́ıćı složka genetického rozptylu je adi-
tivńı povahy, tj. má základ v př́ımých (aditivńıch) účinćıch jednotlivých gen̊u
ovlivňuj́ıćıch expresi sledovaných znak̊u; viz [3].

Ke kvantifikaci kauzálńıch složek rozptylu se vycháźı z kovariance mezi
př́ıbuznými jedinci. Konkrétńı př́ıbuzenský vztah implikuje vyšš́ı pravděpo-
dobnost sd́ıleńı alel identických svým p̊uvodem (tzv. coancestry). Pokud
známe př́ıbuzenské vazby v populaci, můžeme jednoduše odhadnout kauzálńı
složky genetického rozptylu; viz [1].
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Ćılem této studie je matematický popis přenosu gen̊u z jedné generace na
druhou. Tento model se dá využ́ıt např. při konstrukci model̊u matematického
programováńı, kde je ćılem dosažeńı kompromisu mezi produkćı a ochranou,
např. maximalizaćı selekčńıho kritéria s omezeńım ztráty relativńı genové
diversity apod.; viz [2]. Tyto modely pak maj́ı př́ımé uplatněńı v aplikovaných
discipĺınách.

Informace, z kterých v článku vycháźıme jsou úplný rodokmen sledované
populace a úplná znalost rodičovské generace.

2 Matematický model pro přenos gen̊u

Pozorujeme populaci, kterou budeme označovat jako neprázdnou množinu K.
V této množině je určena podmnožina K0 ⊂ K, která reprezentuje rodičovs-
kou generaci.

Populace se vyv́ıj́ı tak, že dvojice jedinc̊u (rodiče) dává vznik novému
jedinci (potomek). Pro obecněǰśı aplikaci připust́ıme situaci, kdy oba rodiče
jsou jeden a ten samý jedinec. Mezi rodiči rozlǐsujeme a budeme je označovat
Rodič-I a Rodič-II. Význam je otec a matka. Nový jedinec (potomek) źıskává
geny pouze od svých rodič̊u. Mechanizmus dědičnosti je obecně dobře popsán,
např. v rámci středoškolské biologie. Množinu všech gen̊u ve sledované popu-
laci budeme označovat jako neprázdnou množinou G.

Každý jedinec a ∈ K má na sledovaném lokusu dvojici alel (g1, g2).
Alelu g1 źıskal od Rodiče-I a alelu g2 od Rodiče-II. U jedinc̊u v rodičovské ge-
neraci známe genotyp. U ostatńıch jedinc̊u genotyp neznáme, ale na základě
rodokmenu a znalosti mechanizmu přenosu gen̊u dokážeme určit jeho rozdě-
leńı pravděpodobnosti. Označme si genotyp jedince a ∈ K symbolem Qa.

Pro jedince a, b ∈ K a alely i, j ∈ G označme

W̃ (a; i) − pravděpodobnost, že a bude předávat alelu i, (1)

W (a, b ; i, j) − pravděpodobnost, že a předá alelu i a b alelu j. (2)

Tyto pravděpodobnosti splňuj́ı evidentńı rovnosti:

∑

i∈G
W̃ (a; i) = 1, (3)

∑

j∈G
W (a, b ; i, j) = W̃ (a; i), (4)

∑

i∈G

∑

j∈G
W (a, b ; i, j) = 1, (5)

W (a, b ; i, j) = W (b, a ; j, i). (6)

Tyto pravděpodobnosti umožňuj́ı studovat genetickou př́ıbuznost jedinc̊u.
Uvažujeme, že máme dáno ohodnoceńı h : G2 → R, které měř́ı

”
kva-

litu“ každé dvojice gen̊u.
”
Genetickou kvalitu“ jedince a ∈ K měř́ıme pomoćı

středńı hodnoty
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H̃ ( h; a) =
∑

i∈G
h (i, i)W̃ (a; i). (7)

Dva jedince a, b ∈ K srovnáváme pomoćı
”
koeficientu podobnosti“, což je

středńı hodnota

H ( h; a, b) =
∑

i,j∈G
h (i, j)W (a, b ; i, j). (8)

Evidentně plat́ı

H ( h; b, a) = H
(
h; a, b

)
, (9)

kde h znač́ı transponovanou funkci, tj. h (j, i) = h (i, j) pro každé i, j ∈ G.
Poznamenejme, že pro symetrickou funkci, tj. h = h, je koeficient podob-

nosti symetrická funkce, tj. H ( h; b, a) = H ( h; a, b) pro každé a, b ∈ K.

3 Vzorečky pro přenos gen̊u

Nyńı upřesńıme tvorbu pravděpodobnost́ı přenosu gen̊u. Pro daľśı text při-
dáme požadavky:

1. Pravděpodobnost předáńı alely rodičem svému potomkovi je pro každou
alelu rodiče stejná.

2. Přǐrazeńı alel potomka je nezávislé na přǐrazeńı alel u ostatńıch jedinc̊u.

Pro pravděpodobnosti přenosu gen̊u plat́ı následuj́ıćı vzorečky:

3.1 Obecné vztahy

Když a ∈ K a i ∈ G, pak

W̃ (a; i) =
1

2

∑

χ∈G
Prob (Qa = (i, χ)) +

1

2

∑

ϕ∈G
Prob (Qa = (ϕ, i)) . (10)

Když a, b ∈ K a i, j ∈ G, pak

W (a, b ; i, j) =
1

4

∑

χ∈G

∑

ω∈G
Prob (Qa = (i, χ), Qb = (j, ω))

+
1

4

∑

ϕ∈G

∑

ω∈G
Prob (Qa = (ϕ, i), Qb = (j, ω)) (11)

+
1

4

∑

χ∈G

∑

ψ∈G
Prob (Qa = (i, χ), Qb = (ψ, j))

+
1

4

∑

ϕ∈G

∑

ψ∈G
Prob (Qa = (ϕ, i), Qb = (ψ, j)) .
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Pokud a = b nebo a je jedńım z rodič̊u b nebo b je jedńım z rodič̊u a, pak
některé ze sč́ıtanc̊u v (11) budou nulové.

1. Pro a = b a i = j źıskáme

W (a, a ; i, i) =
1

2
Prob (Qa = (i, i)) +

1

2
W̃ (a; i). (12)

2. Pro a = b a i 6= j źıskáme

W (a, a ; i, j) =
1

4
Prob (Qa = (i, j)) +

1

4
Prob (Qa = (j, i)) . (13)

3. Když a je Rodič-I pro b and i = j, pak zjist́ıme

W (a, b ; i, i) =
1

4
Prob (Qa = (i, i))

+
1

8

∑

χ∈G
Prob (Qa = (i, χ))

+
1

8

∑

ϕ∈G
Prob (Qa = (ϕ, i)) (14)

+
1

8

∑

χ∈G
Prob (Qa = (i, χ), Qb = (i, i))

+
1

8

∑

ϕ∈G
Prob (Qa = (ϕ, i), Qb = (i, i))

+
1

8

∑

χ∈G
Prob (Qa = (i, χ), Qb = (χ, i))

+
1

8

∑

ϕ∈G
Prob (Qa = (ϕ, i), Qb = (ϕ, i)) .

4. když a je Rodič-I b a i 6= j, pak zjist́ıme

W (a, b ; i, j) =
1

8
Prob (Qa = (i, j))

+
1

8
Prob (Qa = (j, i)) (15)

+
1

8

∑

χ∈G
Prob (Qa = (i, χ), Qb = (i, j))

+
1

8

∑

ϕ∈G
Prob (Qa = (ϕ, i), Qb = (i, j))

+
1

8

∑

χ∈G
Prob (Qa = (i, χ), Qb = (χ, j))

+
1

8

∑

ϕ∈G
Prob (Qa = (ϕ, i), Qb = (ϕ, j)) .
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5. Analogické výsledky lze odvodit i v ostatńıch př́ıpadech, tj.
”
a je Rodič-

II b“,
”
b je Rodič-I a“ a

”
b je Rodič-II a“.

3.2 Rekurzivńı vztahy

Pro pravděpodobnosti přenosu gen̊u plat́ı následuj́ıćı rekurzivńı vzorečky:

1. Když a, b ∈ K a i, j ∈ G, pak

∑

i∈G
W̃ (a; i) = 1, (16)

∑

j∈G
W (a, b ; i, j) = W̃ (a; i), (17)

∑

i∈G

∑

j∈G
W (a, b ; i, j) = 1, (18)

W (a, b ; i, j) = W (b, a ; j, i). (19)

2. Když P ∈ K je potomek rodič̊u A, B, γ ∈ K a i, j ∈ G, pak

W̃ (P ; i) =
1

2
W̃ (A; i) +

1

2
W̃ (B; i), (20)

W (P, γ ; i, j) =
1

2
W (A, γ ; i, j) +

1

2
W (B, γ ; i, j). (21)

3. Když P ∈ K je potomek rodič̊u A, B a i ∈ G, pak

W (P, P ; i, i) =
1

2
W (A,B ; i, i) +

1

4
W̃ (A; i) +

1

4
W̃ (B; i). (22)

4. Když P ∈ K je potomek rodič̊u A, B a i, j ∈ G, i 6= j, pak

W (P, P ; i, j) =
1

4
W (A,B ; i, j) +

1

4
W (A,B ; j, i). (23)

4 Rekurzivńı vzorečky pro koeficient podobnosti

Pro genetickou kvalitu a koeficient podobnosti plat́ı následuj́ıćı vztahy:

1. Plat́ı

H ( h; b, a) = H
(
h; a, b

)
, (24)

kde h je transponovaná funkce definovaná předpisem

h(i, j) = h (j, i) pro všechny i, j ∈ G. (25)
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2. Koeficient podobnosti je symetrická funkce, tj.

H ( h; b, a) = H ( h; a, b), (26)

kdykoli h je symetrická funkce, tj. h (j, i) = h (i, j) pro všechny i, j ∈ G.

3. Když P ∈ K je potomek rodič̊u A, B a γ ∈ K, P 6= γ, pak

H ( h;P, γ) =
1

2
H ( h;A, γ) +

1

2
H ( h;B, γ). (27)

4. Když P ∈ K je potomek rodič̊u A, B, pak

H̃ ( h;P ) =
1

2
H̃ ( h;A) +

1

2
H̃ ( h;B) , (28)

H ( h;P, P ) =
1

4
H ( h;A,B) +

1

4
H ( h;B,A) (29)

+
1

4
H̃ ( h;A) +

1

4
H̃ ( h;B) . (30)

5 Mı́ra př́ıbuznosti

Speciálńı volba funkce h se použ́ıvá jako
”
mı́ra př́ıbuznosti“ dvou jedinc̊u.

Tato volba je

h (i, j) = 1 if i = j, (31)

= 0 if i 6= j.

Potom je mı́ra př́ıbuznosti dána vzorcem

Ca,b = H ( h; a, b) =
∑

i∈G
W (a, b ; i, i). (32)

Genetická kvalita všech jedinc̊u je pro tuto volbu stejná. Pro každé a ∈ K
plat́ı

H̃ ( h; a) =
∑

i∈G
W̃ (a; i) = 1. (33)

Vlastnosti mı́ry př́ıbuznosti jsou zvláštńım př́ıpadem vlastnost́ı z kapitoly 4.

1. Mı́ra př́ıbuznost je symetrická, tj.

Cb,a = Ca,b pro každé a, b ∈ K, (34)

nebot’ h je symetrická funkce.

2. Když P ∈ K je potomek rodič̊u A, B a γ ∈ K, P 6= γ, pak

CP,γ =
1

2
CA,γ +

1

2
CB,γ . (35)

3. Když P ∈ K je potomek rodič̊u A, B, pak

CP,P =
1

2
CA,B +

1

2
. (36)
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5.1 Pozitivńı definitnost

V této kapitole ukážeme, že za obecných předpoklad̊u je mı́ra př́ıbuznosti
pozitivně definitńı.

Věta 1. Předpokládejme, že každý jedinec rodičovské generace má dva r̊uzné
geny a každý z gen̊u se vyskytuje v základńı generaci pouze jednou. Pak je
mı́ra př́ıbuznosti C pozitivně definitńı funkce a 1

2 ≤ Ca,a < 1 pro každé a ∈ K.

Důkaz: Bez újmy na obecnosti budeme předpokládat, že jedinci sledované
populace jsou uspořádáni tak, že jedinci z rodičovské generace maj́ı nejnižš́ı
indexy a ostatńı jedinci jsou oč́ıslováni chronologicky, podle času jejich zrodu.

Z vlastnosti (36) okamžitě plyne, že 1
2 ≤ Ca,a pro každé a ∈ K. Je tedy

třeba ukázat pouze pozitivńı definitnost a že Ca,a < 1 pro každé a ∈ K.
Pozitivńı definitnost funkce znamená, že matice (Ca,b, a ∈ K, b ∈ K) je

pozitivně definitńı. Vlastnost ukážeme indukćı přes rozměr matice. Budeme
postupně přidávat potomky.

1. Levá horńı submatice typu K0×K0 matice C má na diagonále 1
2 a mimo

ni 0. Je tedy pozitivně definitńı a na diagonále má č́ısla menš́ı nežli ’1’.

2. Předpokládejme, že již v́ıme, že levá horńı submatice typu ’dxd’ ma-
tice C je pozitivně definitńı a na diagonále má č́ısla menš́ı nežli ’1’.
Označme si tuto submatici symbolem D a submatici, která má o řádek
a sloupec v́ıce, tedy je typu ’(d+1)x(d+1)’, symbolem Q. Přibývá nám
jedinec ’i’, jehož rodiči jsou ’g’ a ’h’.

(a) Nový diagonálńı prvek je

Qd+1,d+1 =
1

2
+

1

2
Dg,h <

1

2
+

1

2
= 1.

(b) Matice Q je z matice D jednoznačně odvozena pomoćı pravidel 2)
a 3). Výpočet můžeme maticově zapsat následovně

Q = M⊤DM + ∆,

kde

M =

(
II

∣∣∣∣
1

2
δg +

1

2
δh

)
,

II označuje jednotkovou matici, tj. na diagonále ’1’ a mimo ni ’0’,
δj je sloupcový vektor, který má na j-tém mı́stě ’1’ a jinak ’0’,
∆ je matice, která je celá nulová až na posledńı diagonálńı prvek,
který je roven

∆d+1,d+1 =
1

2
+

1

2
Dg,h − 1

4
(Dg,g + 2Dg,h + Dh,h)

=
1

2
− 1

4
(Dg,g + Dh,h).
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Diagonálńı prvky matice D jsou menš́ı než ’1’, proto ∆d+1,d+1 > 0.

Nyńı ověř́ıme pozitivńı definitnost matice Q. Vezměme pro ten

účel sloupcový vektor η =

(
ξ
c

)
6= 0, kde ξ je vektor o d-složkách

a c je č́ıslo.

Nyńı jsou dvě možnosti.

• Když c = 0, pak ξ 6= 0 a

η⊤Q η = ξ⊤D ξ > 0.

• Když c 6= 0, pak

η⊤Q η = η⊤ (
M⊤DM + ∆

)
η

= η⊤M⊤DM η + c2∆d+1,d+1

≥ c2∆d+1,d+1 > 0.

T́ım je ověřeno, že matice Q je také pozitivně definitńı.

Využit́ım matematické indukce zjǐst’ujeme, že matice C je pozitivně definitńı
a na diagonále má č́ısla menš́ı nežli ’1’.

¤
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ANALÝZA ROZMÍSTĚNÍ ELEKTRO-
NICKÝCH PODATELEN OBCÍ
V ČESKÉ REPUBLICE

Radka Lechnerová, Tomáš Lechner

Kĺıčová slova: E-government, elektronické podatelny, bodové procesy, sumár-
ńı statistiky.

Abstrakt: E-Government jako jeden z prostředk̊u transformačńıho procesu
veřejné správy vytvář́ı nové elektronické veřejné služby. Rozsah poskytováńı
těchto služeb však dosud neńı na očekávané úrovni a neodpov́ıdá plně platné
legislativě, což vyvolává celou řadu otázek, proč tomu tak je. V článku
zkoumáme aktuálńı funkčńı elektronické podatelny úřad̊u územńıch samo-
správných celk̊u, a to zejména s ohledem na jejich prostorové rozmı́stěńı
v rámci České republiky, které analyzujeme prostřednictv́ım sumárńıch sta-
tistik bodových proces̊u. T́ımto zp̊usobem hledáme odpověd’ na otázku, zda
mezi obcemi, které provozuj́ı elektronickou podatelnu, existuj́ı nějaké inter-
akce vyplývaj́ıćı z jejich vzájemných poloh nebo zda jsou elektronické poda-
telny rozmı́stěny v rovnoměrně náhodně vybraných obćıch. Źıskané výsledky
jsou podstatné pro vytvořeńı celkového obrazu pr̊uběhu procesu E-Govern-
mentu v České republice.

Abstract: E-Government as one of the instruments of transformation pro-
cess of Public Administration creates new electronic public services. The
scope of providing these services is not however at the expected level yet and
it does not correspond to the legislative at all. This fact brings a lot of questi-
ons asking why. In the present contribution, we investigate current workable
electronic registries of municipalities, especially with respect to their spatial
distribution in the area of the Czech Republic. It is analysed by means of sum-
mary statistics of the point processes. In this way we are trying to find the
answer to the question whether there is an interaction between municipalities
providing an electronic registry and resulting from their respective positions
or if electronic registries are provided by uniformly at random distributed
municipalities of the Czech Republic. Obtained results are important for the
creation of a complex view of the progress of E-Government process in the
Czech Republic.

1 Úvod

Transformačńı proces veřejné správy prob́ıhá v České republice již od počátku
90. let minulého stolet́ı. V posledńıch letech jsou významnou měrou využ́ıvány
informačńı a komunikačńı technologie. Jejich aplikace ve veřejné správě, je-
j́ımž ćılem by mělo být celkové zefektivněńı výkonu veřejné moci, se obecně
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nazývá E-Government [3]. Na základě platných legislativńıch předpis̊u lze
v tomto procesu identifikovat několik základńıch nástroj̊u [2], z nichž velmi
významné postaveńı zastává elektronická podatelna jako prostředńık posky-
továńı elektronických služeb veřejné správy.

Elektronické podatelny v podobě nástroje zaručené elektronické komu-
nikace jsou po právńı stránce založeny na zákonu o elektronickém podpisu,
který byl v ČR schválen v roce 2000. Následný vývoj nebyl rozhodně př́ımo-
čarý, nicméně od 1. ledna 2005 plat́ı vyhláška Ministerstva informatiky ČR
o elektronických podatelnách a nař́ızeńı vlády č. 495/2004 Sb., které přikazuje
všem orgán̊um veřejné moci provozovat elektronickou podatelnu [2]. Součást́ı
tohoto nař́ızeńı je též povinnost sdělit adresu elektronické podatelny Minis-
terstvu informatiky ČR (v současnosti tuto úlohu převzalo Ministerstvo vni-
tra ČR), které tyto adresy neprodleně zveřejňuje na Portálu veřejné správy
(PVS) [7].

Při našem zkoumáńı jsme tedy vycházeli ze seznamu adres elektronických
podatelen publikovaných na PVS. Lze předpokládat, že existuj́ı orgány ve-
řejné moci, které provozuj́ı elektronickou podatelnu, a při tom nedodržely
tu část nař́ızeńı, která dává povinnost předat informaci o adrese Ministerst-
vu informatiky ČR, resp. Ministerstvu vnitra ČR. Na druhou stranu d́ıky
značně komplikované dostupnosti těchto adres, které nejsou v centrálńım se-
znamu, nelze tyto podatelny považovat za plně funkčńı, a proto se jimi dále
nezabýváme. Výběr seznamu adres dále zužujeme na oblast úřad̊u územně sa-
mosprávných celk̊u (ÚSC), která se vyznačuje stejnorodost́ı pravidel a předpi-
s̊u, jimiž se tyto orgány muśı ř́ıdit, a je tedy vhodná k celkovému statistickému
zpracováńı.

Podle platné legislativy by všechny vybrané úřady měly mı́t realizovánu
elektronickou podatelnu, nicméně z aktuálně existuj́ıćıch 6249 obćı ji v únoru
roku 2008 mělo funkčńı, dle adresáře zveřejněného na PVS, pouze 952 úřa-
d̊u [7]. Poloha těchto obćı je znázorněna na obrázku 1. Z tohoto tristńıho
stavu, kdy po v́ıce než 7 letech od nabyt́ı účinnosti nař́ızeńı vlády dávaj́ıćı po-
vinnost zř́ıdit elektronické podatelny (p̊uvodńı nař́ızeńı vlády č. 304/2001 Sb.,
kterým se prováděl zákon č. 227/2000 Sb., o elektronickém podpisu) má tento
nástroj realizováno pouze přibližně 15 % úřad̊u územńıch samosprávných
celk̊u, plynou otázky r̊uzného typu. My se nyńı pokuśıme nalézt odpovědi
na to, jaké prostorové vztahy jsou mezi úřady, které elektronické podatelny
realizovaly, a jak jsou funkčńı elektronické podatelny rozmı́stěny v rámci ČR.

2 Data

Jak již bylo zmı́něno v úvodu, vycháźıme z adresáře elektronických podatelen
zveřejněného na Portálu veřejné správy [7]. Adresář byl stažen z př́ıslušné
webové stránky v únoru 2007 a v únoru 2008. Protože ve zmı́něném obdob́ı
došlo pouze k zanedbatelné změně v řádu jednotek promile, rozhodli jsme se
zkoumat pouze aktuálńı stav roku 2008.
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Obrázek 1: Na obrázku jsou vyznačeny polohy obćı České republiky, které
maj́ı elektronickou podatelnu, stav v únoru 2008. Slabá čára rozděluje Českou
republiku na Oblast 1 (vlevo) a Oblast 2 (vpravo).

Pro zkoumáńı prostorového rozložeńı jsme źıskané adresářové údaje spá-
rovali s daty prezentovanými Českým statistickým úřadem v rámci Územně
identifikačńıho registru ÚIR-ZSJ [6]. Geografická data jsou zde uváděna v me-
trech v souřadnicovém systému Jednotné trigonometrické śıtě katastrálńı
(S-JTSK), který je definován v nař́ızeńı vlády č. 430/2006 Sb., o stano-
veńı geodetických referenčńıch systémů a státńıch mapových děl závazných
na územı́ státu a zásadách jejich použ́ıváńı. Dle tohoto nař́ızeńı je systém
S-JTSK určen Besselovým elipsoidem s parametry a = 6377397,15508 m,
b = 6356078,96290 m, kde a je délka hlavńı poloosy, b je délka vedleǰśı polo-
osy, Křovákovým konformńım kuželovým zobrazeńım v obecné poloze a sou-
borem souřadnic bod̊u z vyrovnáńı trigonometrických śıt́ı. Výhodou tohoto
souřadnicového systému je, že v něm můžeme provádět standardńı geodetická
měřeńı. Vzdálenosti bod̊u lze źıskat s chybou, která může být maximálně
v jednotkách metr̊u. V př́ıpadě, kdy budeme aproximovat obce a města ČR
bodem v mı́stě polohy úřadu př́ıslušného ÚSC, je tato chyba naprosto zane-
dbatelná.

3 Metody

Necht’ X = {X1, . . . ,Xk} jsou body, které reprezentuj́ı polohy úřad̊u ÚSC,
jimiž aproximujeme obce v ČR. Obce s elektronickou podatelnou necht’ jsou
reprezentovány body X′ = {X ′

1, . . . ,X
′
n}, přičemž plat́ı, že X′ ⊆ X. Pozoro-

vaćım oknem necht’ je územı́ České republiky nebo jej́ı část. Naše analýza
se zabývá otázkou, zda mezi body X′ jsou nebo nejsou nějaké interakce
(přitažlivé či odpudivé). Budeme tedy testovat hypotézu, že body X′ jsou
rovnoměrně náhodně rozdělené na množině bod̊u X, proti alternativě, že mezi
body X′ existuj́ı přitažlivé či odpudivé interakce za podmı́nky, že X′ ⊆ X.
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Obrázek 2: Procento obćı, které maj́ı elektronickou podatelnou, v závislosti
na počtu jejich obyvatel.

K naš́ı analýze bodových proces̊u použijeme sumárńı statistiky, kterými
lze dobře charakterizovat prostorové rozmı́stěńı bod̊u. Konkrétně jsme použili
distribučńı funkci nejbližš́ıch soused̊u (G), sférickou kontaktńı distribučńı
funkci (F ) a párovou korelačńı funkci (g) (viz např. [4, 5]). Z jejich defi-
nic vyplývá, že distribučńı funkce G(r) resp. F (r) určuj́ı pravděpodobnost,
že se do vzdálenosti r od bodu procesu resp. libovolného bodu v prostoru
vyskytuje (v př́ıpadě funkce G jiný) bod procesu. Poznamenejme, že jsme
použili Kaplan-Meierovy odhady pro funkce G a F [1] a Ripleyho odhad pro
funkci g [5], které jsou implementovány v programu R (baĺıček SPATSTAT).
Všechny zmı́něné odhady zahrnuj́ı korekci na okrajové efekty.

Pro ověřeńı výše uvedené hypotézy provedeme následuj́ıćı test. Pro rov-
noměrně náhodný výběr N bod̊u z množiny bod̊u X spoč́ıtáme výše uvedené
statistiky. Tento postup opakujeme 199krát a poté ze všech simulaćı vy-
kresĺıme jako obálky vždy pátou největš́ı a pátou nejmenš́ı hodnotu v každém
bodě grafu. Pokud by graf funkce spočtený pro X′ ležel mimo oblast vy-
mezenou obálkami, znamenalo by to, že hypotézu o rovnoměrně náhodném
rozmı́stěńı elektronických podatelen v obćıch ČR můžeme zamı́tnout na hla-
dině testu 0,05.

4 Numerické výsledky

Pro zkoumaná data jsme nejprve spočetli základńı statistické parametry.
Z celkového počtu 6249 obćı mělo v únoru roku 2008 realizováno funkčńı elek-
tronickou podatelnu přibližně 15,2 % obćı (viz obrázek 1). Pro podrobněǰśı
zkoumáńı jsme rozdělili obce podle velikostńıch kategoríı (dle standardu po-
už́ıvaného Českým statistickým úřadem). Podle výsledk̊u prezentovaných
v [2] jsou mezi jednotlivými kraji ČR nezanedbatelné rozd́ıly v procentech
obćı, které povinnost provozovat elektronickou podatelnu plńı. Z tohoto d̊u-
vodu jsme si ČR, pro potřeby studia metodami popsanými v předchoźı kapi-
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Obrázek 3: Histogram vzdálenost́ı mezi nejbližš́ımi obcemi v ČR.

tole, rozdělili na dvě disjunktńı souvislé oblasti a to tak, aby v jedné z nich
byly zastoupeny kraje s lepš́ım stavem plněńı zmı́něné povinnosti. Spolu
s podmı́nkou souvislosti pak dostáváme následuj́ıćı oblasti:

• Oblast 1 je tvořena hl. m. Prahou a dále Středočeským, Jihočeským,
Plzeňským, Karlovarským, Ústeckým, Libereckým, Královéhradeckým
a Pardubickým krajem a krajem Vysočina.

• Oblast 2 je tvořena Jihomoravským, Olomouckým, Zĺınským a Morav-
skoslezským krajem.

• Oblast 3 je vymezena celým územı́m ČR, tj. je sjednoceńım Oblasti 1
a Oblasti 2.

Obrázek 2 potvrzuje celkově lepš́ı situaci v Oblasti 2, což také plat́ı pro
malé obce až do velikosti 1999 obyvatel. Mezi středńımi obcemi je stav
lepš́ı v Oblasti 1. Pro velké obce je situace v obou oblastech téměř shodná.
V každém př́ıpadě plat́ı, že č́ım vyšš́ı je velikostńı kategorie, t́ım větš́ı procento
obćı má elektronickou podatelnu realizovánu. Zat́ımco z obćı do 500 obyva-
tel nab́ıźı cestu zaručené elektronické komunikace pouze přibližně 6 % obćı,
v rozmeźı 2000 až 4999 obyvatel je to téměř polovina z nich a u velkých obćı
je to v́ıce než 95 %.

Na obrázku 3 je znázorněn histogram vzdálenost́ı mezi nejbližš́ımi obcemi
ČR. Z něj také vyplývá, že v rozmeźı od 0,5 km do 10,4 km se od libovolné
obce nacháźı daľśı obec, přičemž převládaj́ı menš́ı vzdálenosti. Pod́ıl obćı,
které jsou od sebe vzdáleny v́ıce než 3,5 km, nepřevyšuje 4 %.

Než začneme rozeb́ırat výsledky plynoućı z graf̊u sumárńıch statistik,
připomeňme, že se pohybujeme na množině obćı ČR. Při zkoumáńı prosto-
rových závislost́ı se nejprve zaměř́ıme na Oblast 1. Z graf̊u na obrázku 4
v levém sloupci vyplývá, že hypotézu o rovnoměrně náhodném rozmı́stěńı
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Obrázek 4: Grafy distribučńı funkce nejbližš́ıch soused̊u (prvńı řádek),
sférické kontaktńı distribučńı funkce (druhý řádek) a párové korelačńı funkce
(třet́ı řádek) spočtené pro data z Oblast́ı 1 a 2 (tučné křivky). Dále jsou zde
zobrazeny obálky (tenké křivky) vymezuj́ıćı 95% interval spolehlivosti pro
testováńı hypotézy o rovnoměrně náhodném rozmı́stěńı obćı s elektronickou
podatelnou v obćıch ČR.

elektronických podatelen v obćıch na 5% hladině testu zamı́táme. Nejprve
se pod́ıváme na grafy distribučńıch funkćı vzdálenost́ı G a F (viz prvńı
dva obrázky vlevo). Z obou graf̊u vyplývá, že pro větš́ı vzdálenosti jsou
zde známky

”
odpudivých interakćı“ mezi obcemi s elektronickou podatel-

nou oproti př́ıpadu, kdybychom vzali rovnoměrně náhodný výběr obćı ČR
o stejném rozsahu. V př́ıpadě funkce G (horńı graf) od 3,8 km dále a v př́ıpadě
funkce F (prostředńı graf) od 6 km dále. Pro menš́ı vzdálenosti (do 3,8 km),
tedy v př́ıpadě vzdálenost́ı typických pro většinu obćı, jsou obce s elektro-
nickou podatelnou rozmı́stěny rovnoměrně náhodně na množině obćı ČR.
Z grafu g vyplývá, že vzdálenosti od 3,6 km do 9,4 km mezi jakýmikoliv elek-
tronickými podatelnami se vyskytuj́ı častěji, než by odpov́ıdalo rovnoměrně
náhodnému výběru obćı, nicméně tento rozd́ıl neńı př́ılǐs výrazný.
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Nyńı se zaměřme na situaci v Oblasti 2, kterou si poṕı̌seme na základě
graf̊u na obrázku 4 v pravém sloupci. Pokud bychom brali v úvahu pouze
výsledky plynoućı z graf̊u distribučńıch funkćı vzdálenost́ı (horńı a prostředńı
graf vpravo), testovanou hypotézu o rovnoměrně náhodném rozmı́stěńı obćı
s elektronickou podatelnou v rámci obćı ČR bychom nemohli zamı́tnout,
protože sledovaná křivka lež́ı uvnitř oblasti ohraničené obálkami. Odlǐsný
výsledek dává párová korelačńı funkce, kde se vyskytuj́ı 4 vrcholy, které se
dostaly nad oblast vymezenou obálkami. Vzhledem k tomuto výsledku testo-
vanou hypotézu opět zamı́táme. Nejvyšš́ıch hodnot dosahuje funkce v bodech
2,8 km a 5,2 km, protože se jedná o poměrně malé vzdálenosti, můžeme zde
předpokládat jistou spolupráci mezi bĺızkými obcemi.

Oblast 3 je sjednoceńım Oblast́ı 1 a 2, přičemž poměr rozlohy Oblasti 1
ku Oblasti 2 je přibližně 2,6. Proto neńı překvapivé, že výsledky pro Oblast 3
jsou obdobné jako v př́ıpadě Oblasti 1, a proto zde grafy sledovaných funkćı
neuvád́ıme, pouze poṕı̌seme výsledky. Z distribučńı funkce nejbližš́ıch sou-
sed̊u vyplývaj́ı odpudivé interakce, od 4,5 km dále, mezi obcemi s elektronic-
kou podatelnou oproti př́ıpadu, kdybychom vzali rovnoměrně náhodný výběr
obćı ČR o stejném rozsahu. Do 4,5 km jsou sledované obce rozmı́stěny rov-
noměrně náhodně. Z grafu párové korelačńı funkce vyplývá, že podatelny se
ve vzdálenostech mezi 2 km a 12,6 km vyskytuj́ı častěji a tento rozd́ıl oproti
rovnoměrně náhodnému rozmı́stěńı v obćıch ČR je větš́ı než v př́ıpadě Oblas-
ti 1. Nejvyšš́ıch hodnot dosahuje funkce v intervalu mezi 2,8 km a 5 km, což
odpov́ıdá výsledk̊um pro Oblast 2.

5 Shrnut́ı

Po v́ıce než 7 letech od začátku platnosti prvńıho nař́ızeńı vlády ukládaj́ıćım
všem orgán̊um veřejné moci povinnost zř́ıdit elektronickou podatelnu má
tento nástroj zaručené elektronické komunikace v ČR realizováno pouze
15 % úřad̊u územńıch samosprávných celk̊u. Z detailńıho rozboru vyplývá, že
procento obćı, které maj́ı elektronickou podatelnu, roste s počtem obyvatel
a to velmi významně.

Dále jsme testovali hypotézu, že obce s elektronickou podatelnou jsou rov-
noměrně náhodně rozdělené na množině všech obćı ČR. Vlastńı test jsme pro-
vedli jak pro celou ČR, tak pro dvě d́ılč́ı disjunktńı oblasti. Pro všechny zkou-
mané Oblasti (1, 2, 3) hypotézu na 5% hladině testu zamı́táme. Z detailńıho
rozboru výsledk̊u sumárńıch statistik plyne, že v Oblasti 1 se prosazuj́ı slabé
odpudivé śıly na vzdálenostech nad 3,8 km, avšak pro menš́ı vzdálenosti obćı
se výsledek bĺıž́ı rovnoměrně náhodnému rozmı́stěńı. V Oblasti 2 jsou patr-
né nevýrazné shluky, které mohou ukazovat na spolupráci bĺızkých obćı. Ve
všech zkoumaných Oblastech (1, 2, 3) jsou zjǐstěné odchylky od testované
hypotézy nepř́ılǐs výrazné.

Tento výsledek neodpov́ıdá záměru zákona č. 500/2004 Sb., správńı řád,
který zavedl možnost prostřednictv́ım veřejnoprávńı smlouvy zajistit pro-
vozováńı elektronických podatelen pro malé obce obcemi s rozš́ı̌renou p̊u-
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sobnost́ı. Pokud by se tento postup ve velké mı́̌re realizoval, museli bychom
v rozmı́stěńı obćı s možnost́ı př́ıjmu elektronických podáńı pozorovat výrazné
shluky, což se neukázalo. Zdá se dokonce, že v oblasti zajǐstěńı provozu elek-
tronických podatelen úřady ÚSC výrazně nespolupracuj́ı, nebot’ na malých
vzdálenostech jsou obce s elektronickou podatelnou rovnoměrně náhodně
rozmı́stěné. Tyto výsledky přisṕıvaj́ı k vytvořeńı celkového obrazu stavu roz-
voje E-Governmentu v ČR a ukazuj́ı, že je třeba hledat i jiné než legislativńı
stimuly pro jeho praktický rozvoj.
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SPLINE MODELS WITH CHANGE-POINTS

Matúš Maciak
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Abstract: In this work we will focus on a problem of estimating an unknown
regression function based on spline approach, while taking into account also
some sudden jumps - change-points. We will discuss some basic methods and
their properties for a simple spline approach and afterwards we will extend
them and we will implement an algorithm which would allow for change-
points occurrences at some certain, pre-defined points - so called knots.
As the knots are given in advance, there is a need to come up with a stra-
tegy how to define knot points so that they can reflect real change-points
occurrences. We will briefly point at two different strategies which are plausi-
ble here and we will introduce a reasonable combination of both of them. The
proposed methods are applied to B19 parvovirus data in Belgium population
and we have also used a simulation study for additional conclusions.

Abstrakt: V tejto práci sa zameriame na odhad neznámej regresnej funkcie
pomocou splinov, pričom budeme uvažovat’ možnost’ výskytu náhlych zmien -
change-pointov. Spomenieme základné metódy, ich vlastnosti a následne na-
vrhneme algoritmus, ktorý implementuje skoky do neznámej regresnej funkcie
v predom definovaných bodoch - uzloch.
Ked’že sú uzly definované predom, je potrebné navrhnút’ stratégiu, ktorá
v určitom zmysle optimálne lokalizuje tieto uzly a predstav́ıme našu metódu,
ktorá efekt́ıvne kombinuje dve bežne použ́ıvané stratégie. Výsledný algorit-
mus aplikujeme na reálne data v belgickej populácii a pre porovnanie a do-
datočné závery použijeme simulačnú štúdiu.

1 Introduction

Let us consider a simple random sample {(Xi, Yi); i = 1, . . . N ∈ N} given
from a 2-dimensional space R2 where the distribution of each couple (Xi, Yi)
is described by a joint density function f(x, y). We are interested in a depen-
dence structure of the variable Y given the value of the regressor variable X
which can be generally written as

E [Y |X = x] = m(x),

for some unknown function m(·). In case of spline modelling approach we
will take a semiparametric point of view where we assume some parametric
background for the regression function m(·) but we will pose no restriction
on its shape (except some degree of smoothness).
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Let us further consider a set of well-defined spline basis functions {ψj(x);
j = 1, . . . ,K} of the order n ∈ N, where each ψj(x) is defined over the range
of the variable X. In such a case the unknown regression function m(·) is
estimated via OLS method as a linear combination given by

m̂(x) =

K∑

j=1

θ̂jψj(x), (1)

where the set of parameters Θ̂ = (θ̂1, . . . , θ̂K)⊤, also called the basis coeffici-
ents are defined by the minimization problem as

Θ̂ =
Argmin
Θ ∈ R

K




N∑

i=1


Yi −

K∑

j=1

θjψj(Xi)




2

+ λ · F




K∑

j=1

θjψj(Xi)





 , (2)

where λ ∈ [0,∞) is a smoothing parameter and F(·) is some penalty term
which controls the amount of smoothness in the final fit. There are many
different settings which are required for spline regression approach (like basis
selection, knot points selection, amount of smoothness, etc.) but it is not the
main purpose of this work to discuss it here. From now on we will consider
a penalty term based on a sum of squared basis coefficients1, truncated-power
spline basis2, and a GCV selection approach for parameter λ ∈ [0,∞].

2 Splines with change-points

Splines are originally defined as piecewise polynomial functions (which brings
forward a nice interpretation option in a local sense) which are fully continu-
ous up to the specific order n ∈ N. However, sometimes it could be convenient
to assume some discontinuities (finite number of jumps) while keeping the
same property of having a nice interpretation for the final model. We will
modify a traditional spline approach in order to accommodate for this new
property. We will assume the same regression function as in (1) however, this
time we will allow for discontinuity points which is formally written as

m(x) = m0(x) +
T∑

t=1

αtI{x>xt},

for m0(·) to be n − 1 times continuously differentiable and some sequence
x1 < · · · < xT and non-zero values αt ∈ R for t = 1, . . . , T . One can even

1One can consider many other penalty terms based on basis coefficients or those based
on some degree of derivative. However, we have chosen a sum of squared coefficients as it
nicely corresponds with the square loss function we have used for fitting of the model.

2The other reasonable choice is to use B-spline basis which is computationally more
stable however, one can even show an equivalence between those two types in some sence.
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consider a more structured model where we allow for change-points also in
all order derivatives of the regression function m(·) given by

m(p)(x) = m
(p)
0 (x) +

Tp∑

t=1

αptI{x>xpt}, for some p ∈ {0, 1, . . . , n − 1}.

A reasonable way to implement this model into the original spline framework
is to relief a continuity condition posed at knot points locations and to assume
polynomial pieces which do not have to joint together any more with respect
to any level of continuity. This would simply mean that the whole set of
change-points {{xp1, . . . , xpTp

}; p = 0, . . . , n − 1} has to be a subset of the
mesh of knot points and the set of basis functions is extended by adding some
additional functions which can generate all these jumps - change-points.

Let us simplify a little bit and consider a case where every single knot
point stands also for a change-point in the regression function itself and also
in all its derivatives. Then the whole problem reduces to a simple basis ex-
tention, where we add additional functions to the original basis such that

{ψj(x)} = {ψj(x); j = 1, . . . , K = (n + 1)(k + 1)} (3)

= {ψpj(x); p = 0, 1, . . . , n, j = 0, 1, . . . , k}

=





1 x x2 . . . xn

I{x>ξ1} (x − ξ1)I{x>ξ1} (x − ξ1)
2
I{x>ξ1} . . . (x − ξ1)

n
I{x>ξ1}

. . . . . . . . . . . . . . .
I{x>ξk} (x − ξk)I{x>ξk} (x − ξk)2I{x>ξk} . . . (x − ξk)n

I{x>ξk}





,

where ξi, i = 1, . . . , k stand for unique inner knot points. With a matrix re-
presentation for functions {ψj(Xi)}(n+1)(k+1)

j=1 evaluated at each data point Xi,

i = 1, . . . , N , vector of coefficients Θ = (θ1, θ2, . . . , θ(n+1)(k+1))
⊤ and the

Lagrange multipliers method we can write the solution as

Ŷ = XT

(
X⊤

T XT + λB
)−1

X⊤
T Y, (4)

where XT is a matrix of basis functions evaluated for a single data point in
each row, the matrix B is a well-known penalty matrix and λ ∈ [0,∞) is
an appropriate smoothing parameter which optimize bias-variance trade-off
in some sense. One can easily see that basis functions {ψp0(x), ψnj(x); p =
0, . . . n, j = 1, . . . k} just generate a simple spline regression fit and the other
basis functions {ψpj(x); j = 1, . . . , k} allow for change-points occurrences
at the exact knot points locations in the pth order derivative of the regres-
sion function m(·), for p = 0, . . . , n − 1. However, this is mostly not the case
when we deal with a real problem. On the other hand it easily follows from
the basis definition (3) how one can manage change-points occurrences in
the regression function m(·) and its derivatives: for example, if we expect
some change-points in the function itself only all basis function ψpj(x) for
j = 1, . . . , k and p = 1, . . . , n−1 have to be replaced by zero. If we also allow
for a change-point in the first and the second derivative then ψpj(x) ≡ 0 for
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j = 1, . . . , k and p = 3, . . . , n − 1. Of course, we do not want to overparame-
trize our model and we do not want to include unrealistic change-point into
the final fit. The optimal way how to make a selection and to identify basis
function which we need to fit the final model will be discussed in Section 4.

2.1 Double penalization method

Before we actually discuss other aspects of spline fitting approach let us give
a short comment about the way of penalizing the amount of smoothness.

The most common choice for the matrix B in the equation (4) is a diagonal
matrix B = diag{0, 0, 1⊤(n−1), b

⊤
(1), . . . , b

⊤
(k)}, where b(j) = (0(1), . . . , 0(n), 1)⊤.

The first two zeros stand for a constant and linear trend - this means that for
λ → ∞ all penalized coefficients but these two will be shrunk to zero, resulting
in a linear regression line. Of course, if one wants to keep a quadratic trend
to be the one with the maximum amount of smoothness, we have to change
the corresponding value from one to zero too. All other coefficients which
brings additional flexibility into the model yield to penalization. However, as
we already have an information about the knot-points locations we do not
want to penalize coefficients which stand for change-points neither in order
to keep all jumps in the final curve and not to smooth them.

On the other hand, sometimes it might be useful to have a tool to smooth
even these jumps and to get a continuous straight line for maximum smoo-
thness effect. However, if we just replace corresponding zeros by ones in the
matrix B all coefficients will be penalized in the same way and the sizes of
jumps will shrink to zero quite fast which is not the case we would like.

In order to improve the performance of the fitting algorithm with respect
to some model selection criteria (we have used GCV and BIC) we have pro-
posed an extended way of penalizing the basis coefficients, so called double
penalization method. The idea behind is to have a separate tools to control
the amount of smoothness (variability) of the final estimate and the “smooth-
ness” of jumps. In the original setting we have just defined the matrix B to be
a diagonal matrix with zeros and ones on its diagonal (zero for the constant
and linear trend and for all change-points coefficients and ones otherwise).
As we do not penalize for coefficients responsible for change-points the effect
of λ → ∞ will be a set of straight discontinuous lines separated by change-
points in the zero and the first derivative. Therefore, we have imposed two
independent smoothing parameters λ1 and λ2: the first smoothing parameter
will take the same role as in the previous case and the second parameter will
penalize basis coefficients responsible for the sizes of jumps. The minimization
problem (4) can be rewritten in the following form

Ŷ = XT

(
X⊤

T XT + λ1B1 + λ2B2

)−1
X⊤

T Y, (5)

where both matrices B1 and B2 are diagonal matrices with ones for the corre-
sponding coefficients which have to be penalized and zeros otherwise. The
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final models provide much better in this setting in case of simulation study
and real data problem too (see also Section 5). One can easily think of an
obvious extension and to try to implement a multiple penalization where each
level of change-points coefficients will be penalized separately. However, the
additional time expense we have to accept is much higher in this case and it
is not in a balance with a gain we can get any more.

3 Extension to a logistic regression

In order to implement spline approach with change-points also in case of
0-1 discrete type of response we have considered a different approach. The
problem behind is that the binary variable which is of interest does not follow
normal distribution any more but it comes from a more general family of
exponential distributions given by

f(yi) = exp

{
yiζi + b(ζi)

a(φ)
+ c(yi, φ)

}
, for i = 1, . . . , N,

where ζi is a canonical parameter we want to model and φ is a dispersion pa-
rameter. Functions a(·), b(·) and c(·) are some common real functions where
we assume at least an existence of the second derivative of b(·) which is
bounded away from zero. The final fit in this case is given in sense of maxi-
mizing the likelihood function which is however, not given in explicit way any
more. Therefore, we have proposed an iterative algorithm based on Newton-
Raphson procedure which can implement penalty term even with respect to
double penalization approach3.

Let Θ∗ be a vector of coefficients (in the same sense of interpretation as
in the previous case) given by the previous step of this iterative procedure.
Then the updated value Θnew is given by

Θnew = Θ∗ − (H(Θ∗))−1 · S(Θ∗), (6)

where S(Θ∗) is the score matrix and H(Θ∗) is the Hessian matrix, both defined
by the following expressions

S(Θ∗) = X⊤
T

(
Y − eζ

1+eζ

)
= X⊤

T

(
Y − exp{X

⊤
T Θ∗}

1+exp{X⊤
T Θ∗}

)
= 0,

H(Θ∗) = (−1) ·
(
X⊤

T WXT + λB
)
,

H(Θ∗) = (−1) ·
(
X⊤

T WXT + λ1B1 + λ2B2

)
respectively.





(7)

where XT is a matrix of basis functions evaluated at each Xi, for i = 1, . . . , N
and W = diag(b′′(ζ1, . . . , ζN )). The iterative procedure (6) is repeated until
convergence, defined as |Θnew − Θ∗| ≤ ǫ for some some small ǫ > 0, where

|Θnew−Θ∗| ≤ ǫ ⇐⇒ ∀j=1,...(k+1)×(n+1) |θnew
j −θ∗j | ≤ ǫ and ∃j |θnew

j −θ∗j | < ǫ.

3We have gently modified a penalized quasilikelihood algorithm used for fitting of mixed
models, where the variance-covariance matrix of random effects is replaced by a penali-
zation matrix B.
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4 Jump detection and knots positioning

We have already mentioned that the most important task within the spline
modelling framework not only with change-points is a positioning of knot
points. This time we are not even so much concern about regular knot points
positions (there were many strategies proposed, like equidistant knots, data
driven knots based on quantile positions or fully automatic positioning based
on minimizing of squared residuals between two neighbouring knots) but
mostly we have to propose good locations for all possible jumps. There are
actually two different approaches we can consider for splines with change-
points: we can either use a full set of basis function defined by (3) for a dense
mesh of knots and by implementing an L1 penalty term for basis coeffici-
ents we can let the algorithm to reveal change-points by itself (so called
lasso selection approach proposed by Tibshirani [4]) or we can detect possi-
ble change-points locations with some advance algorithms and to manually
define the set of basis functions we need to fit the model. We have analyzed
both of these approaches however, in later text we will just point out the
method related to jump detection algorithm4.
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Figure 1: The performance of the jump detection algorithm for the regression
function itself for two different settings: real data problem with the large
variability and no significant indication of any possible jumps; On the other
hand in case of simulated data with a smaller variability we even got the
95 % confidence boundary lines for a change-point indicator.

We will describe a method which brings together Stone’s optimization
step with Qiu and Yandell’s localization procedure. The idea behind is to
apply firstly the jump detection algorithm and to reveal some small regions
inside the span of variable X where we can expect change-points occurrences.
With a quite analogous way we can apply the same algorithm in order to find
small areas for possible jumps in all order derivatives (see Figure 1).

4The most effective method would probably be the one proposed by Stone [3] where
all knot points positions are treated as additional model parameters and they also yield
to a minimization process. However, such a procedure would be too much time consu-
ming therefore, we have proposed a modification together with a jump detection algorithm
proposed by Qui and Yandell [2].
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Once we identify small areas for possible change-points we will optimize
their locations via minimizing the GCV criterion by shifting the appropriate
knot point in a small grid of points within this area. This means that only
knot points related to jumps will yield to minimization, while all other knot
points which are not related to any jump will be kept being fixed. This appro-
ach is a reasonable compromise between the optimizing of all knot positions
proposed by Stone [3] and a manual selection which can provide to poorly.

One can see in Figure 1 that unlike the simulated data, in case of real data
sample we did not get any significant indications for change-points regions
(compare Figure 1(a) with much larger 95 % confidence bounds (not even
in the Figure) and 1(b)). The reason can be seen nicely from Figure 2: the
data variability in real data is too much high when comparing with a possible
size of a jump. The jump detection algorithm does not have enough power as
in case of simulated data where some evidence for discontinuity can be even
visible with an eye. Therefore, in case of real data we have just considered an
area with the highest peak and strongest oscillation to be an area for possible
change-point occurrence.

5 Simulations and real data

Finally, we can take a look how well did new algorithms perform in case of
real data (B19 parvovirus antibody level in a blood stream in a sample of
Belgium population with a size of 3000 patients) and simulated data (given
as a mixture of three normal distributions with a size of 500 points).
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Figure 2: Final spline models for B19 parvovirus data in Belgium and simu-
lated data.

By using the jump detection algorithm we have indicated small interval(s)
inside a span of variable X and within these intervals we have found an op-
timal position for each knot point (by shifting it in a small grid of points)
with respect to minimum GCV value. Different models were compared with
BIC criterion rather than GCV as GCV criterion quite often tents to over-
fitting with large sample sizes. In all cases we have implemented a double
penalization method with two independent smoothing parameters selected
via GCV criterion. The final models can be seen in Figure 2.
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Figure 3: The first order derivative plot for B19 parvovirus and simulated
data.

6 Conclusion

We have proposed and applied new methods based on spline approach while
allowing for some discontinuities. However, a large variability together with
relatively small jump sizes in case of B19 parvovirus data did not show the
full potential of the algorithm and the models with no change-points were
slightly preferred according to BIC criterion (but not GCV criterion). On the
other hand, in case of simulated data where the variability was in a rate with
the relative size of jumps the whole methods performed much better and the
final model taken by BIC selection criterion was actually the same as the
original model where data were simulated from.
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Karĺın

E-mail : maciak@karlin.mff.cuni.cz



ROBUST’2008 ©c JČMF 2009

RATIO TYPE STATISTICS FOR
DETECTION OF CHANGES IN LINEAR
REGRESSION MODELS

Barbora Madurkayová
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Abstract: Linear regression models are relatively frequently used models in
statistical analysis, with possible applications e.g. in econometrics, biology or
climatology. Here we study procedures for detection of changes in parameters
of linear regression models, particularly test procedures based on ratio type
statistics.

To the most remarkable advantages of ratio type test statistics belongs
the fact, that when computing the test statistics, it is not necessary to esti-
mate variance of the underlying model. This property makes the ratio type
statistics a suitable alternative of classical (non-ratio) statistic – most of all
in situations, when it is difficult to find a suitable variance estimate.

In this work, we focus on the properties of ratio type test statistics for
detection of changes in linear regression models and demonstrate these pro-
perties both on simulated and real data.

Abstrakt: Modely lineárnej regresie sú pomerne často použ́ıvané modely
v štatistickej analýze, s možnými aplikáciami napŕıklad v ekonometrii, bioló-
gii či klimatológii. Budeme študovat’ postupy detekcie zmien v parametroch
modelov lineárnej regresie, konkrétne pôjde o postupy založené na štatisti-
kách podielového typu.

Medzi najvýrazneǰsie prednosti štatist́ık podielového typu patŕı skutoč-
nost’, že pri výpočte testovej štatistiky nie je potrebné odhadovat’ rozptyl
skúmaného modelu. Vd’aka tejto vlastnosti sú štatistiky podielového typu
vhodnou alternat́ıvou klasických (nepodielových) štatist́ık – predovšetkým
v takých situáciách, v ktorých je obtiažne nájst’ vhodný odhad rozptylu.

V tejto práci sa zameriame na vlastnosti štatist́ık podielového typu pre de-
tekciu zmien v modeloch lineárnej regresie a budeme demonštrovat’ tieto
vlastnosti na simulovaných a reálnych dátach.

1 Introduction

We assume to have a set of observations Y1, . . . , Yn obtained at time ordered
points and that these data follow a linear regression model. Particularly, we
are interested in studying a situation, where a change in regression parameters
may occur at some time point k∗. We may formally describe such situation
as following:

Yk = hT (k/n)β + hT (k/n)δI{k > k∗} + ek, k = 1, . . . , n, (1)
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where β = (β1, . . . , βp)
T , δ = δn = (δ1, . . . , δp)

T and k∗ = k∗
n are unknown

parameters. hT (t) = (h1(t), . . . , hp(t))
T is such that h1(t) = 1 for t ∈ [0, 1]

and hj(t), j = 2, . . . , p are continuously differentiable functions on [0, 1]. The
random error terms e1, . . . , en are generally assumed to satisfy the so called
functional central limit theorem. However, here we are going to focus on a sim-
pler situation, where error terms e1, . . . , en are independent and identically
distributed (i.i.d.) random variables, satisfying E ek = 0 and Var ek = σ2 > 0
for k = 1, . . . , n.

The basic question, we are trying to answer, is whether a change in regres-
sion parameters occurred at some unknown time point k∗, or not. Using the
above introduced notation, the null hypothesis of no change can be expressed
as

H0 : k∗ = n. (2)

We are going to test this null hypothesis against the alternative of change
occurring at k∗:

H1 : k∗ < n, δ 6= 0. (3)

2 General form of a ratio type test statistic

One possible form of a ratio test statistic that may be used in change-point
analysis is the following:

max
nγ≤k≤n−nγ

max
1≤j≤k

Vj,k

max
k≤j≤n

Ṽj,k

, (4)

where Vj,k for j = 1, . . . , k denotes a statistic based on observations Y1, . . . , Yk

and Ṽj,k for j = k + 1, . . . , n is a similar statistic based on observations
Yk+1, . . . , Yn.

This type of statistic was studied for example in [3] or [2], where a ratio
statistic of two CUSUM statistic was used for detection of abrupt changes in
location. A report about a ratio statistic that may be used for detection of
gradual changes in location may be found in [5].

The basic motivation for studying ratio type test statistics lies in the
fact that when computing such test statistic, it is not necessary to estimate
variance of the underlying model. This property makes the ratio type sta-
tistics a suitable alternative of classical (non-ratio) statistic – most of all in
situations, when it is difficult to find a suitable variance estimate.
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3 Ratio type test statistic for detection of change
in regression parameters

For situation described above, test statistics based on weighted partial sums
of residuals are often used, i.e. statistics of the form

Sk =

k∑

i=1

h(i/n)
(
Yi − hT (i/n)bn

)
, k = 1, . . . , n, (5)

where bn is an L2-estimate of parameter of the regression parameter based
on observations Y1, . . . , Yn.
Let us denote

Sj,k =

j∑

i=1

h(i/n)
(
Yi − hT (i/n)bk

)
, j, k = 1, . . . , n, j ≤ k. (6)

Here, bk denotes an L2-estimate of of the regression parameter based on
observations Y1, . . . , Yk.
And, similarly

S̃j,k =

j∑

i=k+1

h(i/n)
(
Yi − hT (i/n)b̃k

)
, j, k = 1, . . . , n, j > k (7)

where b̃k is an L2-estimate of the regression parameter based on observations
Yk+1, . . . , Yn.
Further we denote

Cj,k =

k∑

i=j+1

h(i/n)hT (i/n)j, k = 1, . . . , n. (8)

Using this notation, we may now define the ratio type test statistic

Un = max
nγ≤k≤n−nγ

max
1≤j≤k

ST
j,kC−1

1,kSj,k

max
k≤j≤n

S̃T
j,kC−1

k+1,nS̃j,k

. (9)

4 Asymptotic properties

Theorem 1 (Null hypothesis) Let us assume that Y1, . . . , Yn follow mo-
del (1) and that the null hypothesis (2) described above is true. Let us further
assume that e1, . . . , en are i.i.d. random variables, satisfying E ek = 0 and
Var ek = σ2 > 0 for k = 1, . . . , n and that hT (t) = (h1(t), . . . , hp(t))

T is
such that h1(t) = 1 for t ∈ [0, 1] and hj(t), j = 2, . . . , p are continuously

differentiable functions on [0, 1] with
∫ 1

0
hj(t)dt = 0, j = 2, . . . , p.
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Then, as n → ∞, Un converges in distribution to

U = sup
γ≤t≤1−γ

sup
0≤s≤t

ST (s, t)C(0, t)−1S(s, t)

sup
t≤s≤1

S̃T (s, t)C(t, 1)−1S̃(s, t)
. (10)

where

C(s, t) = lim
n→∞

1

n
C⌊ns⌋,⌊nt⌋, (11)

S(s, t) =

∫ s

0

h(x)dB1(x) − C(0, s)C(0, t)−1

∫ t

0

h(x)dB1(x), (12)

for s, t ∈ [0, 1] such that s ≤ t,

S̃(s, t) =

∫ s

t

h(x)dB2(x) − C(t, s)C(t, 1)−1

∫ 1

t

h(x)dB2(x). (13)

for s, t ∈ [0, 1] such that t ≤ s and where {B1(u), 0 ≤ u ≤ 1} and {B2(u), 0 ≤
u ≤ 1} are independent Brownian bridges.
Proof. Using the arguments of the proof of Theorem 2.1 in [4], for k = ⌊nt⌋
we get that

1

σ2
max

1≤j≤k

{
ST

j,kC−1
1,kSj,k

}
d→ sup

0≤s≤t

{
ST (s, t)C(0, t)−1S(s, t)

}
, as n → ∞

(14)
and similarly, for k = ⌊nt⌋
1

σ2
max

k≤j≤n

{
S̃T

j,kC−1
k+1,nS̃j,k

}
d→ sup

t≤s≤1

{
S̃T (s, t)C(t, 1)−1S̃(s, t)

}
, as n → ∞,

(15)

where by the symbol
d→ we denote convergence in distribution. Since both

statistics are independent for any relevant choice of k, it directly follows that

Un
d→ U, as n → ∞. (16)

¤

The next theorem describes a situation under the local alternative.

Theorem 2 (Local alternative) Let us suppose that Y1, . . . , Yn follow
model (1) and the alternative (3) and that the same assumptions about ran-
dom error terms and h(t) as in Theorem 1 hold. Let us further assume that
k∗ = ⌊nt⌋ for some 0 < t < 1 and that δn satisfies the conditions

‖δn‖ −→ 0 and n1/2 ‖δn‖ −→ ∞. (17)

Then, for γ < t < 1 − γ:

Un
P−→ ∞, as n → ∞. (18)
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Proof. Let us take k = ⌊nr⌋ for some t < r < 1 − γ. Then by Theorem 2.2
in [4] it follows that

max
1≤j≤k

{
ST

j,kC−1
1,kSj,k

}
P−→ ∞.

For k = ⌊nr⌋, the denominator in (9) has the same distribution as under
the null hypothesis, and is therefore bounded in probability. It follows that
the maximum of the ratio also has to go to infinity, as n → ∞.

This proves the consistency of the studied test statistic under the given
assumptions. ¤

5 Applications

According to Theorem 1, Un converges to a limit distribution under the null
hypothesis. The explicit form of the limit distribution is not known. The
critical values may be determined by simulation of the limit distribution or
by bootstrap method. Since by Theorem 2 Un converges in probability to
infinity, we are going to reject the null hypothesis for large values of the test
statistic.

5.1 Simulated data

In this section we present some applications of the proposed ratio statistic
to simulated data from normal and Laplace distributions. In simulation, we
took p = 3, h1(x) = 1, h2(x) = x − 1/2 and h3(x) = 4x2 − 4x + 2/3, γ = 0.1
and several choices of δ.
On Figure 1 and 2, we can see the values of ratio

Qk =

max
1≤j≤k

ST
j,kC−1

1,kSj,k

max
k≤j≤n

S̃T
j,kC−1

k+1,nS̃j,k

, (19)

computed for k : nγ ≤ k ≤ n − nγ with γ = 0.1. Simulated 95% critical
values for each of the two distributions are depicted by the horizontal dotted
line.

If we compare several choices of δ with the same norm, we may see, that
the method is more sensitive to changes in parameters corresponding to the
constant and linear element of h(x), rather then the quadratic one. We may
also see, that under the alternative, the values of Qk tend to increase with k
and the maximum value is obtained for k close to n.

5.2 Surface temperature data

The analyzed data come from a large dataset based on long term surface tem-
perature measurements at several meteorological stations around the world
(for more details see [6], dataset HadCRUT3). On Figure 4, we may see the
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δ N(0,1) Lap(0,1) N(0,1) Lap(0,1)
90% 90% 95% 95%

(0,1,0) 0.130 0.086 0.075 0.039
(0,0,1) 0.117 0.089 0.069 0.032
(0,1,1) 0.171 0.098 0.105 0.045
(1,1,1) 0.568 0.485 0.450 0.335
(0,3,0) 0.462 0.356 0.335 0.206
(0,0,3) 0.163 0.081 0.101 0.034
(0,3,3) 0.713 0.619 0.576 0.420
(3,3,3) 1.000 1.000 0.999 0.996
(0,5,0) 0.858 0.750 0.757 0.588
(0,0,5) 0.259 0.173 0.154 0.088
(0,5,5) 0.986 0.960 0.959 0.890
(5,5,5) 1.000 1.000 1.000 1.000

Table 1: Simulated 90% and 95% rejection rates of U100; γ = 0.1, k∗ = n/2 = 50.

Figure 1: The values of Qk for simulated normal distribution samples with pa-
rameters µ = 0, σ = 1, n = 100, γ = 0.1 The upper left figure refers to the
null hypothesis. The other figures refer to alternatives with k∗ = n/2 = 50 and
δ = (0, 0,

√
27) (upper right), δ = (0,

√
27, 0) (lower left), δ = (3, 3, 3) (lower right).

data together with estimated regression curves. The data represent tempera-
ture anomalies, i.e. differences from what is expected to be measured in some
particular area at some particular time of the year. Each observation corre-
sponds to monthly measurements at the chosen area located in the South
Pacific Ocean, close to New Zealand (the center of the 5 × 5 degree area is
located at 177.5W and 32.5S). The data covers the period of years 1947-1987.
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Figure 2: The values of Qk for simulated Laplace distribution samples with pa-
rameters µ = 0, b = 1, n = 100, γ = 0.1. The upper left figure refers to the
null hypothesis. The other figures refer to alternatives with k∗ = n/2 = 50 and
δ = (0, 0,

√
27) (upper right), δ = (0,

√
27, 0) (lower left), δ = (3, 3, 3) (lower right).

Again, we took p = 3, h1(x) = 1, h2(x) = x − 1/2 and h3(x) = 4x2 −
4x + 2/3, γ = 0.1. After applying the method described above we reject null
hypothesis of no change. The values of the ratio Qk defined by (19) are to see
on Figure 3. We estimate the time of change k∗ by maximizing the numerator
in (9):

k̂∗ = arg max
k

ST
j,kC−1

1,kSj,k. (20)

The estimates of the regression parameters can be then obtained as

bk̂∗ = C−1

1,k̂∗

k̂∗∑

i=1

h (i/n) Yi, b̃k̂∗ = C−1

k̂∗+1,n

n∑

i=k̂∗+1

h (i/n) Yi (21)
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Figure 3: The values of Qk for surface temperature data. The simulated critical
value is depicted by the dotted line.
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Figure 4: The surface temperature data. Estimated regression curves are depicted
by the red lines.
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TAJNÝ OSTROV TEMPLÁŘŮ
(Př́ıběh z cyklu

”
Statistický pohled na měřeńı v české a světové

literatuře“)

Jaroslav Marek

Kĺıčová slova: Dvouetapový regresńı model, podmı́nka typu II, BLUE.

Abstrakt: Článek je věnován regresńımu modelu s podmı́nkou typu II.
Ćılem je ukázat aplikačńı možnosti teorie odhadu. Ústředńı téma knihy Tajný
ostrov templář̊u, ryt́ı̌ri, kněz a poklad autor̊u Erlinga Haagensena a Henry
Lincolna je poloha kostel̊u na ostrově Bornholm, které maj́ı být postaveny
v posvátném útvaru a maj́ı vytvářet pětićıpou hvězdu, jej́ıž střed tvoř́ı kos-
tel Osterlands. Ćılem článku je naj́ıt odhady souřadnic všech kostel̊u za
předpokladu, že byly postaveny v posvátné konfiguraci.

Abstract: The article deals with regression model with constraints of type II.
The aim is to show the application possibilities of a particular theory of
parameter estimation. The central theme in the book The Templars’ Secret
Island, the Knights, the Priest and the Treasure by Erling Haagensen and
Henry Lincoln, seems to be the construction of many Bornholm’s churches
according to sacred geometry, most notably the five pointed star centered
on the Østerlars church. The aim of article is make the estimator of the
coordinates of all churches under the constraints that all these points are
located on a places according to the sacred geometry.

1 Mystické př́ıběhy

Č́ım dál častěji se můžeme setkat s r̊uznými úžasnými objevy a teoriemi.
Kniha [1] je typickým př́ıkladem. Autoři Erling Haagensen a Henry Lin-
coln v ńı seznámı́ čtenáře s mystickou teoríı, při jej́ıž konstrukci provedou
čtenáře Egyptem, Palestinou, Francíı a konečně po ostrově Bornholm. Čtenář
je seznámen s tajemstv́ım pyramid, ukrývaj́ıćı č́ıslo π a délku poledńıku. Dále
je seznámen s údajně hlavńım úkolem templář̊u, kterým má být uchovat
a ukrýt to, co nalezli ryt́ı̌ri Bernarda z Clairvauz v r. 1127 v Jeruzalémě. To
kv̊uli čemu neváhaj́ı členové tajné organizace Opus Dei v knize D. Browna
Šifra Mistra Leonarda vraždit — Svatý grál.

Autoři Haagensen a Lincoln čtenáře zavedou do Jeruzaléma dobytého
v r. 586 králem Nabukadnazarem a v r. 1099 křižáckou výpravou zorganizo-
vanou na popud papeže Urbana II. Dále sděluj́ı čtenáři, že templáři proka-
zatelně nalezli Svatý grál v Jeruzalému v r. 1127, kdy podali Sv. Bernardovi
zprávu

”
posláńı splněno“. Nový úkryt, pro vše co nalezli, měl být vybudován

ve Francii ve středu pentagramu (viz obrázek 1 vlevo). Ovšem v r. 1307 král
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Filip Sličný nechává templáře uvěznit a zavraždit. V r. 1314 je upálen vel-
mistr Jacques de Molay. Ale v té době je to, co nalezli, již ukryto na jednom
malém dánském ostrově Bornholm — na mı́stě, které lze vypoč́ıtat z polohy
kostel̊u (viz obrázek 1 vpravo).

Autoři knihy zjǐst’uj́ı, že stavitelé bornholmských kostel̊u si přáli sesta-
vit kruh o obvodu 56 anglických mil. To se jim podařilo – podle autor̊u
knihy – s přesnost́ı 0,4 mm. Úhly v pentagramu templáři vytyčili s přesnost́ı
0,00000015 stupně. Čtenář je nakonec seznámen s tzv. geometrickým kĺıčem.
Ten nám umožńı sestavit podmı́nky a regresńı model, když úloha povede na
dvouetapový regresńı modelu s podmı́nkou typu II.

Obrázek 1: Mystické rozmı́stěńı templářských kostel̊u v jižńı Francii a na
ostrově Bornholm.

Při studiu polohy bornholmských kostel̊u autoři zjǐst’uj́ı překvapivé sku-
tečnosti o templář́ıch a o jejich vědomostech, ke kterým by se měli vyslovit
vědci r̊uzných vědńıch discipĺın, když už zástupci ćırkve mohou jejich tvrzeńı
jen těžko vyvracet.

Matematici by mohli zpochybnit fakta o schopnostech templářských ryt́ı-
ř̊u provést trisekci úhlu, přesně zkonstruuovat odmocniny z č́ısla 2, 3, 5 a 7.
Architekti by mohli posoudit, zda je pravda, že kostel Nylars je postaven
jako přesná kopie Bož́ıho hrobu v Jeruzalémě. Historici by se mohli věnovat
tvrzeńım o p̊usobeńı templář̊u na Bornholmu. Jazykovědci by mohli posoudit
tvrzeńı, že slovo Bornholm je odvozeno od Burgundska.

K dovednostem templář̊u provést trisekci úhlu nebo vytyčit vzdálenost
danou jistým č́ıslem násobeným pod́ılem odmocniny ze sedmi a ze tř́ı, a to
ještě po moři, se nebudeme vyslovovat. Hlavńım ćılem tohoto článku bude
pouze posoudit tvrzeńı o konfiguraci kostel̊u na ostrově Bornholm.

Z jednoho z mnoha schémat v [1] nakonec vyplyne, že kostely nejsou
situovány ve vrcholech pětićıpé hvězdy — ale v bodech na obr. 2. Čtenář
může být zklamán — pokud si náčrtku povšimne.

2 Vytvořeńı regresńıho modelu

Autoři uvád́ı (viz schéma na obr. 2 vlevo) následuj́ıćı skutečnosti (S předsta-
vuje střed mystické konfigurace — kostel Østerlars):
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Obrázek 2: Posvátná konfigurace teplářských kostel̊u na ostrově Bornholm
a kostel Østerlars.

1) kostel Nylars se nacháźı na kružnici k se středem S = [γ1, γ2] a s po-
loměrem γ3,

2) kostel Olsker se nacháźı na kružnici se středem S = [γ1, γ2] a s po-

loměrem Θ2
1 × γ3 =

√
( 3
2 −

√
2)2 + (

√
2

2 )2 × γ3,

3) kostel Nyker se nacháźı na kružnici se středem S a s poloměrem Θ2
2 ×

γ3 =

√
(−

√
7

4 + 3
2 −

√
2)2 + (

√
3

2 − 4
√

7
3 )2 × γ3,

4) kostel Klemensker se nacháźı na kružnici se středem S = [γ1, γ2] a s po-
loměrem Θ2

3 × γ3 = 1√
2
× γ3,

5) kostel Rutsker se nacháźı na kružnici k.

Autoři knihy uvád́ı, že maj́ı k dispozici souřadnice kostel̊u změřené dáns-
kým kartografickým úřadem Kort & Matrikelstyrelsen. Údaje v tabulce jsou
uvedeny v metrech.

bod Nylars Olsker Nyker Klemensker Rutsker Østerlars

X 54 748.37 55 653.27 57 665.44 55 525.51 58 866.14 45 385.33

Y 45 803.24 63 844.61 53 086.37 57 063.72 61 535.90 56 658.79

Pro výpočet použijeme dvouetapový regresńı model (viz str. 258), ten
nám umožňuje naj́ıt odhady parametr̊u β a γ splňuj́ıćı podmı́nky. Dále tento
model neprovede korekci vektorového parametru Θ, nalezené odhady ale bu-
dou respektovat nejistoty v určeńı toho parametru určené matićı Σ1,1 =
Diag

(
ω2

1 , ω2
1 , ω2

1

)
. Ve druhé etapě budeme uvažovat kovariančńı matici Σ2,2 =

Diag
(
ω2

2 , . . . , ω2
2

)
o rozměru 10 × 10.

Uvažujme, že hodnoty Θ1, Θ2 a Θ3 byly templáři určeny a změřeny
(v 1. etapě) jako (Θ̂1, Θ̂2, Θ̂3) = (0,870263933, 0,890359258, 0,707106781),
což jsou hodnoty použité autory při výpočtu. Vzhledem k tvrzeńı autor̊u
budeme uvažovat přesnost určeńı těchto hodnot ω2

1 = 0.00012.
V druhé etapě měřeńı budeme uvažovat disperzi ω2

2 = 252 m2 pro měřené
souřadnice (y1, y2), . . . , (y9, y10) = (54748.37, 45803.24, 55653.27, 63844.61,
57665.44, 53086.37, 55525.51, 57063.27, 58866.14, 61535.30) kostel̊u Nylars,



258 Jaroslav Marek

Olsker, Nyker, Klemensker a Rutsker s rovinnými souřadnicemi (β2i−1, β2i)
pro i = 1, 2, 3, 4, 5.

Podmı́nky lze zapsat takto

g1(Θ,β,γ) = (β1 − γ1)
2 + (β2 − γ2)

2 − γ2
3 = 0 ,

g2(Θ,β,γ) = (β3 − γ1)
2 + (β4 − γ2)

2 − Θ2
1 × γ2

3 = 0 ,
g3(Θ,β,γ) = (β5 − γ1)

2 + (β6 − γ2)
2 − Θ2

2 × γ2
3 = 0 ,

g4(Θ,β,γ) = (β7 − γ1)
2 + (β8 − γ2)

2 − Θ2
3 × γ2

3 = 0 ,
g5(Θ,β,γ) = (β9 − γ1)

2 + (β10 − γ2)
2 − γ2

3 = 0 .

Źıskané podmı́nky g(Θ,β,γ) budeme linearizovat. Užijeme Taylor̊uv roz-
voj — lineárńı verze podmı́nky g(Θ,β,γ) = 0 je B∗δβ+C∗δΘ+Gγ+a∗ = 0,

kde matice B∗ = ∂g(Θ0,β0,γ0)
∂β′ , C∗ = ∂g(Θ0,β0,γ0)

∂Θ′ , G = ∂g(Θ0,β0,γ0)
∂γ′ , a∗ =

g(Θ0,β0,γ0) v přibližném bodě (Θ0,β0,γ0).

V našem př́ıpadě např.

G0 =




2(γ0
1 − β0

1), 2(γ0
2 − β0

2), −2γ0
3

2(γ0
1 − β0

3), 2(γ0
2 − β0

4), −2γ0
3(Θ0

1)
2

2(γ0
1 − β0

5), 2(γ0
2 − β0

6), −2γ0
3(Θ0

2)
2

2(γ0
1 − β0

7), 2(γ0
2 − β0

8), −2γ0
3(Θ0

3)
2

2(γ0
1 − β0

9), 2(γ0
2 − β0

10), −2γ0
3




.

Matice C∗ a B∗ nebudeme podrobně uvádět.

Dvouetapový model připojovaćıho měřeńı je

(
Θ̂

Y − DΘ̂

)
∼n

((
Θ
Xβ

)
,

(
Σ1,1, −Σ1,1D

′

−DΣ1,1, Σ2,2 + DΣ1,1D
′

))
.

Parametrickým prostorem dvouetapového modelu s podmı́nkou typu II je

Θ = {(Θ′,β′) : B∗β + C∗Θ + Gγ + a∗ = 0} ,

kde B∗,C∗,G jsou dané matice q × k2, q × k1, q × k3 a kde a∗ je daný vektor
s délkou q, tak, že M(C∗) ⊂ M(B∗), a∗ ∈ M(C∗) a r(B∗) = q < k2.

Z prvńı etapy měřeńı máme k dispozici nevychýlený odhad Θ̂.

Ćılem je určit odhad parametru β na základě náhodného vektoru Y−DΘ̂,
kde Y je observačńı vektor z druhé etapy měřeńı na základě odhadu Θ̂.

BLUE parametru (β′,γ′)′ v našem modelu je (viz [3])
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ˆ̂
β =

(
I −

(
X′Σ

θ̂
−1X

)−1

(B∗)′
{[

B∗
(
X′Σ

θ̂
−1X

)−1

(B∗)′ + GG′
]−1

−

−
[
B∗

(
X′Σ

θ̂
−1X

)−1

(B∗)′ + GG′
]−1

G
{
G′

[
B∗

(
X′Σ

θ̂
−1X

)−1

×

×(B∗)′ + GG′
]−1

G
}−1

G′
[
B∗

(
X′Σ

θ̂
−1X

)−1

(B∗)′ + GG′
]−1

}
B∗

)
×

×
(
X′Σ

θ̂
−1X

)−1

X′Σ
θ̂
−1(Y − DΘ)−

−
(
X′Σ

θ̂
−1X

)−1

(B∗)′
{[

B∗
(
X′Σ

θ̂
−1X

)−1

(B∗)′ + GG′
]−1

−

−
[
B∗

(
X′Σ

θ̂
−1X

)−1

(B∗)′ + GG′
]−1

G
{
G′

[
B∗

(
X′Σ

θ̂
−1X

)−1

(B∗)′+

+GG′
]−1

G
}−1

G′
[
B∗

(
X′Σ

θ̂
−1X

)−1

(B∗)′ + GG′
]−1

}
(a∗ + C∗Θ),

ˆ̂γ = −
{
G′[B∗(X′Σ

θ̂
−1X)−1(B∗)′ + GG′]−1

G
}−1

G′×

×
[
B∗(X′Σ

θ̂
−1X)−1(B∗)′ + GG′]−1[

B∗(X′Σ
θ̂
−1X)−1X′Σ

θ̂
−1Y+

+a∗ + C∗Θ
]
.

Př́ıslušné kovariančńı matice jsou

Var(
ˆ̂
β) = (X′Σ

θ̂
−1X)−1 − (X′Σ

θ̂
−1X)−1(B∗)′

[
B∗(X′Σ

θ̂
−1X)−1 ×

= ×(B∗)′ + GG′]−1
B∗(X′Σ

θ̂
−1X)−1 + (X′Σ

θ̂
−1X)−1 ×

×(B∗)′
[
B∗(X′Σ

θ̂
−1X)−1(B∗)′ + GG′]−1 ×

×G
{
G′[B∗(X′Σ

θ̂
−1X)−1(B∗)′ + GG′]−1

G
}−1

G′ ×

×
[
B∗(X′Σ

θ̂
−1X)−1(B∗)′ + GG′]−1

B∗(X′Σ
θ̂
−1X)−1,

cov(
ˆ̂
β, ˆ̂γ) = −(X′Σ

θ̂
−1X)−1(B∗)′

[
B∗(X′Σ

θ̂
−1X)−1(B∗)′ + GG′]−1 ×

×G
{
G′[B∗(X′Σ

θ̂
−1X)−1(B∗)′ + GG′]−1

G
}−1

,

Var(ˆ̂γ) =
{
G′[B∗(X′Σ

θ̂
−1X)−1(B∗)′ + GG′]−1

G
}−1

− I .
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Nyńı mimo jiné najdeme odhad souřadnic kostela Østerlars (viz fotografie
na obr. 2 vpravo) a porovnáme jej se souřadnicemi z tabulky.

Numerickým výpočtem źıskáváme odhad

β̂ = (54748.43, 45803.18, 55633.42, 63830.72, 57652.33, 53090.18, 55530.98,
57063.94, 58893.57, 61545.22)′ a γ̂ = (45389.41, 56684.33, 14352.36)′.

Rovinné souřadnice kostela Østerlars byly změřeny hodnotami (45385.33,
56658.79)′, souřadnice určené z našeho regresńıho modelu jsou (45389.41,
56684.33)′. Diference je velmi malá.

3 Závěr

Autor tohoto článku se domńıval, že s použit́ım regresńıch model̊u prokáže
nesmyslnost schématu. To se nepodařilo.

Ale při př́ıpravě obrázk̊u bylo zjǐstěno, že př́ımka spojuj́ıćı Nylars a Øster-
lars má prob́ıhat nedalekým ostrovem Christiansø (viz schéma na obr. 2
vlevo). Avšak ze satelitńıho sńımku na obr. 3 vyplývá, že tomu tak rozhodně
neńı — kostely jsou označeny kř́ıžkem, Christiansø je nad př́ımkou v pravém
horńım rohu obrázku. Autoři si tedy na schématu Christiansø mı́rně posu-
nuli. Přitom jsou v knize uvedeny i souřadnice bodu na Christiansø, kterým
měla př́ımka procházet. Souřadnice bodu vyhovuj́ı jejich výpočt̊um a zkon-
struovaným podmı́nkám. Je nepochybné, že autoři manipulovali s měřenými
údaji, pokud si je rovnou všechny nevymysleli.

Obrázek 3: Ortofotomapa ostrova Bornholm s vyznačeńım polohy kostel̊u
Nylars a Østerlars.

Možnost naj́ıt polohu kostel̊u na satelitńıch sńımćıch umožńı čtenář̊um
tohoto článku i jeho autorovi v budoucnosti provést výpočet z ověřených
dat.
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Tomáš Marek, Petr Tichavský
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Abstract: The mutual information is useful measure of a random vector
component dependence. It is important in many technical applications. The
estimation methods are often based on the well known relation between the
mutual information and the appropriate entropies. In 1999 Darbellay and
Vajda [3] proposed a direct estimation methods. In this paper we compare
some available estimation methods using different 2-D random distributions.

Abstrakt: Vzájemná informace je hojně už́ıvanou mı́rou vzájemné závislosti
jednotlivých složek v́ıcerozměrných náhodných vektor̊u. Časté uplatněńı na-
cháźı předevš́ım v inženýrských aplikaćıch. Metody odhadu vzájemné infor-
mace většinou vycháźı ze známého vztahu mezi vzájemnou informaćı a entro-
piemi př́ıslušných rozděleńı, ale vzájemnou informaci je možné odhadnout
také př́ımo. Na př́ıkladech r̊uzných typ̊u dvojrozměrných rozděleńı srovnáme
některé dostupné metody odhadu vzájemné informace.

1 Introduction

The mutual information is a very important tool in many engineering appli-
cations. Assuming 2-D random vector (X,Y )T with the joint density function
fX,Y and marginal density functions fX , fY , the mutual information I(X,Y )
is given as

I(X,Y ) =

∫

R2

fX,Y (x, y) log
fX,Y (x, y)

fX(x)fY (y)
dx dy.

Traditional estimation methods are based on the well known relation be-
tween the mutual information and the appropriate entropies

I(X,Y ) = H(X) + H(Y ) − H(X,Y ),

= H(X) − H(X|Y ),

= H(Y ) − H(Y |X).

In this paper we compare the available algorithms for direct computation
of the mutual information with the estimate based on the maximum likelihood
introduced by Miller [5]. In addition to the Miller-Madow’s method we employ
three methods described in the next section. All these methods of the direct
computation of the mutual information are based on the 2-D histogram. The
computer simulations bellow show the advantage of algorithms based on an
adaptive histogram.
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2 Methods and algorithms

2.1 Adaptive histogram methods

The adaptive histogram methods introduced by Darbellay [2] reach good
efficiency. In this paper we use the algorithm published by Darbellay and
Vajda [3]. The histogram generating process is based on the partitioning of the
observation space into a finite number of nonoverlapping rectangular cells Ck,
1 ≤ k ≤ m. The cells are generated by the recursive process described bellow.

Algorithm Mutin A

(i) The initial (the largest) cell is the smallest rectangular cell containing
all data pairs (X,Y )T .

(ii) Any cell containing less than two observations (data pairs) will not be
partitioned.

(iii) Every cell containing at least two observations is tentatively partitioned
by dividing each one of its edges into two equiprobable halves. It means
four new cells are tentatively generated instead given ’mother’ cell.

(iv) Assume that the partitioned ’mother’ cell contains N ≤ 2 observations.
The new generated cells contain N1, N2, N3 and N4 observations. The
partitioning is accepted if

T =
4

N

4∑

i=1

(
Ni −

N

4

)2

> χ2
3(0.95) = 7.81, (1)

where T is the goodness of fit statistic T intuitively testing the local
independence of marginals at this ’mother’ cell. If T < 7.81 then the
tentative partition is refused and the ’mother’ cell is admitted to the
final computation.

(v) After stopping all (local) partitioning processes we denote generated
cells Ck, 1 ≤ k ≤ m and the corresponding numbers of observations Nk.
The estimate of the unknown mutual information I(X,Y ) we define as

ÎN (X,Y ) =
m∑

k=1

Nk

N
log

Nk/N

(Nx,k/N)(Ny,k/N)
, (2)

where Nx,k is the number of observations that have the same x coordi-
nate as observations in the cell Ck (analogically the Ny,k).

The computer simulation studies, e.g. Franěk [4], show that true ex-
pectation of the goodness of fit variable T defined in (1) is not constant
but ET ≤ 3. Keeping notation of algorithm Mutin A, it approximately holds

ET ≈ 3 − Nx,k

Nk
− Ny,k

Nk
.
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It follows that we should adjust the critical value of the goodness-of-fit test
via (1). This adjustment decreases absolute value of the negative part of esti-
mation bias, because the hypothesis of local independence is rejected in more
cases and the partitioning process generates more cells with some positive
contribution to the mutual information estimate (2). On the other hand the
positive part of estimation bias slightly increases because of increasing the
first type error probability in the test (1) which is not 0.05, but is lower in
the algorithm Mutin A. The algorithm with adjusted critical values of the
goodness-of-fit test will be called Mutin B.

2.2 Fixed histogram method

First we consider estimates using histograms based on a fixed partition of the
observation space. There are two basic approaches to the partition making -
the equidistant and the equiquantile partitioning of marginals, both followed
by the 2-D product partition construction. The number of cells choice is the
common problem of these methods. Generally, it is known that the optimal
number of cells depends not only on the observation number but also on
its 2-D distribution. This dependence is much stronger for estimators using
equidistant cells.

In this paper, we denote DirectD K ×K an algorithm based on the equi-
distantly generated partition containing K2 rectangular cells. The cells are
the Cartesian product of K equidistant intervals between maximal and mini-
mal values on both marginals. The DirectQ K ×K will denote an algorithm
based on the partition also containing K2 rectangular cells, but the cells are
the Cartesian products of K intervals between maximal and minimal values
on both marginals, which were chosen to contain approximately N/K ob-
servations. The estimates are calculated in the same way as in the case of the
adaptive histogram methods, i.e. using the equation (2), where m = K2.

2.3 Entropy method

The estimation of entropy is a well developed problem. There are many avai-
lable methods in the literature. Consider independent identically distribu-
ted random vectors X1, . . . ,XN ∈ Rp and a partition B1, . . . , Bm of the
space Rp. Let us define a natural estimation of the entropy of X’s distribu-
tion as

ĤN (pN ) = −
m∑

i=1

pN,i log pN,i, (3)

where pN = (pN,i)
m
i=1 are relative frequencies of the sets Bi. This estimate is

also called maximum likelihood, plug-in (see Antos and Kontoyiannis [1]) or

naive (see Strong [7]). The asymptotical properties of ĤN (pN ) are summari-
zed e.g. in Paninski [6]. Let the partition B1, . . . , Bm, be fixed, H(p) be the
entropy of discrete distribution p = (pi)

m
i=1 such that for any 1 ≤ i ≤ m holds
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pN,i → pi if N → ∞, and pi > 0. The known results about the asymptotic
bias and variance are

E
(
ĤN (pN ) − H(p)

)
= −m − 1

2N
+ O(N−1), (4)

Var ĤN (pN ) ≤ (log N)2

N
. (5)

For the complete proof of (5) see Antos and Kontoyiannis [1]. The
equation (4) is proved also by Miller [5].

At first we fix equidistant partition of marginals and the corresponding
product 2-D partition of the observation space. Using the maximum likelihood
entropy estimation with the Miller-Madow’s bias correction

ĤN (pN ) = −
m∑

i=1

pN,i log pN,i +
m̂ − 1

2N
, (6)

where m̂ is number of nonempty cells in used partition, we calculate the
entropy estimates ĤN (X), ĤN (Y ) and ĤN (X,Y ). The Miller’s estimate of

the mutual information can be defined as ĤN (X) + ĤN (Y ) − ĤN (X,Y ).
The equidistant (DirectD 5× 5) construction of partition is used for entropy
estimation in the next section.

3 Simulation results

The computer simulations show the estimation results for 2-D data with
various true mutual information using methods described in the previous
section. The two types of data were generated. At first, the observations
were linear dependent data pairs (X,Y )T with

Y = bX + Z,

where X ∼ U(0, 1), b is linear dependence parameter and Z is random noise
variable independent on X. The subplots in the right column of the figure 1
show comparable values of the standard deviations of all used methods wi-
thout any strong dependence on the noise variable distribution. The left co-
lumn subplots compare the mean values of the estimators. In the case of the
Gaussian noise (a) the adaptive histogram methods are negligibly biased, the
method Mutin B gives slightly higher values. The other methods have an ob-
servable negative bias. The dependence on the noise distribution is apparent
in comparison of the Gaussian case (a), the uniform case (b) and the Cauchy
case (c). The methods Mutin A and Mutin B have an observable negative
bias in the uniform case, but a moderate positive bias in the Cauchy case.
Both the other methods are much more biased. The Miller’s estimator is ina-
ppropriate in the case of the Cauchy noise because of the partition problems
during estimation of the needed entropies.
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Figure 1: Results of 1000 simulated experiments with N random vectors
(X,Y )T with uniformly distributed variable X ∼ U(0, 1) and Y = 5X + Z,
where Z is random variable independent to X.
Figure (a): Z ∼ N(0, 1), I(X,Y ) = 0.5518;
Figure (b): Z ∼ U(0, 1), I(X,Y ) = 1.7094;
Figure (c): Z ∼ C(0, 1), I(X,Y ) = 0.2645. The Miller’s estimator is not
displayed because of it’s extreme bias in the Cauchy distribution case.

The figure 2 shows results obtained in the case of data that have zero linear
correlation. The data are uniformly distributed on the annulus with the center
in the origin and the various width. The observed standard deviations of all
used methods are similar as in the previous case. The methods Mutin A and
Mutin B have a lower bias than both other ones again, but it is seen that
absolute bias decreases if the true mutual information increases. It means
that the ratio MSE/I(X,Y ) of both Mutin estimates is notably lower in the
case of higher true mutual information.

4 Conclusions

The computer simulation shows that the estimation methods based on the
adaptive partition of observation space are more efficient than conservative
methods based on a fixed partition. Especially the bias part of the MSE is
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Figure 2: Results of 1000 simulated experiments with N random vectors
(X,Y )T which are uniformly distributed on the annulus with center in the
origin. The inner radius of this annulus is rL and the outer radius is rU .
Figure (a): rU = 1.1 and rL = 0.9, I(X,Y ) = 1.2081;
Figure (b): rU = 1.5 and rL = 0.5, I(X,Y ) = 0.2809;
Figure (c): rU = 1.9 and rL = 0.1, I(X,Y ) = 0.1485.

seriously reduced. This reduction is stronger if the true mutual information
is high and the methods work reasonably well also for data with heavy tai-
led distributions. The adaptive partitioning also removes the problem with
the choice of the fixed partition. It is well known that the number of his-
togram cells has strong influence on the bias and the standard deviation
of corresponding entropy estimators. Generally, the bias decreases and the
standard deviation increases with increasing number of cells, see e.g. Panin-
ski [6]. There are many methods optimizing the cells number with regard
to the MSE in the literature. A different way to decrease MSE is to employ
more accurate methods of density estimation as kernel estimates. We did not
deal with this topic for a lack of space. Finally, it is seen that the methods
employing the adaptive partitioning of the observation space are very user
friendly regarding the implementation and the computation time.
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Abstract: We consider autoregressive models with multiple changes in coef-
ficients occurring at unknown times. We deal with an F type test for detection
of changes. We propose application of residual bootstrap to approximate cri-
tical values of the test.

Abstrakt: Uvažujeme autoregresné modely s mnohonásobnými zmenami
v koeficientoch v neznámych časoch. Zaoberáme sa testom pre detekciu zmien
založenom na F štatistikách. Navrhujeme použitie metódy bootstrap pre
aproximáciu kritických hodnôt testu.

1 Introduction

We consider an autoregressive model of order p with possible multiple changes
in coefficients. The model can be written as a linear regression model

yi = x′
iβj + ei i = tj−1 + 1, . . . , tj , j = 1, . . . ,m + 1, (1)

where regressors x′
i = (1, yi−1, yi−2, . . . , yi−p), i = p + 1, . . . , n, are lagged

observations, t1, . . . , tm are unknown change points (with convention t0 = p,
tm+1 = n) and βj = (βj0, βj1, . . . , βjp)

′ is a (p + 1)-dimensional vector of
regression coefficients in the j-th segment, j = 1, . . . ,m + 1. The parameter
βj0 is a constant in the model and it equals βj0 = (1 − ∑p

l=1 βjl)µj , where
µj = Eyi for tj−1 < i ≤ tj . The number of changes m is considered to
be known. The errors e1, . . . , en are independent and identically distributed
(i.i.d.) random variables.

The problem is to test whether there are any changes present and to
estimate time moments t1, . . . , tm when the coefficients change. We apply
tests of no change (m = 0) versus the alternative hypothesis of m = k
changes. The test was proposed in [4] to detect multiple changes in linear
regression models with non-trending regressors. We show that the test can
be applied also to autoregressive models. The approximations to the critical
values can be obtained either from the limit distribution of the test statistic
under the null hypothesis, or by application of residual bootstrap. We propose
the latter method here. Bootstrap methods to approximate critical values for
a location model with at most one change were proposed in [2]. Since then
there have been many different works on bootstrapping in the change point
analysis, see a survey [10]. Recent work is [8], where bootstrapping was used
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to approximate critical values of a CUSUM test in an autoregressive model
with a single change.

Another recent work related to testing for changes in parameters of au-
toregressive models is [7]. The tests are based on the efficient score vector
and can detect a single change in the mean, the error variance or the au-
toregressive parameters. The literature on testing for multiple changes in
autoregressive models is rather sparse. Authors in [3] proposed likelihood-
ratio-type tests for multiple structural changes in linear regression models,
also allowing for autoregressive models. They also considered a sequential
test procedure to determine the unknown number of changes. Another work
on testing for multiple changes is [1], which deals with tests based on the
Schwarz information criterion and uses the method of binary segmentation.

The remainder of the paper is organized as follows. In section 2 we in-
troduce notation and formulate assumptions. In section 3 we describe the
F type test for detection of changes. In section 4 critical values of the test
are approximated using the bootstrap methods. The last section is devoted
to simulations. The proofs of the main results will be published in [13].

2 Assumptions

For known number of changes m = k we can estimate change points using the
least squares approach. Let us call a vector of k change points t′ = (t1, . . . , tk)
a partition, which divides the whole sample into k +1 subsamples. We define
a set of all partitions such that the distance between the change points is at
least nε:

Tε = {(t1, . . . , tk) : tj+1 − tj ≥ nε, ∀ j = 0, . . . , k} .

The value of the trimming parameter ε is often chosen from the interval
[0.05, 0.15]. For a given partition (t1, . . . , tk) ∈ Tε we can calculate the optimal
sum of squared residuals (SSR)

Sn(t1, . . . , tk) ≡
k+1∑

j=1

min
βj

tj∑

i=tj−1+1

(yi − x′
iβj)

2
.

The estimated change points (t̂1, . . . , t̂k) are such that

(t̂1, . . . , t̂k) = arg mint1,...,tk∈Tε
Sn(t1, . . . , tk). (2)

The algorithm for calculation of the best partition is described in [5] and is
implemented in the R-package strucchange, see [15].

The residuals corresponding to the known partition t′ = (t1, . . . , tk) and
to the estimated partition t̂′ = (t̂1, . . . , t̂k) are

ẽi(t) = yi−x′
iC

−1
tj−1,tj

tj∑

i=tj−1+1

xiyi, i = tj−1+1, . . . , tj , j = 1, . . . , k+1
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and ẽi = ẽi(t̂), respectively, where

Ck,l =

l∑

i=k+1

xix
′
i, Cp,l = Cl, k = p, . . . , n − 1, l = p + 1, . . . , n.

The residuals estimated from the model under the null hypothesis of no
change are calculated

êi = yi − x′
iC

−1
n

n∑

i=p+1

xiyi, i = p + 1, . . . , n. (3)

The true values of the parameters are denoted with a 0 superscript. Par-
ticularly, β0

j = (β0
j0, β

0
j1, . . . , β

0
jp)

′, j = 1, . . . ,m + 1 and t01, . . . , t
0
m are the

true values of the regression parameters and the change points, respectively.
We use the following assumptions.

1. The observations yp+1, . . . , yn follow the model (1). The initial values
y1, . . . , yp are independent of ep+1, . . . , en. The roots of the polynomial
tp −β0

j1t
p−1 −· · ·−β0

jp corresponding to the j-th segment are less than
1 in absolute value, for each j = 1, . . . ,m + 1.

2. The initial values y1, . . . , yp satisfy assumption (2.1) in [9].

3. The errors ei are i.i.d. with zero mean, nonzero finite variance σ2 and
finite moment E|ei|4 < ∞.

4. The change points satisfy

t0j = ⌊nλ0
j⌋, 0 = λ0

0 < λ0
1 < . . . < λ0

m+1 = 1.

The last assumption is needed for the asymptotic purposes. The change points
have to be asymptotically distinct.

3 F type test

For a given partition t′ = (t1, . . . , tk) the test for no change versus k changes
is defined as

Fn(t1, . . . , tk; q) =
1

kq

SSR0 − SSRk

σ̃2
n,k(t)

,

where SSR0 =
∑n

i=p+1 ê2
i and SSRk = Sn(t1, . . . , tk) are the minimal sums

of squared residuals under the null hypothesis and the alternative one, re-
spectively and

σ̃2
n,k(t) = Sn(t1, . . . , tk)/(n − q).

The quantity q is the number of regressors in each segment. If we have an
intercept in the model, then q = p + 1, otherwise q = p, where p is the order
of the autoregressive model.
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For unknown change points we take

F ε
n(k; q) = max

t1,...,tk∈Tε

Fn(t1, . . . , tk; q). (4)

The test (4) is equivalent to Fn(t̂1, . . . , t̂k; q), where the estimated parti-
tion t̂′ = (t̂1, . . . , t̂k) is the best partition defined in (2). The estimator
σ̃2

n,k = σ̃2
n,k(t̂) in the test is a consistent estimator of σ2 under both the

null hypothesis and the alternative one, see Proposition 2.1 in [9] for a single
change (it can be proved also for multiple changes). This equivalent form of
the test is simpler for computations.

In practice the number of changes m is often unknown and we are more
interested in testing the hypothesis of no change versus an unknown number
of changes. If we know the upper bound M for the number of changes present,
we can use the so called double maximum test defined as DF ε

n(M ; q) =
maxk=1,...,M F ε

n(k; q), see [4]. Here we will deal only with the case when the
number of changes is known. The results of this paper can be easily applied
also to the above test.

High values of the test statistic (4) indicate that the null hypothesis is
violated. The critical values can be approximated either from the limit dis-
tribution of the test under the null hypothesis or by bootstrap methods.

To derive the limit distribution we need to rewrite the test statistic in
a more comfortable form. The numerator of the test statistic can be expressed
as a functional of partial weighted sums of residuals

SSR0 − SSRk =

k+1∑

j=1




tj∑

i=tj−1+1

xiêi




′

C−1
tj−1,tj




tj∑

i=tj−1+1

xiêi


 ,

where residuals êi are defined in (3). Note that under the null hypothesis we
have

SSR0 − SSRk
H0=



−




n∑

i=p+1

xiei




′

C−1
n




n∑

i=p+1

xiei




+

k+1∑

j=1




tj∑

i=tj−1+1

xiei




′

C−1
tj−1,tj




tj∑

i=tj−1+1

xiei






 .

The following theorem holds.

Theorem 1. Let W (·) be a vector of q independent standard Wiener processes
on [0, 1]. Under assumptions A1 - A4 and m = 0 (model with no change),

F ε
n(k; q)

d→ sup
λ1,...,λk∈Λε

F (λ1, . . . , λk; q) (5)

with
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F (λ1, . . . , λk; q)
def
=

1

kq

k∑

j=1

‖λjW (λj+1) − λj+1W (λj)‖2

λjλj+1(λj+1 − λj)

and the supremum is taken over the set

Λε = {(λ1, . . . , λk) : λj+1 − λj ≥ ε, ∀ j = 0, . . . , k} .

Proof. We proceed as in Theorem 2.2 in [9] and modify the results to the
F type test and multiple changes. We study convergence of the process

Vn(t) =
∑⌊nt⌋

i=p+1 xiei/(σ̃n,k
√

n) together with the properties of the matri-
ces Ck,l. The test statistic can be written as a functional of the process
Vn(·). ¤

Note that the limit distribution is the same as the limit distribution of the
test when applied to linear regression models with non-trending regressors,
see Proposition 6 in [4] .The asymptotic critical values are tabulated in [4, 6]
for several different values of parameters ε, q, k.

The following theorem is about consistency of the tests.

Theorem 2. Given the assumptions A1 - A4 and the true number of changes
m > 0 (model with at least one change), the test statistic F ε

n(k; q) diverges
to infinity for all k ≥ 1.

Proof. The consistency of the test F ε
n(1; q) against m ≥ 1 changes is proved

in Section 3.1 of [3]. This consistency implies the consistency of F ε
n(k; q) for

k ≥ 2 due to the inequality F ε
n(1; q) ≤ 2F ε

n(2; q) ≤ 3F ε
n(3; q) ≤ · · · . ¤

4 Bootstrap methods

The bootstrap methods are explained, e.g., in [2, 11]. To save the space we
only describe the testing procedure. Let ê∗1, . . . , ê

∗
n be a bootstrap sample

with replacement from the residuals ê1, . . . , ên. We can also use the residuals
ẽ1, . . . , ẽn estimated from the alternative model with k changes to have a little
better power. Both bootstrap with or without replacement work well. If we
don’t have an intercept in the model, i.e., q = p, we apply the bootstrap
method on centered residuals. A bootstrap test statistic is defined as the test
statistic under the null hypothesis, where the errors e1, . . . , en are replaced
by the bootstrap sample ê∗1, . . . , ê

∗
n:

F ε∗
n (k; q) = max

t1,...,tk∈Tε

1

kq σ̃2
n,k



−




n∑

i=p+1

xiê
∗
i




′

C−1
n
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i=p+1

xiê
∗
i




+
k+1∑

j=1




tj∑

i=tj−1+1

xiê
∗
i




′

C−1
tj−1,tj




tj∑

i=tj−1+1

xiê
∗
i






 . (6)
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The residuals depend on the original observations. We study the condi-
tional limit distribution of F ε∗

n (k; q), given y1, . . . , yn. We consider only ran-
domness induced by the bootstrap sample. We show the quantiles obtained
from this bootstrap distribution are asymptotically correct critical values to
the original test. This is shown in the following theorem.

Theorem 3. Let the data y = (y1, . . . , yn)′ follow the model (1) with m ≥ 0
changes. Then under assumptions A1 - A4, as n → ∞,

P (F ε∗
n (k; q) ≤ x|y)

P→ P


 sup

λ1,...,λk∈Λε

1

kq

k∑

j=1

‖λjW (λj+1) − λj+1W (λj)‖2

λjλj+1(λj+1 − λj)
≤ x


 .

Proof. The result follows from Theorem 3.2 in [8] and an easy application
to the F type test and multiple changes. The main idea is that the partial

sums of bootstrapped residuals
∑⌊nt⌋

i=p+1 xiê
∗
i can be viewed as partial sums

of weighted independent random vectors. We investigate the process V ∗
n (t) =∑⌊nt⌋

i=p+1 xiê
∗
i /(σ̃n,k

√
n) and limit properties of the matrices Ck,l under the

null hypothesis and alternatives. ¤

We see the conditional limit distribution of the bootstrap test statistic (6)
coincides with the limit distribution of the original test under the null hypo-
thesis. Note that the bootstrap approximations to critical values are correct
not only when the data follow the null hypothesis (m = 0) but also when
they follow alternatives.

5 Simulation results

For our simulation experiment we consider an autoregressive model of order
p = 1, no intercept and with m ∈ {0, 1, 2, 3} changes:

yi = xiβj + ei, xi = yi−1 tj−1 < i ≤ tj , j = 1, . . . ,m + 1.

The autoregression coefficient βj has values between −0.2 and 0.7. The sam-
ple size is set to n = 200, the number of changes we want to test under the
alternative k = 2 and the trimming parameter ε = 0.15. In the single change-
point model the change occurs after the first half of observations, in the two
change-point model after the first and the second third of observations, etc.

To illustrate the size and power of the test (4), we plot size-power-curves
plots (SPC-plots), see figure 1. SPC-plots were introduced in [12]. They show
the empirical distribution function of p-values of the test F ε

n(k; q) for the null
hypothesis or some alternative, with respect to the bootstrap distribution
F ε∗

n (k; q) (or to the limit distribution supλ1,...,λk∈Λε
F (λ1, . . . , λk; q)) which

was used to determine the critical values of the test. On the y-axis we see
the actual size and power of the test for chosen quantiles on the x-axis. So
under the null hypothesis the plot should be on a diagonal and under the
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Figure 1: SPC-plots for the test F ε
n(k, q) (based on 500 replications) when

critical values were approximated by bootstrap methods (solid lines) or ob-
tained from limit distribution (dotdashed lines). Here n = 200, k = 2, q = 1,
ε = 0.15. The bootstrap distribution (6) was calculated from 100 random
bootstrap samples. The limit distribution (5) was obtained via simulations
as described in [4] on page 57.

alternative it should be as steep as possible. We see the power of the test
is better if we approximate critical values by bootstrap methods than if we
use asymptotic critical values. All the simulations were done in program R,
see [14].

6 Conclusion

We studied autoregressive models with multiple changes in coefficients
occurring at unknown times. We applied the F type test to detect these
changes. The corresponding critical values were approximated applying the
bootstrap method. We showed this method provides asymptotically correct
critical values. According to the simulation results the power of the test was
better if we used approximations to the critical values obtained from the
bootstrap method than if we used asymptotic critical values.
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CHANGE POINT DETECTION BY BASIS
PURSUIT

Jǐŕı Neubauer, Vı́tězslav Veselý

Keywords: Change point detection, overcomplete model, sparse parameter
estimation.

Abstract: The contribution deals with use of overcomplete models and
sparse parameter estimation for change point detection in one–dimensional
stochastic processes. These processes are estimated by ’Heaviside’ functions.
The BASIS PURSUIT algorithm is used to get sparse parameter estimation.
The mentioned method of change point detection in stochastic processes is
compared with standard methods by simulations.

Abstrakt: Př́ıspěvek se zabývá možným využit́ım přeparametrizovaných
model̊u a hledáńı ř́ıdkých řešeńı pro detekci změn v jednorozměrných sto-
chastických procesech. Tyto procesy jsou odhadovány pomoćı

”
Heaviside“

funkćı. Pro hledáńı ř́ıdkých řešeńı je použit algoritmus BASIS PURSUIT.
Uvedená metoda detekce změn v stochastických procesech je porovnána se
standardńımi metodami odhadu těchto změn pomoćı simulaćı.

1 Introduction

Chen et al [3] proposed a new methodology based on Basis Pursuit for spectral
representation of signals (vectors). Instead of just representing signals as su-
perpositions of sinusoids (the traditional Fourier representation) they sug-
gested alternate dictionaries — collections of parametrized waveforms — of
which the wavelets dictionary is only the best known. Theoretical background
for such systems (also called frames) can be found for example in [4, 8]. In
traditional Fourier expansion a presence of jumps in the signal slows down
the convergence rate preventing sparsity. The heaviside dictionary [3, 2.1.1]
merged with the Fourier or wavelet dictionary can solve the problem quite
satisfactorily.

A lot of other useful applications in a variety of problems can be found
in [9, 7, 10].

In [10] kernel dictionaries showed to be an effective alternative to traditi-
onal kernel smoothing techniques. In this paper we are using heaviside dicti-
onary in the same manner to denoise signal (univariate time series sample
path) exhibiting jumps (discontinuities) in the mean (unlike kernel smoothing
where the mean is supposed to be sufficiently smooth).

Consequently, the Basis Pursuit approach can be proposed as an alter-
native to conventional statistical techniques of change point detection [1, 2].
This paper presents results of an introductory empirical comparative study
for the simplest case of detecting one change point buried in additive gaussian
white noise.
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2 Heaviside frame for change point detection

In this section we propose the method based on Basis Pursuit Algorithm
(BPA) for the detection of the change point in the sample path {yt} in one
dimensional stochastic process {Yt}.

We assume a deterministic functional model on a bounded interval I
described by the dictionary G = {Gj}j∈J with atoms Gj ∈ L2(I) and with
additive white noise e on a suitable finite discrete mesh T ⊂ I:

Yt = xt + et, t ∈ T ,

where x ∈ sp({Gj}j∈J), {et}t∈T ∼ WN(0, σ2), σ > 0, and J is a big finite

indexing set. Smoothed function x̂ =
∑

j∈J ξ̂jGj =: Tξ̂ minimizes on T
ℓ1-penalized optimality measure 1

2‖y − Tξ‖2 as follows:

ξ̂ = argminξ∈ℓ2(J)

1

2
‖~y − Tξ‖2 + λ‖ξ‖1, ‖ξ‖1 :=

∑

j∈J

‖Gj‖2ξj ,

where λ = σ
√

2 ln (cardJ) is a smoothing parameter chosen according to
the soft-thresholding rule commonly used in wavelet theory. This choice is
natural because one can prove that with any orthonormal basis G = {Gj}j∈J

the shrinkage via soft-thresholding produces the same smoothing result x̂.

Solution of this minimization problem with λ close to zero may not be
sparse enough: we are searching small F ⊂ J such that x̂ ≈ ∑

j∈F ξ̂jGj is
a good approximation. That is why we apply the following four-step pro-
cedure described in [10] in more detail and implemented in [6].

(A0) Choice of a raw initial estimate ξ(0) [10, 3.2.2(1)].

(A1) We improve ξ(0) iteratively [10, 3.2.2(2)] by stopping at ξ(1) which sa-
tisfies optimality criterion. The solution ξ(1) is optimal but not sparse
in general.

(A2) Starting with ξ(1) we are looking for ξ(2) by BPA which tends to be
nearly sparse and is optimal [10, 3.2.3].

(A3) We construct a sparse and optimal solution ξ∗ by removing negligible
parameters and corresponding atoms from the model [10, 3.2.4], namely

those satisfying |ξ(2)
j | < α‖ξ(2)‖1 where 0 < α << 1 is a suitable

sparsity level, a typical choice being α = 0.05 following an analogy
with the statistical significance level.

(A4) We repeat the step (A1) with the dictionary reduced according to the
step (A3) and with a new initial estimate ξ(0) = ξ∗ [10, 3.2.5]. We
expect to obtain a possibly improved sparse estimate ξ∗.
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Figure 1: Heaviside atoms with parameters a = 0, b = 0 and a = 0, b = 0.5.

Hereafter we refer to this four-step algorithm as to BPA4. The steps (A1), (A2)
and (A4) use Primal-Dual Barrier Method designed by M. Saunders [5]. This
up-to-date sophisticated algorithm allows one to solve fairly general optimi-
zation problems minimizing convex objective subject to linear constraints.
A lot of controls provide a flexible tool for adjusting the iteration process.

We build our dictionary from heaviside-shaped atoms on L2(R) derived
from a fixed ’mother function’ via shifting and scaling following the analogy
with the construction of wavelet bases.

We construct an oversized shift-scale dictionary G = {Ga,b}a∈A,b∈B deri-
ved from the ’mother function’ by varying the shift parameter a and the scale
(width) parameter b between values from big finite sets A ⊂ R and B ⊂ R+,
respectively (J = A × B), on a bounded interval I ⊂ R spanning the space
H = sp({1I Ga,b})a∈A,b∈B, where

Ga,b(t) =





1 for t − a > b/2,
1/2 + (t − a)/b |t − a| ≤ b/2, b 6= 0,
1/2 t = a, b = 0,
0 otherwise.

In the simulations below I = [0, 1], T = {t/T}T
t=1 (typically with mesh size

T = 100), A = {−1/T} ∪ {t/T}T−t0
t=t0 (t0 is a boundary trimming) and scale b

fixed to zero (B = {0}). Some examples of Heaviside functions are displayed
in the figure 1.

3 Change point detection

Consider the following model

Yt =

{
µ + ǫt t = 1, 2, . . . , c
µ + δ + ǫt t = c + 1, . . . , T,

(1)
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where µ, δ 6= 0, c < T are unknown parameters and ǫt are independent iden-
tically distributed random variables with zero mean and variance σ2 and
E|ǫt|2+∆ < ∞ for some ∆ > 0. We assume that the change point satisfies
c = [Tγ] for some γ ∈ (0, 1〉, where [x] denotes the integer part of x.

The unknown parameters c, µ and δ is possible to estimate by the least
squared method. The least squares estimators ĉ, µ̂ and δ̂ of the parameters c, µ
and δ are defined as solutions of the minimization problem

min

{
k∑

t=1

(Yt − µ)2 +

T∑

t=k+1

(Yt − µ − δ)2; k ∈ {1, . . . , T − 1}, µ ∈ R, δ ∈ R

}
.

In other word, the unknown parameters are estimated in such a way that the
sum of squares of residuals is minimal. The estimates of the parameters µ
and δ are (see [1, 2])

µ̂ = Y ĉ and δ̂ = Y
0

ĉ − Y ĉ,

where ĉ is a solution of the maximization problem

ĉ = arg max

{√
T

k(T − k)
· |Sk| ; k ∈ {1, . . . , T − 1}

}
, (2)

where Sk =
∑k

t=1(Yt − Y T ), Y T = 1
T

∑T
t=1 Yt, Y ĉ = 1

ĉ

∑ĉ
t=1 Yt and Y

0

ĉ =
1

T−ĉ

∑T
t=ĉ+1 Yt.

If we solve given maximization problem for [βT ] ≤ k ≤ [(1− β)T ], where
β is a small positive real constant less than 1 (usually β ∈ 〈0.01, 0.1〉), then
we get so called trimmed estimation of the change point.

M-estimators of change point We assume the model (1) with the error
terms having a common distribution F that is symmetric about zero.
The M -estimator µ̂M (ψ) of µ generated by score function ψ is defined as

a solution of the equation
∑T

t=1 ψ(Yt − u) = 0. The score function ψ is
assumed to be monotone and skew symmetric. The M -estimator ĉM (ψ) of c
is defined as a solution of (2) where the partial sums Sk are substituted by

Sk,M (ψ) =
∑k

t=1 ψ (Yt − µ̂T (ψ)) , k = 1, . . . , T.

R-estimators of change point We assume the model (1) with the error
terms having absolutely continuous density f . The rank-based estimator of c
is based on the partial sums Sk,R =

∑k
t=1 (a(Rt) − aT ) , k = 1, . . . , T, where

R1, . . . , RT are the ranks corresponding to Y1, . . . , YT , a(1), . . . , a(T ) are sco-

res and aT = 1
T

∑T
t=1 a(t). The R-estimator of c is defined as a solution of (2),

where the partial sums Sk are substituted by the partial sums Sk,R.
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4 Simulation study

The methods mentioned above were used to compare several estimates of the
change point: BP method, max-type and trimmed max-type method, M and
R-estimators. We consider the model (1). For the purpose of simulations we
put µ = 0, δ = 1, T = 100, the error terms are independent normally distri-
buted with zero mean and the standard deviation σ = 0.5, 1, 1.5 and 2. We
calculate simulation of this model with the change point c = 20, 50 and 80
(500 simulations for each combination of the parameters). The results for
σ = 1.5 and 2 are summarised in the tables 1 and 2. (x denotes the sam-
ple mean, s is the sample standard deviation, xmin and xmax are minimum
and maximum of the sample, x0.25 and x0.75 are the lower and the upper
sample quartiles, x0.50 is the median, RQ denotes the interquartile range
x0.75 − x0.25). The parameter β in the trimmed max-type method is 0.05.
BP estimates were calculated by the following procedure: we constructed
the dictionary (Heaviside functions with parameters a = 0, 1, 2 . . . , 99 and
b = 0), the significant atoms were detected by BP algorithm firstly, then we
got the smoothed process using these significant atoms and finally max-type
estimation were applied. To get M -estimators of the change point the Huber
ψ-function where ψ(x) = x for |x| ≤ B and ψ(x) = B sign(x) for |x| > B
were chosen. The Wilcoxon scores a(t) = t/(T + 1), t = 1, . . . , T were used in
calculation of R-estimators.

5 Conclusion

If the variance of the error terms ǫt is small (σ = 0.5 or 1), there is no
significant difference between these 5 methods of the change point estimation.
In case that the variance is larger, BP method seems to be slightly better in
term of the sample standard deviations and the interquartile ranges of BP
estimates (see tables 1 and 2, the estimates of the parameter c). All methods
give us comparable estimates of parameter δ.

The Basis Pursuit approach proposes an alternative technique of the
change point detection. This paper deals with the introductory empirical
comparative study for the simplest case of detecting one change point. The
mentioned method can be used on detection of two or more change points,
or another sort of change point which would required another atoms and
dictionary G.
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BP Max-type Trimmed M -estim. R-estim.

c = 20 ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂

x 26.26 1.14 29.21 1.19 28.18 1.14 29.80 1.09 29.21 1.19
s 15.29 0.36 23.77 0.91 20.69 0.56 22.60 0.79 23.77 0.91

xmin 1.00 0.39 1.00 -4.14 5.00 -2.36 1.00 -3.16 1.00 -4.14
xmax 98.00 3.11 99.00 4.83 95.00 2.79 99.00 4.51 99.00 4.83
x0.25 19.00 0.87 17.00 0.98 18.00 0.94 18.00 0.93 17.00 0.98
x0.50 21.00 1.12 20.00 1.23 21.00 1.19 21.00 1.19 20.00 1.23
x0.75 28.00 1.37 30.00 1.51 28.50 1.46 32.00 1.45 30.00 1.51
RQ 9.00 0.50 13.00 0.53 10.50 0.52 14.00 0.53 13.00 0.53

BP Max-type Trimmed M -estim. R-estim.

c = 50 ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂

x 51.59 1.15 49.77 1.15 50.26 1.15 50.07 1.13 49.77 1.15
s 11.23 0.31 14.04 0.59 12.76 0.36 13.44 0.50 14.04 0.59

xmin 1.00 -0.19 1.00 -4.45 5.00 -2.05 1.00 -2.90 1.00 -4.45
xmax 95.00 2.94 99.00 4.53 95.00 2.35 98.00 4.21 99.00 4.53
x0.25 48.00 0.95 46.00 0.97 46.00 0.96 46.00 0.96 46.00 0.97
x0.50 50.00 1.14 50.00 1.17 50.00 1.17 50.00 1.16 50.00 1.17
x0.75 55.00 1.35 54.00 1.36 54.00 1.36 54.00 1.36 54.00 1.36
RQ 7.00 0.40 8.00 0.40 8.00 0.40 8.00 0.40 8.00 0.40

BP Max-type Trimmed M -estim. R-estim.

c = 80 ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂

x 77.80 1.25 72.76 1.20 73.36 1.20 72.57 1.18 72.76 1.20
s 14.21 0.52 22.17 0.87 19.91 0.53 20.35 0.64 22.17 0.87

xmin 2.00 -0.52 1.00 -4.75 5.00 -1.73 1.00 -2.97 1.00 -4.74
xmax 98.00 3.53 99.00 4.81 95.00 2.56 99.00 4.23 99.00 4.81
x0.25 75.50 0.93 73.00 0.97 73.00 0.96 71.00 0.94 73.00 0.97
x0.50 80.00 1.21 80.00 1.24 80.00 1.21 79.50 1.19 80.00 1.24
x0.75 84.00 1.52 83.00 1.53 83.00 1.47 83.00 1.45 83.00 1.53
RQ 8.50 0.59 10.00 0.56 10.00 0.51 12.00 0.51 10.00 0.56

Table 1: σ = 1.5, δ = 1, T = 100.
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BP Max-type Trimmed M -estim. R-estim.

c = 20 ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂

x 28.66 1.32 33.24 1.39 32.24 1.28 33.73 1.31 33.24 1.39
s 19.27 0.63 27.41 1.37 23.95 0.76 26.82 1.01 27.41 1.37

xmin 1.00 -3.65 1.00 -4.49 5.00 -2.10 1.00 -4.42 1.00 -4.49
xmax 98.00 4.89 99.00 7.98 95.00 3.48 99.00 6.37 99.00 7.98
x0.25 18.50 0.97 17.00 1.07 18.00 1.00 17.00 1.03 17.00 1.07
x0.50 22.50 1.29 22.00 1.44 22.00 1.39 22.00 1.42 22.00 1.44
x0.75 32.00 1.59 41.00 1.79 37.50 1.69 41.50 1.75 41.00 1.79
RQ 13.50 0.62 24.00 0.72 19.50 0.69 24.50 0.72 24.00 0.72

BP Max-type Trimmed M -estim. R-estim.

c = 50 ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂

x 53.48 1.29 51.09 1.35 49.65 1.29 49.12 1.28 51.09 1.35
s 16.78 0.63 21.03 1.07 18.58 0.56 20.36 0.84 21.03 1.07

xmin 1.00 -4.11 1.00 -4.79 5.00 -1.77 1.00 -4.11 1.00 -4.79
xmax 98.00 4.74 99.00 7.67 95.00 3.10 99.00 4.80 99.00 7.67
x0.25 47.00 1.04 42.00 1.10 42.00 1.08 41.00 1.09 42.00 1.10
x0.50 51.00 1.28 50.00 1.35 50.00 1.32 50.00 1.34 50.00 1.35
x0.75 60.00 1.54 59.00 1.62 58.00 1.57 57.00 1.59 59.00 1.62
RQ 13.00 0.50 17.00 0.52 16.00 0.49 16.00 0.50 17.00 0.52

BP Max-type Trimmed M -estim. R-estim.

c = 80 ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂ ĉ δ̂

x 74.23 1.37 68.46 1.42 69.17 1.31 67.96 1.34 68.46 1.42
s 20.93 0.92 26.82 1.35 23.45 0.72 26.56 1.04 26.82 1.35

xmin 1.00 -3.81 1.00 -5.09 5.00 -1.77 1.00 -3.81 1.00 -5.09
xmax 98.00 5.04 99.00 7.37 95.00 3.23 99.00 5.04 99.00 7.37
x0.25 72.00 0.94 61.00 1.07 62.00 1.05 60.00 1.05 61.00 1.07
x0.50 80.00 1.32 79.00 1.43 79.00 1.36 79.00 1.40 79.00 1.43
x0.75 86.00 1.81 84.50 1.84 83.00 1.68 84.00 1.82 84.50 1.84
RQ 14.00 0.87 23.50 0.77 21.00 0.63 24.00 0.77 23.50 0.77

Table 2: σ = 2, δ = 1, T = 100.
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[2] Antoch J., Hušková M., Jarušková D. (1998). Change point problem po
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AKO POROZUMIEŤ NELINEÁRNEJ
METÓDE NAJMENŠÍCH ŠTVORCOV
POMOCOU GEOMETRIE

Andrej Pázman

Kl’́učové slová: Nelineárna regresia, krivosti, oblasti spol’ahlivosti, distribúcia
odhadov.

Abstrakt: Článok je stručnou odozvou skúsenost́ı z viacročnej prednášky
o nelineárnych regresných modeloch a z predchádajúceho autorovho výskumu
v tejto oblasti. Z obsahu: reparametrizácia modelu, interpretácia Gaussovej-
Newtonovej metódy, vplyvy vnútornej a parametrickej krivosti modelu na
vlastnosti odhadov, zjednodušený výklad asymptotickej normality odhadov,
geometrické odvodenie hustoty pravdepodobnosti odhadov, oblasti spol’ahli-
vosti pre parametre, otázky jednoznačnosti odhadu. Veŕım, že predkladané,
čiastočne pedagogické poznatky, budú pre čitatel’a dostatočne zauj́ımavé
a dobre pochopitel’né.

Abstract: The paper reflects briefly the experience from a many-years lecture
on nonlinear regression and from a preceding research on this topic. Contents:
reparametrization, interpretation of the Gauss-Newton method, influence of
the intrinsic and parameter curvatures on the properties of estimators, a sim-
plified exposition of the asymptotics of estimators, a geometric derivation of
the density of estimators, confidence regions, problems with the uniqueness
of estimators. I hope that the presented, partly pedagogical exposition will
be sufficiently clear and interesting to the reader.

1 Ukážka zložitosti istého modelu z aplikácíı

Začneme výklad poukázańım na to, že aj v takej rýdzo aplikačnej oblasti,
akou je konzervačný priemysel, sú potrebné výrazne nelineárne parametrické
modely. Uvádzame preto pŕıklad Baranyiho a Robertsovho modelu rastu
počtu baktérii v potravine [1]. Podl’a osobného vyjadenia pracovnikov bio-
metrického laboratória v INRA vo Francúzsku, ide o vel’mi uznávaný model
v praxi. Počet baktéríı yi v čase xi je tu modelovaný vzt’ahom

E (yi) ≈ ln (θ1) + θ2xi + ln [A (xi, θ)] − ln [B (xi, θ)] , i = 1, . . . , N,

kde

A (x, θ) = e−θ2x + e−θ2θ3 − e(−θ2x−θ2θ3),

B (x, θ) = 1 +
[
eθ2 A(x,θ) − 1

] / (
θ4

θ1

)
.
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Tu N je počet merańı, θ1 je počiatočný počet baktérii, θ2 je maximálna
rýchlost’ nárastu počtu baktérii počas celej doby kazivosti, θ3 je doba zane-
dbatelnej kazivosti potraviny, θ4 je počet baktéríı v úplne pokazenej potra-
vine. Komplikovanost’ týchto vzt’ahov nevyžaduje d’aľśı komentár, ale je aj
pre teoretika prekvapeńım.

2 Nelineárny regresný model

Tento dobre známy model je daný vzt’ahmi

yi = η (xi, θ) + εi ; θ ∈ Θ ⊂ Rm

E (εi) = 0, Cov (εi, εj) = σ2δij ; i, j = 1, . . . , N

alebo vo vektorovom zápise

y = η (θ) + ε

E (ε) = 0, V ar (ε) = σ2I,

kde y = (y1, . . . , yN )
T

je vektor pozorovanych velič́ın, η (θ) je vektor ich

stredných hodnôt, η (θ) = (η (x1, θ) , . . . , η (xN , θ))
T
, pri danej hodnote θ ∈Θ,

Θ ∈ Rm je parametrický priestor a ε = (ε1, . . . , εN )
T

je vektor chýb. Odhad

neznámych parametrov θ = (θ1, . . . , θm)
T

(nelineárnou) metódou najmenš́ıch
štvorcov (MNŠ) je

θ̂ = arg min
θ∈Θ

N∑

i=1

[yi − η (xi, θ)]
2

= arg min
θ∈Θ

‖y − η (θ)‖2

Poznamenávame, že v tomto modeli predpokladáme, že Θ má neprázdne
vnútro t.j. int (Θ) 6= ∅, že Θ nemá izolované body, že funkcia θ → η (θ)
má spojité druhé parciálne derivacie na int (Θ) a že matica prvých deriváćı
∂η(θ)
∂θT má plnú hodnost’ v každom bode θ ∈ int (Θ) (t.j. experiment obsahuje

dostatočný počet pozorovańı).
Vo všeobecnosti symbolom θ̄ budeme označovat’ skutočnú hodnotu para-

metra θ.

3 Plocha stredných hodnôt a reparametrizácia modelu

Opät’ začneme pŕıkladom a to známym Michaelisovým-Mentenovým mode-
lom

yi =
θ1xi

θ2 + xi
+ εi,

kde yi je napr. produkt kataliktickej chemickej reakcie v čase xi. Môžme
použit’ aj inú parametrizáciu modelu

β1 = θ1, β2 =
θ1

θ2
,
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Obrázok 1: Plocha stredných hodnôt, dotykové vektory a projekcia bodu y
na túto plochu.

pričom β1 je maximálna úroveň krivky x → Ex (y) a β2 je rýchlost’ narasta-
nia krivky bĺızko počiatku, teda nové parametre sú dobre interpretovatelné.
Potom

”
nový model“ je

yi =
β1β2xi

β1 + β2xi
+ εi

Jednoduchá otázka (študentská): Ako súvisia MNŠ odhady v oboch mode-
loch? Formulujme otázku trochu všeobecneǰsie. Máme model (I)

y = η (θ) + ε,

θ̂ = arg min
θ∈Θ

‖y − η (θ)‖2
,

a model (II)

y = ν (β) + ε,

β̂ = arg min
β∈ψ(Θ)

‖y − ν (β)‖2
,

pričom ide o reparametrizáciu modelu (I), podl’a vzt’ahov θ=φ (β), β = ψ (θ),
ν (β) = η (φ (β)).

Tvrdenie: Plat́ı θ̂ = φ
(
β̂
)
, β̂ = ψ

(
θ̂
)

.

Tvrdenie zdôvodńıme geometricky. Zavedieme plochu stredných hodnôt,
t.j. množinu možných stredných hodnôt vektora y

E = {η (θ) : θ ∈ Θ} = {ν (β) : β ∈ ψ (Θ)} .
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Určenie MNŠ odhadu vlastne znamená projektovat’ bod y na plochu E , teda
nájst’ najprv vektor (pozri obr. 1)

ẑ = arg min
z∈E

‖y − z‖2

a potom parametrizovat’ tento bod v rámci modelu (I) resp. modelu (II)

ẑ = η
(
θ̂
)

resp. ẑ = ν
(
β̂
)

.

Teda θ̂ a β̂ sú len dve rôzne parametrizácie toho istého bodu plochy E , odkial’

vyplýva θ̂ = φ
(
β̂
)
, β̂ = ψ

(
θ̂
)
.

4 Ako pochopit’ geometricky Gaussov-Newtonov algo-
ritmus výpočtu odhadov

V tomto iteračnom algoritme sa využ́ıva linearizácia nelinárneho modelu po-
mocou Taylorovho radu v každom iteračnom bode θ(n) ∈ int (Θ). To znamená
že model y = η (θ) + ε sa aproximuje lineárnym modelom

y = η
(
θ(n)

)
+

[
∂η (θ)

∂θT

]

θ=θ(n)

(
θ − θ(n)

)
+ ε.

Plocha stredných hodnôt tohto modelu

τ =

{
η

(
θ(n)

)
+

[
∂η (θ)

∂θT

]

θ=θ(n)

α : α ∈ Rm

}

je geometricky interpretovatelná ako dotyková rovina ku ploche E . (Pozri
obr. 2 pre pŕıpad dim (θ) = 1. Na obr. 1 dotyková rovina je určená dotykovými

vektormi ∂η(θ)
∂θ1

, ∂η(θ)
∂θ2

). Gaussov-Newtonov algoritmus (iteračný) je určený
iteračným krokom

θ(n+1) = θ(n) + λnv(n),

kde λn je d́lžka iteračného kroku (tú tu nebudeme rozvádzat’), kdežto smer
iteračného kroku v(n) je určený odhadom θ̃ vektora θ v linearizovanom mo-
deli, t.j.

v(n) =
(
θ̃ − θ(n)

)

=

[
∂ηT (θ)

∂θ

∂η (θ)

∂θT

]−1

θ=θ(n)

[
∂ηT (θ)

∂θ

]

θ=θ(n)

[
y − η

(
θ(n)

)]
.

Podobne postupujeme v d’aľsom iteračnom bode θ(n+1) atd’. Aj z názoru
z obr. 2 ćıtime, že postupnost’ {θ̂(n)}∞n=1 sa postupne približuje ku hladanému

odhadu θ̂.
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Obrázok 2: Dotykové priamky a geometrická interpretácia linearizácie mo-
delu, ako aj Gaussovej-Newtonovej metódy.

Poznamenávame, že ide o špeciálny pŕıpad tzv.
”
Fisher scoring“ metódy

použ́ıvanej vo všeobecneǰśıch modeloch pre MLE odhady, pretože v pŕıpade
normálne rozdelených chýb

M (θ) =
∂ηT (θ)

∂θ

∂η (θ)

∂θT
= σ2Eθ

[
−∂2 ln f (y | θ)

∂θ∂θT

]

je Fisherova informačná matica pre σ = 1, a vektor

σ−2 ∂ηT (θ)

∂θ
[y − η (θ)] =

∂ ln f (y | θ)

∂θ

je
”
scoring“ vektor v bode θ. Vo všeobecnosti možno povedat’, že nelineárny

regresný model je
”
pravzorom“ iných nelineárne parametrizovaných modelov,

čo tiež motivuje jeho podrobneǰsie študium.

5 Krivost’ plochy E a možnost’ zlyhania MNŠ

Ak odhad

θ̂ = arg min
θ∈Θ

‖y − η (θ)‖2

lež́ı na int (Θ), tak sṕlňa podmienku ∂
∂θi

[
‖y − η (θ)‖2

]
θ̂

= 0, i = 1, . . . ,m,

t.j.
[
η

(
θ̂
)
− y

]T
[
∂η (θ)

∂θi

]

θ̂

= 0; i = 1, . . . ,m.
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Teda reziduálny vektor y−η
(
θ̂
)

je kolmý na dotykový priestor ku E v bode θ̂

(pozri obr. 1). Tato vlastnost’ ešte nestač́ı na to, aby θ̂ bol aspoň bodom

lokálneho minima sumy štvorcov ‖y − η (θ)‖2
. Potrebujeme ešte aj maticu

druhých derivácíı

∂2

∂θi∂θj

[
1

2
‖y − η (θ)‖2

]

θ̂

=

=

[
∂ηT (θ)

∂θi

∂η (θ)

∂θj

]

θ̂

+
[
η

(
θ̂
)
− y

]T
(

∂2η (θ)

∂θi∂θj

)

θ̂

= M
(
θ̂
)

+
[
η

(
θ̂
)
− y

]T [
I − P

(
θ̂
)] (

∂2η (θ)

∂θi∂θj

)

θ̂

,

ktorá muśı byt’ pozit́ıvne definitná. Tu P (θ) označuje ortogonálny projektor

na dotykový priestor (generovaný dotykovými vektormi ∂η(θ)
∂θi

, pozri obr. 1)

P (θ) =
∑

i,j

∂η (θ)

∂θi

[
M−1 (θ)

]
i,j

∂ηT (θ)

∂θj

a tento sme mohli
”
vpašovat“ do posledného riadku, pretože

[
I − P

(
θ̂
)] [

η
(
θ̂
)
− y

]
= η

(
θ̂
)
− y.

Ako súviśı táto pozit́ıvna definitnost’ s geometriou? Najprv trochu algebry.
Pre každé v ∈ Rm, v 6= 0 pozit́ıvna definitnost’ vlastne znamená že

0 < vT M
(
θ̂
)

v +
[
η

(
θ̂
)
− y

]T [
I − P

(
θ̂
)]





∑

i,j

vi

(
∂2η (θ)

∂θi∂θj

)
vj





θ̂

= vT M
(
θ̂
)

v


1 −

[
y − η

(
θ̂
)]T [

I − P
(
θ̂
)]

{·}

vT M
(
θ̂
)

v




Teda [
y − η

(
θ̂
)]T [

I − P
(
θ̂
)]

{·}

vT M
(
θ̂
)

v
< 1

Táto nerovnost’ plat́ı triviálne ak
[
y − η

(
θ̂
)]T [

I − P
(
θ̂
)]

{·} < 0. Na obr. 3

je to pŕıpad, ked’ bod y lež́ı na opačnej strane krivky E než stred krivosti C.
V opačnom pŕıpade, ak nerovnost’ neplat́ı, môžme použit’ Schwarzovu nerov-
nost’

[
y − η

(
θ̂
)]T [

I − P
(
θ̂
)]

{.} ≤
∥∥∥y − η

(
θ̂
)∥∥∥

∥∥∥
[
I − P

(
θ̂
)]

{·}
∥∥∥
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Obrázok 3: Stred a polomer krivosti krivky stredných hodnôt modelu. Stred
krivosti a jeho okolie je oblast’ou nestability MNŠ.

Teda postačujúcou podmienkou na pozit́ıvnu definitnost’ je

∥∥∥y − η
(
θ̂
)∥∥∥




∥∥∥
[
I − P

(
θ̂
)]{∑

i,j vi

(
∂2η(θ)
∂θi∂θj

)
vj

}
θ̂

∥∥∥

vT M
(
θ̂
)

v


 < 1

pre každé v ∈ Rm ,v 6= 0. Možno pomerne jednoducho dokázat’ (pozri [11],
kap. 3.1 a 4.2), že výraz v gul’atej zátvorke (·) je obrátený polomer kri-

vosti rv

(
θ̂
)

geodetickej krivky idúcej cez bod θ̂ v smere v. Na obr. 3 je

rv

(
θ̂
)

polomer kružnice
”
najtesneǰsie“ sa dotykajúcej sa krivky E v bode

a majúcej svoj stred v bode C. To znamená, že postačujúcou podmienkou na

pozit́ıvnu definitnost’ je platnost’ nerovnosti
∥∥∥y − η

(
θ̂
)∥∥∥ < rv

(
θ̂
)

pre každú

geodetickú krivku na E idúcu cez bod η
(
θ̂
)
.

Na obr. 3 je ilustrovaný pŕıpad, ked’ dim (θ)=1. Ak
∥∥∥y − η

(
θ̂
)∥∥∥>rv

(
θ̂
)

a súčasne bod y lež́ı na tej istej strane krivky stredných hodnôt ako stred kri-
vosti C, tak v bode θ̂ je lokálne maximum sumy štvorcov (namiesto minima).
Vo všeobecnosti, ak pravdepodobnost’

Pr
{

y ∈ RN :
∥∥∥y − η

(
θ̂ (y)

)∥∥∥ > rv

(
θ̂ (y)

)}

je vel’ká, potom odhad je s vel’kou pravdepodobnost’ou zmätočný (vel’mi vzdia-
lený od skutočnej hodnoty θ, alebo nestabilný). Pŕıslušný experiment treba
doplnit’ d’aľśımi pozorovaniami, alebo znovu naplánovat’.

Použitý výraz

Kint (θ, v) =

∥∥∥[I − P (θ)]
{∑

i,j vi

(
∂2η(θ)
∂θi∂θj

)
vj

}∥∥∥
vT M (θ) v
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sa nazýva vnútorná krivost’ (alebo vnútorná miera nelinearity) v bode θ
a v smere v. Do nelineárnej regresie ju zaviedli v [2], ale v inom tvare a s inou
motiváciou. Priamy súvis s tu uvedeným vzorcom možno najst’ v [11], kap. 5.5.

6 Oblast’ spol’ahlivosti pre θ hlavne v modeloch s malou
vnútornou krivost’ou

Ak model je vnútorne lineárny (Kint (θ, v) = 0 pre každé θ, v), tak plocha E je
nezakrivená, rovinná. To ešte nemuśı znamenat’, že regresný model je lineárny,
ale znamená to, že reparametrizáciou ho možno zmenit’ na lineárny model
v nových parametroch β

y = Fβ + ε.

Pre takýto model je dobre známy elipsoid spol’ahlivosti (pre normálne
chyby ε)

O=

{
β ∈ Rm :

(
β − β̂

)T

M
(
β − β̂

)
≤ ms2 Fm,N−m (1 − α)

}
.

Tu Fm,N−m (1 − α) je kvantil F-rozdelenia, s2 =
‖y−Fβ̂‖2

N−m , M = FT F . Ak

si uvedomı́me, že vd’aka reparametrizácii, symboly Fβ a η (θ) sú len rôzne
označenia toho istého bodu na ploche stredných hodnôt E , dostávame

(
β − β̂

)T

M
(
β − β̂

)
=

∥∥∥Fβ − F β̂
∥∥∥

2

=
∥∥∥η (θ) − η

(
θ̂
)∥∥∥

2

a teda oblast’ spol’ahlivosti pre pôvodnú (nelineárnu) parametrizáciu modelu
je 




θ :
∥∥∥η (θ) − η

(
θ̂
)∥∥∥

2

≤ m

∥∥∥y − η
(
θ̂
)∥∥∥

2

N − m
Fm,N−m (1 − α)





.

Spol’ahlivost’ je presne (1 − α) ak chyby pozorovania sú normálne. Je pozoru-
hodné ako

”
lacno“ sme pomocou geometrie źıskali túto oblast’ spol’ahlivosti.

Prirodzenou doplňujúcou otázkou je, aká oblast’ spol’ahlivosti sa má použit’

ak model nie je vnútorne lineárny. Je možné niekol’ko zovšeobecneńı uvedenej
oblasti, niektoré dávajú śıce presne požadovanú spol’ahlivost’ 1 − α, ale sú
v silne nelineárnych modeloch nepoužitelné, pretože zahrnujú vel’mi výrazne
do oblasti spol’ahlivosti okolia relat́ıvnych mińım sumy štvorcov. Takouto
oblast’ou je napr.

{
θ : ‖P (θ) [y − η (θ)]‖2 ≤ m

‖[I − P (θ)] [y − η (θ)]‖2

N − m
Fm,N−m (1 − α)

}

Tento nedostatok nemá najčasteǰsie použ́ıvaná oblast’ spol’ahlivosti, ktorá je
založená na pomere vierohodnosti a jeho asymptotickom F rozdeleńı
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θ : ‖y − η (θ)‖2 −
∥∥∥y − η

(
θ̂
)∥∥∥

2

≤ m

∥∥∥y − η
(
θ̂
)∥∥∥

2

N − m
Fm,N−m (1 − α)





.

Pri menš́ıch súboroch merańı a vo vnútorne výrazne nelineárnych modeloch
jej spol’ahlivost’ nie je presne (1 − α), ani pri normálnych chybách pozoro-
vania, napriek tomu sa považuje za omnoho lepšiu než elipsoid spol’ahlivost,
vychádzajúci z asymptotickej normality odhadu θ̂ (pozri [2] alebo [12]).

Poznamenávame, že vo vnútorne lineárnych modeloch sa všetky uvedené
oblasti zhodujú.

7 Geometrické ohraničenia možnosti lineárizácie neli-
neárneho regresného modelu vyjadrené pomocou pa-
rametrickej krivosti

Analyzujme oprávnenost’ štandardnej linearizácie modelu

y = η (θ) + ε; θ ∈ Θ ⊂ Rm

E (ε) = 0 , V ar (ε) = σ2 I,

t.j. nahradenie modelom

y = η (θ∗) +

[
∂η (θ)

∂θT

]

θ=θ∗

(θ − θ∗) + ε

E (ε) = 0 , V ar (ε) = σ2 I, θ∗= bod linearizácie

MNŠ odhad v linearizovanom modeli je dobre známy (pozri tiež čast’ 4)

θ̃ − θ∗ =

[
∂ηT (θ)

∂θ

∂η (θ)

∂θT

]−1

θ∗

[
∂ηT (θ)

∂θ

]

θ∗

[y − η (θ∗)]

= M−1FT [y − η (θ∗)] ,

kde zmysel označeńı M a F vyplýva z predchadzajúcej rovnosti. Podstatnou
je výchylka odhadu θ̃ posudzovaná v pôvodnom modeli, ktorá sa rovná

Eθ̄

(
θ̃
)
− θ̄ =

(
θ∗ − θ̄

)
+ M−1FT

[
η

(
θ̄
)
− η (θ∗)

]
.

Pripomı́name, že θ̄ je skutočná hodnota parametra θ. Približne plat́ı (kvad-
ratická Taylorova formula)

[
η

(
θ̄
)
− η (θ∗)

] .
= F

(
θ̄ − θ∗

)
+





∑

i,j

(
θ̄ − θ∗

)
i

[
∂2η (θ)

∂θi∂θj

]

θ∗

(
θ̄ − θ∗

)
j



 .
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Teda po dosadeńı dostaneme pre výchylku Eθ̄

(
θ̃
)
− θ̄

.
= M−1FT {·}. Va-

riančná matica odhadu θ̃ je evidentne V ar
(
θ̃
)

= σ2M−1. Teda porovnanie

výchylky s varianciou dáva

[
Eθ̄

(
θ̃
)
− θ̄

]T

V ar−1
(
θ̃
) [

Eθ̄

(
θ̃
)
− θ̄

]
.
= σ−2 {.}T

FM−1FT {.}

= σ−2 ‖P (θ∗) {.}‖2

≤
[(

θ̄ − θ∗
)T [

σ−2M
] (

θ̄ − θ∗
)]2

×

×σ2

∥∥∥P (θ∗)
{∑

i,j

(
θ̄ − θ∗

)
i

∂2η(θ)
∂θi∂θj

(
θ̄ − θ∗

)
j

}
θ∗

∥∥∥
2

{(
θ̄ − θ∗

)T
M

(
θ̄ − θ∗

)}2

= [Mahanalobisova vzdial.]
2 × σ2 × [parametrická miera nelinearity]

2
.

Tu me využili, že

Kpar (θ, v) =

∥∥∥P (θ)
{∑

i,j vi

(
∂2η(θ)
∂θi∂θj

)
vj

}∥∥∥
vT M (θ) v

je parametrickou krivost’ou (mierou nelinearity) v bode θ a v smere v. Linea-
rizácia modelu je teda dobrá, ak alebo θ̄ je

”
Mahanalobisovsky“ bĺızko ku

θ∗ = referenčnému bodu linearizácie, alebo ak σ2 (= disperzia chyby pozo-
rovania) je malá, alebo ak parametrická krivost’ v bode θ∗ a v smere

(
θ̄ − θ∗

)

je malá.
Parametrická krivost’, hoci je formálne podobná vnútornej krivosti, má

značne odlǐsnú interpretáciu. Dobre sa dá vysvetlit’ v pŕıpade dim (θ) = 1
(pozri [2], kde táto krivost’ bola prvýkrát uvedená, alebo [11] kap. 3.1). V ta-
kom pŕıpade plocha stredných hodnôt E je proste krivkou. Označme symbo-
lom β = β (θ) jej d́lžku. Algebraicky táto je určená diferenciálnou rovnicou
dβ(θ)

dθ =
∥∥∥dη(θ)

dθ

∥∥∥ a práve pomocou nej sa dá ukázat’, že plat́ı

Kpar (θ) =

∥∥∥P (θ)
{(

d2η(θ)
dθ2

)}∥∥∥
M (θ)

=

∣∣∣d2β(θ)
dθ2

∣∣∣
∣∣∣dβ(θ)

dθ

∣∣∣
2 .

(O nejakom smere v sa v pŕıpade dim (θ) = 1 nedá hovorit’ a
”
matica“ M (θ)

je proste č́ıslo). Teda parametrická krivost’ meria zrýchlenie d́lžky β voči
parametru θ. V pŕıpade l’ubovolnej dim (θ) vel’ká hodnota Kpar (θ, v) signali-
zuje nerovnomernost’ parametrizácie θ na ploche stredných hodnôt E . Práve
táto nerovnomernost’ spôsobuje, že aj v pŕıpade normálnych chýb pozoro-
vania, odhad θ̂ nemá normálne rozdelenie. Taktiež, asymptotická normalita
odhadu θ̂ sa dosahuje rýchleǰsie, ak parametrická krivost’ je malá.
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8 Ako možno geometricky vysvetlit’ asymtotickú nor-
malitu MNŠ odhadov

Predpoklady

yi = η (xi, θ) + εi; i = 1, 2, . . .

V ar (εi) = σ2, εi nezávislé, rovnako rozdelené,

xi ∈ X = konečná množina

Nech N(x)
N je relat́ıvna početnost’ bodu x v postupnosti x1, x2, . . . , xN a nech

pre každé x ∈ X existuje

lim
N→∞

N (x)

N
= ξ (x)

kde ξ je nejaká pravdepodobnostná miera na X (= design experimentu, pozri
referát R. Harmana v zborńıku). Označme

θ̂(N) = arg min
θ∈Θ

N∑

i=1

[yi − η (xi, θ)]
2

Tvrdenie o asymptotickej normalite: Pre vel’ké N priblǐzne plat́ı

θ̂(N) ∼ N
(
θ̄, σ2

[
NM

(
ξ, θ̄

)]−1
)

kde θ̄ = skutočné θ,

M (ξ, θ) =
∑

x∈X

∂η (x, θ)

∂θ

∂η (x, θ)

∂θT
ξ (x)

Toto tvrdenie vyzerá komplikované, už aj preto, že odhad θ̂(N) nevie-
me vyjadrit’ nejakým vzorcom. Skutočne, presné dôkazy sú vel’mi kompliko-
vané, pravda obsahujú aj výroky o rýchlosti a spôsobe konvergencie. Ovšem
akákol’vek intúıcia je v nich utopená v záplave pomocných tvrdeńı. V skutoč-
nosti je situácia pomerne jednoduchá, o čom nás presvedčuje geometria. Tá
naviac hned’ naznačuje, kam sa majú uberat’ snahy o spresnenia rozdelenia
odhadu θ̂(N) (pre nie pŕılǐs velké N).
Zdôvodnenie tvrdenia: Trochu algebry:

N∑

i=1

[yi − η (xi, θ)]
2

=

N∑

i=1

y2
i − 2

∑

x∈X

N∑

i=1
xi=x

yiη (x, θ) +
∑

x∈X

N (x) [η (x, θ)]
2

=

N∑

i=1

y2
i −

∑

x∈X

N (x) [ȳN (x)]
2

+

+
∑

x∈X

N (x) [ȳN (x) − η (x, θ)]
2
,
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Obrázok 4: Asymptotická koncentrácia simulovaných vektorov y v okoĺı
bodu η

(
θ̄
)
.

kde

ȳN (x) =
1

N (x)

N∑

i=1
xi=x

yi, Eθ [ȳN (x)] = η (x, θ) , V ar [ȳN (x)] =
σ2

N (x)
.

Teda pre vel’ké N

θ̂(N) = arg min
θ∈Θ

∑

x∈X

N (x)

N
[ȳN (x) − η (x, θ)]

2

.
= arg min

θ∈Θ

∑

x∈X

ξ (x) [ȳN (x) − η (x, θ)]
2
.

Teda namiesto vektora pozorovaných dát y stač́ı uvažovat’ vektor priemerov

(ȳN (x) : x ∈ X, ξ (x) > 0)
T

.

Naviac, z centrálnej limitnej vety vyplýva, že pre vel’ké N plat́ı

ȳN (x) ∼ N
(

η
(
x, θ̄

)
,

σ2

Nξ (x)

)

kde ȳN (x) sú nezávislé pre rôzne x ∈ X. Tieto teda vyhovujú nelineárnemu
regresnému modelu

ȳN (x) = η (x, θ) + ε (x) ; x ∈ X, ξ (x) > 0

V ar (ε (x)) =
σ2

Nξ (x)
.
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Pri vel’kom N , body ȳN (x) sú koncentrované okolo η
(
x, θ̄

)
, teda plochu

stredných hodnôt posledného modelu môžme aproximovat’ jej dotykovou ro-
vinou (pozri obr. 4). Ináč povedané, pre vel’ké N je oprávnený lineárny model
s normálnymi chybami

ȳN (x) = η
(
x, θ̄

)
+

[
∂η (x, θ)

∂θT

]

θ̄

(
θ − θ̄

)
+ ε (x) ; x ∈ X,

a MNŠ odhad je približne

θ̂(N) − θ̄
.
=

{∑

x∈X

[
∂η (x, θ)

∂θ

∂η (x, θ)

∂θT

]

θ̄

ξ (x)

}−1

×

×
∑

x∈X

[
∂η (x, θ)

∂θ

]

θ̄

[
ȳN (x) − η

(
x, θ̄

)]
ξ (x)

∼ N
(
0, σ2

[
NM

(
ξ, θ̄

)]−1
)

čo sme chceli ukázat’.

9 Geometrické odvodenie neasymptotickej hustoty
odhadu θ̂

Existuje aj iná, podstatne presneǰsia aproximácia hustoty pravdepodobnosti
odhadu θ̂ než jej normálna asymptotická hustota. Táto má tvar

q
(
θ̂ | θ̄

)
=

det
[
Q

(
θ̂, θ̄

)]

[2π]
m/2

σm det1/2
[
M

(
θ̂
)] ×

× exp

{∥∥∥P
(
θ̂
) [

η
(
θ̂
)
− η (θ)

]∥∥∥
2
}

kde Q
(
θ̂, θ̄

)
= M

(
θ̂
)

+
[
η

(
θ̂
)
− η (θ)

]T [
I − P

(
θ̂
)] [

∂2η (θ)

∂θ∂θT

]

θ̂

.

Odvodenie, ak dim (θ) = 1: Distribučná funkcia v nejakom bode t ∈ Θ sa
približne rovná (pozri obr. 5)

F (t)
.
= Pr (y ∈ S) = Pr

{
y : [y − η (t)]

T ∂η (t)

∂t
< 0

}

= Pr
{

y :
[
y − η

(
θ̄
)]T

n (t) <
[
η (t) − η

(
θ̄
)]T

n (t)
}

=

∫ [η(t)−η(θ̄)]
T

n(t)

−∞

1

[2π]
1/2

σ
exp

{
− u2

2σ2

}
du
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Obrázok 5: Odvodenie hustoty pravdepodobnosti v bode t ak dim (θ) = 1.

kde n (t) = ∂η(t)
∂t /

∥∥∥∂η(t)
∂t

∥∥∥ je jednotkový vektor. Derivovańım d.f. F (t) dosta-

neme požadovanú hustotu,

q
(
θ̂ | θ̄

)
=

dF
(
θ̂
)

dθ̂

pravda po pilnom upravovańı výsledných vzorcov. Je geometricky jasné,

v čom spoč́ıva aproximácia pri odvodeńı q
(
θ̂ | θ̄

)
. V tom, že pre rôzne body

t ∈ Θ sa polroviny S prekrývajú. Ale tento prekryt nastáva až pre body
vel’mi vzdialené od E , presneǰsie až v tej oblasti, ktorá je viac vzdialená od
plochy E , než sú polomery krivost́ı geodetickych čiar na E . Ale z časti 5 vieme,
že táto oblast’ muśı mat’ takmer nulovú pravdepodobnost’, ak MNŠ odhad θ̂
má vôbec mat’ nejaký zmysel. Vzhl’adom na tento fakt, možno považovat’

hustotu q
(
θ̂ | θ̄

)
za

”
takmer presnú“.

Odvodenie hustoty q
(
θ̂ | θ̄

)
pre dim (θ) > 1 je podstatne zložiteǰsie (po-

zri [9] alebo [11]). Krátko po [9] (a nezávisle) bola hustota q
(
θ̂ | θ̄

)
odvo-

dená aj asymptoticky, tzv. saddlepoint metódou [6]. Nie je prekvapujúce,
že rýchlost’ konvergencie je tu omnoho vačšia ako pri asymptotickej norma-
lite. Geometrické metódy umožňujú však tu nahradit’ asymptotické metódy,
s nejasnou vol’bou počtu pozorovańı N v aplikáciach, inými metódami, ktoré
pri znalosti geometrie plochy E umožňujú určit’, či aproximácia pomocou

q
(
θ̂ | θ̄

)
je dobrá alebo nie.
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Vyšetrovanie hustoty pre θ̂ ukázalo ešte jeden zauj́ımavý fakt:

pre dim (θ) > 1 je q
(
θ̂ | θ̄

)
takmer presnou aproximáciou len ak Riemannov

tenzor krivosti s komponentmi

Rikjl (θ) ≡
∂2ηT (θ)

∂θi∂θj
[I − P (θ)]

∂2η (θ)

∂θk∂θl
− ∂2ηT (θ)

∂θi∂θl
[I − P (θ)]

∂2η (θ)

∂θk∂θj

je nulový (pre dim (θ) = 1 to plat́ı triviálne). V opačnom pŕıpade aj on
vystupuje vo výraze pre takmer presnú hustotu. Napr. ak dim (θ) = 2, tak

”
takmer presná“ hustota je [11]

q
(
θ̂ | θ̄

)
+ const

R1221

(
θ̂
)

det1/2
[
M

(
θ̂
)] exp

{∥∥∥P
(
θ̂
) [

η
(
θ̂
)
− η (θ)

]∥∥∥
2
}

a situácie je ešte komplikovaneǰsia pre väčšie dimenzie parametra θ.

Je zauj́ımavé, že technika geometrického odvodenia q
(
θ̂ | θ̄

)
sa dá vel’mi

dobre použit aj pri odvodzovańı hustoty penalizovaného MNŠ odhadu, čo
napŕıklad bolo nevyhnutné pre algoritmus optimálneho navrhovania experi-
mentov [5]. Alebo ak vektor chýb ε nie je normálne rozdelený ale má iba
sféricky (resp. elipticky) symetrické rozdelenie [10].

10 Problémy jednoznačnosti MNŠ odhadov

Plat́ı nasledujúca veta (pozri [8] alebo [11], kap. 4.4):
Veta.Nech rozdelenie pravdepodobnosti vektora chýb ε je absolutne spojité
vzhl’adom na Lebesgueovu mieru na RN , kde N je počet pozorovańı. Potom

Pr
{

y ∈ RN : ∃η(θ̃) 6=η(θ̂)

∥∥∥y − η
(
θ̃
)∥∥∥

2

=

∥∥∥y − η
(
θ̂
)∥∥∥

2

= arg min
θ∈Θ

‖y − η (θ)‖2
}

= 0.

Inač povedané, MNŠ odhad η
(
θ̂
)

je určený jednoznačne skoro iste.

Poznamednávame, že nepredpokladáme normalitu chýb pozorovania. Dô-
kaz vyžaduje tvrdenia z diferenciálnej geometrie. V prvom rade nasledujúcu
vetu:
Veta Sardova: Nech zobrazenie

ψ : U ⊂ Rs →do Rs

je spojite diferencovatelné, potom

Leb. miera

{
ψ (x) : det

[
∂ψT (x)

∂x
= 0

]}
= 0.
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Obrázok 6: Krivka stredných hodnôt v pŕıpade nejednoznačnosti zobrazenia
θ ∈ Θ → η (θ), resp. v pŕıpade výrazných lokálnych mińım.

Pomocou tejto vety možno ukázat’, že množina stredov krivosti geode-
tických kriviek na ploche stredných hodnôt E má mulovú Lebesgeovu mieru.
A my už vieme z časti 5, že stredy krivosti sú bodmi nejednoznačnosti odha-

dov η
(
θ̂
)
. Ďaľśı postup vyžaduje vylúčit’ d’aľsie nejednoznačnosti. V podstate

sa určitým, nie celkom triviálnym trikom dokát’ že, že množina bodov θ̂, ktoré

dávajú nejednoznačné η
(
θ̂
)
, sa dá regulárne zobrazit’ na m−1 dimenzionálnu

podmnožinu pristoru Rm, a teda má nulovú Lebesgueovu mieru. Nulová prav-
depodobnost’ potom vyplýva z predpokladanej absolutnej spojitosti.

Tento geometrický postup bol zovšebecnený aj na odhad maxima viero-
hodnosti v tzv. zakrivených exponenciálnych triedach, a celkom nedávno istý
nemecký matematik [7] ho d’alej zovšeobecnil na triedu tzv. kontrastných
odhadov.

Na druhej strane, jednoznačnost’ určenia η
(
θ̂
)

neznamená, že nie sú

t’ažkosti s jednoznačnost’ou odhadu θ̂. Tieto môžu byt’ spôsobené jednak
singularitou modelu, jednak nejednoznačnost’ou zobrazenia θ ∈ Θ → η (θ),
a nakoniec existenciou viacerých výrazných lokálnych mińım funkcie θ ∈ Θ
→ ‖y − η (θ)‖2

. V kontraste s hore uvedenou vetou je dokázané, že pokial’mo-
del nie je vnútorne lineárny, pravdepodobnost’ nastatia aspoň dvoch lokálnych
mińım, je vždy kladná (pozri [4]).

Tieto otázky nejednoznačnosti sú komplikované a zatial’ sa dajú čiastočne
zodpovedat’ len fisherovskými alebo bayesovskými úvahami o funkcii viero-
hodnosti. Dôležité je však, že ich kvalitat́ıvne geometrické pochopenie je
vlastne jednoduché, aspoň v pŕıpade dim (θ) = 1. Situácia ked’ zobrazenie

θ ∈ Θ → η (θ) nie je jednoznačné, alebo ked’ funkcia θ ∈ Θ → ‖y − η (θ)‖2
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má s vel’kou pravdepodobnost’ou niekol’ko význačných lokálnych mińım, je
ilustrovaná na obr. 6.

11 Citát klasika

Joseph Louis Lagrange: Pokial’ algebra a geometria ǐsli po oddelených cestách,
ich pokrok bol pomalý a aplikácie obmedzené. Ale ked’ sa tieto vedy združili,
źıskali jedna od druhej sviežu vitalitu a napredovali rýchlo ku dokonalosti.
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CHANGE DETECTION IN AR PROCESSES

Jakub Pečánka

Keywords: change point detection, autoregressive processes, asymptotics.

Abstract: Autoregressive time series models (AR) of given order p have p+2
parameters; the mean µ, the variance σ2 and the p autoregressive parameters
ϕ1, . . . , ϕp ∈ R. Detection of change in the value of any of these parameters is
an important problem. This article presents some results from the theory of
change point detection in AR processes. The attention is given to statistics
based on the sums of weighted residuals, which are in the setting of the AR
model closely related to the maximum likelihood ratio statistics. We also
present results of our computer simulations.

Abstrakt: Autoregressńı modely časových řad (AR) řádu p maj́ı p + 2
parametr̊u. Jsou jimi středńı hodnota µ, rozptyl σ2 and p autoregresńıch
parametr̊u ϕ1, . . . , ϕp. Detekce změn hodnot těchto parametr̊u je d̊uležitý
problém. Tento článek obsahuje některé výsledky z teorie detekce těchto
změn. Pozornost je věnována asymptotice statistik založených na částečných
součtech vážených rezidúı. Článek obsahuje výsledky poč́ıtačových simulaćı.

1 Introduction

In [3] we studied the asymptotic distribution of several statistics for detecting
change point. Those statistics are based on partial sums of weighted residuals
and the results concerning their asymptotic distribution were given in [2]. The
article [2] also contained several lemmas with their proofs, but the proofs of
the main theorems were only sketchy. In [3] we formulated several additional
lemmas which together with the results by [2] constitute a rigorous proof of
the Theorem 2 of the present article. We formulate the main theorems and
two general lemmas and provide the proofs of the lemmas.

2 Theoretical results

We assume to have a set of observations Y1, . . . , Yn from an AR(p) process,
p ∈ N fixed. We define a recursive equation, which represents the null hypo-
thesis, by

Yt − µ = ϕ1(Yt−1 − µ) + . . . + ϕp(Yt−p − µ) + εt, p < t, (1)

where µ, σ2, ϕ1, . . . , ϕp are fixed constants, {εt} is a white noise sequence
with variance σ2 and Y1, . . . , Yp are some initial values. The equation corre-
sponding to the alternative is

Yt =

{
ϕ0 + ϕ1Yt−1 + . . . + ϕpYt−p + εt, p < t ≤ k∗,

ψ0 + ψ1Yt−1 + . . . + ψpYt−p + εt, k∗ < t,
(2)
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with p < k∗ ≤ n. Thus, the pair of hypotheses in question is H0 : k∗ = n and
H1 : k∗ < n, or more precisely, we define the null hypothesis condition

(H.1) The observations Yp+1, . . . , Yn follow the model (1) with k∗ = n;
The observations Y1, . . . , Yp are independent of εp+1, . . . , εn; The
characteristic polynomial φ(z) = 1−ϕ1z−. . .−ϕpz

p has all roots
outside the unit ball ( causality, stationary solution).

and the alternative hypothesis condition we formulate as

(H.2) The observations Yp+1, . . . , Yn follow the model (2) with k∗ =
⌊τn⌋, for some fixed τ ∈ (0, 1); The observations Y1, . . . , Yp are
independent of the innovations εp+1, . . . , εn; The polynomials
φ1(z) = 1 − ϕ1z − . . . − ϕpz

p and φ2(z) = 1 − (ϕ1 + δ1)z −
. . . − (ϕp+δp)z

p have all roots outside the unit ball ( causality).

In both cases the initial observations Y1, . . . , Yp in the recursive equation (1)
are generated from {εt} according to

(H.3) The vector of observations xp+1 = (Yp, . . . , Y1)
′ satisfies xp+1−

µ =
∑∞

j=0 Bjεp−j , where

B =

(
ϕ1, . . . , ϕp

Ip−1 0

)
and εk = (εk, 0, . . . , 0)′,

with Ip−1 denoting the (p − 1)-dimensional unit matrix and 0

denoting the (p − 1)-dimensional zero vector.

In the following we assume that the AR process is centered, i.e.
µ = 0, and we denote xt+1 = (Yt, . . . , Yt−p)

′. Additionally, we denote by ‖ · ‖
the p-dimensional Euclidean norm and

{
B(t), t ∈ [0, 1]

}
is a p-dimensional

standard Brownian bridge process with independent components, i.e. B(t) =(
B1(t), . . . , Bp(t)

)′
with

{
Bi(t), t ∈ [0, 1]

}
being a standard Brownian bridge

for all i = 1, . . . , p.

2.1 Test statistics

In [2] the asymptotic behavior of several test statistics based on partial sums
of weighted residuals were investigated. We define

Tn =
1

σ̂2
n

max
p<k<n

{
S′

kC−1
k Cn(C0

k)−1Sk

}
,

Tn(ǫ) =
1

σ̂2
n

max
nǫ≤k≤n(1−ǫ)

{
S′

kC−1
k Cn(C0

k)−1Sk

}
,

Tn(q, ǫ) =
1

σ̂2
n

sup
t∈[ǫ,1−ǫ]

{
S′
⌊(n+1)t⌋C

−1
n S⌊(n+1)t⌋

q2(t)

}
,
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Tn(q) =
1

σ̂2
n

sup
t∈(0,1)

{
S′
⌊(n+1)t⌋C

−1
n S⌊(n+1)t⌋

q2(t)

}
,

where ǫ ∈ (0, 1
2 ), q(t) is a positive weight function on (0, 1) and σ̂2

n is a suitable
estimator1 of the variance parameter σ2 and for k = p + 1, . . . , n

Sk =

k∑

t=p+1

xt(Yt − x′
tϕn), ϕn = C−1

n

n∑

t=p+1

xtYt,

Ck =

k∑

t=p+1

xtx
′
t, C0

k =

n∑

t=k+1

xtx
′
t = Cn − Ck.

The statistics Tn is derived as maximum likelihood ratio statistics for
testing for change in ϕ1, . . . , ϕp under the assumption of known variance σ2.
The other three statistics are various modifications of Tn.

2.2 Asymptotics

The following two theorems give the asymptotic distribution of the statistics
Tn, Tn(ǫ), Tn(q, ǫ) and Tn(q). The formulation of the first theorem originates
in [1] and that of the second one in [2].

Theorem 1 (Asymptotics of Tn). Let assumptions (H.1) and (H.3) be sa-
tisfied and let σ̂2 be an estimator of σ2 such that σ̂2 − σ = oP((log log n)−1)
as n → ∞. Furthermore, let {εt, t ∈ Z} be i.i.d. centered random variables
with positive variance σ2 and finite moment E|εt|4+ν , for some ν > 0, with
density f such that

sup
a∈R

1

|a|

∫

R

∣∣f(x + a) − f(x)
∣∣ dx < ∞.

Then, for all t ∈ R it holds

lim
n→∞

P
(
A(log n)T 1/2

n − Dp(log n) ≤ t
)

= exp
{
− 2e−t

}
,

lim
n→∞

P
([

A2(log n)Tn − D2
p(log n)

] /
Dp(log n) ≤ t

)
= exp

{
− 2e−t/2

}
.

Theorem 2 (Asymptotics of Tn(ǫ), Tn(q, ǫ) and Tn(q)). Let assumptions
(H.1) and (H.3) be satisfied and let σ̂2 be a consistent estimator of σ2.
Furthermore, let {εt, t ∈ Z} be i.i.d. centered random variables with positive
variance σ2 and finite fourth moment m4 = E|εt|4. Then, for any ǫ ∈ (0, 1

2 ),
it holds

1For details on suitable estimator of variance as well as an estimator of the change point
see for example [2] or [3].
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√
Tn(ǫ) →D sup

t∈[ǫ,1−ǫ]

‖B(t)‖√
t(1 − t)

.

If, in addition, q(t) is a function that satisfies inf{q(t); t ∈ (ǫ, 1 − ǫ)} > 0,
then for any ǫ ∈ (0, 1) it holds

√
Tn(q, ǫ) →D sup

t∈[ǫ,1−ǫ]

‖B(t)‖
q(t)

.

If, in addition, a function qβ(t) is defined as qβ(t) =
(
t(1 − t)

)β
, t ∈ (0, 1),

with β ∈
[
0, 1

2

)
, then also

√
Tn(qβ) →D sup

t∈(0,1)

∥∥B(t)
∥∥

qβ(t)
.

For the lack of available space we do not provide the proofs of the previous
two theorems. We refer the reader to [1] for the proof of Theorem 1. For the
proof of Theorem 2 see [3] and [2]. The proof in [3] utilizes several general
lemmas which have formulations independent of the the setting of Theorem 2.
In this article we give formulations and proofs of two of these lemmas.

Lemma 3. Let Sn(ǫ), S(ǫ), Sn and S be random variables such that for all
ǫ > 0 it holds

i) Sn(ǫ) →D S(ǫ), as n → ∞,

ii) limǫ→0+
S(ǫ) = S, almost surely,

iii) for all δ > 0
lim

ǫ→0+

lim sup
n→∞

P
(
|Sn(ǫ) − Sn| > δ

)
= 0.

Then, it also holds that Sn →D S, as n → ∞.

Proof. Under the assumptions of the lemma, for any x ∈ R at which the
distribution function P(S ≤ x) is continuous, it holds

P
(
Sn ≤ x

)
= P

(
Sn ≤ x, |Sn(ǫ) − Sn| ≤ δ

)
+ P

(
Sn ≤ x, |Sn(ǫ) − Sn| > δ

)

≤ P
(
Sn ≤ x, |Sn(ǫ) − Sn| ≤ δ

)
+ P

(
|Sn(ǫ) − Sn| > δ

)

≤ P
(
Sn(ǫ) ≤ x + δ

)
+ P

(
|Sn(ǫ) − Sn| > δ

)
, (3)

and

P
(
Sn > x

)
= P

(
Sn > x, |Sn(ǫ) − Sn| ≤ δ

)
+ P

(
Sn > x, |Sn(ǫ) − Sn| > δ

)

≤ P
(
Sn > x, |Sn(ǫ) − Sn| ≤ δ

)
+ P

(
|Sn(ǫ) − Sn| > δ

)

≤ P
(
Sn(ǫ) > x − δ

)
+ P

(
|Sn(ǫ) − Sn| > δ

)
. (4)
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From (3) it follows, as n → ∞, followed by ǫ → 0+, that

lim
n→∞

P
(
Sn ≤ x

)

≤ lim
ǫ→0+

lim
n→∞

P
(
Sn(ǫ) ≤ x + δ

)
+ lim

ǫ→0+

lim
n→∞

P
(
|Sn(ǫ) − Sn| > δ

)

= lim
ǫ→0+

lim
n→∞

P
(
Sn(ǫ) ≤ x + δ

)
= lim

ǫ→0+

P
(
S(ǫ) ≤ x + δ

)
= P

(
S ≤ x + δ

)
,

for any δ > 0, which implies

lim
n→∞

P
(
Sn ≤ x

)
≤ P

(
S ≤ x

)
. (5)

Analogously, from (4) we get

lim
n→∞

P
(
Sn > x

)

≤ lim
ǫ→0+

lim
n→∞

P
(
Sn(ǫ) > x − δ

)
+ lim

ǫ→0+

lim
n→∞

P
(
|Sn(ǫ) − Sn| > δ

)

= lim
ǫ→0+

lim
n→∞

P
(
Sn(ǫ) > x − δ

)
= lim

ǫ→0+

P
(
S(ǫ) > x − δ

)
= P

(
S > x − δ

)
,

for any δ > 0, which implies limn→∞ P
(
Sn > x

)
≤ P

(
S ≥ x

)
, and thus

lim
n→∞

P
(
Sn ≤ x

)
≥ P

(
S < x

)
. (6)

Continuity of the distribution function of S at x and the relations (5) and (6)
imply limn→∞ P

(
Sn ≤ x

)
= P

(
S ≤ x

)
, which concludes the proof. ¤

Lemma 4. Let
{
R(t), t ∈ (0, 1)

}
be a p-dimensional continuous stochastic

process, p ∈ N, and let h : Rp → (0, 1) be a function. Then, it holds

lim
ǫ→0+

sup
t∈[ǫ,1−ǫ]

h
(
R(t)

)
= sup

t∈(0,1)

h
(
R(t)

)
, almost surely.

Proof. We denote

M(ǫ) = sup
t∈[ǫ,1−ǫ]

h
(
R(t)

)
, M = sup

t∈(0,1)

h
(
R(t)

)
.

First, we will show that limǫ→0+
M(ǫ) ≤ M , almost surely. In order to do

that, we realize that a supremum of a function over a set A, such that a set B
is its subset, i.e. B ⊂ A, is always at least as big as a supremum of the same
function over the set B. This property yields that M ≥ M(ǫ1) ≥ M(ǫ2) for
any 0 < ǫ1 < ǫ2 < 1, since [ǫ, 1 − ǫ] ⊂ (0, 1) for any ǫ ∈ (0, 1), which implies
M ≥M(ǫ) for any ǫ∈(0, 1), and from that the relationship limǫ→0+

M(ǫ)≤M ,
almost surely, follows.

Next, we show limǫ→0+
M(ǫ) ≥ M , almost surely.

Case 1: Assume there exists t0 ∈ (0, 1) such that h(R(t0)) = M . Then,
there exists ǫ0 ∈ (0, 1) such that t0 ∈ [ǫ0, 1 − ǫ0]. Then t(ǫ) = t0 for all 0 <
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ǫ < ǫ0, which implies M(ǫ) ≥ M for 0 < ǫ < ǫ0 and thus limǫ→0+
M(ǫ) ≥ M ,

almost surely.
Case 2: If there does not exist t0 ∈ (0, 1) at which h(R(t)) attains its

maximum on (0, 1), then for all t ∈ (0, 1) it holds h(R(t)) < M . However,
there exist a sequence {tn}n∈N ⊂ (0, 1) such that limn→∞ h(R(tn)) = M .
There also exists a sequence {ǫn} such that tn ∈ [ǫn, 1−ǫn] for each n ∈ N and
ǫn → 0+ as n → ∞. Since it holds h(R(tn)) ≤ h(R(t(ǫn))) for all n ∈ N from
the definition of t(ǫn), it also holds limǫ→0+

M(ǫ) = limn→∞ h(R(t(ǫn))) ≥
limn→∞ h(R(tn)) = M , almost surely. ¤

3 Simulations

In [3] we simulated large number of AR processes of 3 different orders of auto-
regression p1 = 1, p2 = 3 and p3 = 5. For each order we simulated 1000 repe-
titions of AR processes of lengths n = 100, 200, 300, 400, 500, 760, 1000, 2000.
We performed these simulations under three different distributions of the
innovations {εt}: the standard normal distribution, t6-distribution and the
uniform distribution on [−1, 1 ]. For the lack of available space we present here
only the normal case. We should like to mention that the results were very
similar for all three distributions. We also simulated processes with fixed and
randomly chosen coefficients. We only present the case of fixed coefficients,
which were fixed at ϕ1 = 0.5 for p = 1, and ϕ1 = 0.5, ϕ2 = −0.4, ϕ3 = 0.1
for p = 3, and ϕ1 = 1, ϕ2 = −0.1, ϕ3 = 0.3, ϕ2 = −0.4, ϕ5 = 0.1 for
p = 5. These coefficients were used to generate AR with no change point and
the before change portion of AR processes with change point. On the other
hand, the the coefficients used to simulate the after change point portion of
the data were fixed at the values ψ1 = 0.8 for p = 1, and ψ1 = 1, ψ2 = −1,
ψ3 = 0.1 for p = 3, and ψ1 = −0.5, ψ2 = 0.5, ψ3 = 0.3, ψ2 = −0.4, ψ5 = 0.1
for p = 5. We fixed the location of the change point at values corresponding
to the choice of τ = 1

2 , i.e. k∗ = ⌊n
2 ⌋.

3.1 Behavior of statistics under null hypothesis

From the following graphs it is apparent that while most of the statistics
behaved in accordance with theory, the attained levels of significance were
not always near the chosen value of α = 5% even for large sample sizes. For
example, a lower level of significance was attained by the test statistic Sn(1) =

An(log n)T
1/2
n − Dp(log n) for the two smaller choices of order p = 1, 3, with

the results for p = 3 being slightly more favorable. On the other hand, already
for the case of p = 5 the attained level of significance for a test based on
Sn(1) is quite close to the asymptotic level of 5%. However, in the case of
Sn(2) = (A2

n(log n)Tn − D2
p(log n))/Dp(log n) for p = 5 the convergence is

particularly slow and the attained level of significance even for n = 2000
is much higher than 5%. We also conclude that the tests based on Tn(ǫ),
Tn(q0, ǫ) and Tn(q0) have the attained level quite close to the theoretical
value of 5%.
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Next, we illustrate the behavior of Sn(1) and Sn(2) by the convergence of their
distribution functions. The upper row corresponds to Sn(1), the lower row
corresponds to Sn(2), with orders increasing from left to right (p = 1, 3, 5).
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3.2 Detection of change point under alternatives

The tests based on the statistics Tn, Tn(ǫ), Tn(q0, ǫ) and Tn(q) with q =(
t(1 − t)

)β
, t ∈ (0, 1), β ∈

[
0, 1

2

)
are consistent (see [2] or [3]). To illustrate

this we again simulated N = 1000 realizations of AR processes with a change
of autoregression coefficients at time k∗ = ⌊n

2 ⌋. We present here the results for
Sn(1) and Sn(2). The distribution of Sn(1) behaved as shown in the following
three graphs for increasing orders p = 1, 3, 5 from left to right.
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An analogous illustration of the behavior Sn(2) for p = 1, 3, 5 increasing from
left to right is shown in the next three graphs.
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In our graphs we can observe an apparent shifting of the empirical distribution
functions of Sn(1) and Sn(2) towards infinity for all orders p = 1, 3, 5 as n
increases. Note, that the convergence seems to be faster for higher orders
of autoregression. Based on the results in [3] we can also conclude that the
convergence of Sn(1) and Sn(2) to infinity appears faster for τ = 0.5 than
for either of other two choices τ = 0.25 and τ = 0.75. Finally, we illustrate
consistency of all of the presented test statistics Sn(1), Sn(2), Tn(ǫ), Tn(q, ǫ)
and Tn(q) in terms of empirical power for p = 1, p = 3 and p = 5 with τ = 0.5
and ǫ = 0.1. The simulated results seem to be quite satisfactory.
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ZKUŠENOSTI SE STATISTICKÝM MODE-
LOVÁNÍM SPOTŘEBY ZEMNÍHO PLYNU
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Abstrakt: Úlohou statistického modelováńı spotřeby zemńıho plynu se ko-
lektiv pracovńık̊u Ústavu informatiky AV ČR začal intenzivně zabývat v sou-
vislosti s návrhem modelu pro předpověd’ celkové spotřeby plynu v určitém
regionu. Později byl ve spolupráci se Západočeskou plynárenskou, a.s. vyvi-
nut model pro odhad tzv. nevyfakturované dodávky zemńıho plynu. Práce
na tomto tématu se prohloubily s účast́ı v programu

”
Informačńı společnost“

(za podpory grantu GA AV ČR č. 1ET400300513) a na projektu
”
Tvorba ty-

pových diagramů dodávky zemńıho plynu“ (řešeném ve spolupráci s partnery
v České republice a na Slovensku).

V př́ıspěvku jsou shrnuty zkušenosti řešitel̊u źıskané při modelováńı, a to
zejména v pr̊uběhu př́ıpravy dat a návrhu, implementace a vlastńıho tes-
továńı statistických model̊u spotřeby zemńıho plynu. Př́ıspěvek je rozdělen
do čtyř hlavńıch část́ı, popisuj́ıćıch obecný úvod do problematiky, stav řešeńı
ve světě, př́ıklady použitých statistických model̊u, možnosti jejich daľśıho
rozvoje a faktory ovlivňuj́ıćı kvalitu model̊u. V závěru jsou shrnuty význam
a daľśı perspektivy statistického modelováńı spotřeby zemńıho plynu.

Abstract: This paper summarizes authors’ experiences in mathematical mo-
deling of natural gas consumption. Some issues related to the development,
testing and implementation of several mathematical models are described.
The paper is divided into four parts dealing with general questions of na-
tural gas consumption modeling, examples of some statistical techniques,
possibilities of their further development and factors affecting the quality of
estimates.

1 Úvod

Prvńı projekty spojené s tématikou modelováńı spotřeby zemńıho byly řešeny
v Ústavu informatiky AV ČR od r. 1999 v souvislosti s potřebou předpovědi
spotřeby zemńıho plynu daného regionu na krátkodobý, střednědobý i dlou-
hodobý predikčńı horizont. Některé z navržených model̊u byly implemen-
továny do informačńıch systémů plynárenských distribučńıch společnost́ı
v ČR i na Slovensku, kde byly nebo dodnes jsou použ́ıvány v rutinńım pro-
vozu. Ze statistického pohledu byly implementované modely založeny zejména
na nelineárńı regresi a jej́ıch modifikaćıch. Cenné bylo źıskáńı zkušenost́ı
se zpracováńım

”
plynárenských“ dat a seznámeńı se s problematikou nasa-

zeńı matematických model̊u do procesu rozhodováńı a ř́ızeńı v reálné praxi.
Některé nově navržené postupy a metody pak byly publikovány např.
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v [12, 29, 32, 33]. Práce na tématu modelováńı spotřeby se intenzivněji
rozeběhly v souvislosti s nár̊ustem požadavk̊u na kvalitu odhadu spotřeby
zemńıho plynu zákazńık̊u s malou a středńı spotřebou (tj. zákazńık̊u, je-
jichž ročńı spotřeba se pohybuje pod hranićı 420000 m3) a zejména pak
s uděleńım grantové podpory GA AV ČR v rámci programu

”
Informačńı

společnost“ č. 1ET400300513 na léta 2005–2009 a dále s účast́ı autor̊u na pro-
jektu

”
Tvorba typových denńıch diagramů dodávky zemńıho plynu“, který

je řešen ve spolupráci s partnery v České republice a na Slovensku.
Motivaćı pro modelováńı spotřeby zákazńık̊u s malou a středńı spotřebou

je fakt, že tento typ zákazńık̊u je měřen (odeč́ıtán) pouze jednou za poměrně
dlouhé obdob́ı, obvykle jeden rok. Jsou tak vlastně známy jen stavy ply-
noměru udávaj́ıćı kumulativńı spotřebu ve zhruba ročńıch intervalech. Přitom
informace o chováńı zákazńık̊u mezi dvěma odečty je velmi d̊uležitá pro
potřeby bilancováńı, stanoveńı dodávky nevyfakturované složky, marketingu,
plánováńı kapacit apod. [11]. Zákazńıci jsou odeč́ıtáni cyklicky v r̊uzných
časových intervalech v r̊uzných obdob́ıch kalendářńıho roku. Každý měśıc je
odečtena přibližně 1

12 z celého zákaznického kmene. Pod́ıl spotřeby tohoto

typu zákazńık̊u na celkové spotřebě je výrazný, v ČR přesahuje hodnotu
40 % [12]. Zákazńıci s velkou spotřebou jsou měřeni každodenně v hodi-
novém rozlǐseńı. Zavedeńı obdobného př́ıstupu u zákazńık̊u s malou a sťredńı
spotřebou je však ekonomicky nereálné, nebot’ počty těchto zákazńık̊u se po-
hybuj́ı v milionech. Osazeńı takovýchto odběrných mı́st měř́ıćımi př́ıstroji
s pamět́ı anebo s možnost́ı dálkového odečtu by při ceně př́ıstroje v řádu de-
setitiśıc̊u Kč představovalo v rámci celé ČR náklady řádově v deśıtkách mili-
ard korun. Z tohoto d̊uvodu má matematické modelováńı chováńı zákazńık̊u
veliký praktický význam. Protože modelováńı individuálńıho chováńı by bylo
velmi obt́ıžné, přistupuje se k statistickému modelováńı chováńı určité sku-
piny zákazńık̊u, u nichž lze předpokládat, že spotřebovávaj́ı zemńı plyn k po-
dobným účel̊um (např. k otopu, ohřevu teplé vody, vařeńı).

Daľśı text je uspořádán následovně. V kapitole 2 jsou prezentovány ně-
které literárńı poznatky a odkazy na práce jiných autor̊u zabývaj́ıćıch se
podobnou problematikou. Jádrem práce je kapitola 3, v ńıž jsou podrobněji
popsány projekty, na jejichž řešeńı se autoři pod́ıleli. Jde o

• projekt ELVÍRA zaměřený na predikčńı modely pro předpověd’ celkové
spotřeby plynu v určitém regionu (odd́ıl 3.1),

• projekt GAMMA zaměřený na odhad objemu odebraného, ale dosud
nevyfakturovaného plynu (odd́ıl 3.2) a

• projekt TDD zaměřený na konstrukci tzv. typových diagramů dodávky
zemńıho plynu (odd́ıl 3.3).

Detailně budou uvedeny předevš́ım zkušenosti s modelem založeným na ty-
pových diagramech spotřeby zemńıho plynu [7]. V následuj́ıćıch odd́ılech 3.4
a 3.5 jsou popsány některé možné směry daľśıho rozvoje prezentovaných mo-
del̊u a otázky posuzováńı jejich výkonnosti. V kapitole 4 jsou stručně v širš́ım
kontextu naznačeny daľśı perspektivy statistického modelováńı spotřeby zem-
ńıho plynu.



Zkušenosti se statistickým modelováńım spotřeby zemńıho plynu 317

2 Modelováńı spotřeby v literatuře

V arch́ıvech se nacházej́ı 50 i v́ıce let staré články zabývaj́ıćı se z r̊uzných po-
hled̊u a v r̊uzné mı́̌re detailu modelováńım spotřeby plynu či elektřiny. Protože
lze obě tyto komodity poměrně obt́ıžně skladovat, je co nejpřesněǰśı znalost
denńıho i hodinového pr̊uběhu poptávky pro distributory kĺıčová. Proto se
mnoho text̊u věnuje úloze předpovědi spotřeby energie. Deregulace trhu s ply-
nem a elektřinou přinesla požadavek rozpočtu určitého celku spotřeby mezi
jednotlivé obchodńı subjekty. Pro rozpočet spotřeby v rámci časového úseku
byla dř́ıve použ́ıvána tzv. otopová křivka, což je 12 koeficient̊u vymezuj́ıćıch
pro každý měśıc jeho procentuálńı pod́ıl na ročńı spotřebě [49]. Formalizo-
vat lze tuto úlohu vytvořeńım tzv. typových diagramů dodávky (TDD). Na
nich je založen náhradńı postup pro stanoveńı denńıho či hodinového odběru
skupiny konečných zákazńık̊u, kteř́ı nejsou pr̊uběhově měřeni, viz např. [17].

Podle mı́ry detailu lze rozlǐsit úlohy na modelováńı celkové spotřeby (bud’-
to celostátńı či za distribučńı společnost), modelováńı spotřeby menš́ıch celk̊u
(určitých skupin zákazńık̊u) a modelováńı individuálńı spotřeby. Z pohledu
časového rozlǐseńı jde zpravidla o modelováńı spotřeby za měśıc, den či ho-
dinu. Většina dostupné literatury se týká modelováńı celku. Hlavńı mo-
dely představené ńıže v odd́ılech 3.2 a 3.3 jsou konstruovány pro skupiny
zákazńık̊u. Je potřeba, aby skupiny byly relativně homogenńı pr̊uběhem spo-
třeby plynu během roku a přitom navzájem zřetelně odlǐsné. Počet skupin by
měl být relativně malý (v jednotkách) a přǐrazeńı zákazńık̊u do skupin muśı
být jasné, jednoznačné a v praxi proveditelné. Část publikovaných praćı se
věnuje hlavně vytvořeńı relevantńıch skupin a návazné modelováńı má pak
jen velmi jednoduchou podobu, např. prezentuje empirické pr̊uměry. Mode-
lováńım na individuálńı úrovni jsme se zabývali v textu [6].

Modelováńı pr̊uběhu spotřeby může být založeno na r̊uzných typech pod-
kladových dat, což zároveň určuje nákladnost a přesnost postupu [1]. Nejpřes-
něǰśı, ale i nejnákladněǰśı je modelováńı založené na pr̊uběhových měřeńıch
vzorku zákazńık̊u. Na daľśım mı́stě je matematické modelováńı využ́ıvaj́ıćı ko-
relace spotřeby a exterńıch veličin, typicky veličin charakterizuj́ıćıch počaśı.
Jde často o regresńı modely, které mohou být využity v kombinaci s pr̊u-
běhovými měřeńımi. Daľśı je metoda zástupného dne, při ńıž je v histo-
rických datech nalezen den, jehož charakteristiky co nejv́ıce odpov́ıdaj́ı odha-
dovanému dni. Jeho spotřeba poslouž́ı jako odhad spotřeby v aktuálńım dni.
Jiné, podstatně méně přesné postupy představuj́ı tzv. statické profily, které
jsou pro každou kombinaci obdob́ı a typu dne pevně dány bez ohledu na
konkrétńı podmı́nky (počaśı), či kalendářńı rotace, kdy se v historii vyb́ıraj́ı
odpov́ıdaj́ıćı dny dle kalendářńıho data.

Záhy byla rozpoznána zásadńı závislost spotřeby na počaśı, které bývá
charakterizováno předevš́ım aktuálńı teplotou a teplotńım normálem a dále
např. silou a směrem větru, vlhkost́ı vzduchu. Již v článku [5] z roku 1965
je regresně modelována závislost na teplotě. Jako daľśı d̊uležité určuj́ıćı pre-
diktory se v literatuře ukazuj́ı jevy spojené s kalendářem, tedy poloha dne
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v týdnu (resp. rozlǐseńı na pracovńı a v́ıkendový den), svátky, délka slu-
nečńıho svitu, a dále indikátor sezóny, teplotńı pásmo (resp. nadmořská
výška), charakteristika zákazńıka a typu jeho spotřeby, charakteristika domu,
př́ıpadně i cena energie. Někdy se použ́ıvá jedna kompozitńı proměnná, která
může být např. funkćı zejména aktuálńı teploty, rychlosti větru, efektivńı tep-
loty (p̊ul dnešńı + p̊ul včereǰśı teploty) a sezónńıho normálu efektivńı teploty.

Regresńı závislost spotřeby Yt na teplotě Tt ve dni t bývá modelována
lineárně, polynomiálně a nejčastěji nelineárně, např. sigmoidálńı křivkou

Yt =
α

1 + ( β
Tt−40 )γ

+ δ (1)

s parametry α, β, γ, δ [17].

V článku [15] je popsán regresńı model použitý pro předpověd’ spotřeby
ve společnosti British Gas NW. Předpověd’ poptávky Yt+1 na následuj́ıćı den
je modelována na základě spotřeby Yt aktuálńıho dne ve tvaru

Yt+1 = (Yt − At)(1 + (T eff
t+1 − T eff

t )β + (Wt+1 − Wt)γ) + At+1, (2)

kde Wt a Wt+1 představuj́ı pr̊uměrnou rychlost větru v aktuálńı den a jej́ı
předpověd’ pro den následuj́ıćı, At je korekčńı člen postihuj́ıćı vliv dne v týdnu
(zejména odstávky pr̊umyslu v pátek, sobotu a neděli) a β a γ jsou koeficienty
charakterizuj́ıćı citlivost v̊uči teplotě a větru. Efektivńı teplota je stanovena
vztahem T eff

t = αTt + α(1−α)Tt−1 + α(1−α)2Tt−2 + . . . jako exponenciálně
vážený pr̊uměr teplot předchoźıch dńı s doporučenou volbou α = 0,5, T eff

t+1

je předpověd’ na následuj́ıćı den.

Do modelu byla ještě začleněna tzv. nehomogenńı teplotńı citlivost v po-
době

β =

{
β1 pokud T eff

t ≥ T ⋆

β2 pokud T eff
t ≤ T ⋆ ,

která zohledňuje proměnlivou citlivost zákazńık̊u v̊uči teplotě v závislosti na
aktuálńı pr̊uměrné teplotě a fakt, že při stejné teplotě bývá spotřeba nižš́ı
v létě než v zimě. Tento př́ıstup lze nalézt ve v́ıce publikaćıch. T ⋆ je vhodně
zvolená teplota zpravidla odpov́ıdaj́ıćı teplotě v přechodových měśıćıch jara
a podzimu, nejčastěji v rozmeźı 14–18◦C. Podobná koncepce potlačuj́ıćı zcela
závislost na teplotě v teplých dnech je často označována jako

”
heating degree

day (HDD)“ [18]. Např. v práci [16], modeluj́ıćı spotřebu plynu v Palermu,
vstupuje do model̊u veličina HDDt = max(18−Tt; 0). Pro ilustraci uvád́ıme
ukázky dvou model̊u z této práce. Autoři uvažovali kromě vlivu teploty rovněž
vlhkost vzduchu (Ht pro den t), atmosférický tlak (Pt) a srážky (Rt) a dále in-
dikátor svátku (Ft), dne v týdnu (Wit = 1, pokud t patř́ı i-tému dni v týdnu,
jinak Wit = 0) a měśıce (Mjt = 1, pokud t patř́ı j-tému měśıci v roce), εt je
náhodná chybová složka. Při výpočtech na základě modelu
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Yt+1 = c + α0HDDt + α1HDDt−1 + α2HDDt−2

+β0Ht + β1Ht−1 + β2Ht−2

+γ0Rt + γ1Rt−1 + γ2Rt−2 (3)

+δ0Pt + δ1Pt−1 + δ2Pt−2

+Ft +

7∑

i=2

ϑiWit + εt

nevykazovaly charakteristiky počaśı s výjimkou teploty zásadńı vliv na pop-
távku po plynu. Pro zohledněńı autokorelace náhodné složky modelu autoři
začlenili do modelu autoregresńı strukturu druhého řádu v chybové složce,
takže finálńı model měl podobu

Yt+1 = ω + α0HDDt + α1HDDt−1 + α2HDDt−2 + Ft + Wt + εt, (4)

kde

(1 − ϕ1L − ϕ2L
2)εt = ζt, (5)

L je operátor zpožděńı, ϕ1, ϕ2, ω jsou parametry a εt, ζt jsou nekorelované
chybové složky. Mı́sto indikátoru dne v týdnu zde bylo použito rozlǐseńı na
pracovńı dny a v́ıkend (Wt = 1, pokud den t je v́ıkendový).

Daľśı, převážně nelineárńı, regresńı př́ıstupy k modelováńı spotřeby plynu
na r̊uzném stupni komplexity jsou popsány např. v [46, 2, 17, 18, 35, 36]. Re-
gresńı a ekonometrické modely mohou obsahovat ARMA členy pro zachyceńı
efekt̊u v čase se měńıćıch neměřitelných veličin [48]. Při modelováńı se dále
použ́ıvaj́ı předevš́ım časové řady a speciálně Boxova-Jenkinsova metodologie
ARIMA [27, 42], Bayesovské modely [3] a neuronové śıtě [44, 21].

Podobné úlohy modelováńı a predikce jsou řešeny i v rámci elektroener-
getiky. V literatuře jsou zastoupeny v́ıce než úlohy týkaj́ıćı se spotřeby plynu
a byly jim věnovány i monografie či jejich části [8, 14]. Regresńı model pro
spotřebu elektřiny je popsán např. v článćıch [40, 43], dále lze jmenovat se-
miparametrický př́ıstup s využit́ım časových řad [26], Bayesovský model [10],
časově proměnlivé periodické spliny [19], Holtovo-Wintersovo exponenciálńı
vyhlazováńı [45], či regresńı stromy [9]. Dynamické př́ıstupy založené na
časových řadách (např. [30]) jsou často modelovány na velkých celćıch a nav́ıc
maj́ı k dispozici pro praktické použit́ı na celém zákaznickém kmeni data
v jemněǰśım rozlǐseńı, než je v našich podmı́nkách dosažitelné. Na stránkách
Operátora trhu s elektřinou, a.s. (http://www.ote-cr.cz/) lze nalézt infor-
mace o použit́ı TDD v české elektroenergetice.

Problémy diskutované v článćıch v souvislosti s aplikaćı jednotlivých me-
tod zahrnuj́ı mj. nepřesnosti modelováńı, vliv výběrové chyby, postupné pro-
měňováńı profilu spotřeby (např. dlouhodobý pomalý trend ke snižováńı
spotřeby). Dále jde o chyby v přǐrazováńı zákazńık̊u do skupin, chyby na
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vstupu do systému distribuce (např. v d̊usledku ztrát), nepřesnosti v algorit-
mizaci postupu či existenci zákazńık̊u, nespadaj́ıćıch do populaćı reprezento-
vaných stávaj́ıćımi skupinami.

3 Modelováńı spotřeby zemńıho plynu v ČR a SR

V této kapitole představ́ıme tři základńı projekty, kterými jsme se při mode-
lováńı spotřeby zemńıho plynu zabývali.

3.1 Projekt ELVÍRA

V projektu, který byl pod názvem ELVÍRA řešen v letech 1999 – 2007, se
řešitelská skupina pod́ılela na tvorbě predikčńıch model̊u pro předpověd’ cel-
kové spotřeby zemńıho plynu v daném regionu na krátkodobý, střednědobý
i dlouhodobý horizont.

V krátkodobém horizontu šlo o úlohu předpovědi denńıch (resp. hodi-
nových) hodnot očekávané spotřeby zemńıho plynu na 7 dńı (resp. na 168
hodin) dopředu. Jako vstupńı údaje sloužily historické hodnoty spotřeby, tep-
loty a dále předpovědi teploty na 7 dńı dopředu. Předpověd’ na následuj́ıćı
den byla dále korigována s využit́ım předpovězených hodnot počtu hodin
slunečńıho svitu a pr̊uměrné rychlosti větru. V predikčńım systému, který
byl realizován na základě navržených model̊u, byly implementovány i algo-
ritmy pro výpočet změny akumulace zemńıho plynu v potrub́ı a algoritmy
pro detekci a korekci výpadk̊u měřeńı a odlehlých hodnot.

V úloze předpovědi spotřeby na střednědobý horizont (cca na jeden rok
dopředu) se predikovaly měśıčńı spotřeby pro r̊uzné scénáře vývoje počaśı
(teplý, studený resp. normálńı rok).

Pro dlouhodobou předpověd’ na obdob́ı několika let do modelu nav́ıc vstu-
povaly údaje o skutečném a předpokládaném vývoji ekonomiky a o cenách
zemńıho plynu i o cenách alternativńıch zdroj̊u energie (elektřiny, uhĺı, dřeva
apod). Bližš́ı podrobnosti projektu ELVÍRA popisuj́ı publikace [31, 32, 34].

Navržený predikčńı systém byl implementován a byl (anebo stále je)
úspěšně použ́ıván v celkem 5 regionálńıch distribučńıch plynárenských spo-
lečnostech v ČR a v SPP a.s. na Slovensku. V současné době prob́ıhá v ČR
restrukturalizace (slučováńı) jednotlivých distribučńıch společnost́ı a před-
pokládá se vytvořeńı jediného centrálńıho dispečinku s novým predikčńım
systémem.

3.2 Projekt GAMMA

Ve spolupráci se Západočeskou plynárenskou, a.s. je vyv́ıjen model pro odhad
spotřeby zemńıho plynu, nazvaný GAMMA. O tomto modelu jsme již refero-
vali na ROBUSTu 2006 [22]. Jeho základńım účelem je odhad objemu nevy-
fakturovaného plynu, tedy plynu, který již byl zákazńıky odebrán, ale ještě
nebyl vyfakturován. Tento objem nelze zjistit př́ımo z d̊uvodu výše zmı́něných
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zhruba ročńıch rozestup̊u mezi odečty spotřeby zákazńıka. Jde o nelineárńı
regresńı model pro spotřebu Yikt zákazńıka i ze tř́ıdy k ve dni t ve tvaru

Yikt = µik(Ψte
−γkf(Tt,Nt) + pk) + εikt, (6)

kde µik je efekt konkrétńıho zákazńıka, Ψt sezónńı složka modelu, γk pa-
rametr určuj́ıćı mı́ru závislosti spotřeby ve skupině zákazńık̊u k na teplotě,
pk stálá složka spotřeby zákazńık̊u ze skupiny k a Tt, resp. Nt představuj́ı
skutečnou, resp. normálovou teplotu ve dni t a εikt je náhodná složka.

Vzhledem k nestabilńımu chováńı modelu (6) v letńım obdob́ı (neúměrné
koĺısáńı modelové spotřeby) bylo přistoupeno k úpravě modelu tzv.

”
přeṕına-

čem“. Spotřeba je pak v zimńım obdob́ım (definovaném pr̊uměrnou teplotou
za posledńı tři dny) modelována modelem (6) a v letńım obdob́ı (doplněk
k zimńımu) konstantou (Yikt = µikqk + εikt).

Parametry modelu jsou z provozńıch d̊uvod̊u odhadovány dvoufázově.
V pravidelných intervalech (v současné době p̊ul roku) jsou přeodhadovány
parametry pk, qk, γk a parametr µik je (mj. vzhledem k proměnlivému složeńı
zákaznického kmene) odhadován znovu při každém běhu modelu.

Podrobněǰśı informace k modelu GAMMA lze nalézt např́ıklad v publi-
kaćıch [47, 22, 11, 4].

3.3 Projekt TDD

V daľśıch odd́ılech podrobněji představ́ıme náš př́ıstup k řešeńı projektu kon-
strukce typových diagramů dodávky (TDD).

3.3.1 Charakteristika dat Tvorba typových diagramů dodávky zemńıho
plynu (ale i elektřiny) má dva aspekty dané zadáńım a požadavky budoućıch
uživatel̊u. Prvńım z nich je konstrukce hladké TDD křivky jako

”
typického“

chodu spotřeb za
”
standardńıch“ podmı́nek, druhým pak výpočet korekćı

na odchylky od standardu/normálu. Důležitým předpokladem je, že určité
skupiny zákazńık̊u spotřebovávaj́ı plyn relativně podobným zp̊usobem ve
smyslu podobné dynamiky spotřeby v pr̊uběhu roku, podobné odpovědi na
změny v teplotě apod. V elektroenergetice jsou takové skupiny přirozeně
dány př́ıslušnost́ı k tarifu [25], avšak v plynárenstv́ı bohužel žádné př́ımočaré
přǐrazeńı neexistuje. Je proto třeba na základě analýzy dostupných dat takové
skupiny nejprve naj́ıt a poté pro každou z nich odhadnout jak typickou TDD
křivku, tak parametry pro korekce na odchylky od normálu. Model je založen
na datech z pr̊uběhového měřeńı spotřeb náhodně vybraných zákazńık̊u a je-
jich segmentaci.

Segmentace zákazńık̊u Je jasné, že segmentaci zákazńık̊u dle zp̊usob̊u
spotřeby lze provést velmi rozd́ılnými zp̊usoby. K tomu, aby výsledná kla-
sifikace byla prakticky použitelná v reálných podmı́nkách, je nutné se při
vytvářeńı kategoríı omezit na znaky, jejichž hodnoty jsou běžně dostupné
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pro všechny zákazńıky v provozńıch databáźıch. Jejich nab́ıdka neńı zda-
leka ideálńı a nelze ji nav́ıc snadno měnit bez velkých dodatečných náklad̊u.
Zákazńıci jsou tedy pro účely modelováńı spotřeby tř́ıděni dle př́ıslušnosti k

• kategorii zákazńıka – domácnost, maloodběratel, středńı odběratel,

• charakteru spotřeby – vytápěńı, ohřev vody, vařeńı, technologie,

• typu podniku – výrobńı prostory, škola, nemocnice, kotelna, atd.

Kombinaćı jednotlivých kategoríı vytvořených na základě tř́ı tř́ıd́ıćıch kritéríı
je ovšem př́ılǐs mnoho, a proto tato segmentace bohužel poskytuje př́ılǐs
mnoho tř́ıd s malým zastoupeńım. Nav́ıc se ve zpracovávaných datech vysky-
tuj́ı evidentně chybně zatř́ıděńı zákazńıci, zejména proto, že skutečný charak-
ter spotřeby neodpov́ıdá zp̊usobu zákazńıkem deklarovanému. Pro dosažeńı
vyšš́ı stability výsledk̊u i robustnosti v̊uči drobným chybám v klasifikaci je
nutné sloučeńı tř́ıd s podobným charakterem spotřeby, zejména s podobným
obrazem jej́ı dynamiky v pr̊uběhu roku. Tento problém byl řešen pomoćı
shlukové analýzy aplikované na týdenńı data pr̊uběhově měřených zákazńık̊u
(metody k-pr̊uměr̊u, Wardova) [23, 28]. Na základě źıskaných výsledk̊u pak
bylo vytvořeno 8 shluk̊u (segment̊u). Jejich struktura je poněkud odlǐsná pro
ČR a SR. V ČR jsou 4 segmenty pro domácnosti (označované

”
domo“), 4 pro

maloodběratele a středńı odběratele (označované
”
moso“). Na Slovensku pak

jsou 2 domo segmenty a 6 moso segment̊u.
Při konstrukci TDD modelu použ́ıváme stratifikaci dle segmentu. V d̊u-

sledku toho jsou všechny parametry modelu stejně jako jeho hladká část
segmentově specifické.

Data Pro statistické modelováńı lze využ́ıt údaje, které jsou k dispozici
v informačńıch systémech jednotlivých distribučńıch společnost́ı. Jde zejména
o hodnoty odečtu spotřeby jednotlivých zákazńık̊u za několik posledńıch let.
Data z těchto odečt̊u odpov́ıdaj́ı součtu denńıch spotřeb daného zákazńıka
za obdob́ı přibližně jednoho roku. Umı́stěńı intervalu pokrytého odečtem je
však u r̊uzných zákazńık̊u obecně r̊uzné. Dále lze z typu uzavřené smlouvy
odvodit informace o očekávaném charakteru spotřeby, kategorii zákazńıka
a jeho lokalizaci.

Pro návrh statistického modelu a odhad jeho parametr̊u je zapotřeb́ı
źıskat ještě údaje o chováńı zákazńık̊u mezi řádnými odečty. Jinými slovy, je
nutno źıskat informaci o sezónńı složce spotřeby, jež v agregovaných přibližně
ročńıch součtech takřka neńı př́ıtomna, ale je potřebná k mnoha odhad̊um. To
je zajǐstěno pomoćı vzorku pr̊uběhově měřených zákazńık̊u, jejichž spotřeba
je zaznamenávána po hodinách, v takřka spojitém čase. Protože každé pro-
váděné měřeńı je poměrně nákladné, je velikost vzorku pr̊uběhově měřených
zákazńık̊u velmi limitována. V rámci projektu TDD máme k dispo-
zici cca 1000 pr̊uběhově měřených zákazńık̊u v ČR a cca 550 na Slovensku.
Formálně vzato, jde o vzorek funkcionálńıch dat [38]. Požadovaný stupeň
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časového rozlǐseńı je však podstatně nižš́ı (hodiny, eventuálně dny), takže
modelujeme př́ıslušné součty (integrály)

”
v čase spojitých“ měřeńı.

Konečný výběr zákazńık̊u do vzorku prováděly plynárenské společnosti,
nebot’ z d̊uvodu ochrany dat nemohly poskytnout seznam všech svých zákaz-
ńık̊u, jenž by posloužil jako opora výběru. Statistik̊um byly k dispozici pouze
souhrnné údaje o počtu zákazńık̊u a celkové výši spotřeby pro určité sku-
piny odběratel̊u. Údaje byly stratifikovány podle kategorie zákazńıka, pásma
spotřeby (tarifńıho pásma), distribučńıho závodu (jednotlivé závody v ČR
zhruba pokrývaj́ı územı́ p̊uvodńıch kraj̊u) a nadmořské výšky (dvě kategorie),
resp. teplotńıho pásma (tři kategorie). U malých a středńıch odběratel̊u byli
zákazńıci ještě klasifikováni podle typu podniku. Po vyhodnoceńı dostupných
dat byl pro každou relevantńı kombinaci tř́ıdićıch znak̊u stanoven požadovaný
počet pr̊uběhově meřených zákazńık̊u s ćılem dosáhnout co nejlepš́ı reprezen-
tativity vzorku v̊uči celému zákaznickému kmeni. Při tom se vycházelo hlavně
z poměru spotřeby dané podskupiny k celkové spotřebě a z posouzeńı neho-
mogenity pr̊uběhu spotřeb uvnitř každé kategorie. Analýza ukázala, že vari-
abilita odběru ve skupině je zhruba úměrná spotřebě skupiny. V př́ıpadech
variability vyšš́ı, než odpov́ıdá pr̊uměrné spotřebě, byl rozsah vzorku v dané
skupině expertně zvýšen, jelikož u zákazńık̊u s velkou spotřebou a velkým roz-
ptylem hodnot je účelné mı́t četněǰśı zastoupeńı. Požadavek na zastoupeńı
nadmořské výšky, resp. teplotńıho pásma byl formulován pouze v podobě
doporučeného procentuálńıho zastoupeńı jednotlivých kategoríı. Dále bylo
třeba, aby byli vybráni zákazńıci s dlouhodobě stabilńım chováńım vzhledem
k odběru zemńıho plynu.

Kromě výše zmı́něných pr̊uběhových dat jsou v projektu k dispozici i agre-
govaná data, jež jsou sb́ırána rutinně, a nevyžaduj́ı tedy dodatečná speciálńı
měřeńı. Jedná se o denńı spotřeby za ČR, resp. SR. Ty nejsou ve skutečnosti
změřeny př́ımo, vznikaj́ı jako rozd́ıl mezi vstupem do distribučńı śıtě a souč-
tem veličin, jež nejsou pro modelováńı relevantńı (spotřeby zákazńık̊u s vel-
kými odběry měřené denně, odhadované ztráty, apod.). Dále jsou k dispozici
obdobná agregovaná data za vybrané menš́ı celky řádově stovek zákazńık̊u
(např. uzavřené rozvodné śıtě). Stejně jako v př́ıpadě celk̊u zde plat́ı, že
hodnotu relevantńı pro modelováńı lze źıskat pouze jako rozd́ıl chybami
zat́ıžených veličin. Z tohoto d̊uvodu jsou zmı́něné agregované údaje využ́ıvány
v procesu návrhu modelu jen jako testovaćı data.

V neposledńı řadě jsou pro konstrukci modelu zapotřeb́ı daľśı
”
exogenńı“

vysvětluj́ıćı proměnné. Jde zejména o teplotu, ale také o indikátory r̊uzných
jev̊u spojených s kalendářem (den v týdnu, svátek, změna času ze zimńıho na
letńı apod.). Soubor těchto indikátorových proměnných by teoreticky mohl
být širš́ı, jenže snaha o větš́ı detail naráž́ı na limitace ze strany dat. Máme
k dispozici sledováńı za několik málo let, v nichž je počet opakováńı ř́ıdce
se vyskytuj́ıćıch jev̊u velmi malý. Na rozd́ıl od efektu teploty, který lze sle-
dovat v pr̊uběhu celé datové řady, nelze jejich efekt tud́ıž zat́ım dobře po-
stihnout. Př́ıkladem takového jevu jsou tzv.

”
bridging days“, tj. pracovńı
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dny mezi v́ıkendem a státńım svátkem připadaj́ıćım na úterý či čtvrtek.
Část podnik̊u odstav́ı v př́ıslušné ponděĺı či pátek výrobu a podniky tak
sńıž́ı spotřebu plynu, zat́ımco u domácnost́ı oproti běžným pracovńım dn̊um
spotřeba vzroste.

3.3.2 Struktura TDD modelu Model TDD je sestaven ze dvou kom-
ponent. Nejprve je vytvořen denńı submodel a následně hodinový submodel,
který denńı součty rozpoč́ıtává do hodin. Obě komponenty jsou pak sloučeny
do výsledného celkového modelu [7].

Spotřeby sit zákazńıka i ve dni t jsou transformovány pomoćı funkce

log

(
sit + 0,5

pi

)
, (7)

kde pi je pr̊uměr dlouhodobé historické spotřeby zákazńıka i vztažený na
den. Symbol log znač́ı přirozený logaritmus. Konstanta 0,5 se přič́ıtá kv̊uli
možnému výskytu nulových denńıch spotřeb. Po transformaci prob́ıhá analý-
za založená na předpokladu (přibližné) normality. Efektivně tedy pracujeme
s logaritmicko-normálńım rozděleńım p̊uvodńıch dat. Tento př́ıstup přináš́ı
nejen potlačeńı váhy odlehlých pozorováńı, tedy robustnost, ale i symet-
rizaci rozděleńı transformovaných hodnot. Standardizaćı individuálńı denńı
spotřebou pi odstrańıme značné (i několikařádové) rozd́ıly v pr̊uměrné spo-
třebě mezi jednotlivými zákazńıky. Źıskáme tak srovnatelná relativńı data
namı́sto absolutńıch.

V modelu i v předpisu pro použit́ı TDD použ́ıváme pro vyjádřeńı hodi-
nové spotřeby sikth následuj́ıćı indexy: i pro zákazńıka, i = 1, . . . , nk; k pro
segment, k = 1, . . . ,K; t pro den, t = 1, . . . , 365 (resp. 366 v přestupném
roce) a h pro hodinu, h ∈ t, h = 1, . . . , 24 (resp. 23 nebo 25 ve dnech se
změnou času).

Denńı submodel Pro spotřebu sikt• zákazńıka i ze segmentu k ve dni t
máme následuj́ıćı model:

log

(
sikt• + 0,5

pik

)
= log(Dkt) + log(Ckt•) + log(Mk) + ηikt, (8)

kde

Dkt je denńı korekce, která zahrnuje korekci na den v týdnu, na státem
uznaný svátek, speciálńı efekty Vánoc a Velikonoc, korekci na pr̊uměr-
nou denńı teplotu Tt a jej́ı odchylky od dlouhodobě typické hodnoty Nt,

Ckt• je hladké jádro denńıho odhadu spotřeby; odpov́ıdá neparametrickému
odhadu ročńı periodicity spotřeb, korigovaných na teplotu a kalen-
dářové jevy, př́ıklad jeho pr̊uběhu pro několik českých segment̊u je
v obrázku 1,
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Obrázek 1: Odhad hladkého jádra Ckt• pro několik českých segment̊u.

pik je denńı pr̊uměr historické spotřeby daného zákazńıka, který individuali-
zuje odhad na konkrétńıho zákazńıka,

Mk je korekce na vychýleńı při zpětné transformaci odhadu poř́ızeného na
logaritmické škále na škálu p̊uvodńıch hodnot (souviśı se skutečnost́ı,
že Ef(X) 6= f(EX) pro nelineárńı funkci f a s t́ım, že pro plynárenské
účely je třeba odhadovat středńı hodnoty, nikoli mediány),

ηikt je náhodná normálně rozdělená chyba s nulovou středńı hodnotou a roz-
ptylem σ2.

Po odlogaritmováńı źıskáme model

sikt• = pikDktCkt•Mkeηikt − 0,5. (9)

Rovnice (9) určuje multiplikativńı logaritmicko-normálńı model, resp. plně
aditivńı model na logaritmické škále. Logaritmicko-normálńı model implikuje
heteroskedasticitu na p̊uvodńı škále. Kromě toho zde máme vlivem členu pik

rozptyl individuálně-specifický. Individuálńı efekt pik (
”
výškové usazeńı“) je

zde separován od časového pr̊uběhu (
”
tvaru“). Jinými slovy, model nedovoluje

interakci mezi jedincem a tvarem spotřeby. To je ve shodě s chováńım pod-
statné části zákazńık̊u i s t́ım, že individuálńı data o tvaru spotřeby obecně
nejsou v provozńıch podmı́nkách k dispozici.

Pro zjednodušeńı implementace se na přáńı zadavatele zanedbává kon-
stanta 0,5 (nebot’ v daném kontextu představuje velmi malý objem plynu)
a pro odhad spotřeby sikt se tedy v praxi použ́ıvá model
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ŝikt• = pikDktCkt•Mk. (10)

Jedná se o semiparametrický zobecněný aditivńı model (GAM; generali-
zed additive model) s flexibilńı hladkou část́ı (hladké jádro — křivka Ckt•)
a s parametrickou část́ı (pro korekce). Odhad parametr̊u lze založit např́ıklad
na

”
backfitting“ algoritmu [20], zejména pokud použijeme vyhlazeńı LOESS

založené na lokálně vážené regresńı funkci [13]. Jako jeden z produkt̊u ta-
kové implementace dostáváme odhad sezónńı složky (tj. hladkého jádra Ckt•)
očǐstěné od teplotńıch a kalendářńıch vliv̊u. Členy Ckt• jsou normalizovány
tak, že udávaj́ı procentuálńı pod́ıly jednotlivých dn̊u na ročńı spotřebě za
standardńıch teplotńıch i kalendářových podmı́nek. Standardńı specifikace
(např. v S-plus či R, [37, 39]) přináš́ı nevýhodu v tom, že neńı jednoduché
požadovat periodickou variantu LOESSu. Přitom periodičnost je přitom sa-
mozřejmým požadavkem při odhadu sezónńı složky. V zásadě zde lze použ́ıt
r̊uzných ad hoc př́ıstup̊u, např. prokládáńı periodicky prodloužených dat,
dvoukrokového postupu s penalizaćı i na

”
švu“ apod. Elegantněǰśı je ale al-

ternativńı postup založený např. na lineárńım penalizovaném splinu [41]. Při
implementaci v podobě lineárńıho modelu se smı́̌senými efekty (LME) lze
zapsat periodickou podmı́nku na hladkou část již relativně snadno.

Člen pro denńı korekci lze rozepsat do tvaru

Dkt = ekor denktekor svatekktekor vanocektekor velikonocektekor teplotakt . (11)

Vid́ıme tedy, že denńı korekce Dkt se v skládá z multiplikativńıch efekt̊u dvou
typ̊u:

i) neteplotńı korekce na kalendářové efekty (na logaritmické škále jde
o model analogický v́ıcefaktorové analýze rozptylu, kv̊uli požadované
interpretaci hladkého jádra Ckt• voĺıme

”
sum“ parametrizaci pro den

v týdnu a
”
baseline“ parametrizaci pro efekty svátk̊u, Vánoc a Veliko-

noc),

ii) teplotńı korekce (tj. korekce na odchylku teploty od dlouhodobého nor-
málu).

Např́ıklad na obrázku 2 vid́ıme multiplikativńı korekce ekor denkt na jednot-
livé dny v týdnu, které vznikaj́ı transformaćı efekt̊u jednotlivých typ̊u dne.

Teplotńı korekčńı člen kor tep lotakt poč́ıtáme podle vzorce

kor tep lotakt = γ0k ϕ
(

Tt−Mk

Uk

)
ϕ

(
Tt−Nt−mk

uk

)
− γ0k ϕ

(
Nt−Mk

Uk

)
ϕ

(
−mk

uk

)

+γ1k ϕ
(

Tt−1−Mk

Uk

)
ϕ

(
Tt−1−Nt−1−mk

uk

)
− γ1k ϕ

(
Nt−1−Mk

Uk

)
ϕ

(
−mk

uk

)
,

(12)
kde

ϕ(x) = 1 − 1

1 + e−x
(13)
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Obrázek 2: Týdenńı profil pro české segmenty (ponděĺı=1, neděle=7).

je doplněk distribučńı funkce logistického rozděleńı, Tt je pr̊uměrná denńı
teplota za den t, Nt je dlouhodobě typická teplota pro den t a γ0k, γ1k,
mk, uk, Mk, Uk jsou odhadované parametry. Funkce ϕ(·), která je klesaj́ıćı
a má dolńı i horńı asymptotu, zohledňuje podstatné rysy chováńı spotřeb
vzhledem k teplotě. Teplotńı korekce sestává z nelineárně transformované
diference mezi skutečnou a dlouhodobě typickou teplotou Tt − Nt a ne-
lineárńı modulace regresńıho koeficientu v závislosti na tranformované tep-
lotě. Výsledný součin je vyhodnocen v hodnotách současných (pro t) a o jeden
den zpožděných (pro t−1). Členy se zápornými znaménky ve vzorci (12) jsou
přidány jen kv̊uli požadované pohodlné

”
normálové“ interpretaci hladkého

jádra Ckt•. Kladné členy představuj́ı lineárńı časově invariantńı filtr v ne-
lineárně transformované teplotě. Jde o jednoduchý př́ıpad modelu ze tř́ıdy

”
distributed lags“, vyskytuj́ıćı se relativně často např. v ekonometrii [24], zde

ale v nelineárńı podobě. Intuitivně je zřejmé, že zahrnut́ı časově zpožděných
proměnných do modelu je poměrně d̊uležité, nebot’ zohledňuje zpožděńı v re-
akci spotřebitele na teplotu. To může být zp̊usobeno jak subjektivitou jeho
rozhodováńı, tak např. nezanedbatelnou tepelnou kapacitou vytápěných bu-
dov, dnem v týdnu i daľśımi faktory. Použitá forma teplotńı korekce byla
určena po rozsáhlém testováńı na dostupných datech. Zejména pozname-
nejme, že přidáváńı vyšš́ıch zpožděńı (o 2 a v́ıce dńı) kvalitu modelu z pohledu
přibližných test̊u poměrem věrohodnosti významně nezlepšovalo.

V praxi se model použ́ıvá pro odhad spotřeby Sik,T =
∑

t∈T sikt (či ještě
častěji S•k,T =

∑
i∈k

∑
t∈T sikt) ve dnech z intervalu T , a to ve dvou typech

situaćı. Bud’ jde o čas budoućı nebo o minulost. Do budoucna se poč́ıtá celkem
standardně predikce spotřeby za den ŝikt či interval Ŝik,T =

∑
t∈T ŝikt. Pokud

je však interval T celý v minulosti a jde o odhad spotřeby pro t ∈ T , je dobré
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využ́ıt toho, že Sik,T je kompletně známa. Podmı́něné odhady využ́ıvaj́ıćı zna-
losti Sik,T lze snadno źıskat jako Sik,T · (ŝikt/

∑
t′∈T ŝikt′). Model v tomto

př́ıpadě udává jen tvar, nikoli výškové usazeńı. Toho d́ıky podmiňováńı zna-
lost́ı součtové spotřeby neńı zapotřeb́ı. Podmı́něné odhady přicházej́ı ke slovu
při typickém rutinńım použit́ı TDD modelu, kdy je požadován

”
rozpočet“

známé spotřeby (odeč́ıtané v cca ročńıch intervalech na plynoměrech) do
kratš́ıch interval̊u, resp.

”
rozpočet“ celkové spotřeby mnoha zákazńık̊u (př́ı-

padně celého zákaznického kmene) na skupiny.

Praktické ověřováńı kvality TDD modelu nebývá vždy úplně standardńı.
Kromě obvyklé

”
kvality proložeńı“ na vzorku pr̊uběhově měřených zákazńık̊u,

či kvality predikce v čase na témže vzorku se posuzuje i kvalita modelu při
použit́ı na zákazńıky nezahrnuté do pr̊uběhového měřeńı. Takových je sa-
mozřejmě naprostá většina. Problémem je, že u nich individuálńı informace
o pr̊uběhu spotřeby, proti které by se odhady z modelu daly porovnávat,
z principu chyb́ı. Individuálně jsou dostupné jen přibližně ročńı součty, které
nám samy o sobě k detailńımu pr̊uběhu spotřeby mnoho neřeknou. Lze ale
využ́ıt agregovaných dat v denńım rozlǐseńı. Ta jsou tvořena součty spotřeb
relevantńıch odběratel̊u za jednotlivý den v nějakém větš́ım celku, např. v celé
národńı distribučńı śıti, jak to ukazuje obrázek 3, nebo v jej́ıch uzavřených
částech kontrolovaných jednotlivými rozvodnami. Vzhledem k poznámkám
z odd́ılu 3.3.1 jde i v tomto př́ıpadě ve skutečnosti jen o odhad, byt’ prováděný
v plynárenském prostřed́ı tak často, že je běžně považován za

”
pravdu“.

Formálně tedy lze pro posouzeńı kvality modelu porovnat sečtená pozorováńı
SK,T =

∑
k∈K

∑
i∈k

∑
t∈T sikt se sečtenými odhady

Obrázek 3: Celková spotřeba (normalizovaná z d̊uvodu ochrany dat) za ČR.
Chyběj́ıćı data jsou d̊usledkem výpadk̊u v měřeńı i jiných problémů.
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ŜK,T =
∑

k∈K

∑

i∈k

pik

∑

t∈T

ŝikt

pik
=

∑

k∈K

∑

i∈k

pik

∑

t∈T
D̂ktĈktM̂k. (14)

Obecně mohou pozorováńı SK,T odpov́ıdat integraci pouze přes čas (pak se
jedná o odhad spotřeby daného jedince za deľśı obdob́ı) nebo přes jedince
(pak se většinou jedná o spotřebu skupiny složené z jedinc̊u jednoho nebo
v́ıce segment̊u; K znač́ı množinu zákaznických segment̊u) či přes čas i jedince
současně.

Specifikem plynoućım z výše uvedené
”
rozpočtové“ úlohy je skutečnost,

že pro některé účely se kontroluje jen tvarová shoda modelu s daty, nikoli

”
výškové usazeńı“, zat́ımco pro jiné účely jde o shodu mezi ŝikt a sikt. I zde

ale přicháźı ke slovu praktická hodnoceńı jak dle absolutńıch, tak dle rela-
tivńıch odchylek. Dı́ky r̊uzné integraci v čase jde o kritéria v r̊uzném časovém
rozlǐseńı.

Hodinový submodel Hodinový submodel slouž́ı k rozpočtu denńı spotře-
by do hodin. Modeluj́ı se pod́ıly jednotlivých hodin na denńı spotřebě

πkth =

∑
i sikth∑

i′
∑

j∈t si′ktj
, (15)

a to po logitové transformaci. Pro logitově transformovaný pod́ıl hodiny h na
celkové spotřebě za den t je navržen model

log

(
πkth

1 − πkth

)
= ak + bkh + ckth + dkth + εkth, (16)

kde ak je absolutńı člen, bkh je
”
obecný“ efekt hodiny h uvnitř dne t, ckth je

změna hodinového profilu spojená s pracovńım/nepracovńım dnem, dkth je
hladká změna hodinového profilu v pr̊uběhu roku a εkth je náhodný, přibližně
normálně rozdělený člen. Parametry a hladká část hodinového submodelu
jsou pak, podobně jako v př́ıpadě denńıho submodelu, odhadovány v pra-
covńım gaussovském GAM modelu.

Celkový model Syntézou denńıho (10) a hodinového (16) modelu byl vy-
tvořen celkový model TDD pro výpočet spotřeby v jednotlivých hodinách.
Označ́ıme-li systematickou část ak + bkh + ckth + dkth modelu (16) jako Lkth,
poč́ıtáme odhad spotřeby i-tého zákazńıka k-tého segmentu v h-té hodině
dne t jako ŝikt•Hkth. Odhad spotřeby za celý den t, tedy ŝikt•, je dán vzor-
cem (10). Hodinová korekce Hkth

Hkth =
1/(1 + exp(−Lkth))∑24

j=1(1/(1 + exp(−Lktj)))
(17)

je normalizována tak, aby se celkový model v hodinovém rozlǐseńı sč́ıtal do
denńıho submodelu. Ve dnech s přechodem na letńı či zimńı čas 24 v součtu
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Obrázek 4: Hladké jádro v hodinovém rozlǐseńı pro segmenty domo2 a moso1
v Čechách, prvńıch 500 hodin od 1. ř́ıjna.

nahrazujeme př́ıslušným počtem hodin (23, respektive 25). Obrázek 4 ukazuje
hladké jádro v hodinovém rozlǐseńı. Jde o prvńıch 500 hodin od 1. ř́ıjna,
tedy necelých 21 dńı. Vid́ıme, že chováńı sezónńı části modelu je poměrně
komplikované, mj. se měńı amplituda denńıho cyklu. Dny jsou poměrně jasně
rozeznatelné pohledem na minima, jež jsou dosahována v nočńıch hodinách.

Ve
”
dvoukrokovém“ př́ıstupu založeném na denńım a hodinovém submo-

delu použ́ıváme následuj́ıćı soustavy rovnic odhadu tvaru

fD((sikt•)i∈k,t=1,...,T , θD) = 0 a fH((
s•kth

s•kt•
)h∈t,t=1,...,T , θH) = 0

pro denńı (θD), respektive hodinové (θH) parametry namı́sto simultánńıch,
plně propojených rovnic

f((sikth)i∈k,h∈t,t=1,...,T , θD, θH) = 0.

V d̊usledku toho sice ztráćıme něco na efektivitě, to však vzhledem k ne-
malému rozsahu dat neńı zcela kritické, zvláště v souvislosti s faktem, že
hodinové a denńı parametry jsou vzájemně téměř ortogonálńı. Naopak ale
źıskáváme na jednoduchosti odhadu a robustnosti v̊uči r̊uzným nepřesnostem
v datech s jemným (hodinovým) časovým rozlǐseńım.
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3.4 Možné směry daľśıho rozvoje model̊u

3.4.1 Modifikace struktury modelu

Teplotńı odpověd’ Odhady (10) použ́ıvaj́ı logistického tvaru teplotńı ko-
rekce (12), jehož prostřednictv́ım zachycuj́ı základńı charakteristiky chováńı
spotřeb v̊uči teplotě. Můžeme ale uvažovat o př́ıpadné změně detailńıho
tvaru teplotńı odpovědi, např. o záměně funkce ϕ(.) za nějakou ϕALT (.).
Vždy p̊ujde o klesaj́ıćı křivku s dolńı i horńı asymptotou, tedy o doplněk
distribučńı funkce nějakého spojitého rozděleńı. Dle detailńıch analýz pro-
vedených nedávno na nově př́ıstupných rozsáhlých datech se zdá, že by
mohlo být výhodné připustit i asymetrická rozděleńı. Jako zvláště slibný
kandidát se jev́ı doplněk distribučńı funkce extremálńıho rozděleńı (minim),
tedy ϕALT (x) = exp(− exp(x)). Nár̊ust spotřeby z minima bývá totiž lec-
kdy strměǰśı než pokles od maxima. Samozřejmě lze uvažovat i o daľśıch
možnostech včetně např́ıklad neparametrického odhadu. Je však třeba si
uvědomit, že praktický dopad změn zejména pro levý chvost ϕALT (.) je rela-
tivně malý. Může se projevit pouze v ř́ıdkých situaćıch, kdy je spotřeba bĺızko
fyzického stropu daného maximálńım instalovaným výkonem otopových za-
ř́ızeńı. Nav́ıc je stabilita odhadu menš́ı. Pro jiné úlohy než pro odhad typické
spotřeby v TDD, např. při určováńı dne s maximálńı spotřebou a stanovováńı
výše této spotřeby (tzv.

”
load faktoru“) může ovšem být popis levého chvostu

kĺıčovou záležitost́ı.

Hladké jádro Jak v modelu z odd́ılu 3.2, tak v modelu z odd́ılu 3.3, jakož i
v daľśıch podobných formulaćıch známých z literatury vystupuje člen odpov́ı-
daj́ıćı

”
normálové spotřebě“. V r̊uzných modelech je poněkud odlǐsně parame-

trizován, ale obecně odpov́ıdá spotřebě za
”
normálových podmı́nek“ (daných

např. typickou teplotou a daľśımi standardńımi podmı́nkami) nebo nějaké
jej́ı monotónńı transformaci. I přesto, že dlouhodobě typickou teplotu lze po-
hodlně źıskat třeba od ČHMÚ, neńı odhad Ckt• nebo obdobného členu Ψ(t)
v modelu GAMMA jednoduchý ani bezproblémový. Nejde přitom jen o tech-
nickou stránku věci. Neparametrický odhad hladkého jádra lze provést vcelku
snadno a na modelovaných datech se chová velmi dobře. Jde sṕı̌se o gene-
ralizaci tohoto jádra za pozorovaná data, tedy o poř́ızeńı odhadu, který na
základě několika let dostupných měřeńı spotřeb bude předpov́ıdat typické
chováńı obecně. Je jasné, že něco takového je možné jen do určité, velmi ome-
zené, mı́ry. Zlepšeńı predikčńıch schopnost́ı za určitou mez je velmi obt́ıžné.
Lze si sice představit komplikovaný model konstruovaný se znalost́ı r̊uzných
expertńıch představ (včetně klimatologických) a odhadnutý např. Bayesov-
sky. Složitost takového př́ıstupu by však zřejmě silně převyšovala to, co je
vńımáno jako praktické.

Zdá se, že poněkud pr̊uchodněǰśı možnost́ı pro zlepšováńı detailńıho cho-
váńı modelu je paradoxně zjednodušeńı jeho struktury. Oproti plynárenskému
zadáńı požaduj́ıćımu

”
pr̊uběh spotřeby za standardńıch podmı́nek“ jako jednu
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z část́ı modelu, se můžeme pokusit strukturu uvolnit a odhadovat teplotńı
odpověd’ jako takovou, bez separace

”
typické“ složky, tj. hladkého jádra.

Tento př́ıstup ale také neńı úplně jednoduchý. Ukazuje se totiž, že separace
teplotńı odpovědi a periodicity vede k menš́ı stabilitě odhad̊u při prudkých
teplotńıch výkyvech. Sńıženou stabilitu by bylo ve zjednodušeném modelu
nutné kompenzovat, např. komplikovaněǰśı strukturou časově zpožděných
proměnných. Na druhé straně je model bez hladkého jádra slibný zejména pro
segmenty, v nichž je spotřeba dána výlučně otopem, tedy teplotou. Vykazuje
totiž lepš́ı chováńı zejména v přechodových obdob́ıch s výraznou variabili-
tou teploty (jaro, podzim) a lépe postihuje např. dř́ıvěǰśı či pozděǰśı př́ıchod
chladného, resp. teplého obdob́ı. V obdob́ı

”
plné zimy“ či

”
plného léta“ se oba

typy model̊u chovaj́ı podobně, teplotńı citlivost modelu s hladkým jádrem je
zde dostačuj́ıćı. Modelováńı přechodových obdob́ı je ovšem výrazně kompli-
kovaněǰśı kv̊uli nemalé hysterezi (odlǐsnému chováńı při sestupu a vzestupu
teploty) i kv̊uli výrazné heterogenitě v rozhodováńı jednotlivých zákazńık̊u,
která je nav́ıc v pr̊uběhu let poněkud proměnlivá.

3.4.2 Model se smı́̌senými efekty Modely popsané v sekćıch 3.2 či 3.3
separuj́ı individuálńı (ale časově konstantńı) a časově-proměnlivou (ale všem
jedinc̊um daného segmentu společnou) složku. Obecně tak pro model v den-
ńım rozlǐseńı plat́ı

Esikt = pikfkt, (18)

kde pik je individuálńı složka a fkt společná složka závislá na dni v roce,
kalendářových jevech a aktuálńı teplotě.

Již na prvńı pohled je patrné, že takový model lze naźırat jako multiplika-
tivńı obdobu lineárńıho modelu se smı́̌senými efekty (LME) [41]. V př́ıpadě
lognormálńı chyby je shoda dokonalá. Přesto individuálńı efekty odhadu-
jeme jinak, a to na základě dlouhodobého

”
pr̊uměru“, tedy několikaletého

pr̊uměru spotřeby po očǐstěńı od vliv̊u teploty i kalendářových jev̊u. To je
dáno v př́ıpadě TDD strukturou modelu (8). Při použit́ı značeńı obdobného
jako v rovnici (10) je

p̂ik = Sik,T (
∑

t∈T
D̄ktC̄kt•)/(

∑

t′∈T
D̃kt′C̃kt′•) (19)

pro historické spotřeby Sik,T za dny z nějakého deľśıho (typicky tř́ıletého)
intervalu T lež́ıćıho plně v minulosti. Ve vzorci vystupuje vyhodnoceńı v nor-
málových (̄ ) i ve skutečných podmı́nkách (̃ ). Obdobně lze postupovat i v př́ı-
padě modelu GAMMA.

Alternativně je možné uvažovat o vylepšeńıch založených na tom, že jed-
notlivá pik se odhaduj́ı jako skutečné náhodné efekty, např. jako pozorováńı
z lognormálńıho rozděleńı s nějakým populačńım pr̊uměrem a rozptylem.
Nevýhodou je však vyšš́ı výpočetńı náročnost. Experimentálně byl takový
př́ıstup použit v práci [6] a vedl k zaj́ımavým výsledk̊um. Práce se zabývala
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komplikovaněǰśım modelem zaměřeným na větš́ı spotřebitele, kteř́ı jsou sle-
dováni poněkud podrobněji, než ti, modelovańı v rámci model̊u TDD či
GAMMA. Očekávaný

”
shrinkage effect“ byl prakticky ještě výhodněǰśı než

ve standardńım LME př́ıpadě.
”
Shrinkage“ je leckdy větš́ı pro vyšš́ı hodnoty

a menš́ı pro hodnoty malé, což zvyšuje stabilitu výsledk̊u.
V práci [6] i v daľśıch analýzách se také ukázalo, že by mohlo být výhodné

ještě daľśı rozš́ı̌reńı model̊u GAMMA i TDD, jež jsou v současné podobě sṕı̌se
statické, a to rozš́ı̌reńı směrem k dynamičnosti. O něm se zmı́ńıme v daľśım
odstavci.

3.4.3 Dynamický model Výhody, které plynou jak pro interpretaci tak
pro praktickou implementaci z totálńı separace mezi individuálńı a časově
proměnlivou složkou danou multiplikativńım tvarem (18), jsme již rozeb́ırali.
Na druhé straně je jasné, že interakce mezi jedincem a tvarem či výš́ı spotřeby
by nemusela být zcela zanedbatelná. Jej́ı modelováńı však neńı samozřejmou
či jednoduchou záležitost́ı. Podrobná data, která takový (v analýze rozptylu
obvyklý) saturovaný model s interakcemi dovoluj́ı, jsou k dispozici jen u ma-
lého výběru zákazńık̊u. Praktické použit́ı takového modelu na celém zákaz-
nickém kmeni je naprosto nereálné. Je zde zapotřeb́ı jistý kompromis mezi sa-
turovaným modelem a modelem bez interakce (výše popsaný multiplikativńı
tvar modelu spotřeby) jakožto dvěma extrémy. Jinými slovy, jde o parsimonńı
model podstatné části interakce (jedinec)*(tvar odpovědi).

Ukazuje se, že určitá část interakce je koncentrována do pomalé (hladké)
změny pik v čase. Zejména v některých segmentech může být změna (velmi
často jde o pokles) pik spojena se změnami cen, s dlouhodobými opatřeńımi
(např. lepš́ı tepelnou izolaćı budov), apod. Proto byl navržen model, v němž
se připoušt́ı, že vývoj spotřeb pik prob́ıhá jako časová řada, pak tud́ıž pracu-
jeme s pikt. Tuto řadu lze popsat např́ıklad na základě jednoduchého state-
space modelu pikt = g(pik,t−1, εikt), který při vhodné volbě funkce g(., .)
a chyby εikt favorizuje jen velmi pozvolné změny. Takto rozš́ı̌rený model
je modelem dynamickým. Žádoućı je přitom dynamická obdoba

”
shrinkage“

individuálńı dynamiky pikt k dynamice pr̊uměrné, která je dána dlouho-
dobým vývojem celého segmentu zákazńık̊u z hlediska spotřeby. Formulace
modelu na výběrových, tedy pr̊uběhově měřených, datech s velkým časovým
rozlǐseńım je relativně sch̊udná. Problémem je ale formulace modelu použi-
telného na datech rutinńıch, vysoce časově agregovaných.

Pro ilustraci zde uvedeme návrh dynamického zobecněńı modelu TDD či
GAMMA, jež je určeno pro data rutinně odeč́ıtaná ve zhruba ročńıch inter-
valech tak, že odečty jsou pořizovány v tzv. odečtových cyklech. Zákazńıci
spadaj́ıćı do stejné odečtové skupiny jsou odeč́ıtáni vždy v pr̊uběhu stejného
kalendářńıho měśıce. Počet odečtových obdob́ı označ́ıme n. Pro jednoduchost
značeńı zde budeme uvažovat model pro jediný segment. Přechod ke stratifi-
kovanému modelu pro všechny potřebné segmenty je pak př́ımočarý.
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Komplikaćı je sezónńı pr̊uběh odečt̊u vznikaj́ıćı v d̊usledku specifických
vlastnost́ı společně odeč́ıtaných skupin zákazńık̊u (

”
reading cycle effect“).

Povšimněme si, že jde o sezónńı proměnlivost dosti umělého charakteru.
Je dána systematickými odlǐsnostmi mezi skupinami zákazńık̊u odeč́ıtaných
v jednotlivých měśıćıch, jejichž poj́ıtkem je často pouze to, že jsou lokali-
zováni bĺızko sebe. Tato sezónńı složka je fundamentálně odlǐsná od sezónńı
složky modelované už ve standardńıch modelech GAMMA či TDD, jež souviśı
s chováńım teplotně očǐstěné spotřeby v pr̊uběhu roku.

Data (logaritmy spotřeb posunutých o konstantu 0,5 jako v odstavci 3.3)
zde označ́ıme jako Zit s t́ım, že čas t je nyńı indexován v měśıćıch nikoli dnech.
Data zákazńık̊u s indexy i1, . . . , idt

źıskaná v měśıci t seskuṕıme do vektoru
Zt = (Zi1,t, Zi1,t, . . . , Zidt ,t)

′. Dimenze dt vektoru je časově proměnlivá, aby
bylo možné zohlednit jak fluktuaci zákazńık̊u, tak chyběj́ıćı data.

Rovnice pozorováńı specifikujeme jako

Zt = f t + Htηt + εt, (20)

kde f t je systematická část modelu, daná jako obdoba systematické části
pravé strany rovnice (8). Htηt odpov́ıdá dynamicky se vyv́ıjej́ıćımu log(pikt),
observačńı matice Ht je popsána ńıže. Pozorovaćı chyby jsou nekorelované,
var(εt) = σ2Idt

. Stavový vektor ηt se vyv́ıj́ı dle stavové rovnice

ηt = T tηt−1 + ωt, (21)

kde var(ωt) = Σt. Komponenty stavového vektoru jsou η′
t = (µt, βt,θt,φt),

matice strukturálńıch disturbanćı pak Σt = diag{Σµβ ,Σθ,Σφ;t} a přecho-
dová matice Tt = diag{Tµβ ,Tθ,Tφ;t}. Jej́ı blok Tµβ specifikuje dlouhodobý
trend. Osvědčila se volba

Tµβ =

(
1 1
0 1

)
,

jež odpov́ıdá lokálně lineárńımu modelu. Efekt odečtového cyklu specifiku-
jeme (z opatrnosti) také dynamicky ve tvaru

Tθ =




−1 −1 . . . −1 −1
1 0 . . . 0 0
...

...
0 0 . . . 1 0




n×n

.

Individuálńı odchylky od trendu jsou pak specifikovány v následuj́ıćım (nej-
podstatněǰśım) bloku

T φ;t =

(
0(dt−1)×wt

Idt−1

diag{Idt−1−1, Idt−2−1, . . . , Idt−(n−1)−1} 0wt×(dt−1)

)
,

kde wt =
∑n−1

j=1 (dt−j − 1).
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Kovariančńı matice stavových disturbanćı má obdobnou blokovou struk-
turu jako T t, tedy Σt = diag{Σµβ ,Σθ,Σφ;t}. Konkrétně pak pro jednot-
livé bloky specifikujeme Σµβ = diag{σ2

µ, σ2
β} pro obecný lokálně lineárńı

trend (při volbě σ2
µ = 0 dostáváme obdobu

”
smooth trend“ modelu po-

pulárńıho v ekonometrii), dále Σθ = diag{1, 0, . . . , 0}n×n a konečně Σφ;t =
diag{σ2

φ(1− ρ)I +σ2
φρ ·1 · 1′,0, . . . ,0}. Pro individuálńı odchylky od trendu

zde máme
”
vnitrotř́ıdńı“ (intraclass) korelaci ρ = −1/(dt − 1), indukova-

nou restrikćı
∑dt

i=1 φit = 0. Ta je potřeba k zachováńı interpretace trendové
složky a jej́ı separaci.

Observačńı matice pro lokálně lineárńı model (či smooth trend) je

Ht =

(
( 1 0 ), ( 1 0 . . . 0 ),

((
Idt−1

−1′
dt−1

)
0 . . . 0

))
.

Alternativně bychom mohli pracovat s náhodnou procházkou, a to vyřazeńım
komponenty βt v přechodové, observačńı i kovariančńı matici.

Protože podstatným rysem modelu (20, 21) jsou nestacionárńı složky za-
chycuj́ıćı systematické změny v čase, je zásadńı věćı specifikace počátečńıch
podmı́nek. Naštěst́ı však zde na rozd́ıl od typické analýzy časových řad máme
k dispozici individuálńı historické informace, z nichž lze vycházet. Počátečńı
rozptyly voĺıme nadsazeně (overdispersed).

Pod́ıvejme se na interpretace tohoto dynamického rozš́ı̌reńı TDD mo-
delu. Rozptyl disturbanćı pr̊uměrného trendu σ2

µ kontroluje
”
dynamiku na

populačńı úrovni“, σ2
φ z bloku Σφ,t kontroluje variabilitu mezi individuálńımi

př́ır̊ustky. Máme pak var([Zit−Zi,t−n]−[Zjt−Zj,t−n]) = 2σ2
φ+4σ2 pro i 6= j.

Trochu to připomı́ná to modelováńı podél časové a prostorové osy v časo-
prostorových geostatistických modelech. Analogicky k takovým model̊um tu
máme časový a

”
individuálńı“ směr, u obou je na rozd́ıl od typických prosto-

rových model̊u indexováńı diskrétńı. Ne zcela typická je restrikce na úrovni
realizace,

∑dt

i=1 φit = 0.
Model (20, 21) je specifikován, jakmile jsou specifikovány strukturálńı

parametry. Ty ovšem zahrnuj́ı rozptyly a kovariance disturbanćı. K odhadu
použ́ıváme metodu maximálńı věrohodnosti. Numericky maximalizujeme lo-
garitmus věrohodnostńı funkce po reparametrizaci komponent rozptylu na
jejich logaritmy a použ́ıváme

”
prediction error decomposition“, kterou lze

źıskat snadno z Kalmánova filtru. Poté, co je strukturálńı část modelu odhad-
nuta, je aplikace modelu na nová data jen aplikaćı Kalmánova filtru. Praktické
použit́ı tohoto př́ıstupu je však limitováno velkými dimenzemi př́ıslušných
systémových matic.

3.4.4 Chybná klasifikace do segment̊u Klasifikace do segment̊u neńı
v datech z rutinńıch databáźı nikterak perfektńı. V d̊usledku toho je skupina
zákazńık̊u s vykazovaným segmentem k ve skutečnosti směśı několika seg-
ment̊u. Uvažujme pro jednoduchost dva segmenty a označme jako πj prav-
děpodobnost, že zákazńık pocházej́ıćı ze segmentu j je v rutinńı databázi
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skutečně správně klasifikován do segmentu j, j = 1, 2. Existuj́ı studie, ze
kterých lze odhady pravděpodobnost́ı πj źıskat, např. [11].

Máme-li tyto odhady k dispozici a je-li zmı́něná chybná klasifikace časově
neproměnlivá, lze ji ošetřit podle předpisu

(
Z1t

Z2t

)
= A

(
Q1t

Q2t

)
, kde A =

(
π1 1 − π1

1 − π2 π2

)
. (22)

Přitom Z1t, Z2t představuj́ı dva
”
pozorované“ segmenty namı́chané z jejich

ideálńıch,
”
čistých“ protěǰsk̊u Q1t, Q2t.

Pokud jsou váhy komponent směsi πj známé (a neńı-li π1 = 1 − π2),
můžeme neznámé Qt celkem snadno

”
zrekonstruovat“ ze Zt pomoćı vztahu

(
Q1t

Q2t

)
=

1

π1π2 − (1 − π1)(1 − π2)

(
π2 −(1 − π1)

−(1 − π2) π1

) (
Z1t

Z2t

)
. (23)

Předchoźı ideu lze zakomponovat do dynamického modelu (20, 21) ze
sekce 3.4.3. Vcelku jednoduše to lze provést, pokud oba segmenty prolož́ıme
simultánně, nikoli stratifikovaně, jak jsme naznačovali v sekci 3.4.3, a pozmě-
ńıme pozorovaćı rovnici na Zt = AHtηt + εt.

3.4.5 Prostorová struktura Popsaný model TDD pracuje s celostátńımi
teplotami. Ve skutečnosti však existuj́ı mezi r̊uznými oblastmi v závislosti na
zeměpisné š́ı̌rce i nadmořské výšce nemalé rozd́ıly. Nab́ıźı se proto možnost
pracovat s regionálńımi teplotami, a to bud’ s běžně už́ıvanými pr̊uměry pro
kraj či sṕı̌se pro ještě menš́ı územı́. Zásadńı otázkou je, jak velký stupeň
prostorového vyhlazeńı teplotńıho pole zvolit, resp. jak velké plochy územı́
charakterizovat stejným teplotńım údajem. V př́ıpadě návrhu regionálńıch
TDD bude potřeba adekvátně přizp̊usobit výběr a rozsah vzorku pr̊uběhově
měřených zákazńık̊u. Regionálńı teploty pak muśı být použity při konstrukci
modelu. Někteř́ı uživatelé modelu však maj́ı tendenci vkládat nekorektně
regionálńı teploty do modelu postaveného na celostátńıch teplotách.

Řešitelé se otázkou regionalizace zabývali poměrně podrobně. K analýzám
byla využita data źıskaná z regionálńıch meteorologických měřeńı provádě-
ných samotnými plynárenskými subjekty v lokalitách s velkou hustotou oby-
vatelstva a pr̊umyslových podnik̊u. Tato měřeńı pak byla využita pro mode-
lováńı spotřeb zákazńık̊u s velkým pod́ılem otopové složky. Př́ınos využit́ı re-
gionálńıch teplot na nižš́ı úrovni, než je velikost jednoho kraje, je však zat́ım
sporný vzhledem k náklad̊um spojeným s instalaćı, provozováńım a zpra-
cováńım dat z těchto dodatečných meteorologických měřeńı.

3.5 Testováńı model̊u v praxi

Model popsaný v odd́ıle 3.3 byl implementován do systému SAO provo-
zovaného RWE Transgas. V současné době uživatel testuje přesnost mo-
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delu TDD. Je při tom porovnáván výstup modelových hodnot spotřeby seg-
mentu malých a středńıch zákazńık̊u v denńım rozlǐseńı s naměřenými hodno-
tami spotřeby z dané oblasti (celá ČR, jednotlivé regiony, jednotlivé uzavřené
oblasti), od kterých je odečtena naměřená hodnota velkých odběratel̊u, tzv.
vlastńı spotřeba a předpokládaná hodnota denńıch ztrát. Tento rozd́ıl se
pak nazývá bilančńı odchylka. Jak už bylo zmı́něno výše, modelová hod-
nota je porovnávána s odhadovanou hodnotou, která sama je zat́ıžená chy-
bou. Kromě tohoto do modelu vstupuj́ı i hodnoty o předpokládané ročńı
spotřebě daných zákazńık̊u. Tato spotřeba je v podstatě poč́ıtána jako arit-
metický pr̊uměr spotřeby za posledńı 3 roky (podle [49]). Takový výpočet ne-
zohledňuje aktuálńı trend ani daľśı exterńı vlivy (např. aktuálńı cenu plynu),
které mohou významně ovlivnit spotřebu plynu zákazńıka v obdob́ı od jeho
posledńıho odečtu. Źıskat představu o chybě modelu neńı tedy v̊ubec jedno-
duché. Pro základńı orientaci se pracuje s dvěma typy chyb, a to se středńı
absolutńı odchylkou, středńı relativńı odchylkou.

Uživatel pochopitelně požaduje, aby bilančńı odchylky byly co nejmenš́ı,
a za přijatelnou odchylku považuje tu, jej́ıž relativńı hodnota je v rozmeźı -
10 % až + 10 %. K tomuto ćıli je ovšem daleká cesta, nebot’ např́ıklad relativńı
chyba při stejné

”
nejistotě“ modelu zákonitě koĺısá (vzhledem k sezónńımu

charakteru spotřeby zemńıho plynu muśı tato odchylka být výrazně nižš́ı
v zimńım obdob́ı s vyšš́ı spotřebou a vyšš́ı v letńım obdob́ı s nižš́ı spotřebou).

V době finalizace tohoto př́ıspěvku můžeme konstatovat, že pr̊uměrná
hodnota relativńı odchylky modelu na úrovni celé ČR se pohybuje okolo 9 %
(testováno za obdob́ı cca jednoho roku).

Problematika vyhodnocováńı přesnosti modelu TDD je předmětem prob́ı-
haj́ıćıch diskuśı s uživatelem. Proces vedoućı k daľśımu vylepšeńı výkonnosti
modelu stále prob́ıhá, a to jak na úrovni vývoje nových verźı statistického
modelu (viz odd́ıl 3.4), tak i na úrovni detekováńı a odstraňováńı chyb, které
se stále, byt’ v č́ım dál menš́ı mı́̌re, ve vstupńıch datech vyskytuj́ı.

4 Závěr

Jak již vyplynulo z výše uvedeného, problematika statistického modelováńı
spotřeby zemńıho plynu od návrhu modelu, přes jeho daľśı vývoj, implemen-
taci, testováńı a rutinńı využ́ıváńı je velice složitý proces. Řešitelé považuj́ı
za jeden z hlavńıch př́ınos̊u jejich práce fakt, že statistické modely ukázaly
d̊uležitost kvality dat měřených a źıskávaných v plynárenstv́ı. Použ́ıváńı sta-
tistického modelu vedlo v prvńı fázi k detekci chyb, které evidentně nebyly
zp̊usobeny modelem, ale problémy ve vstupńıch datech. To vedlo k zahájeńı
proces̊u kontroluj́ıćıch a výrazně vylepšuj́ıćıch kvalitu dat. V plynárenských
kruźıch panoval názor, že v datech nejsou chyby anebo jsou to chyby nepod-
statné, či chyby, které přináš́ı život a nelze s nimi nic dělat. Vyvráceńı tohoto
mýtu z̊ustane významným př́ınosem projektu bez ohledu na jeho daľśı vývoj.

Ve vyspělých zemı́ch, jako jsou USA, Francie či Japonsko se vývoj patrně
bude ub́ırat implementaćı moderńıch komunikačńıch a informačńıch techno-
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logíı v procesu automatického měřeńı každého zákazńıka. Pokud bude každý
zákazńık pr̊uběžně měřen, statistického modelováńı ve výše uvedeném smyslu
nebude potřeba a problém se zredukuje pouze na úlohu predikce spotřeby.
Nutno však podotknout, že proces osazeńı každého zákazńıka měř́ıćım př́ı-
strojem je velmi drahý a zdlouhavý. Např́ıklad ve francouzské společnosti
EDF je takový proces naplánován na obdob́ı 10 let (2006–2016) a cena se
vyšplhá na stovky milión̊u až několik miliard eur. Dá se očekávat, že země
s méně výkonnou ekonomikou p̊ujdou cestou měřeńı zákazńık̊u s velkým
a středńım odběrem, zat́ımco velký počet zákazńık̊u s nižš́ım odběrem bude
modelován statisticky. Řešitelé budou rádi, pokud tomu budou moci v rámci
svých možnost́ı přisṕıvat i nadále.
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Abstract: Total least squares (TLS) serves as a data modeling technique
which can be used for many types of statistical analyses, e.g. a regression. In
the regression setup, both dependent and independent variables are conside-
red to be measured with errors. Thereby, the TLS approach in statistics is
sometimes called an errors-in-variables (EIV) modeling and, moreover, this
type of regression is usually known as an orthogonal regression.

We propose a class of nonparametric estimates for the EIV models over
the sets of sufficiently smooth functions. The estimation takes place over the
balls of functions which are elements of a suitable Sobolev space—special
type of Hilbert spaces that facilitate calculation of the (total) least squares
projection. The Hilbertness allows us to take projections and hence to decom-
pose spaces into mutually orthogonal complements. Then we transform the
problem of searching for the best fitting function in an infinite dimensional
space into a finite dimensional optimization problem.

The regression set-up proposed by [6] will be extended and combined with
the total least squares approach introduced by [1].

Abstrakt: Úplne najmenšie štvorce (TLS) slúžia ako modelovacia technika,
ktorá môže byt’ použitá pre rôzne druhy štatistických analýz (napr. regresia).
V regresii sú obe (závislá i nezávislá) premenné považované za merané s chy-
bami. Preto je TLS pŕıstup v štatistike niekedy nazývaný chyby-v-premenných
(EIV) modelovanie a naviac je tento typ regresie obvykle známy ako orto-
gonálna regresia.

Uvažujme triedu neparametrických odhadov pre EIV modely cez množiny
dostatočne hladkých funkcíı. Odhady prebiehajú cez gule funkcíı, ktoré sú
prvkami vhodného Sobolevovho priestoru. Sobolevove priestory sú špeciál-
ny typ Hilbertových priestorov, ktoré umožňujú projekciu vzhl’adom k úplne
najmenš́ım štvorcom. Hilbertovskost’ nám napomáha robit’ projekciu a teda
rozložit’ priestor do navzájom kolmých doplnkov. Potom prevedieme problém
hl’adania najlepšie aproximujúcej funkcie v priestore nekonečnej dimenzie na
konečno-dimenzionálny optimalizačný problém.

Regresné nastavenie navrhnuté v [6] bude rozš́ırené a skombinované s pŕıs-
tupom úplne najmenš́ıch štvorcov predstavených v [1].

1 Introduction

Observing several characteristics, which may be thought of as variables,
straightforwardly postulates a natural question: “What is the relationship
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between these measured characteristics?” Some of the characteristics might
be explained by a (functional) dependence on the other characteristics. The-
refore, we consider the first mentioned variables as dependent or response and
the rest as independent or explanatory.

Our proposed model of dependence contains errors in the response va-
riables and in the explanatory variables as well. One may think of this as
measurements errors or disturbances on both sides of the functional relation-
ship, i.e. errors-in-variables model.

1.1 Idea and motivation

Let us consider the simplest one-dimensional situation when one observes in-
put data [x,y] ≡ [(x1, . . . , xn)⊤, (y1, . . . , yn)⊤]. Moreover, these observations
are considered to be measured with additive random errors [δ, ε]. Unobserva-
ble true values [x + δ,y + ε] satisfy an unknown functional relationship,
i.e. regression

yi + εi = f(xi + δi), i = 1, . . . , n.

Unknown function f is thought to be smooth. The smoothness needs to be
properly defined somehow. Suppose that our “smoothness” is the only as-
sumption and, thereby, we want a modeling technique to be applicable on
various types (large number) of data. Finally, we are searching for a suitable

estimate f̂ , where the misfit needs to be “as small as possible”.

2 Sobolev spaces and total least squares

A wide applicability of the method for finding a suitable estimate in our setup
yields a nonparametric approach as an adequate technique. Smoothness of
the estimator function f̂ needs to be ensured, but, e.g., kernels, splines, or
wavelets can be too restrictive. Therefore, we fit a function from a general
class of smooth functions—Sobolev spaces equipped with a corresponding
Sobolev norm

(
Hm, ‖·‖Sob,m

)
:=



g ∈ L2 : ‖g‖Sob,m :=

(
m∑

i=0

∫
|g(i)(t)|2dt

)1/2

< +∞



 .

Previous definition indicates that unknown function f ∈ Hm needs to have
derivatives up to the order m and, hence, one may speak about the order of
corresponding Sobolev space. In many physical or econometric relationships,
the order m = 2 seems to be quite satisfactory.

2.1 Graphical illustration

The observed data should be “as close as possible” to the true unobservable
values, or in other words, the errors [δ, ε] should be “as small as possible”.
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Figure 1: Orthogonal regression in the EIV setup with a smooth function.

This can be reached by measuring the misfit in the “shortest” way, i.e. taking
the perpendicular distance into account as demonstrated in Figure 1.

Since one assumes that m ≥ 1, a tangent can be constructed for function f
in its each point and, hence, the orthogonal distance from input values can
be measured. This orthogonal distance clearly corresponds to the Euclidean
norm of the errors [δ, ε], i.e. total least squares. TLS method is just another
name for orthogonal regression in statistics.

On the other hand, the smoothness (or “wildness”) of unknown function f
is measured by its Sobolev norm. Hence, one should realize that the better the
fit the wilder the function and vice versa. This can be written in an informal
way

small
large

∥∥∥∥
[

δ

ε

]∥∥∥∥
2

⇋
large
small

‖f‖Sob,m .

2.2 Estimate

Searching for an estimate f̂ is simply nothing else than finding a reasonable
compromise between misfit (Euclidean norm of the error vector) and smo-
othness (Sobolev norm of the estimated function). This compromise can be
easily incorporated using so-called smoothing parameter χ > 0:

min
f∈Hm,δ∈ℜn,ε∈ℜn

{∥∥∥∥
[

δ

ε

]∥∥∥∥
2

2

+ χ ‖f‖2
Sob,m

}
, s.t. y + ε = f(x + δ). (1)

But the optimizing problem (1) is very complicated to solved directly.
Let us consider for simplicity interval [0, 1] as a bounded domain, where

our x-data lie. Sobolev space on this interval Hm[0, 1] is a Banach space and
one can define Sobolev inner product for each g, h ∈ Hm[0, 1]:

〈g, h〉Sob,m :=

m∑

i=0

∫ 1

0

g(i)(t)h(i)(t)dt. (2)
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Hence, Hm[0, 1] is also a Hilbert space. Using Riesz representation theorem
and Arzelà-Ascoli theorem, [6] proved the following: for all f ∈ Hm[0, 1] and
for any a ∈ [0, 1], there exists ψa ∈ Hm[0, 1] such that

f(a) = 〈ψa, f〉Sob,m =

m∑

i=0

∫ 1

0

ψ(i)
a (t)f (i)(t)dt, (3)

and ψa is called a representor at the point a. Hence, one may easily derive
so-called representor matrix Ψn×n(t) whose columns (and rows) equal the
representors evaluated at t1, . . . , tn

Ψij(t) =
〈
ψti

, ψtj

〉
Sob,m

= ψti
(tj) = ψtj

(ti), ∀i, j. (4)

The representor matrix is symmetric and positive definite as proved in [4].

A form of the representors was derived by [5]:

ψa(t) =

2m∑

k=1

exp
[
ℜ

(
eiθk

)
t
] {

I[t≤tj ]γk(tj) cos
[
ℑ

(
eiθk

)
t
]

+ I[t>tj ]γ2m+k(tj) sin
[
ℑ

(
eiθk

)
t
] }

.

Here, the coefficients γks and θks are determined as a solution of the ordinary
differential equation with some boundary conditions.

Let M := span {ψxi+δi
: i = 1, . . . , n} and, afterwards, its orthogonal

complement M⊥ = {h ∈ Hm[0, 1] : 〈ψxi+δi
, h〉Sob,m = 0, i = 1, . . . , n}. The

Sobolev space can be written as a direct sum of its orthogonal subspaces,
i.e. Hm[0, 1] = M⊕M⊥ since Hm[0, 1] is a Hilbert space. Function h ∈ M⊥

takes on the value zero at x1 + δn, . . . , xn + δn due to the property (3). Each
f ∈ Hm[0, 1] can be written in form

f =

n∑

i=1

ciψxi+δi
+ h, h ∈ M⊥. (5)

Then, one can rewrite the objective function from (1) incorporating the corre-
sponding restriction simply by its substitution, applying the relation (5) and
the representation (3), utilizing linearity of the Sobolev inner product (2),
and using the definition of representor matrix (4) with its property of being
symmetric
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∥∥∥∥
[

δ

ε

]∥∥∥∥
2

2

+ χ ‖f‖2
Sob,m = ‖δ‖2

2 +

∥∥∥∥∥∥
y −

〈
ψx+δ,

n∑

i=1

ciψxi+δi
+ h

〉

Sob,m

∥∥∥∥∥∥

2

2

+ χ

〈
n∑

i=1

ciψxi+δi
+ h,

n∑

i=1

ciψxi+δi
+ h

〉2

Sob,m

= ‖δ‖2
2 + ‖y − Ψ(x + δ)c‖2

2

+ χc⊤Ψ(x + δ)c + χ ‖h‖2
Sob,m

where for an arbitrary g ∈ Hm the following convention is used 〈ψt, g〉Sob,m =

(〈ψt1 , g〉Sob,m , . . . , 〈ψtn
, g〉Sob,m)⊤. Note further that

∑n
i=1 ciψxi+δi

minimi-
zes (1) and, moreover, is the unique solution of that optimizing problem,
because ψxi+δi

are the base elements of M. Therefore, the infinite dimensi-
onal minimizing (1) is transformed into the finite dimension

min
c∈ℜn,δ∈ℜn

{
‖δ‖2

2 + ‖y − Ψ(x + δ)c‖2
2 + χc⊤Ψ(x + δ)c

}
. (6)

A solution
{
ĉ, δ̂

}
of the finite optimizing problem (6) always exists and

is unique, which can be proved similarly as in [5]. A derivative of representor

matrix Ψ
(1)
n×n(t) needs to be defined as a matrix whose columns are equal to

the first derivatives of the representors evaluated at t1, . . . , tn; i.e.

Ψ
(1)
i,j = ψ′

tj
(ti), i, j = 1, . . . , n.

Now, by setting all the partial derivatives of the objective function in (6)
with respect to all elements of c and δ equal zero, and taking into account the
existence of the inverse of representor matrix (due to its positive definiteness),
one can end up with a system of equations

[
Ψ(x + δ̂) + χI

]
ĉ = y,

[
y − Ψ(x + δ̂)ĉ − χ

2
ĉ
]
Ψ(1)(x + δ̂) = δ̂,

which can be solved iteratively.
Once we find ĉ and δ̂, a unique estimate f̂ can be obtained by

f̂ =
n∑

i=1

ĉiψxi+δ̂i
.

3 Examples

Our technique will be demonstrated on two totally different real data sets.
If we do not have any idea about the nature of our data, one cannot simply
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use a special technique. Here comes our method. Surely, our technique can
behave worse on one concrete data set than an “appropriate” method for that
kind of data. On the other hand, we do not lose as much as in a situation
when an inappropriate method is chosen due to the lack of information about
the data, e.g., a Pareto type model for estimating a probability density which
appears to be bimodal.

The first data are the result of a National Institute of Standards and
Technology (NIST) study involving the thermal expansion of copper. The
response variable is the coefficient of thermal expansion and the predictor
variable is temperature in kelvin. The data contain 236 observations and
were firstly described by [2]. The precision of the thermometer used is surely
not zero and that is why some disturbances in measured temperature should
be taken into account in our model. Our fit can be seen in Figure 2.

The second data are monthly averaged atmospheric pressure differences
between Easter Island (Pacific) and Darwin (Australia) and can be found
in [3]. This difference drives the trade winds in the southern hemisphere.
Cycles in the pressure differences correspond to the El Niño and the Southern
Oscillation. These data contain 168 observations and errors should be taken
in the account in the explanatory variable (time) as well. The reason for this
is very simple—one cannot know whether the data were collected weekly on
the same day or daily at the same hour, and also simultaneously on both
locations. The fitted curve for our technique is again shown in Figure 2.
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Figure 2: Thermal Expansion of Copper (left) and El Niño – Southern Os-
cillation (right).

4 Discussion and conclusions

In this paper, regression in Sobolev spaces using TLS is developed. Sobolev
spaces provide the only general restriction—smoothness—on the unknown
estimated function. Total least squares helps to incorporate (measurement)
errors in the explanatory variable and in the predictor as well. Joining these
two mathematical constructions together yields a method which easily provi-
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des an estimate with demanded properties as shown in Section 2. Thus, one
may conclude that it is a very general and widely applicable nonparametric
smoothing technique as it was demonstrated in Section 3.

Moreover, our method works without a prior knowledge of functional re-
lation or error distribution. This makes our technique quite robust with re-
spect to the nature of data.

4.1 Remarks

It has to be remarked that regression in Sobolev spaces using TLS can be
easily extended into a multivariate case, meaning more dimensions for de-
pendent and independent variable as well.

A smoothing parameter χ incorporated in (1), which controls the trade-
off between the infidelity to the data versus the roughness of the estimated
solution, can be chosen according, e.g., a cross-validation criterion

CV(χ) =
1

n

n∑

i=1

[
yi − f̂−i(xi + δi)

]2

where f̂−i is obtained by solving

min
f,δ−i,ε−i





∥∥∥∥∥

[
δ

ε

]

−i

∥∥∥∥∥

2

2

+ χ ‖f‖2
Sob,m



 s.t. y−i + ε−i = f(x−i + δ−i)

where the subscript −i denotes omitted the i-th element of the corresponding
vector. A starting value of χ can be chosen “ad hoc” by trying on values from
the logarithmic lattice. But the cross-validation need not to be the only one
which can provide a reasonable choice of the previously mentioned parameter,
i.e. generalized cross-validation or various information criteria.

Regression in Sobolev spaces allows to add so-called isotonic restricti-
ons (for more details see [5]) to the estimated function, e.g., monotonicity
or convexity. Therefore, one can perform a cumulative density function or
a probability density function estimation. Another application of isotonicity
can be found in testing unimodality of a general regression curve.

Unfortunately, we have to admit that our method has a disadvantage.
There is a problem of the invariant estimate with respect to a change of the
variable magnitudes (scale). Let us consider the simplest one-dimensional
setup discussed above. When the values of the explanatory variable are di-
vided by a factor of two and the values of the response variable are kept
unchanged, our technique provides a different estimated curve than the ori-
ginally fitted curve shrunk twice in the horizontal way. This problem can be
solved incorporating scaled total least squares (STLS) with a scaling para-

meter γ > 0. Hence, optimizing problem of finding an estimate f̂ is shown as
follows

min
f∈Hm,δ∈ℜn,ε∈ℜn

{
‖δ‖2

2 + γ ‖ε‖2
2 + χ ‖f‖2

Sob,m

}
, s.t. y+ε = f(x+δ). (7)
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On the other hand, an additional theoretical problem of the choice of scaling
parameter appears when compared with previous simpler optimizing pro-
blem (1). Altogether, STLS approach (7) can be viewed as a skewed ortho-
gonal regression, when one takes into account not the perpendicular distance
to the unknown function, but the skewed one with a certain angle represen-
ted by parameter γ. This scaling parameter can also serve as an emphasizing
parameter, because it distributes emphasis on the errors corresponding to
independent and dependent variables.

4.2 Further research

For a further research, one may be interested in the extension of the TLS
approach in the parametric nonlinear regression. Our method might be ex-
tended for functional data, because Hilbert-Schmidt operator nicely “shakes
hands” with Sobolev spaces.

Our approach of regression in Sobolev spaces using TLS needs to be stu-
died from the statistical point of view as well. Consistency and asymptotic
normality of the estimate should be explored. Moreover, bootstrap techniques
could be applied for confidence intervals and hypothesis testing.
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Abstract: In the paper we discuss parameter estimation procedures for pla-
nar point process models, which exhibit small scale clustering and large scale
inhomogeneity. The interest in such models was stimulated recently by the
need to analyze and availability of complex ecological datasets comming e.g.
from large scale tropical rain forest studies. Currently the most popular class
of such models are the so called SOIR inhomogeneous Neyman-Scott pro-
cesses. In the paper we give an overview of both the classical and recently
developed estimation procedures for these processes and compare their per-
formance by a simulation study.

Abstrakt: Článek se zabývá odhadem parametr̊u rovinných bodových pro-
ces̊u, které se vyznačuj́ı shlukováńım v malém měř́ıtku a nehomogenitou
ve velkém měř́ıtku. Nedávný zájem o takové modely byl vyvolán dostup-
nost́ı a potřebou analyzovat složité datové soubory pocházej́ıćı např́ıklad
z rozsáhlých mapováńı tropického dešt’ného pralesa. V současné době jsou nej-
populárněǰśı tř́ıdou takových model̊u takzvané SOIR nehomogenńı Neyman-
Scottové procesy. V článku podáme přehled klasických i nově vyvinutých
odhadovaćıch metod pro tyto procesy a jejich chováńı porovnáme pomoćı
simulačńı studie.

1 Introduction and background

Many of the emerging spatial point pattern data are inhomogeneous in nature
(e.g. [4]). Conventional point process models often have difficulty in modeling
such data since they were developed under stationarity (e.g. homogeneity).
To solve the problem, a large number of new models have been recently
proposed, the majority of them being inhomogeneous Gibbs point process
models. These are able to model repulsive spatial interaction, but are limited
in modeling attractive point patterns. Therefore [10] proposed a new class
of inhomogeneous Neyman-Scott process that allow attractive interaction
between points. This class of models is analytically simple yet practically
sensible for modeling attractive point patterns especially those arising from
ecological studies (like tropical rain forest surveys). Statistical properties of
estimators of the first-order structure (i.e. the inhomogeneity parameters)
were also studied in the paper. The second-order parameters (i.e. interaction
parameters) were estimated by the minimum contrast estimation. Neverthless
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this is not the only option and several other procedures appearing in the
literature recently in different contexts can be used. In this paper we will give
an overview of these methods and will compare them by means of a simulation
study.

But let us first review some basic notions we will need in the sequel (for
more detailed exposition of these notions see e.g. [3] or [6]). We will consider
a two-dimensional (planar) point process X. Let A denote an arbitrary Borel
set in R2, then |A| denotes the area of A, |X ∩ A| denotes the number of
points X has in A. For any given point u ∈ R2 let du be the infinitesimal
region that containes the point u. Following [4] we can define the (first-order)
intensity function λ of X as

λ(u) = lim
|du|→0

(
E[X ∩ du]

|du|

)
,

i.e. the mean number of points from X occuring in du; and the second-order
intensity function λ(2)(u, v) as

λ(2)(u, v) = lim
|du|,|dv|→0

(
E[(X ∩ du)(X ∩ dv)]

|du||dv|

)
.

When X is simple (it does not have multiple points) then the intuitive mea-
ning of λ(2)(·, ·) is that λ(2)(u, v)|du||dv| is the approximate probability that
du and dv each contains a point from X, where u 6= v. If X is stationary,
then λ(u) = λ = const and λ(2)(u, v) = λ(2)(0, u − v) which we will denote
just by λ(2)(u − v).

There are two important summary characteristics for stationary point
processes. The so-called pair correlation function (pcf) (sometimes called
simply the g-function) and the K-function which are defined as follows

g(u, v) = g(u − v) =
λ(2)(u, v)

λ2
, K(r) =

∫

‖u‖<r

λ(2)(u)du /λ2, r > 0.

The interpretation of the K-function is the mean number of points of X
observed in a ball of radius r centered in point of X normalized by 1

λ . Thus
for a homogeneous Poisson point process K(r) = 2πr2.

2 Inhomogeneous Neyman-Scott processes

Consider a planar homogeneous Poisson process whose first-order intensity
is equal to µ. Each event of the process is considered as a parent which will
in turn generate a Poisson number of offspring with an expected value equal
to ν. Conditional on the location of a parent, the offsprings are dispersed
independently following some common probability density function (pdf) f .
For any location u, let z(u) be a vector of covariates that are recorded in that
location. An offspring at u is retained with a probability exp(z(u)βT )/M ,
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where M = max(exp(z(u)βT ) and β is vector of unknown (inhomogeneity)
parameters. The resulting offspring process is then called an inhomogenous
Neymann-Scott point process.

We see that the covariates (which often reflect conditions of the local envi-
ronment) control the survival rate of the offspring in a given location. Or from
another point of view: the initial homogeneous cluster point process is thin-
ned by some thinning probabilities which depend on the covariates z ([10]).
This method of introducing inhomogeneity into the point process results in
point process belonging into the class of second-order intensity reweighted
(SOIR) point processes first introduced in [1]. We omit here the exact defi-
nition, but remind the important property of these processes – all the higher
order intensity functions λ(k), k ≥ 2 can be written as

λ(k)(u1, . . . , uk) =

(
k∏

i=1

λ(ui)

)
λ∗(u1, . . . , uk),

where λ∗ is invariant with respect to simultaneous translation of all its ar-
guments u1, . . . uk i.e. it is equal to the k-th order intensity function of some
homogeneous point process. Thus in the SOIR processes the interactions from
the homogeneous model are not destroyed and all the higher order intensity
functions are just reweighted by the same functions like the first order in-
tensity function. This implies that we can also define inhomogeneous versions
of the g and K functions [1] by

gi(u, v) = gi(u − v) =
λ(2)(u, v)

λ(u)λ(v)
, Ki(r) =

∫

‖u‖<r

gi(u)du, r > 0, (1)

which makes it possible to adapt the estimation procedures from the homo-
geneous case also to these inhomogenous Neyman-Scott processes.

The first- and second-order intensity functions of the Neyman-Scott pro-
cesses are given as follows

λ(u) = µν exp(z(u)βT )/M, (2)

λ(2)(u, v) = λ(u)λ(v)gi(u − v), (3)

where gi(·) depends only on the parameter µ and the (possibly vector) para-
meter σ parametrizing the dispersion pdf f . We will denote θ = (µ, σ) and
call θ the inhomogeneity parameter (or the second-order parameter, since it
affects only the second order structure of the process). For example, if the pdf
for an offspring location relative to its parent is a bivariate radially symmetric
normal distribution (e.g. [4]), then

gi(u − v) = gθ(u − v) = 1 + exp(−‖u − v‖2/(4σ2))/(4πσ2µ), (4)

where gθ denotes the dependence of the pcf on the parameter θ and ‖ · ‖
denotes the Euclidean norm.
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3 Parameter estimation procedures

Let us now review the available estimation procedures for inhomogeneous
Neyman-Scott processes. All of these procedures are 2-step procedures, where
in the first step the first-order (or inhomogeneity) parameters are estimated
and then conditionally on them the second-order (or interaction) parameters
are estimated in the second step.

Let us denote β0 = log(µν/M). Then (2) changes into λ(u) = λβ(u) =
exp(β0 + z(u)βT ) and is parametrized by β = (β0, β1, . . . , βk) and (3) be-

comes λ
(2)
β,θ(u, v) = λβ(u)λβ(v)gθ(u − v), where the values of gθ(u − v) are

independent of the parameter β.
Following [10] we estimate the inhomogeneity parameter β by an esti-

mation equation approach. Let W denote the observation window in which
the realization of X is observed. The estimator β̂ is defined as the solution of

u(β) =
∑

x∈X∩W

(β0 + z(x)βT ) −
∫

W

exp(β0 + z(u)βT )du = 0. (5)

Note that u(β) is actually the derivative of the log-likelihood of an inho-
mogeneous Poisson process X̃ observed on W with intensity function λβ(u),
thus the estimate of the first-order parameter β is obtained by ignoring the
interactions in the point process X.

In the sequel let us denote λ̂(u) = λβ̂(u) the intensity function λβ(u)

where the estimate β̂ is plugged in - i.e. this is the estimate of the intensity
function λ(u) obtained by the first step estimation.

3.1 Minimum contrast estimation

This is the method for the estimation of the interaction parameter θ which
was used in the original paper [10]. The minimum contrast estimation is
a classical procedure in spatial statistics – see e.g. [4].

The interaction parameter θ is estimated in the second step as the argu-
ment minimazing the contrast function

∫ R

0

(
(K̂(r))c − (Ki(r; θ))

c
)2

dr. (6)

Here Ki(r; θ) is the inhomogeneous K-function (1) and K̂(r) is the estimate
of this statistic from the observed data

K̂(r) =

6=∑

x,y∈X∩W

I(‖x − y‖ ≤ r)

λ̂(x)λ̂(y)|(W − x) ∩ (W − y)|
, (7)

where 6= over the sum denotes that we consider only pairs of distinct points
x 6= y from X, I(·) is the indicator function and λ̂ = λβ̂ is the parametric
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estimate of the intensity function from the first step. The two parameters R
and c are tuning parameters and it is suggested in the literature ([4]) to choose
c = 0.25 for attractive point patterns, but there are no recommendations for
the choice of R. The performance of the estimate can depend strongly on the
chosen value of R as we will see in the simulation study.

3.2 Composite likelihood estimation

In [5] the composite likelihood method was introduced for fitting homogene-
ous point process models. The composite likelihood is defined by

CL =
∑

x 6=y∈X∩W,

‖x−y‖<R

[
log λ(2)(y − x) − log

(∫

W

∫

W

λ(2)(u − v)I(‖u − v‖ < R)dudv

)]
,

(8)
and the estimate of the interaction parameter is the argument of maxima
of the composite likelihood function. The parameter R is a user specified
constant. We can define a two-step estimation procedure for estimation of
inhomogeneous point patterns by first estimating the inhomogeneity para-
meter β from the estimation equation (5), thus obtaining the estimate of the

intensity function λ̂ = λβ̂ . Then in the second step we plug-in λ̂ into the

equation for composite likelihood (8) and obtain

CL(θ) =
∑

x 6=y∈X∩W,‖x−y‖<R

[
log(λ̂(x)λ̂(y)gθ(y − x))

− log

(∫

W

∫

W

λ̂(u)λ̂(v)gθ(u − v)I(‖u − v‖ < R)dudv

)]
,

where gθ(·, ·) is the inhomogeneous g-function. By maximizing CL(θ) with
respect to θ we obtain the composite likelihood estimate of the inhomogeneity
parameter θ.

3.3 Palm likelihood estimation

For homogeneous point processes this method was introduced in [9]. It was
generalized to inhomogeneous point processes in [8]. It is again a 2-step es-
timation procedure where in the first step the inhomogeneity parameter β is
estimated from the estimation equation (5). The so-called Palm likelihood LP

is then given by

log LP =
∑

x 6=y∈X∩W,‖x−y‖<R

log
(
λ̂(x)λ̂(y)gθ(y − x)

)

−
∫

B(0,R)

∫

W∩(W−u)

λ̂(x)λ̂(x + u)gθ(u)dxdu,

where B(0, R) denotes a ball centered in the origin with radius R and R is
a tuning constant. The MPL estimate of the interaction parameter θ is the
value which maximizes log LP = log LP (θ).
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4 Simulation study

To compare the performance of the three estimation procedures introduced in
Section 3 when they are used for the estimation of the second-order parame-
ters of middle sized data we applied them to an exponentially inhomogeneous
Neyman-Scott process on the unit square W . Thus the thinning function was
of the form exp(x1β1) for x = (x1, x2) ∈ W and the intensity function λβ(·)
was λβ(x) = exp(β0 +β1x1), x ∈ W, where β = (β0, β1) is the inhomogeneity
parameter. We have chosen the pdf f to be a bivariate radially symmetric
normal distribution like at the end of Section 2 implying the pcf of X to
be given by (4) with the interaction parameter θ = (µ, σ). Let us denote
Λ =

∫
W

λβ(x)dx, the total intensity of X on W .
We have fixed β1 = 1 and to investigate how the behaviour of the estima-

tors depends on the values of the interaction parameters, we have simulated
patterns with µ = 12.5, 25 for Λ = 100 and µ = 25, 50 for Λ=200 and for each
of them we used three different cluster spread parameters σ = 0.01, 0.02, 0.04.
500 replications from each model were simulated and the three different es-
timation procedures were applied to the same set of simulated patterns. The
relative mean squared errors (i.e. divided by the square of the true parameter
value) for the estimates of σ and µ are given in the tables below. Because of
limites space we omit the results for Λ = 200, µ = 25 since it showed very
similar behaviour to the case Λ = 200, µ = 50.

In the first two tables values for the CL and MPL estimators µ̂ and σ̂
(first or second half of the table, respectively) are given. To investigate the
influence of the tuning parameter R we have used three different values R =
0.2, 0.3, 0.4. This is indicated in the second column of the tables.

CL λ = 100, µ = 12.5 λ = 100, µ = 25 λ = 200, µ = 50

R 0.01 0.02 0.04 0.01 0.02 0.04 0.01 0.02 0.04

µ̂ 0.2 .218 .303 .476 .145 .185 .380 .071 .136 .474

0.3 .164 .235 .440 .112 .162 .421 .061 .127 .724

0.4 .146 .225 .396 .105 .163 .425 .059 .122 .719

σ̂ 0.2 .041 .029 .029 .028 .027 .038 .017 .020 .033

0.3 .039 .030 .042 .029 .026 .042 .013 .020 .042

0.4 .038 .030 .046 .027 .026 .047 .014 .021 .050

MPL λ = 100, µ = 12.5 λ = 100, µ = 25 λ = 200, µ = 50

R 0.01 0.02 0.04 0.01 0.02 0.04 0.01 0.02 0.04

µ̂ 0.2 .123 .193 .491 .082 .142 .524 .046 .109 .605

0.3 .123 .193 .490 .081 .142 .522 .046 .109 .590

0.4 .124 .193 .490 .079 .140 .520 .046 .109 .590

σ̂ 0.2 .020 .023 .041 .027 .022 .043 .012 .018 .047

0.3 .019 .023 .047 .026 .022 .044 .012 .018 .053

0.4 .019 .023 .048 .026 .023 .044 .012 .015 .059

In the third table values of the relative MSE for the minimum contrast
estimator using the K-function are given. Here also, we used different values
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of the tuning parameter R, now given as a multiple of the true value of the
interaction parameter σ (as is done in the literature [4]). The MC estimates
were computed using the procedure kppm from the R package Spatstat, for
estimation of inhomogeneous Thomas processes. This procedure allows the
user to choose the tuning parameter R, but it can find a sensible default
by itself (when it is not specified by the user). This automated estimate is
denoted by S in the table.

MC λ = 100, µ = 12.5 λ = 100, µ = 25 λ = 200, µ = 50

R 0.01 0.02 0.04 0.01 0.02 0.04 0.01 0.02 0.04

µ̂ 3σ .115 .155 .250 .128 .128 .523 .049 .085 .392

4σ .096 .132 .310 .076 .097 .889 .034 .081 .482

5σ .094 .137 .388 .071 .106 1.052 .034 .095 .592

6σ .095 .146 .439 .073 .121 1.248 .036 .111 .623

S .179 .228 .491 .147 .220 .649 .095 .204 .569

σ̂ 3σ .495 .308 .127 1.570 1.293 2.121 .044 .077 .964

4σ .041 .025 .042 .052 1.662 .533 .016 .020 .058

5σ .031 .018 .041 .028 1.029 .092 .012 .017 .054

6σ .020 .022 .053 .024 .130 .078 .012 .019 .075

S .056 .631 .215 2.050 1.403 4.371 36.836 16.040 14.054

5 Results

From observing the tables we see, that generally the rule: tighter clusters
= better estimates, holds. The only exception is the minimum contrast esti-
mation for smaller intensities (i.e. Λ = 100). We also see, that the number
of clusters is more important than the total intensity of the point process.
The larger number of the observed clusters, the better the estimates. But
of course, this rule ceases to hold, when the number of clusters is so big,
that they melt together and are hard to identify (seems this is the case with
Λ = 200, µ = 50).

When comparing the procedures we see the qualitatively similar behavi-
our of the CL and MPL estimates, the MPL estimate beeing slightly more
effective. The MC estimator gives better estimates of the parameter µ but
worse estimates of the cluster spread parameter σ.

From the table for the MC estimator we can also see that the quality of
the estimate varies quite a lot for the different values of the tuning parame-
ter R. Especially obvious is the problem with the possible underestimation
of the interaction when choosing too a small value of R or on the other side
the danger of “smoothing out” too much interaction when the choosen R
is too big. Another interesting observation is that the automated estimator
provided by the function kppm performs quite well concerning the estimation
of µ but when it comes to the estimation of the spread parameter σ it fails
completely. Thus when we want to use the MC estimator some preprocessing
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and estimation of the approximate range of interaction (e.g. from the empi-
rical pair-correlation function) is advisable to get a usable value of R to be
used in the estimation.

Concerning the dependence of the CL and MPL estimators on the tuning
constant R, the MPL estimate is less dependent of the choice of R than
the CL estimator, both of them beeing much less dependent then the MC
estimator.
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GAČR and by the research project MSM 0021620839 financed by MŠMT
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NĚKTERÉ MÍRY NEURČITOSTI MĚŘENÍ
ZA NEJISTOTY

Zdeněk Půlpán, Michal Čihák, Jaroslava Bomberová

Kĺıčová slova: Fuzzy množiny, entropie, entropie pro fuzzy množiny.

Abstrakt: Měřeńı za nejistoty má svá omezeńı, která jsou dána krom jiného
i absenćı prototypu jednotky měřené vlastnosti. Měřeńı pak nemá tu uni-
verzálnost, kterou má např́ıklad měřeńı délky nebo hmotnosti. V př́ıpadě
absence

”
jednotkové vlastnosti“ je nutné zavést

”
prototypy“ vlastnost́ı, se

kterými se pak porovnávaj́ı vlastnosti měřeného vzorku. Př́ıspěvek nab́ıźı
několik možnost́ı odhadu neurčitosti a informace takových

”
měřeńı“.

Abstract: Fuzzy measure of uncertainty under indefinite and vague condi-
tion. It is very important to estimate the measure of uncertainty of data in
the cases of vague conditions. We recommend some methods with help of
fuzzy theory.

1 Úvod
Každá procedura měřeńı je zat́ıžena neurčitost́ı. Neurčitost́ı je provázena
i interpretace souboru dat źıskaných měřeńım. Problém odhadu neurčitosti
měřeńı nemá jednoznačné řešeńı. Adekvátnost určitého formálńıho popisu je
ale možné odhadovat

”
mı́rou podobnosti“ jeho vybraných vlastnost́ı a vlast-

nost́ı modelovaných. Ukážeme na několika př́ıkladech, jak lze neurčitost od-
hadovat v souvislosti s měřeńım za nejistoty a v podmı́nkách vágnosti.

Studované objekty se snaž́ıme za účelem měřeńı popsat z několika rela-
tivně dobře rozlǐsitelných hledisek (vlastnost́ı). Každý objekt tak může být
charakterizován uspořádanou k-tićı, jej́ıž každá složka představuje numericky
nebo nenumericky vyjádřené hodnoceńı, oṕıraj́ıćı se o definici měřeńı v rámci
př́ıslušného hlediska. Je-li např́ıklad jedno z hledisek hmotnost, využ́ıváme
toho, že můžeme mı́t k dispozici jednotku hmotnosti a těleso libovolné hmot-
nosti s jednotkou porovnáme; měř́ıme-li však teplotu, nemůžeme předchoźı
postup aplikovat, nemáme totiž prototyp 1 ◦C. Podobně neexistuje prototyp
jednotkové schopnosti, vytrvalosti, inteligence, užitku, znalosti, atd. V př́ıpa-
dě absence jednotky měřeńı a tomu odpov́ıdaj́ıćı procedury, vytvář́ıme sou-
bor S etalon̊u, kterými porovnáváme měřený objekt. Je-li soubor etalon̊u
uspořádaným souborem, můžeme pracovat s ordinálńı stupnićı měřené vlast-
nosti (hlediska). Tak bylo potřeba vytvořit řadu referenčńıch bod̊u teplotńı
stupnice, které přesně definuj́ı jisté teploty na základě fyzikálńıch vlastnost́ı
některých látek (vody, rtuti, . . . ) mezi kterými se daľśı teplotńı hodnoty
źıskávaj́ı interpolaćı. Pak 1 ◦C odpov́ıdá 1

B−A rozd́ıl̊u určité úrovně některé
měřitelné vlastnosti fyzikálńıho jevu, měńıćıho se mezi stavy danými definićı
např. pro B ◦C a A ◦C, přičemž B > A.
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Jakou informaci o sledovaném objektu z měřeńı k vlastnost́ı můžeme
źıskat? Na uvedenou otázku aspoň částečně odpov́ıme, když posoud́ıme me-
chanismy hodnoceńı ve všech hledisćıch. Soustřed́ıme se jen na odhady těch
vlastnost́ı, jejichž úroveň jsme schopni posoudit na základě porovnáńı s pře-
dem připraveným systémem etalon̊u. Východiskem pro odhad informace je
neurčitost. Budeme se proto zabývat odhady neurčitosti na konečných mno-
žinách, informaci pak definujeme jako rozd́ıl dvou neurčitost́ı.

Pro diskrétńı rozložeńı pravděpodobnosti se již v 60. letech 20. stolet́ı
ustálily základńı požadavky na entropii a informaci ve formě Chinčin-Faddě-
jevových axiomů [9], [10]. Přibližně v téže době se Ingarden a Urbanik po-
kusili zavést pojem informace bez pravděpodobnosti [11] a pro potřeby hu-
manitńıch věd se formulovaly principy sémantické informace [2]. Základńı
výsledky teorie informace z 80. let 20. stolet́ı jsou shrnuty v rozsáhlé monogra-
fii I. Vajdy [12]. Rozvoj fuzzy matematiky umožnil rozš́ı̌rit pojem informace
i pro fuzzy množiny [13], [14] a syntetizovat jej do specifických požadavk̊u [1].
V současné době fuzzy matematika nab́ıźı velké množstv́ı variant model̊u
zpracováńı dat vágńı povahy. Některé z nich zde nab́ıźıme.

2 Neurčitost obsažená ve fuzzy množině

Předpokládejme, že máme připravenu definici úplného souboru škálových
hodnot Sh pro měřeńı, vztahuj́ıćımu se k určité vlastnosti h, např́ıklad sou-
borem n etalon̊u

Sh = {s1, s2, . . . , sn}. (1)

Úkolem měřeńı je přǐrazeńı některé škálové hodnoty s ∈ Sh vybranému
objektu A. Vycháźıme z představy, že takové přǐrazováńı je obecně nejedno-
značné a můžeme ho proto charakterizovat fuzzy množinou

A(h) = {si|µA(si); i = 1, 2, . . . , n}, 0 ≤ µA(si) ≤ 1. (2)

Č́ıslem µA(si) vyjadřujeme mı́ru rozhodnutelnosti (nebo nerozhodnutel-
nosti) volby škálové hodnoty si na základě aplikace standardizované1 pro-
cedury měřeńı. V situaci měřeńı je někdy rozumné předpokládat, že existuje
jediná hodnota si0 taková, že µA(si0) > µA(si) pro všechna i 6= i0.

Označme systém všech fuzzy množin nad Sh znakem F (Sh). Pro každou
fuzzy množinu X = {si|µi; 0 ≤ µi ≤ 1, i = 1, 2, . . . , n} označ́ıme znakem |X|
součet |X| =

∑n
i=1 µi. Entropíı H1(A(h)) př́ıslušnou fuzzy množině A(h)∈Sh

nazveme hodnotu vypočtenou ze vztahu

H1(A(h)) =
|A(h) ∩T Ac(h)|
|A(h) ∪S Ac(h)|

, (3)

1Procedura měřeńı je standardizována, když je soubor škálových hodnot Sh stanoven
s přiměřenou přesnost́ı např́ıklad normou.
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kde Ac(h) = {si|1−µA(si); i = 1, 2, . . . , n}. Operace ∩T , resp. ∪S představuje
některou z t-norem, resp. k ńı duálńı t-konormu, často např́ıklad už́ıváme kla-
sické Zadehovy operace ∩ a ∪

A(h) ∩ Ac(h) = {si|min(µA(si), 1 − µA(si)); i = 1, 2, . . . , n}, (4)

A(h) ∪ Ac(h) = {si|max(µA(si), 1 − µA(si)); i = 1, 2, . . . , n}. (5)

Pro entropii definovanou vztahem (3) plat́ı 0 ≤ H1(A(h)) ≤ 1, bez ohledu
na to, jakou t-normu a k ńı duálńı t-konormu použijeme.

Nejvyšš́ı hodnoty nabývá fuzzy entropie (3) pro fuzzy množiny, jejichž
µ(si) = 0,5 pro všechna i. Naopak nejmenš́ı hodnoty dosahuje (3) když
pro každé i je µ(si) bud’ rovno 1 nebo 0. Chceme-li pak (3) už́ıvat k od-
hadu neurčitosti měřeńı podle hlediska h prostřednictv́ım A(h), muśı funkce
př́ıslušnosti µ(si) hodnotou 0,5 vyjadřovat př́ıpadnou nejvyšš́ı nejistotu
v určeńı škálové hodnoty si jako jeden z výsledk̊u procesu měřeńı (a hod-
noty 0 a 1 pak jako nejvyšš́ı možnou jistotu).

Označme nyńı ai = µA(si), i = 1, 2, . . . , n, a transformujeme hodnoty ai

funkćı g : [0; 1] → [0; 1] tvaru

g(x) =

{
x

1−x pro 0 ≤ x ≤ 1/2,
1−x

x pro 1/2 < x ≤ 1.

Novou mı́rou neurčitosti pak bude g-normalizovaná entropie H2(A(h))
pro A(h) ∈ F (Sh)

H2(A(h)) =
1

n

n∑

i=1

g(ai). (6)

Zřejmě je také 0 ≤ H2(A(h)) ≤ 1. Největš́ı a nejmenš́ı hodnoty dosahuje (6)
za stejných podmı́nek jako (3).

Jsou-li A,B ∈ F (Sh) a A ⊂ B (tj. µA(si) ≤ µB(si), i = 1, 2, . . . , n), pak

H2(A∪B) =
1

n

n∑

i=1

g(max[µA(si), µB(si)]) =
1

n

n∑

i=1

g(µB(si)) = H2(B), (7)

Je-li A ∩ B = 0, A,B ∈ F (Sh), pak

H2(A ∪ B) = H2(A) + H2(B). (8)

Toto jsou velmi d̊uležité vlastnosti, které nemá entropie (3).
De Luca a Termini v [1] byli při volbě mı́ry neurčitosti inspirováni Shan-

nonovou entropíı; zde je však třeba se vyhnout statistické interpretaci tohoto
pojmu. Pro každou fuzzy množinu A(h) ∈ F (Sh) definovali nejprve nezáporné
č́ıslo H3(A(h)) vztahem

H3(A(h)) = −K

n∑

i=1

µA(si) ln µA(si), K > 0. (9)
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Užijeme-li již zmı́něných Zadehových interpretaćı pro operace ∩ a ∪ mezi
fuzzy množinami, pak pro H3 z (9) a A,B ∈ F (Sh) plat́ı [2], [6]

H3(A ∪ B) + H3(A ∩ B) = H3(A) + H3(B). (10)

Zavedeme-li direktńı součin A⊗B fuzzy množin A,B ∈ F (Sh) jako fuzzy
množinu C na F (Sh × Sh), přičemž µC(x, y) = µA(x)µB(y), x, y ∈ Sh, pak
plat́ı pro H3 z (9) následuj́ıćı aditivita [1], [6]

H3(A ⊗ B) = |A| · H3(B) + |B| · H3(A). (11)

Jsou-li funkce př́ıslušnosti fuzzy množin A a B normovány tak, že |A| =
|B| = 1, přejde předchoźı vztah v jednodušš́ı

H3(A ⊗ B) = H3(A) + H3(B), (12)

který nám připomı́ná obdobný vztah pro Shannonovu entropii dvou sdruže-
ných a nezávislých náhodných veličin.

De Luca a Termini navrhli mı́ru neurčitosti na základě (9) pro A(h) ∈
F (Sh) vztahem

H4(A(h)) = H3(A(h)) + H3(A
c(h)). (13)

Užit́ım funkce h(x) = −x log2 x − (1 − x) log2(1 − x) pro x ∈ (0; 1),
h(0) = h(1) = 0, můžeme (13) přepsat do tvaru H4(A(h)) = K1

∑n
i=1 h(ai),

kde K1 > 0, ai = µA(si), i = 1, 2, . . . , n. Voĺıme-li K1 = 1/n, dostáváme pro
H4 vyjádřeńı

H4(A(h)) =
1

n

n∑

i=1

h(µA(si)). (14)

Proto také
0 ≤ H4(A(h)) ≤ 1. (15)

Uváž́ıme-li monotónnost funkce h(x) v [0; 1/2) a v (1/2; 1] a to, že maxima
nabývá v bodě 1/2, vid́ıme, že pak (14) nabývá maxima když µA(si) = 0,5
pro všechna i, minima když µA(si) je bud’ 0 nebo 1. A to jsou vlastnosti,
které u entropie požadujeme.

Pro stanoveńı mı́ry neurčitosti pro A(h) ∈ Sh můžeme také už́ıt výrazu
(inspirovaném Kullbackovou mı́rou v pravděpodobnostńıch prostorech), vy-
jadřuj́ıćım vztah fuzzy množiny A(h) k pevné referenčńı množině C = {si|0,5;
si ∈ Sh} ∈ F (Sh)

H5(A(h)) = 1 − 1

n


 ∑

0,5≤ai≤1

ai log2(2ai) +
∑

0≤ai<0,5

(1 − ai) log2(2(1 − ai))


 ,

(16)
kde ai = µA(si), i = 1, 2, . . . , n. Snadno ověř́ıme, že pro každou fuzzy
množinu A(h) ∈ F (Sh) je také

0 ≤ H5(A(h)) ≤ 1. (17)
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Největš́ı hodnotu pro H5 z (16) dostaneme, když A(h) = C a nejmenš́ı
pak pro tu fuzzy množinu, která má ai bud’ rovno 0 nebo 1 pro všechna i.

Daľśı možnost odhadu neurčitosti, vztahuj́ıćı se k fuzzy množině A(h) ∈
F (Sh) nab́ıźı vztah

H6(A(h)) = 1 − 1

n

n∑

i=1

[2max(µA(si), 1 − µA(si)) − 1] . (18)

I pro tuto neurčitost plat́ı, že

0 ≤ H6(A(h)) ≤ 1, (19)

přičemž H6(C) = 1 a minimálńı hodnoty nabývá opět, když µA(si) je rovno
bud’ 0 nebo 1 pro všechna i.

Shannonova neurčitost (20), obsažená ve fuzzy množině A(h) ∈ F (Sh)
je analogíı k entropii, zavedené C. Shannonem pro rozděleńı diskrétńıch ná-
hodných veličin; k tomu je však nutné hodnoty funkce př́ıslušnosti µA(si)
transformovat na hodnoty pi ∈ [0; 1] tak, aby

∑n
i=1 pi = 1. Potom definujeme

H7(A(h)) = −
n∑

i=1

pi log2 pi, (20)

kde

pi = µA(si)

[
n∑

i=1

µA(si)

]−1

(21)

a dodefinováváme 0 · log2 0 = 0.
Protože

0 ≤ H7(A(h)) ≤ log2 n, (22)

je možné uvedenou neurčitost normovat tak, aby platilo H7(A(h)) ∈ [0; 1].

Uved’me nyńı některé př́ıklady aplikace předložené teorie.

Př́ıklad 1: Pro fuzzy množinu A(h) = {s1|0,7; s2|0,4} dostáváme z (3),
(6), (14), (16), (18) a (20) postupně H1 ≈ 0,54; H2 ≈ 0,54; H4 ≈ 0,93;
H5 ≈ 0,75; H6 ≈ 0,70; H7 ≈ 0,95. Z uvedených hodnot můžeme soudit, že
výrazy (14) a (20) dávaj́ı hodnoty velmi citlivé na větš́ı intuitivně chápanou
neurčitost. △
Př́ıklad 2: Sledujme neurčitost v situaci, kdy se má po vyšetřeńı pacienta
rozhodnout, kterému ze specialist̊u bude pacient předán k daľśı léčbě; po
předáńı pacienta do rukou specialisty je třeba chorobu přesněji diagnostiko-
vat a navrhnout léčbu. Předpokládejme, že diagnostický postup se skládá nej-
prve z výběru vhodného hlediska, tj. z určeńı prvku h ∈ H = {h1, h2, . . . , hk},
kde H je soubor všech relevantńıch hledisek. Pak jde o stanoveńı diagnózy
s z množiny možných diagnóz Sh. Celková neurčitost rozhodnut́ı o jisté di-
agnóze se skládá ze dvou část́ı: a) z neurčitosti volby prvku h ∈ H, označ́ıme
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ji Ha; b) z neurčitosti stanoveńı diagnózy s ∈ Sh, označ́ıme ji Hb|a. Neurčitost
výsledného rozhodováńı H můžeme odhadovat na základě charakterizace
obou postup̊u fuzzy množinami jako jejich součet

H = Ha + Hb|a, (23)

přičemž druhá neurčitost je podmı́něna volbou určitého hlediska h ∈ H.
Použijeme-li k odhadu neurčitost́ı některého ze vztah̊u (3), (6), (14), (18)

nebo (20), bude celková neurčitost H ∈ [0; 2] (ovšem za předpokladu stejné
váhy obou rozhodovaćıch krok̊u).

Poznámka: Každý ze vztah̊u pro entropii je definićı metody i jednotky.
Proto ve vztahu (23) muśıme v obou výrazech pro Ha i Hb|a použ́ıvat stejného
definičńıho vztahu pro entropii. Informaci I(h) źıskanou z diagnózy užit́ım
hlediska h pak odhadneme z rozd́ılu

I(h) = 2 − H; I(h) ∈ [0; 2]. (24)

Př́ıklad 3: V dotazńıćıch zpracovávaj́ıćıch názory respondent̊u posuzujeme
rozložeńı četnost́ı odpověd́ı na diskrétńı ordinálńı škále s jistým středem x0.
Škála je konstruována tak, že nejmenš́ı, resp. největš́ı, škálová hodnota před-
stavuje vždy maximálńı naplněńı jednoho ze dvou pól̊u zkoumaného jevu.
Informace I o tendenci zkoumaného jevu (k maximu naplněńı některého
z pól̊u) je obsažena v četnosti volby škálových hodnot větš́ıch než x0 vzhledem
k četnosti volby hodnot menš́ıch než x0 a může být odhadována z rozd́ılu

I ≈ 1 − h(p̂); I ∈ [0; 1], (25)

kde p̂ = n+/(n+ + n−) a n+, resp. n− je četnost volby škálové hodnoty
větš́ı nebo rovné x0, resp. menš́ı než x0. Č́ım je ukazatel I bližš́ı 1, t́ım jed-
noznačněǰśı je rozhodováńı

”
pr̊uměrného“ respondenta. Stupnice informace

vzhledem k p̂ neńı rovnoměrná, vyjadřuje dobře intuitivně chápaný vztah
mezi p̂ a informaćı I o tendenci odpovědi. △

Jak jsme již viděli, fuzzy entropii H(A(h)), A(h) ∈ F (Sh), můžeme defi-
novat r̊uzným zp̊usobem. Obecně se však požaduje, aby H(A(h)) splňovala
co nejv́ıce z následuj́ıćıch podmı́nek:

a) H(A(h)) = 0, právě když fuzzy množina A(h) reprezentuje
”
ostrou“

množinu, tj. když µ(si) = 0 nebo 1 pro i = 1, 2, . . . , n;
b) H(A(h)) nabývá maxima, právě když fuzzy množina A(h) má

”
nej-

menš́ı ostrost“, tj. když µ(si) = 0,5 pro i = 1, 2, . . . , n;
c) hodnoty H(A(h)) rostou s r̊ustem

”
neostrosti“ fuzzy množiny A(h), tj.

H(A′(h)) ≥ H(A(h)) když pro µA′ plat́ı: je-li µA′(si) ≤ 0,5, pak µA(si) ≤
µA′(si), je-li µA′(si) > 0,5, pak µA(si) > µA′(si), si ∈ Sh;

d) pro fuzzy množinu Ac(h) ∈ F (Sh), jej́ıž funkce př́ıslušnosti splňuje
podmı́nku µAc(si) = 1 − µA(si), si ∈ Sh, plat́ı

H(Ac(h)) = H(A(h)); (26)
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e) jsou-li A,B ∈ F (Sh), pak

H(A ∪ B) = H(A) + H(B) − H(A ∩ B), (27)

kde µA∪B(s) = maxs∈Sh
(µA(s), µB(s)), µA∩B(s) = mins∈Sh

(µA(s), µB(s)).
Jestliže entropie H(A(h)), A(h) ∈ F (Sh) splňuje všechny podmı́nky a)

až e), nazývá se
”
dobrou mı́rou“ neurčitosti (podobně pak z ńı odvozenou

informaci nazýváme
”
dobrou mı́rou“ informace).

V práci [7] je uveden př́ıklad parametrizované entropie pro fuzzy množinu
A(h) ∈ F (Sh) ve tvaru

Hβ
8 (A(h)) = KAβ

n∑

i=1

[
µβ

A(si) + (1 − µA(si))
β − 1

]
, (28)

kde β > 0, β 6= 1, Aβ = (21−β −1)−1 a K > 0 je normalizačńı konstanta (β je
vhodný parametr, který specifikuje vlastnosti entropie). Entropie (28) má pro
každé A(h) ∈ F (Sh) a libovolný př́ıpustný parametr β vlastnosti a) až e). Vol-
bou normalizačńı konstanty K určujeme jednotku entropie. Je výhodné spo-
jovat volbu konstanty K s určitou interpretaćı stupnice neurčitosti. Ukážeme
to na následuj́ıćım př́ıkladě.

Př́ıklad 4: Je-li n = 3 a fuzzy množina A(h) = {s1|1; s2|0,3; s3|0} ∈ F (Sh),
je

H0,5
8 (A(h)) = K(

√
2 + 1)

[
0 + (

√
0,3 +

√
0,7 − 1) + 0

]
≈ 0,928K.

Má-li být pro fuzzy množinu B(h) = {si|0,5; i = 1, 2, 3} ∈ F (Sh) hodnota
největš́ı neurčitosti rovna 1, muśı platit

H0,5
8 (B(h)) = K(

√
2 + 1) · 3

[
(
√

0,5 +
√

0,5 − 1)
]

= 3K = 1,

takže voĺıme K = 1/3. Pro neurčitost v uvedených jednotkách pak máme
H0,5

8 (B(h)) ≈ 0,31. △
Informaci můžeme určit odečteńım př́ıslušné entropie od jej́ı maximálńı

možné hodnoty. Tak např́ıklad pro entropii definovanou vztahem (28) se
př́ıslušná informace urč́ı ze vztahu

Iβ
8 (A(h)) = Hβ

8,max − Hβ
8 (A(h)) = nK − Hβ

8 (A(h)), (29)

kde Hβ
8,max je maximálńı hodnota entropie definované vztahem (28).

3 Odhad znalosti z neurčitosti pedagogického měřeńı

Zjǐst’ováńı znalost́ı je př́ıkladem měřeńı zat́ıženého velkou neurčitost́ı. Mě-
ř́ıćım prostředkem je zde většinou objektivizovaný validńı dotazńık (test).
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Ten je rozdělen na jednotlivé sady spolu významově souvisej́ıćıch položek.
Na položky respondent reaguje odpověd́ı, která může být skórovatelná bud’

dichotomicky (0–1, resp. ANO–NE, apod.) nebo pomoćı v́ıcestupňové škály
(0–1–2, resp. špatně–částečně–správně nebo 0–1–2–3–4 s podrobněǰśı inter-
pretaćı). V našem př́ıpadě měřeńı znalost́ı (pro jednoduchost) předpokládá-
me, že neurčitosti souvisej́ıćı s dotazńıkem a jeho skórováńım jsou vzhledem
k respondent̊um i v čase konstantńı. Pak mı́ru znalost́ı respondenta posuzu-
jeme ze znalostńı funkce Z, kterou urč́ıme z př́ıslušné mı́ry neurčitosti nejdř́ıve
pro j-tou dotazńıkovou položku. Předpokládejme, že skórováńı bylo reali-
zováno tak, že každé z možných škálových hodnot byla expertně přǐrazena
mı́ra neurčitosti adekvátńıho vyjádřeńı úrovně odpovědi na př́ıslušnou po-
ložku. Jsou-li 0, 1, 2, . . . , k, k ≥ 1, škálové hodnoty, pak výsledek hodnoceńı
experta je možné zaznamenat jako konvexńı fuzzy množinu Aj = {i|µi; i =
1, 2, . . . , k}, j = 1, 2, . . . , n, kde n je počet dotazńıkových položek v dané
sadě a µi jsou mı́ry souhlasu hodnotitele s i-tou škálovou hodnotou, µi ∈ [0; 1]
(µi = 0 znamená úplný nesouhlas, µi = 1 plný souhlas, hodnoty µi ∈
(0; 1) mı́ru váháńı mezi oběma krajńımi mezemi). Z entropíı H pro fuzzy
množiny Aj (viz vztahy (3), (6), (9), (14), (16), (18), (20), (28)) stanov́ıme
mı́ru znalosti Zj podle [6] takto:

Zj =

{
1 − H(Aj)

2
, je − li

∑
i≥x0

µi ≥ 1
2 |Aj |,

H(Aj)
2

, je − li
∑

i≥x0
µi < 1

2 |Aj |,
(30)

kde x0 = k/2. Celkovou znalost Z respondenta pak urč́ıme jako vážený součet

Z =

n∑

j=1

νjZj , 0 ≤ νj ≤ 1,

n∑

j=1

νj = 1, (31)

přičemž νj jsou nějak objektivizované2 váhy, nebo νj = 1/n v př́ıpadě, že
nemáme prostředek pro objektivizaci vah.

Př́ıklad 6: Použijeme stupnice 0–1–2 pro hodnoceńı dotazńıkových odpo-
věd́ı. Necht’ pro jednu z položek je hodnoceńı zaznamenáno fuzzy množinou
A = {0|0,2; 1|0,7; 2|0,9}. Pro H = H1 dostaneme z (3) neurčitost H1 = 0,25.
Mı́ru znalosti pak poč́ıtáme pomoćı prvńı varianty (30), protože

∑
i≥1 µi =

1,6 ≥ 0,9 = 1
2 |A| a tedy Z1 = 1 − 0,25/2 = 0,875.

Necht’ ale např́ıklad A = {0|1; 1|0,2; 2|0}. Z (3) dostaneme H1 ≈ 0,07.
Mı́ru znalosti pak poč́ıtáme pomoćı druhé varianty (30), protože

∑
i≥1 µi =

0,2 < 0,6 = 1
2 |A| a tedy Z1 ≈ 0,07/2 ≈ 0,04.

Je-li A = {0|0; 1|0,2; 2|1}, pak je opět H1 ≈ 0,07, ale mı́ru znalosti
poč́ıtáme pomoćı prvńı varianty (30), protože

∑
i≥1 µi = 1,2 < 0,6 = 1

2 |A|
a tedy Z1 ≈ 1 − 0,07/2 ≈ 0,97.

2O objektivizaci vah viz např́ıklad [14]
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Vztah (31) neńı vztahem ideálńım; záviśı na konstrukci dotazńıku i jeho
skórováńı. Protože za entropii H je možné určit kterýkoliv z dř́ıve diskuto-
vaných vztah̊u, neńı volba konkrétńı podoby vztahu (30) jediná; je to d̊usledek
toho, že univerzálńı jednotka znalosti neexistuje. Dodejme ještě, že údaje
o skutečných znalostech ukazatel vyč́ıslený podle (30) podává pouze rela-
tivně, nejen vzhledem k volbě neurčitosti, ale i v závislosti na dotazńıku
a podmı́nkách jeho zadáváńı (např. stanoveńı časových limit̊u, možnosti už́ı-
vat jistých pomůcek, atd.) i skórováńı (zálež́ı na přesnosti interpretace šká-
lových hodnot nebo hodnot funkce př́ıslušnosti dané fuzzy množiny).

Navržená metodika umožňuje zpracovat psychologické nebo medićınské
dotazńıky [6], [14], nebo jen verbálně formulovatelné výsledky šeťreńı [13].
Prvńı z autor̊u tuto metodiku také s úspěchem použ́ıvá k hodnoceńı výsledk̊u
své výuky. Na rozd́ıl od klasické metodiky (např́ıklad 0–1 hodnoceńı položek)
se zdá být uvedená metodika objektivněǰśı (ztráćı se méně informace – po-
drobněji viz [8]).
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DETERMINANTY PZI
VE ZPRACOVATELSKÉM PRŮMYSLU ČR
V LETECH 2000-2006

Eva Ryšavá

Kĺıčová slova: PZI, př́ımé zahraničńı investice, zpracovatelský pr̊umysl.

Abstrakt: Je d̊uležité porozumět chováńı zahraničńıch investor̊u a tomu, co
hraje roli při jejich rozhodováńı, kam by měli umı́stit své investice. Ćılem
př́ıspěvku je naj́ıt ekonometrický model determinant př́ımých zahraničńıch
investic (PZI) ve zpracovatelském pr̊umyslu v ČR v letech 2000–2006. Model
zahrnuje několik základńıch ekonomických veličin (práce, kapitál, R&D, zisk
a daľśı). Vedle jednoduchých technik odhadu (OLS, fixńı efekty) je použit
odhad zobecněnou momentovou metodou (GMM).

Abstract: It is important to understand the decision of foreign investors
where to place their investments. The aim of this paper is to find an econo-
metric model describing determinants of foreign direct investment (FDI) in
manufacturing industry of the CR between 2000–2006. Our model includes
several basic economic variables (labor, physical capital, R&D, profit and
others). Together with simple techniques of estimation (OLS, fixed effects) it
is used generalized method of moments (GMM).

1 Úvod

Př́ımé zahraničńı investice (PZI) znamenaj́ı pro hostitelskou ekonomiku jak
výhody (rozšǐrováńı trhu, př́ıstup k novým technologíım, nové zkušenosti,
př́ıliv nového kapitálu a manažerských dovednost́ı, zvyšováńı zaměstnanosti
a konkurence aj.), tak i některé nevýhody (riziko převzet́ı domáćıch společ-
nost́ı s ćılem vytlačit domáćı produkci, transfer domáćıch úspor do zahranič́ı
za nevýhodných podmı́nek aj.).

V roce 1995 dosáhly toky PZI do České republiky částky 195,5 miliard Kč,
v roce 2005 to bylo 1491,6 miliard. K dominantńım př́ıjemc̊um zahraničńıho
kapitálu přitom stále patř́ı zpracovatelský pr̊umysl, i když v posledńıch deseti
letech ze svého pod́ılu ztratil. Data, popisuj́ıćı toky PZI do ČR, jsou shrnuta
v tabulce 1. Ćılem článku je popsat historický vývoj PZI v ČR v posledńıch
letech a popsat literaturu zabývaj́ıćı se studiem determinant PI v ČR nebo
ve středńı Evropě. Hlavńım ćılem článku je odhadnout ekonometrický mo-
del determinant PZI v ČR v letech 2000–2006. Kapitola 2 popisuje zaj́ımavé
historické okamžiky, které ovlivnily toky PI v posledńıch letech. Kapitola 3
shrnuje dosavadńı výzkum v oblasti. Kapitola 4 se zabývá popisem dat a me-
tod. Kapitola 5 popisuje dosažené výsledky a kapitola 6 shrnuje článek.
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rok objem PZI v ČR meziročńı př́ır̊ustek pod́ıl zpracovatelského

(mld Kč) (mld Kč) pr̊umyslu

2000 818,3 186,8 38 %

2001 982,3 164 38 %

2002 1165,5 183 46 %

2003 1161,8 -3,7 42 %

2004 1280,6 119 40 %

2005 1491,6 211 38 %

2006 1666,8 175 36 %

Tabulka 1: PZI ve zprac. pr̊umyslu ČR, 1999–2006. Zdroj: ČNB.

2 PZI v České republice v letech 2000–2006

V roce 1998 vznikl systém státńıch investičńıch pob́ıdek a v roce 2000 byl
přijat zákon o investičńıch podmı́nkách. V zákoně byla uvedena kritéria, za
kterých jsou pob́ıdky uděleny.

Dle výročńıch zpráv České Národńı Banky (ČNB) došlo na konci 90. let
k mimořádnému př́ılivu zahraničńıho kapitálu do českého zprac. pr̊umyslu.
Privatizovaly se podniky, expandovaly velké řetězce a dceřiné společnosti.
V roce 2001 byla dokončena privatizace a došlo k poklesu investic do základ-
ńıho kapitálu. Narostly investice do kancelářských stroj̊u a poč́ıtač̊u, potravin,
paṕırenského pr̊umyslu. V roce 2002 došlo k významné privatizaci společnosti
Transgas. V roce 2003 byl př́ıliv PZI nižš́ı. Uskutečnil se zpětný odkud akcíı
Eurotel od zahraničńıho investora, docháźı k prodeji zahraničńıho pod́ılu
v českém Telecomu investor̊um hlavně z USA a VB. Ke konci sledovaného
obdob́ı došlo k investićım do základńıho kapitálu, prodeji státńıch pod́ıl̊u
v českém Telecomu a Unipetrolu, navyšuj́ı se stávaj́ıćı investice a vznikaj́ı
nové podniky. V roce 2006 nedocháźı k realizaci žádné výrazněǰśı investice,
př́ıliv PZI byl tvořen zejména navyšováńım kapitálu ve stávaj́ıćıch podnićıch
se zahraničńı účast́ı. Nejvyšš́ı PZI ve zpracovatelském pr̊umyslu se alokuj́ı do
automobilové výroby, koksováńı a chemického pr̊umyslu.

Z geografického hlediska jsou ve sledovaném obdob́ı nejvýznamněǰśımi
investory Nizozemı́, Německo a Rakousko. ČNB monitoruje zhruba
3000–4000 společnost́ı se zahraničńı účast́ı, z nichž se zhruba jen 70 podnik̊u
pod́ıĺı na celkových toćıch PZI v́ıce než z poloviny.

3 Dosavadńı empirický výzkum

Otázkou PZI se v minulosti zabývalo mnoho autor̊u empirických studíı. Ve
velkém množstv́ı z těchto analýz hrála d̊uležitou roli i Česká republika. V př́ı-
padě determinant PZI se můžeme zabývat otázkou, proč zahraničńı investoři
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preferuj́ı určitou zemi před ostatńımi nebo proč plynou do určitých odvětv́ıch
pr̊umyslu v dané zemi vyšš́ı toky PZI [4]. U posledně jmenovaného má většina
testovaných hypotéz kořeny v mikroekonomických teoríıch alokace výroby
a obchodu. Klasickým př́ıstupem je aplikace teoríı komparativńıch výhod,
nicméně větš́ı část testovaných hypotéz je odvozena z nových teoríıch alokace,
obchodu a pr̊umyslové organizace.

Ekonometrický model determinant PZI může vysvětlovat PZI jako funkci
mnoha faktor̊u. Jedńım z nich může být velikost trhu. Takové výsledky pre-
zentovali např́ıklad Lankes a Venables [12], Pye [15]. Jińı autoři ukázali, že
d̊uležitým faktorem může být též očekávaný r̊ust trhu [3].

Velikost zahraničńıho kapitálu mohou ovlivňovat pracovńı náklady, což
ukázali Pye [15], Bevan a Estrin [7] nebo Benáček a Vı́̌sek [5]. Kromě toho,
Pye [15] specifikoval ve své práci i daľśı d̊uležité faktory: politická a ekono-
mická stabilita země. Stabilitu shledali d̊uležitou i Lankes a Venables [12].
Rozhodováńı zahraničńıch investor̊u může záviset na d̊urazu na vědu a vý-
zkum. Benáček a Vı́̌sek [5] ukázali, že investoři preferuj́ı investovat do odvětv́ı
zprac. pr̊umyslu s vyšš́ımi výdaji na R&D.

Existuj́ı daľśı faktory, které ovlivňuj́ı rozhodováńı investor̊u: vzdálenost
od trh̊u západńı Evropy [7, 3], př́ırodńı zdroje [11], celková produktivita
faktor̊u [5] nebo byrokratické překážky [14].

Existuj́ı dvě studie, které popisuj́ı determinanty v českém zpracovatelském
pr̊umyslu [5, 6]. V prvńı studii autoři popisuj́ı determinanty PZI v českém
zpracovatelském pr̊umyslu v roce 1994, ve druhé studii zkoumaj́ı tutéž otázku
v obdob́ı mezi lety 1991 a 1997. Autoři došli k závěru, že nebylo možné
naj́ıt ekonometrický model, který by popisoval determinanty pro všechny sek-
tory zpracovatelského pr̊umyslu. V české ekonomice existovaly segmenty, ve
kterých se investoři chovali rozd́ılně. Za pomoci robustńı techniky odhadu se
autor̊um nakonec podařilo naj́ıt determinanty pro zúžený soubor pozorováńı.

4 Data a metodologie

K dispozici jsme měli data popisuj́ıćı 14 sektor̊u zpracovatelského pr̊umyslu
(členěné dle klasifikace OKEČ) mezi lety 2000-2006. Počet pozorováńı je 98
(=14x7). Data pocházej́ı z r̊uzných zdroj̊u. Hodnoty jednotlivých PZI po-
skytuje ČNB, ostatńı veličiny poskytl Český statistický úřad (ČSÚ). Zde
d̊uležité zd̊uraznit, že data z ČSÚ procháźı každoročńı reviźı, což znamená,
že data dostupná v určitém roce se mohou odlǐsovat od stejných dat, která
jsou k dispozici o pár let dř́ıve nebo později.

Za vysvětlovanou veličinu jsme stejně jako Benáček a Vı́̌sek [6] zvolili
intenzitu PZI (relace ročńıch tok̊u př́ımých zahraničńıch investic k přidané
hodnotě PZI/PH). Veličiny vstupuj́ıćı do regresńıho modelu byly vybrány na
základě ekonomických teoríı alokace v otevřené ekonomice. Umı́stěńı PZI je
spojeno s komparativńımi výhodami jednotlivých odvětv́ı.
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Fyzický kapitál a práce. Použili jsme kombinaci kapitálové náročnosti
přidané hodnoty (K/PH) a práce na jednotku čisté produkce (L/PH). Tuto
kombinaci vyjádř́ıme pod́ılem K/L (vybavenost práce kapitálem). Autoři
v podobných studíıch předpokládaj́ı, že postkomunistické země disponuj́ı
komparativńı výhodou v poměrně dobře kvalifikované pracovńı śıle. Očeká-
váme kladné znaménko u proměnné L/PH: č́ım vyšš́ı je pracovńı náročnost
přidané hodnoty, t́ım v́ıce je odvětv́ı konkurenceschopné a t́ım v́ıce je atrak-
tivńı pro investora. Fyzický kapitál coby substitut pracovńı náročnosti je
drahým faktorem a lze očekávat záporné znaménko odhadnutého parametru.
Očekáváme tedy záporné znaménko u parametru pro veličinu K/L.

Celková produktivita faktor̊u (TFP). Tuto proměnnou jsme použili
jako proxy veličinu vyjadřuj́ıćı technickou efektivnost použitých faktor̊u: č́ım
vyšš́ı je TFP, t́ım nižš́ı množstv́ı faktor̊u je potřebné k produkci dané jed-
notky [4]. Očekáváme kladné znaménko. Existuje v́ıce zp̊usob̊u, jak odhad-
nout TFP. Pomoćı úprav Cobbovy-Douglasovy produkčńı funkce dostaneme
vztah

TFPit =
PHit

Kα
itL

1−α
it

kde α znač́ı pod́ıl kapitálu na přidané hodnotě. Je často předpokládáno, že ro-
zumná hodnota parametru α se pohybuje mezi 0, 25 [13] a 0, 35 [10]. V našich
analýzách zvoĺıme velikost α jako 0, 3 [8].

Vývoj cenového indexu v čase (PPI). Tento inflačńı index vyjadřuje
změny cen produkt̊u pr̊umyslových výrobc̊u oproti roku 2000. Č́ım vyšš́ı je
index, t́ım větš́ı je potenciál pro r̊ust odvětv́ı a investice do tohoto odvětv́ı.
Očekáváme tedy pozitivńı znaménko u této veličiny.

Věda a výzkum (R&D). Kvalita výrobk̊u může být daľśım d̊uležitým
faktorem, a to zejména v posledńıch letech, kdy význam R&D roste. Úroveň
R&D může být měřena počtem zaměstnanc̊u zaměstnaných v oblasti R&D
nebo pomoćı celkových výdaj̊u na R&D v korunách. V této studii je použit
druhý zp̊usob. Vyšš́ı výdaje jsou znakem vyšš́ı kvality výrobk̊u. Čekáme tedy
kladné znaménko.

Zisk na pracovńıka. Zahraničńı investice mohou být přitahovány fir-
mami s vyšš́ım ziskem anebo př́ıtomnost PZI v daném odvětv́ı může být
př́ıčinou vyšš́ıho zisk. Očekáváme kladné znaménko.

Energetická náročnost. V článku jsme využili informaci o spotřebě
benźınu a nafty, zemńıho plynu, elektřiny, uhĺı. Uváž́ıme-li fakt, že během
posledńıch deseti let všechny výše uvedené zdroje energie zdražily, nečekáme,
že by byl tento faktor signifikantńı.

Mzdy. Posledńı (a sṕı̌se doplňkovou) veličinou v našem ekonometrickém
modelu jsou hrubé mzdy zaměstnanc̊u. Očekáváme kladné znaménko tohoto
faktoru jako efekt (spillover) vyšš́ıch zisk̊u v odvětv́ıch s vyšš́ımi PZI.
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Z možnost́ı odhadu jsme vybrali př́ıstup Chenga a Kwana [9]: porov-
nat v modelu současnou a minulou hodnotu PZI s ostatńımi vysvětluj́ıćımi
veličinami. Předpokládali jsme, že trvá určitou dobu než se PZI dostane do
svého rovnovážného stavu a že zpožděné hodnoty mohou být vyjádřeny jako
přizp̊usobovaćı proces:

Yit − Yit−1 = α(Y ∗
it − Yit−1) (1)

Yit = (1 − α)Yit−1 + αY ∗
it (2)

kde Y ∗
it je rovnovážný stav PZI a α je menš́ı než 1 pro zachováńı stability.

Rovnovážný stav PZI je ovlivněn jednotlivými faktory Xit, které představuj́ı
vektor k ∈ 1...K vysvětluj́ıćıch proměnných:

Y ∗
it = βXit + υit (3)

kde υit je chybový člen zahrnuj́ıćı jak efekt odvětv́ı a časový efekt. Po malých
úpravách dostaneme:

Yit = δYit−1 + λXit + εit

εit = µi + ηt + uit (4)

kde δ = 1−α a λ = αβ jsou koeficienty, které máme odhadnout (β je vektor
rozměr̊u 1 × K); εit = αυit, µi je efekt odvětv́ı a ηt je časový efekt.

Model (1) neřeš́ı jeden závažný problém při odhadu pomoćı nejmenš́ıch
čtverc̊u (OLS). Zpožděná proměnná Yt−1 a časově invariantńı efekt odvětv́ı µi

jsou korelovány a OLS odhad modelu nebude konzistentńı. Vyjádř́ıme model
pomoćı prvńıch diferenćı:

∆Yit = δ∆Yit−1 + λ∆Xit + ∆εit (5)

Vzhledem k tomu, že ∆Yit−1 a ∆εit jsou stále korelovány, použili jsme
odhad zobecněnou momentovou metodou (GMM). Arellano a Bond [1] před-
stavili odhad GMM (difference, DIFF-GMM) který řeš́ı a odhaduje model
jako systém rovnic, jednu pro každou časovou periodu. Rovnice se lǐśı pouze
v použitých instrumentech. Arellano a Bover [2] představili daľśı verzi odha-
du GMM (system, SYS-GMM) ve snaze zlepšit p̊uvodńı DIFF-GMM odhad
pro malé počty pozorováńı. Vzhledem k tomu, že náš počet pozorováńı neńı
př́ılǐs velký, rozhodli jsme se použ́ıt tento odhad. Správnost instrument̊u je
testována pomoćı Sarganova testu a Arellanových-Bondových statistik [11].
Vzhledem k ńızkému počtu pozorováńı jsme se rozhodli rozš́ı̌rit analýzy také
o odpov́ıdaj́ıćı OLS odhady a odhady pomoćı fixńıch efekt̊u.

5 Výsledky

Tabulka 2 uvád́ı výsledky odhad̊u regresńıch model̊u. Ve sloupćıch (a) a (b)
jsou uvedeny odhady pomoćı OLS a fixńıch efekt̊u. Výsledky těchto odhad̊u



374 Eva Ryšavá

mohou čelit určitému vychýleńı, proto jsou ve čtvrtém sloupci uvedeny i odha-
dy GMM ve sloupci (c). Všechny regresńı modely zahrnuj́ı nula-jedničkové
časové indikátory. Koeficienty determinace v modelech (a) a (b) jsou uspo-
kojivé (dosahuj́ı 73% a 51%). Správnost GMM ověřuj́ı dva test̊u specifikace.
Sargan̊uv test zamı́tá nulovou hypotézu o správnosti použit́ı instrument̊u. Na
druhou stranu Arellan̊uv-Bond̊uv test pro AR(2) proces (AB 2) napov́ıdá,
že se model nepotýká s problémem autokorelace druhého řádu. Budeme
předpokládat, že je model správně specifikován.

Výsledky ve sloupci (c) ukazuj́ı že fyzický kapitál a práce hraj́ı d̊uležitou
roli při rozhodováńı investor̊u kam umı́stit své investice, stejné výsledky
udává i OLS odhad. Zdá se, že v posledńıch letech investoři směřuj́ı sv̊uj
kapitál sṕı̌se do pracovně náročných odvětv́ı, zat́ımco fyzický kapitál je pro
ně př́ılǐs drahým faktorem. To je v souladu s naš́ım očekáváńım. Proměnná
vyjadřuj́ıćı zisk na pracovńıka je signifikantńı pouze pro model (a). Dle našich
hypotéz, zisk v odvětv́ıch s vysokými PZI by měl být vyšš́ı než v těch
odvětv́ıch, které PZI nepřitahuj́ı.

OLS (a) FE (b) GMM (c)

zpožděné PZI 0.62***(0.07) 0.12(0.09) 0.16(0.14)

K/L -42.69***(9.32) 8.86 (33.70) -89.35***(22.60)

Zisk 402.87**(189.23) 89.26(99.97) 206.62(255.72)

R & D 925.33**(434.49) -227.50(807.89) 2800.29**(1102.46)

Energie 0.15***(0.03) 0.17***(0.02) 0.22***(0.05)

Mzdy -0.02(0.01) -0.001(0.01) 0.11***(0.04)

PPI -4.05(3.62) 11.10**(4.37) -12.99***(4.74)

TFP -150.39(397.34) -516.84(320.04) -941.23(685.92)

N 98 98 84

R2 0.73 0.51 –

Sargan̊uv test – – 0.002

AB 2 – – 0.802

Tabulka 2: Notes: * signifikantńı na 10%; ** signifikantńı na 5 %; *** signifi-
kantńı na 1 %. V závorkách jsou uvedeny směrodatné odchylky. Hausmann̊uv
test zamı́tá nulovou hypotézu (náhodné efekty).

Zahraničńı investoři kladou d̊uraz na vědu a výzkum, parametr je signifi-
kantńı jak pro model (a), tak pro model (c). Vyšš́ı výdaje na vědu a výzkum
znamenaj́ı vyšš́ı kvalitu výrobk̊u a vyšš́ı zájem ze strany zahraničńıho inves-
tora2. Protich̊udné výsledky podávaj́ı odhady parametr̊u u proměnné PPI.

2Samozřejmě je potřeba uvažovat možnost, že vyšš́ı investice se mohou projevit jako
efekt vyšš́ıch výdaj̊u na vědu a výzkum.
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Index je signifikantńı pro model (b) a (c), avšak u druhého jmenovaného se
záporným znaménkem. Dle našeho očekáváńı by toto znaménko mělo být
kladné. Při bližš́ım zkoumáńı dat lze zjistit, že cenový index má pro některá
odvětv́ı sṕı̌se klesaj́ıćı charakter - zejména tam, kde jsou toky PZI vysoké.
V takových odvětv́ıch mohou být ceny konkurenćı tlačeny dol̊u.

Překvapuj́ıćı je signifikantńı odhad parametru energetické náročnosti, a to
s kladným znaménkem. To je v rozporu s naš́ım očekáváńım. Je možné, to
může být zp̊usobeno např́ıklad nižš́ımi cenami na počátku sledovaného obdo-
b́ı3 anebo pokračováńı trendu investováńı do energeticky náročných odvětv́ı.
Proměnná popisuj́ıćı efektivnost využit́ı faktor̊u (TFP) neńı překvapivě sig-
nifikantńı. Proměnná mzdy je signifikantńı v modelu (c).

6 Závěr

Článek analyzuje některé aspekty chováńı zahraničńıch investor̊u v českém
zpracovatelském pr̊umyslu. Odhadli jsme panelová data 14ti odvětv́ı zpraco-
vatelského pr̊umyslu mezi lety 2000–2006 pomoćı tř́ı technik odhadu (OLS,
fixńı efekty, GMM). Výsledky naznačuj́ı, že kvalifikovaná pracovńı śıla je jed-
nou z komparativńıch výhod v odvětv́ıch českého zprac. pr̊umyslu. Investoři
preferuj́ı odvětv́ı, ve kterých je kladen d̊uraz na vědu a výzkum, jsou v́ıce
zisková a jsou v́ıce energeticky náročná. Problematickým faktorem se ukázal
být vývoj cenového indexu v čase a také souhrnná efektivita faktor̊u. Lze
se domńıvat, že data nemaj́ı homogenńı charakter a chováńı investor̊u může
být heterogenńı. Domněnku můžeme podpořit např́ıklad použit́ım metody
nejmenš́ıch useknutých čtverc̊u (LTS), vyčleněńım určitých sektor̊u z da-
tového souboru a opětovnou analýzou pomoćı uvedených technik. Můžeme
se dohadovat, zda by takovým odvětv́ım byl např. kožedělný pr̊umysl (ńızké
toky PZI) nebo automobilový pr̊umyslu (extrémně vysoké toky PZI). Vý-
sledky by se pravděpodobně zlepšily. Toto zkoumáńı je předmětem daľśı,
obsáhleǰśı studie.
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ZJIŠŤOVÁNÍ OPTIMÁLNÍHO POČTU
SHLUKŮ VE STATISTICKÝCH
PROGRAMOVÝCH SYSTÉMECH

Hana Řezanková, Dušan Húsek

Kĺıčová slova: Shluková analýza, počet shluk̊u, statistické programy.

Abstrakt: Př́ıspěvek se zabývá př́ıstupy ke stanoveńı optimálńıho počtu sku-
pin objekt̊u, které jsou implementovány v rámci shlukovaćıch algoritmů v ko-
merčńıch statistických programových systémech. Některé z těchto př́ıstu-p̊u
jsou ilustrovány na úloze nalezeńı skupin poslanc̊u ruského parlamentu na
základě výsledk̊u hlasováńı v roce 2004. Jsou sledovány možnosti progra-
mových systémů S-PLUS, SAS, SPSS a SYSTAT.

Abstract: The paper deals with approaches to determination of the optimal
number of groups of objects which are implemented in clustering algorithms
in commercial statistical software packages. Some of these approaches are
applied to the example of finding groups of deputies of the Russian parliament
on the base of roll-call votes in 2004. The capabilities of software packages
S-PLUS, SAS, SPSS, and SYSTAT are described.

1 Úvod

Shluková analýza je užitečným nástrojem pro zkoumáńı vztah̊u v soubo-
rech dat. Jej́ım výsledkem může být nalezeńı skupin (shluk̊u) podobných
objekt̊u, proměnných, kategoríı, př́ıpadně i zjǐstěńı složitěǰśıch vazeb mezi
objekty a proměnnými, viz [7]. Může být aplikována v r̊uzných oblastech
vědy a výzkumu. Tento článek bude zaměřen na shlukováńı objekt̊u.

Vı́cerozměrná statistická analýza zkoumá m-rozměrná pozorováńı objekt̊u
(statistických jednotek, datových jednotek). Počet těchto objekt̊u budeme
označovat ṕısmenem n. Prvky vektoru pozorováńı jsou hodnoty statistických
znak̊u neboli proměnných. Vstupńı matici budeme v daľśım textu označovat
symbolem X a pro jej́ı prvky budeme použ́ıvat značeńı xil, kde i = 1, 2, . . . , n
a l = 1, 2, . . . , m. Matice X je tedy rozměru n x m. Počet shluk̊u budeme
dále označovat ṕısmenem k a jednotlivé shluky obvykle jako Ch, kde h = 1,
2, . . . , k. Ćılem shlukové analýzy je tedy přǐradit každý zkoumaný objekt
do některého z k shluk̊u. Tyto shluky mohou být bud’ disjunktńı (objekt je
přǐrazen právě do jednoho shluku), nebo překrývaj́ıćı se. Přǐrazeńı objekt̊u
je bud’ pevné (objekt je přǐrazen jednoznačně), nebo fuzzy, kdy se stanovuje
mı́ra př́ıslušnosti uih, spočtená pro každý i-tý objekt a h-tý shluk Ch, přičemž

0 ≤ uih ≤ 1 pro všechna i = 1, . . . , n a všechna h = 1, . . . , k a
k∑

h=1

uih = 1

pro všechna i.
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Př́ıspěvek se zaměřuje na metody ohodnoceńı výsledk̊u shlukováńı, které
jsou implementované v současných statistických programových systémech.
Tyto metody mohou posloužit jednak k určeńı, kterou metodou byly vytvo-
řeny kvalitněǰśı shluky (výběru metody), jednak ke stanoveńı optimálńıho
počtu shluk̊u. Zjǐst’ovány byly některé možnosti systémů S-PLUS, SAS, SPSS
a SYSTAT.

2 Indexy, koeficienty a jiná kritéria

Všechny metody hodnoceńı se v podstatě zaměřuj́ı na zjǐst’ováńı, jak kom-
paktńı shluky byly vytvořeny a jak jsou jednotlivé shluky odlǐsné. Je sledován
základńı princip disjunktńıho shlukováńı, aby objekty z určitého shluku si
byly velmi podobné a aby pro každé objekty ze dvou r̊uzných shluk̊u pla-
tilo, že jsou hodně odlǐsné. Při použit́ı statistické terminologie jde o to, aby
variabilita uvnitř shluku byla co nejmenš́ı a naopak variabilita mezi shluky
co největš́ı. Samozřejmě plat́ı, že č́ım je počet shluk̊u větš́ı, t́ım jsou shluky
v́ıce homogenńı. Z tohoto d̊uvod̊u se při usuzováńı na vhodný počet shluk̊u
uplatňuj́ı r̊uzná speciálńı kritéria.

Na kvalitu shluk̊u lze usuzovat pomoćı poměru determinace, který se kon-
struuje analogicky jako v analýze rozptylu. Nazývá se RSQ (R-square) index.
Jde o pod́ıl meziskupinové variability SSB (Sum of Squares Between groups)
na celkové variabilitě SST (Total Sum of Squares). Vzhledem k tomu, že
plat́ı vztah SST = SSB + SSW , kde SSW je součet čtverc̊u, který charakte-
rizuje vnitroskupinovou variabilitu (Sum of Squares Within a group), může
být RSQ index vyjádřen pomoćı vnitroskupinové variability, tj.

IRSQ =
SST − SSW

SST
=

n∑
i=1

m∑
l=1

(xil − x̄l)
2 −

k∑
h=1

∑
xi∈Ch

m∑
l=1

(xil − x̄hl)
2

n∑
i=1

m∑
l=1

(xil − x̄l)2
. (1)

R-kvadrát index se použ́ıvá např́ıklad při porovnáńı r̊uzných postup̊u při
hierarchické shlukové analýze. Pro stanoveńı optimálńıho počtu shluk̊u se
využ́ıvá SPRSQ (semipartial R-squared) index, který reprezentuje pokles
hodnoty R-kvadrát indexu zp̊usobený spojeńım dvou shluk̊u, tj.

ISPRSQ(k) = IRSQ(k + 1) − IRSQ(k). (2)

Č́ım je hodnota SPRSQ indexu nižš́ı, t́ım menš́ı je změna jak meziskupi-
nové, tak vnitroskupinové variability. Malá změna indikuje, že spojeńım dvou
shluk̊u se vnitroskupinová variabilita zvýšila málo a že je tud́ıž menš́ı počet
shluk̊u lepš́ım výsledkem.

Daľśım indexem inspirovaným analýzou rozptylu je pseudo F (PSF ) index,
založený na analogii s F statistikou. Podle jeho autor̊u je označován též jako
CHF (Calinski-Habarasz F ) index. Poč́ıtá se podle vzorce
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ICHF =
SSB

k−1
SSW

n−k

=
(n − k) · SSB

(k − 1) · SSW
, (3)

v němž použité symboly maj́ı stejný význam jako u R-kvadrát indexu. Vyso-
ké hodnoty CHF indexu indikuj́ı dobře oddělené shluky.

Ze součt̊u čtverc̊u dále vycháźı index PTS, resp. PST2 (pseudo T-square).
Tato pseudo T-kvadrát statistika hodnot́ı spojeńı dvou shluk̊u do jednoho.
Spojeńı h-tého a h′-tého shluku je hodnoceno pomoćı vztahu

IPTS =
Bhh′

Wh+Wh′

nh+nh′−2

, (4)

kde Bhh′ je mezishlukový součet čtverc̊u a Wh a Wh′ jsou vnitroshlukové
součty čtverc̊u. PTS index se obvykle poč́ıtá pro jednotlivé úrovně hierar-
chického shlukováńı. Kvantifikuje odlǐsnosti mezi dvěma shluky, které jsou
v daném kroku spojovány. Je-li při grafickém znázorněńı pro k shluk̊u na
křivce zřejmý ,,skok“, pak vhodný počet shluk̊u je (k + 1).

Pouze na vnitroskupinové variabilitě je založen RMSSTD (Root Mean
Square STandard Deviation) index, jenž měř́ı homogenitu výsledných shluk̊u:

IRMSSTD =

√
SSW

m(n − k)
, (5)

kde SSW je součet čtverc̊u, který charakterizuje vnitroskupinovou variabilitu
(viz RSQ index). Nižš́ı hodnoty indexu tedy indikuj́ı lepš́ı rozděleńı objekt̊u
do shluk̊u.

K daľśım index̊um pro stanoveńı optimálńıho počtu shluk̊u pař́ı Davies̊uv
a Bouldin̊uv (DB) index, který kvantifikuje pr̊uměrnou podobnost mezi shlu-
kem a jeho nejpodobněǰśım protěǰskem. Vzdálenost shluk̊u Dhh′ je reprezen-
tována vzdálenost́ı centroid̊u. Uvažuje se přitom Minkowského vzdálenost.
Dále je definována mı́ra disperze sD,h shluku Ch jako kvadratický pr̊uměr
vzdálenost́ı jednotlivých objekt̊u od svého centroidu. Označme

Rh = max
h′, h′ 6=h

{
sD,h + sD,h′

Dhh′

}
.

Výsledný DB index je definován jako pr̊uměr z hodnot Rh, tj.

IDB =

k∑
h=1

Rh

k
. (6)

Nejlepš́ı je takové rozděleńı objekt̊u do shluk̊u, při němž je hodnota indexu
minimálńı.

Jiným kritériem je Dunn̊uv index (též separačńı index ). Pro něj se definuje
jednak vzdálenost mezi shluky Dhh′ jako minimálńı vzdálenost dvou objekt̊u
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z r̊uzných shluk̊u, jednak poloměr shluku diamh jako maximálńı vzdálenost
dvou objekt̊u z daného shluku. Výsledný Dunn̊uv index je dán vzorcem

ID = min
1≤h≤k



 min

1≤h′≤k

Dhh′

max diaml
1≤l≤k



 . (7)

Vysoké hodnoty tohoto indexu indikuj́ı kompaktńı a dobře oddělené shluky.
Pro hodnoceńı shluk̊u vytvořených pomoćı metod rozkladu (tj. nehierar-

chických) se použ́ıvá obrysový koeficient (silhouette coefficient), který vycháźı
z hodnot poč́ıtaných pro obrysový graf. Pro xi ∈ Cg spočteme hodnoty ψi

na základě pr̊uměrných vzdálenost́ı sledovaného objektu s ostatńımi objekty
v jednotlivých shlućıch, a to

ψi =
ηi − µi

max {ηi, µi}
,

kde ηi je pr̊uměrná vzdálenost i-tého objektu s objekty z téhož shluku a µi je
minimum z pr̊uměrných vzdálenost́ı poč́ıtaných pro ostatńı shluky. Z hod-
not ψi se poč́ıtá pr̊uměrná hodnota za celý rozklad, tj.

ψP =

n∑

i=1

ψi

n
. (8)

Č́ım vyšš́ı je tato pr̊uměrná hodnota, t́ım jsou shluky kompaktněǰśı. Obryso-
vý koeficient lze použ́ıt jednak pro porovnáńı metod, jednak pro stanoveńı
optimálńıho počtu shluk̊u.

Dále můžeme pro stanoveńı optimálńıho počtu shluk̊u využ́ıt informačńı
kritéria. Rozlǐsuj́ı se dvě, přičemž jedno je založeno na bayesovském př́ıstupu.
To bývá označováno zkratkou BIC (Bayesian Information Criterion) a nazý-
vá se Schwarzovo bayesovské kritérium. Druhé kritérium je Akaikeovo, ozna-
čuje se AIC (Akaike Information Criterion). Podrobněji viz [7]. V praxi se
postupuje tak, že jsou nejdř́ıve spočteny hodnoty BIC, resp. AIC, pro každý
počet shluk̊u v rámci specifikovaného intervalu. Na jejich základě se sta-
nov́ı počátečńı odhad pro počet shluk̊u, který odpov́ıdá minimu ze zjǐstěných
hodnot. Poté je počátečńı odhad upraven zjǐst’ováńım největš́ıho vzr̊ustu ve
vzdálenosti mezi dvěma nejbližš́ımi shluky v každé etapě hierarchického shlu-
kováńı.

Daľśı speciálńı postupy jsou uplatňovány v rámci metod založených na
hustotě. Provád́ı se posloupnost test̊u, v nichž nulová hypotéza označuje, že
počet shluk̊u je hodnota k nebo menš́ı, a alternativńı hypotéza označuje, že
počet shluk̊u je větš́ı než k. Výsledkem aplikace metody založené na hustotě
je sice stanoveńı počtu shluk̊u, to ovšem záviśı na parametrech shlukováńı,
které zadává uživatel.

Je-li aplikována fuzzy shluková analýza, pak hodnoceńı vycháźı z koefici-
ent̊u př́ıslušnosti uih. Základńım koeficientem uváděným v literatuře a im-
plementovaným v současném softwaru je koeficient rozkladu, který vyjadřuje
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mı́ru překryt́ı mezi shluky. Zat́ımco v knihách [1] a [2] je spojován se jménem
Bezdek (1981), v systému S-PLUS je podle knihy [5] nazýván Dunn̊uv koefi-
cient rozkladu. Vzhledem k tomu, že jeden Dunn̊uv index byl již definován,
budeme v souladu s [2] použ́ıvat značeńı PC (Partition Coefficient) index,
tj. IPC . Tento index se poč́ıtá podle vzorce

IPC =
1

n

n∑

i=1

k∑

h=1

u2
ih (9)

a nabývá hodnot z intervalu < 1/k; 1 >. Můžeme rozlǐsit dvě extrémńı si-
tuace, a to úplné fuzzy shlukováńı, kdy IPC = 1/k, a pevné (disjunktńı)
shlukováńı, kdy IPC = 1. Uvažujeme-li počet shluk̊u od dvou do (n – 1), pak
optimálńı počet lze źıskat pomoćı maxima z index̊u poč́ıtaných pro všechny
počty shluk̊u z tohoto intervalu. Protože však se změnou počtu shluk̊u se
měńı také interval, v němž se může hodnota koeficientu nacházet, je lépe
porovnávat hodnoty normalizovaného koeficientu rozkladu, které jsou z inter-
valu od 0 do 1.

Pokud jde o jednotlivé programové produkty, pak se částečně překrývaj́ı
možnosti systémů SAS a SYSTAT. Součást́ı výstup̊u hierarchické shlukové
analýzy v systému SAS je jak č́ıselný výstup hodnot index̊u, tak grafický
(pouze vybraných), SYSTAT poskytuje grafické srovnáńı hodnot. SAS zahr-
nuje indexy RSQ, SPRSQ, PSF (č́ıselně též pro metodu k-pr̊uměr̊u) a PST2,
viz též [9], SYSTAT indexy CHF, PTS, RMSSTD, DB a Dunn̊uv. SAS nav́ıc
poskytuje tzv. kubické shlukovaćı kritérium (CCC) a v rámci procedury
MODECLUS umožňuje provádět posloupnost test̊u, viz výše. Systém SPSS
umožňuje využ́ıt informačńı kritéria (BIC a AIC), a to v rámci dvoukrokové
shlukové analýzy, která je založena na principu algoritmu BIRCH, viz [10].
Ostatńı výše uvedené postupy jsou implementovány v systému S-PLUS. Hod-
nota obrysového koeficientu je součásti obrysového grafu, který je nab́ızen
u algoritmů k-medoid̊u (PAM a CLARA) a u fuzzy shlukové analýzy
(FANNY). Součást́ı výstupu tohoto algoritmu jsou hodnoty Dunnova koefi-
cientu rozkladu.

3 Aplikace na data z hlasováńı v parlamentu

Možnosti programových systémů jsou ilustrovány na shlukováńı poslanc̊u
ruského parlamentu v roce 2004 na základě jednotlivých hlasováńı, viz [3].
Datový soubor obsahuje 430 vektor̊u odpov́ıdaj́ıćıch hlasováńı jednotlivých
poslanc̊u (20 poslanc̊u s malou účast́ı bylo vynecháno). Těchto hlasováńı
bylo 3150. Odpov́ıdaj́ıćı proměnné jsou binárńı, přičemž hodnota 1 indikuje
kladný hlas a hodnota 0 jiný výsledek. Ćılem shlukové analýzy bylo nalézt
skupiny podobně hlasuj́ıćıch poslanc̊u. Lze předpokládat, že tyto skupiny by
mohly souviset s př́ıslušnost́ı poslanc̊u ke svým politickým stranám. Jednot-
livé politické strany byly zastoupeny v počtech 285, 51, 37, 41 a 16 poslanc̊u
bylo nezávislých.
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Shlukováńı jsme prováděli jednak na základě p̊uvodńıch dat (PD), jednak
na základě dat částečně analyzovaných. V tomto př́ıpadě byla na objekty
aplikována faktorová analýza a vstupem do shlukováńı byly prvńı dva, resp.
tři, vektory faktorových zátěž́ı (FZ). Jde o postup navržený pro shlukováńı
binárńıch proměnných, viz [4].

Na obrázku 1 jsou ohodnoceny výsledky źıskané hierarchickou shlukovou
analýzou (na základě prvńıch dvou vektor̊u faktorových zátěž́ı) pro počty
shluk̊u od dvou do sedmi. Podle RMSSTD a CHF indexu je vhodné rozděleńı
objekt̊u do pěti shluk̊u, PTS indikuje jako optimálńı dva shluky (maximum
je v hodnotě 1), zat́ımco DB index čtyři shluky a Dunn̊uv index šest a sedm
shluk̊u (obdobné grafy pro CHF a PTS lze źıskat v systému SAS).

Obrázek 1: Ohodnoceńı rozděleńı objetk̊u do r̊uzných počtu shluk̊u
(FZ, euklidovská vzdálenost, metoda pr̊uměrné vazby – SYSTAT).

V tabulce 1 jsou uvedeny hodnoty obrysového koeficientu pro metody
rozkladu (PAM, CLARA a FANNY ze systému S-PLUS) źıskané na základě
p̊uvodńıch dat (PD) a na základě dvou a tř́ı faktor̊u (2f a 3f). Lze porovnávat
pouze výsledky analýz se stejným počtem proměnných. (Výsledky pro fuzzy
shlukovou analýzu aplikovanou na p̊uvodńı data nejsou uvedeny, protože ob-
jekty byly přǐrazeny ke shluk̊um se shodnými hodnotami měr př́ıslušnosti.)
Jako optimálńı byly vyhodnoceny dva a čtyři shluky, přičemž lépe ohodno-
ceno bylo rozděleńı objekt̊u do skupin pomoćı metod k-medoid̊u.

Pokud jde o hodnoceńı výsledk̊u dvoukrokové shlukové analýzy, pak při
analýze p̊uvodńıch dat a využit́ım věrohodnostńı mı́ry nepodobnosti byly
pomoćı obou kritéríı vyhodnoceny jako optimálńı dva shluky. Při analýze
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vektor̊u faktorových zátěž́ı se výsledky lǐsily v závislosti na počtu použitých
vektor̊u, na použité mı́̌re a na použitém kritériu.

S využit́ım normalizovaného Dunnova koeficientu rozkladu ve fuzzy shlu-
kové analýze byly jako optimálńı vyhodnoceny tři shluky (bez normalizace
byla největš́ı hodnota pro dva shluky).

Počet
shluk̊u

PD
PAM
(CLARA)

FZ(3f)
PAM
(CLARA)

FZ(2f)
PAM
(CLARA)

FZ(3f)
FANNY

FZ(2f)
FANNY

2 0,39 0,57 (0,57) 0,63 (0,64) 0,58 0,63

3 0,18 0,53 (0,52) 0,61 (0,62) 0,53 0,61

4 0,21 0,67 (0,67) 0,65 (0,67) 0,41 0,51

Tabulka 1: Hodnoty obrysového koeficientu pro r̊uzné počty shluk̊u.

Při rozděleńı objekt̊u do dvou shluk̊u na základě faktorových zátěž́ı byla
velikost jednoho shluku bĺızká (resp. stejná) velikosti zastoupeńı největš́ı po-
litické strany (285), a to jak v př́ıpadě metod PAM a FANNY, tak v př́ıpadě
metody k-pr̊uměr̊u a metod hierarchického shlukováńı (při použit́ı eukli-
dovské vzdálenosti a metod úplného spojeńı a pr̊uměrné vazby). Aplikaćı
dvoukrokové shlukové analýzy byl shluk o velikosti 287 źıskán dokonce na
základě p̊uvodńıch dat (při použit́ı věrohodnostńı mı́ry nepodobnosti). Po-
drobněji viz [8].

4 Závěr

V současných programových systémech již bývaj́ı implementovány metody,
které umožňuj́ı hodnotit kvalitu shluk̊u, vyb́ırat vhodné postupy shlukováńı
a určovat vhodné počty shluk̊u. Konečný závěr však muśı obvykle učinit
uživatel sám na základě zobrazených hodnot či graf̊u. Jsou však i výjimky,
např́ıklad programový systém SPSS v rámci dvoukrokové shlukové analýzy
umožňuje zobrazit výstup pro optimálńı počet shluk̊u (ze zadaného inter-
valu). Uživatel ovšem muśı zvolit jedno ze dvou kritéríı.

Jak je vidět z výsledk̊u experimentu týkaj́ıćıho se shlukováńı poslanc̊u,
optimálńı počty shluk̊u se mohou lǐsit v závislosti na použité metodě. Některé
źıskané počty (2, 4, 5) mohou mı́t reálnou interpretaci ve smyslu politických
seskupeńı. Při zjǐst’ováńı velikost́ı shluk̊u však pouze při rozděleńı do dvou
shluk̊u jeden z nich velikostně přibližně odpov́ıdá zastoupeńı největš́ı politické
strany v parlamentu. Při určeńı počtu shluk̊u je kromě zmı́něných koeficient̊u
d̊uležité též věcné a interpretačńı hledisko. Konečné rozhodnut́ı muśı tedy
učinit analytik. Jiný př́ıklad na určováńı počtu shluk̊u při shlukováńı okres̊u
na základě ekonomických ukazatel̊u je popsán v [6].
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s aplikáciami. Iura Edition, Bratislava.
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MULTI-SAMPLE SPATIAL MEDIAN TEST
NOT REQUIRING DISTRIBUTIONS
OF THE SAME TYPE

Ján Somorč́ık, Frantǐsek Rubĺık

Keywords: Location parameters, multi-sample comparison, spatial median.

Abstract: We present a test for the multivariate multi-sample location pro-
blem. It is based on spatial medians. Therefore, it is more robust than the
classical tools. Moreover, it can be used also in situations when the under-
lying distributions of the samples are not of the same type. We prove some
asymptotic properties and present results of a Monte Carlo study.

Abstrakt: Predstavujeme test rovnosti parametrov polohy viacerých mno-
horozmených rozdeleńı, založený na priestorových mediánoch. Je robustneǰśı
než klasické metódy. Navyše sa dá použit’ aj v situáciách, ked’ rozdelenia prav-
depodobnosti v súboroch nie sú rovnakého typu. V článku dokazujeme nie-
kol’ko asymptotických vlasnost́ı a uvádzame výsledky Monte Carlo simulácíı.

1 Introduction

We consider the d-dimensional q-sample location problem. It means that
we have q independent random samples from d-variate distributions with
location parameters θ1, . . . , θq and we wish to test the hypothesis

H0 : θ1 = . . . = θq.

We suppose that the d-variate distributions possess densities w.r.t. Lebesgue
measure. Typically, it is assumed that the densities are of the form f(.− θa)
(a = 1, . . . , q). This means that the underlying distributions can differ only
in location parameters. A lot of tests have been developed to test the above
hypothesis, a good overview can be found in [6]. We have been motivated
by the Lawley-Hotelling test based on the comparison of sample means (see
e.g. [6]). Its test statistic is

T 2 :=

q∑

a=1

na(X̄(a) − X̄)T S−1(X̄(a) − X̄),

where na is the sample size of the a-th sample, X̄(a) is the sample mean of the
a-th sample. X̄ and S denote the sample mean and the sample covariance
matrix based on the pooled sample of all n := n1 + . . . + nq data points.
Existence of finite second order moments of the underlying distributions is
required. Then the asymptotic distribution of T 2 under H0 is χ2

(q−1)d.
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It is well-known that the performance of the Lawley-Hotelling test is
rather poor (it has low power) when the underlying distributions are heavy-
tailed (see e.g. [5]). The reason is that the sample covariance matrix and the
sample means are very sensitive to outliers. A more robust estimate of lo-
cation is, for example, the spatial median. Therefore, in [5] we have replaced
the sample means by sample spatial medians to obtain a more robust test.

First, a few words about spatial median. The sample spatial median µ̂ of
the data points X1, . . . ,Xn is defined as

µ̂ := arg min
M∈Rd

n∑

i=1

‖Xi − M‖, (1)

where ‖.‖ denotes the usual Euclidean norm. Uniqueness and existence of µ̂
is ensured unless the data points lie on a single line (see [3], one of the
shortest contributions ever published in Annals of Statistics). There is no
explicit formula to compute the spatial median. Hence, an iterative algorithm
is needed. The most popular one seems to be the Weiszfeld’s algorithm. It
was developed already in 1937 and refined in [7] to ensure its convergence for
an arbitrary starting point.

The sample spatial median µ̂ can be seen as an estimate of

µ := arg min
M∈Rd

E(‖X − M‖ − ‖X‖)

which is the spatial median of the underlying probability distribution. Now,
we introduce a weak assumption from [2] about this distribution.

Assumption 1. Let the density of the underlying distribution be bounded on
every bounded subset of Rd.

Under Assumption 1 the sample spatial median is asymptomatically nor-
mal: √

n(µ̂ − µ) → Nd(0, V ) in distribution. (2)

See [5] for the definition of the asymptotic covariance matrix V and [2] for
the proof.

(1) defines the sample spatial median as the point from which the sum
of distances to the data points is minimal. The robustness of spatial median
against outliers is not obvious from this definition. To see it, compute the
gradient of the function

∑n
i=1 ‖Xi − M‖ with respect to M which must be

a zero vector for M := µ̂. It follows that the sample spatial median is such
a point that the unit-length vectors pointing from µ̂ to the data points are
balanced, i.e. their sum is a zero vector. Now, the robustness of the spatial
median can be seen from Figure 1: irrespective of how far X4 has moved to
the “north-east” the spatial median of X1, . . . ,X4 does not change, whereas
the sample mean “follows” X4.
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Figure 1: Robustness of spatial median.

2 Test statistics based on spatial medians

In [5] we introduced two test statistics whose form is inspired by the Lawley-
Hotelling T 2:

M1 :=

q∑

a=1

na(µ̂a − µ̄)T V̂ −1(µ̂a − µ̄),

M2 :=

q∑

a=1

na(µ̂a − µ̂)T V̂ −1(µ̂a − µ̂),

where the µ̂a’s are the sample spatial medians, µ̄ := (1/n)
∑q

a=1 naµ̂a, µ̂ is the

sample spatial median of the pooled sample and V̂ (see [5]) is an estimate
of the asymptotic covariance matrix V of the sample spatial medians. We
have shown that the asymptotic distribution of M1 and M2 under H0 is
χ2

(q−1)d. See [5] for more asymptotic properties and comparison with other
test statistics.

However, there is an important deficiency concerning M1 and M2: they
require that the underlying densities are of the form f(.−θa), i.e. of the same
type, differing at most in location parameters. But it is natural to test H0

also in more general situations. Think, for example, about the situation that
we have random samples from d-variate spherically symmetric distributions
with (possibly) different centers of symmetry θ1, . . . , θq but also with different
scatter matrices describing the variability of the spherical distributions.

This motivated us to adjust M1 or M2 to get rid of the assumption that
the distributions of the samples must be of the same type. Our solution is as
follows:
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M3 :=

q∑

a=1

na(µ̂a − µ̃)T V̂ −1
a (µ̂a − µ̃),

where V̂a (a = 1, . . . , q) are the estimates of the asymptotic covariance mat-
rices Va of the sample spatial medians µ̂a and

µ̃ := Ŝ−1

q∑

a=1

naV̂ −1
a µ̂a

where Ŝ :=
∑q

a=1 naV̂ −1
a . Hence, µ̃ is a weighted average of the sample

spatial medians µ̂a. The impact of a particular µ̂a increases with increasing
sample size na and decreases with “increasing” V̂a because V̂a measures the
variability of the estimate µ̂a. Our idea is not new, it was used e.g. in [4] in
a different multi-sample testing problem.

Strictly speaking, the test statistics M1, M2 and M3 test the equality of
the spatial medians µ1, . . . , µq of the underlying distributions. If these distri-
butions are of the same type the equality of the µa’s implies also the equality
of the location parameters θa’s, no matter how the term “location parame-
ter” is defined. But if the underlying distributions are not of the same type
(it is the case when M1 and M2 can not be used but M3 can) the above
implication is not necessarily true. However, in many practical situations
each of the underlying distributions possesses certain kind of symmetry and
the location parameters θa’s are defined as the centers of these symmetries.
Typically, also the spatial medians µa’s of the distributions coincide with the
centers of the symmetries. Therefore, the equality of the location parame-
ters θa’s is the consequence of the equality of the spatial medians µa’s.

To establish the asymptotic distribution of M3 we will need an assumption
about the asymptotic “proportions” of the samples:

Assumption 2. Let ∃pa := lim(na/n) > 0 for a = 1, . . . , q.

The following theorem provides a tool for testing the hypothesis H0. Its
proof and also the proofs of the following theorems can be found in the
Appendix.

Theorem 1. Let the underlying densities of the samples satisfy Assumption 1.
Then under Assumption 2 the asymptotic distribution of M3 under H0 is
χ2

(q−1)d.

In [5] it was shown that in case of underlying distributions of the same
type the test statistics M1 and M2 are asymptotically equal under H0, i.e.
M1 = M2 + oP (1). Now, a natural question arises about the relationship
between M3 and M1 (or M2). The following theorem gives the answer.
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Theorem 2. Let the distributions of the samples be of the same type (i.e. their
densities are of the form f(.− θa)). Let f satisfy Assumption 1. Then under
Assumption 2: M3 = M1 + oP (1).

Now, we are going to study the asymptotic performance of M3 when H0 is
not true. Consider the sequence of Pitman alternatives, i.e. the spatial medi-
ans do not share the same value µ but the spatial median of the distribution
of the a-th sample is

µ +
ha√
n

,

where the ha’s are some constant vectors satisfying

q∑

a=1

paV −1
a ha = 0, (3)

which means that asymptotically the “shifts” of the distributions are balan-
ced.

Theorem 3. Under Pitman alternatives and Assumptions 1 and 2 the
asymptotic distribution of M3 is noncentral chi-squared χ2

(q−1)d(δ) where the

noncentrality parameter is δ :=
∑q

a=1 pahT
a V −1

a ha.

Condition (3) is just technical and enables us to compare M3 with other
tests by the ratio of the noncentrality parameters. Note that in case of un-
derlying distributions of the same type the noncentrality parameters of M1,
M2 and M3 are the same (cf. [5]).

3 Monte Carlo study

We have performed a simulation study to illustrate the finite sample perfor-
mance of the test statistics M1, M2 and especially the performance of M3.
Also four other multivariate multi-sample test statistics were included in the
study: Lawley-Hotelling T 2, LN based on component-wise ranks (see [6]) and
Wφ1

, Wφ2
based on spatial signs (see [5]). Only M3 and Wφ1

do not require
underlying distributions of the same type, however, Wφ1

needs spherical sy-
mmetry.

We have been generating q = 3 samples of n1 = n2 = n3 data points from
3-variate distributions (i.e. d = 3). The first sample has been generated from
N3(θ1, I3), the second and third from spherically symmetric Cauchy distri-
butions (see [6]) with centers of symmetry θ2 and θ3. If not stated otherwise,
the location parameters θ1, θ2, θ3 were set to (0, 0, 0)T . We have simulated
three different cases, each of them 5000-times. The 5% critical value of χ2

6

was used to reject H0. The results are in Table 1.
The simulated probabilities of Type I error of M1, M2 and M3 are slightly

higher than the nominal level 5%. In case of M3 it is just because of too
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M1 M2 M3 T 2 LN Wφ1
Wφ2

H0 true .060 .064 .063 .029 .049 .049 0.057

θ1 = (0.3, 0.3, 0)T .497 .500 .580 .038 .421 .567 .369

θ2 = (0.3, 0.3, 0)T .480 .489 .485 .042 .315 .456 .283

Table 1: Simulated probabilities of Type I error and powers.

small sample sizes. For M1 and M2 it is because of underlying distributions
of different type (compare with simulated probabilities of Type I error of M1

and M2 proposed in [5] in case of n1 = n2 = n3 = 100 and underlying
distributions of the same type).

If the first sample is shifted (i.e. the one with lower variability) the simu-
lated powers of M1 and M2 lag behind the simulated powers of M3 and Wφ1

.
However, in case of shift in the second sample (here the variability is higher)
the simulated powers of M1 and M2 are similar to that of M3. The pre-
sence of the heavy-tailed Cauchy distribution makes the performance of the
Lawley-Hotelling T 2 really poor. Also note that the powers of LN and Wφ2

are significantly smaller than the powers of M3 and Wφ1
.

4 Conclusions

The test statistic M3 based on spatial medians turns out to be a quite ro-
bust tool for testing the multivariate multi-sample location problem when
the underlying distributions are not of the same type. Some non-parametric
multivariate test statistics are computationally intensive and, therefore, not
easy to use for larger data sets. Thanks to Weiszfeld’s spatial median algori-
thm M3 can be obtained quite quickly. Also its χ2-approximation seems to
work already for relatively small sample sizes.

As the simulations suggest, the violation of the assumption of underlying
distributions of the same type does not necessarily mean a poor performance
of tests based on that assumption. Nevertheless, M3 ensures that the favou-
rable properties of the spatial median test statistics M1, M2 remain valid also
in more general situations.

Appendix

Proof of Theorem 1:
M3 can be written in the matrix form:

M3 =




√
n1(µ̂1 − µ̃)

...
√

nq(µ̂q − µ̃)




T 


V̂ −1
1 · · · 0
...

. . .
...

0 · · · V̂ −1
q




︸ ︷︷ ︸
=:Ŵ−1




√
n1(µ̂1 − µ̃)

...
√

nq(µ̂q − µ̃)




︸ ︷︷ ︸
=:Z

.
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In [1] it was shown that V̂a = Va +oP (1). It means that Ŵ−1 = W−1 +oP (1),
where

W :=




V1 · · · 0
...

. . .
...

0 · · · Vq


 .

Further, Z can be rewritten into the form

Z =


Iqd −




√
n1

n Id

...√
nq

n Id




(√
n1

n
nŜ−1, . . . ,

√
nq

n
nŜ−1

)
Ŵ−1




︸ ︷︷ ︸
=:B̂

·X,

where X := (
√

n1(µ̂1 − µ)T , . . . ,
√

nq(µ̂q − µ)T )T , µ is the common value

of µ1, . . . , µq. Assumption 2 and the fact that V̂a = Va + oP (1) imply that

B̂ = B + oP (1) where

B := Iqd − (
√

p ⊗ Id)(
√

p
T ⊗ R−1)W−1,

√
p := (

√
p1, . . . ,

√
pq)

T , R :=
∑q

a=1 paV −1
a and ⊗ denotes the Kronecker pro-

duct. Summarizing the above asymptotic results about Ŵ and B̂ we obtain
that

M3 = XT (B+oP (1))T (W−1+oP (1))(B+oP (1))X = XT BT W−1BX+oP (1),

where the second equality follows from the fact X = OP (1) (ensured by (2)).
It is easy to verify that

(
√

p
T ⊗ Id)W

−1(
√

p ⊗ R−1) = Id, (4)

which implies that

M3 = XT [W−1 − W−1(
√

p ⊗ R−1)(
√

p
T ⊗ Id)W

−1

︸ ︷︷ ︸
=:A

]X + oP (1).

From (2) we have that asymptotically X ∼ Nqd(0,W ). Hence, to show that
the asymptotic distribution of the quadratic form XT AX is χ2

(q−1)d it is

sufficient to prove that WAWAW = WAW and trace(AW ) = (q − 1)d.
These two equalities can be verified by a straightforward computation making
use of (4).

Proof of Theorem 2:
Let V denotes the common value of V1, . . . , Vq. Then W =Iq⊗V , R=V −1

and one easily obtains that A = (Iq −√
p
√

pT ) ⊗ V −1. But for this form of
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the matrix A it was shown (see the proofs in [5]) that M1 = XT AX + oP (1)
and the proof is complete.

Proof of Theorem 3:
As in the proof of Theorem 1 one obtains that M3 = XT AX +oP (1). But

here the asymptotic distribution of X is Nqd(h
∗,W ), where

h∗ := (
√

p1h
T
1 , . . . ,

√
pqh

T
q )T .

It was already shown that WAWAW = WAW and trace(AW ) = (q − 1)d.
To complete the proof we have to verify that WAh∗ ∈ M(WAW ) and
h∗T Ah∗ = h∗T AWAh∗, where M(.) denotes the linear subspace spanned by
the columns of the matrix. The first condition is satisfied because W is regular
and therefore we can write WAh∗ = WAWW−1h∗ ∈ M(WAW ). The vali-
dity of the second condition follows from the equality AWA = A which can be
verified by (4). The noncentrality parameter is given by δ = h∗T AWAWAh∗.
From (4) it is easy to see that AWAWA = A. Further, we apply (3) and
obtain that δ =

∑q
a=1 pahT

a V −1
a ha.
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[4] Rubĺık F. (2001). Tests of some hypotheses on characteristic roots of co-
variance matrices not requiring normality assumptions. Kybernetika 37,
61 – 78.
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STOCHASTICKÝ MODEL VÝVOJE
EPIDEMIE S VAKCINACÍ

Jakub Staněk

Kĺıčová slova: Model vývoje epidemie, simulace, stochastická diferenciálńı
rovnice, vakcinace.

Abstrakt: Tento př́ıspěvek se zabývá stochastickým modelem vývoje epide-
mie, který je přirozenou stochastickou verźı Kermack-McKendrickova modelu
s vakcinaćı. Tento model je popsán stochastickou direfenciálńı rovnićı (R3).
V př́ıspěvku jsou porovnány středńı hodnoty řešeńı (R3) s řešeńım determi-
nistického modelu, je diskutováno chováńı modelu v závislosti na velikosti
populace a na závěr je prezentováno simulačńı řešeńı optimalizace lineárńı
vakcinace.

Abstract: This contribution concerns a stochastic model for the spread of an
infection. This model is a natural version of the Kermack-McKendrick model
with vaccination and it is given by the stochastic differential equation (R3).
Expected value of a solution to (R3) and a solution to the deterministic
model are compared, behavior of a solution to (R3) depending on the size
of population is discussed and finally, a solution of the optimizing of linear
vaccination obtained by simulations is presented.

1 Úvod

S rozvojem cestováńı po světě v současné době roste nebezpeč́ı přenosu
r̊uzných chorob, a tud́ıž je nutné neustále zlepšovat léčebné postupy či vo-
lit nové strategie prevence. Ned́ılnou součást́ı vývoje léčebných postup̊u je
zlepšováńı našich znalost́ı o chováńı dané choroby, k čemuž nám mohou po-
moci matematické modely chováńı vývoje epidemie.

Ačkoliv matematických model̊u vývoje epidemie je mnoho, většina mode-
l̊u nám dává informaci pouze o chováńı epidemie při daných vstupńıch pod-
mı́nkách (počet nemocných a zdravých jedinc̊u v určitý časový okamžik,
intenzita přenosu choroby nebo léčeńı atd.), ale neumožňuje nám zasahovat
do vývoje epidemie vakcinaćı. Model, který je zde prezentován, byl navržen
tak, aby nám umožňoval sledovat, jak vakcinace ovlivňuje pr̊uběh epidemie,
umožňuje nám porovnávat r̊uzné strategie vakcinace a hledat optimálńı stra-
tegii.

V prvńı části článku je uveden Kermak-McKendrick̊uv model (viz [2])
a jeho verze s vakcinaćı, ze které stochastický model vycháźı. V druhé části
je pak představen stochastický model, provedeno srovnáńı numerických studíı
tohoto modelu s deterministickým modelem s vakcinaćı a provedena nume-
rická optimalizace lineárńı vakcinace vzhledem ke ztrátové funkci. Všechny
tři uvedené modely popisuj́ı chováńı vysoce infekčńı nemoci s krátkou dobou
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uzdravováńı (typickým onemocněńım tohoto typu je chřipka). V těchto mo-
delech d́ıky poměrně krátkému trváńı epidemie předpokládáme konstantńı
velikost populace, která je rozdělena na tři podpopulace, a to na skupiny
jedinc̊u zdravých, nemocných a imunńıch.

2 Deterministické modely

Předpokládejme konstantńı velikost populace n, která je rozdělena do tř́ı
skupin, jejichž velikost se v čase měńı. Tyto skupiny jsou označeny jako xt

popisuj́ıćı počet jedinc̊u, kteř́ı jsou zdrav́ı, ale mohou být nakaženi (dále jen

”
zdrav́ı“), yt znač́ıćı počet nakažených jedinc̊u, kteř́ı jsou přenašeči nemoci

(dále jen
”
nemocńı“), a zt, což je počet jedinc̊u, kteř́ı nemoc již prodělali,

nemohou být znovu nakaženi a nejsou infekčńı (dále jen
”
imunńı“). Kermack-

McKendrick̊uv model, který předpokládá homogenńı populaci (ve smyslu
výše imunity jedinc̊u a množstv́ı kontakt̊u jednotlivých osob s ostatńımi oso-
bami), je popsán diferenciálńı rovnićı

dxt = −βytxtdt, x0 > 0,

dyt = βytxtdt − γytdt, y0 > 0, (R1)

dzt = γytdt, z0 = 0,

kde β > 0 je intenzita přenosu nemoci, γ > 0 je intenzita uzdravováńı (γ−1 je
tedy pr̊uměrná doba trváńı nemoci) a xtyt je počet všech dvojic v čase t, ve
kterých může doj́ıt k přenosu nemoci, tud́ıž βxtyt je počet dvojic v čase t,
v nichž dojde k nakažeńı jednoho jedince od druhého. Podrobněji se t́ımto
modelem zabývaj́ı např. [1], [2] nebo [4].

Předpoklad homogenity populace v tomto modelu neńı př́ılǐs realistický,
nebot’ intenzita vzájemných kontakt̊u mezi jedinci v populaci je r̊uzná a rov-
než stupeň imunity jednotlivých jedinc̊u neńı stejný. Starš́ı lidé a děti totiž
bývaj́ı většinou náchylněǰśı k nemocem než dospěĺı jedinci v produktivńım
věku. Předpoklad homogenity můzěme však odstranit, nahrad́ıme-li kon-
stantu β funkćı β(z), jak je ukázáno v [4].

Pokud budeme uvažovat obecněǰśı intenzitu přenosu nemoci β a přidáme
do předchoźıho modelu přirozeným zp̊usobem vakcinaci, dostaneme model
určený diferenciálńı rovnićı

dxt = −β(zt)yt[xt − ϑ(zt)]
+dt, x0 > 0,

dyt = β(zt)yt[xt − ϑ(zt)]
+dt − γytdt, y0 > 0, (R2)

dzt = γytdt, z0 = 0,

kde β(zt) je intenzita přenosu nemoci v čase t, γ > 0 je intenzita uzdravováńı
a ϑ(zt) je počet navakcinovaných jedinc̊u v čase t. Výraz yt[xt −ϑ(zt)]

+ tedy
znač́ı počet všech dvojic tvořených zdravým nenavakcinovaným jedincem a je-
dincem nakažených, tj. všech dvojic, ve kterých může doj́ıt k přenosu nemoci.
Jelikož lidé s nižš́ım stupněm imunity bývaj́ı nakažeńı jako prvńı, může se
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v pr̊uběhu epidemie pr̊uměrný stupeň imunity jednotlivých zdravých jedinc̊u
zvětšovat, a tud́ıž by se mohla zmenšovat intenzita přenosu nemoci. Proto
voĺıme intenzitu přenosu nemoci β(z) : R → R+ jako nerostoućı spojitou
funkci imunńıch jedinc̊u. Jelikož zt, tj. počet jedinc̊u, kteř́ı nemoc prodělali,
nám dává informaci o tom, jak moc je nemoc rozš́ı̌rená, voĺıme počet na-
navakcinovaných jedinc̊u ϑ(z) : R → R+ jako neklesaj́ıćı spojitou funkci
imunńıch jedinc̊u. Pokud např́ıklad zvoĺıme ϑ lineárńı funkci, pak budeme
vakcinovat nejv́ıce v situaci, kdy máme nejv́ıce nemocných jedinc̊u, jelikož
př́ır̊ustek imunńıch jedinc̊u je př́ımo úměrný počtu nemocných jedinc̊u.

Podrobněji je tento model popsán v [3].

3 Stochastický model

Tento model je přirozenou stochastickou verźı předchoźıho deterministického
modelu. Uvažujeme stejně jako v předchoźım modelu konstantńı velikost po-
pulace N , která je rozdělena na zdravé (Xt), nemocné (Yt) a imunńı je-
dince (Zt). Model je popsán stochastickou diferenciálńı rovnićı

dXt = −β(Zt)Yt[Xt − ϑ(Zt)]
+dt +

√
β(Zt)Yt[Xt − ϑ(Zt)]+dWt,

dYt = β(Zt)Yt[Xt − ϑ(Zt)]
+dt − γYtdt −

√
β(Zt)Yt[Xt − ϑ(Zt)]+dWt,

dZt = γYtdt, (R3)

s počátečńı podmı́nkou X0 > 0, Y0 > 0, Z0 = 0.

Intenzity γ i funkce β(z) a ϑ(z) zde maj́ı stejńı význam jako v předchoźım
deterministickém modelu a Wt znač́ı Wiener̊uv proces.

K volbě difúzńıho koeficientu ve tvaru
√

β(Zt)Yt[Xt − ϑ(Zt)]+ vedla ná-
sleduj́ıćı úvaha. Pokud máme rozsah populace veliký a předpokládáme, že
každý zdravý nenavakcinovaný jedinec může být nakažen se stejnou pravdě-
podobnost́ı, pak má počet nově nakažených jedinc̊u během časového intervalu
[t, t+△] přibližně Poissonovo rozděleńı s parametrem λ = Yt[Xt−ϑ(Zt)]

+△.
Difúzńı koeficient byl proto volen tak, aby rozptyl počtu nově nakažených
jedinc̊u v daném časovém intervalu byl také přibližně λ.

Označme

τX := inf{t ≥ 0 : Xt = ϑ(Zt)},
τY := inf{t ≥ 0 : Yt = 0},
τ := min{τX , τY },

kde τX je prvńı čas, kdy jsou všichni zdrav́ı jedinci vakcinováni, τY je prvńı
čas, kdy v celé populaci neńı žádný nemocný jedinec, a τ je prvńı čas, v němž
se nemoc nemůže dále š́ı̌rit.

Pokud uvažujeme β(z) a ϑ(z) lipschitzovské funkce, pak lze při drobné
úpravě d̊ukazu věty 3.1 v [5] dokázat, že rovnice (R3) má jediné silné řešeńı
(Xt, Yt, Zt), které splňuje, že pro každé t ≥ τ
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Xt = Xτ ,

Yt = Yτe−γt − τ ,

Zt = Zτ .

Uvažujme nulovou vakcinačńı funkci ϑ, konstantńı intenzitu přenosu ne-
moci β, (Xt, Yt, Zt) řešeńı rovnice (R3) a označme (X̃t, Ỹt, Z̃t) =

(
Xt

N , Yt

N , Zt

N

)

proces poměr̊u velikost́ı jednotlivých skupin v čase. Pak

X̃t =
x0

N
−

∫ t

0

βN

[
Xs

N

Ys

N

]+

ds +

∫ t

0

√
β

[
Xs

N

Ys

N

]+

dWs

= x̃0 +

∫ t

0

β̃[X̃sỸs]
+ds +

∫ t

0

√
β̃

N
[X̃sỸs]+dWs.

Obdobně lze přepsat také rovnice pro Ỹt a Z̃t. Pod́ıváme-li se na tyto rov-
nice, vid́ıme, že proces (X̃t, Ỹt, Z̃t) neńı řešeńım rovnice (R3), nebot’ difúzńı
koeficient je oproti trendovému koeficientu

√
N -krát menš́ı, než by měl být.

Tento fakt lze interpretovat tak, že se zvětšuj́ıćı se populaćı vliv difúzńıho
koeficientu slábne.

Na Obrázćıch 1 a 2 vid́ıme, při jakých velikostech populace jsou ještě
rozd́ıly mezi deterministickým modelem a jeho stochastickou verźı podstatné
a kdy již zač́ınaj́ı řešeńı těchto model̊u splývat.

4 Simulace

V následuj́ıćıch ukázkách simulaćı bylo zvoleno γ = 0.25, β = 0.38 (Obrázek 1
a Obrázek 2), resp. β = 0.3 (Obrázek 3), a počátečńı podmı́nka Y0 = 0.01∗N
(tj. na počátku trṕı chorobou jedno procento populace). Doba, pro kterou
byla simulace provedena, je 150 časových jednotek (např. dńı). V prvńıch
dvou obrázćıch byla (pro větš́ı názornost) zvolena nulová vakcinace.

Prvńı dva obrázky ukazuj́ı zmenšuj́ıćı se rozd́ıl mezi řešeńım determinis-
tického modelu a jeho stochastické verze se zvětšuj́ı se velikost́ı populace.
V posledńım obrázku jsou znázorněny středńı hodnoty náklad̊u v závislosti
na koeficientech lineárńı vakcinace vzhledem k dvěma r̊uzným penalizačńım
funkćım při velikosti populace N = 1000. V tomto př́ıkladu jsme hledali mi-
nimálńı náklady v př́ıpadě, kdy nás každá léčebná procedura stoj́ı finančńı
jednotku (f.j.), předvakcinováńı jednoho jedince nás stoj́ı 0.3 resp. 0.6 f.j., na-
vakcinováńı jednoho jedince v pr̊uběhu epidemie nás stoj́ı 0.4 resp. 0.304 f.j.
V levém obrázku nav́ıc uvažujeme, že každý den, kdy je v populaci v́ıce ne-
mocných než 0.3%, nás stoj́ı 0.5 f.j. Zat́ımco koeficienty u penalizačńı funkce
vlevo by mohly být zvoleny realisticky, volba koeficient̊u penalizačńı funkce
vpravo, kdy předvakcinace stoj́ı dvakrát v́ıce než vakcinace v pr̊uběhu nemoci,
zřejmě moc realistická neńı. Tato volba ale prezentuje zaj́ımavý hraničńı stav,
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Obrázek 1: Rozd́ıl mezi řešeńım deterministického modelu (slabá čára)
a středńı hodnotou řešeńı stochastického modelu (silná čára). Zat́ımco pro
populaci č́ıtaj́ıćı 100 jedinc̊u je rozd́ıl zřetelný (graf vlevo), pro větš́ı popu-
laci složenou z 1000 jedinc̊u (graf vpravo) je již rozd́ıl zanedbatelný. Počet
zdravých jedinc̊u je znázorněn tečkovanou čárou, nemocných jedinc̊u plnou
čárou a imunńıch jedinc̊u čárkovanou čárou.
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Obrázek 2: Středńı hodnota řešeńı stochastického modelu (silná čára) a pět
realizaćı tohoto modelu (slabá čára). Zat́ımco pro menš́ı populaci (1000 je-
dinc̊u, graf vlevo) se pr̊uběh jednotlivých realizaćı podstatně lǐśı od jejich
středńı hodnoty, pro velkou populaci (1 milion jedinc̊u, obrázek vpravo) jsou
všechny pr̊uběhy podobné a témeř splývaj́ı s řešeńım deterministického mo-
delu.

kdy se optimálńı vakcinačńı strategie, tj. volba koeficient̊u ϑ0 a ϑ1 tak, aby
středńı hodnota penalizačńı funkce byla co nejmenš́ı, přesouvá z osy ϑ1 = 0
na osu ϑ0 = 0.
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Obrázek 3: Různá efektivita lineárńı vakcinace v závislosti na zvolených pa-
rametrech. Funkci počtu navakcinovaných jedinc̊u voĺıme lineárńı ϑ(z) =
v0 + v1 ∗ z a penalizačńı funkci voĺıme ve tvaru f = E(Z150 + 0.3 ∗ v0 +
0.4 ∗ v1 ∗ Z150 + 0.5 ∗ T ) (vlevo) a f = E(Z150 + 0.6 ∗ v0 + 0.304 ∗ v1 ∗ Z150)
(vpravo), tj. je penalizován počet jedinc̊u, kteř́ı nemoc prodělali, doba trváńı
epidemie, předvakcinace a vakcinace v pr̊uběhu epidemie z d̊uvod̊u r̊uzných
náklad̊u na zp̊usoby vakcinace a léčby. Z150 je počet jedinc̊u, kteř́ı do stano-
veného času prodělali nemoc, v0 je počet předvakcinovaných jedinc̊u, v1∗Z150

je počet jedinc̊u navakcinovaných v pr̊uběhu času a T je délka doby, po kterou
bylo nemocných v́ıce než 0.3% populace.

5 Závěr
V uvedené studii jsme si ukázali, že při vzr̊ustaj́ıćı velikosti populace se vliv
náhody v našem modelu zmenšuje. Tento model má tedy smysl pro mode-
lováńı vývoje epidemie v malých populaćıch. Pro velké populace (1 000 000 je-
dinc̊u) stač́ı použ́ıt deterministický model, nebot’ stochastický model nám
oproti deterministickému modelu žádné nové informace nepřináš́ı.
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JAK POSUZOVAT SPOLEHLIVOST
SOFTWARU

Jan A. Strouhal

Kĺıčová slova: Spolehlivost softwaru, klasifikačńı strom, metoda plovoućıch
meźı, pětistupňová škála.

Abstrakt: Aplikace klasifikačńıch a regresńıch stromů v oblasti zvyšováńı
spolehlivosti softwaru poskytuje předevš́ım nástroj pro zvýšeńı efektivity to-
hoto procesu. Čińı to vhodným výběrem modul̊u s vysokým očekávaným
počtem chyb. Odhadem jejich rizikovosti lze sńıžit náklady na testováńı.
V předchoźıch praćıch jsou popsány nové vyv́ıjené metody, které usnadńı
a zlepš́ı práci při tvorbě klasifikačńıho stromu pro softwarovou spolehlivost.
Jsou to metody rozš́ı̌reńı základńı klasifikačńı škály na v́ıce skupin a me-
toda vyhledáváńı optimálńıch hranic děleńı použitých softwarových met-
rik. Př́ınos těchto metod je ukázán na konečném př́ıkladu. Pro snadněǰśı
výpočty byl vyroben program pro hledáńı optimálńıch kořen̊u metrik při
konstrukci těchto klasifikačńıch stromů. Důležitými vstupńımi údaji tohoto
programu jsou softwarové metriky, hodnoty metrik, moduly a tř́ıdy modul̊u.
Uživateli jsou umožněny źıskat mezivýsledky, jako jsou funkce výběru me-
trik F a konečný výsledek, kterým je nalezeńı minimálńıho E (jakési mı́ry
chaosu) slouž́ıćıho k rozhodnut́ı o optimálńım kořenu metriky. Nastaveńı
programu je dostatečně variabilńı. Program mi velice pomohl při simulaćıch
i výpočtech na skutečných datech.

Abstract: Application of classification and regression trees in software relia-
bility area give us a tool for increase efficiency in software reliability process. It
has been done by proper choosing modules with expecting large faults count.
Test cost can be reduce by estimation of risk. Previous articles describes
new developed methods, which can make building software reliability classi-
fication trees easy. These methods are: extension of basic classification class
to more groups method and finding optimal bounds for used software met-
rics split method. Contribution of these methods are shown on final example.
We develop software utility for compute optimal metric for root. Utility has
input variables as software metrics, metric values, modules and module clas-
ses. Utility has also semioutput variables as metric selection function F and
output variable minimum E (chaos degree). Minimum E is used for optimal
metric root decision. Utility options are sufficiently variable. This software
was helpful in simulations as well as calculations on real data.

1 Úvod

V posledńı době se využ́ıvá výpočetńı technika téměř všude kolem nás. Exis-
tuje nepřeberné množstv́ı poč́ıtačových programů od jednoduchých her až po
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složité programové systémy použ́ıvané v jaderném inženýrstv́ı. Všechny pro-
gramy procházej́ı svými životńımi fázemi od analýzy, návrhu, vývoje, laděńı,
použ́ıváńı až po opravy a dodatky. Koncový uživatel v závěrečné fázi, ve
fázi už́ıváńı, požaduje, aby tento program byl maximálně spolehlivý, neboli
aby bezchybně vykonával požadované funkce po danou dobu. A tak výrobce
programu muśı vyprodukovat natolik spolehlivý software, aby byl zákazńık
spokojen. Vyrobit naprosto bezchybný program je téměř nemožné, ale jsou
cesty, které umožňuj́ı chybovost softwaru sńıžit. Jedna z cest je otestovat
(někdy i opakovaně) všechny funkce programu za všech možných podmı́nek
a při jakékoli opravě programu znovu vše podrobně otestovat. Tento postup
je náročný nejen na pracovńı śıly a na prostředky, ale je zejména náročný
na čas a toho je v dnešńı době stále méně (zákazńık na zadaný program
většinou spěchá). A tak nastává otázka, zda by nebylo možné proces tes-
továńı (popř́ıpadě i laděńı) urychlit. Odpověd’ je jednoduchá. Vždyt’ přece
neńı nutné testovat části programu, které se dle předchoźıch zkušenost́ı jevily
jako části nenáchylné k chybám neboli bylo v nich detekováno jen málo chyb a
naopak zaćılit úsiĺı na ty části programu, které se dle předchoźıch zkušenost́ı
jevily jako části, ve kterých byla spousta chyb, tedy části náchylné k chybám.
Pokud tedy zjist́ıme charakter (vlastnosti) uvedených dvou skupin a podle
těchto vlastnost́ı dokážeme určit náchylnost k chybám, nemuśıme pak tes-
tovat části, které se jev́ı jako nenáchylné k chybám. Vezmeme-li části pro-
gramu (moduly), které jsme již v minulosti testovali, můžeme z jejich vlast-
nost́ı (metrik - termı́n ve spolehlivosti softwaru označuje něco jako měřitelnou
vlastnost, atribut) zkonstruovat klasifikačńı strom, kterým pak můžeme kla-
sifikovat části programu, u kterých chceme zjistit, zda je máme či nemuśıme
testovat. Takto zkonstruovaný strom nám může pomoci zkrátit dobu tes-
továńı a v d̊usledku i zvýšit spolehlivost, protože se při testováńı zaměř́ıme
v́ıce na části, které jsou skutečně potřeba otestovat a odladit.

Obrázek 1: Př́ıklad klasifikačńıho stromu.
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2 Př́ıklad klasifikačńıho stromu

Ukážeme názorný př́ıklad klasifikace modulu Q v již vytvořeném stromě (viz
obrázek obsahuj́ıćı moduly M až T). V př́ıkladu jsou použity tři softwarové
metriky (atributy): počet reviźı (v rozsahu 0 až 15), propojeńı dat (v roz-
sahu 0 až 200) a funkce modulu (možnosti R - uživatelské rozhrańı, P - ř́ızeńı
procesu a F - práce se soubory). Strom je v př́ıkladu znázorněn vývojovým
diagramem, čitelným pro softwarové vývojáře, jednotlivé větve jsou označeny
α, β, γ. Modul Q má tyto atributy: počet reviźı 7, propojeńı dat 172 a funkci P
(ř́ızeńı procesu). V prvńım kroku jej tedy klasifikujeme do větve β dle metriky
počet reviźı a následně do větve γ dle metriky propojeńı dat.

Pomoćı klasifikace jsme zjistili, že klasifikovaný modul Q je pravděpodob-
ně náchylný k chybám (skončil v + listu) a měli bychom jej testovat.

3 Metodika tvorby klasifikačńıho stromu

Při vytvářeńı klasifikačńıch stromů použ́ıváme údaje o vlastnostech modul̊u
zjǐstěné na základě pozorováńı podobných objekt̊u. Na rozd́ıl od regresńıch
stromů zde nepouž́ıváme binárńı děleńı, ale uzel se může dle hodnot jednoho
atributu rozdělit na v́ıce poduzl̊u t́ım, že je použito v́ıce hranic děleńı. Obecný
postup při konstrukci klasifikačńıch stromů zač́ıná rozkladem systému na
moduly, ohodnoceńım do skupin, volbou množiny metrik (atribut̊u), volbou
hranic metrik. Pak definujeme optimalizačńı pravidlo.

Pomoćı funkce výběru metrik a váhy na poduzlech najdeme vhodné děle-
ńı. Funkce výběru metrik F nabývá hodnot v rozsahu 〈0, 1〉 a je pro dvousku-
pinové děleńı definována vztahem

F (pi, ni) = − pi

pi + ni
log2

pi

pi + ni
− ni

pi + ni
log2

ni

pi + ni

kde pi je počet pozitivńıch modul̊u (náchylných k chybám), a ni je počet
negativńıch modul̊u v i-tém uzlu. Č́ım je F menš́ı, t́ım větš́ı je homogenita
v uzlu. Pro každý uzel děleńı dále vypoč́ıtáme váhu wi = pi+ni

|C| , kde |C|
je počet všech modul̊u. Atribut A, pro nějž je E(C,A) =

∑ν
i=1 wi.F (pi, ni)

minimálńı použijeme jako nový kořen pro daľśı zpracováńı. Děleńı provád́ıme
pro každý uzel až do kritéria terminace nebo do vyčerpáńı všech atribut̊u.

3.1 Rozklad na moduly

Softwarový systém rozlož́ıme na řadu modul̊u. Lepš́ı je větš́ı počet modul̊u,
ale dbáme na to, aby moduly stále byly dostatečně samostatnými částmi
softwarového systému.
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3.2 Ohodnoceńı do skupin

Pak také zvoĺıme ohodnoceńı do skupin (v tomto př́ıpadě dvou: náchylné
a nenáchylné k chybám) libovolným spolehlivostńım kritériem (faktorem),
např́ıklad určitým počtem chyb. Pokud bylo v modulu při testováńı zjǐstěno
méně chyb, zařad́ıme jej do skupiny nenáchylné k chybám, pokud bylo zjǐstěno
alespoň tento určitý počet chyb při testováńı, zařad́ıme jej do skupiny nená-
chylné k chybám.

3.3 Zavedeńı, výběr a volba metrik

Daľśı část́ı tvorby klasifikačńıho stromu je, že na všech modulech zavedeme
množinu metrik, podle kterých bude prováděna klasifikace. Změř́ıme hod-
noty všech metrik pro všechny moduly. Správná volba metrik, ze kterých
bude strom tvořen je d̊uležitou část́ı. Všechny metriky, které bychom chtěli
použ́ıt, by měli mı́t vždy nějaký vliv na počet chyb v modulu. Pokud použiji
např́ıklad počet úhoz̊u do klávesnice při psańı programového kódu, logicky
použiji nesprávnou metriku, protože tato metrika nemá na počet chyb v mo-
dulu žádný vliv. Závislost nemuśı být samozřejmě př́ımo odvoditelná, to
bychom to měli jednoduché a mohli spoč́ıtat spolehlivost software př́ımo z této
závislosti, ale měli bychom přemýšlet o závislosti metriky na možný výskyt
chyb. Pro některé typy úloh a programů se může zdát vhodné použ́ıt některé
metriky, pro jiné typy úloh a programů zase jiné. Výběr se ponechává na
člověku tvoř́ıćımu analýzu softwarové spolehlivosti. Lépe je upřednostňovat
ty metriky, které lze snadno a dostupnými prostředky přesně zjistit (počet
řádk̊u programového kódu v modulu). Počet zvolených a naměřených me-
trik by neměl být malý, ale neměly by také být podobné ve své podstatě.
Nedá se předem zjistit, jaký je optimálńı počet metrik, které bychom měli
ke tvorbě stromu použ́ıt, ale prakticky je téměř vždy možné použ́ıt všechny
metriky, které jsme na modulech měřili. Výjimku tvoř́ı navzájem redundantńı
metriky. Pokud jsou dvě metriky navzájem zastupitelné vycháźı při tvorbě
stromu stejné nebo hodně podobné E() pro obě metriky u všech výpočt̊u a obě
metriky vždy rozděluj́ı moduly do stejných nebo hodně podobných skupin.
T́ım je i naznačena určitá korelace mezi těmito metrikami, jedna metrika je
redundantńı a je nutné ji ze seznamu vyřadit. Většinou jsou tyto metriky
vyřazeny předem dle logické úvahy o jejich fyzické nebo matematické pod-
statě. Př́ıkladem může být metrika počtu řádk̊u kódu v modulu a počet znak̊u
kódu v modulu. Protože bývá počet znak̊u kódu na řádek kódu pr̊uměrně ve
všech modulech stejné č́ıslo, je mezi těmito dvěma metrikami jistá lineárńı
závislost a neńı nutné použ́ıvat k tvorbě stromu obě tyto metriky.

3.4 Volba hranic

Abychom mohli moduly rozdělovat pomoćı určité metriky z hlavńıho uzlu do
poduzl̊u, je nutné si pro tuto metriku stanovit také počet děleńı a hranice
děleńı. Počet děleńı (počet hranic, kterými rozděĺıme moduly) se většinou
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stanovil na dvě, t́ım pádem se vždy jeden uzel dělil na tři poduzly. Expertńı
hodnoty hranic se většinou stanovovaly z předchoźıch zkušenost́ı nebo dle
nějakého obecného principu. Př́ıkladem si uved’me volbu hranic pro metriku
propojeńı dat. Na všech modulech jsme spoč́ıtali, že metrika propojeńı dat
nabývá hodnot od 0 do 200, tud́ıž si můžeme např́ıklad stanovit hranice 65
a 130 (tak abychom rozdělili interval 0 200 na přibližně tři stejné intervaly).

3.5 Vhodné děleńı

V každém kroku tvorby stromu se snaž́ıme vyhledat vhodné děleńı uzlu na
poduzly. Pomáhá nám k tomu funkce výběru metrik, která nám ukazuje
na homogenitu v jednotlivých uzlech. Vynásob́ıme-li výsledky této funkce
váhou (poměr počtu modul̊u v uzlu z celkového počtu zbývaj́ıćıch modul̊u)
źıskáme E(). Metriku, pro niž je E() minimálńı použijeme jako nový kořen
pro daľśı zpracováńı, tuto metriku vyřad́ıme ze seznamu metrik a pro všechny
vzniklé poduzly opakujeme postup děleńı. Děleńı provád́ıme až do vyčerpáńı
všech metrik nebo do splněńı kritéria terminace.

4 Optimalizace při tvorbě klasifikačńıho stromu

Při vytvářeńı klasifikačńıho stromu předem dané (expertńı) hranice metrik
nemuśı být vždy optimálńı a mohou zp̊usobovat vytvořeńı stromu se slepými
koncovými listy (bez určeńı jakékoli výstupńı skupiny) nebo s koncovými listy,
které nejsou stále homogenńı(s několika výslednými skupinami), přestože jsou
již vyčerpány všechny metriky. Proto byly navrženy nové metody, které opti-
malizuj́ı tvorbu klasifikačńıho stromu.

4.1 Optimalizace počtu hranic výběrem nejlepš́ıho
počtu

Myšlenka této optimalizace je v zmenšeńı počtu hranic v okamžiku, kdy neńı
vyšš́ı počet nutný. Např́ıklad při okamžiku slepého listu můžeme sousedńı
hranice, kde slepý list vznikl sloučit do jedné. Pro tuto metodu máme jedno-
duchý základńı princip. Vypočteme stromy pro všechny možné počty hranic
a pozorujeme maximum E() pro celý strom, počet použitých metrik a pozo-
rujeme homogenitu v koncových listech (poměr homogenńıch list̊u ku všem
list̊um).

• Neprovád́ıme v př́ıpadech, kdy máme dva (a v́ıce) modul̊u se stejnými
hodnotami všech metrik, ale s odlǐsnou skupinou.

• Pro všechny metriky voĺıme stejný počet hranic. Na počátku tvorby
zvoĺıme jednu hranici a tento počet postupně zvyšujeme.

• Tvorbu stromů ukonč́ıme ihned, jakmile budeme mı́t v právě prová-
děném stromu všechny koncové listy homogenńımi.

• Dodržujeme podmı́nku, že metrika nemůže mı́t v́ıce hranic, nežli je
počet naměřených odlǐsných hodnot mı́nus jedna pro tuto metriku.
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Pokud nastane tato podmı́nka, pro tuto metriku již počet hranic ne-
zvyšujeme.

• Pokud již nemáme možnost zvýšit počet hranic u žádné z metrik, tvorbu
stromů ukonč́ıme.

Na všech źıskaných stromech spoč́ıtáme použitelnost stromu jako počet
použitých metrik, dělených násobkem E() a homogenity v koncových listech
(násobek poměr̊u vyšš́ıho zastoupeńı skupiny ke všem modul̊um v listu). Ze
všech stromů pak vezmeme ten, který má tuto použitelnost stromu nejvyšš́ı.

4.2 Optimalizace počtu hranic postupným zvyšováńım

Tento postup je jakousi obdobou předchoźıho. Budeme postupně vytvářet
klasifikačńı strom běžným zp̊usobem s promě-nným počtem hranic a budeme
zaznamenávat maximum E() pro celý strom a pozorovat homogenitu v kon-
cových listech.

• Neprovád́ıme v př́ıpadech, kdy máme dva (a v́ıce) modul̊u se stejnými
hodnotami všech metrik, ale s odlǐsnou skupinou.

• Na počátku tvorby zvoĺıme jednu hranici pro všechny metriky.

• Tvorbu stromu ukonč́ıme ihned, jakmile budeme mı́t všechny koncové
listy homogenńımi.

• Pokud bude existovat nehomogenńı koncový list, zvýš́ıme počet hranic
o jedničku tam, kde nám vycháźı nejvyšš́ı E().

• Pokud bude existovat nehomogenńı koncový list a ve stejné metrice jako
v bezprostředně předchoźı tvorbě stromu se nám objev́ı maximum E(),
které je vyšš́ı nebo rovno maximu při bezprostředně předchoźı tvorbě
stromu, vrát́ıme počet hranic v této metrice na bezprostředně před-
choźı. V této metrice již nikdy počet hranic nezvyšujeme a zvyšujeme
počet hranic u metriky, která má druhé (popř. daľśı) nejvyšš́ı E().

• Pokud bude existovat nehomogenńı koncový list a ve stejné metrice,
jako v bezprostředně předchoźı tvorbě stromu se nám objev́ı maxi-
mum E(), které je nižš́ı než při bezprostředně předchoźı tvorbě stromu,
zvýš́ıme počet hranic o jedničku u této metriky jen tehdy, pokud nám
nevyšel stejný strom, jinak vrát́ıme počet hranic v této metrice na bez-
prostředně předchoźı. V této metrice již nikdy počet hranic nezvy-
šujeme a zvýš́ıme počet hranic u metriky s druhým (popř. daľśım)
nejvyšš́ım E().

• Pokud při zvyšováńı počtu hranic v dané metrice naraźıme na počet
všech možných (odlǐsných) hodnot pro danou metriku mı́nus jedna,
počet hranic u této metriky nezvyšujeme a zvyšujeme počet hranic
u jiné.

• Nemáme-li již možnost zvýšit počet hranic u žádné z metrik, tvorbu
stromu ukonč́ıme.
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5 Program - metoda plovoućıch meźı

Při vytvářeńı klasifikačńıho stromu předem dané (expertńı) hranice metrik
nejsou vždy optimálńı a zp̊usobuj́ı vytvořeńı stromu se slepými koncovými
listy nebo s koncovými listy, které jsou stále nehomogenńı, přestože jsou již
vyčerpány všechny metriky. Slepé listy můžeme přǐradit k vedleǰśı klasifikaci
(jako by se vynechala hranice mezi listem a slepým listem) a tud́ıž použ́ıt
méně hranic. Slepé listy můžeme také odstranit t́ım, že při vytvářeńı klasi-
fikačńıho stromu procháźıme všechny možné meze (také i počet meźı) a dosta-
neme menš́ı hodnoty E() a t́ım i lepš́ı děleńı jednotlivých větv́ı stromu. Tuto
metodu nazveme metoda plovoućıch meźı. Protože by bylo náročné procházet
ručně všechny možné meze a zjǐst’ovat vhodnou metriku a meze vytvořili jsme
pomocný program, který propoč́ıtává minimum E() přes všech-ny metriky.
Program generuje tyto meze v polovinách mezi všemi naměře-nými hodno-
tami pro danou metriku. Výsledkem (výstupem) programu je vyhledáńı op-
timálńı metriky pro kořen (přes minimum E()). Následně je pak možné vybrat
pouze moduly jdoućı určitou větv́ı a znovu určit optimálńı metriku pro daľśı
kořen.

Obrázek 2: Hlavńı okno programu pro metodu plovoućıch meźı.
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Obrázek 3: Část okna programu při rozš́ı̌reńı klasifikačńı šklály na 5 skupin.

6 Program - rozš́ı̌reńı klasifikačńı šklály na 5 skupin

Klasifikace na ”pozitivńı” a ”negativńı” moduly, uvažovaná v literatuře se
v praxi ukazuje jako nedostatečná. Vhodným vylepšeńım klasifikace je rozš́ı-
řeńı klasifikačńı škály na v́ıce skupin podle d̊uležitosti modulu a závažnosti
následk̊u jeho selháńı. Takovým rozš́ı̌reńım může být např́ıklad pětistupňová
škála (pět skupin):

1. netestovat

2. testovat jen namátkově; proj́ıt

3. testovat na hlavńı funkce, zkráceně

4. testovat po určitou dobu

5. d̊ukladně otestovat, dokud nedosáhneme požadované spolehlivosti, př́ı-
padně do stanovené doby

Na konci klasifikace samozřejmě nemuśı být jen informace o nutnosti tes-
továńı v jej́ı pětistupňové škále, ale i informace o rozděleńı závažnosti chyb.
Daľśı verźı pomocného programu pro výpočet je tedy jeho rozš́ı̌rená verze,
která umožňuje zadat klasifikaci modul̊u v pětistupňové škále. Tř́ıdu modulu
tedy do programu zadáváme v hodnotách 0,1,2,3,4, kde 0 přǐrad́ıme netesto-
vat až ke 4 přǐrad́ıme d̊ukladné otestováńı.

7 Závěr

V př́ıspěvku jsem se zabýval konstrukćı klasifikačńıch stromů pro použit́ı ve
spolehlivosti softwaru. V prvńı části jsem popsal základńı konstrukci, která
poč́ıtá s expertńım počtem i hodnotami hranic metrik, v daľśı části jsem po-
psal vylepšeńı této základńı konstrukce vyhledáńım optimálńıch hranic met-
rik. V př́ıspěvku jsem také popsal rozš́ı̌reńı základńı klasifikačńı škály na v́ıce
skupin. Program vytvořený pro tyto rozš́ı̌reńı přinesl ulehčeńı výpočt̊u.
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práce 2008.
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MAXIMÁLNĚ VĚROHODNÉ ODHADY
A LINEÁRNÍ REGRESE VE VÝBĚROVÝCH
ŠETŘENÍCH

Michaela Šedová, Michal Kulich

Kĺıčová slova: Výběrová šetřeńı, maximálně věrohodný odhad, lineárńı mo-
del.

Abstrakt: V klasické teorii výběrových šetřeńı jsou předmětem studia pa-
rametry charakterizuj́ıćı konečnou populaci, jako např. úhrn nebo pr̊uměr
N pevných hodnot. Př́ıspěvek stručně popisuje situaci, kdy je vhodněǰśı
považovat pozorováńı za náhodné veličiny a zároveň je nutné brát v úvahu,
že neńı k dispozici prostý náhodný výběr. Věnuje se výpočtu středńı hod-
noty v takovém př́ıpadě, modifikuje metodu maximálně věrohodných odhad̊u
a konkrétněji se zabývá lineárńım modelem. Výsledky jsou ilustrovány na
malé simulačńı studii.

Abstract: This paper assumes rather unusual situation in the survey sam-
pling when observations are random variables and one does not have available
simple random sample. Attention is concentrated on the calculation of the
mean in linear model when maximum likelihood estimates are used. Obtained
results are illustrated on small simulation study.

1 Motivace

Motivace zabývat se t́ımto tématem vyvstala na základě statistické analýzy
projektu Accept [1], studie zaměřené na výzkum prevence š́ı̌reńı HIV v Africe
a Thajsku. Jedná se o skupinově randomizovanou studii, při ńıž byla 48 ko-
munitám náhodně přǐrazena bud’ experimentálńı intervence (program inten-
zivńıho poradenstv́ı a testováńı na HIV) anebo intervence standardńı (tes-
továńı na klinikách). Jedńım z vedleǰśıch ćıl̊u studie je vyhodnoceńı rizikového
chováńı v komunitách na základě pr̊uřezových dat źıskaných výběrovým šetře-
ńım. Nejprve byly náhodně vybrány domácnosti (každá se stejnou pravděpo-
dobnost́ı), a poté byl ze všech člen̊u vybrané domácnosti splňuj́ıćıch stanovená
kriteria náhodně vybrán jeden respondent a zařazen do studie.

Př́ıkladem rizikového chováńı může být konzumace alkoholu. Představme
si, že bychom chtěli odhadnout pr̊uměrnou měśıčńı spotřebu alkoholu na
osobu v dané komunitě. Je pravděpodobné, že členové početněǰśıch rodin
pocházej́ı z jiného sociálńıho prostřed́ı než ti z rodin menš́ıch, což může mı́t
na konzumaci alkoholu vliv. Abychom tento jev ve statistické analýze zo-
hlednili, je nutné vźıt v úvahu výběrové schéma, které vlastně nadhodnocuje
počet člen̊u malých domácnost́ı ve výběru a naopak podhodnocuje zastoupeńı
člen̊u domácnost́ı velkých.
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V klasické teorii výběrových šetřeńı jsou předmětem studia převážně pa-
rametry charakterizuj́ıćı konečnou populaci, jako např. úhrn nebo pr̊uměr
N pevných hodnot. Avšak v projektu Accept, stejně tak jako v jiných stu-
díıch, bychom rádi výsledky zobecnili (na jiné populace, nebo i tutéž populaci
v jiném čase). V takových situaćıch je vhodněǰśı považovat pozorováńı za re-
alizace náhodných veličin.

Tento př́ıstup v teorii výběrových šetřeńı neńı zcela běžný. V následuj́ıćım
textu se pokuśıme zformulovat a popsat běžné statistické úlohy, jako je např.
odhad parametr̊u nebo testováńı hypotéz, je-li nutno brát v úvahu výběrové
schéma. Vı́ce se budeme věnovat modifikaci maximálně věrohodných odhad̊u,
zvláště pak lineárńımu modelu. Výběrové schéma, které uvažujeme, je oproti
motivačńımu projektu Accept poněkud zjednodušené.

Mějme populaci o velikosti N . Poznamenejme, že tuto populaci považuje-
me za výsledek prostého náhodného výběru. Jej́ı rozsah N je pevná veličina.
Výběrové schéma specifikujme následuj́ıćım zp̊usobem. Necht’ je Y sledo-
vaná náhodná veličina a W diskrétńı náhodná veličina, která nabývá hodnot
{1, 2, . . . ,K}. V našem př́ıpadě odpov́ıdá W stratu v populaci. Ṕı̌seme

Iik =

{
1 je-li Wi = k

0 jinak.

Označme Nk počet jedinc̊u ve stratu k,
∑K

k=1 Nk = N . Necht’ ξi jsou di-
chotomické náhodné veličiny znač́ıćı, zda jedinec i byl zahrnut do výběru
nebo ne a πk pravděpodobnosti výběru jedince, který patř́ı do strata k.
Předpokládáme, že veličiny ξi jsou nezávislé, v každém stratu k tedy pro-
vád́ıme tzv. bernoulliovský výběr (viz [2], str. 62) s konstatńımi pravděpo-
dobnostmi

E (ξi|Wi = k) = P(ξi = 1|Wi = k) = πk, pro i = 1, 2, . . . , N.

Z toho vyplývá, že velikost výběru je náhodná. Předpokládejme také, že Wi

jsou pozorované pro všech N člen̊u populace, zat́ımco Yi pozorujeme pouze
pro jedince z výběru, tj. pokud ξi = 1.

2 Odhad středńı hodnoty pro dané výběrové schéma

Abychom ilustrovali základńı úvahy, věnujme se nejprve stručně odhadu
středńı hodnoty náhodné veličiny Y . Znač́ıme

EY = θ =
K∑

k=1

P(W = k)θk, kde θk = E(Y |W = k).

Uvažujme odhad středńı hodnoty definovaný vztahem

θ̂ =
1

N

N∑

i=1

K∑

k=1

( 1

π̂k
ξiYi

)
Iik, kde π̂k =

1

Nk

N∑

i=1

ξiIik. (1)
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Odhad θ̂ je vážený pr̊uměr pozorovaných hodnot, kde váhy jsou převrácenou
hodnotou empirických pravděpodobnost́ı výběru. Pro dané stratum k je prav-
děpodobnost výběru odhadnutá jako počet jedinc̊u ve výběru, kteř́ı patř́ı do
strata k, dělený celkovým počtem jedinc̊u ve stratu k. Jedná se tedy vlastně
o poměrový odhad (viz [2], str. 176).
Tvrzeńı 1. Předpokládejme, že vektory (Yi,Wi, ξi) jsou nezávislé, stejně
rozdělené (iid) a ξi je podmı́něně nezávislé na Yi, je-li dáno Wi, pro i =
1, 2, . . . ,N . Předpokládejme, že varY1 < ∞. Potom

√
N(θ̂ − θ)

d→ N(0,Σ), (2)

kde

Σ = varYi +

K∑

k=1

P(Wi = k)
1 − πk

πk
varkYi (3)

a
vark(Yi) = var (Yi|Wi = k).

Důkaz viz [3].

3 Maximálně věrohodné odhady

Necht’ Yi, i = 1, 2, . . . , N , jsou iid náhodné veličiny s hustotou f(y,θ), θ =
(θ1, . . . , θp) ∈ Θ. Klasický maximálně věrohodný odhad parametru θ se źıská
maximalizaćı logaritmu věrohodnostńı funkce

LN (θ) =

N∑

i=1

Li(θ|yi).

To vede na soustavu rovnic

∂LN (θ)

∂θ
=

N∑

i=1

Ui(θ) = 0, (4)

kde

Ui(θ) =
(∂Li(θ|yi)

∂θj

)p

j=1
.

Nyńı se znovu vrat’me k výše popsanému výběrovému schématu. Na zá-
kladě stejné úvahy jako při odhadu středńı hodnoty modifikujeme soustavu
rovnic (4) na

V (θ) =

N∑

i=1

K∑

k=1

ξi

π̂k
Ui(θ)Iik = 0. (5)

Řešeńım soustavy (5) źıskáme odhad parametru θ.
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Tvrzeńı 2. Předpokládejme, že (Yi,Wi, ξi) jsou iid veličiny a ξi je podmı́něně

nezávislé na Yi, je-li dáno Wi, pro i = 1, 2, . . . , N . Označme θ̂ řešeńı soustavy
rovnic (5). Potom

√
N(θ̂ − θ)

d→ N(0, J(θ)−1ΣJ(θ)−1), (6)

kde

Σ = J(θ) +

K∑

k=1

P(Wi = k)
1 − πk

πk
Jk(θ),

J(θ) je Fisherova informace varUi(θ) a Jk(θ) = var(Ui(θ)|Wi = k).

Náznak d̊ukazu Nejprve ukážeme, že

1√
N

V (θ)
d→ N(0,Σ). (7)

Taylorovým rozvojem 1
π̂k

kolem 1
πk

dostaneme

√
Nk

( 1

π̂k
− 1

πk

)
=

−√
Nk

π2
k

(π̂k−πk)+op(1) = − 1

π2
k

√
Nk

N∑

i=1

(ξi−πk)Iik+op(1)

a můžeme psát

1√
N

V (θ) =
1√
N

[ N∑

i=1

K∑

k=1

ξiUi(θ)

πk
Iik −

−
K∑

k=1

1

πkNk

( N∑

i=1

ξiUi(θ)

πk
Iik

)( N∑

j=1

(ξj − πk)Ijk

)]
+ op(1).

Označ́ıme-li Sk = E (Ui(θ)|Wi = k), dostaneme

1√
N

V (θ) =
1√
N

[ N∑

i=1

K∑

k=1

ξiUi(θ)

πk
Iik −

N∑

i=1

K∑

k=1

(ξi − πk)

πk
SkIik

]
+ op(1).

Tedy

1√
N

V (θ) =
1√
N

N∑

i=1

Qi(θ) + op(1),

kde

Qi(θ) =

K∑

k=1

[
ξiUi(θ)

πk
− (ξi − πk)

πk
Sk

]
Iik
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jsou iid veličiny a EQi = EUi(θ) = 0. Podle centrálńı limitńı věty pro iid
náhodné veličiny

1√
N

V (θ)
d→ N(0, var Qi).

Po krátkém výpočtu dostaneme

varQi = EQiQ
T
i = J(θ) +

∑

k

P(Wi = k)
1 − πk

πk
Jk(θ).

Taylorovým rozvojem V (θ̂) kolem V (θ)

V (θ̂) − V (θ) =
( ∂

∂θj
V (θ)T

)p

j=1
(θ̂ − θ) + op

( 1√
N

)
,

a tud́ıž

√
N(θ̂ − θ) = −

[ 1

N

( ∂

∂θj
V (θ)T

)p

j=1

]−1 1√
N

V (θ) + op(1).

Máme

− 1

N

( ∂

∂θj
V (θ)T

)p

j=1
= − 1

N

N∑

i=1

K∑

k=1

ξi

π̂k

( ∂

∂θj
Ui(θ)T

)
Iik + op(1)

P→ J(θ).

(8)
Z (8) a (7) dostaneme

√
N(θ̂ − θ)

d→ N(0, J(θ)−1ΣJ(θ)−1).

4 Lineárńı model

Předpokládejme, že (Yi,xi), i = 1, 2, . . . , N , jsou iid náhodné vektory a že Yi

za podmı́nky xi má rozděleńı se středńı hodnotou xT
i β a rozptylem σ2

Yi|xi ∼ (xT
i β, σ2), i = 1, 2, . . . , N. (9)

Soustava rovnic pro odhad parametru β (neuvažujeme-li výběrové schéma)
je potom

N∑

i=1

xi(Yi − xT
i β) = 0. (10)

Předpokládejme nyńı opět výběrové schéma popsané výše. Připomeňme, že
př́ıslušnost k jednomu z K strat (jež reprezentuje náhodná veličina Wi) je
pozorovaná pro všech N člen̊u populace, zat́ımco Yi a xi pozorujeme pouze
pro jedince z výběru, tj. pokud ξi = 1.

Uvažujme nejprve situaci, kdy v každém stratu plat́ı model (9), tj.

(Yi|xi,Wi) ∼ (xT
i β, σ2), i = 1, 2, . . . , N. (11)
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Tedy středńı hodnota a rozptyl Yi jsou nezávislé na Wi. V takovém př́ıpadě
nemuśıme výběrové schéma zohledňovat a klasická teorie lineárńıch model̊u
plat́ı i pro data sesb́ıraná stratifikovaným výběrovým schématem.

Obecně však v každém stratu plat́ı jiný vztah než než (11). Nicméně
v popřed́ı našeho zájmu z̊ustává stále marginálńı model (9), někdy též nazý-
vaný populačńı (v anglické literatuře

”
population averaged“).

Př́ıklad Uvažujme, že vektor xi zahrnuje všechny prediktory Yi (kro-
mě Wi) a že ve stratu k plat́ı

(Yi|xi,Wi = k) ∼ (xT
i βk, σ2

k) i = 1, 2, . . . , N.

Potom

E (Yi|xi) =

K∑

k=1

P(Wi = k)xT
i βk = xT

i β

var (Yi|xi) = Eσ2
Wi

+ var xT
i βWi

=

=
K∑

k=1

P(Wi = k)σ2
k + xT

i

K∑

k=1

P(Wi = k)(βk − β)2xi,

kde σWi
= σk a βWi

= βk pro Wi = k.
Z toho vid́ıme, že plat́ı-li v každém stratu lineárńı model (homoskedas-

tický) a jsou-li βk stejná ve všech stratech, jsou předpoklady lineárńı re-
grese splněny i v modelu pro celou populaci. V takové situaci ale nemuśıme
výběrové schéma zohledňovat. Pokud se však βk alespoň ve dvou stratech
lǐśı, populačńı model nemůže splňovat předpoklad homoskedasticity, nebot’

rozptyl Yi záviśı na prediktorech xi. ¤

Problém zohledněńı výběrového schématu v lineárńı regresi má tedy smysl
uvažovat pouze v situaci, kdy nepředpokládáme homoskedasticitu. Pro roz-
ptyl odhadu β pak můžeme použ́ıt např. robustńı tzv.

”
sandwichový“ odhad.

V klasickém př́ıstupu by β̂ byl stále řešeńım soustavy rovnic (10), avšak
bereme-li v úvahu výběrové schéma, je nutné tuto soustavu modifikovat
podle (5) a dostáváme

N∑

i=1

K∑

k=1

ξk

π̂i
xi(Yi − xT

i β)Iik = 0. (12)

Necht’ i1, . . . , in jsou všecha i taková, že ξil
= 1 pro l = 1, . . . , n. Označme

dil
=

∑K
k=1

1
π̂k

Iilk, D = Diag(di1 , . . . , din
), X = (xilj)n×p a Y = (Yil

)n×1,

pro l = 1, . . . , n. Řešeńım soustavy rovnic (12) je

β̂ = (XT DX)−1(XT DY ).

Pro β̂ plat́ı: √
N(β̂ − β)

d→ N(0, A−1ΣA−1), (13)
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kde A = Exix
T
i (14)

Σ = varUi +

K∑

k=1

P(Wi = k)
1 − πk

πk
var (Ui|Wi = k) (15)

pro Ui = xi(Yi − xT
i β).

Konzistentńı odhad rozptylu A−1ΣA−1 źıskáme nahrazeńım neznámých
hodnot jejich konzistentńımi odhady. Empirický odhad varUi resp.
var (Ui|Wi = k) označme jako varEUi resp. varE(Ui|Wi = k). Zde je opět
nutné vźıt v úvahu výběrové schéma, tedy

varEUi =
1

N

N∑

i=1

K∑

k=1

ξi

π̂i
UiU

T
i Iik (16)

varE(Ui|Wi = k) =

∑N
i=1 ξi(Ui − Ŝk)(Ui − Ŝk)T Iik∑N

i=1 ξiIik
, (17)

kde Ŝk je pr̊uměr Ui ve stratu k.

5 Ilustrace

Výsledky ilustrujeme na malé simulačńı studii. Zaj́ımá nás výše měśıčńıho
platu v závislosti na vzděláńı a délce praxe dané osoby. Necht’ výše platu záviśı
ale také na pohlav́ı. Předpokládejme, že plat́ı lineárńı model s parametrem
β = (β0, βz, βp, βpz, βs, βm, βv, βvz)

plat = β0−βz∗z+βp∗p−βpz∗z∗p+βs∗S+βm∗M+βv∗V −βvz∗z∗V +e, (18)

kde z je dichotomická proměnná znač́ıćı pohlav́ı (žena), p je délka praxe
v letech, a S, M a V jsou dichotomické proměnné znač́ıćı, zda má daná
osoba pořadě středńı vzděláńı bez maturity, středńı vzděláńı s maturitou
nebo vysokoškolské vzděláńı (pro osoby se základńım vzděláńım jsou všechny
tyto proměnné rovny nule) a e je náhodná veličina e ∼ N(0, 50002). Mějme
populaci, ve které jsou hodnoty parametr̊u následuj́ıćı

β0 = 15 000 βz = -5 000 βp = 370 βpz = -70

βs = 3 000 βm = 9 000 βv = 27 000 βvz = -9 000.
(19)

Necht’ je pod́ıl žen mezi výdělečně činnými osobami 0,4. Potom je mar-
ginálńı model popisuj́ıćı závislost plat̊u pouze na délce praxe a vzděláńı

plat = [0,6β0M + 0,4(β0 − βz)] + [0,6βp + 0,4(βp − βpz)]p +

+ βs ∗ S + βm ∗ M + [0,6βv + 0,4(βv − βvz)]V + e.

Simulace byla provedena ve statistickém baĺıku R, verze 2.6.1. Nejprve jsme
vygenerovali populaci o velikosti 10 000 podle modelu (18) s hodnotami para-
metru (19) a pod́ılem žen 0,4. Proměnné o vzděláńı a délce praxe byly gene-
rovány nezávisle na sobě a bez ohledu na pohlav́ı tak, aby přibližně odpov́ıda-
ly reálnému rozložeńı těchto veličin v populaci. Potom jsme z této populace
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Skut. Klas. Odhad Odhad SE**

hodnota odhad* RVS* SE* odhadu

Konstanta 13 000 14 101 13 018 532 542

Praxe 342 358 343 26 26

Vzděl. bez mat. 3 000 2 980 2 977 552 571

Vzděl. s mat. 9 000 8 985 8 987 554 556

Vzděl. VŠ 23 400 25 333 23 374 782 798

*pr̊uměrný; **empirická, SE. . . směrodatná chyba

Tabulka 1: Pr̊uměrné výsledky simulace (1000 opakováńı).

provedli náhodný výběr s pravděpodobnost́ı zahrnut́ı žen 0,1 a muž̊u 0,3.
Parametr β jsme odhadli jak klasickým zp̊usobem, tak zde popsaným po-
stupem, který respektuje výběrové schéma (RVS). Tento proces jsme zopa-
kovali 1000krát (Tabulka 1). Zat́ımco klasický odhad parametru je v těch
složkách, které jsou odlǐsné pro obě pohlav́ı, vychýlený, pr̊uměrný odhad
RVS parametru je bĺızko skutečným hodnotám. Stejně tak pr̊uměrný odhad
směrodatné chyby odhadu RVS je bĺızký empirické směrodatné chybě od-
had̊u, což je v souladu s výsledkem (13). V tomto př́ıspěvku jsme se věnovali
situaci, kdy je potřeba klasické statistické metody zobecnit tak, aby zo-
hledňovaly dané výběrové schéma. Metodu maximálńı věrohodnosti jsme mo-
difikovali přidáńım vah, definovaných jako převrácená hodnota empirických
pravděpodobnost́ı výběru. Podrobněji jsme se zabývali lineárńım modelem,
kde jsme pro odhad rozptylu použili tzv.

”
sandwichový“ odhad.
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TESTY ADITIVITY V ANALÝZE DVOJNÉ-
HO TŘÍDĚNÍ BEZ OPAKOVÁNÍ

Marie Šimečková, Petr Šimeček, Dieter Rasch

Kĺıčová slova: Testy aditivity, Tukeyho test, Johnson̊uv – Graybill̊uv test.

Abstrakt: Předpokládáme smı́̌sený model analýzy dvojného tř́ıděńı s pouze
jedńım pozorováńım pro každou kombinaci efekt̊u. Zaj́ımá nás test př́ıtom-
nosti interakce. Článek shrnuje vlastnosti pěti takových test̊u aditivity: Tu-
keyho testu, Mandelova testu, Johnsonova – Graybillova testu, Tusselova
testu a lokálně nejlepš́ıho invariantńıho testu. Tyto testy byly odvozeny pro
model s pevnými efekty. Je navržena modifikace Tukeyho testu, která zvyšuje
śılu tohoto testu pro obecnou interakci. Dále uvedeme empirickou formuli pro
výpočet minimálńıho rozsahu výběru pro Johnson̊uv – Graybill̊uv test.

Abstract: The two-way ANOVA mixed model with one observation for each
row – column combination is considered and tests of interaction in this mo-
del are studied. The paper summarizes properties of five tests of additivity:
Tukey test, Mandel test, Johnson – Graybill test, Tussel test and locally best
invariant (LBI) test. These tests were developed for models with fixed effects.
A modification of Tukey test to increase the power of this test for general
interaction is proposed. Finally, an empirical formula for determination of
the size of an experiment for the Johnson – Graybill test is introduced.

1 Úvod

Analýza dvojného tř́ıděńı je dobře známá tř́ıda lineárńıch model̊u, která
umožňuje odhad a testováńı dvou hlavńıch efekt̊u a jedné interakce. Obvyk-
le je počet pozorováńı pro každou kombinaci faktor̊u větš́ı než jedna, což
umožňuje odhad hlavńıch efekt̊u a interakce zároveň. Je-li počet opakováńı
pro každou kombinaci faktor̊u právě jedna, klasické metody odhad̊u nelze
použ́ıt.

Např́ıklad si představme, že chceme testovat několik druh̊u lék̊u. Je možné,
že každý pacient bude na daný lék reagovat odlǐsně, ale nelze jednomu pacien-
tovi podat v́ıce lék̊u. Test významnosti interakce pro takový př́ıpad budeme
nazývat testem aditivity.

Prvńı test aditivity pro model bez opakováńı navrhl John Tukey v [11].
Tento test byl odvozen pro speciálńı typ interakce a v ostatńıch př́ıpadech má
malou śılu (viz [4] a [5]). Daľśı navržené testy jsou např́ıklad Mandel̊uv [7],
Johnson̊uv – Graybill̊uv [6], Tussel̊uv [12] a lokálně nejlepš́ı invariantńı test
(locally best invariant test, LBI) [3], tyto testy jsou shrnuty v [1]. Všechny
tyto testy byly navrženy pro model s pevnými efekty.
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Nyńı popǐsme situaci detailněji. Předpokládáme model analýzy dvojného
tř́ıděńı. Nejprve se zaměř́ıme na model s pevnými efekty. Pak sledovaná
veličina v i-tém řádku a j-tém sloupci je modelována jako

yij = µ + αi + βj + (αβ)ij + eij , i = 1, . . . , a, j = 1, . . . , b, (1)

kde µ, αi, βj a (αβ)ij jsou reálné konstanty splňuj́ıćı
∑

i αi =
∑

j βj =∑
i(αβ)ij =

∑
j(αβ)ij = 0 a eij jsou nezávislé normálně rozdělené náhodné

veličiny s nulovou středńı hodnotou a rozptylem σ2.
Ve smı́̌seném modelu předpokládáme, že řádkový efekt je pevný, sloup-

cový efekt je náhodný a interakce je náhodná. Závislá proměnná je mode-
lována jako

yij = µ + αi + bj + (ab)ij + eij , i = 1, . . . , a, j = 1, . . . , b, (2)

kde µ, αi jsou reálné konstanty, bj , (ab)ij a eij jsou normálně rozdělené
náhodné veličiny, všechny s nulovou středńı hodnotou a rozptyly postupně
σ2

B, σ2
AB a σ2.

Chceme testovat hypotézu, že v modelu neńı interakce. V modelu s pevný-
mi efekty (1) to znamená, že testujeme hypotézu H0: (αβ)ij = 0, i = 1, . . . , a,
j = 1, . . . , b proti alternativě HA: (αβ)ij 6= 0 pro alespoň jeden pár (i, j).
Ve smı́̌seném modelu (2) testujeme hypotézu H0: σ2

AB = 0 proti alternativě
HA: σ2

AB > 0.

1.1 Testy aditivity

V této části stručně poṕı̌seme pět test̊u aditivity odvozených pro model (1)
s pevnými efekty s jedńım pozorováńım v podtř́ıdě. Nejdř́ıve si zavedeme
značeńı: ȳ·· =

∑
i

∑
j yij/ab označuje pr̊uměr závislé veličiny, ȳi· =

∑
j yij/b

řádkový pr̊uměr, ȳ·j =
∑

i yij/a sloupcový pr̊uměr. Necht’ matice R je matice
rezidúı vzhledem k hlavńım efekt̊um s prvky rij = yij − ȳi· − ȳ·j + ȳ··. Neros-
toućı posloupnost vlastńıch č́ısel matice RRT budeme značit κ1 ≥ κ2 ≥ . . .
a jejich standardizovanou verzi ωi = κi∑

k κk
, i = 1, 2, . . . .

Tukeyho test: Poprvé publikován v [11]. Tukey navrhl nejprve odhadnout
řádkové a sloupcové efekty pomoćı řádkových a sloupcových pr̊uměr̊u a pak
testovat př́ıtomnost interakce typu (αβ)ij = k · αi · βj , kde k je konstanta
(k = 0 znamená nepř́ıtomnost interakce). Testová statistika je rovna

ST = MSint/MSerror,

kde

MSint =

(∑
i

∑
j yij(ȳi· − ȳ··)(ȳ·j − ȳ··)

)2

∑
i(ȳi· − ȳ··)2

∑
j(ȳ·j − ȳ··)2

a

MSerror =

∑
i

∑
j(yij − ȳ··)2 − a

∑
j(ȳ·j − ȳ··)2 − b

∑
i(ȳi· − ȳ··)2 − MSint

(a − 1)(b − 1) − 1
.
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Plat́ı-li hypotéza aditivity, ST má F -rozděleńı s 1 a (a− 1)(b− 1)− 1 stupni
volnosti.

Mandel̊uv test: Poprvé publikován v [7]. Mandel zobecnil Tukeyho test
a testuje interakci typu (αβ)ij = γi · βj , kde γi jsou konstanty. Testová
statistika Mandelova testu je rovna

SM =

∑
i(zi − 1)2

∑
j(ȳ·j − ȳ··)2

a − 1

/ ∑
i

∑
j ((yij − ȳi·) − zi(ȳ·j − ȳ··))

2

(a − 1)(b − 2)
,

kde

zi =

∑
j yij(ȳ·j − ȳ··)∑
j(ȳ·j − ȳ··)2

.

Plat́ı-li hypotéza aditivity, SM má F -rozděleńı s a−1 a (a−1) · (b−1) stupni
volnosti.

Johnson̊uv – Graybill̊uv test: Poprvé publikován v [6]. Autoři zvolili
odlǐsný př́ıstup a testuj́ı př́ıtomnost interakce typu (αβ)ij = k ·γi · δj , kde γi,
δj a k jsou konstanty. Testová statistika Johnsonova – Graybillova testu je

SJ = ω1.

Hypotéza je zamı́tnuta, když SJ je vysoká.

Tussel̊uv test: Viz [12]. Tussel̊uv př́ıstup je obdobný jako v Johnsonově –
Graybillově testu. Bez újmy na obecnosti předpokládejme, že a ≤ b. Navržená
testová statistika je rovna

SU = (a − 1)(a−1)(b−1)/2

(
a−1∏

i=1

ωi

)(b−1)/2

.

Hypotéza aditivity je zamı́tnuta, když SU je ńızká.

Lokálně nejlepš́ı invariantńı (LBI) test: Viz [3]. Tento test byl navržen
tak, aby měl lokálně vyšš́ı śılu než Tussel̊uv test. LBI testová statistika je
rovna

SL =
1

a − 1
· 1∑a−1

1 ω2
i

.

Hypotéza aditivity je zamı́tnuta při ńızké hodnotě SL.

V naš́ı práci byly kritické hodnoty pro posledńı tři testy určovány pomoćı
simulace pro daná a a b.

Všechny zmiňované testy byly implementovány v prostřed́ı R [8] v baĺıčku
AdditivityTests. Tento baĺıček lze stáhnout z

http://5r.matfyz.cz/skola/AdditivityTests/

additivityTests 0.3.zip.
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2 Vlastnosti test̊u aditivity

V [9] bylo v simulačńı studii ukázáno, že testy aditivity popsané v předchoźı
sekci drž́ı hladinu významnosti i při použit́ı pro model se smı́̌senými efek-
ty (2). Tamtéž je ukázáno, že śıla těchto test̊u ve smı́̌seném modelu je obdobná
jako v modelu s pevnými efekty. To znamená, že Tukeyho test a Mandel̊uv
test maj́ı dobrou śılu pro interakci, která je součinem řádkového a sloup-
cového efektu, ale selhávaj́ı při detekci obecněǰśı interakce. Śıla Johnsonova
– Graybillova testu, Tusselova testu a LBI testu je pro tento speciálńı př́ıpad
o něco nižš́ı, ale zato je dostačuj́ıćı i pro obecněǰśı typ interakce.

Nyńı představ́ıme modifikaci Tukeyho testu, která zvyšuje śılu tohoto
testu pro obecnou interakci. Pak uvedeme vzorec pro odhad počtu pozorováńı
potřebných pro dosažeńı dané śıly pro Johnson̊uv – Graybill̊uv test.

2.1 Modifikovaný Tukeyho test

V klasickém Tukeyho testu popsaném výše testujeme model

yij = µ + αi + βj + k · αi · βj + eij (3)

proti podmodelu
yij = µ + αi + βj + e′

ij .

Odhady řádkových efekt̊u α̂i a sloupcových efekt̊u β̂j jsou poč́ıtány stejným
zp̊usobem v obou modelech, ačkoli v plném modelu neńı závislost yij na těch-
to parametrech lineárńı.

Hlavńı myšlenka naš́ı modifikace je, že plný model (3) je fitován nelineárńı
regreśı a k testu podmodelu

yij = µ + φi + ψj + e′
ij

je použit test poměrem věrohodnosti. Odhady řádkových a sloupcových efek-
t̊u se v obou modelech lǐśı.

Neadjustovaný test
Plat́ı-li nulová hypotéza, odhadujeme parametry metodou maximálńı věro-

hodnosti jako µ̂ = ȳ··, α̂
(0)
i = ȳi· − ȳ·· a β̂

(0)
j = ȳ·j − ȳ··. Reziduálńı součet

čtverc̊u je roven

RSS(0) =
∑

i

∑

j

(
yij − µ̂ − α̂

(0)
i − β̂

(0)
j

)2

=
∑

i

∑

j

(yij − ȳi· − ȳ·j + ȳ··)
2
.

V plném modelu (3) je v prvńım kroku parametr k odhadnut jako

k̂(0) =

∑
i

∑
j

(
yij − α̂

(0)
i − β̂

(0)
j − µ̂(0)

)
· α̂(0)

i · β̂(0)
j

∑
i

∑
j

(
α̂

(0)
i

)2

·
(
β̂

(0)
j

)2 ,
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tedy stejně jako v Tukeyho testu. Pak pokračujeme iterativně a odhady vy-
lepšujeme:

â
(n)
i =

∑
j

(
yij − µ̂ − β̂

(n−1)
j

)
·
(
1 + k̂(n−1) · β̂(n−1)

j

)

∑
j

(
1 + k̂(n−1) · β̂(n−1)

j

)2 ,

β̂
(n)
j =

∑
i

(
yij − µ̂ − α̂

(n−1)
i

)
·
(
1 + k̂(n−1) · α̂(n−1)

i

)

∑
i

(
1 + k̂(n−1) · α̂(n−1)

i

)2 ,

k̂(n) =

∑
i

∑
j

(
yij − α̂

(n−1)
i − β̂

(n−1)
j − µ̂

)
· α̂(n−1)

i · β̂(n−1)
j

∑
i

∑
j

(
α̂

(n−1)
i

)2

·
(
β̂

(n−1)
j

)2 .

Definujeme

RSS(n) =
∑

i

∑

j

(
yij − µ̂ − α̂

(n)
i − β̂

(n)
j − k(n)α̂

(n)
i β̂

(n)
j

)2

.

Iteraci ukonč́ıme, je-li rozd́ıl |RSS(n) −RSS(n−1)| malý; označme pak RSS =

RSS(n). Iterace ve většině př́ıpad̊u konverguje velmi rychle, často se do-
statečně bĺızko maxima dostaneme již po jednom kroku.

Při známém rozptylu σ2 by testová statistka testu pod́ılem věrohodnost́ı
byla rovna

(RSS(0) − RSS)/σ2.

Tato statistika má asymptoticky χ2-rozděleńı s 1 stupněm volnosti (viz na-
př́ıklad [13]).

Konzistentńı odhad rozptylu rezidúı σ2 je roven s2 = RSS

ab−a−b a RSS

σ2 má

aproximativně χ2-rozděleńı s ab − a − b stupni volnosti. Tedy použijeme-li
lineárńı aproximaci nelineárńıho modelu (3), statistika modifikovaného Tu-
keyho testu je rovna

SMT =
RSS(0) − RSS

RSS

ab−a−b

. (4)

Statistika SMT má aproximativně F -rozděleńı s 1 a ab−a−b stupni volnosti.
V [10] bylo ukázáno, že pro interakci typu k ·αi ·βj je śıla modifikovaného

testu téměř stejná jako śıla Tukeyho testu. Pro obecněǰśı interakci αi · δj

(δj konstanta) je śıla modifikovaného testu výrazně vyšš́ı.

Adjustace pro malé výběry
V [10] bylo ukázáno, že pro malé počty pozorováńı (ńızký počet řádk̊u a
nebo sloupc̊u b) je chyba prvńıho druhu mı́sto 5% přibližně 6%. Je to proto,
že statistika testu poměrem věrohodnost́ı konverguje k χ2-rozděleńı pomalu
(viz [2]) a pro ńızké rozsahy výběru je třeba korekce. Zde ukážeme dva možné
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př́ıstupy pro př́ıpad, že počet řádk̊u či sloupc̊u je nižš́ı než 20 (empirický
odhad založený na našich simulaćıch).

Prvńı možnost́ı, jak vyřešit problém s malými výběry, je metoda boot-
strap. Zabývejme se testovou statistikou S = RSS(0)−RSS. Pak generujeme
N (boot)-krát data podle modelu

y
(boot)
ij = µ̂ + α̂

(0)
i + β̂

(0)
j + rπij

,

kde π je náhodná permutace index̊u matice rezidúı R. Pro každá generovaná
data spočteme testovou statistiku S(boot) = RSS(0)(boot) − RSS(boot). Kri-
tická hodnota modifikovaného Tukeyho testu je potom (1−α) · 100%-kvantil
z množiny statistik S(boot).

Druhá možnost je odhadnout rozptyl σ2 náhodného šumu eij jako s2 =
RSS

ab−a−b a pak generovat N (sample)-krát množinu dat podle modelu

y
(sample)
ij = µ̂ + α̂

(0)
i + β̂

(0)
j + e

(NEW )
ij ,

kde e
(NEW )
ij jsou nezávislé normálně rozdělené náhodné veličiny s nulovou

středńı hodnotou a rozptylem s2. Protože za platnosti hypotézy aditivity je
parametr k roven nule, vezmeme za testovou statistiku odhad tohoto parame-
tru k̂(n). Stejně jako pro bootstrap pak pro každý z N (sample) generovaných
výběr̊u spočteme hodnotu této statistiky a hypotézu aditivity zamı́tneme,
když v́ıce než (1−α) ·100% z těchto statistik bude menš́ıch než statistika k̂(n)

spočtená pro pozorovaná data.

2.2 Rozsah výběru pro Johnson̊uv – Graybill̊uv test

V této sekci budeme studovat daľśı problém a navrhneme empirickou formuli
pro určeńı rozsahu experimentu pro Johnson̊uv – Graybill̊uv test tak, aby
bylo dosaženo dané śıly testu. V modelu (2) předpokládáme interakci tvaru

(ab)ij = k · αi · cj , (5)

kde αi jsou řádkové efekty v modelu (2), cj jsou nezávislé normálně rozdělené
náhodné veličiny s nulovou středńı hodnotou a rozptylem σ2

B , nezávislé na ná-
hodných veličinách bj a náhodných chybách eij , k je reálná konstanta.

Interakce (5) je náhodná veličina s nulovou středńı hodnotou a rozptylem
var(ab)ij = k2 · α2

i · σ2
B.

Pomoćı simulace jsme odhadli śılu Johnsonova – Graybillova testu pro
r̊uzné hodnoty parametr̊u a, b, α1, . . . , αa, k a σB v modelu (2). Předpoklá-
dali jsme počet úrovńı pevného faktoru a roven 10, 20, 30, 40 nebo 50 a pět
r̊uzných rozložeńı α1, . . . , αa: ekvidistantńı, náhodný výběr z normálńıho
rozděleńı, náhodný výběr z t3-rozděleńı, polovina αi kumulovaná v jednom
bodě a druhá polovina v jiném bodě a nakonec dva body αi ve stejné vzdále-
nosti od 0 a ostatńıch a−2 bod̊u rovno 0. Ve všech př́ıpadech byly α1, . . . , αa

transformovány tak, aby jejich pr̊uměr byl roven 0. Bylo pozorováno, že
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śıla testu záviśı na α1, . . . , αa pouze prostřednictv́ım jejich součtu čtverc̊u∑a
i=1 α2

i . Předpokládali jsme tři r̊uzné hodnoty
∑a

i=1 α2
i : 296, 665 a 1496.

Rozptyl náhodného efektu bj jsme předpokládali roven 1,
√

2 nebo 2.
Parametr k (který kontroluje rozptyl náhodné interakce (ab)ij) nabýval hod-
not 0.03, 0.05, 0.07 a 0.1. Rozptyl náhodného šumu eij byl vždy roven 1,
v př́ıpadě odlǐsné hodnoty model může být přeškálován.

Śıla každého testu roste se vzdálenost́ı alternativńı hypotézy od nulové
hypotézy. Na základě pr̊uzkumu výsledk̊u simulaćı jsme navrhli následuj́ıćı
empirickou formuli pro závislost śıly π Johnsonova – Graibillova testu na
parametrech předpokládaného modelu (chyba 1. druhu rovna 5 %):

π(b) = 1 − 1

a · b · k4 · σ4
B

∑a
i=1 α2

i

. (6)

Formule je platná pouze pro śılu v intervalu 〈0.10, 0.95〉.
Připomeňme, že v praxi obvykle počet úrovńı pevného faktoru a je pevně

dán a velikost experimentu můžeme ovlivňovat pouze prostřednictv́ım počtu
úrovńı náhodného faktoru b. Jednoduchou úpravou formule (6) źıskáme vzo-
reček pro výpočet potřebného počtu úrovńı náhodného faktoru

b(β) =

⌈
1

β · a · k4 · σ4
B

∑a
i=1 α2

i

⌉
, (7)

kde ⌈x⌉ znamená nejnižš́ı celé č́ıslo rovné x nebo vyšš́ı než x. Pro σ2 6= 1 je
třeba model přeškálovat.

Na obr. 1 je zakreslen rozd́ıl skutečného počtu úrovńı náhodného faktoru
b zjǐstěného simulaćı a odhadnutého pomoćı formule (7). Formule (7) dává
uspokojivé výsledky, ač je zde vidět několik odlehlých pozorováńı.

0.2 0.4 0.6 0.8

−
10

0
0

10
0

30
0

50
0

β

b S
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−
b E

S
T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Obrázek 1: Závislost rozd́ılu skutečného počtu úrovńı náhodného faktoru b
(odhadnutého simulačně) a počtu úrovńı odhadnutého pomoćı formule (7)
na chybě 2. druhu β (vodorovná čára je nulová hladina).
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mědělstv́ı České republiky MZE 0002701403. K simulaćım byly využity vý-
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MATHEMATICAL MODELS
FOR EPIDEMICS

Josef Štěpán

Keywords: Stochastic models for epidemics, Stochastic and partial differential
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Abstract: The paper reviews Kermack- Mc Kendrick deterministic clas-
sics (1927), its extensions and recent developments in the field of stochastic
models for epidemics via the stochastic and partial differential equations the-
ory. Theorems 1 and 2 in Section 6 suggest a possible interaction between
these two ways of the modeling.
Dedicated to the memory of my tutor and friend professor Josef Machek.

Abstrakt: Článek je věnován Kermack – Mc Kendrickově klasickému deter-
ministickému modelu vývoje epidemíı. Po shrnut́ı výsledk̊u známých z lite-
ratury je pozornost soustředěna na nejnověǰśı výsledky z dané oblasti vy-
už́ıvaj́ıćı stochastické a parciálńı diferenciálńı rovnice. Věty 1 a 2 v sekci 6
přitom ukazuj́ı na možné interakce mezi těmito dvěma př́ıstupy k modelováńı
použ́ıvané v dané oblasti.

1 Kermack-Mc KEndrick model – a 1927 classics

The model is given formally by the following 2-dimensional differential
equation

Ẋt = −β · Xt · Yt, Ẏt = β · Xt · Yt − γ · Yt, Żt = γ · Yt (1)

with initial conditions

X0 = x0 > 0, Y0 = y0 = n0 − x0 > 0, Z0 = 0. (2)

Obviously, Xt+Yt+Zt = n0, and Xt and Zt being a decreasing and increasing
function, respectively, provided that β > 0 and γ > 0.

On the language of epidemics theory, X0 + Y0 + Z0 = n0 is a fixed size
of population, Xt is the size of population of the individuals exposed to the
infection (susceptibles), Yt the infected individuals who may spread the dise-
ase (infectives) and finally Zt the individuals restored to health who are not
able not to spread the infection or get themselves infected again (removals).

A constant β > 0 is interpreted as the intensity of infection, while γ−1 > 0
is chosen to be proportional to the average duration of being infected status.

The model is said to be adequate in case of a highly infectious disease with
a fast recovery in an homogeneous population, where the product Xt · Yt

counts possible contacts between the susceptibles and infected individuals
contacts, β · Xt · Yt the number of “fatal” contacts.



426 Josef Štěpán

The equation (1) has a unique solution (Xt, Yt, Zt) given the initial con-
ditions (2). To recover its properties we reason as follows. Obviously,

Ẋ

X
= −β

γ
Ż ⇒ Xt = x0 · exp

{
−β

γ
· Zt

}
= x0 · exp

{
−

∫ t

0

β · Yu du

}
.

Similarly,

Yt = y0 · exp

{∫ t

0

β · Xu du − γt

}

Hence, Zt = γ ·
∫ t

0
Yu du is an increasing function such that 0 ≤ Zt < n0

holds, while Xt decreases on [0,∞) and Y∞ = 0.
Observing that

Ẏt = β · Xt · Yt − γ · Yt,

and assuming γ
β < x0, we conclude that Ẏt > 0 if and only if Xt > γ

β holds

and therefore Yt has a unique maximum Yt+ = n − z+ − γ
β where z+ and t+

are to be specified in Section 2. in a more general setting.
Also remark that Yt is decreasing on [0,∞) if and only if x0 ≤ β

γ and
observing that

Xt = x0 · exp

{
−β

γ
· Zt

}
,

we get the equation for Z∞

Z∞ = n0 − X∞ = n0 − x0 · exp

{
−β

γ
· Z∞

}

that has a unique solution on [0,∞).
The transition X → Y is performed with the rate β, Y → Z with the

rate γ and finally X → Z with the rate ρ := β
γ . The parameters β, γ and ρ are

the important inner characteristics of the epidemics, while Z∞, Y + = max Yt,
t+ = arg max Yt list its pivotal outputs.

The equation (1) has no explicit solution available. The approximation
e−u ∼ 1 − u + 1

2u2 delivers approximation

Zt ∼
ρ2

x0

(
x0

ρ
− 1

)
+

αρ2

x0
tanh

(
1

2
γαt − φ

}
, (3)

where

α =

[
2x0

ρ2
(n − x0) +

(
x0

ρ
− 1

)2
] 1

2

, φ = tanh−1

[
1

α

(
x0

ρ
− 1

)]

and
Xt ∼ x0 · exp{−ρZt}, Yt ∼ n0 − Zt − Xt.

Having a population with n0 = 10000 and x0 = 9995 we get the following
outputs:
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ρ Z∞ Y + t+

8995 ∼ x0 7995 1540 22.33

4995 ∼ 1
2x0 948 57 98.29

The choice of ρ ∼ β
γ ∼ x0 (the first line) provides a model for a pandemics

and that with ρ ∼ 1
2x0 (the second line) starts a mild epidemics.

5 10 15 20 25 30
time

2000

4000

6000

8000

10000

size

Figure 1: A mild epidemics.

We refer to Kermack, Mc Kendric [1], Daley, Gani [2], Štěpán, Hlubinka [4]
and Hurt, Hlubinka [5] for a more detailed account on the content of the
present section.

2 An extension

An obvious extension to the model (1) is given as

Ẋt = −β(Zt) · Xt · Yt, Ẏt = β(Zt) · Xt · Yt − γ · Yt, Żt = γ · Yt (4)

with the initial conditions (2). We assume β(z) nonnegative, bounded and
locally Lipschitz on R+. Theorem 1 in [4] states that the equation has a unique
solution (X,Y,Z) ∈ C1(R+, R3) that is positive on (0,∞) and Zt is received
as t−1(Z), where

t(Z) =
1

γ

∫ Z

0

[
n0 − u − x0 · exp

{−1

γ

∫ u

0

β(v) dv

}]−1

du. (5)
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Hence,

Xt = x0 · exp

{
−1

γ

∫ Zt

0

β(u) du

}
, Yt = n − Zt − Xt.

Again, , Xt and Zt is a decreasing and increasing function, respectively, Yt po-
sitive with Y∞ = 0. Moreover, z = Z∞ is found to be a solution to

n0 − z = x0 · exp

{−1

γ

∫ z

0

β(u) du

}

and it is a unique solution in the interval [0, n0] if β(z) is chosen to be non
increasing.

Assuming β(0) > 0, γ
β(0) < x0 and β(z) non increasing, then Yt has

a unique maximum Y + = Yt+ , where

Y + = n0 − Z+ − γ

β(Z+)
, t+ =

1

γ

∫ Z+

0

1

Yu
du,

and Z+ is a unique 0 < Z < Z∞ such that β(Z)X(Z) = γ. Obviously, Yt is
increasing on [0, t+] and decreasing on [t+,∞).

Let us borrow, as an illustration, [4, Example 2]: Consider β(Z) non
increasing and supported by [0, Z1] defined as

β(Z) = β0

(
1 − Z

Z1

)
if Z < Z1 β(Z) = 0 elsewhere,

where β0 > 0, Z1 > 0 and ρ0 = γ
β0

< x0. Note that Ẏ0+ = ρ0 < x0 is
a necessary and sufficient condition for the outbreak of epidemics. Moreover,
β̇(Zt) = −β0γ

Z1
Ẏt and t+ < t1 where t1 is the time of the first entry of Zt

to Z1.
The choice

n0 = 10000, x0 = 9995, γ =
1

3
, ρ0 = 4995, Z1 = 4000

delivers
Z∞ = 3303, Y + = 1133, t+ = 19.04

and the total number of infected Z∞ that is much smaller then that in our
first example with the identical n0, x0, γ and ρ ∼ ρ0.

The numerical calculations employ a Mathematica program proposed
by [5].

A more sophisticated choice for β(z) is suggested in [3], see also, [2]:

β(Z) =





2β0

(1 − Z
ρ0

) + (1 − Z
ρ0

)−1
, 0 ≤ Z ≤ ρ0

0 elsewhere
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Figure 2:

where
γ, β0 > 0, ρ0 =

γ

β0
.

As a unique solution to (4) we recover (Xt, Yt, Zt) defined by (3), that we
mentioned before to be an approximate solution to the classical Kermack-Mc
Kendrick equation (1).

3 Ad hoc stochastic models

History and present state of stochastic modeling of epidemics is treated
in [6, 2, 7, 8].

Close to our setting are the models provided by [9] where Yt−
∫ t

0
(βXuYu−

γYu) du is assumed to be martingale and a method how to estimate β sug-
gested. See also, [10, 11, 12].

In [13] a diffusion model is proposed on the top of a deterministic in-
fection in a population that consists only of susceptibles Xt and infectives Yt,
denoting by Nt = Xt + Yt the time dependent size of the population. The
deterministic part is given by the differential equation

Ẋt = − β

Nt
XtYt, Ẏt =

β

Nt
XtYt − γYt (⇒ Ṅt = −γYt).

and its diffusion extension as

dXt = −β
XtYt

Nt
dt + b11(t) dW 1

t + b12(t) dW 2
t

dYt = β
XtYt

Nt
dt − γYt dt + b21(t) dW 1

t + b22(t) dW 2
t . (6)
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Here, (W 1,W 2) is a 2-dimensional Brownian motion and


 b11 b12

b21 b22


 =




β
N XY − β

N XY

− β
N XY β

N XY + γY




1
2

.

There is a unique strong solution to (6) by Philis-Saranson theorem, see [14,
12.12 Theorem, p. 134]. The size of population Nt is received as a supermar-
tingale here. The model is considered as a good device to study infections as
HIV-AIDS.

Štěpán and Hlubinka [4] propose Kermack-Mc Kendrick model in the form

ẋt = −α(xt,yt, zt, Nt)xtyt, ẏt = α(xt,yt, zt, Nt)xtyt − γyt, żt = γyt

x0 =
x0

n0
, y0 =

y0

n0
, z0 = 0, (7)

where Nt is a time dependent size of a population that starts at N0 = n0 :=
x0 +y0 and xt +yt +zt = 1 holds. The coordinates of the solution (xt,yt, zt)
are now the proportions of the susceptibles, infectives and removals subpo-
pulations, respectively.

The coefficient α(x, y, z, n) is assumed to be a function on {(x, y, z) :
x + y + z = 1} for arbitrary n ∈ [a, b], where 0 ≤ a < n0 < b < ∞ are
prescribed bounds for Nt that registers the time dependent size of population
as a result of immigration - emigration processes. This might be a model for an
epidemics or even pandemic with negligible fatal consequences. See also [16]
where a special case is treated.

Thus, Xt = xt ·Nt, Yt = yt ·Nt, Zt = zt ·Nt where Xt +Yt +Zt = Nt are
the sizes of the corresponding subpopulations and we search for a stochastic
differential equation (SDE) to recover for L = (X,Y,Z). First, however, we
must specify Nt.

We suggest Nt to solve the Engelbert-Schmidt equation

dNt = Ntσ(Nt) dWt, N0 = n0, σ(n) ≥ 0 bounded and supported by[a, b]
(8)

which keeps the martingale solution Nt inside of a prescribed interval [a, b].

Rescaling α(x, y, z, n) = n · β(nx, ny, nz) we get

dXt = −β(Xt, Yt, Zt)XtYt dt + Xtσ(Nt) dWt, X0 = x0

dYt = β(Xt, Yt, Zt)XtYt dt − γYt dt − Ytσ(Nt) dWt, Y0 = y0

dZt = γYt + Ztσ(Nt) dWt, Z0 = 0 (9)

that combined with (8) is a 3-dimensional SDE.

Assume that β(x, y, z) ≥ 0 is bounded and σ(n) supported by (a, b).
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Then [4, Lemma 1 and Theorem 2] state that

Nt = n0 exp

{∫ t

0

σ(Nu) dWu − 1

2

∫ t

0

σ2(Nu) du

}

Xt =
x0

n0
exp

{
−

∫ t

0

β(Xu, Yu, Zu)Yu du

}
Nt

Yt =
y0

n0
exp

{∫ t

0

β(Xu, Yu, Zu)Xu du − γt

}
, Zt =

∫ t

0

Yu

Nu
du · Nt.

Moreover, Nt is a bounded martingale, Nt ∈ [a, b] and N∞ exists while 0 <
Xt ≤ b is a supermartingale and 0 ≤ Zt ≤ b a submartingale. Finally, outside
a P -null set, X∞, Z∞ exist, Y∞ = 0 and the implications

X∞ > 0 ⇐⇒ N∞ > 0 and a > 0 ⇒ X∞ > 0

hold.
Assuming that

∫ a+

a

1

u2σ(u)2
du =

∫ b+

b

1

u2σ2(u)
du = ∞ (10)

then P [N∞ = a] = b−n0

b−a and P [N∞ = b] = n0−a
b−a .

According to [4, Theorem 3] the equation (9) has a unique strong solution
if β(x, y, z) ≥ 0 is a Lipschitz continuous function on

∆ab = {(x, y, z) ∈ [0, b]3 : a ≤ x + y + z ≤ b}

and σ(n) is globally Lipschitz.
It follows by [4, Theorem 4], that that there is a unique weak solution

to (9) if β(x, y, z) is a globally Lipschitz and Engelbert-Schmidt equation (8)
has the property of the unique weak existence, that is known to be equivalent
to the condition (10) according to [15, Theorem 23.1,p.451].

How to solve the equation (9)? We have “the deterministic part” of the
equation

ẋt = −α(xt,yt, zt, Nt)xtyt, ẏt = α(xt,yt, zt, Nt)xtyt − γyt, żt = γyt

x0 =
x0

n0
, y0 =

y0

n0
, z0 = 0,

where Nt is a random time dependent size of the population driven by

dNt = Ntσ(Nt) dWt, N0 = n0,

and where α(x, y, z, n) = n · β(nx, ny, nz).
It can be proved that the steps

(1) construct a trajectory Nt(ω) of a solution Nt to (8),
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(2) substitute Nt(ω) to (7) to get an ordinary differential equation, solve
it to get a solution (xt(ω),yt(ω), zt(ω)),

(3) put Xt(ω) = xt(ω)Nt(ω), Yt(ω) = yt(ω)Nt(ω), Zt(ω) = zt(ω)Nt(ω)

exhibit a solution to our original equation (9). This is a unique strong solution,
for example, if α(x, y, z, n) ≥ 0 is Lipschitz on {(x, y, z) ∈ [0, 1]3 : x + y +
z = 1} uniformly for n ∈ [a, b] and σ(n) is a Lipschitz continuous function
supported by [a, b].

[4, Example 4] treats α(x, y, z, n) = B
A+z that is invariant of the size n to

get the equation (7) in the form

ẋ = − B

A + z
xy, ẏt =

B

A + z
xy − γy, ż = γy

x0 = p0 =
x0

n0
, y0 = 1 − p0, z0 = 0.

Choosing B = γ and A = p0

2 , the equation (7) is solved, according to (5),
by the differential equation

ż = γ

(
1 − z − p2

0

p0 + 2z

)
, z0 = 0

that has no explicit solution. A numerical solution for γ = 1
3 , p0 = 0.9995

and A = p0

2 is visualized by
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Figure 3:

The above choice of α(x, y, z, n) is rescaled to β(x, y, z) = 2γ
p0(x+y+z)+2z

to get SDE (9) in the form
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dNt = Ntσ(Nt) dWt, N0 = n0

dXt = −β(Xt, Yt, Zt)XtYt dt + Xtσ(Nt) dWt, X0 = x0

dYt = β(Xt, Yt, Zt)XtYt dt − γYt dt + Ytσ(Nt) dWt, Y0 = y0

dZt = γYt + Ztσ(Nt) dWt, Z0 = 0.

Choosing σ(n) = 6
√

(n−a)(b−n)
a+b , a = 1000, b = 1050, n0 = 1025 we get

the population size Nt as in Figure 4, Xt and Zt as in Figure 5. The time
dynamics of Yt is recorded by Figure 6.
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Figure 4:

The graphics and numerical calculations are borrowed from [5], again.

4 Stochastic models - a general theory via SDE

A general stochastic model of the Kermack-McKendrick epidemics is propo-
sed in [17] by the following stochastic differential equation:

dXt = −Φ(Xt, Yt) dt + Ψ(Xt, Yt) dWt, X0 = x0 > 0

dYt = (Φ(Xt, Yt) − γYt) dt − Ψ(Xt, Yt) dWt, Y0 = y0 > 0. (11)

Denote again n0 = x0 + y0 and assume

Φ,Ψ : R2 → R, Borel bounded on [0, n0]
2,

Φ(x, y) = Ψ(x, y) = 0 outside (0,∞)2, Ψ(x, y) ≥ 0 on [0, n0]
2
.

(12)
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For any solution (X,Y ) to (11) Xt is a supermartingale and

(X,Y,Z) ∈ [0, n0]
3, X + Y + Z = n0, where Zt = γ

∫ t

0

Ys ds

Y∞ = 0, X∞ exists

according to [17, Lemma 2.1, Lemma 2.2 and Theorem 2.3].
An important feature of the model is a one to one correspondence X ↔ Y

Xt = n0 − Yt − γ
∫ t

0
Ys ds that may be inverted to
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Yt = −Xt + e−γtn0 + γe−γt

∫ t

0

eγsXs ds

by means of Theorem 21.2 on Doleáns equation in [15, p. 414].
Define the stopping times

τX = inf{t ≥ 0 : Xt = 0}, τY = inf{t ≥ 0 : Yt = 0}, τ = τX ∧ τY

and observe that Xt = 0 on [τX ,∞) because X is a nonnegative supermar-
tingale. Hence, a solution (X,Y ), is said to be absorbed if

t > τY ⇒ Yt = 0 ⇐⇒ (Xt, Yt) =
(
Xτ , Yτ · e−γ(τY +t)

)
, t > 0.

[4, Theorem 3.1 and Corollary 3.2] state that

if Φ(x, y),Ψ(x, y) are locally Lipschitz on (0, n0]
2 then strong existence and

both the strong and weak uniqueness hold for absorbed solutions.

and if Φ, Ψ are Lipschitz on [0, n0]
2 then the strong and weak uniqueness

hold, moreover, the unique solution is absorbed.

[17, Theorem 4.1 and 4.2] provide also sufficient conditions on the coeffi-
cients Φ and Ψ in order that (11) would produce only solutions (X,Y ) that
are absorbed.

The conditions read either as

Φ(x, y) ≤ γ · ǫ, y ≤ ǫ, x ∈ [0, n0] for some ǫ > 0

or as

the weak uniqueness holds for the equation (11).
An obvious criticism of the model (11) may read as follows: A transfer

Y → X is made possible by the stochastic differential Ψ(Xt, Yt) dWt. That
its negative value only suggests a possibility to get infected again, or that of
a false diagnosis is perhaps also an obvious answer.

5 Examples

The above theory was designed to cover the following examples all of them
borrowed from [17]:

1. A naive extension of the Kermack-McKendrick model.

dXt = −XtYt dt + XtYt dWt, dYt = (XtYt − γYt) dt − XtYt dWt

The equation has a unique solution among (X,Y ) ≥ 0 and τX = τY = ∞
almost surely.
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2. A square root volatility model.

dXt = −cΦ(Xt, Yt) dt +
√

Φ(Xt, Yt) dWt

dYt = (cΦ(Xt, Yt) − γYt) dt −
√

Φ(Xt, Yt) dWt

where c > 0 and Φ(x, y) > 0 is a locally Lipschitz function on [0, n0]
2 such

that Φ(x, y) = 0 holds on [−∞, 0]2.
There is a unique strong solution (X,Y ) among (X,Y ) ≥ 0 and it is

absorbed.
Moreover,

τX < ∞ ⇐⇒ τY = ∞, τ = τX ∧ τY < ∞.

The Xt-part of the solution is given as

Xt = x0 − cα(t) + Bα(t),

where B is a Brownian motion and α(t) a random time change.
The specification

dXt = −c · X+
t Y +

t dt +

√
d · X+

t Y +
t dWt

dYt = c · (X+
t Y +

t − γt) dt +

√
d · X+

t Y +
t dWt

with X0 = 970, Y0 = 30, Z0 = 0, c = 0.0005, d = 0.0015, γ = 0, 25 is
visualized by
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Figure 7:
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3. A model that transfers the infection to at most cYt individuals
through the [t, t + dt] time interval.

dXt = −c · Yt · I[Xt>0] dt +
√

Y +
t · I[Xt>0] dWt

dYt = (c · Yt · I[Xt>0] − γYt) dt −
√

Y +
t · I[Xt>0] dWt.

If 0 < c ≤ γ then there is unique solution among (X,Y ) ≥ 0, it is an
absorbed solution and P [τY < ∞] > 0.

The unique strong solution is constructed as follows: Assume that c ≤ γ,
and the first thing, solve uniquely the equation

Vt = y0 + (c − γ)

∫ t

0

Vs ds −
∫ t

0

√
Vs dWs

to get V ≥ 0 with λV = inf{t ≥ 0 : Vt = 0} < ∞ such that P [λV < ∞] = 1
and such that Vt is killed at the time λV . A complete information on L(V)
is available (see [19, Example 8.2, p. 221].

Putting

It = x0 − c

∫ t

0

Vs ds +

∫ t

0

√
V +

s dWs, λI = inf{t ≥ 0 : It = 0}

and
λ = λV ∧ λI < ∞

we get

Xt = It∧λ, Yt =

{
Vt if t < λ

Vλe−γ(t−λ) if t ≥ λ
, λ = τX ∧ τY .

4. Choosing Xt as a martingale.

dXt = Yt · I[Xt>0] dWt, dYt = −γYt dt − Yt · I[Xt>0] dWt

The equation has a unique strong solution among (X,Y ) ≥ 0 with

0 < P [τX < ∞] < 1

constructed as

Xt = x0 + y0 ·
∫ t

0

Us dWs, Yt =

{
y0 · Ut, t < λ

y0 · Uλ · e−γ(t−λ), t ≥ λ

where

Ut = exp {−γ + 1/2)t − Wt} , λ = inf

{
t ≥ 0 :

∫ t

0

Us dWs = −x0

y0

}
.
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[17, Lemma 2.4], assuming (12), proclaims that outside a P -null set

τY < ∞ ⇒ τY < τX

and

τY < ∞ ⇒ τX = ∞
hold for each absorbed solution (X,Y ).

Even the deterministic models can not be expected to provide a better
behavior.

5. A deterministic counterpart to the Example 4.
The equation

dXt = −γY +
t · I[Xt>0] dt, dYt = −γY +

t · I[Xt≤0] dt, x0 = y0 = γ = 1.

has a unique solution

Xt = (1 − t)+, Yt = exp{−(t − 1)+}, τX = 1, τY = ∞.

6 Partial differential equations and epidemics

Fix n0 as a size of population and consider x0, ≥ 0 such that x0 + y0 ≤ n0.
Applying the transformation (X, Y ) → (Y, Z = n0 − X − Y ) to the
equation

dXt = −Φ(Xt, Yt) dt + Ψ(Xt, Yt) dWt, X0 = x0 ≥ 0

dYt = (Φ(Xt, Yt) − γYt) dt − Ψ(Xt, Yt) dWt, Y0 = y0 ≥ 0 (13)

we get, more generally, equations

dYt = b(Yt, Zt) dt − σ(Yt, Zt) dWt, Y0 = y dZt = γYt dt, Z0 = z,
(14)

where

b(y, z) = Φ(n0 − y − z, y) − γy, σ(y, z) = Ψ(n0 − y − z, y).

It easily seen that if (Yt, Zt) solves (14) with the initial conditions

Y0 = y0, Z0 = n0−x0−y0 then (Xt, Yt) = (n0−Yt−Zt, Yt) solves (13).

Having such a solution (Yt, Zt) and denoting by T a triangle in the (y, z)-
plane with the vertices (0, 0), (n0, 0) and (0, n0) (see Figure 8) we observe
that:

(1) (Y,Z) ∈ T

(2) If (Yt, Zt) = (0, z) at t = τY then it stays at (0, z) forever.
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(3) If (Yt, Zt) ∈ D := [y + z = n0] at t = τX then

(YτX+t, ZτX+t) = (YτX
· e−γt, n0 − YτX

· e−γt) → (0, n0).

(4) (Yt, Zt) never enters z = 0 for a t > 0.

The associated partial differential equation (PDE) reads as

u̇(t, y, z) = b(y, z) · uy(t, y, z) + γy · uz(t, y, z) +
1

2
σ2(y, z) · uyy(t, y, z), (15)

where

t ≥ 0, (y, z) ∈ R2, u ∈ C1,2(R+ × R2).

Choosing a solution u(t, y, z) to (15) that satisfies an initial condition
u(0, y, z) = f(y, z), where f ∈ C(R2), we may establish, in some cases,

Ey,zf(Yt, Zt) = E[f(Yt, Zt)|Y0 = y, Y0 = z] as Ey,zf(Yt, Zt) = u(t, y, z),

where (Y,Z) is a solution to (14).
Come back to our original equation (13) and consider a function g(x, y)

in C(R2). Putting f(y, z) = g(n0 − y − z, y) we get f ∈ C(R2) and

Eg(Xt, Yt) = u(t, y0, n0 − x0 − y0), holds for the solution (Xt, Yt) to (13)

where u(t, y, z) is a solution to (15) with u(0, y, z) = f(y, z) = g(n0−y−z, y).
More precise information about the connection between the equations (14)

and (15) is available by the next combination [18, Theorem 8.1.1, p. 139 and
Lemma 7.5.4 (see also the remark preceding 7.5.2)]
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Kolmogorov’s backward equation theorem Let f ∈ C2(R2) be
a function with a compact support and (Yt, Zt) be a solution to (13) where
b(y, z), σ(y, z) are Lipschitz continuous functions on R2.

(1) If a function w(t, y, z) ∈ C1,2(R × R2) is a bounded solution to (15),
then

w(t, y, z) := Ey,zf(Yt, Zt) on R+ × R2.

(2) Put u(t, y, z) := Ey,zf(Yt, Zt). Assume that u(t, y, z) is a function in
C1,2(R+ × R2). Then u(t, y, z) is a unique solution to (15).

To make the theorem to be useful in our situation we have to force u(t, y.z)
to be a function in C12. Assuming that

Φ(x, y) and Ψ(x, y) are bounded functions

with a bounded continuous first and second derivation on R2 (16)

we get that b(y, z) = Φ(n0 − y − z, y) − γy, σ(y, z) = Ψ(n0 − y − z, y) are
Lipschitz continuous on R2 and u(t, y, z) as a function in C1,2(R+ × R2)
by [20, (9.4.4) Theorem].

The functions u(t, y, z) are also easily forced to have a compact support
Kt ⊂ R2 individually for arbitrary t > 0.

Consider n1 > 2n0 and compact triangles in the (x, y)-plane S0 and S1

with the vertices (0, 0), (0, n0), (n0, 0) and (0, 0), (0, n1), (n1, 0), respectively.
Thus, we have S0 ⊂ [0, n0]

2 ⊂ S1 and we shall assume that

Φ(x, y) = Ψ(x, y) = g(x, y) = 0 outside S1. (17)

Denote f(y, z) − g(n0 − y − z, y) and observe that

b(y, z) = −γy, σ(y, z) = f(y, z) = 0 for (y, z) /∈ T1, (18)

where T1 ⊃ T is an (y, z)-triangle with the vertices (0, n0 − n1), (0, n0),
(n1, n0 − n1).

It is not difficult to check that the equation (14) has a unique solution

Yt = y · e−γt, Zt = z + γy ·
∫ t

0

e−γs ds = z + y(1 − e−γt), t ≥ 0

if either y < 0 or y ≥ 0 and y + z > n0. Also, for a fixed t > 0,

(Ys, Zs) =
(
y · e−γs, z + y(1 − e−γs

)
, 0 ≤ s ≤ t

if y ≥ 0 and z + y(1 − eγt) < n0 − n1. Hence,

u(t, y, z) = Ey,zf(Yt, Zt) = 0 if (y, z) /∈ Kt,

where

Kt :=
{
(y, z) ∈ R2 : y ≥ 0, y + z ≤ n0, z + y(1 − e−γt) ≥ n0 − n1

}
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that is a compact set because the lines z + y = n0 and z + y(1 − e−γt) =
n0 − n1 meet each other at the point (y∗, z∗) where y∗ = n1e

γt > 0 and
z∗ = n0 − n1e

γt < 0. Thus, by an application of Kolmogorov’s backward
equation theorem we prove.

Theorem 1. Let b(y, z), σ(y, z) and f(y, z)) are functions in C2(R2) that
satisfy (18). Then

u(t, y, z) = Ey,zf(Yt, Zt), where (Yt, Zt) solves (14)

is a unique solution to the equation (15) with the initial condition u(0, y, z) =
f(y, z).

Moreover, if Φ(x, y), Ψ(x, y) and g(x, y) are functions in C(R2) that sa-
tisfy (17) and (Xt, Yt) solves our original equation (13), then

Eg(Xt, Yt) = u(t, y0, n0 − x0 − y0), t ≥ 0,

where u(t, y, z) is a solution to (15) such that u(0, y, z) = g(n0 − y − z, y)
holds.

To solve PDE (15) we need obviously some tools. the Laplace transfor-
mation in order to remove the time variable is one of them:

If u(t, y, z) = Ey,zf(Yt, Zt) is a bounded solution to (15) with the initial
condition u(0, y, z) = f(y, z), where f(y, z) is a function in C2(R2) supported
by a compact set, put

U(λ, y, z) =

∫ ∞

0

e−λtu(t, y, z) dt, λ > 0.

Integrating per partes a we get the equation

λU(λ, y, z)−b(y, z)·Uy(λ, y, z)−γy·Uz(λ, y, z)−1

2
σ2(y, z)·Uyy(λ, y, z)=f(y, z)

(19)
with the boundary conditions

U(λ, 0, z) = f(0, z) · 1

λ
, U(λ, y, n0−y) =

∫ ∞

0

e−λtf(ye−λt, n0−ye−λt) dt

to reflect the absorption rules (1), (2), (3) and (4) for the solution (Yt, Zt) to
the equation (14). Rewriting (19) to

λ2U(λ, y, z) − b(y, z)λUy(λ, y, z) − γyλUz(λ, y, z) − 1

2
σ2(y, z)λUyy(λ, y, z) =

= λf(y, z)

and sending λ → 0+ we might get the equation

b(y, z) · uy(∞, y, z) + γy · uz(∞, y, z) +
1

2
σ2(y, z) · uyy(∞, y, z) = 0,



442 Josef Štěpán

since

lim
λ→0+

λ · Uy(λ, y, z) = uy(∞, y, z), lim
λ→0+

λ · Uz(λ, y, z) = uz(∞, y, z).

Because u(∞, y, z) = Ey,zf(Y∞, Z∞) = Ey,zf(0, Z∞) we may venture to
make a conjecture that Ey,zf(0, Z∞) =: v(y, z) is a solution to the
equation

b(y, z) · vy(y, z) + γy · vz(y, z) +
1

2
σ2(y, z) · vyy(y, z) = 0 (20)

with the boundary conditions

v(0, z) = f(0, z) and v(y, n0 − y) = f(0, n0).

The contrary implication is obviously a true statement:

Theorem 2. Let b(y, z), σ(y, z) and f(y, z)) are functions in C2(R2) that
satisfy (18). Let v(y, z) ∈ C2(R2) be a solution to (20) that satisfies the
boundary condition v(0, z) = f(0, z) and u(t, y, z) a unique solution to (15)
with the initial condition u(t, y, z) = f(y, z). Then

v(y, z) = Ey,zf(0, Z∞) = u(∞, y, z) holds for all (y, z) ∈ R2. (21)

Moreover, if Φ(x, y), Ψ(x, y) and g(x, y) are functions in C(R2) that sa-
tisfy (17) and (Xt, Yt) solves our original equation (13), then

Eg(X∞, 0) = v(y0, n0 − x0 − y0),

where v(y, z) is a solution to (20) such that v(0, z) = g(n0 − z, 0) holds.

Simply observe that by Theorem 1

u(t, y, z) = Ey,zf(Yt, Zt) ∀(t, y, z) ∈ R+ × R2

and by Itô formula and (20)

Ey,zv(Yt, Zt) = v(y, z) ∀(t, y, z) ∈ R+ × R2.

Sending t → ∞ we prove (21).

7 Suggestions for a possible further research

There is much to be done in connection with the partial differential equati-
ons (15) and (20). Namely, Theorem 1 would deserve a further research
with the aim to weaken the requirements on the coefficients Φ(x, y), Ψ(x, y)
and f(x, y) to cover the models introduced by the examples in Section 5.
Also, the heuristics presented in Section 6 crowned by a conjecture that
v(y, z) = Ey,zf(0, Z∞) is a solution to the equation (20) will need a nontri-
vial effort.
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Our models are presented as one-dimensional ones. Their generalization
to higher dimensions would allow to study stochastic epidemics with multiple
pathogens.

Another open area of possible research are models with vaccination. The
models presented up to now are general enough to include a vaccination as
control variable. J. Staněk [21, 23] suggests a deterministic model given as

dXt = −β(Zt) · Yt · [Xt − v(Zt)]
+ dt

dYt = β(Zt) · [Xt − v(Zt)]
+ dt − γ · Yt

dZt = γ · Yt,

X0 > 0, Y0 > 0, Z0 = 0, (22)

where β(Zt) ≥ 0 is a contact rate, v(Zt) ≥ 0 the size of vaccination assuming
that

β(z) and v(z) are bounded and Lipschitz continuous functions

β(z) non increasing and v(z) non decreasing function.

Then (22) has a unique solution such that

X∞, Y∞, Z∞ exist and Y∞ = 0

holds. The paper provides a method how to compute Z∞ and states conditi-
ons under which there is a unique Y + = max Yt = Yt+ . A method how to to
compute Y +, t+ is suggested. For an another approach we refer our reader
to [22].

The first trial to incorporate a stochastic vaccination control to the general
models introduced in Sections 5. and 6. of the present paper is made in [23].
An optimal Markov control of an epidemics by vaccination process should
be the final goal of the research (the prize of vaccination versus the output
quantity Zt).
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Abstrakt: Tento př́ıspěvek je zaměřen na statistické metody a vývoj fil-
trovaćıch procedur v Mössbauerově spektroskopii spojené s následným pro-
kládáńım očǐstěných dat př́ıslušnou funkčńı závislost́ı. Statistické nástroje
pro redukci šumu v měřeném spektru jsou už́ıvány v mnoha oblastech. Šum
v Mössbauerově spektroskopii je dán jako superpozice nerezonantńıch fo-
ton̊u ve spojeńı s elektronickým šumem a rychlosti měř́ıćıho systému, která
může být charakterizována jako vliv nelinearity zkoumaného procesu. Zcela
nový matematicko-statistický př́ıstup zlepšuje poměr signálu a šumu. Fil-
trovaćı procedura je založena na užit́ı periodogramu a signifikantńı hranice
mezi šumem a užitečnými frekvencemi je zpětnovazebný kontrolńı mechanis-
mus založený na korelačńı analýze. Následně jsou ukázány možnosti př́ıstupu
finálńıho fitováńı. Korektnost tohoto řešeńı byla ověřena několika statistický-
mi testy a bylo provedeno mnoho experimentálńıch měřeńı s rostoućı kvalitou
pro daný vzorek. Využitelnost této metody neńı univerzálńı, ale je vázána na
některé specifické podmı́nky.

Abstract: This contribution focuses on the statistical methods and deve-
lopment of filtration procedures for Mössbauer spectra evaluation combined
with subsequent fitting of the filtered data by the appropriate function de-
pendence. Statistical tools for noise reduction in the measured spectrum are
used in various fields. Noise in Mössbauer spectoscopy is given as a superpo-
sition of nonresonant photons in combination with electric noice and velocity
of the measuring system, which can be characterized as an influence of nonli-
nearity of the investigated process. Absolutely new mathematical statistical
approach improves the signal-to-noise ratio. The filtration procedure is based
on the use of the periodogram and significant boundary between noise and
useful frequencies is controlled by the feedback mechanismus based on the
correlation analysis. Moreover, we show the possibilities of the approach of
the final fitting. The correctness of this solution has been verified by several
statistical tests and we have carried out a series of experimental measure-
ments with increasing quality for a given sample. The applicability of this
method is not universal since it is connected to some specific conditions.
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1 Motivace

Před několika lety bylo pod záštitou Univerzity Palackého v Olomouci za-
loženo Centrum výzkumu nanomateriál̊u, jehož stěžejńım ćılem je synteti-
zovat a následně charakterizovat připravené systémy ve formě nanočástic.
Z celé škály zde syntetizovaných nanočásticových systémů přitom vykazuj́ı
největš́ı aplikačńı potenciál magnetické nanočástice na bázi oxidu železitého.
Aby bylo možné sofistikovaně rozhodnout, zdali syntetizovaný systém svými
fyzikálně–chemickými vlastnostmi plně vyhovuje požadavk̊um kladených da-
nou aplikaćı, je nutné jej charakterizovat pomoćı řady experimentálńıch tech-
nik. Ve většině př́ıpad̊u pak vhodnou matematickou analýzou źıskaných expe-
rimentálńıch dat obdrž́ıme fyzikálně-chemické parametry, které jednoznačně
popisuj́ı syntetizovaný nanočásticový systém a jsou tud́ıž kĺıčové pro jejich
použit́ı v praxi. Z hlediska praktického využit́ı magnetických nanočástic na
bázi oxidu železitého hraj́ı nejd̊uležitěǰśı roli jejich magnetické vlastnosti.
Ukazuje se, že k jejich magnetické charakterizaci lze s výhodou použ́ıt 57Fe
Mössbauerovu spektroskopii, která je založena na bezodrazové rezonančńı
emisi a absorpci γ–zářeńı emituj́ıćımi a absorbuj́ıćımi jádry atomů železa.
Výsledkem obdrž́ıme mössbauerovské spektrum, což je závislost počtu foton̊u
γ–zářeńı, prošlých železo–obsahuj́ıćım vzorkem, na relativńı rychlosti pohybu
zářiče v̊uči absorberu. Je př́ıhodné podotknout, že mössbauerovské spektrum
je pro každý materiál jedinečné a lze z něj vyvodit parametry popisuj́ıćı mag-
netické chováńı zkoumaných magnetických nanomateriál̊u při r̊uzných tep-
lotách. Jelikož jaderné procesy emise a absorpce vykazuj́ı stochastický cha-
rakter, nab́ıźı se k vyhodnoceńı mössbauerovských spekter a odvozeńı jejich
př́ıslušných parametr̊u použ́ıt teorii statistických model̊u. Zde tedy navrh-
neme a prověř́ıme statistický model, který bude sloužit k źıskáńı co možná
nejpřesněǰśıch odhad̊u parametr̊u př́ıhodné aproximačńı funkce. Je zřejmé,
že č́ım přesněji budeme schopni stanovit parametry aproximačńı funkce, t́ım
komplexněǰśı bude magnetická charakterizace r̊uzných nanočásticových sys-
témů, jejichž rozlǐseńı nám zpřesněné parametry umožńı.

Primárńım ćılem tohoto modelu je tedy odhadnout parametry aproximač-
ńı funkce pro popis poř́ızených mössbauerovských spekter, přičemž źıskaná
experimentálńı data byla vyhlazena pomoćı filtru navrhnutého v [4]. Tyto
výsledky nacházej́ı dále využit́ı pro porovnáńı s etalonem [1] a již prove-
denými studiemi.

2 Filtrace naměřených dat

Při analýze zkoumaného jevu byl registrován negativńı vliv chyb měřeńı na
výsledné charakteristiky popisuj́ıćı vlastnosti měřeného materiálu. Z těchto
d̊uvod̊u byl navrhnut filtr, jehož účelem je odstranit rušivé vlivy při měřeńı,
které se negativně pod́ıĺı na výsledku celé měř́ıćı procedury.

Analytické filtry pracuj́ı ve spektrálńı oblasti, kde jejich filtrovaćı vlast-
nosti vyjádřené pomoćı matematických formulaćı maj́ı jisté nevýhody pro
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použit́ı na poli filtrace mössbauerovských spekter. Nemožnost aplikace ta-
kových filtr̊u je limitována výkonnost́ı v určité spektrálńı oblasti. Na tyto
nevýhody poukazuj́ı autoři v článku [4]. Druhý problém takových filtr̊u je
změna fáze a deformuje výstupńı informace, která se projevuje deformaćı
spektrálńı pološ́ı̌rky, což je pro následnou charakterizaci zkoumaného ma-
teriálu nepř́ıpustné. Pro korektńı užit́ı vyvinuté filtrovaćı procedury vyžaduje
nutnost možnosti redukovat nepodstatnou část informace ve vstupńıch da-
tech. Nav́ıc muśı platit, že celá spektrálńı oblast muśı z̊ustat bez ztráty in-
formace v signálu. To jsou hlavńı d̊uvody, d́ıky kterým byl vybrán statistický
př́ıstup. Za pomoćı vývojového softwaru LabVIEW [2] byl vyvinut software,
který obsahuje navržený filtr založený na periodogramu a zpětnovazebné kon-
trole pomoćı korelačńı analýzy. Výstupem námi navrženého softwaru je pak
spektrum před filtraćı, po filtraci a rovněž analýza odstraněného šumu.

Obrázek 1: Sextet Mössbauerovského spektra před a po filtraci.

Na obr. 1 je zřetelně vidět ukázka spektra před filtraćı a po filtraci.
Vlevo je zřetelně vidět, jak spektrum obsahuje d́ıky měř́ıćım podmı́nkám
a všem negativńım okolnostem množstv́ı nepotřebné informace, která resul-
tuje do nekvalitńıho obrazu spektra. Vpravo je vyobrazeno spektrum po apli-
kaci filtru, které již neobsahuje nepotřebnou informaci a rozostřenost dat je
zp̊usobena pouze faktem, že nebyly dosáhnuty teoretické podmı́nky měřeńı,
za kterých by byl signál zcela čitelný. Tyto podmı́nky jsou ale v experi-
mentálńım prostřed́ı nerealizovatelné. Toto rozostřeńı je tedy pro následnou
analýzu potřebné. Samozřejmost́ı tohoto filtru taktéž je, že byly odstraněny
odlehlá měřeńı, která prokazatelně nesouviśı s měřenou veličinou.

Navržený statistický filtr je založen na použit́ı periodogramu, který umož-
ňuje odhad statisticky významných komponent signálu ve spektrálńı oblasti.
Použit́ı je pak doplněno o experimentálńı nastaveńı. Celý proces je nav́ıc
kontrolován zpětnovazebným procesem za použit́ı analýzy korelace. Největš́ı
přednost́ı tohoto př́ıstupu je fakt, že filtr redukuje množstv́ı ned̊uležité infor-
mace v datech a pracuje v celé spektrálńı oblasti.

Je zjevné, že chováńı statistického filtru nebude vždy uspokojivě účinné,
protože účinnost záviśı na statistické kvalitě experimentálńıch dat. Současné
použit́ı obdélńıkového filtru jako zádržového filtru pak zajist́ı úplnou a uspo-
kojivou filtraci.
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Obrázek 2: Histogram a korelogram šumu.

Obr. 2 představuje odfiltrovaný šum z výše uvedeného spektra, které bylo
podrobeno filtrovaćı proceduře za účelem odstraněńı nežádoućıch měřeńı.
Vše, co bylo z naměřeného Mössbauerovského spektra odstraněno, je uloženo
a podrobeno korelačńı analýze, kdy pro experimentátora nejpodstatněǰśı část́ı
je tzv. korelogram, který vizualizuje vlastnosti odstraněného šumu. Pokud je
odstraněńı těchto část́ı spektra oprávněné, měl by se v korelogramu objevit

”
kruh“. V okamžiku, kdy korelogram utvář́ı jinou strukturu, pak je ze spektra

odstraňována užitečná informace. V pr̊uběhu filtrováńı prob́ıhá zároveň tes-
továńı významnosti korelačńıho koeficientu, které signalizuje experimentáto-
rovi splněńı daľśıho požadavku, který je kladen na filtrovaná data a šum. Celá
procedura je zastavena teprve tehdy, až dojde ke splněńı všech požadavk̊u,
kladených na filtr.

Podmı́nky pro užitečnou filtraci. Prvotně je potřebné stanovit pod-
mı́nky, za kterých bude zpracováńı signálu užitečné. Pro tento účel je užitečné
zkoumat závislost mezi śılou filtru a poměrem signálu a šumu (SNR). Závis-
lost filtrovaćı procedury a poměru signálu a šumu bylo testováno na experi-
mentálńıch měřeńıch. Výsledky shrnuj́ı následuj́ıćı grafy.

Na obr. 3 vpravo je evidentně zřetelná klesaj́ıćı mocninná řada. Pro mě-
řená spektra s menš́ım SNR je šum odfiltrován spolu s neidentifikovatelným
signálem. Tohoto nemůže být dosaženo žádnou jinou metodou. Pro předchá-

Obrázek 3: Závislost spektrálńı pološ́ı̌rky a SNR. Závislost účinnosti a SNR.
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zeńı deformaćı ve spektrálńı oblasti (což je jeden z hlavńıch požadavk̊u, které
byly na filtrovaćı proceduru kladeny) je nezbytné zvolit vhodnou oblast,
kde filtrovaćı účinnost vykazuje saturaci. Reciproká funkce poté ukazuje kva-
litu filtru. Na obr. 3 vlevo jsou ukázány závislosti spektrálńıch pološ́ı̌rek před
a po filtraci na SNR. Spektrálńı pološ́ı̌rky byly obdrženy za použit́ı programu
RECOIL bez fixovaných parametr̊u. Z této prokázané závislosti spektrálńıch
pološ́ı̌rek na SNR pro filtrovaná data lze usoudit na vhodnost použit́ı vyvi-
nutého filtru.

3 Odhady parametr̊u pro fitováńı spekter

Ćılem celého výzkumu nanomateriál̊u je charakterizovat a popsat vlastnosti,
které zkoumané materiály maj́ı. Za t́ımto účelem je potřebné přesné stano-
veńı a proložeńı naměřeného Mössbauerovského spektra. Dı́ky tomuto kroku
se otev́ırá nová kapitola, která vyžaduje deľśıho testováńı. V této části pouká-
žeme na zat́ım provedené možnosti fitováńı Mössbauerovského spektra. V bu-
doucnosti, až budou provedeny všechny potřebné analýzy, bude celá metoda
porovnána s již existuj́ıćım softwarem použ́ıvaným pro tyto účely.

Na úvod této části muśı být nav́ıc podotknuto, že autoři zat́ım řeš́ı úlohu
zjednodušenou, kdy se snaž́ı nafitovat spektrum obsahuj́ıćı pouze

”
jeden ṕık“.

Úlohou složitěǰśı, která byla zadána jako řešeńı pozděǰśı, je aproximace celé
š́ı̌re spektra, které obsahuje

”
v́ıce ṕık̊u“. Tuto úlohu zat́ım autoři tohoto

př́ıspěvku nezmiňuj́ı, ačkoliv jisté parciálńı výsledky již dosaženy byly.
Obecně lze tedy ř́ıci, že na fitováńı Mössbauerovských spekter bylo použito

několik metod, z nichž v tomto př́ıspěvku poṕı̌seme zejména regresńı model
s podmı́nkou typu II, ve kterém bylo dosaženo nejhodnotněǰśıch výsledk̊u.
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5 Aproximace Lorentzovou funkcí, algoritmus: Levenberg − Marquardt

x

y

pocátecní rešení:

γ
1
=837225.7812

γ
2
=−3362135.661

γ
3
=7.7918

γ
4
=192.4348

odhad:

γ
1
=842337.259

γ
2
=−3323091.0902

γ
3
=7.3625

γ
4
=192.2855

Lorentzova funkce:

y=γ
1
+2γ

2
γ
3
/(π(4(x−γ

4
)2+γ

3
2))

Obrázek 4: Aproximace dat Lorentzovou funkci pomoćı Levenberg–
Marquardtova algoritmu.
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3.1 Levenberg–Marquardt algoritmus

Pro fitováńı spekter existuje obecně řada metod, které lze použ́ıt a zálež́ı
pouze na experimentátorovi, kterou z nab́ızených metod zvoĺı. Prvně jsme
zvolili Levenberg–Marquardt̊uv algoritmus (viz např. [5]) — všeobecně použ́ı-
vanou metodu na aproximaci měřených dat nelineárńı funkćı.

Levenberg-Marquardt̊uv algoritmus se řad́ı do tř́ıdy nelineárńıch metod
nejmenš́ıch čtverc̊u, jehož ćılem je odhadnout hodnoty neznámých parametr̊u
zkoumané nelineárńı funkce. Tento algoritmus je kombinaćı dvou numeric-
kých metod (metoda největš́ıho spádu a Gauss–Newtonova metoda).

Na obr. 4 jsou znázorněna naměřená data aproximovaná Lorentzovou
funkćı

f(x, γ1, γ2, γ3, γ4) = γ1 −
2γ2

π

γ3

4(x − γ4)2 + γ2
3

. (1)

Dále je na obr. 4 vidět použité počátečńı řešeńı i źıskaný odhad.
V daľśı části odhadneme parametry pomoćı nelineárńıch regresńıch mo-

del̊u.

3.2 Model s podmı́nkou typu II

Máme měřené hodnoty Y1, Y2, . . ., Y360 odpov́ıdaj́ıćı hodnotám Mössbauerovi
spektroskopie β1, β2,. . .,β360 v daných kanálech x1, x2, . . ., x360.

Ćılem je naj́ıt odhady neznámých parametr̊u γ1, γ2, γ3 a γ4 odpov́ıdaj́ıćı
skutečným hodnotám parametr̊u funkce (1) popisuj́ıćı daný jev. Naměřené
hodnoty byly nejprve očistěny pomoćı navrženého filtru, viz [4], a korespon-
duj́ı s navrženým teoretickým předpisem pro tento jev.

K nalezeńı odhad̊u neznámých parametr̊u použijeme regresńı model ne-
úplného př́ımého měřeńı vektorového parametru se systémem podmı́nek ty-
pu II, viz [3], str. 189 (odvozeńı odhad̊u a variančńı matice pro tzv. 3. model).

Uvažujme model neuplného přimého měřeńı Y ∼ (β,Σ) s podmı́nkou
(

β

γ

)
∈

{(
u

v

)
: b + Bu + Gv = 0

}
; (2)

zde β je neznámý n–rozměrný parametr, γ je neznámý k–rozměrný parametr,
Σ je dána n × n p. d. matice, B je dana n × n matice a G je dana n × k
matice. Potom BLUE vektoru β a γ je

(
β̂

γ̂

)
=

(
I − ΣB′Q1,1B

−Q2,1B

)
Y +

(
I − ΣBQ1,1

−Q2,1

)
b (3)

kovariančńı matice je

Var

(
β̂

γ̂

)
=

(
Σ − ΣB′Q1,1BΣ, −ΣB′Q1,2

−Q2,1BΣ, Q2,2

)
, (4)
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kde (
Q1,1, Q1,2

Q2,1, Q2,2

)
=

(
BΣB′, G

G′, 0

)−1

.

Parametry γ1, γ2, γ3 a γ4 muśı splnit pro xi = i = 1, . . . , n podmı́nky

gi(β,Θ) = βi − γ1 −
2γ2

π

γ3

4(xi − γ4)2 + (γ3)2
= 0. (5)

Nelineárńı podmı́nky g(β,γ) = (g1(β,γ), . . . , g360(β,γ))
′

= o je třeba li-
nearizovat pomoćı Taylorova rozvoje — v lineárńı verzi maj́ı podmı́nky tvar

Bδβ + Gδγ + b = 0, kde B = ∂g(β0,γ0)
∂β′ , G = ∂g(β0,γ0)

∂γ′ , a b = g(β0,γ0)

v přibližném řešeńı (β0,γ0). Po dosazeńı do vzorc̊u (3) a (4) dostáváme od-
hady parametr̊u γ a odhad jejich přesnosti:

3.3 Daľśı výzkum

Autoři se v současnosti soustřed́ı na laděńı programových kód̊u a sestaveńı
procedury, která by plně vyhovovala pro fitováńı Mössbauerovských spek-
ter obsahuj́ıćıch pouze

”
jeden ṕık“. Dále autoři pokračuj́ı ve vývoji model̊u

umožňuj́ıćıch řešeńı modifikované složitěǰśı úlohy s
”
v́ıce ṕıky“. Daľśım ćılem

autor̊u bude pro potřeby nanocentra připravit software, který automaticky
navrhne pro zadaná data a zadaný typ aproximuj́ıćı funkce vhodný algorit-
mus a nalezne odhady s co nejmenš́ı disperźı. Autoři předpokládaj́ı, že řešeńı
bude založeno na teorii nelineárńıch regresńıch model̊u. Zde je ale d̊uležité si
uvědomit problémy, které při výpočtu nastávaj́ı. Prvńı problém nastává u li-
nearizace. Vlastńı výpočet parciálńıch derivaćı je možné provést pomoćı sym-
bolic computing. Závažněǰśım problémem ale je nalezeńı vhodného počátečńı-
ho řešeńı, které lež́ı v linearizačńı oblasti. Počátečńı řešeńı může být hledáno
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5 Aproximace Lorentzovou funkcí, algoritmus: lineární regresní model s podmínkou typu II
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)=0.00026294

Obrázek 5: Aproximace dat Lorentzovou funkci pomoćı lineárńıho modelu
s podmı́nkou typu II.
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např. LM algoritmem. Skutečnost, že nalezený odhad v modelu s podmı́nkou
typu II splňuje pouze linearizované podmı́nky a nikoliv p̊uvodńı nelineárńı
podmı́nky, je možno řešit doiterováńım např. pomoćı heuristických algoritmů.
Jednou z metod, kterou autoři připravuj́ı do vyv́ıjeného software, je orto-
gonálńı regrese. U dat aproximovaných Lorentzovou funkćı byl také navržen
dvouetapový model s podmı́nkou typu II, kde nejprve dojde v 1. etapě k na-
lezeńı polohy

”
ṕıku“ a ve druhé etapě jsou hledány ostatńı neznámé parame-

try Lorentzovy funkce. V úlohách, kdy je třeba co nejpřesněji odhadnout jen
některý parametr, lze využ́ıt H–optimálńı odhady — viz [6]. Autoři očekávaj́ı,
že se jim podař́ı ve vyv́ıjeném software vytvořit rozhodovaćı strom, který na-
jde vhodný př́ıstup k aproximaci na základě měr křivosti zadané funkce.

4 Závěr

Autoři tohoto př́ıspěvku si kladli za ćıl seznámit širokou veřejnost s pro-
blematikou materiálového výzkumu, se kterým je úzce spjata řada sofistiko-
vaných problémů, které vyžaduj́ı interdisciplinárńı spolupráci za účelem jejich
vyřešeńı. V pr̊uběhu práce byl vytvořen filtr vyhovuj́ıćı přesně podmı́nkám
kladeným odborńıky z nanomateriálového výzkumu a navrhnuty postupy,
jak dále daná data fitovat za účelem přesného odhadu parametr̊u funkčńı
závislosti.
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ADAPTIVNÍ STOCHASTICKÉ
ALGORITMY V NELINEÁRNÍ REGRESI

Josef Tvrd́ık

Kĺıčová slova: Nelineárńı regrese, odhad parametr̊u, globálńı optimalizace,
diferenciálńı evoluce, ř́ızené náhodné prohledáváńı, adaptivńı algoritmy.

Abstrakt: Př́ıspěvek se zabývá využit́ım adaptivńıch stochastických algo-
ritmů v odhadu parametr̊u nelineárńıch regresńıch model̊u. Adaptivńı algo-
ritmus ř́ızeného náhodného prohledáváńı (CRS) je experimentálně porovnán
s novými adaptivńımi verzemi diferenciálńı evoluce (DE) na úlohách z re-
ferenčńı databáze NIST. Pouze některé verze DE jen na několika málo úlohách
předčily algoritmus CRS.

Abstract: Self-adaptive stochastic algorithms are applied to the estimation
of parameters in non-linear regression models. Self-adaptive variant of con-
trolled random search (CRS) is compared experimentally with novel self-
adaptive variants of differential evolution (DE) using tasks of NIST reference
datasets. Several variants of DE outperformed CRS in a few tasks only.

1 Úvod

Aditivńı nelineárńı regresńı model můžeme zapsat v následuj́ıćı formě

Yi = g(~xi, ~β) + ǫi, i = 1, 2, . . . , n , (1)

kde g je daná funkce, ~xT
i = (x1, x2, . . . , xk) je i-tý řádek matice návrhu ~X,

která je typu n × k, ~βT = (β1, β2, . . . , βd) je vektor parametr̊u a ǫi jsou
nezávislé náhodné veličiny s nulovou středńı hodnotou a shodným rozpty-
lem, E(ǫi) = 0, var(ǫi) = σ2. Odhad parametr̊u modelu metodou nejmenš́ıch

čtverc̊u znamená nalézt hodnoty
~̂
β, pro které je součet druhých mocnin re-

sidúı (2) minimálńı.

Q(
~̂
β) =

n∑

i=1

[
Yi − g(~xi,

~̂
β)

]2

(2)

Na rozd́ıl od lineárńı regrese je nalezeńı správných hodnot odhad̊u obt́ıžný
algoritmický problém, nebot’ funkce (2) může mı́t v́ıce lokálńıch minim a jej́ı
tvar je závislý na datech, což p̊usob́ı pot́ıže při hledáńı odhad̊u standardně
už́ıvanými iterativńımi deterministickými algoritmy (Levenberg-Marquardt,
Gauss-Newton). Tyto algoritmy hledaj́ı lokálńı minimum, takže výsledek
zálež́ı na volbě počátečńıch hodnot, v některých úlohách tvar funkce (2) může
dokonce zp̊usobit numerický kolaps iteračńıho procesu. Odhad parametr̊u ne-
lineárńıch regresńıch model̊u je problém globálńı optimalizace.
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2 Problém globálńı optimalizace

Problém globálńı optimalizace lze jednoduše formulovat: Pro danou účelovou
funkci

f : D → R, D ⊂ Rd,

hledáme bod ~x∗ = arg min~x∈D f(~x), tj. bod, ve kterém má funkce nejmenš́ı
hodnotu. Bod ~x∗ je nazýván bodem globálńıho minima (global minimum
point) a D je prohledávaný obor (doména).

V nelineárńı regresi řeš́ıme úlohu, kdy doména je vymezena jako d-rozměr-
ný kvádr D =

∏d
j=1[aj , bj ], aj < bj , j = 1, 2, . . . , d , účelová funkce f(~x)

je spojitá a umı́me ji vyhodnotit v každém bodě ~x ∈ D.
Neexistuje polynomiálně složitý deterministický algoritmus pro obecné

řešeńı problému globálńı optimalizace. Řešeńı je nutno hledat heuristicky
pomoćı stochastických algoritmů. Tyto algoritmy jsou často inspirovány př́ı-
rodou, např. ochlazováńım tuhého tělesa, evolućı populace jedinc̊u, poznatky
z genetiky nebo imunologie, chováńım jedinc̊u ve společenstv́ı apod. Algo-
ritmům modeluj́ıćım vývoj populace se ř́ıká evolučńı algoritmy. Tyto algo-
ritmy použ́ıvaj́ı tzv. evolučńı operátory, zejména selekci, kř́ıžeńı a mutaci.

3 Diferenciálńı evoluce a adaptace ř́ıdićıch parametr̊u

Algoritmus diferenciálńı evoluce (DE) navrhli Storn a K. Price v devadesátých
letech [16] a od té doby se DE stala velmi už́ıvaným algoritmem pro hledáńı
globálńıho minima [11]. Princip tohoto algoritmu ukazuje jeho zápis v pseu-
dokódu na obr. 1.

1 generate an initial population P = (~x1, ~x2, . . . , ~xN ), ~xi ∈ D;
2 repeat

3 for i := 1 to N do

4 generate a new trial vector ~y;
5 if f(~y) < f(~xi) then insert ~y into new generation Q
6 else insert ~xi into new generation Q
7 endif

8 endfor

9 P := Q;
10 until stopping condition

Obrázek 1: Algoritmus diferenciálńı evoluce.

Nový zkusmý bod ~y na řádku 4 se generuje využit́ım mutace a kř́ıžeńı. Selekce
jedince do daľśı generace prob́ıhá turnajovou metodou, v́ıtěźı lepš́ı z dvojice
(řádky 5 až 7). Podle užité varianty mutace a kř́ıžeńı se označuj́ı varianty
diferenciálńı evoluce zkratkou DE/m/n/k, kde m označuje variantu mutace,
n počet dvojic bod̊u pro diference užité v mutaci a k užitý zp̊usob kř́ıžeńı.

Bylo navrženo několik variant mutace pro diferenciálńı evoluci [16, 11, 3].
V této práci jsou užity dva typy mutace, a to nejobvykleǰśı klasická [16]
označovaná zkratkou DE/RAND/1
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~v = ~r1 + F (~r2 − ~r3) , (3)

~r1 6= ~r2 6= ~r3 6= ~xi jsou vybrány náhodně z populace P , F > 0 je vstupńı ř́ıdićı
parametr algoritmu ovlivňuj́ıćı mutaci. Druhou variantou mutace je DE/RA-
NDrl/1 navržená v [5]. Od předchoźı varianty se lǐśı jen t́ım, že bod ~r1 je
bod s nejnižš́ı funkčńı hodnotou mezi náhodně vybranými body {~r1, ~r2, ~r3},
tj. ~r1 = arg mini∈{1,2,3} f(~ri).

Bod ~y vzniká kř́ıžeńım aktuálńıho bodu ~xi ze staré generace a bodu ~v
vzniklého mutaćı. Kř́ıžeńı je ř́ızeno parametrem CR ∈ [0, 1]. V binomickém
kř́ıžeńı se přepisuj́ı náhodně vybrané prvky vektoru ~xi s pravděpodobnos-
t́ı CR. V exponenciálńım kř́ıžeńı se přepisuje L sousedńıch souřadnic ~xi,
sousedstv́ı se uvažuje cyklicky, tj. posledńı souřadnice soused́ı s prvńı. Počet
přepisovaných pozic L klesá exponenciálně v závislosti na CR [23]. V obou
typech kř́ıžeńı je nejméně jedna souřadnice bodu ~xi přepsána odpov́ıdaj́ıćı
souřadnićı ~v.

Diferenciálńı evoluce má oproti jiným evolučńım algoritmům méně ř́ıdi-
ćıch parametr̊u. Voĺıme jen velikost populace, typ mutace a kř́ıžeńı a hod-
noty parametr̊u F a CR. Účinnost hledáńı globálńıho minima je však velmi
silně závislá na vhodném nastaveńı hodnot ř́ıdićıch parametr̊u, zejména F
a CR. Obvykle už́ıvaným postupem je hledáńı vhodných hodnot těchto pa-
rametr̊u pro řešený problém časově náročnou metodou pokus-omyl. Různá
doporučeńı, většinou značně neurčitá, lze naj́ıt v [3, 4, 11, 16]. Proto byly
zkoumány postupy adaptivńıho nastaveńı hodnot ř́ıdićıch parametr̊u. Ali
a Törn [1] navrhli jednoduché pravidlo měńıćı hodnoty F během hledáńı.
Daľśı možnosti adaptace hodnot ř́ıdićıch parametr̊u jsou shrnuty v článku Liu
a Lampinena [8]. Nedávno Quin a Suganthan [13] užili adaptivńı volbu typu
mutace kombinovanou se ř́ızeně náhodným nastavováńım hodnot F a CR.

Evolučńı adaptaci parametr̊u F a CR navrhli Brest et al. [2]. Hodnoty F
a CR se inicializuj́ı náhodně pro každý bod populace a přež́ıvaj́ı s jedinci po-
pulace. Mohou však být i změněny mutaćı v každé generaci, pravděpodobnost
mutace se zadává jako vstupńı parametr algoritmu. Adaptace hodnot F a CR
soutěž́ı několika variant jejich nastaveńı byla navržena v [18]. Z H r̊uzných
nastaveńı vyb́ıráme náhodně s pravděpodobnostmi qh, h = 1, 2, . . . ,H. Tyto
pravděpodobnosti se měńı podle dosavadńı úspěšnosti nastaveńı. Za úspěšné
je považováno h-té nastaveńı tehdy, když generuje nový zkusmý bod ~y, pro
který je f(~y) < f(~xi). Pravděpodobnost qh se vyhodnot́ı jako relativńı četnost

qh =
nh + n0∑H

j=1(nj + n0)
, (4)

kde nh je aktuálńı počet úspěch̊u h-tého nastaveńı a n0 > 0. Volba n0 > 1
zabraňuje dramatickým změnám qh jedńım náhodným úspěchem. Abychom
předešli degeneraci procesu hledáńı, jsou aktuálńı hodnoty pravděpodobnost́ı
změněny na jejich počátečńı hodnoty qh = 1/H tehdy, když některá hodnota
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pravděpodobnosti qh klesne pod zadanou hodnotu δ > 0. Několik variant ta-
kového soutěživého nastaveńı parametr̊u F a CR v diferenciálńı evoluci s bi-
nomickým kř́ıžeńım bylo porovnáno numericky na řadě testovaćıch úloh [19]
a dvě nejúspěšněǰśı varianty implementované v Matlabu a C++ jsou volně
dostupné v knihovně programů [15].

Mutace podle (3) může zp̊usobit, že nový zkusmý vektor ~y je mimo
doménu D. V takovém př́ıpadě může být hodnota souřadnice, pro kterou
je yj < aj nebo yj > bj , nahrazena hodnotou překlopenou do D, souměrnou
vzhledem k aj nebo bj [7]. Tento postup je užit v implementaci testovaných
algoritmů v této práci i v programové knihovně [15].

4 Řı́zené náhodné prohledáváńı se soutěž́ı heuristik

Algoritmus ř́ızeného náhodného prohledáváńı (CRS, controlled random
search) navrhl před v́ıce jak 30 léty W. L. Price [12]. Zápis algoritmu je na
obr. 2. Na rozd́ıl od diferenciálńı evoluce, u CRS je v každé generaci nahra-
zován nejhorš́ı bod populace. Pro generováńı zkusmého bodu ~y Price už́ıval
reflexi simplexu (d + 1 bod̊u náhodně vybraných z populace) podle Neldera
a Meada [10], později byla navržena řada zlepšených variant algoritmu CRS,
viz např. [1, 6].

1 generate P (population of N points in D at random);
2 find ~xmax (the point in P with the highest function value);
3 repeat

4 generate a new trial point y ∈ D by using a local heuristic;
5 if f(~y) < f(~xmax) then

6 ~xmax := ~y;
7 find new ~xmax;
8 endif

9 until stopping condition;

Obrázek 2: Algoritmus ř́ızeného náhodného prohledáváńı.

Adaptivńı verse CRS založená na soutěži v́ıce lokálńıch heuristik pro gene-
rováńı zkusmého bodu ~y byla navržena v [17], pravidla soutěže jsou podobná
jako u soutěže nastaveńı v diferenciálńı evoluci s t́ım rozd́ılem, že pravdě-
podobnost výběru lokálńı heuristiky qi je možno poč́ıtat i s využit́ım vážeńı
velikosti zlepšeńı funkčńı hodnoty podle vztah̊u

wi =
fmax − max(f(~y), fmin)

fmax − fmin
, qi =

Wi + w0∑H
j=1(Wj + w0)

,

kde fmax a fmin jsou největš́ı a nejmenš́ı funkčńı hodnoty v populaci, Wj je
součet vah wj v předcházej́ıćım hledáńı, w0 > 0 je vstupńı parametr algo-
ritmu.
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5 Aplikace v odhadu regresńıch parametr̊u

Pro odhad parametr̊u nelineárńıch regresńıch model̊u byla navržena adaptivńı
verze CRS se čtyřmi soutěž́ıćımi heuristikami [20]. V daľśım textu je tato va-
rianta algoritmu označena zkratkou CRS4. V tomto algoritmu je užita i adap-
tivńı podmı́nka ukončeńı hledáńı. Adaptace podmı́nky ukončeńı je založena
na tom, aby rozd́ıl mezi největš́ı a nejmenš́ı hodnotou indexu determinace
v populaci, tj. R2

max−R2
min byl výrazně menš́ı než 1−R2

max. Algoritmus adap-
tace podmı́nky ukončeńı s ř́ıdićımi vstupńımi parametry ε0 a γ je zapsán
na obr. 3.

1 generate initial population P ;
2 ε := ε0;
3 pass := false;
4 while 1 − R2

max < γ × ε & pass = false (outer loop)
5 while R2

max − R2
min > ε (inner loop)

6 stochastic optimization algorithm (CRS, DE, ...);
7 pass := true;
8 endwhile; (end of inner loop)
9 if pass = false then

10 γ := γ/10; (stopping condition softened)
11 endif ;
12 if 1 − R2

max < γ × ε & pass = true then

13 ε := ε/10; (stopping condition made more strict)
14 pass := false;
15 endif ;
16 endwhile; (end of outer loop)

Obrázek 3: Adaptace podmı́nky ukončeńı pro nelineárńı regresi.

6 Numerické porovnáńı algoritmů

Algoritmy byly porovnávány na souboru úloh nelineárńı regrese NIST [14]
obsahuj́ıćım 27 úloh tř́ı úrovńı obt́ıžnosti. Úloha Lanczos1 s uměle genero-
vanými daty nebyla do experimentálńıho porovnáńı zařazena, nebot’ u ńı má
náhodná složka modelu extrémně ńızký rozptyl (1 − R2 ≈ 1e − 26), takže
je sṕı̌se testem numerické odolnosti algoritmu než jeho schopnosti nalézt
globálńı minimum. Pro každou úlohu a algoritmus bylo provedeno 100 opa-
kováńı, v každém opakováńı byla sledována časová náročnost, vyjádřená
počtem vyhodnoceńı účelové funkce (2), a kvalita nalezeného řešeńı hod-
nocená počtem významných č́ıslic shodných s tzv. certifikovanou hodnotou
residuálńıho součtu čtverc̊u [9]. Pokud se nalezené řešeńı shodovalo alespoň
ve čtyřech č́ıslićıch, bylo považováno za správné.

Pro porovnáńı algoritmů bylo užito jednoduché kritérium Qm = ne/R,
kde R je procento běh̊u, ve kterých bylo nalezeno správné řešeńı a ne je
pr̊uměrný počet vyhodnoceńı účelové funkce v úspěšných běźıch [3]. Hod-
noty Qm jsou uvedeny v tabulce 1. Nejmenš́ı hodnota Qm na každém řádku
je podtržena. Pokud hodnota Qm pro některou z variant DE byla nižš́ı než
pro CRS4, je uvedena tučně. Označeńı úloh je shodné s [14]. Algoritmy v ta-
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CRS4 cb9rl ce9rl cb6e6rl cb9e9rl brest brcmp brcmprl

Chwirut1 19 25 30 24 26 60 42 28

Chwirut2 19 24 30 24 27 58 43 27

Danwood 12 17 19 16 18 40 26 17

Gauss1 91 108 121 100 116 171 135 90

Gauss2 96 150 180 141 164 262 217 135

Lanczos3 303 1231 3606 ∞ 1368 47038 178050 20547

Misra1a 18 36 92 88 36 106 98 47

Misra1b 15 29 81 67 33 72 86 44

Enso 156 187 181 158 189 248 182 136

Gauss3 105 127 170 125 143 387 298 172

Hahn1 132 146 274 282 172 864 933 801

Kirby2 65 59 92 92 65 294 375 165

Lanczos2 305 1077 4004 229050 1268 33880 223740 231690

Mgh17 90 160 292 531 174 530 607 308

Misra1c 19 43 260 312 50 198 289 101

Misra1d 18 40 220 249 45 165 201 96

Nelson 49 138 1225 2245 147 310 1392 200

Roszman1 34 26 37 26 29 89 60 41

Bennett5 366 85944 8480 1420 2700 115621 8500 ∞
Boxbod 8 13 14 12 14 23 16 12

Eckerle4 17 18 19 16 19 22 20 14

Mgh09 88 150 292 593 164 467 1140 248

Mgh10 210 924 64260 ∞ 1154 13027 100880 16454

Rat42 19 21 26 21 24 53 37 25

Rat43 29 23 33 25 27 74 55 36

Thurber 97 96 155 115 106 557 412 242

Tabulka 1: Porovnáńı algoritmů na úlohách NIST – hodnoty Qm.

bulce jsou označeny zkratkami. CRS4 je ř́ızené náhodné prohledáváńı [20],
ostatńı algoritmy jsou adaptivńı varianty DE. Počátečńı ṕısmeno c je užito
pro varianty se soutěž́ı nastaveńı, ṕısmena b nebo e uvńıtř zkratky vyznačuj́ı
typ kř́ıžeńı, následuj́ıćı č́ıslice je počet soutěž́ıćıch nastaveńı a př́ıpona rl vy-
značuje užit́ı mutace podle [5]. Označeńı brest je užito pro evolučńı adapta-
ci ř́ıdićıch parametr̊u navrženou Brestem et al. [2], verze evolučńı adaptace
ř́ıdićıch parametr̊u kombinované se soutěž́ı obou typ̊u kř́ıžeńı jsou označeny
brcmp a brcmprl. Všechny tyto adaptivńı varianty DE jsou podrobněji popsá-
ny v [21], včetně užitých hodnot ř́ıdićıch parametr̊u. U všech porovnávaných
algoritmů byla užita stejná adaptivńı podmı́nka ukončeńı s parametry ε0 =
1e− 9, γ = 1e + 7. Velikost populace pro CRS4 byla zvolena N = 10 d,
pro všechny varianty DE byla velikost populace N = min(max(20, 5 d), 60),
nebot’ takto zvolená velikost populace se osvědčila v jiných úlohách [21].

Testované adaptivńı varianty DE využ́ıvaj́ıćı současně obou typ̊u kř́ıžeńı
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prokázaly dobrou výkonnost na dvou obt́ıžných sadách testovaćıch úloh [21],
a tak se očekávalo, že budou úspěšné i odhadu parametr̊u nelineárńıch re-
gresńıch model̊u. Jak ukazuj́ı výsledky v tabulce 1, toto očekáváńı se nena-
plnilo. Projevil se známý a nepř́ıjemný d̊usledek tzv. No Free Lunch teoré-
mů [22], tj. pořad́ı výkonnosti dvou algoritmů může být opačné pro r̊uzné sku-
piny problémů. Pouze u sedmi z 26 úloh byla některá z variant DE úspěšněǰśı
než CRS4. Mezi těmito variantami nebyla žádná, ve které se neuž́ıvá bi-
nomické kř́ıžeńı a mutace RANDrl. Naopak, na řadě úloh byly hodnoty Qm

u některých variant DE řádově horš́ı než u CRS4, ve třech př́ıpadech dokonce
ani v jednom ze 100 běh̊u nebylo nalezeno správné řešeńı (odpov́ıdaj́ıćı hod-
noty Qm jsou vyznačeny symbolem ∞). CRS4 měl ve 22 úlohách úspěšnost
100% a minimálńı hodnota úspěšnosti byla 86%, ve většině př́ıpad̊u při nižš́ıch
časových nároćıch než kterákoliv varianta diferenciálńı evoluce.

7 Závěr

Testované varianty DE jen zř́ıdka předčily algoritmus CRS4, nav́ıc v řadě
úloh byla jejich účinnost výrazně horš́ı. Využit́ı diferenciálńı evoluce s expo-
nenciálńım kř́ıžeńım zřejmě neńı cesta k rychlým a spolehlivým algoritmům
pro odhad parametr̊u nelineárńıch regresńıch model̊u. Pokud budeme hledat
algoritmus efektivněǰśı než CRS4, patrně bude nutno uvažovat o hybridńıch
algoritmech kombinuj́ıćıch několik stochastických algoritmů k źıskáńı spole-
hlivých startovńıch hodnot a hledáńı dokončovat algoritmy konverguj́ıćımi
k lokálńımu minimu.
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[17] Tvrd́ık, J., Křivý, I., Mǐśık, L. (2001). Evolutionary algorithm with com-
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METODA MLE PRO LOGARITMICKO-
NORMÁLNÍ ROZDĚLENÍ S PRAHEM

Vladimı́r Václav́ık

Kĺıčová slova: logaritmicko-normálńı rozděleńı; prahový parametr; metoda
maximálńı věrohodnosti; LMLE.

Abstrakt: Za odhad parametr̊u metodou maximálńı věrohodnosti (MLE)
logaritmicko-normálńıho rozděleńı s prahovým parametrem se mı́sto globál-
ńıho maxima použ́ıvá lokálńı maximum věrohodnostńı funkce a tato metoda
se většinou označuje LMLE. S nalezeńım lokálńıho maxima však mohou být
spojeny obt́ıže. Předkládáme metodu, která odhady LMLE najde, pokud exis-
tuj́ı.

Abstract: In the paper is suggested a method that always finds MLE of the
parameters of three parameter lognormal distribution which is based on local
maximum likelihood function.

1 Logaritmicko-normálńı rozděleńı

Náhodná veličina X, která se ř́ıd́ı tř́ıparametrickým logaritmicko-normálńım
rozděleńım LN(γ, µ, σ2) s prahovým parametrem γ ∈ R, parametrem µ ∈ R

(eµ je parametrem měř́ıtka) a parametrem tvaru σ > 0, má hustotu pravdě-
podobnosti

f(x) =





0 pro x ≤ γ,
1

σ
√

2π

1

x − γ
exp

{
− 1

2σ2
[ln(x − γ) − µ]2

}
pro x > γ.

Pro takto definovanou veličinu X plat́ı ln(X − γ) ∼ N(µ, σ2).

2 Metoda maximálńı věrohodnosti

Popis metody MLE pro tř́ıparametrické logaritmicko-normálńı rozděleńı po-
skytl např. Calitz [1], uvád́ı i stručnou historii této metody. Metodě se věno-
valo mnoho daľśıch autor̊u, např. Cohen a Whitten [3] a Kane [5].

Pro pevné hodnoty x1, . . . , xn má (logaritmus) věrohodnostńı funkce tvar

L(γ, µ, σ) = ln
n∏

i=1

f(xi)

= −n

2
ln 2π − n ln σ −

n∑

i=1

ln(xi − γ) − 1

2σ2

n∑

i=1

[ln(xi − γ) − µ]2,

kde γ < xmin = min{x1, . . . , xn}, µ ∈ R a σ > 0.
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Věrohodnostńı funkce je shora neomezená, pro γ → x−
min, µ → −∞

a σ → +∞ je L → +∞, globálńı maximum tedy neexistuje (viz Hill [3]).
Za odhad parametr̊u γ, µ a σ metodou maximálńı věrohodnosti se proto
bere bod lokálńıho maxima věrohodnostńı funkce (metoda LMLE), který bu-
deme hledat řešeńım rovnic (nutná podmı́nka lokálńıho extrému na otevřené
množině)

∂L

∂γ
=

n∑

i=1

(xi − γ)−1 +
1

σ2

n∑

i=1

ln(xi − γ) − µ

xi − γ
= 0 (1)

∂L

∂µ
=

1

σ2

n∑

i=1

[ln(xi − γ) − µ] = 0 (2)

∂L

∂σ
=

n

σ
− 1

σ3

n∑

i=1

[ln(xi − γ) − µ]2 = 0. (3)

Z rovnic (2) a (3) snadno vyjádř́ıme odhady µ̂ a σ̂ parametr̊u µ a σ

µ̂ =
1

n

n∑

i=1

ln(xi − γ̂), (4)

σ̂2 =
1

n

n∑

i=1

[ln(xi − γ̂) − µ̂]2, (5)

kde γ̂ je odhadem parametru γ a źıskáme jej následuj́ıćım zp̊usobem. Označ-

me µ̂γ = 1
n

∑n
i=1 ln(xi − γ) a σ̂2

γ = 1
n

∑n
i=1 [ln(xi − γ) − µ̂γ ]2, σ̂γ =

√
σ̂2

γ .

Dosazeńım µ̂γ a σ2
γ za µ a σ2 do věrohodnostńı funkce snadnou úpravou

źıskáme

λ(γ) = L(γ, µ̂γ , σ̂γ) = −n

2
(ln 2π + 1 + lnσ2

γ + 2µ̂γ),

tedy funkci jedné proměnné γ. Podobně dosazeńım µ̂γ a σ2
γ za µ a σ2 do

rovnice (1) źıskáme rovnici o jedné neznámé γ. Nalezeńım lokálńıho maxima
funkce λ(γ) nebo z upravené rovnice (1) pak źıskáme odhad γ̂ parametru γ
a ze vztah̊u (4) a (5) odhady parametr̊u µ a σ.

Z literatury (např. [3, 4, 5]) vyplývá, že funkce λ má maximálně jeden bod
lokálńıho maxima a pro γ → x−

min je λ(γ) → +∞. Je-li γ̂0 bodem maxima λ,
pak má funkce i lokálńı minimum γ̂1 a plat́ı γ̂0 < γ̂1 < xmin.

S nalezeńım maxima věrohodnostńı funkce L mohou být spojeny obt́ıže.
Byly navrženy r̊uzné postupy. Harter a Moore [2] hledaj́ı maximum opako-
vaným iterováńım rovnic (1)–(3). Neuváděj́ı však, že jedńım z řešeńı těchto
rovnic je i sedlový bod věrohodnostńı funkce. Neńı tedy jasné, zda jejich
postup vede vždy k nalezeńı odhad̊u LMLE.

Použit́ı Newtonovy-Raphsonovy metody (metoda tečen) pro řešeńı rov-
nice λ′(γ) = 0 popisuje např. Calitz [1]. Tato metoda vede k řešeńı v př́ıpadě
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vhodné startovaćı hodnoty. Při nevhodné volbě je nalezen bod minima funk-
ce λ, popř. źıskáme nepř́ıpustnou hodnotu z oblasti [xmin,+∞) nebo metoda
diverguje k −∞. V takovém př́ıpadě je třeba zvolit jinou startovaćı hodnotu
a postup opakovat.

Daľśı možnost́ı je hledat lokálńı maximum funkce λ na zvoleném intervalu
[a, xmin), kde většinou a = 0, tj. uvažujeme γ ≥ 0. Daný interval potom
rozděĺıme na (ekvidistantńı) body γi: a = γ1, . . . , γk < xmin a hledáme lokálńı
maximum funkčńıch hodnot λ(γ1), . . . , λ(γk). Tento jednoduchý postup však
nevyhovuje našemu předpokladu γ ∈ R a může ztroskotat na nevhodné volbě
bod̊u γi.

Byly navrženy i daľśı, složitěǰśı postupy pro stanoveńı odhad̊u LMLE,
např. Hirose [4] nebo Komori a Hirose [6] použili transformované logarit-
micko-normálńı rozděleńı. Popis těchto metod však neńı ćılem tohoto př́ı-
spěvku. T́ım je popsat novou metodu, která umožňuje při libovolné volbě
startovaćıho bodu γ0 < xmin spolehlivě zmapovat tvar funkce λ ve smyslu
nalezeńı stacionárńıch bod̊u, a tedy naj́ıt odhady LMLE.

3 Nalezeńı odhad̊u LMLE

Označme f1(γ) = σ̂2
γ , f2(γ) = µ̂γ . Potom pro funkci λ(γ) (př́ıklad na obr. 1)

a jej́ı derivaci λ′(γ) plat́ı

λ(γ) = −n

2
[ln 2π + 1 + ln f1(γ) + 2f2(γ)],

λ′(γ) = −n

2

[
f ′
1(γ)

f1(γ)
+ 2f ′

2(γ)

]
.

Naš́ım ćılem je naj́ıt lokálńı maximum funkce λ. Hledáme tedy γ̂ tak, aby
platilo

γ^
0

λ(
γ)

γ^
1

γ γγ^
0

γ^
1
 

d
1
 (γ)

d
2
(γ) 

Obrázek 1: Funkce λ(γ), d1(γ) d2(γ) se stacionárńımi body γ̂0 (hledané
lokálńı maximum) a γ̂1.
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λ′(γ̂) = 0 ⇔ f ′
1(γ̂)

f1(γ̂)
= −2f ′

2(γ̂), (6)

λ′(γ̂ − ǫ) > 0 a λ′(γ̂ + ǫ) < 0

pro libovolně malé ǫ > 0. Protože f1(γ) > 0 (viz d̊ukaz následuj́ıćıho tvrzeńı),
obě strany rovnic (6) lze vynásobit f1(γ̂), č́ımž źıskáme rovnici

f ′
1(γ̂) = 2f1(γ̂)[−f ′

2(γ̂)].

Pro větš́ı přehlednost zavedeme funkce d1(γ)=f ′
1(γ) a d2(γ)=2f1(γ)[−f ′

2(γ)],
budeme tedy hledat řešeńı rovnice d1(γ̂) = d2(γ̂).
Tvrzeńı: Pro libovolné x1, . . . , xn, pro které ∃i, j : xi 6= xj , jsou funkce
d1(γ), d2(γ) ostře rostoućı a konvexńı pro γ ∈ (−∞, xmin).
Důkaz. Definičńım oborem všech funkćı proměnné γ v tomto d̊ukazu je
Dγ = {γ ∈ R : γ < xmin}. Bez újmy na obecnosti budeme předpokládat
uspořádanost hodnot x1 < x2 < . . . < xn.

Nejprve prozkoumáme pr̊uběh funkce d1. Funkce f1(γ) = σ̂2
γ je rozptylem

hodnot ln(xi − γ), i = 1, . . . , n, jedná se tedy o kladnou funkci. Dále je

f1(γ) =
1

n

n∑

i=1

[ln(xi − γ) − µ̂γ ]2 =
1

n

n∑

i=1

[ln(xi − γ) − f2(γ)]2

=
1

n

n∑

i=1

[ln(xi − γ)]2 − f2
2 (γ),

f ′
1(γ) = 2

[
1

n

n∑

i=1

ln(xi − γ)
−1

xi − γ
− f2(γ)f ′

2(γ)

]
,

f ′′
1 (γ) = 2

[
1

n

n∑

i=1

ln(xi − γ)
−1

(xi − γ)2
− f2(γ)f ′′

2 (γ)

]
+

+2

[
1

n

n∑

i=1

1

(xi − γ)2
− [f ′

2(γ)]2

]
.

Funkce f2(γ) je pr̊uměrem hodnot ln(xi −γ), funkce f ′
2(γ) je pr̊uměrem hod-

not −1
xi−γ , atd. Hranatá závorka ve funkci f ′

1 tedy představuje výpočetńı tvar

výběrové kovariance vektor̊u [ln(xi − γ), −1
xi−γ ], i = 1, . . . , n, ve funkci f ′′

1 na-

jdeme v hranatých závorkách výběrovou kovarianci a rozptyl (v daľśım textu
budeme pod pojmem kovariance vždy mı́nit výběrovou kovarianci).

Označme g(x, γ)=ln(x−γ) a ck,l(γ) kovarianci vektor̊u
[

∂kg(xi,γ)
∂γk ,∂lg(xi,γ)

∂γl

]
,

i = 1, . . . , n, k, l ∈ N0. Indexy k, l tedy představuj́ı stupeň derivace funkce g

podle γ. Snadno lze ukázat, že derivace
dck,l(γ)

dγ = ck+1,l(γ) + ck,l+1(γ). Ze

symetrie kovariance plyne ck,l(γ) = cl,k(γ). Je tedy
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f1(γ) = c0,0(γ),

f ′
1(γ) = 2c0,1(γ),

f ′′
1 (γ) = 2[c0,2(γ) + c1,1(γ)],

f ′′′
1 (γ) = 2[c0,3(γ) + c1,2(γ) + c1,2(γ) + c2,1(γ)] = 2[c0,3(γ) + 3c1,2(γ)], atd.

Dále ukážeme, že kovariance ck,l(γ) jsou kladné pro všechna k, l ∈ N0

a pro libovolné γ ∈ Dγ . Označme αi = ∂kg(xi,γ)
∂γk a βi = ∂lg(xi,γ)

∂γl , i = 1, . . . , n

pro daná k, l. Protože funkce ∂kg(x,γ)
∂γk je ostře rostoućı v proměnné x pro

všechna k ∈ N0, je α1 ≤ α2 ≤ . . . ≤ αn, β1 ≤ β2 ≤ . . . ≤ βn. Podle
Čebyševovy nerovnosti (viz např. Kufner [7], str. 31) plat́ı

n(α1β1 + α2β2 + . . . + αnβn) ≥ (α1 + α2 + . . . + αn)(β1 + β2 + . . . + βn), (7)

přičemž rovnost nastává pro α1 = α2 = . . . = αn nebo β1 = β2 = . . . = βn.
Protože stále předpokládáme, že existuje i, j, pro které xi 6= xj , a tedy
αi 6= αj a βi 6= βj , je v (7) vždy ostrá nerovnost.

Pro kovarianci ck,l potom plat́ı

ck,l =
1

n

n∑

i=1

αiβi −
[

1

n

n∑

i=1

αi

][
1

n

n∑

i=1

βi

]
> 0

a pro funkci d1 a jej́ı derivace je

d1(γ) = f ′
1(γ) = 2c0,1 > 0,

d′1(γ) = f ′′
1 (γ) = 2[c0,2(γ) + c1,1(γ)] > 0,

d′′1(γ) = f ′′′
1 (γ) = 2[c0,3(γ) + 3c1,2(γ)] > 0.

Funkce d1 je tedy rostoućı a konvexńı na daném definičńım oboru.

Nyńı dokážeme tvrzeńı pro funkci d2. Označme f3(γ) = [−f ′
2(γ)], je

f3(γ) = −f ′
2(γ) =

1

n

n∑

i=1

1

xi − γ
> 0,

f ′
3(γ) = −f ′′

2 (γ) =
1

n

n∑

i=1

1

(xi − γ)2
> 0,

f ′′
3 (γ) = −f ′′′

2 (γ) =
1

n

n∑

i=1

1

(xi − γ)3
> 0.

Pro funkci d2 a jej́ı derivace pak plat́ı

d2(γ) = 2f1(γ)[−f ′
2(γ̂)] = 2f1(γ)f3(γ) > 0,

d′2(γ) = 2[f ′
1(γ)f3(γ) + f1(γ)f ′

3(γ)] > 0,

d′′2(γ) = 2[f ′′
1 (γ)f3(γ) + 2f ′

1(γ)f ′
3(γ) + f1(γ)f ′′

3 (γ)] > 0.

Z posledńıch dvou nerovnost́ı vyplývá platnost tvrzeńı pro funkci d2. ¤
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Postup pro źıskáńı odhad̊u LMLE novou metodou ukážeme na vzorku
0,73; 0,75; 0,76; 0,80; 0,96; 1,07; 1,11; 1,44; 1,73; 1,81. Tento vzorek roz-
sahu n = 10 byl źıskán generováńım náhodné veličiny X ∼ LN(0; 0; 1). Na
obrázku 1 jsou znázorněny funkce λ, d1 a d2 tohoto vzorku s pr̊useč́ıky γ̂0

a γ̂1. Hledaným lokálńım maximem funkce λ je γ̂ = γ̂0, γ̂1 je jej́ım minimem.

3.1 Postup nalezeńı stacionárńıho bodu

Mějme výchoźı bod γ0 < xmin a hledejme γ̂k, kde k = 0 nebo k = 1.
V bodě γ0 sestroj́ıme tečnu t0 k funkci, která má v γ0 vyšš́ı funkčńı hod-
notu, v našem př́ıkladu (viz obr. 2) tedy k funkci d1. Tečna t0 má předpis
τ0(γ) = d1(γ0)+ d′1(γ0)(γ − γ0), obecně je ti : τi(γ) = d1(γi)+ d′1(γi)(γ − γi).
Najdeme bod γ1 < γ0, pro který plat́ı τ0(γ1) = d2(γ1), což je pr̊useč́ık tečny t0
a funkce d2 vlevo od bodu γ0. Postup opakujeme, z bodu [γi, d1(γi)] sestroj́ıme
tečnu ti a najdeme daľśı bod γi+1. T́ımto postupem dostaneme posloupnost
{γ0, γ1, . . .}, pro kterou plat́ı γ0 > γ1 > γ2 > . . . > γ̂k, nav́ıc pro libovolné
ǫ > 0 existuje i0 > 0 takové, že pro všechna i ≥ i0 je |γi − γ̂k| ≤ ǫ. Toto
tvrzeńı plat́ı pouze v př́ıpadě, že se vlevo od γ0 nacháźı stacionárńı bod; jeho
d̊ukaz je jednoduchý a nebudeme ho proto uvádět. Posloupnost {γ0, γ1, . . .}
v našem př́ıkladu konverguje ke stacionárńımu bodu γ̂0.

Chtějme nyńı stanovit interval Ik, ve kterém lež́ı pouze hledané γ̂k, tedy
γ̂k ∈ Ik a γ̂k′ /∈ Ik, k′ = 1 − k. Libovolné γi, i > 0, źıskané popsaným postu-
pem lze vźıt za pravou mez intervalu Ik. Pro nalezeńı levé meze v každém
kroku předchoźıho postupu stanov́ıme nav́ıc tečnu

”
dolńı“ funkce, t′i : τ ′

i(γ) =
d2(γi)+ d′2(γi)(γ − γi) (viz obr. 3). Jestliže existuje bod γp < γi, pro který je
τ ′
i(γp) = d1(γp), je dolńı mez nalezena. Interval Ik = (γp, γi0), kde i0 > 0 lze

zvolit libovolně, obsahuje hledané γ̂k. Hodnotu γ̂k lze potom stanovit např.
metodou p̊uleńı intervalu pro funkci λ′(γ).

Při hledáńı intervalu Ik omeźıme počet provedených iteraćı (tj. počet γi),
při dosažeńı tohoto počtu hledáńı stacionárńıho bodu ukonč́ıme. V 99% pro-
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Obrázek 2: Z výchoźıho bodu γ0 najdeme γ1 jako pr̊useč́ık tečny t0 a funkce d2

vlevo od γ0, poté pokračujeme do γ2 atd.
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1.05

1.1

1.15

1.2

1.25

γ
i
 γ^

k
γ
i+1

t
i
 

t
i
’ 

d
1
(γ) 

d
2
(γ) 

γ 
1.05

1.06

1.07

1.08

1.09

1.1

1.11

1.12

1.13

1.14

1.15

γ
i+1

γ
p
 γ^

k

t
i+1

’ 

d
1
(γ) 

d
2
(γ) 

γ 

Obrázek 3: Tečna t′i nemá pr̊useč́ık s funkćı d1, tečna t′i+1 ano.
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Obrázek 4: Zobrazeńı funkce d1 neńı rostoućı vlivem zaokrouhlovaćıch chyb.

vedených simulaćı byl interval Ik nalezen po nejvýše 30 iteraćıch, počet iteraćı
však patrně ovlivňuje volba startovaćı hodnoty a hodnota parametru σ (při
nižš́ıch hodnotách σ bylo potřeba v́ıce iteraćı). Námi použ́ıvaná startovaćı
hodnota byla γ0 = xmin − R/(n − 1), kde R je rozpět́ı souboru x1, . . . , xn.

Pokud jsme našli pr̊useč́ık funkćı d1 a d2, je vhodné zkontrolovat, zda
k tomu nedošlo d̊usledkem zaokrouhlovaćıch chyb, které vznikaj́ı při použit́ı
výpočetńı techniky. Na obr. 4 uvád́ıme funkce d1 a d2 nakreslené programem
Matlab 6 pro velmi malá γ. Funkce d1 neńı zobrazena jako rostoućı, což je
zp̊usobeno právě zaokrouhlovaćımi chybami. Považovat pr̊useč́ıky z obr. 4
za stacionárńı body by zřejmě bylo chybou. V př́ıpadě, že v bĺızkém okoĺı
nalezeného pr̊useč́ıku netvoř́ı funkčńı hodnoty d1 a d2 rostoućı konvexńı po-
sloupnosti, ukonč́ıme postup s t́ım, že řešeńı rovnice d1(γ̂) = d2(γ̂) nebylo
nalezeno.

3.2 Nalezeńı lokálńıho maxima

Ukázali jsme, jak naj́ıt stacionárńı bod vlevo od zvolené výchoźı hodnoty γ0.
Tento postup použijeme, pokud λ′(γ0) < 0 a naš́ım předpokladem tedy je
γ0 ∈ (γ̂0, γ̂1). Nalezené γ̂ = γ̂0 je pak hledaným odhadem parametru γ.
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Pokud neńı γ̂ nalezeno, potom lokálńı maximum funkce λ (a též L) neexistuje,
popř. nebylo dosaženo kv̊uli vyčerpáńı maximálńıho počtu iteraćı. Neńı též
vyloučeno, že se nacháźı v oblasti, kterou nejsme schopni prozkoumat kv̊uli
relativně velkým zaokrouhlovaćım chybám.

Jestliže je λ′(γ0) > 0, uvažujeme tři možnosti: γ0 ∈ (−∞, γ̂0) nebo γ0 ∈
(γ̂1, xmin), popř. funkce λ nemá ani jeden stacionárńı bod. Je třeba zvolit,
který směr prohlédneme jako prvńı. Na základě našich simulaćı doporučujeme
nejprve prohledat oblast směrem vpravo od γ0 (možnost γ0 ∈ (−∞, γ̂0)).
Použijeme postup nalezeńı stacionárńıho bodu ze strany 466, nyńı je
však třeba hledat posloupnost γ0 < γ1 < γ2 < . . . < γp.

Při našich simulaćıch (s volbou γ0 = xmin − R/(n − 1)) nenastala pro
λ′(γ0) > 0 nikdy možnost γ0 ∈ (γ̂1, xmin), přesto ji nelze vyloučit. Jestliže
tedy neńı maximum nalezeno vpravo od γ0, hledáme postupem nalezeńı
stacionárńıho bodu interval I1 = (γp, γi0), který obsahuje sedlový bod
γ̂1, vlevo od γ0. Protože v př́ıpadě nalezeńı tohoto intervalu plat́ı nerovnosti
γ̂0 < γp < γ̂1, je λ′(γp) < 0 a γp použijeme jako novou startovaćı hodnotu
γ0 := γp. Poté najdeme γ̂ = γ̂0 postupem nalezeńı stacionárńıho bodu.
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ON EFFICIENCIES OF DECISIONS ABOUT
STATISTICAL MODELS BASED ON
f-DIVERGENCES OF EMPIRICAL
DISTRIBUTIONS
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Abstract: Statistical model of stochastic reality is a hypothetical probability
distribution on a given measurable space. True distributions of measurements
(signals, images) are generally unknown. Usually are available digitalized
(appropriately quantized or classified) descriptions of measurements which
can be represented by empirical probability distributions. We consider statis-
tical decisions about the models consisting in testing hypotheses about their
distributions. The tests are based on divergence statistics (f -divergences of
hypothetical and empirical distributions). The first part of this paper deals
with limit laws under hypotheses and local alternatives needed for the testing.
The second part of the paper deals with efficiencies of the tests. Both Pitman
and Bahadur approaches to the relative efficiency of statistics are studied.
This leads to new results concerning optimality of the likelihood ratio test.

Abstrakt: V práci jsou uvažovány testy hypotézy o typu rozděleńı založené
na f -divergenci hypotetické a empirické distribuce. Prvńı část článku po-
jednává o limitńım rozděleni za hypotézy a lokálńı alternativy. Je uvažován
jak Pitman̊uv tak Bahadur̊uv př́ıstup k relativńı eficienci. Źıskané výsledky
vedou k novým výsledk̊um týkaj́ıćım se optimality test̊u založených na po-
měru věrohodnosti.

1 Statistical model

We consider a statistical model (Ω, S, P ) with known measurable observation
space (Ω, S) and unknown probability distribution P producing i.i.d. reali-
zations Y1, . . . , Yn. Available are only the digitalized (appropriately quanti-
zed) data

Xj =

n∑

i=1

1{Aj}(Yi), 1 ≤ j ≤ k

for a given partition

A = {A1, . . . , Ak} ⊂ S
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of Ω. We admit that the partition A, the partition sets Aj and the partition
sizes k depend on the sample size n, i.e.

A = An, Aj = Aj,n, k = kn. (1)

In this paper we study testing the hypothesis H that the stochastic out-
puts Yi of the model are generated by a given distribution P 0 against the
alternative A represented by the true distribution of these outputs. The tes-
ting is assumed to be carried out by means of the available data

X = (X1, . . . ,Xk). (2)

This means that, in fact, we study the problem of testing

H ∼ p = p0 against A ∼ p (true)

where
p0 = (p0

j ≡ P 0(Aj) : 1 ≤ j ≤ k) (3)

is a discrete hypothetical distribution and

p = (pj ≡ P (Aj) : 1 ≤ j ≤ k) (4)

a discrete true distribution, and that the testing is carried out by means of
the data (2) uniquely represented by the discrete empirical distribution

p̂ = (p̂1 ≡ X1/n, . . . p̂k ≡ Xk/n). (5)

In view of (1) this means that

Xj = Xj,n, p0
j = p0

j,n, pj = pj,n and p̂j = p̂j,n (6)

in (2)-(5).

We study various methods of the testing and preferences between them
in the situation where the sample size n increases above all bounds. In this
context we respect throughout this paper the following conventions and as-
sumptions.

Conventions: (i) The subscripts n considered in (1) and (6) are suppressed
and (ii) unless otherwise explicitly stated, all convergences and asymptotic

expressions like lim, −→,
p−→,

d−→, o(1) or O(1) are considered for n → ∞.

Assumptions: It holds k → ∞, and for some β ≥ 1 also

kβ+1/n = o(1) and minn kβ p0
min ≥ const > 0 (7)

where p0
min = min{p0

j : 1 ≤ j ≤ k}.
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2 Divergence statistics

Let us denote by F the class of all functions f(t) twice differentiable with
f ′′(t) > 0 in the domain t ∈ (0,∞) which are Lipschitz around t = 1 and
standardized in the sense f(1) = 0. The assumption of positive second de-
rivative means that f(t) is strictly convex on (0,∞). By f(0) ∈ (−∞,∞]
we denote the extension for t ↓ 0. This paper studies the following class of
statistics.

Definition 1. The divergence statistics are defined by the formula

Df,n =
2nDf (p̂, p0)

f ′′(1)
, f ∈ F (8)

where

Df (p̂, p0) =

k∑

j=1

p0
j f

(
p̂j

p0
j

)
(9)

is the f -divergence of distributions p̂, p0.

Notice that by (7) it holds p0
j > 0 in (9). For the properties of the

f -divergence (9) see e.g. [7]. Next follow some well known examples of the
divergence statistics (8).

Example 1 (classical Pearson statistic). The quadratic function f (t) =
(t − 1)2 leads to the Pearson divergence χ2(p̂, p0) and the classical Pearson
statistic

χ2
n = nχ2(p̂, p0) = n

k∑

j=1

(p̂j − p0
j )

2

p0
j

=

k∑

j=1

(Xj − np0
j )

2

np0
j

.

Example 2 (likelihood ratio statistic). The logarithmic function f(t) = tlnt
leads to the information divergence I(p̂, p0) and the likelihood ratio statistic

In = 2nI(p̂, p0) = 2n

k∑

j=1

p̂j ln
p̂j

p0
j

= 2

k∑

j=1

Xj ln
Xj

np0
j

. (10)

Example 3 (power divergence statistics). The class of power functions

fα(t) =
tα − α(t − 1) − 1

α(α − 1)
where α ∈ R, α(α − 1) 6= 0

with the limits

f0(t) = − ln t + t − 1 and f1(t) = t ln t − t + 1
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define power divergences Dα(p̂, p0) ≡ Dfα
(p̂, p0) and the corresponding power

divergence statistics Dα,n ≡ Dfα,n for various power parameters α ∈ R. It is
easy to see that χ2(p̂, p0) ≡ 2D2(p̂, p0) and I(p̂, p0) ≡ D1(p̂, p0) are special
cases of the power divergences and χ2

n ≡ D2,n and In ≡ D1,n are special
cases of the power divergence statistics.

3 Limit laws

Let throughout this section the conditions and assumptions introduced in
Section 1 hold. Then for all f ∈ F

Df,n − k√
2k

d−→ N(0, 1) under H (11)

according to [3]. This extends the classical limit law

χ2
n − k√

2k

d−→ N(0, 1) under H (12)

of [8] valid with the present assumption k1+β/n = o(1) replaced by the
weaker k/n = o(1). It is natural to ask whether a universal asymptotically
normal law similar to (11) remains valid also when the hypothetical equality
H : p = p0 is replaced by the alternative A ∼ p local in the sense that p
is close to p0. The answer is yes provided that p tends sufficiently fast to
p0 in terms of their mutual Pearson divergence χ2(p̂, p0). Before going into
details note that a partial variant of this answer for the simple but important
uniform hypotheses

p0 = (p0
j ≡ 1/k : 1 ≤ j ≤ k). (13)

was obtained previously in [10]. Here the hypotheses are restricted only by
the second condition in (7) which is obviously weaker than (13).

Definition 2. The alternative A ∼ p is said to be local or weakly local if for
some ∆ ≥ 0

nχ2(p, p0)√
k

−→ ∆ or
nχ2(p, p0)√

k
= O (1)

respectively.

Example 4. The classical statistical local alternative A ∼ p is of the form

p =

(
1 − 1√

n

)
p0 +

1√
n

q

for some q = (qj ≡ Q(Aj) : 1 ≤ j ≤ k) (cf. (4)). Here χ2(p, p0) = χ2(q, p0)/n

so that this alternative is local in the present sense if χ2(q, p0)/
√

k is conver-
gent and weakly local if χ2(q, p0)/

√
k is bounded.
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Under the assumptions considered in this paper (11) can be extended into
the following Universal Asymptotic Normality Theorem.

Theorem 1. All f -divergence statistics Df, n satisfy the limit law

Df,n − k −
√

k∆√
2k

d−→ N(0, 1) under local A. (14)

Proof of this theorem is based on the following Extension Lemma.

Lemma 1. If for some µn ∈ R and σn > 0

χ2
n − µn

σn

d−→ N(0, 1) under weakly local A

then for all divergence statistics Df,n

Df,n − µn

σn

d−→ N(0, 1) under weakly local A.

Proof. Let A be weakly local. It suffices to prove for all sufficiently small
ε > 0

P

( |Df,n − χ2
n|√

k
> ε

∣∣∣∣ A

)
= o(1). (15)

By the inequalities in [3, p. 65], for all sufficiently small ε > 0 there exist
constants c(ε) > 0 such that for all n

P

( |Df,n − χ2
n|√

k
> ε

∣∣∣∣ A

)
≤ c(ε)

(
nAn√

k
+ Bn

)

where

An =
k∑

j=1

E |p̂j − p0
j |3

(pj)2

and

Bn =

k∑

j=1

E
(
p̂j − p0

j

)2

(pj)2
.

Using the fact that under A

np̂ ≡ X ∼ Mn(p, k) (see (2))

and employing the assumptions, one obtains from here An = o(
√

k/n), Bn =
o(1) and thus the desired asymptotics (15). The detailed steps are similar to
those undertaken in the more special situation in [10].
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Proof of Theorem 1. After some effort it is possible to verify that under
the assumptions of this paper Theorem 5.1 of [8] implies

χ2
n − k −

√
k∆√

2k

d−→ N(0, 1) under local A.

The desired result follows by applying this in the Lemma 1.

Example 5 (likelihood ratio statistic). By our UAN theorem

2In − k −
√

k∆√
2k

d−→ N(0, 1).

This particular limit law was proved directly in Theorem 5.2 of [8]) under
weaker but

(i) less intuitive and much more complicated assumptions
(ii) and incomparably more complicated proof.

Our theorem is not only simpler than the mentioned Theorem 5.2, but also
universal, e.g. applicable to all statistics Dα,n. Among the well known exam-
ples different from D1,n = In and D2,n = χ2

n one can mention the Freeman-
Tukey statistic

D1/2,n = nH2(p̂, p0) = 4n

k∑

j=1

(√
p̂j −

√
p0

j

)2

or the Neyman statistic D−1,n and the reversed likelihood ratio statistic D0,n.

4 Asymptotic efficiencies

In this section we study the hypotheses H and alternatives A introduced in
Section 1 and the tests of these hypotheses based on the divergence statis-
tics Df,n introduced in Section 2 for various functions f ∈ F . As usually, these
tests reject H when the corresponding statistics Df,n exceed certain critical
values cf,n. We consider an arbitrary fixed pair f1, f2 of mutually different
functions from F , and for f ∈ {f1, f2} we compare asymptotic efficiencies
of the test statistics Df,n. These efficiencies refer to the powers πf,n(s) =
P(Df,n < cf,n| A) of the mentioned tests achieved under the critical va-
lues cf,n satisfying the asymptotic size condition s = lim P(Df,n > cf,n| H)
for a given s > 0, and to the sizes sf,n(π) = P(Df,n > c̃f,n| H) of these
tests under the critical values c̃f,n satisfying the asymptotic power condition
π = lim P(Df,n < c̃f,n| A) for a given π > 0. Similarly as before, we respect
in this section the conditions and assumptions introduced in Section 1. Next
follow two classical approaches to the definition of the asymptotic efficiency
of the statistic Df1,n relative Df2,n depending on the parameters s and π
(see [9]).
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Definition 3. The Pitman asymptotic relative efficiency PEs(Df1,n, Df2,n)
is the limit (if it exists) of the ratio πf1,n(s)/πf2,n(s) of powers of the corre-
sponding divergence tests of equal asymptotic size s. The Bahadur asympto-
tic relative efficiency BEπ(Df1,n, Df2,n) is the limit (if it exists) of the ratio
sf1,n(π)/sf2,n(π) of the sizes of the corresponding divergence tests of equal
asymptotic power π.

Theorem 2. If the alternative A is local in the sense of Definition 2 then
for all f1, f2 and s, π under consideration PEs(Df1,n, Df2,n) = BEπ(Df1,n,
Df2,n) = 1.

Proof. Let Φ be the distribution function of the normal random variable
N(0, 1), Φ−1 the corresponding quantile function and put for every and ∆ > 0

cf,n(s) = k +
√

2kΦ−1(1 − s), c̃f,n(π) = k +
√

k∆ +
√

2kΦ−1(π)

By the limit laws (11) and (14), the critical values cf,n = cf,n(s) and c̃f,n =
c̃f,n(π) satisfy for all 0 < s, π < 1 and all f ∈ F the above considered
asymptotic size and power conditions and also the limit laws

sf,n(π) = P

( Df,n − k√
2k

>
∆√
2

+ Φ−1(π)

∣∣∣∣ H

)
−→ Φ

(
∆√
2

+ Φ−1(π)

)

and

P

(
Df,n − k −

√
k∆√

2k
< Φ−1(1 − s) − ∆√

2

∣∣∣∣∣ A

)
−→ Φ

(
Φ−1(π) − ∆√

2

)

where the last probability represents πf,n(s). The rest is clear from here.

Obvious reason why Definition 3 fails is the too small (asymptotically
vanishing) deviation χ2(p, p0) of the local alternative A ∼ p from H ∼ p0

required in Definition 2, leading to the same asymptotically vanishing devi-
ation Df (p, p0) in terms of all f -divergences as it is visible from (14). Thus,
following [1]), in the rest of this section we consider the alternatives A ∼ p
satisfying the large deviation condition

Df (p, p0) −→ ∆f > 0 for f ∈ {f1, f2} ⊂ F . (16)

In accordance with [9] we suppose that the statistics Df,n are for every
f ∈ {f1, f2} consistent in the sense

Df,n

n

p−→
{

0 under H

∆f under A
. (17)

This means that the asymptotic power condition π = lim Pr (Df,n < c̃f,n| A)
holds for the critical values of the form c̃f,n = n∆f + o(n) so that the test



476 Igor Vajda

sizes sf,n(π) considered in the definition of the Bahadur efficiency above are
of the form sf,n(π) = Pr (Df,n > n∆f + o(n)| H) ≈ Pr (Df,n > n∆f | H) .
Thus the new concept of relative efficiency in the next definition follows
the above stated Bahadur approach, just the ”small deviation condition”
Df (p, p0) −→ 0 imposed on the alternative is replaced by the large deviation
condition (16).

Definition 3. Let for every f ∈ {f1, f2} the test statistic Df,n be consistent
in the sense of (17) and let there exist a sequence af,n −→ ∞ and a continuous
function gf : (0,∞) such that for all ∆ > 0

P (Df,n > n∆| H) = exp {−af,n [gf (∆) + o(1)]} ≈ exp {−af,ngf (∆)} .
(18)

Then we say that the limit

BE(Df1,n,Df2,n) = lim
af1,n gf1

(∆f1
)

af2,n gf2
(∆f2

)
(19)

(if it exists) is the Bahadur asymptotic relative efficiency of Df1,n with respect
to Df2,n.

Throughout the past decades this concept of efficiency was applied to
the tests based on various power divergence statistics Dfα,n ≡ Dα,n, α ∈ R.
The first known result of this kind is BE(In, χ2

n) ≡ BE(D1,n,D2,n) = ∞
obtained by [9]. Results concerning the Bahadur functions gfα

(∆) for some
power divergence statistics Dfα,n can be found in [4], [2], and [5]. Recently [6]
proved the following result.

Theorem 3. If k1+β lnn/n −→ 0 holds instead of k1+β/n −→ 0 assumed
in Section 1 then the Bahadur efficiency BE(Dα1,n,Dα2,n) exists for all 0 <
α1 < α2 and is given by the formula

BE(Dα1,n,Dα2,n) =





gα1
(∆α1

)/gα2
(∆α2

) if 0 < α2 ≤ 1

∞ if α2 > 1

where

gα(∆) =





ln(1 + α(α − 1)∆)/(α − 1) if 0 < α < 1

limα↑1 gα(∆) = ∆ if α = 1

are the functions corresponding in the sense of (18) to the statistics Dα,n.

This result extends what was previously achieved in this area. It says that
the assumptions (16)-(18) can be satisfied by all power divergence statistics
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Dα,n, α > 0 including the particular likelihood ratio statistic D1,n = In,
and that the Bahadur efficiency of these statistics decreases in the power
parameter domain α ∈ [1,∞). Moreover, for small ∆α1

= ∆α2
(i.e. for ”not

too large” large deviations) it holdsgαi
(∆αi

) ≈ αi∆αi
. Therefore

BE(Dα1,n,Dα2,n) = gα1
(∆α1

)/gα2
(∆α2

) ≈ α1/α2 < 1 if 0 < α1 < α2,

i.e. the Bahadur efficiency increases in the power parameter domain α ∈ (0, 1].
The main message of this research is thus the global maximum achieved at
α = 1, i.e. the Bahadur supremacy of the likelihood ratio statistic In = D1,n

over the remaining power divergence divergence statistics Dα,n with positive
power parameters α > 0.
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Abstract: The results of independent experiments used for testing of certain
method or certain phenomenon are often represented by samples (r1, s1),
. . ., (rn, sn), where ri, si ≥ 0;∀i = 1, . . . , n,

∑n
i=1 ri > 0. The main goal of

our contribution is to analyse the random variable ξ = R
R+S . The analysis

is concerned with tolerance bounds of statistic ξn =
∑ n

i=1 ri∑ n
i=1 ri+

∑ n
i=1 si

and

introduces its asymptotic model as well. Furthermore, two particular cases
of n are examined. In the first case, n is assumed to be non-random but
changeable (e.g. comparison of automatic speech recognition methods). In the
other case, n is assumed to be fixed (e.g. calculation of state unemployment
rate from all district unemployment rates).

Abstrakt: Předložená práce se zabývá studiem tolerančńıch meźı statis-

tiky ξn =
∑ n

i=1 ri∑ n
i=1 ri+

∑ n
i=1 si

, kde (r1, s1), . . ., (rn, sn) jsou pozorováńı, které

popisuj́ı výsledky nějakých nezávislých experiment̊u testuj́ıćıch nějakou me-
todu nebo jev, ri, si ≥ 0;∀i = 1, . . . , n,

∑n
i=1 ri > 0 a

∑n
i=1 ri > 0. O sta-

tistice je předpokládáno, že měř́ı některou náhodnou proměnnou ve tvaru
ξn = R

R+S . V práci je prezentován asymptotický model této statistiky. Jsou
analyzovány dva d́ılč́ı př́ıpady. V prvńım je n nenáhodné ale proměnné (např.
testy úspěšnosti metod pro rozpoznáváńı mluvených slov)V druhém př́ıpadě
je n pevně dané a neměnné (mı́ra nezaměstnanosti státu poč́ıtaná z ne-
zaměstnanosti všech okres̊u).

1 Motivation and model

The observations of the results of independent experiments measuring phe-
nomenon or testing a method are often represented as (r1, s1), . . ., (rn, sn),
where ri, si ≥ 0;∀i = 1, . . . , n,

∑n
i=1; ri > 0. The mean value, the variance

and the covariance of each variable are known. ∀i = 1, . . . , n, E{ri} = eir,
E{si} = eis, σ2(ri) = σ2

ir, σ2(si) = σ2
is and ∀i = 1, . . . , n; j = 1, . . . , n;

E{(si − eis)(rj − ejr)}. The quality of the tested method or the rate of cer-
tain phenomenon is usually measured by the following criterion

ξn =

n∑
i=1

ri

n∑
i=1

ri +
n∑

i=1

si

.
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This criterion is used in many tasks. One example of such application,
which is demonstrated in our contribution, is the testing of automatic speech
recognition methods, where:

ri represents the number of recognised words in i-th sentence of the
length Ni,

si represents the number of incorrectly recognised words in i-th sentence
of the length Ni,

Ni represents the length of the sentence in number of words,

n represents the number of sentences on which the method is tested.

The number n is changeable, i.e. can be different for different tests. Another
example of application is the measurement of the unemployment rate of the
whole country, which uses the numbers of the unemployed in all particular
districts for its evaluation. In this case,

ri represents the number of the registered unemployed in i-th district,

si represents the number of the employed in i-th district,

n represents the number of districts which is fixed, i.e. it is the same
for all the tests performed.

2 Probability description

The criterion

ξn =

n∑
i=1

ri

n∑
i=1

ri +
n∑

i=1

si

is the random variable, which is computed from the results of the experiments.
The criterion could be transformed to

ξn =
1

1 +

n∑
i=1

si

n∑
i=1

ri

=
1

1 + ηn
.

Let us assume the distribution function of the variable ηn =

n∑
i=1

si

n∑
i=1

ri

, Fηn
(x) is

known. Then the distribution function

Fξn
(x) = P {ξn < x} = P

{
1

1 + ηn
< x

}
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could be expressed as follows

Fξn
(x) = 1−Fηn

(
1

x
− 1

)
⇔ 0 < x < 1; Fξn

= 0 ⇔ x ≤ 0; Fξn
=1 ⇔ x ≥ 1.

Distribution function of variable ηn

Fηn
(x) = P{ηn < x} = P





n∑
i=1

si

n∑
i=1

ri

< x





= P

{
n∑

i=1

si − x

n∑

i=1

ri < 0

}
= (A)

Further on, the following notation will be used er = 1
n

n∑
i=1

eir and

es = 1
n

n∑
i=1

eis. The random variable
n∑

i=1

si − x
n∑

i=1

ri has the mean value of

E

{
n∑

i=1

si − x

n∑

i=1

ri

}
= n(es − xer).

The variance of this variable has the following form

σ2

{
n∑

i=1

si − x
n∑

i=1

ri

}
= n

[
σ2

s + x2σ2
r − 2xρs,rσsσr

]
,

where

σ2
r =

1

n

n∑

i=1

E
{
(ri − er)

2
}

,

σ2
s =

1

n

n∑

i=1

E
{
(si − es)

2
}

,

ρs,rσsσr =
1

n

n∑

i=1

E {(si − es)(ri − er)}

and x is a fixed known value for which the distribution function is computed.
We can continue with the derivation of the distribution function Fηn

(x):

(A) = P

{
n∑

i=1

si − x
n∑

i=1

ri < 0

}
=

= P

{
n∑

i=1

si − x
n∑

i=1

ri − n(es − xer) < −n(es − xer)

}
=

= P





n∑
i=1

si − x
n∑

i=1

ri − n(es − xer)

√
n (σ2

s + x2σ2
r − 2xρs,rσsσr)

<
−n(es − xer)√

n (σ2
s + x2σ2

r − 2xρs,rσsσr)





=

= (B)
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The left side of the inequality

n∑
i=1

si−x
n∑

i=1

ri−n(es−xer)

√
n(σ2

s+x2σ2
r−2xρs,rσsσr)

is a centralized and

standardized random variable whose distribution function for increasing n
converges to the distribution function of the standard normal distribution

Φ(x) =
1√
2π

x∫

−∞

e−
z2

2 dz.

(The proofs with different variants of additional assumptions are described
in e.g. [1] p. 374 - 382. ) Therefore, for a large enough n the following is valid:

(B) = Φ

(
−√

n
es − xer√

σ2
s + x2σ2

r − 2xρs,rσsσr

)
.

Summing up: Fηn
(x) = P {ηn < x} = Φ

(
−√

n es−xer√
σ2

s+x2σ2
r−2xρs,rσsσr

)
.

Distribution function of variable ξn

The distribution function of the criterion ξn can be described as follows:

Fξn
(x) = 1 − Φ


−

√
n ·

(
es − ( 1

x − 1)er

)
√

(σ2
s + ( 1

x − 1)2σ2
r − 2( 1

x − 1)ρs,rσsσr)


 ⇔ 0 < x < 1.

Such expression is quite complicated, nevertheless easy to evaluate.

3 Point estimate of the measure of location

The most representative measure of location for such type of distribution is
the median, which is the solution of the equation Fξn

(xmed) = 1
2 . Thus

es =

(
1

xmed
− 1

)
· er ⇒ xmed =

er

er + es
.

4 Tolerance interval

The goal of this part is to find bounds xL < xU such that

P (xL ≤ ξn ≤ xU ) = 1 − α,

where α is the confidence level. In other words, we want to find the percentile
range that represents a specified proportion of the population. The relation
P (xL ≤ ξn ≤ xU ) = 1−α does not uniquely determine the bounds. Therefore,
α1, α2 such that

α = α1 + α2; 0 < α,α1, α2 < 1
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are chosen to satisfy P (xU < ξn) = α1 ⇔ P (ξn < xU ) = 1 − α1 and
P (ξn < xL) = α2. The particular bound determination is realized by solving
the equations for the distribution function Fξn

(xU ) = 1 − α1, Fξn
(xL) = α2.

Determination of the lower bound xL

xL is the solution of the equation

1 − Φ


−√

n
es −

(
1
x − 1

)
er√(

σ2
s +

(
1
x − 1

)2
σ2

r − 2
(

1
x − 1

)
ρs,rσsσr

)


 = α2,

thus

Φ−1 (1 − α2) =



−√

n
es −

(
1

xL
− 1

)
er

√(
σ2

s +
(

1
xL

− 1
)2

σ2
r − 2

(
1

xL
− 1

)
ρs,rσsσr

)




.

If the notation z = 1
xL

− 1 is used, the equation has the form of:

Φ−1(1 − α2) =

(
−√

n
es − zer√

σ2
s + z2σ2

r − 2zρs,rσsσr

)
⇒

Φ−1(1 − α2)
√

σ2
s + z2σ2

r − 2zρs,rσsσr = −√
n(es − zer)

The next equation modification is squaring. By this step, the solution is
represented by one of the roots of the equation

[
Φ−1(1 − α2)

]2 (
σ2

s + z2σ2
r − 2zρs,rσsσr

)
= n (es − zer)

2
,

which will be identified by backward testing of the validity of these roots on
the equation before the squaring. Finally, this letter notation was used to
express the equation in a more transparent form:

Az2 + 2zB + C = 0,

where A = (aσ2
r − e2

r),

B = (eser − ρs,raσrσs),

C = aσ2
s − e2

s and

a =
[Φ−1(1−α2)]

2

n .

Two roots z1,2 = −B±
√

B2−AC
A are evaluated by solving this quadratic

equation. As mentioned before, the identification of the valid solution is arran-
ged by checking whether the particular root satisfies the following equation

Φ−1(1 − α2)√
n

√
σ2

s + z2σ2
r − 2zρs,rσsσr + (es − zer) = 0.
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Only one root is valid. Let us denote the solution z⋆. Using the transformation
z⋆ = 1

xL
− 1, the solution xL = 1

1+z⋆ is obtained.

Determination of the upper bound xU

The determination of the xU results from solving the equation

Φ



−
√

n
es −

(
1

xU
− 1

)
er

√(
σ2

s +
(

1
xU

− 1
)2

σ2
r − 2

(
1

xU
− 1

)
ρs,rσsσr

)




= α1.

The calculation is almost identical to the previous calculation of xL. The
only differences are

a =

[
Φ−1 (α1)

]2

n
, z1,2 =

−B ±
√

B2 − AC

A

and the equation for testing the validity of the roots is

Φ−1(α1)√
n

√
σ2

s + z2σ2
r − 2zρs,rσsσr + (es − zer) = 0.

5 Acceptability of asymptotic representation

The formula of the asymptotic version of the distribution function Fξn
(x) does

not necessarily need to have the characteristics of the distribution function,
and it usually has not. Furthermore, ξn is the random variable defined on
the interval (0, 1〉. The formula of Fξn

(x) exceeds this interval by not having
the functional value equal to zero or one in the boundary elements of the
interval. These circumstances could be used for testing the acceptability of
such asymptotic representation. For these purposes, following assumptions
are made:

1. The function Fξn
(x) should be a non-decreasing function in the interval

(0, 1〉.
2. The value of Fξn

(x) for x in the ”zero value” should be non-negative and
smaller than a known small positive number β0. The value of Fξn

(x)
for x in the point x = 1 should not exceed one and should be greater
than 1 − β1, where β1 is positive and sufficiently small.

The first assumption
The first assumption is fulfilled if d

dxFξn
(x) = fξn

(x) is non-negative in the
interval (0, 1〉. The artificial variable z = 1

x − 1 is used again for the sake of
transparency of the expressions mentioned below.

Fξn
(z)=1−Φ

(
−√

n
es − zer√

σ2
s + z2σ2

r − 2zρs,rσsσr

)
; 0<z<+∞ and

dz

dx
=− 1

x2
.
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Then

fξn(x)=
d

dx
Fξn(x)=

d

dz
Fξn(z)

dz

dx
=

d

dx

[
1−Φ

(
−
√

n
es − zer√

σ2
s + z2σ2

r − 2zρs,rσsσr

)]
dz

dx
.

Taking into account the negative sign of dz
dx , the sign of fξn

(x) is decisive.

d

dz

[
1 − Φ

(
−
√

n
es − zer√

σ2
s + z2σ2

r − 2zρs,rσsσr

)]
=

=−
√

nϕ

(
−
√

n
es−zer√

σ2
s +z2σ2

r−2zρs,rσsσr

)(
er

(
σ2

s−zρs,rσsσr

)
+es

(
zσ2

r−ρs,rσsσr

)

(σ2
s +z2σ2

r−2zρs,rσsσr)
3
2

)

The condition fξn
(x) ≥ 0 is fulfilled for such z = 1

x − 1, where

er

(
σ2

s − zρs,rσsσr

)
+ es

(
zσ2

r − ρs,rσsσr

)
≥ 0.

The first step of the test is to find the intercept point of the monotonic
function, i.e. the solution of the equation

er

(
σ2

s − zρs,rσsσr

)
+ es

(
zσ2

r − ρs,rσsσr

)
= 0.

Thus

z =
σs

σr

ρs,resσr − erσs

esσr − ρs,rerσs
.

The other step is to check if the intercept point x is out of the interval (0, 1〉.
This is assured by

ρs,resσr−erσs

esσr−ρs,rerσs
≤ 0, because x = 1

1+z . The next step is the

verification of the inequality in the median point.

xmed =
er

er + es
⇒ zmed =

es

er
,

hence

er

(
σ2

s − zmedρs,rσsσr

)
+ es

(
zmedσ

2
r − ρs,rσsσr

)
=

(erσs − esσr)
2

er
≥ 0.

For this reason, the condition
ρs,resσr−erσs

esσr−ρs,rerσs
≤ 0 represents the necessary and

sufficient condition of fξn
(x) ≥ 0; 0 < x ≤ 1. If this condition is satisfied,

the asymptotic approximation will be considered correct. The correctness is
important for the “small n”.

Note: The mentioned correctness condition is not dependent on the number of observations.

The second assumption
When the numbers 0 < β0, β1, β = β0 + β1 < 1 are set, the asymptotic
approximation could be considered as β-acceptable, if the inequalities

1 ≥ Fξn
(1) ≥ 1 − β1 and 0 ≤ lim

x→0
Fξn

(0) ≤ β0
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are fulfilled. It means that Fξn
(1) = 1 − Φ

(
−√

n es

σs

)
, so

1 − Φ

(
−√

n
es

σs

)
≥ 1 − β1 ⇒ n ≥ σ2

s

e2
s

(
Φ−1(β1)

)2
.

The other limx→0+
Fξn

= 1 − Φ(−√
n es

σr
), and so

1 − Φ(−√
n

es

er
) ≤ β0 ⇒ n ≥ σ2

r

e2
r

(Φ−1(1 − β0))
2.

Summing up: The asymptotic approximation could be considered as β = β0+

β1 acceptable if and only if n ≥ max
{

σ2
s

e2
s

(
Φ−1 (β1)

)2
;

σ2
r

e2
r

(
Φ−1 (1 − β0)

)2
}

Note: The condition of β-acceptability is dependent on the observation number n.

6 Conclusion

The mentioned methods can be applied in the cases where the measure-
ments are in the form of a ratio criterion. The ratio criterion takes the values
from the interval (0; 1〉 for the purposes of our contribution. The extension
of this interval by ”one” could be arranged just by a technical procedure.
Nevertheless, it is necessary to solve a few problems with the correctness and
acceptability of the asymptotic approximation. Further research can focus on
the stochastic comparison.
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Keywords: Data depth, weighted halfspace depth, support of probability me-
asure.

Abstract: The paper deals with nonparametric methods for analysis of
multivariate data. Generalization of the halfspace depth, so called weigh-
ted halfspace depth, is indroduced. We consider its properties with respect
to the weight function in its definition. One particular property of our in-
terest: points out of the support of probability measure should have depth
equal to zero.

Abstrakt: Tento př́ıspěvek z oblasti neparametrických metod analýzy mno-
horozměrných dat představuje možnost zobecněńı poloprostorové hloubky
bodu, tzv. váženou poloprostorovou hloubku, a zabývá se jej́ımi vlastnostmi
v závislosti na volbě váhy v jej́ı definici. Speciálně nás zaj́ımá oblast nulové
hloubky a jej́ı vztah k nosiči rozděleńı.

1 Introduction

Many statistical problems deal with multivariate random vectors. The clas-
sical theory of multivariate data analysis is based on the assumption of mul-
tivariate normal distribution of the data. This restriction is often disputable
so another, nonparametric, approach should be considered.

One of the most important approaches to the multivariate data is based
on so called data depth. The concept of data depth is based on ordering of
points in Rp. The principle of ordering is very simple. We can add one real
value number to a certain point x ∈ Rp that describes its centrality with
respect to some probability distribution P . This number is called depth of
point x with respect to P . We denote it DP (x). The way we add these real
numbers to points in Rp is described by so called depth function. We denote
it DP : Rp → R+. We order points in Rp according to their depth.

The J.Tukey’s definition of the halfspace depth function (1975, see [4])
brought quite simple but very natural way of central-outward ordering of
points with respect to the probability distribution. The rigorous definition is
recalled in Section 2. The approach based on the data depth has been deve-
loped since then. A new wave of interest of this approach came in 1990s and
has continued so far. Review of this methodology can be found e.g. in [1].
New results are introduced in [2].

Nonparametric statistical inference for multivariate random vectors has
been developed based on the data depth. But the definition of the depth
function alone is still not unified. Many various depth functions have been
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introduced. The most well known are simplicial depth, Oja depth, L1-depth
and convex hull peeling depth. General definition of the depth function was
proposed by Zuo and Serfling (see [3]) in 2000. This general definition says
that the depth function is an arbitrary function which has some desirable pro-
perties (we introduce them here without detailed comment: a depth function
is any nonnegative bounded function which is affine invariant, maximal at
the center, monotone relatively to the deepest point and which goes to zero
at infinity).

We propose generalization of the halfspace depth. We call it weighted
halfspace depth. Its formal definition can be found in Section 2. We investi-
gate its properties. They depend on a weight function that we use for weigh-
ted halfspace depth. Not all weight functions are proper. We found some very
mild conditions under that the weight function is proper in the sense that all
points out of the support of probability have weighted halfspace depth equal
to zero. These conditions are presented in Section 3 for a probability distri-
bution with convex support. If we consider nonconvex support of probability
measure the conditions are very similar. They are presented in Section 4.

2 Halfspace depth and weighted halfspace depth

In this section we present some basic definitions. Namely the definition of the
halfspace depth and the weighted halfspace depth. We also recall the defini-
tion of the closed convex support of probability measure.

Definition 1: Let P be a probability measure on Rp. The halfspace depth
of the point x ∈ Rp with respect to P is defined as

DP (x) = inf
u:‖u‖=1

P
{
y : uT (y − x) ≥ 0

}

If we consider empirical probability measure P̂n instead of P we get a sam-
ple version of the halfspace depth. Zuo and Serfling showed (in [3]) that the
halfspace depth has all desirable properties of the depth function. One par-
ticular property of the halfspace depth is convexity of the areas of the deepest
points i.e. for arbitrary P and d ∈ (0, 1) the set {x : DP (x) ≥ d} is convex.
This property could be considered as undesirable (e.g. for the uniform dis-
tribution on a nonconvex support). Therefore we introduce a generalization
of the halfspace depth which has not this property in general. Defining the
weighted halfspace depth we follow several consecutive steps. The definition
of the halfspace depth can be expressed in the following form:

DP (x) = inf P {H : a closed halfspace: x ∈ H} = inf
H

∫

H

dP,

where the infimum is over all closed halfspaces H that contain x. Our mo-
dification consists in integration of some weight function (w.r.t. P ). So we
have
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pH =

∫

H

w(X)dP.

Now we are ready to define weighted halfspace depth of a certain point x:

Definition 2: Consider p−dimensional space Rp, a point x = (x1, . . . , xp),
x ∈ Rp and a probability measure P on Rp. Let w+ : Rp → [0,∞) be
a bounded measurable weight function such that w+(x) = 0 for xp < 0 and
w−(x) = w−(x1, . . . , xp−1, xp) = w+(x1, . . . , xp−1,−xp).

We define the weighted halfspace depth of the point x with respect to P
as

DX(x) = DP (x) = inf
A∈Op

EP w+ (A (X − x))

EP w− (A (X − x))
, (1)

where Op denotes the space of all othogonal p × p matrices.

We define the value of 0/0 = 1.

Let’s start with a lemma about two general properties of this depth that
hold for any weight function.

Lemma 1: The depth function defined by the formula (1) is

• translation invariant, i.e. DX+a(x + a) = DX(x)

• rotation invariant, i.e. DAX(Ax) = DX(x),

where A is the matrix of the rotation.

Proof: Proof follows directly from the definition. Considering rotation inva-
riancy we just note that {BA : B ∈ Op} = Op. ¤

We want to discuss the choice of the weight function in Definition 2. One
possible criterion is the property that all points out of the closed convex
support of probability measure have depth equal to zero. It means:

x /∈ csp(P ) ⇒ HP (x) = 0. (2)

Recall that the support of a probability measure P (we denote it sp(P )) is
the smallest closed set with the probability equal to 1, i.e.

sp(P ) =
⋂

{F ∈ F : P (F ) = 1} ,

where F is the class of all closed subsets of Rp. The closed convex support of
probability measure P is defined as closed convex hull of the support sp(P ).
It is denoted csp(P ).
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3 Convex support of probability measure

Consider a probability distribution with convex support, e.g. the multiva-
riate exponential distribution or the uniform distribution on a convex sup-
port. Let’s consider only two-dimensional space (p = 2) for simplicity. The
following theorem introduces the sufficient condition for property (2):

Theorem 1: Let sp(P ) be convex. We denote W = {y : w+(y) > 0}. Suppose
that

∀x : x1 = 0, x2 > 0 ∃ U a neighbourhood of the point x : U ⊂ W, (3)

holds for the weight function. Then HP (x) = 0 holds for all x /∈ sp(P ).

Proof: Suppose x0 /∈ sp(P ). We want to prove that its weighted depth will
be equal to zero when condition (3) holds.

We denote xm = arg min {|x − x0| : x ∈ sp(P )}, i.e. xm is the point of
the support of P with the smallest distance from x0. Existence a uniqueness
of this point arise from the convexity of sp(P ). We can suppose (without
lost of generality) x0 = (0, 0) because of the translation invariance of the
weighted depth (see Lemma 1) and we can suppose (without lost of generality)
xm = (0, v), where v = |x − x0| because of the rotation invariance of the
weighted depth.

For such a rotation sp(P ) ⊂ Hv ⊂ H0 holds, where Hv = {x : x2 ≥ v}
and H0 = {x : x2 ≥ 0}. We can prove it by an absurdum proof. Suppose that
there exist y ∈ sp(P ) such that y2 < v. Then (from the convexity of sp(P ))
all points on the abscissa xm,y are in sp(P ), i.e.

xm + α(y − xm) ∈ sp(P ) ∀α ∈ [0, 1].

The distance of these poits from the origin (x0) can be expressed as[
(αy1)

2 + (v + α(y2 − v))2
]1/2

, what is, for alfa small enough, smaller than v.
But this is in conflict with the assuption that xm = (0, v) is the point of sp(P )
with the smallest distance from x0 = (0, 0).

From (3) we have that there exist Uxm
a neighbourhood of the point xm

such that Uxm
⊂ W . So we have Uxm

∩ W ∩ sp(P ) 6= ∅, hence
EP w+ (A (X − x0)) > 0. It follows from sp(P ) ⊂ Hv ⊂ H0 that
EP w− (A (X − x0)) = 0, so we have HP (x0) = 0. ¤

The class of functions that satisfy the condition (3) from Theorem 1 is
still quite broad. Here are some examples of weight functions that satisfies
condition (3):

• w+(x) > 0 iff x2 ≥ 0,

• w+(x) > 0 iff x2 ≥ 0 and |x1| ≤ h,
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• w+(x) > 0 iff x2 ≥ 0 and |x1| ≤ hx2,

• w+(x) > 0 iff x2 ≥ 0 and |x1| ≤ h/x2,

where h is a positive constant. We can see that the condition is realy very mild
and not too restrictive. However, this condition is not necessary. E.g., con-
sider the uniform distribution on the convex (bounded) support and weight
function

w+(x) > 0 if and only if xp ∈ [0, h],

where h is a positive constant. The condition (3) is not satisfied, but (2)
holds.

The form of the condition (3) for general multivariate case (p ∈ N) can
be written as follows: For all x : x1 = 0, . . . , xp−1 = 0, xp > 0 there exist U ,
a neighbourhood of the point x, such that U ⊂ W .

4 Nonconvex support of probability measure

Now we will consider a probability measure P with nonconvex support. Be-
cause of nonconvexity we do not request depth equal to zero for all points
out of the support itself, but only for all points out of the closed convex hull
of the support (csp(P )). E.g., if we consider the uniform distribution on an
annulus, the center of this annulus is the center of symmetry of the distribu-
tion, but it is still out of the support. So we do not demand its depth equal
to zero.

For a nonconvex support of P the condition (3) is no more tenable. We
can either consider sp(P ) connected or strenghten the condition on weight
function. One possible way how to do it for such a case is introduced in The-
orem 2.

Theorem 2: Suppose there exists n ∈ N such that sp(P ) =
⋃n

i=1 Ki, where
Ki (i=1,. . . ,n) is connected subset of R2, and sp(P ) has no singular point.

Denote mij = min {|x − y| : x ∈ Ki,y ∈ Kj} , i, j = 1, . . . , n.
Consider m = max1≤i,j≤n mij .
Let a weight function w+ have the following property:

∀x : |x1| ≤ m/2 ∃ Ux a neighbourhood of x such that Ux ⊂ W. (4)

Then x /∈ csp(P ) ⇒ HP (x) = 0.

Proof: The proof is very similar to the previous one. We denote the point of
csp(P ) with the smallest distance from x0 = (0, 0) by xm = (0, v).

We will prove via absurdum proof that there exist a point x = (x1, x2)
such that |x1| ≤ m/2, which is in W (x ∈ W ). Suppose that there is no such
a point x. Then there must be points y = (y1, y2) ∈ sp(P ) and z = (z1, z2) ∈
sp(P ) such that y1 < −m/2 and z1 > m/2. Hence |y − z| > m. These points
are from the different components of connectedness. We take two points from
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these components with the smallest distance between each other: ym and zm.
For all points y of the one component y1 < −m/2 holds and for all points z

of the other component z1 > m/2 holds, we get |ym − zm| > m, but this is
in conflict with the definition of m.

From the assumption (4) follows that there exists Ux a neighbourhood of
the point x such that Ux ∩ W ∩ sp(P ) 6= ∅. Hence (similary as in proof of
the Theorem 1) HP (x0) = 0. ¤

Note that in a special case n=1 (i.e. for nonconvex connected support)
we have depth equal to zero for all points out of the closed convex hull of the
support when (3) holds.

We have been discussing the depth of the points out of the closed convex
hull of the support so far. Now we will discuss properties of the depth of points
that are in the convex hull of the support, but out of the support itself. It is
easy to show that all points from the closed convex hull of the support have
a positive halfspace depth. An advantage of the weighted halfspace depth is
that points in the closed convex hull of the support but out of the support
itself might have the depth equal to zero.

We explain the advantage on the following example. Consider the uniform
distribution on some sector which originates from the circle with the radius r
(see Figure 1, part a). All points from the closed convex hull of the support
have the halfspace depth greater then zero (Figure 1, part b). Now we consider
the weighted halfspace depth with the following weight function

w+(x) = 1 if |x1| < h, x2 ≥ 0

= 0 otherwise, (5)

where h is some positive constant smaller than r. Then the area of points
that have the weighted halfspace depth greater then zero is the union of the
support and the circle with the same center as the big one, but with radius

Figure 1: sector-shaped support of the uniform distribution (a); the convex
hull of the support i.e. points with nonzero halfspace depth (b); points with
nonzero weighted halfspace depth with the weight function (5), where h =
r/2 (c).
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equal to h (Figure 1, part c). Comparing shapes of the areas with nonzero
halfspace depth and nonzero weighted halfspace depth we see that the second
one is more similar to the shape of the support of probability measure.
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Abstract: Generalized method of moment was proposed by Lars Peter Han-
sen [3] to solve the problem of overidentification of model. Paper offers a ro-
bustified version of the method and proves its consistency.

Abstrakt: L.P. Larsen navrhl v [3] zobecněnou metodu moment̊u pro řešeńı
problémů spojených s přeurčeńım modelu. Tento př́ıspěvek se zabývá robus-
tifikaćı uvedené metody a konzistenćı navržené modifikace.

1 Introduction

Let N and R denote the set of integers and the real line, respectively. In
social sciences the underlying parametrized model (for a random “response”
variable Y we are interested in) is frequently (over)identified by equations

IEf(V, β0) = 0 (1)

with random variables (r.v.’s) V :Ω→Rs and parameters β0∈So⊂Rp to be
estimated considering an initial part of length n of a sequence of random va-
riables {Vi}∞i=1 (Y is implicitly present in V ). S ⊂ Rp is parameter space and
So its interior. In the rest of paper we shall assume that all r.v.’s are defined
on a probability space (Ω,A, P ) and that the true value of parameters is vec-
tor β0. Without loss of generality we may assume that β0 =0 – otherwise we
would write everywhere β−β0 instead of β. We frequently have V =(Y ′,X ′)′

with Y : Ω→Rk (response variable) and X : Ω→Rp (explanatory variables),
but the structure of V can be generally a bit more complicated, including
e.g. also some lagged values of variables in question, instruments, etc.

(1) can be usually interpreted as a collection of orthogonality conditions
since f(V, β0) has typically form

f(V, β0)=
[
U1(V, β0)·Z(V, β0), U2(V, β0) · Z(V, β0), . . . , Uk(V, β0) · Z(V, β0)

]

(2)
where

U = U(V, β0) : Ω → Rk and Z = Z(V, β0) : Ω → Rq (3)

are k-dimensional vector of error terms (disturbances) and p-dimensional
vector of the (explanatory) variables (or, if you want, of the instruments),
respectively. This framework (introduced - in formally a bit modified way
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employing Kronecker product - in the pioneering paper by Hansen [3]) allows
generally for possibility of k > 1, when we consider e. g. seemingly unrelated
regressions or simultaneous equations (when we consider several regression
equations simultaneously - seemingly unrelated equations, or simultaneous
equations, see e. g. [4]). The dependence of Z on its second argument is usu-
ally trivial, see also [3].To keep complexity of further text and of considerati-
ons in reasonable limits we restrict ourselves on the case k = 1 as well as on
Zi = Z(Vi) for all i ∈ N .

If p = q, employing method of moments, we can define β̂(MM,n) as any
solution of the empirical counterpart of (1), i. e. any solution of

gn(V, β) =
1

n

n∑

i=1

f(Vi, β) = 0 (4)

where V = (V1, V2, . . . , Vn)′. For the case when p < q, i. e. when number of
orthogonal conditions is larger than dimension of parameter β, (1) need not
have any solution. Nevertheless, the orthogonal conditions can keep a sense,
although the system of equations (1) is overidentified, see e.g. [10]. Hence Lars
Peter Hansen [3] proposed1 to consider an estimator by generalized method
of moments (GMM)

β̂(GMM,n) = arg min
β∈Rp

[dn(V, β)]
′ · dn(V, β) (5)

where dn(V, β) = an ·gn(V, β) and {an}∞n=1 is a sequence of matrices of type
(p × q) - generally with possibility of an = an(V ) - which he assumed to
converge almost surely to a nonrandom matrix a of the full rank. Assuming
the matrices an = an(V ) (i. e. assuming an to be function of V and n) allows
to consider an as an estimate of an optimal, nevertheless unknown matrix a
(see again [10]). On the other hand, as we assume almost sure convergence, the

considerations on consistency or asymptotic normality of β̂(GMM,n) are nearly
the same as if we consider a fix matrix a. So to avoid routine technicalities,
let us assume fix matrix a of the full rank2.

2 Weighted GMM

Now, notice please that (4) are normal equations for (1). Together with
(2) it immediately indicates that atypical values among residuals U(V1, β),
U(V2, β), . . . , U(Vn, β) as well as among instruments Z(V1), Z(V2), . . . , Z(Vn)
can cause the same problems as in the case of regression model (in what
follows let us write simply Ui(β) instead of U(Vi, β)). Then, following [2] let

1We are going to keep the notations as well as the sense of his pioneering paper as much
as possible.

2To meet the ends with limited space.



Consistency of weighted generalized method of moments 497

us denote for any β ∈ Rp by U2
(i)(β) and by π(β, i) the i-th order statis-

tic among squared residuals U2
1 (β), U2

2 (β), . . . U2
n(β) and the rank of i-th

squared residual among the squared residuals, respectively, i. e.

U2
(1)(β) ≤ U2

(2)(β) ≤ . . . ≤ U2
(n)(β) (6)

and

π(β, i) = j ∈ {1, 2, . . . , n} ⇔ U2
i (β) = U2

(j)(β). (7)

Finally, for a nonincreasing continuous function w : [0, 1] → [0, 1] let us
consider

g(WGMM)
n (V, β) =

1

n

n∑

i=1

w

(
π(β, i) − 1

n

)
f(Vi, β) (8)

instead of gn(V, β) (see (4) and (5)). Prior to defining a robust version of

β̂
(GMM)
n , let us put

Fβ(u) = P (|U1(β)| < u) (9)

and denote for any β ∈ Rp the empirical distribution of the absolute values

of residuals by F
(n)
β (r), i. e.

F
(n)
β (u) =

1

n

n∑

j=1

I {|Uj(β)| < u} . (10)

It is straightforward to show (see again [7] or [8]) that

F
(n)
β (|Ui(β)|) =

π(β, i) − 1

n
.

Finally put (see [5])

g(WGMM)
n (V, β) =

1

n

n∑

i=1

w(F
(n)
β (|Ui(β)|))f(Vi, β).

Then we can propose, for A = a′ · a, following definition (compare with
Definition 2 in [7]):

Definition 2.1. The estimator β̂(WGMM,n) implied by the Weighted General-
ized Method of Moments is given by

β̂(WGMM,n) = argmin
β∈Rp

[
g(WGMM)

n (V, β)
]′
· A · g(WGMM)

n (V, β). (11)
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3 Consistency of β̂(WGMM,n)

In what follows we need some conditions on r. v.’s (we follow again [3] –
for discussion please see Conclusions at the end of paper). The conditions
could be given for r. v.’s Vi’s but as we work with the residuals Ui(β) and
instruments Zi, let us put them directly on them (let’s recall that we have
already assumed that the instruments Zi’s don’t depend on β). That is why
we refer hereafter exclusively to Ui(β)’s and Zi’s so that we’ll write e. g.
f(Ui(β), Zi) instead of f(Vi, β),

g(WGMM)
n (U(β),Z) =

1

n

n∑

i=1

w(F
(n)
β (|Ui(β)|))f(Ui(β), Zi) (12)

instead of g
(WGMM)
n (V, β), etc.. Further, denote for any i ∈ N

h(Ui(β), Zi) = w(Fβ(|Ui(β)|))f(Ui(β), Zi). (13)

Finally, for any β ∈ Rp and any δ > 0 put B(β, δ) = {α ∈ Rp : ‖α − β‖ < δ} .
Now, following [3] let us recall:

Definition 3.1. For any β ∈ Rp and any δ > 0 put

ǫ(β, δ) = sup

{ ∥∥∥h(U1(α), Z1) − h(U1(β), Z1)
∥∥∥ : α ∈ B(β, δ) ∩ S

}
. (14)

The function h(U1(β), Z1) (see (13)) is said to be ℓ-moment-continuous
(ℓ ∈ N ) at β if

lim
δ→0+

IE ǫℓ(β, δ) = 0.

We’ll need the following assertion:

Assertion 3.2. The firt-moment-continuity of h(U1(β), Z1) implies continuity
of IEh(U1(β), Z1) in β for all β ∈ S.

Proof : Fix ε > 0 and β ∈ S. Then find δ > 0 so that for all α ∈ S, ‖α − β‖ <
δ we have IE ǫ(β, δ) < ε. Then for all α ∈ S, ‖α − β‖ < δ

‖IEh(U1(α), Z1) − IEh(U1(β), Z1)‖ ≤ IEǫ(β, δ) < ε.

C1 Parameter space S is compact with inner point β0 = 0. For any β ∈ S:

• the sequence {(Z ′
i, Ui(β))′}∞i=1 is sequence of independent and identi-

cally distributed (q +1)-dimensional random vectors3 (i.i.d. r.v.’s) with

IE sup
β∈S

‖f(U1(β), Z1)‖2
< ∞, (15)

3Remember, we have assumed k = 1.
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• function h(U1(β), Z1) is first-moment-continuous,

• the matrix a is of the full row rank.

Remark 3.3. The assumption IE supβ∈S ‖f(U1(β), Z1)‖ < ∞ seems to be
rather strong. Recalling (2), let’s consider estimating coefficients of linear
regression by means of “instrumental variables”, i. e. by solution of normal
equations

Zi (Yi − X ′
iβ) = 0

where {(X ′
i, ei)

′}∞i=1 and {Zi}∞i=1 are sequences of explanatory variables, error
terms and of instruments, respectively. Then we have (remember β0 = 0)

f(U1(β), Z1) =
(
Y1 − X ′

1β
0
)
· Z1 + X ′

1

(
β0 − β

)
· Z1 = Z1 (e1 − X ′

1β) ,

i. e. ‖f(U1(β), Z1)‖2
= ‖Z1 (e1 − X ′

1β)‖2
. Then

IE sup
β∈S

‖Zi (ei − X ′
iβ)‖2 ≤ IE ‖Ziei‖2

+ IE
{
‖ZiX

′
i‖

2
}
· sup

β∈S
‖β‖2

and under usual assumptions on explanatory variables, error terms and in-
struments, compactness of S then implies (15).

Remark 3.4. As a is assumed to be of the full rank, A is positive definite and
symmetric and hence it has all eigenvalues real and positive. Denote by λA

the largest one.

We’ll need also the following assertion:

Assertion 3.5. Under Conditions C1 we have

sup
u∈IR+, β∈IRp

√
n

∣∣∣F (n)
β (u) − Fβ(u)

∣∣∣ = Op(1). (16)

Proof runs along the same lines as the proof of Corollary 14 in [6]. Although
the proof in [6] was seemingly established (only) for regression scheme, it
utilized only the fact that the sequence of residuals {Ui(β)}∞i=1 is a sequence
of i.i.d. r.v.’s. Q.E.D.

To be able to prove consistency of β̂(WGMM,n) we need an identification
condition (see also [3], assumptions of Theorem 2.1 and compare it with C3
in [7, 8]). Let us denote

κ0 = inf
β∈S

IE′[h(U1(β), Z1)] · A · IE[h(U1(β), Z1)].

Remark 3.6. Due to the compactness of S the infimum is attained at least
one point of S.
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C2 There is the only β ∈ Rp, namely β0, for which

IE′[h(U1(β
0), Z1)] · A · IE[h(U1(β

0), Z1)] = κ0.

Assertion 3.7. Let γ0 = sup{r : B(0, r) ⊂ S}. Let 0 < γ < γ0 and consider
compact set S(γ) = S \ B(0, γ). Then, under C1 and C2, there are κγ > κ0

and βγ ∈ S(γ) such that

inf
β∈S(γ)

IE′[h(U1(β), Z1)] · A · IE[h(U1(β), Z1)]

= IE′[h(U1(βγ), Z1)] · A · IE[h(U1(βγ), Z1)] = κγ . (17)

Proof: Put ψ(U1(β), Z1) = {IE[h(U1(β), Z1)]}′ · A · IE[h(U1(β), Z1)]. Then
definition of infimum implies that there is a sequence {βn}∞n=1 so that

lim
n→∞

ψ(U1(βn), Z1) = inf
β∈S(γ)

ψ(U1(β), Z1)

and due to compactness of S(γ) we can select a convergent subsequence
{βnk

}∞k=1 so that limk→∞ βnk
= βγ ∈ S(γ) and from Assertion 3.2

lim
k→∞

ψ(U1(βnk
), Z1) = ψ(U1(βγ), Z1) = κγ .

Then from C2 immediately follows that κγ > κ0 otherwise we would have
two solutions of (5). Q.E.D.

Recalling (13), denote hn(Ui(β), Zi) = w(F
(n)
β (|Ui(β)|))f(Ui(β), Zi) and

ψn(U(β),Z) =

[
1

n

n∑

i=1

hn(Ui(β), Zi)

]′

· A ·
[

1

n

n∑

i=1

hn(Ui(β), Zi)

]
.

C3 Weight function w : [0, 1] → [0, 1] is absolutely continuous and nonincre-
asing, with the derivative w′(α) bounded in absolute value by L, w(0) = 1.

Lemma 3.8. Under C1, C2 and C3 for any ε > 0 and any γ ∈ (0, γ0) there
are ∆γ > 0 and nε,γ ∈ N such that for any n > nε,γ

P

({
ω ∈ Ω : inf

β∈S(γ)
ψn(U(β),Z) > κ0 + ∆γ

})
> 1 − ε. (18)

Proof : Fix ε > 0, γ ∈ (0, γ0) and put ∆γ =
κγ

6 (for κγ see (17)). Denote

IE supβ∈S ‖f(U1(β), Z1)‖2
+ 1 = ξ < ∞ and put ηγ =

ε·∆γ

12·λA·L·ξ . Employing

Assertion 3.5 find n(1) ∈ N so that for any n > n(1) for

Bn =

{
ω ∈ Ω : sup

u∈IR+, β∈IRp

∣∣∣F (n)
β (u) − Fβ(u)

∣∣∣ > ηγ

}
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we have P (Bn) < ε
6 . Denote

Cn =

{
ω ∈ Ω : sup

β∈S(γ)

∣∣∣ψn(U(β),Z) − ψ(U(β),Z)
∣∣∣ > ∆γ

}
(19)

and recall that

P (Cn) = P (Bn ∩ Cn) + P (Bc
n ∩ Cn) ≤ P (Bn) + P (Bc

n ∩ Cn) .

Then utilizing Chebysev’s inequaliry for positive r. v. (write Ui instead of
Ui(β) for a while)

P (Bc
n ∩ Cn) ≤ 1

∆γ

∫

Ω

sup
β∈S(γ)

∣∣∣∣
1

n

n∑

i=1

[(hn(Ui, Zi) − h(Ui, Zi))×

× A · hn(Ui, Zi) + h(Ui, Zi) · A · (hn(Ui, Zi) − h(Ui, Zi))]

∣∣∣∣dP (ω) ≤

≤ 2 · L · ηγ · λA

∆γ

∫

Ω

sup
β∈S(γ)

‖f(Ui, Zi)‖2
dP (ω) <

2 · L · ηγ · ξ · λA

∆γ
<

ε

6
(20)

and hence P (Cn) < ε
3 . Utilizing moment-continuity, for any β ∈ S(γ) find

δβ > so that

∀ (α ∈ S(γ), ‖α − β‖ < δβ) IE ǫ(β, δβ) <
1

2

√
∆γ (21)

(for ǫ(β, δ) see (14)). Then S(γ) ⊂ ⋃
β∈S(γ) B(β, δβ) and the compactness of

S(γ) implies that there are β1, β2, . . . , βK so that S(γ) ⊂ ⋃K
k=1 B(βk, δβk

).
Now for any k ∈ {1, 2, . . . ,K} define sequence of i.i.d. r.v.’s by

{ǫi(βk, δβk
)}∞i=1

=

{
sup

{ ∥∥∥h(Ui(α), Zi)) − h(Ui(βk), Zi)
∥∥∥ : α ∈ B(βk, δβk

) ∩ S
} }∞

i=1

and for all k = 1, 2, . . . ,K find nk ∈ N so that for any n > nk we have

P






ω ∈ Ω :

∥∥∥∥∥∥
1

n

n∑

j=1

ǫi(βk, δβk
) − IE ǫ1(βk, δβk

)

∥∥∥∥∥∥
>

1

2

√
∆γ






 <

ε

3K
.

Due to (21), it immediately implies that for any n > nk

P






ω ∈ Ω :

∥∥∥∥∥∥
1

n

n∑

j=1

ǫi(βk, δβk
)

∥∥∥∥∥∥
< ∆γ






 > 1 − ε

3K
.
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Putting n(2) = max
k=1,2,...,K

nk and

Dn =

K⋂

k=1



ω ∈ Ω :

∥∥∥∥∥∥
1

n

n∑

j=1

ǫi(βk, δβk
)

∥∥∥∥∥∥
<

√
∆γ



 , (22)

we have for any n > n(2) P (Dn) > 1 − ε
3 . Further, for all k = 1, 2, . . . ,K

find mk ∈ N so that for any n > mk we have

P

({
ω ∈ Ω :

∥∥∥∥∥
1

n

n∑

i=1

h(Ui(βk), Zi) − IEh(U1(βk), Z1)

∥∥∥∥∥ >
√

∆γ

})
<

ε

3K
.

Putting n(3) = max
k=1,2,...,K

mk and

En =
K⋂

k=1

{
ω ∈ Ω :

∥∥∥∥∥
1

n

n∑

i=1

h(Ui(βk), Zi) − IEh(U1(βk), Z1)

∥∥∥∥∥ <
√

∆γ

}
,

(23)
we have for any n > n(3) P (En) > 1 − ε

3 . It’s straightforward that P (Cc
n ∩

Dn∩En) > 1−ε. Put nε,γ = max{n(1), n(2), n(3)} and consider any α ∈ S(γ),
n > nε,γ and ω ∈ Cc

n ∩ Dn ∩ En. As α ∈ S(γ), there is k0 ∈ {1, 2, . . . ,K} so
that α ∈ B(βk0

, δβk0
). It means that (see subsequently (19), (22) and (23))

∥∥∥∥∥
1

n

n∑

i=1

[hn(Ui(α), Zi) − h(Ui(α), Zi)]

∥∥∥∥∥ <
√

∆γ , (24)

∥∥∥∥∥
1

n

n∑

i=1

[h(Ui(α), Zi) − h(Ui(βk0
), Zi)]

∥∥∥∥∥ <
√

∆γ (25)

and ∥∥∥∥∥
1

n

n∑

i=1

h(Ui(βk0
), Zi) − IEh(Ui(βk0

), Zi)

∥∥∥∥∥ <
√

∆γ . (26)

As ∆ =
κγ

6 and taking into account Assertion 3.7, we have for any α ∈ S(γ),
n > nε,γ and ω ∈ Cc

n ∩ Dn ∩ En

1

n

n∑

i=1

h′
n(Ui(α), Zi) · A · hn(Ui(α), Zi) >

κγ

2
+ κ0.

Q.E.D.

Theorem 3.9. Under C1, C2 and C3 β̂(WGMM,n) is (weakly) consistent.
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4 Conclusions

Paper proposes possible robustification of GMM under the simplest standard
conditions. The next step is to be to consider heteroscedasicity of disturbances
(however as the difference between the proof of Kolmogorov-Smirnoff result
for regression scheme under homoscedasticity, on one hand, and under the
heteroscedasticity on the other, for the case of heteroscedasticity we need also
the parameter space to be separable metric space and the technicalities of the
proof are complicated, see [9]) or to assume autocorrelation in the sequence
of random variables {Vi}∞i=1.
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[6] Vı́̌sek, J.Á. (2006). Kolmogorov-Smirnov statistics in multiple regression.
In: J. Antoch & G. Dohnal (Eds.): Robust 2006. MatFyz Press, Prague,
367 – 374.
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Address: J.Á. Vı́̌sek, UK FSV & AV ČR ÚTIA, Smetanovo nábřež́ı 6,
110 01 Praha 1

E-mail : visek@mbox.fsv.cuni.cz



504



ROBUST’2008 ©c JČMF 2009

ALGORITMUS VÝPOČTU PRIBLIŽNÝCH
KONFIDENČNÝCH INTERVALOV
PARAMETRA POLOHY
Z DIGITALIZOVANÝCH MERANÍ

Gejza Wimmer, Jr.

Kl’́učové slová: Približný konfidenčný interval, fiduciálna distribúcia, parame-
ter polohy, algoritmus.

Abstrakt: Pŕıspevok sa zaoberá algoritmom pre výpočet približných konfi-
denčných intervalov parametera polohy z digitalizovaných merańı. Je prezen-
tovaný všeobecný popis algoritmu pre generovanie náhodného výberu z fidu-
ciálnej distribúcie, ako aj podrobneǰsie znázornenie vytvorenia množiny mož-
ných hodnôt parametrov (µ, σ) tak, aby táto bola neprázdna. Nasledujúcim
krokom je vytvorenie výberového mechanizmu, ktorý vygeneruje jedinú hod-
notu (µ, σ) z polygónu všetkých možných hodnôt parametrov. Výsledky sú
zhrnuté v simulačnej štúdii, ktorej ciel’om bolo porovnat’ základné štatistické
vlastnosti (pravdepodobnost’ pokrytia a očakávanú d́lžku) približných konfi-
denčných intervalov pre parameter µ na základe malého výberu z digitalizo-
vaných merańı.

Abstract: An algorithm for a construction of approximate confidence inter-
vals for the location parameter based on digitized measurements is presented.
An algorithm for generating random samples from a fiducial distribution is
introduced and a more detail description of generating a non-empty set of all
possible values of the parameters (µ, σ) is given. The next step is a creation
of a sampling mechanism that generates one value of (µ, σ) from a polygon
that contains all possible values of the parameters. The results are described
in a simulation study where the main statistical characteristics (coverage pro-
bability and average length) of the approximate confidence intervals for µ are
presented.

1 Úvod

Nech skutočné výsledky merania sú v digitálnom tvare v dôsledku známej
a ohraničenej rozĺı̌sitel’nosti meracieho pŕıstroja δ. V [4] sú uvedené rôzne
spôsoby zostrojenia konfidenčných intervalov na základe ML pŕıstupu, Stu-
dentovho pŕıstupu, Wilinkovho pŕıstupu pomocou modifikovaného odhadu
disperzie, ako aj (modifikovaný) fiduciálny pŕıstup, motiváciu problému
a d’al’̌sie podrobnosti možno nájst’ v [1, 2, 3]. V tomto pŕıspevku uvedieme
všeobecný popis algoritmu pre generovanie náhodného výberu z fiduciálnej
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distribúcie, ktorého verzia bola implementovaná v prostred́ı MATLAB a ná-
sledne v R (S-plus), jednotlivé kroky vedúce k zostrojeniu približných kon-
fidenčných intervalov parametera polohy pomocou posledného zmieneného
pŕıstupu, ako aj simulačnú štúdiu, v ktorej sú porovnané základné štatistické
vlastnosti vyššie uvedených štyroch konfidenčných intervalov pre parame-
ter µ.

Algoritmus sa zakladá na združenej fiduciálnej distribučnej funkcii para-
metrov (µ, σ) (záviśı od G, Q, a V ), ktorá je daná ako

F(µ,σ)((µ
⋆, σ⋆)) = Pr (V (Q(x,Z⋆)) ≤ (µ⋆, σ⋆)|Z⋆ ∈ S(x)) , (1)

kde (µ⋆, σ⋆) je pevne zvolený vektor hodnôt a Z⋆ = (Z⋆
1 , Z⋆

2 , . . . , Z⋆
n)′ ∼

N(0, In). Tu X = G(ξ, Z) je známy systém štrukturálnych rovńıc (dáta ge-
nerujúci mechanizmus, spája náhodný vektor pozorovańı X s vektorom para-
metrov ξ ∈ Ξ), Q(X,Z) reprezentuje ’inverznú funkciu’ ku G (pre l’ubovol’nú
pevnú hodnotu x a z tvoŕı množinu všetkých možných parametrov) a V (·) je
náhodný mechanizmus vol’by parametra (µ, σ) z uzáveru množiny možných
parametrov Q(x, z), pričom V (·) má rovnomerné rozdelenie nad Q(x, z).
Navyše, ak z ∈ S(x), kde

S(x) = {(z1, . . . , zn) : ∃(µ, σ), že

xi − δ/2 ≤ µ + σzi < xi + δ/2, i = 1, 2, ..., n} ,
(2)

pričom xi = δki = δ⌊(µ + σZi)/δ + 0.5⌋, tak množina paramterov Q(x, z)
vytvára polygón.

2 Algoritmus na generovanie náhodného výberu z fi-
duciálnej distribúcie

Napriek tomu, že explicitný tvar rozdelenia (1) nie je známy, generovanie
náhodného výberu parametrov (µ, σ) možno urobit’ priamo podl’a (1). Na to,
aby sa počas generovania realizácii náhodného vektora Z⋆ nevyskytli pŕıpady,
ked’ Q(x,Z⋆) = ∅ (t.j. aby nebolo nutné v každom kroku algoritmu overo-
vat’ podmienku Z⋆ ∈ S(x)) s výhodou možno využit’ metódy generovania
založené na MCMC (Markov Chain Monte Carlo). Detailný popis algoritmu
možno nájst’ v práci Hannig et al. (2007), pričom je založený na nasledovnom
postupe:

1. Ak je realizácia vektora merańı x = (x1, x2, . . . , xn) konzistentná s mo-
delom (daným výberovým mechanizmom G), potom muśı existovat’

najmenej jeden parameter, napr. ξ(0) =
(
µ(0), σ(0)

)
, že x = G

(
ξ(0), z

)

pre nejakú hodnotu z, povedzme z(0), teda plat́ı z(0) ∈ S(x).

2. Pre l’ubovol’nú hodnotu vektora chýb z ∈ S(x), povedzme z(k−1), algo-
ritmus nájde polygón Q

(
x, z(k−1)

)
s nekonečným počtom možných

hodnôt parametrov (µ, σ).
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3. Pomocou výberového mechanizmu V (·) algoritmus vygeneruje jedinú
hodnotu parametra (µ, σ) z polygónu Q

(
x, z(k−1)

)
, napr. (µ(k), σ(k)),

ktorý sṕlňa podmienky αi ≤ µ(k) + σ(k)zi < βi pre všetky zi, také že(
αi − µ(k)

)
/σ(k) ≤ zi <

(
βi − µ(k)

)
/σ(k), i = 1, . . . , n.

4. Z týchto možných hodnôt zi algoritmus náhodne vyberie novú verziu

vektora chýb z , napr. z(k) =
(
z
(k)
1 , . . . , z

(k)
n

)
. Algoritmus potom po-

kračuje opakovańım krokov 2-4, pokial’ sa nedosiahne požadovaný počet
realizácíı náhodného výberu parametrov (µ, σ) z fiduciálnej distribúcie.

5. Na vylepšenie rýchlosti konvergencie k ciel’ovej fiduciálnej distribúcii je
potrebné zaviest’ nasledovný zmiešavaćı krok (mixing step): Pre dané
z = (z1, . . . , zn), z ∈ S(x), algoritmus v každom kroku náhodne posunie
z do z̃ = (z̃1, . . . , z̃n),

z̃i =
1

n
U⋆ +

√
W ⋆

∑n
i=1(zi − z̄)2

(zi − z̄), i = 1, . . . , n, (3)

kde z̄ = 1
n

∑n
i=1 zi. U⋆ ∼ N(0, 1) a W ⋆ ∼ χ2

(n−1) sú nezávislé náhodné
premenné, spoločné pre všetky i = 1, . . . , n. Pri tomto postupe vždy
plat́ı, že z̃ ∈ S(x).

3 Jednotlivé časti algoritmu

Uvedený algoritmus bol zrealizovaný v prostred́ı (štatistických) programo-
vaćıch baĺıkov MATLAB a R. Úvodným krokom je nač́ıtanie vstupných úda-
jov, ako sú źıskané (resp. vygenerované) merania a rôzne konštanty (rozlǐso-
vacia schopnost’ meracieho pŕıstroja, rozsah náhodného výberu zo združenej
fiduciálnej distribúcie, hladinu významnosti αv a pod.). Ďaľsiu čast’ tvoŕı

”
Inicializácia“, kde sa na základe merańı a rozĺı̌senia meracieho pŕıstroja

urč́ı dolná a horná hranica αi = xi − δ/2 a βi = xi − δ/2, i = 1, 2, ..., n
z (2) a vygeneruje sa vektor chýb z∗ ∈ S(x) tak, aby existoval polygón
Q (x, z∗) a to nasledovne. Najprv sa vygenerujú

”
’nové merania’“ Y∗ =

(Y ∗
1 , . . . , Y ∗

n )′ z rovnomerného rozdelenia na intervale (α, β). Následne sa
spoč́ıta σ∗ = SY ∗

√
(n − 1)/W , kde W ∼ χ2

(n−1) a µ∗ = Ȳ ∗ +(σ∗/
√

n)Z, kde

Z ∼ N(0, 1). Tu Ȳ ∗, resp. S2
Y ∗ je výberová stredná hodnota, resp. výberová

disperzia, spoč́ıtaná z hodnôt (Y ∗
1 , . . . , Y ∗

n ). Nakoniec sa vygeneruje vektor
chýb z∗ = (Y∗ − µ∗) /σ∗.

Na obrázku 1 sú znázornené pŕıklady vygenerovaného vektora chýb z∗

v pŕıpade, že existuje polygón Q (x, z∗), ako aj v opačnej situácii, ked’ tento
polygón nevznikne. Potom nasleduje redukcia počtu nerovńıc, ktorých prienik
tvoŕı polygón Q (x, z∗) na najmenš́ı potrebný počet n∗ ≤ n nerovńıc. Táto
čast’ je vhodná najmä v pŕıpade, ak obdrž́ıme opakované hodnoty merańı.

Následne sa vyhl’adá spoločný prienik zredukovaných nerovńıc αi ≤ µ +
σz∗i < βi, i = 1, . . . , n∗, tzn. urč́ı sa polygón Q (x, z∗) z ktorého pomocou
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Obrázek 1: Obrázok nal’avo hore znázorňuje nerovnice αi ≤ µ + σz∗
i < βi, i =

1, 2, 3, s vektorom vhodne vygenerovaných chýb, podl’a popisu v časti Inicializácia,
[pre napozorované hodnoty (y1, y2, y3) = (−1, 0, 1) a vygenerované hodnoty chýb
(z1, z2, z3) = (−0.49, 0.73, 2.52)]. Obrázok napravo hore znázorňuje nerovnice αi ≤
µ + σz∗

i < βi, i = 1, 2, 3, s vektorom nevhodne vygenerovaných chýb z rozdelenia
N(0, 1), [pre napozorované hodnoty (y1, y2, y3) = (−1, 0, 1) a vygenerované hodnoty
chýb (z1, z2, z3) = (−1.60, 0.26,−0.50)]. Obrázky dolnej časti znázorňujú redukciu
počtu potrebných nerovńıc. Bodkovanou čiarou sú znázornené oblasti definované
zredukovanými nerovnicami.

výberového mechanizmu V (·) vygenerujeme jednen bodu z jeho vnútra, tzn.
źıskame jednu hodnotu (µg, σg). Záverečným krokom je vygenerovanie nového
vektora chýb tak, aby zn ∈ S(x). Tu sa pri vstupných hodnotách (µg, σg)
z predchádzajúceho kroku spoč́ıta hodnota Φ distribučnej funkcie N(0, 1)
v bodoch (α − µg)/σg a (β − µg)/σg, tzn. hodnoty r1 = Φ((α − µg)/σg)
a r2 = Φ((β − µg)/σg). Pomocou nich potom vygenerujeme nové chyby zn

ako zn = Φ−1 (r1 + R(r2 − r1)), kde R je vygenerované z rovnomerného (0, 1)
rozdelenia. Z týchto na záver pomocou zmiešavacieho kroku urč́ıme hod-
notu z̃n. Celý postup sa potom opakuje podl’a potreby, vzhl’adom na to,
kol’ko hodnôt z fiduciálnej distribúcie je požadovaných.
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σ µ Fiducial Willink Student ML

0.1 0.0 1.0000 (1.00) 1.0000 (1.60) 1.0000 (0.00) 1.0000 (0.00)

0.1 1.0000 (1.00) 1.0000 (1.60) 0.0001 (0.00) 0.0000 (0.00)

0.2 1.0000 (1.00) 1.0000 (1.60) 0.0064 (0.01) 0.0000 (0.00)

0.3 1.0000 (1.01) 1.0000 (1.55) 0.1103 (0.12) 0.0000 (0.00)

0.4 1.0000 (1.10) 1.0000 (1.36) 0.5834 (0.69) 0.5533 (0.10)

0.5 1.0000 (1.22) 1.0000 (1.30) 0.9384 (1.20) 0.6307 (0.15)

0.3 0.0 1.0000 (1.03) 1.0000 (1.62) 1.0000 (0.24) 0.8039 (0.01)

0.1 1.0000 (1.04) 1.0000 (1.51) 0.2777 (0.32) 0.0090 (0.01)

0.2 0.9986 (1.07) 0.9986 (1.41) 0.4592 (0.54) 0.0050 (0.01)

0.3 0.9997 (1.13) 1.0000 (1.33) 0.6910 (0.84) 0.0018 (0.00)

0.4 0.9955 (1.19) 1.0000 (1.30) 0.8750 (1.10) 0.6515 (0.13)

0.5 0.9999 (1.22) 1.0000 (1.30) 0.9332 (1.19) 0.6279 (0.15)

0.5 0.0 0.9954 (1.39) 0.9970 (1.85) 0.9954 (1.25) 0.4656 (0.38)

0.1 0.9857 (1.37) 0.9922 (1.69) 0.8446 (1.25) 0.2944 (0.36)

0.2 0.9773 (1.37) 0.9805 (1.57) 0.8688 (1.28) 0.2697 (0.34)

0.3 0.9880 (1.38) 0.9998 (1.52) 0.9088 (1.33) 0.2350 (0.30)

0.4 0.9718 (1.36) 0.9982 (1.47) 0.9235 (1.34) 0.6424 (0.35)

0.5 0.9860 (1.37) 0.9919 (1.44) 0.9376 (1.35) 0.6871 (0.37)

1.0 0.0 0.9623 (2.37) 0.9697 (2.55) 0.9623 (2.37) 0.7475 (1.28)

0.1 0.9438 (2.34) 0.9628 (2.50) 0.9356 (2.34) 0.7239 (1.26)

0.2 0.9583 (2.36) 0.9771 (2.50) 0.9528 (2.37) 0.7419 (1.29)

0.3 0.9561 (2.38) 0.9838 (2.50) 0.9509 (2.39) 0.7476 (1.30)

0.4 0.9451 (2.34) 0.9823 (2.46) 0.9385 (2.35) 0.7965 (1.28)

0.5 0.9519 (2.37) 0.9764 (2.45) 0.9447 (2.38) 0.8130 (1.29)

Tabulka 1: Pravdepodobnost’ pokrytia a priemerná d́lžka približných
95% konfidenčných intervalov parametera µ, pre rozsah výberu n = 5.

4 Simulačná štúdia

Ciel’om simulačnej štúdie bolo porovnat’ základné štatistické vlastnosti (prav-

depodobnost’ pokrytia a očakávanú d́lžku) približných konfidenčných inter-
valov pre parameter µ na základe malého výberu z digitalizovaných me-
rańı. V simulačnej štúdii boli zahrnuté približné konfidenčné intervaly CIML

µ ,

CISt
µ , CIW

µ a CIFD
µ pre parameter polpohy µ (t.j. intervaly určené metódou

maximálnej vierohodnosti, klasický Studentov konfidenčný interval, interval
navrhnutý Willinkom a interval určený z fiduciálnej distribučnej funkcie),
pozri [1, 2, 3].

Uvažovali sme malé rozsahy výberu n, n ∈ {5, 10, 30}, relat́ıvne malé
rozptyly chýb σ2 (vzhl’adom k rozĺı̌seniu pŕıstroja δ > 0), σ ∈ {0.1δ, 0.3δ,
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σ µ Fiducial Willink Student ML

0.1 0.0 1.0000 (1.00) 1.0000 (1.31) 1.0000 (0.00) 1.0000 (0.00)

0.1 1.0000 (1.00) 1.0000 (1.31) 0.0002 (0.00) 0.0000 (0.00)

0.2 1.0000 (0.99) 1.0000 (1.30) 0.0144 (0.01) 0.0000 (0.00)

0.3 1.0000 (0.93) 1.0000 (1.25) 0.2058 (0.10) 0.0000 (0.00)

0.4 0.9999 (0.70) 0.9999 (0.95) 0.4865 (0.31) 0.8099 (0.09)

0.5 1.0000 (0.65) 0.9920 (0.73) 0.9808 (0.71) 0.8937 (0.15)

0.3 0.0 1.0000 (0.87) 1.0000 (1.28) 1.0000 (0.19) 0.6564 (0.02)

0.1 0.9976 (0.83) 1.0000 (1.17) 0.4754 (0.24) 0.0304 (0.02)

0.2 0.9907 (0.73) 0.9998 (1.03) 0.7069 (0.38) 0.0166 (0.01)

0.3 0.9982 (0.67) 0.9989 (0.87) 0.9052 (0.55) 0.0062 (0.00)

0.4 0.9948 (0.65) 0.9949 (0.77) 0.9008 (0.63) 0.7496 (0.10)

0.5 1.0000 (0.65) 0.9897 (0.72) 0.9776 (0.70) 0.8880 (0.15)

0.5 0.0 0.9625 (0.80) 0.9817 (1.04) 0.9625 (0.76) 0.6902 (0.50)

0.1 0.9353 (0.78) 0.9800 (0.94) 0.9478 (0.76) 0.6275 (0.47)

0.2 0.9547 (0.78) 0.9816 (0.88) 0.9398 (0.77) 0.5543 (0.43)

0.3 0.9713 (0.77) 0.9798 (0.84) 0.9648 (0.79) 0.4464 (0.35)

0.4 0.9670 (0.76) 0.9698 (0.82) 0.9472 (0.79) 0.6977 (0.35)

0.5 0.9786 (0.77) 0.9852 (0.82) 0.9787 (0.81) 0.9057 (0.38)

1.0 0.0 0.9497 (1.39) 0.9576 (1.41) 0.9524 (1.40) 0.8921 (1.09)

0.1 0.9461 (1.39) 0.9578 (1.41) 0.9529 (1.40) 0.8895 (1.09)

0.2 0.9454 (1.38) 0.9538 (1.40) 0.9497 (1.39) 0.8886 (1.08)

0.3 0.9524 (1.39) 0.9536 (1.40) 0.9517 (1.40) 0.8913 (1.09)

0.4 0.9539 (1.39) 0.9565 (1.40) 0.9549 (1.40) 0.9025 (1.10)

0.5 0.9527 (1.40) 0.9556 (1.41) 0.9447 (1.40) 0.9014 (1.09)

Tabulka 2: Pravdepodobnost’ pokrytia a priemerná d́lžka približných
95% konfidenčných intervalov parametera µ, pre rozsah výberu n = 10.

0.5δ, 1.0δ}, ako aj rôzne hodnoty parametra polohy µ v rozsahu jednej jed-
notky danej škály meracieho pŕıstroja, µ ∈ {0.0δ, 0.1δ, 0.2δ, 0.3δ, 0.4δ, 0.5δ}.
Bez újmy na všeobecnosti sme uvažovali len s rozĺı̌seńım meracieho pŕıstroja
δ = 1. Pre každú zvolenú kombináciu parametrov n, µ a σ sme vygenerovali
realizácie digitalizovaných merańı (x1, x2, . . . , xn) a na jej základe vypoč́ıtali
hodnoty približných 95% konfidenčných intervalov pre parameter polohy µ:
teda CIML

µ (1 − α), CISt
µ (1 − α) a CIW

µ (1 − α) pre α = 0.05. Na určenie

konfidenčného intervalu CIFD
µ (1 − α) sme navyše generovali náhodný výber

rozsahu N = 10000 z fiduciálnej distribúcie (1). Ked’že rozdelenie náhodného
vektora merańı (X1,X2, . . . ,Xn) má diskrétny charakter, realizácie merańı
(x1, x2, . . . , xn) viedli k relat́ıvne malému počtu rôznych hodnôt, hlavne pre
malé hodnoty σ. To umožnilo významne zredukovat’ výpočtové nároky na
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σ µ Fiducial Willink Student ML

0.1 0.0 1.0000 (1.00) 1.0000 (1.18) 1.0000 (0.00) 0.9998 (0.00)

0.1 1.0000 (1.00) 1.0000 (1.18) 0.0015 (0.00) 0.0000 (0.00)

0.2 1.0000 (0.98) 1.0000 (1.18) 0.0000 (0.00) 0.0000 (0.00)

0.3 1.0000 (0.78) 1.0000 (1.13) 0.0001 (0.00) 0.0000 (0.00)

0.4 1.0000 (0.44) 1.0000 (0.81) 0.0913 (0.03) 0.7097 (0.04)

0.5 1.0000 (0.31) 0.9757 (0.37) 0.9548 (0.36) 0.9026 (0.09)

0.3 0.0 0.9708 (0.60) 1.0000 (0.95) 0.9950 (0.13) 0.4898 (0.08)

0.1 0.9540 (0.54) 0.9306 (0.91) 0.7452 (0.14) 0.1711 (0.06)

0.2 0.9881 (0.47) 0.9773 (0.86) 0.6912 (0.18) 0.0628 (0.02)

0.3 0.9943 (0.39) 0.9912 (0.68) 0.7784 (0.25) 0.0138 (0.00)

0.4 0.9885 (0.32) 0.9963 (0.45) 0.8559 (0.31) 0.3870 (0.03)

0.5 1.0000 (0.31) 0.9802 (0.37) 0.9591 (0.36) 0.9058 (0.09)

0.5 0.0 0.9512 (0.41) 0.9646 (0.42) 0.9561 (0.40) 0.9264 (0.38)

0.1 0.9431 (0.41) 0.9562 (0.41) 0.9534 (0.40) 0.9300 (0.38)

0.2 0.9402 (0.41) 0.9516 (0.42) 0.9513 (0.41) 0.8864 (0.37)

0.3 0.9421 (0.40) 0.9522 (0.42) 0.9512 (0.41) 0.8074 (0.34)

0.4 0.9454 (0.39) 0.9525 (0.42) 0.9479 (0.41) 0.7525 (0.31)

0.5 0.9580 (0.39) 0.9528 (0.42) 0.9462 (0.41) 0.9290 (0.32)

1.0 0.0 0.9508 (0.73) 0.9513 (0.74) 0.9513 (0.74) 0.9359 (0.68)

0.1 0.9461 (0.73) 0.9473 (0.73) 0.9473 (0.73) 0.9324 (0.68)

0.2 0.9470 (0.73) 0.9477 (0.73) 0.9477 (0.73) 0.9323 (0.68)

0.3 0.9470 (0.73) 0.9451 (0.73) 0.9451 (0.73) 0.9338 (0.68)

0.4 0.9478 (0.73) 0.9472 (0.73) 0.9472 (0.73) 0.9325 (0.68)

0.5 0.9522 (0.73) 0.9507 (0.73) 0.9507 (0.73) 0.9376 (0.68)

Tabulka 3: Pravdepodobnost’ pokrytia a priemerná d́lžka približných
95% konfidenčných intervalov parametera µ, pre rozsah výberu n = 30.

určenie konfidenčného intervalu z fiduciálneho rozdelenia. Korektnost’ uva-
žovaných konfidenčných intervalov sme posudzovali s ohl’adom na kritérium
Pr(µ ∈ CIµ(1 − α)) ≥ 1 − α, kde µ je skutočná hodnota parametra.

Z výsledkov tejto simulačnej štúdie, ktoré sú uvedené v tabul’kách, sa
dá usúdit’, že približný konfidenčný interval CIML

µ je pre uvažované situácie
neadekvátny, hoci je teoreticky známe, že je asymptoticky správny. Ako sa
ukázalo aj v iných situáciách pre malé hodnoty skutočného parametra σ,
konfidenčný interval CIML

µ nemuśı dosiahnut’ stanovenú pravdepodobnost’

pokrytia ani pre vel’mi vel’ké rozsahy náhodného výberu z pozorovańı n.
Približný konfidenčný interval CISt

µ je korektný (správny) aj pre malé roz-
sahy výberov n, pokial’ hodnota skutočného parametra σ je bĺızka danému
rozĺı̌seniu pŕıstroja δ (alebo väčšia). Približné konfidenčné intervaly CIW

µ
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a CIFD
µ boli korektné takmer pre všetky uvažované situácie. Interval CIW

µ do-

sahoval mierne väčšie hodnoty priemerných d́lžok intervalov ako konfidenčný
interval založený na fiduciálnej distribúcii CIFD

µ .
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KONFIDENČNÉ INTERVALY ZALOŽENÉ
NA DIGITALIZOVANÝCH MERANIACH

Viktor Witkovský, Gejza Wimmer

Kl’́učové slová: Digitálne merania, ohraničená rozĺı̌sitel’nost’, približný konfi-
denčný interval, zovšeobecnená fiduciálna inferencia.

Abstrakt: Nosnou témou pŕıspevku je problematika konštrukcie konfidenč-
ných oblast́ı pre parametre regresnej priamky, na základe digitalizovaných
výsledkov merania. Tu sa však podrobneǰsie zaoberáme len zjednodušeným
špeciálnym pŕıpadom: uvažujeme a porovnávame niekol’ko metód na kon-
štrukciu približných konfidenčných intervalov pre parameter polohy v pŕıpade
relat́ıvne malého počtu digitalizovaných merańı. Jedným z ciel’ov je taktiež
stručne poṕısat’ metódu založenú na zovšeobecnenom fiduciálnom pŕıstupe,
ktorú navrhli Hannig, Iyer a Wang (2007). V tomto pŕıpade predpokladáme,
že chyby merańı sú normálne rozdelené, nezávislé, s nulovou strednou hodno-
tou a rovnakým (neznámym) rozptylom. Výsledky merania sú však pozoro-
vatel’né len ako diskrétne (digitalizované) hodnoty. Je to zapŕıčinené ohrani-
čenou rozĺı̌sitel’nost’ou meracieho pŕıstroja, ktorá je v procese merania pova-
žovaná za známu a nemennú. Ked’ je rozptyl chýb merania vel’ký vzhl’adom
k rozĺı̌sitel’nosti pŕıstroja, efekt digitalizácie zaniká a môžeme použit’ štan-
dardné štatistické postupy, ktoré predpokladajú, že realizácie pozorovańı
pochádzajú zo spojitého rozdelenia. Preto sa zameriavame predovšetkým na
analýzu situácie, ked’ je rozptyl chýb merania relat́ıvne malý a efekt digita-
lizácie nemožno ignorovat’.

Abstract: In this paper, the main topic of interest is the problem how to
construct confidence regions for the parameters of regression line based on
digitized measurements. However, here we focus only the simplified situation:
we consider and compare several methods for making approximate confidence
intervals for the location parameter based on relatively small number of di-
gitized measurements. One of the goals is to present a brief description of
the method based on the generalized fiducial inference, recently suggested by
Hannig, Iyer and Wang (2007). In this case, it is assumed that the measu-
rement errors come from normal distribution with zero mean and common
unknown variance. However, the measurement results are observable on a dis-
crete scale, only. This is due limited resolution of the used instrumentation,
with fixed and known unit of resolution. If the error variance is large with
respect to the resolution of the indicating measurement device, the effect of
digitization diminishes and standard statistical inference is still valid. Hence,
in this paper we consider mainly situations where the error variance is rela-
tively small, and the effect of digitization could not be ignored.
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1 Úvod

Efekt kvantizácie resp. diskretizácie spojitých dát môže spôsobit’ podstatnú
stratu efekt́ıvnosti metód štatistickej inferencie, ktoré sú dosiahnutel’né v pŕı-
pade platnosti pôvodného spojitého modelu. Tento problém je dávno známy
v štatistickej literatúre, pozri napr. [16, 2] pričom bolo dosiahnutých mnoho
výsledkov charakterizujúcich stratu efekt́ıvnosti rôznych metód založených na
diskretizovaných pozorovaniach v porovnańı s metódami založenými na plnej
informácii. Teda s využit́ım spojitých (avšak nepozorovatel’ných) údajov,
pričom boli navrhnuté aj alternat́ıvne metódy s ciel’om minimalizovat’ túto
stratu. Mnoho významných výsledkov, motivovaných najmä problémami
informačných a komunikačných technológii, je založených na asymptoticky
platných tvrdeniach, ked’ možno uvažovat’ o zmene kvantizačnej jednotky pri
rastúcom počte pozorovańı. Pre ilustráciu dávame do pozornosti výsledky
a d’aľsie citované práce uvedené v článku [15], kde bola uvažovaná kompli-
kovaneǰsia situácia kvantizácie dát s konečným deleńım priestoru možných
výsledkov, ktoré však môže narastat’ bez obmedzenia s rastúcim počtom po-
zorovańı.

Tento pŕıspevok je motivovaný reálnymi problémami pri vyhodnocovańı
nameraných údajov, špeciálne problémom konštrukcie približných konfidenč-
ných oblast́ı pre parametre regresnej priamky na základe digitalizovaných
výsledkov merania. Takéto výsledky merania sú zapŕıčinené ohraničenou roz-
ĺı̌sitel’nost’ou meracieho pŕıstroja alebo kvantizáciou vznikajúcou v procese
konverzie analógového signálu na digitálny. Ide o problém motivovaný po-
trebami metrologickej praxe, ked’ je potrebné predovšetkým charakterizo-
vat’ neistoty výsledkov merania. Pre ilustráciu uvádzame výber z dlhého
zoznamu publikácii, ktoré tento problém študovali hlavne z pohl’adu met-
rológie, [1, 3, 5, 10, 13, 14, 17, 18, 19].

Podrobneǰsie sa však budeme zaoberat’ len zjednodušeným špeciálnym
pŕıpadom konštrukcie približných konfidenčných intervalov pre parameter
polohy, za predpokladu, že nepozorovatel’né chyby merańı pred kvantizáciou
sú normálne rozdelené, nezávislé, s nulovou strednou hodnotou a rovnakým
(neznámym) rozptylom. Výsledky merania sú však pozorovatel’né len ako
diskrétne (digitalizované) hodnoty. Na rozdiel od predchádzajúcej situácie
je počet pozorovańı obyčajne vel’mi malý a nie je možné menit’ kvantizačnú
jednotku (rozĺı̌sitel’nost’ meracieho pŕıstroja), ktorá je v procese merania po-
važovaná za známu a nemennú.

V pŕıspevku uvedieme prehl’ad niektorých metód konštrukcie približných
konfidenčných intervalov pre parameter polohy. Špeciálnu pozornost’ venu-
jeme metóde založenej na zovšeobecnenom fiduciálnom pŕıstupe, ktorú na-
vrhol J. Hannig a jeho kolegovia v prácach [6, 7, 8]. V poslednej časti spo-
menieme aj metódu konštrukcie približného konfidenčného intervalu, ktorý
je založený na profilovej vierohodnostnej funkcii (profile likelihood),
pozri [11, 12]. Výsledky porovnania vybraných konfidenčných intervalov pre
parameter polohy, založené na simulačnej štúdii, sú prezentované v práci [20].
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2 Efekt digitalizácie v pŕıpade regresnej priamky

Nech β = (β0, β1)
′ označuje skutočnú hodnotu parametrov regresnej priam-

ky, ktorú budeme odhadovat’ na základe nezávislých digitalizovaných me-
rańı, pozorovaných na diskrétnej stupnici s jednotkou rozĺı̌senia δ ≥ 0. Je to
najmenš́ı rozdiel medzi dvomi hodnotami ktoré vieme (zmysluplne) rozĺı̌sit’

meraćım pŕıstrojom.
Najprv uvažujme klasický spojitý model, teda n nezávislých merańı,

n ≥ 3, ktoré odč́ıtame na pŕıstroji s ideálnou rozĺı̌sitel’nost’ou δ = 0. Označme
y = (y1, y2, . . . , yn)′ realizáciu náhodného vektora Y = (Y1, Y2, . . . , Yn)′, kde
Yi = β0+β1fi+σZi, pričom fi reprezentujú hodnoty vysvetl’ujúcej premennej
a Zi ∼ N(0, 1) pre i = 1, . . . , n. Pre jednoduchost’ predpokladajme, že matica
plánu F má plnú hodnost’, pričom F = [1, f ], kde 1 = (1, . . . , 1)′ a f =
(f1, . . . , fn)′. Optimálne odhady parametrov β a σ2 sú

β̂ = (F ′F )−1F ′Y a S2 =
1

n − 2

n∑

i=1

(Yi − β̂0 − β̂1fi)
2. (1)

V pŕıpade, že meraćı pŕıstroj má len obmedzené rozĺı̌senie (δ > 0), vý-
sledkom merania sú hodnoty vektora x = (x1, x2, . . . , xn)′ (údaje určené na
stupnici s diskrétnymi hodnotami), pre ktoré plat́ı xi = kiδ = ⌊yi/δ+0.5⌋δ =
⌊(β0 + β1fi + σzi)/δ + 0.5⌋δ, i = 1, 2, . . . , n, pričom ki ∈ {0,±1,±2, . . . },
⌊a⌋ označuje funkciu zaokrúhl’ovania na najväčšie celé č́ıslo, ktoré nie je
väčšie ako a. V tomto pŕıpade teda predpokladáme, že ide o klasické za-
okrúhl’ovanie yi k najbližšej hodnote na danej digitálnej stupnici. Analogicky
by sme mohli postupovat’, ak pŕıstroj namiesto zaokrúhl’ovania namerané
hodnoty usekáva.

Na obr. 1 sú zobrazené dve konkrétne situácie so simulovanými hod-
notami merańı, ktoré názorne ilustrujú možný efekt digitalizácie na kva-
litu odhadu regresnej priamky. Kým na obrázku v l’avej časti je rozdiel
medzi odhadnutými priamkami minimálny, ako vidiet’ na obrázku vpravo,
tento efekt je výrazný v situácii ked’ parameter β1 (sklon priamky) je malý
a skutočná štandardná odchýlka chýb merańı σ je relat́ıvne malá oproti
danému rozĺı̌seniu meracieho pŕıstroja δ.

Iný pohl’ad na efekt digitalizácie je ilustrovaný na obr. 2. Graficky sú
tu zobrazené empirické pravdepodobnosti pokrytia skutočného parametra β,
v pŕıpade ak použijeme konfidenčnú oblast’ CI, ktorá je optimálna v spojitom
modeli, aj v pŕıpade ked’ máme k dispoźıcii len digitalizované pozorovania.
CI je, v pŕıpade spojitého modelu, exaktná (1−α)×100%-konfidečná oblast’

pre parameter β

CIF
β (1 − α) :=

{
β : (β̂ − β)′(F ′F )(β̂ − β) ≤ 2S2F2,n−2(1 − α)

}
, (2)

pričom F2,n−2(1 − α) je (1 − α)-kvantil F -rozdelenia s 2 a n − 2 stupňami
vol’nosti.
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0 0.5 1
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

f

y

n = 30, β = [0,0.5], σ = 0.1, δ =1

0 0.5 1
−2

0

2

4

6

8

10

12

f

y

n = 30, β = [0,10], σ = 1, δ = 1

Obrázok 1: Odhadnuté regresné priamky na základe spojitých a digitalizo-
vaných merańı. Symbol + označuje hodnoty merańı registrované na pŕıstroji
s ideálnym rozĺı̌seńım δ = 0, symbol ◦ označuje hodnoty rovnakých me-
rańı registrované na pŕıstroji s obmedzeným rozĺı̌seńım δ = 1. Plnou čiarou
je zobrazená skutočná regresná priamka, prerušovaná čiara reprezentuje jej
odhad založený na spojitých meraniach, bodko-čiarkovaná čiara reprezentuje
odhad (metódou najmenš́ıch štvorcov) založený na digitalizovaných mera-
niach. Na obrázku vl’avo sú tieto priamky nerozĺı̌sitel’né, na rozdiel od obrázku
vpravo, kde je rozdiel medzi odhadom založeným na digitalizovaných mera-
niach a odhadom založeným na spojitých meraniach výrazný.

Ako vidiet’, výsledky simulačnej štúdie potvrdzujú známy fakt, že po-
kial’ je skutočná hodnota parametra σ pomerne vel’ká vzhl’adom k parametru
rozĺı̌senia δ, efekt digitalizácie nie je významný, a z praktického pohl’adu
možno použit’ štandardné metódy štatistickej inferencie (v tomto pŕıpade
konštrukciu konfidenčnej oblasti), ktoré sú vhodné pre pôvodný spojitý mo-
del. Na druhej strane vidiet’ dve kritické oblasti, kde sa empirická pravdepo-
dobnost’ vel’mi vzdialila od očakávanej nominálnej hodnoty 0.95 a poklesla až
na úroveň 0. Oblast’ napravo (β1 ≈ 6) vznikla dôsledkom špecifickej situácie
pre daný návrh experimentu s ekvidǐstantnými hodnotami vysvetl’ujúcej pre-
mennej f , ked’ S2 = 0. Negat́ıvny efekt digitalizácie, ktorý možno pozorovat’

pre všetky návrhy experimentu, je v situácii ked’ je skutočná hodnota para-
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Obrázok 2: Empirické pravdepodobnosti pokrytia parametrov regresnej
priamky β = (β0, β1)

′ určené na základe N = 1000 simulovaných digi-
talizovaných merańı s rozĺı̌seńım δ = 1. V simuláciách sme uvažovali re-
gresný model pre rôzne kombinácie skutočných parametrov modelu: n = 7,
f = [0 : 1/6 : 1], β = [0, β1], pričom β1 ∈ {0 : 0.1 : 10} a σ ∈ {0 : 0.01 : 1}.
Pre každú kombináciu parametrov sme zobrazili napozorovanú hodnotu prav-
depodobnosti pokrytia Pr(β ∈ CIF

β (1 − 0.05)).

metra σ a skutočný sklon priamky β1 nadobúdajú pomerne malé hodnoty
vzhl’adom k parametru rozĺı̌senia δ.

Z uvedených ilustračných pŕıkladov vyplýva potreba hl’adania nových vy-
lepšených metód na konštrukciu konfidenčnej oblasti pre parametre regresnej
priamky, na základe digitalizovaných údajov, obzvlášt’ v situáciách, ktoré sme
identifikovali vyššie. V nasledujúcej časti pŕıspevku poṕı̌seme metódy, ktoré
sú známe v zjednodušenej situácii, ked’ je ciel’om určenie (približného) konfi-
denčného intervalu pre parameter polohy na základe digitalizovaných merańı.

3 Približné konfidenčné intervaly pre parameter polohy

Nech µ označuje skutočnú hodnotu meranej veličiny (parameter polohy),
ktorú budeme odhadovat’ na základe nezávislých digitalizovaných merańı.
V tejto časti stručne uvedieme základné metódy konštrukcie približného kon-
fidenčného intervalu pre parameter µ, ktoré boli odporúčané pre metrologické
aplikácie.
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Podobne ako v predchádzajúcej časti, najprv uvažujme n nezávislých me-
rańı, n ≥ 2, ktoré odč́ıtame na pŕıstroji s ideálnou rozĺı̌sitel’nost’ou δ = 0.
Označme Yi = µ + σZi, pričom Zi ∼ N(0, 1). Optimálne odhady paramet-
rov µ a σ2 sú potom Ȳ = 1

n

∑n
i=1 Yi a S2

Y = 1
n−1

∑n
i=1(Yi − Ȳ )2. Exaktný

dvojstranný (1 − α) × 100%-konfidečný interval pre µ je potom

Ȳ ∓ SY√
n

tn−1 (1 − α/2) , (3)

kde tn−1(1 − α/2) je (1 − α/2)-kvantil Studentovho t-rozdelenia s n − 1
stupňami vol’nosti.

V pŕıpade nezávislých digitalizovaných merańı sú výsledkami merańı hod-
noty realizácie nezávislých náhodných velič́ın X1,X2, . . . ,Xn, kde Xi = Kiδ,
a Ki = ⌊(µ + σZi)/δ + 0.5⌋, Zi ∼ N(0, 1), i = 1, 2, . . . , n. Rozdelenie pravde-
podobnosti náhodnej premennej Xi je určené pravdepodobnostnou funkciou
{Pkδ}, k = 0,±1,±2, . . . , pričom Pkδ = Pr(Xi = kδ) je

Pkδ =

∫ (k+0.5)δ

(k−0.5)δ

1√
2πσ

exp

{
− (y − µ)2

2σ2

}
dy. (4)

Na základe náhodného výberu X1,X2, . . . ,Xn z rozdelenia (4) možno
odvodit’ približný konfidenčný interval pre µ na základe približného rozdelenia
pre odhady parametrov metódou maximálnej vierohodnosti (ML). Pre dané
hodnoty x1, x2, . . . , xn, kde xi = kiδ, je logaritmus vierohodnostnej funkcie
pre parametre µ a σ

ℓ(µ, σ|x1, . . . , xn) =

n∑

i=1

ln(Pkiδ) =

m∑

i=1

ni ln(Pkiδ), (5)

pričom m označuje počet rôznych hodnôt kiδ, i = 1, . . . ,m s ich početnost’ami
ni, n =

∑m
i=1 ni. Realizácie ML odhadov

(µ̂ML, σ̂ML)′ = argmax(µ,σ)∈Θℓ(µ, σ|X1, . . . ,Xn), (6)

kde Θ = (−∞,∞) × (0,∞) možno spoč́ıtat’ numericky pre l’ubovol’né hod-
noty digitalizovaných pozorovańı x1, x2, . . . , xn. ML odhad však neexistuje
v pŕıpade ked’ X(n) − X(1) ≤ δ, kde X(1), . . . ,X(n) sú poriadkové štatistiky.

Pri dostatočne vel’kom počte pozorovańı n sa na konštrukciu konfidenč-
ného intervalu pre µ odporúča využit’ približné rozdelenie ML odhadov (za
predpokladu ich existencie)

(
µ̂ML

σ̂ML

)
apr.∼ N

((
µ

σ

)
, I−1

F (µ, σ)

)
, (7)
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kde IF (µ, σ) = nJ(µ, σ) má prvky

J1,1(µ, σ) =
∑

k=0,±1,...

[
∂Pkδ

∂µ

1

Pkδ

]2

Pkδ,

J1,2(µ, σ) =
∑

k=0,±1,...

[
∂Pkδ

∂µ

∂Pkδ

∂σ

1

P 2
kδ

]
Pkδ = J2,1(µ, σ),

J2,2(µ, σ) =
∑

k=0,±1,...

[
∂Pkδ

∂σ

1

Pkδ

]2

Pkδ,

(8)

pričom

Pkδ = Φ(u) − Φ(l),

∂Pkδ

∂µ
= − 1

σ
[ϕ(u) − ϕ(l)] ,

∂Pkδ

∂σ
= − 1

σ
[uϕ(u) − lϕ(l)] ,

(9)

u = [(k + 0.5)δ − µ]/σ, l = [(k − 0.5)δ − µ]/σ, Φ(·) je distribučná funkcia
a ϕ(·) je hustota N(0, 1)-rozdelenia.

Na základe (7) možno skonštruovat’ približný dvojstranný (1−α)×100%-
konfidenčný interval pre µ

CIML
µ (1 − α) := µ̂ML ∓

√√√√ 1

n

Ĵ2,2

Ĵ1,1Ĵ2,2 − Ĵ2
1,2

u(1 − α/2), (10)

kde Ĵi,j , i, j = 1, 2 sú prvky odhadnutej matice Ĵ = J(µ̂ML, σ̂ML)
a u(1 − α/2) je (1 − α/2)-kvantil N(0, 1)-rozdelenia.

Alternat́ıvnou metódou konštrukcie konfidenčných intervalov pre µ je
metóda založená na invertovańı testu pomerom vierohodnost́ı (LR) hypotézy
H0 : µ = µ0. Definujme LR testovaciu štatistiku

LR(µ0) = −2

[
sup

σ
{ℓ(µ0, σ|X1, . . . ,Xn)} − sup

(µ,σ)

{ℓ(µ, σ|X1, . . . ,Xn)}
]

,

(11)
Za platnosti hypotézy H0 : µ = µ0 asymptoticky plat́ı

LR(µ0)
L∼ χ2

1. (12)

Potom približný (1−α)×100% konfidenčný interval pre parameter µ, určený
LR metódou (likelihood-ratio), definujeme ako

CILR
µ (1 − α) :=

{
µ : LR(µ) < χ2

1(1 − α)
}

, (13)
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kde χ2
1(1 − α) označuje (1 − α)-kvantil χ2-rozdelenia s jedným stupňom

vol’nosti.
Ako sme uviedli, efekt digitalizácie je zanedbatel’ný ak hodnota parametra

σ je relat́ıvne vel’ká oproti parametru rozĺı̌sitel’nosti δ. V tomto pŕıpade možno
použit’ štandardný postup. Tento argument často slúži ako odôvodnenie pre
použitie konfidenčného intervalu (3) aj v pŕıpade digitalizovaných merańı.
Preto ako prirodzený približný obojstranný (1−α)×100%-konfidenčný inter-
val pre µ možno považovat’ práve klasický štandardný intervalový odhad

CISt
µ (1 − α) := X̄ ∓ SX√

n
tn−1 (1 − α/2) , (14)

kde S2
X = 1

n−1

∑n
i=1(Xi−X̄)2. Konfidenčný interval (14) však degeneruje ak

realizácie všetkých Xi, i = 1, . . . , n, sú rovnaké hodnoty, teda ak X(1) = X(n).
R. Willink v [19] navrhol modifikovaný odhad disperzie výberového prie-

meru σ2
X̄

= Var(X̄):

σ̂2
X̄ =





cnδ2

12
, ak X(1) = X(n),

max

{
S2

X

n
,
[(X(1) + X(n))/2 − X̄]2

3

}
, ak X(n) − X(1) = δ,

S2
X

n
, inokedy,

(15)

pričom cn je vhodná korekcia závislá na rozsahu výberu n (c2 = 6.4,
c3 = 1.3 a cn = 1 pre n ≥ 4). Pomocou (15) źıskavame približný obojstranný
(1 − α) × 100%-konfidenčný interval pre µ:

CIW
µ (1 − α) := X̄ ∓ σ̂X̄ tn−1 (1 − α/2) . (16)

4 Približné konfidenčné intervaly pre parameter polohy
založené na fiduciálnej distribúcii

4.1 Zovšeobecnená fiduciálna inferencia

Fiduciálny argument R.A. Fishera, pozri napr. [4], bol pokusom robit’ ri-
gorózne pravdepodobnostné tvrdenia o neznámych parametroch rozdeleńı,
z ktorých máme k dispoźıcii realizácie náhodného výberu, bez predpokladu
akejkol’vek apriórnej pravdepodobnostnej znalosti o ich možných hodnotách -
čo Fisher vńımal ako slabinu štatistickej inferencie založenej na bayesovských
metódach.

Hoci je tento postup intuit́ıvne vel’mi atrakt́ıvny, a v bĺızkom vzt’ahu
k široko akceptovaným metódam štatistickej inferencie založeným na ma-
ximalizácii funkcie vierohodnoti, Fisherovi sa nepodarilo vybudovat’ zrozu-
mitel’nú a jasnú teóriu fiduciálnej inferencie. Fisherovi oponenti poukazovali
na nekonzistentnost’ s klasickými (frekventistickými) metódami štatistickej
inferencie a na častú nejednoznačnost’ fiduciálnych metód. Navyše, fiduciálna
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distribúcia parametrov je častokrát v zhode s bayesovskou posteriórnou dis-
tribúciou, źıskanou pri neinformat́ıvnom apriórnom rozdeleńı (vo všobecnosti
však nie je totožná s bayesovským riešeńım).

V posledných rokoch badat’ obnovený záujem o fiduciálny pŕıstup k infe-
rencii. J. Hannig v prácach [7, 6] preformuloval prinćıpy fiduciálnej inferen-
cie a zovšeobecnil ich pre pŕıpad vektorových parametrov spojitých ako aj
diskrétnych rozdeleńı. Podarilo sa identifikovat’ zdroje nejednoznačnosti fi-
duciálneho rozdelenia a ukázat’ dobré asymptotické vlastnosti metód založe-
ných na ňom.

Fiduciálny argument je založený na výmene úlohy parametrov a dát.
Uvádzame tu stručný popis konštrukcie fiduciálnej distribúcie podl’a [7, 6]:
Nech

X = G(ξ, U) (17)

je známy systém štrukturálnych rovńıc (dáta generujúci mechanizmus), ktorý
spája náhodný vektor pozorovańı X s vektorom parametrov ξ ∈ Ξ a ná-
hodným vektorom U (chybový - šumový proces), so známou distribučnou
funkciou, ktorá nezáviśı od parametrov.

Pre l’ubovol’nú (pozorovanú) hodnotu x náhodného vektora X a pre rea-
lizáciu u vektora U definujeme množinovo-hodnotovú funkciu

Q(x, u) = {ξ : x = G(ξ, u)}. (18)

Funkcia Q(X,U) reprezentuje inverznú funkciu ku G. Pre l’ubovol’nú pevnú
hodnotu x a u je výsledkom Q(x, u) bud’ prázdna množina, jednoprvková
množina obsahujúca jednoznačný parameter ξ, alebo zložiteǰsia mnohoprvko-
vá množina možných parametrov ξ, ktorá závisia od vzt’ahov medzi x, u
a G. Nech V (·) definuje akýkol’vek náhodný mechanizmus na meratel’ných
množinách. Pre l’ubovol’nú množinu S, V (S) náhodne generuje prvok z uzáve-
ru množiny S. Potom, špeciálny výber (v závislosti od G, Q, a V ) zovšeobec-
nenej fiduciálnej distribúcie parametra ξ, označme ju Fξ(ξ

⋆) pre pevné ξ⋆, je
definovaný ako akákol’vek verzia podmienenej distribúcie náhodnej premennej
V (Q(x,U⋆)) za podmienky Q(x,U⋆) 6= ∅, teda

Fξ(ξ
⋆) = Pr (V (Q(x,U⋆)) ≤ ξ⋆|Q(x,U⋆) 6= ∅) , (19)

kde x je napozorovaná hodnota náhodného vektora X a U⋆ je nezávislá
náhodná premenná s rovnakým rozdeleńım ako U . Symbolom ’≤’ označujeme
usporiadanie po jednotlivých zložkách vektorov. Úloha nájst’ explicitný tvar
fiduciálnej distribúcie môže byt’ vel’mi zložitá. Avšak, uvedený postup dáva
priamy návod na generovanie náhodného výberu parametrov z danej fidu-
ciálnej distribúcie.

Pre ilustráciu, uvažujme náhodný výber merańı registrovaných na za-
riadeńı s dokonalým rozĺı̌seńım: Y1, Y2, . . . , Yn, kde Yi = µ + σZi, pričom
Zi ∼ N(0, 1). Pre postačujúce štatistiky Ȳ a S2

Y plat́ı Ȳ = µ + (σ/
√

n)Z,
kde Z ∼ N(0, 1) a , kdeS2

Y = σ2W/(n− 1) W ∼ χ2
(n−1), pričom sú navzájom
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nezávislé. Štrukturálne rovnice definujeme v tvare X = G(ξ, U), kde ξ =
(µ, σ), U = (Z,W ), X =

(
Ȳ , S2

Y

)
, teda

G(ξ, U) =
(
µ + (σ/

√
n)Z, σ2W/(n − 1)

)
.

Inverznú funkciu Q(x, u) definujeme ako

Q(x, u) = Q
(
(ȳ, s2

Y ), (z, w)
)

=

{(
ȳ −

√
(n − 1)s2

Y

nw
z,

√
(n − 1)s2

Y

w

)}
,

kde ȳ je pozorovaná hodnota (realizácia) Ȳ a s2
Y je realizácia S2

Y . Tu Q(x, u)
vždy definuje neprázdnu množinu, ktorá obsahuje jedinú hodnotu z paramet-
rického priestoru. Teda fiduciálna distribúcia nezáviśı od žiadneho náhodného
mechanizmu V (·):

F(µ,σ)((µ
⋆, σ⋆)) = Pr

(
ȳ −

√
(n − 1)s2

Y

nW ⋆
n−1

Z⋆
1 ≤ µ⋆,

√
(n − 1)s2

Y

W ⋆
n−1

≤ σ⋆

)
,

(20)
kde W ⋆

n−1 ∼ χ2
(n−1) a Z⋆

1 ∼ N(0, 1) sú navzájom nezávislé náhodné pre-
menné. Toto rozdelenie je totožné s fiduciálnym rozdeleńım, ktoré odvodil
Fisher v [4]. L’ahko možno analogickým postupom odvodit’ fiduciálne rozde-
lenie parametrov (β, σ) spojitého lineárneho regresného modelu (priamky):

F(β,σ)((β
⋆, σ⋆)) =

Pr

(
β̂obs −

√
(n − l)s2

W ⋆
n−l

(F ′F )−1/2Z⋆
l ≤ β⋆,

√
(n − l)s2

W ⋆
n−l

≤ σ⋆

)
, (21)

kde β̂obs a s2 sú napozorované hodnoty odhadov β̂ a S2 uvedených v (1),
W ⋆

n−l ∼ χ2
(n−l) a Z⋆

l ∼ N(0, Il) sú navzájom stochasticky nezávislé, pričom

pre regresnú priamku l = 2. Vidiet’, že združené fiduciálne rozdelenie para-
merov (µ, σ) (teda rozdelenie fiduciálnych náhodných premenných µ̃ = ȳ −√

(n − 1)s2
Y /(nW ⋆

n−1)Z⋆
1 a σ̃ =

√
(n − 1)s2

Y /(W ⋆
n−1)) resp. rozdelenie para-

metrov (β, σ) (t.j. rozdelenie β̃ = β̂obs−
√

(n − l)s2/W ⋆
n−l (F

′F )−1/2Z⋆
l a σ̃ =

√
(n − l)s2/W ⋆

n−l) je spojité, pričom združenú fiduciálnu hustotu možno pri-

amo odvodit’ z uvedeného tvaru fiduciálnych náhodných premenných.

4.2 Fiduciálna distribúcia parametrov modelu digitali-
zovaných merańı

Hannig, Iyer a Wang v práci [8] navrhli metódu pre generovania náhodného
výberu so združenej fiduciálnej distribúcie parametrov µ a σ, na základe
napozorovaného náhodného výberu z digitalizovaných merańı (δ ≥ 0).
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Nech X = (X1,X2, . . . ,Xn) je náhodný výber digitalizovaných merańı
a x = (x1, x2, . . . , xn) označuje napozorované hodnoty. Štrukturálne rovnice
X = G(ξ, Z), kde ξ = (µ, σ) a Z = (Z1, . . . , Zn), Zi ∼ N(0, 1) sú nezávislé
rovnako rozdelené náhodné premenné, sú dané vzt’ahmi

Xi = δKi = δ⌊(µ + σZi)/δ + 0.5⌋,
kde δ je rozĺı̌senie meracieho pŕıstroja. Odtial’ teda platia nerovnosti

Xi −
δ

2
≤ µ + σZi < Xi +

δ

2
, i = 1, . . . , n. (22)

Definujme funkciu Q(x, z) ako

Q(x, z) = {(µ, σ) : xi − δ/2 ≤ µ + σzi ≤ xi + δ/2, i = 1, . . . , n} . (23)

Pre l’ubovol’né pevné hodnoty x a z, výsledkom funkcie Q(x, z) je bud’ prázdna
množina, alebo množina hodnôt, ktorá vytvára polygón v 2-rozmernom pa-
rametrickom priestore (µ, σ). Množina parametrov Q(x, z) vytvára polygón
ak z ∈ S(x), kde

S(x) = {(z1, . . . , zn) : ∃(µ, σ), že

xi − δ/2 ≤ µ + σzi < xi + δ/2, i = 1, 2, . . . , n} . (24)

Ak Q(x, z) je neprázdna množina s nekonečným množstvom možných hodnôt
parametrov (µ, σ), potom vyberieme náhodný mechanizmus V (·) pre výber
parametra (µ, σ). Hoci akákol’vek vol’ba V (·) je pŕıpustná (s nosičom na
množine danej uzáverom Q(x, z)), tu navrhujeme použit’ V (·) s rovnomerným
rozdeleńım na Q(x, z).

Združená fiduciálna distribučná funkcia parametrov (µ, σ) (záviśı od G, Q,
a V ) je potom podl’a (19) daná vzt’ahom

F(µ,σ)((µ
⋆, σ⋆)) = Pr (V (Q(x,Z⋆)) ≤ (µ⋆, σ⋆)|Z⋆ ∈ S(x)) . (25)

kde (µ⋆, σ⋆) je pevne zvolený vektor hodnôt a Z⋆ = (Z⋆
1 , Z⋆

2 , . . . , Z⋆
n)′ ∼

N(0, In). V takomto pŕıpade (ked’ V (·) je náhodný mechanizmus s rovno-
merným rozdeleńım na Q(x, z)) je fiduciálne rozdelenie parametrov spojité,
avšak určenie explicitného tvaru združenej fiduciálnej hustoty je zložité.

Na obr. 3 a 4 sú pre ilustráciu zobrazené náhodné výbery zo združenej
fiduciálnej distribúcie parametrov µ a σ pre niekol’ko konkrétnych situácii,
ktoré sú založené na nezávislých pozorovaniach digitalizovaných merańı na
pŕıstroji s rozĺı̌seńım δ = 1.

Pre dané pozorované merania (x1, . . . , xn) je možné skonštruovat’ zdru-
ženú (približnú) (1 − α) × 100% konfidenčnú oblast’ pre parametre (µ, σ)
s pomocou fiduciálnej distribúcie (25). Náhodný výber parametrov (µ, σ)
z fiduciálnej distribúcie (25) možno usporiadat’ podl’a hodnoty logaritmu vie-
rohodnostnej funkcie (5). Empirická 95% konfidenčná oblast’ je potom určená
ako oblast’ parametrov (µ, σ), pre ktoré je hodnota funkcie ℓ(µ, σ|x1, . . . , xn)
väčšia ako empirický odhad α-kvantilu ℓ(α)(µ, σ|x1, . . . , xn), pre zvolené α ∈
(0, 1), napr. α = 0.05, pozri obr. 5.
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Obrázok 3: Náhodný výber rozsahu N = 5000 so združenej fiduciálnej dis-
tribúcie parametrov µ a σ založený na n nezávislých pozorovaniach nameranej
hodnoty 0 na pŕıstroji s rozĺı̌seńım δ = 1 (n = 3, 5, 10, and 1000). Realizácie
výberu z fiduciálneho rozdelenia parametrov (µ, σ) boli usporiadané podl’a
hodnoty funkcie vierohodnosti s vyznačeńım empirickej 95% oblasti.

4.3 Exaktná konfidenčná oblast’ pre parametre modelu
spojitých merańı

V pŕıpade štandardných spojitých merańı (na pŕıstroji s dokonalým rozĺı̌se-
ńım δ = 0) možno dokázat’, že takto skonštruovaná oblast’ je exaktná
(1− α)× 100% konfidenčná oblast’ pre parametre (µ, σ): Uvažujme náhodný
výber merańı, Y1, . . . , Yn, (Yi = µ + σZ, Z ∼ N(0, 1)), na pŕıstroji s doko-
nalým rozĺı̌seńım δ = 0. Logaritmus funkcie vierohodnosti je

ℓ(µ, σ|y1, . . . , yn) = −n

2
log(2π) − n

2
log(σ2) − 1

2σ2

n∑

i=1

(yi − µ)2. (26)

Nech y1, . . . , yn označuje pozorované hodnoty merańı Y1, . . . , Yn a µ̃ = ȳ −√
(n − 1)s2

Y /(nW ⋆
n−1)Z

⋆
1 a σ̃ =

√
(n − 1)s2

Y /W ⋆
n−1 sú fiduciálne náhodné

premenné. Odvod́ıme rozdelenie náhodnej premennej ℓ(µ̃, σ̃|y1, . . . , yn):
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Obrázok 4: Náhodný výber rozsahu N = 5000 zo združenej fiduciálnej dis-
tribúcie parametrov µ a σ založený na n (n = 10 a 30) nezávislých pozorova-
niach hodnôt [−1, 0, 1] a [−2,−1, 0, 1, 2] na pŕıstroji s rozĺı̌seńım δ = 1. Re-
alizácie výberu z fiduciálneho rozdelenia parametrov (µ, σ) boli usporiadané
podl’a hodnoty funkcie vierohodnosti s vyznačeńım empirickej 95% oblasti.

ℓ(µ̃, σ̃|y1, . . . , yn) ∼− n

2
log(2π) − n

2
log(σ̃2) − 1

2σ̃2

n∑

i=1

(yi − µ̃)2

∼− n

2
log(2π) − n

2
log

(
(n − 1)s2

Y

W ⋆
n−1

)

− 1

2

W ⋆
n−1

(n − 1)s2
Y

n∑

i=1

(yi − ȳ + ȳ − µ̃)2

∼− n

2
log(2π) − n

2
log

(
(n − 1)s2

Y

W ⋆
n−1

)

− 1

2

W ⋆
n−1

(n − 1)s2
Y

(
n∑

i=1

(yi − ȳ)2 +
(n − 1)s2

Y

W ⋆
n−1

Z⋆2
1

)

∼− n

2
log(2π) − n

2
log

(
(n − 1)s2

Y

W ⋆
n−1

)

(27)
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− 1

2

W ⋆
n−1

(n − 1)s2
Y

(
(n − 1)s2

Y +
(n − 1)s2

Y

W ⋆
n−1

W ⋆
1

)

∼− n

2
log(2π) − n

2
log((n − 1)s2

Y ) +
n

2
log(W ⋆

n−1)

− 1

2
(W ⋆

n−1 + W ⋆
1 ),

kde W ⋆
n−1 ∼ χ2

n−1 a W ⋆
1 ∼ χ2

1 sú nezávilslé náhodné premenné s chi-kvadrát
rozdeleńım s n − 1 a 1 stupňom vol’nosti. Nech ℓ(α)(µ, σ|y1, . . . , yn) označuje
α-kvanil rozdelenia náhodnej premennej ℓ(µ̃, σ̃|y1, . . . , yn). Potom fiduciálna
(1 − α) × 100% konfidenčná oblast’ pre parametre (µ, σ) je daná ako

−0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

Výber z fiduciálneho rozdelenia (µ,σ)
Pozorované hodnoty: [0  1], n = [29   1]

µ

σ

Obrázok 5: Náhodný výber rozsahu N = 5000 zo združenej fiduciálnej dis-
tribúcie parametrov µ a σ založený na n = [29, 1] nezávislých pozorovaniach
hodnôt 0 a 1 na pŕıstroji s rozĺı̌seńım δ = 1. Realizácie výberu z fiduciálneho
rozdelenia parametrov (µ, σ) boli usporiadané podl’a hodnoty funkcie viero-
hodnosti s vyznačeńım empirickej (1−α)× 100% oblasti, pre rôzne hodnoty
α ∈ (0, 1). Zobrazené krivky vznikli spojeńım bodov na hustej mriežke v pa-
rametrickom priestore (µ, σ) s rovnakou hodnotou funkcie vierohodnosti (na
úrovni ℓ(α)(µ, σ|x1, . . . , xn) pomocou hladkých kriviek (použitá bola funkcia
contour v prostred́ı jazyka MATLAB, ktorá využ́ıva kubickú interpoláciu,
resp. vyhladzovanie pomocou splajnov).
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CRFD
(µ,σ)(1 − α) =

{
(µ, σ) : ℓ(µ, σ|y1, . . . , yn) > ℓ(α)(µ, σ|y1, . . . , yn)

}
. (28)

Táto konfidenčná oblast’ je ekvivalentná s konfidenčnou oblast’ou źıskanou in-
vertovańım exaktného testu pomerom vierohodnost́ı (LRT - Likelihood Ratio
Test), pozri [9, 21].

4.4 Približné konfidenčné intervaly pre parameter µ

Približný (1−α)×100% konfidenčný interval pre µ možno určit’ priamo pomo-
cou marginálnej fiduciálnej distribúcie parametra µ (v reálnych aplikáciách
generujeme vel’ký počet, napr. N = 10000, nezávislých realizácii fiduciálnej
náhodnej premennej µ̃). Približný (1 − α) × 100% konfidenčný interval sa
načasteǰsie určuje ako dvojstranný interval

CIFD
µ (1 − α) := 〈µ(α/2), µ(1−α/2)〉, (29)

kde µ(α/2) a µ(1−α/2) označujú kvantily marginálnej fiduciálnej distribučnej
funkcie pre parameter µ.

Avšak takýto pŕıstup, t.j. dvojstranný (1− α)× 100% konfidenčný inter-
val, môže byt’ neadekvátny ak počet rôznych napozorovaných hodnôt m je
m = 1, alebo m = 2: Napŕıklad, uvažujme situáciu ked’ m = 2 (napr. na-
pozorovali sme hodnoty 0 a 1 pričom n = [29, 1], pozri obr. 5). Potom pre
l’ubovol’ne zvolenú hladinu významnosti α existuje parameter µ, bĺızko hra-
nice 0.5 (µ <≈ 0.5), a dostatočne malý parameter σ, že náhodný výber
rozsahu n bude vo vel’kej väčšine nadobúdat’ hodnoty rovné 0, a dvojstranný
(1− α)× 100% konfidenčný interval pre µ nepokryje túto skutočnú hodnotu
parametra µ.

Na prekonanie tejto negat́ıvnej vlastnosti navrhujeme modifikovaný pri-
bližný (1 − α) × 100% konfidenčný interval pre parameter µ založený na
marginálnej fiduciálnej distribúcii pre µ:

CIFDM
µ (1 − α) :=

{
〈µ⋆

(α/2), µ
⋆
(1−α/2)〉, ak x(n) − x(1) ≤ δ,

〈µ(α/2), µ(1−α/2)〉, inak,
(30)

kde

〈µ⋆
(α/2), µ

⋆
(1−α/2)〉 =

〈
min

{
µ(α/2), x(n) − δ/2

}
,max

{
µ(1−α/2), x(1) + δ/2

}〉
.

Pre malé rozsahy výberov, je možné urobit’ modifikovanú verziu približ-
ného LR konfidenčného intervalu (13), nahradeńım (asymptoticky platného)
kvantilu χ2

1(1−α) kvantilom q(1−α|X1, . . . ,Xn), definovaným pre každú rea-
lizáciu pozorovaných merańı (x1, . . . , xn), na základe marginálnej fiduciálnej
distribúcie pre parameter µ.
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Približný, (1−α)×100% konfidenčný interval pre parameter µ, určený LR
metódou (likelihood-ratio method, resp. profile likelihood method), definujeme
ako

CILRE
µ (1 − α) := {µ : LR(µ) < q(1 − α|X1, . . . ,Xn)} , (31)

kde q(1 − α|x1, . . . , xn) označuje (1 − α)-kvantil rozdelenia štatistiky LR(µ̃)
definovanej v (11), pričom µ̃ má marginálne fiduciálne rozdelenie pri daných
realizáciách merańı (X1, . . . ,Xn) = (x1, . . . , xn).

Alternat́ıvnu metódu na určenie kvantilu q(1−α|X1, . . . ,Xn) navrhli Lee
a Vardeman, [11]. Ako aproximáciu kvantilu q(1−α|X1, . . . ,Xn) navrhli kvan-
til qn(1 − α), ktorý záviśı iba od vel’kosti náhodného výberu n
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Obrázok 6: Približné 95%-konfidenčné intervaly pre parameter µ určené
pomocou náhodného výberu rozsahu N = 10000 zo združenej fiduciálnej
distribúcie parametrov µ a σ (vl’avo hore) z digitalizovaných pozorovańı
x = [7.5, 7.5, 7.4, 7.5, 7.5, 7.4, 7.5, 7.5, 7.5, 7.4]. Vpravo hore je ilustrovaná
konštrukcia konfidenčného intervalu CIFD

µ (1 − α), (29), α = 0.05. V tomto
pŕıpade sa tento interval zhoduje s modifikovaným konfidenčným intervalom
CIFDM

µ (1 − α), (30). Vl’avo dole je ilustrovaná metóda na určenie kvantilu
q(1 − α|x1, . . . , xn) na základe fiduciálnej distribúcie LR(µ̃). Vpravo dole
je ilustrovaná konštrukcia konfidenčného intervalu CILRE

µ (1 − α), ktorý je
definovaný (31) a zobrazený pomocou prerušovanej čiary, v porovnańı s in-
tervalom CILR

µ (1−α), (13) - plná čiara, a CILRLV
µ (1−α), (33) - bodkovaná

čiara. Intervaly CILRE
µ (1−α) a CILRLV

µ (1−α) sú na obrázku nerozĺı̌sitel’né.

Odlǐsujú sa od intervalu CILR
µ (1−α) určeného pomocou kvantilu χ2

1(1−α).
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qn(1 − α) = n ln

(
1 +

F1,n−1(1 − α)

n − 1

)
, (32)

pričom F1,n−1(1 − α) je (1 − α)-kvantil F -rozdelenia s 1 a n − 1 stupňami
vol’nosti. Teda,

CILRLV
µ (1 − α) := {µ : LR(µ) < qn(1 − α)} . (33)

Konštrukcia približných konfidenčných intervalov založených na fiduciál-
nej distribúcii (CIFD

µ (1 − α), CIFDM
µ (1 − α) a CILRE

µ (1 − α) v porovnańı

s intervalmi CILR
µ (1 − α) a CILRLV

µ (1 − α)) je ilustrovaná pre špeciálny

pŕıpad merańı d́lžky pomocou digitálneho posuvného meradla, pozri [13, 17],
na obrázku 6.

5 Zhrnutie

V pŕıspevku sme diskutovali problémy spojené s konštrukciou konfidenčných
oblast́ı a intervalov pre parametre regresnej priamky a parameter polohy
na základe malých výberov z digitalizovaných merańı. Poṕısali sme niektoré
známe a použ́ıvané metódy konštrukcie približných konfidenčných intervalov
pre parameter polohy. Medzi relat́ıvne nové metódy patŕı metóda založená na
zovšeobecnenom fiduciálnej inferencii, ktorú sformalizoval J. Hannig v prá-
ci [6]. V pŕıspevku sme ilustrovali, že v pŕıpade špeciálnej vol’by fiduciálnej
distribúcie ide o metódu konštrukcie približnej konfidenčnej oblasti, ktorá je
založená na funkcii vierohodnosti a možno nájst’ užitočné prepojenie s me-
tódou konštrukcie konfidenčných oblast́ı a intervalov založenou na štatistike
podielu vierohodnost́ı (likelihood ratio) a profilovej funkcii vierohodnosti (pro-
file likelihood). Podrobný popis algoritmu na generovanie výberu zo združenej
fiduciálnej distribúcie a výsledky porovnania niektorých vybratých konfi-
denčných intervalov (na základe simulácii) možno nájst’ v práci [20].
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SHLUKOVÁNÍ VELKÝCH SOUBORŮ DAT
POMOCÍ ALGORITMŮ k-PRŮMĚRŮ

Marta Žambochová

Kĺıčová slova: Shlukováńı, velké soubory dat, varianty algoritmu k-pr̊uměr̊u.

Abstrakt: Článek obsahuje popis a porovnáńı několika obměn metod po-
stavených na základě k-means algoritmu. Existuje totiž velké množstv́ı vari-
ant základńıch metod shlukové analýzy, neexistuje však dostatečné srovnáńı
vhodnosti použit́ı jednotlivých alternativ. Př́ıspěvek je zaměřen předevš́ım
na postupy, které nejsou obsaženy v žádných statistických softwarových sys-
témech. V práci jsou vyzdviženy jejich rozd́ıly oproti základńı metodě. Jed-
notlivé algoritmy byly naprogramovány ve vývojovém prostřed́ı MATLAB.
Kritériem pro jejich vzájemné srovnáńı byla vybrána hodnota vnitroskupi-
nové variability.

Abstract: This article contains a description and comparison of several va-
riations of methods built on the basis of k-means algorithm. There is a large
number of varieties of basic clustering techniques, without some sufficient
comparison of how to use the alternatives. My contribution is focused prima-
rily on procedures that are not included in any statistical software system.
The work tries to highlight the differences against the underlying method.
Individual algorithms are programmed in the MATLAB environment. The
value of intragroup variability was chosen as the criterion for their mutual
comparison.

1 Úvod

Shluková analýza je pojem, který zahrnuje celou řadu metod, jejichž ćılem je
roztř́ıděńı množiny objekt̊u do předem nespecifikovaných skupin, označených
jako shluky. Objekty uvnitř shluk̊u maj́ı být maximálně podobné a objekty
patř́ıćıch do r̊uzných shluk̊u podobné minimálně.

Velmi obĺıbenou skupinou algoritmů shlukové analýzy jsou metody hie-
rarchického shlukováńı, které jsou v r̊uzných variantách implementovány ve
všech statistických softwarových systémech. Popis těchto postup̊u nalezneme
např́ıklad v [2] nebo v [6]. Pro svoji jednoduchost, přehlednost a dobrou
interpretovatelnost výsledk̊u jsou použ́ıvány ve většině běžných pr̊uzkumů
zabývaj́ıćıch se analýzou dat. Maj́ı ale i jednu velmi nepř́ıjemnou nevýhodu.
Tou je špatné, nebo dokonce v některých př́ıpadech i nemožné, použit́ı těchto
metod pro analýzu soubor̊u obsahuj́ıćıch velké množstv́ı sledovaných objekt̊u.
V učebnićıch statistiky se velkým souborem nazývá již soubor obsahuj́ıćı
250 objekt̊u. S rozvojem výpočetńı techniky se situace poněkud vylepšila.
Pomoćı těchto metod lze zpracovat i soubory obsahuj́ıćı přes tiśıc objekt̊u.
Při analýze dat je však mnohdy nutno zpracovat i mnohem větš́ı soubory.



534 Marta Žambochová

Jinou alternativou jsou metody rozkladu. Většina postup̊u z této sku-
piny je obstojně použitelná pro mnohem větš́ı soubory dat než metody hi-
erarchické. Oblast metod rozkladu je velmi široká a je zde zahrnuto mnoho
algoritmů na velmi rozd́ılných principech. Základem však je vždy hledáńı
nejlepš́ıho shlukováńı pomoćı prvotńıho rozděleńı objekt̊u do shluk̊u a ná-
sledného postupného přerozdělováńı objekt̊u ve shlućıch.

Jednou velkou podskupinou metod rozkladu jsou algoritmy k-pr̊uměr̊u.
Jedná se o optimalizačńı metody. Základńı myšlenkou je hledáńı rozkladu
objekt̊u do předem daného počtu shluk̊u, pro který je součet vzdálenost́ı
jednotlivých objekt̊u od centra jejich shluku minimálńı (tj. hledáńı minima
funkce Q =

∑
x ||x − c(x)||2.)

V literatuře je uvedeno pod r̊uznými názvy mnoho variant základńıho
postupu. Mimo jiné jsou to Forgyova, Janceyova, Llyodova, MacQueenova,
Wishartova metoda, ale i mnoho daľśıch.

2 Postup metody k-pr̊uměr̊u

Algoritmus k-pr̊uměr̊u využ́ıvá při svém pr̊uběhu výpočtu tzv. centroid̊u
(střed̊u, těžǐst’). Základńı algoritmus k-pr̊uměr̊u prob́ıhá v následuj́ıćıch kro-
ćıch:

0) prvotńı rozděleńı souboru dat do k shluk̊u,

1) výpočet centroid̊u všech shluk̊u,

2) přǐrazeńı všech objekt̊u k centroid̊um,

3) pokud došlo ke změně oproti předchoźı iteraci, návrat na 1).

Hlavńımi výhodami metody k-pr̊uměr̊u jsou předevš́ım:

- jednoduchý princip,

- přijatelná rychlost (a t́ım použitelnost pro velké soubory dat),

- relativně dobré výsledky (vzhledem k minimalizaci vnitroskupinové va-
riability).

Mezi nevýhody metody k-pr̊uměr̊u patř́ı:

- nutnost zadáńı požadovaného počtu shluk̊u,

- hledáńı pouze lokálńıho optima,

- hledáńı pouze konvexńıch shluk̊u,

- velká časová náročnost pro obzvlášt’ velké soubory,

- silný vliv inicializačńıho rozděleńı.

Problém nalezeńı pouze lokálńıho optima je dán principem algoritmu, a proto
jej nelze odstranit. Obdobně i schopnost nalezeńı pouze konvexńıch shluk̊u.
Problém nutnosti zadáńı požadovaného počtu shluk̊u je možno řešit vhodným
předzpracováńım dat pro určeńı optimálńıho počtu shluk̊u.

Alternativy metody k-pr̊uměr̊u se zaměřuj́ı na odstraněńı nebo alespoň
zmı́rněńı zbývaj́ıćıch dvou nevýhod.
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Obrázek 1: Vývoj hodnot optimalizované funkce Q.

3 Varianty zkracuj́ıćı běh algoritmu

Na obrázku 1 je patrný velmi rychlý počátečńı pokles hodnot optimalizované
funkce Q a nepatrný pokles ve vyšš́ıch iteraćıch. Algoritmus umožňuje nale-
zeńı pouze lokálńıho minima, proto již neńı velkým ústupkem od přesnosti
výsledku, pokud ukonč́ıme běh algoritmu po dostatečném počtu iteračńıch
krok̊u, ještě v okamžiku, kdy se hodnota funkce Q stále nepatrně snižuje.
Toto řešeńı může znamenat úsporu času při zpracováńı velmi rozsáhlých sou-
bor̊u dat. Nejčastěǰśı variantou je ukončeńı algoritmu udáńım mezńı hod-
noty zlepšeńı optimalizované funkce Q, při které se má ještě pokračovat ve
výpočtu. V některých variantách (např́ıklad implementace metody k-pr̊uměr̊u
ve statistickém systému STATISTICA) se výpočet ukončuje omezeńım počtu
iteraćı.

4 Varianta využ́ıvaj́ıćı mrkd-stromů

Daleko výrazněǰśı obměnou je algoritmus využ́ıvaj́ıćı mrkd-stromů. Kd-strom
(kvadrantový strom) je datová stromová struktura, která reprezentuje rekur-
zivńı děleńı konečné množiny bod̊u z prostoru dimenze d na k část́ı (hy-
perkvádr̊ud dimenze d), pomoćı ortogonálńıch nadrovin dimenze d− 1(např.
pomoćı rozděleńı ortogonálně k nejdeľśı straně hyperkvádru na úrovni me-
diánu ze všech bod̊u hyperkvádru). Mrkd-stromy jsou binárńı for-
mou kd-stromů. Hlavńı myšlenkou, které úspěšně využ́ıvá tento algoritmus
je fakt, že každý z vrchol̊u obsahuje informaci o všech datových objektech
z př́ıslušného hyperkvádru. Pokud je celý hyperkvádr nejbĺıže k jednomu
z center, př́ısluš́ı všechny datové objekty obsažené v tomto hyperkvádru do
shluku př́ıslušného k tomuto centru. V jednotlivých kroćıch výpočtu můžeme
mnoho početńıch i rozhodovaćıch úkon̊u s jednotlivými datovými objekty
nahradit jediným hromadným úkonem a t́ım se velmi sńıž́ı počet př́ıstup̊u
k dat̊um a aritmetických operaćı. Algoritmus využ́ıvaj́ıćı mrkd-stromy je
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velkým zefektivněńım klasického př́ıstupu metody k-pr̊uměr̊u. Efektivita to-
hoto algoritmu spoč́ıvá ve faktu, že mrkd-strom je zkonstruovaný pouze je-
denkrát pro dané datové objekty a celá struktura nemuśı být přepoč́ıtávána
v každém iteračńım kroku algoritmu.

V algoritmu popsaném v [5], [3] či [9] je děleńı hyperkvádru prováděno na
úrovni mediánu ze všech datových objekt̊u obsažených v daném hyperkvádru.
V testovaćım programu se tento krok jevil poněkud pomalým (možná použi-
t́ım nevhodného tř́ıd́ıćıho algoritmu). Z tohoto d̊uvodu bylo použito dělěńı
na úrovni aritmetického pr̊uměru. Tato změna oproti originálńı verzi přinesla
velké urychleńı v této fázi programu. Přinesla bohužel nerovnoměrné rozdě-
leńı datových bod̊u do jednotlivých podkvádr̊u. Pro některé ze zkušebńıch
soubor̊u byl tento fakt dosti znatelný. Některé ze vznikaj́ıćıch hyperkvádr̊u
byly velmi přeplněné, v některých zbylo jen velmi málo datových objekt̊u.
Závažnost tohoto nedostatku se zat́ım nepodařilo lépe prozkoumat z d̊uvodu
nedostatečného množstv́ı r̊uznorodých soubor̊u dat.

5 BIRCH algoritmus k-pr̊uměr̊u

Jednou z variant algoritmu k-pr̊uměr̊u je i BIRCH algoritmus k-pr̊uměr̊u.
Jedná se o alternativu algoritmu BIRCH, popsaného v [7] či [8]. Algoritmus
má dva parametry, a to povolený počet objekt̊u v libovolném shluku a hranici
variability libovolného shluku (”poloměr” shluku). Na rozd́ıl od klasického
algoritmu BIRCH nevytvář́ı CF-strom.

Postup BIRCH algoritmu k-pr̊uměr̊u prob́ıhá ve třech fáźıch.

1) V cyklu se vždy vybere objekt z množiny objekt̊u a nalezne se ”nej-
bližš́ı” shluk z množiny shluk̊u, ve kterém se přidáńım objektu nepřekro-
č́ı hranice pro počet prvk̊u ve shluku ani hranice variability shluku. Po-
kud takovýto shluk neexistuje, vytvoř́ı se pro objekt nový shluk, který
obsahuje pouze tento objekt po zařazeńı objektu do shluku se objekt
vymaže z množiny všech objekt̊u. Cyklus se provád́ı do vyprázdněńı
množiny objekt̊u.

2) Pomoćı speciálńı varianty kvadratické metody k-pr̊uměr̊u jsou shlu-
kovány centroidy všech shluk̊u, které vznikly ve fázi prvńı.

3) Všechny p̊uvodńı objekty jsou rozřazeny do shluk̊u, každý objekt je
přǐrazen k nejbližš́ımu z centroid̊u vzniklých ve druhé fázi.

Výsledek algoritmu je velmi závislý na volbě obou parametr̊u. Při volbě
extrémně ńızké hodnoty parametru pro povolenou variabilitu shluk̊u se
v prvńı fázi algoritmu vytvoř́ı relativně vysoký počet prvotńıch shluk̊u, které
poté vstupuj́ı do daľśıho zpracováńı. Pro velmi velké p̊uvodńı datové sou-
bory to může vézt k nedostatečné redukci objekt̊u a t́ım i časové náročnosti
algoritmu. Naopak při volbě vysokých hodnot parametru pro povolenou vari-
abilitu, zvláště v kombinaci s volbou velké hodnoty parametru pro povolený
počet objekt̊u ve shlućıch, vzniká v prvńı fázi algoritmu relativně málo shluk̊u
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vstupuj́ıćıch do daľśıho zpracováńı a výsledek druhé a třet́ı fáze vede k dosti
nepřesným výsledk̊um.

6 Algoritmus k-pr̊uměr̊u++

Jednou z variant je i algoritmus k-pr̊uměr̊u++, který jeho autoři popsali
ve článku [1]. Tato alternativa se snaž́ı vylepšit výsledek shlukováńı vy-
tvořeńım speciálńıho inicializačńıho rozděleńı do shluk̊u. Prvotńı centroidy
jsou vyb́ırány postupně. Prvńı centroid je vybrán náhodně ze všech da-
tových objekt̊u. Daľśı centroidy jsou vyb́ırány jeden po druhém, vždy dle

pravděpodobnosti D(x∗)2∑
x D(x)2 , kde x∗ je zkoumaný objekt, D(x) je nejkratš́ı

vzdálenost datového objektu x od nejbližš́ıho centroidu ze všech doposud
vybraných.

Dále prob́ıhá standardńı algoritmus k-pr̊uměr̊u.

7 Inkrementálńı metoda k-pr̊uměr̊u

Základńı algoritmus inkrementálńı metody k-pr̊uměr̊u využ́ıvá ve svém po-
stupu přesunu jednoho vybraného objektu ze stávaj́ıćıho shluku do jiného
tak, aby došlo k co největš́ımu poklesu hodnoty optimalizované funkce Q.

V knize [4] je popsán jednak tento základńı algoritmus, tak i algoritmus
kombinuj́ıćı základńı metodu k-pr̊uměr̊u s inkrementálńı metodou k-pr̊uměr̊u.
Tento upravený algoritmus byl vybrán pro testováńı.

8 Shrnut́ı

Vybrané alternativy metody k-pr̊uměr̊u byly naprogramovány ve vývojovém
prostřed́ı MATLAB. Pro názorné prozkoumáńı některých vlastnost́ı jednot-
livých algoritmů byla vybrána aplikace algoritmů na známá data IRIS z [10].
Soubor obsahuje 150 objekt̊u, každý objekt je popsán pomoćı čtyř nume-

Obrázek 2: Rozptylový graf komponentńıho skóre.
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rických proměnných (jednotlivé rozměry kalǐsńıch a korunńıch ĺıstk̊u květ̊u).
Do souboru jsou zařazeny květy tř́ı r̊uzných druh̊u z rodu iris, z každého druhu
50 zástupc̊u. Z pr̊uzkumové analýzy je zřejmé, že jeden z druh̊u se výrazněji
odlǐsuje v popsaných atributech od zbývaj́ıćıch dvou. Ty se sice vzájemně
také odlǐsuj́ı, ale ne tak výrazně, dokonce docháźı k proĺınáńı. Vše je názorně
vidět na obrázku 2. Srovnáńı výsledk̊u shlukováńı pomoćı vybraných metod
je uvedeno v tabulce 1.

Počet chybně Počet chybně Výsledná

Metoda zařazených objek- zařazených objek- hodnota

t̊u ve 2.shluku t̊u ve 3.shluku funkce Q

k-pr̊uměr̊u

(náhodné počátečńı 20 46 142,8593

shlukováńı)

k-pr̊uměr̊u

(STATISTICA 6.0) 2 15 77,4107

Kvadratická

k-pr̊uměr̊u 3 14 78,2451

Inkrementálńı

k-pr̊uměr̊u 1 14 77,2215

k-pr̊uměr̊u++ 1 13 77,0924

k-pr̊uměr̊u

(mrkd-stromy) 1 14 77,2215

BIRCH k-pr̊uměr̊u

(param. 50; 0,9) 17 1 78,3159

BIRCH k-pr̊uměr̊u

(param. 50; 0,2) 4 11 77,6817

BIRCH k-pr̊uměr̊u

(param. 50; 0,1) 2 15 77,4107

objekty výrazně odlǐsného druhu

BIRCH k-pr̊uměr̊u (+3 daľśı objekty) byly rozděleny

(param. 20; 0,9) do 1. a 2. shluku, 3. shluk obsahuje 145,3234

zbylých 97 objekt̊u druhých druh̊u

BIRCH k-pr̊uměr̊u

(param. 20; 0,1) 2 15 77,4107

Tabulka 1: Srovnáńı výsledk̊u shlukováńı pomoćı vybraných metod.
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9 Závěr

Zaměřila jsem se na popis a otestováńı několika vybraných variant algoritmu
k-pr̊uměr̊u. Většina test̊u dopadla př́ıznivě pro zkoumané alternativy. Nelze
ale jednoznačně určit, který z postup̊u je lepš́ı. Existuje ještě řada daľśıch
variant, které by bylo dobré prozkoumat. Daľśı šetřeńı bude zaměřeno na tes-
továńı jednotlivých alternativ algoritmu na speciálně vygenerovaných velkých
souborech dat s ćılem dokonaleǰśıho porovnáńı. Konečným ćılem je doporučit
nejvýhodněǰśı zp̊usob shlukováńı podle charakteru dat.
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Abstract: The present paper deals with the goodness of fit and the two-
sample problem testing related to the event-history type data. The proposed
graphical methods are related to the bayesian nonparametric approach and
take advantage of MCMC estimation of the hazard rate. The first technique
of the homogeneity testing is based on the method of Arjas [2] who estimated
the hazard rate under the null hypothesis (all individuals are governed by the
same rule) and then plotted the estimated cumulative hazard rate against
the number of failures in one group and in the other group separately. The
second method to detect the inhomogeneity in two groups uses the estimation
of the hazard rate based on the first - control - group and compare it to the
second one. The article conclude with a concrete application of the methods
on a vaginal cancer mortality data.

Abstrakt: Súčasný článok sa zaoberá problémom testu dobrej zhody a dvoj-
výberovým testom v oblasti dát prežitia. Predložené metódy sú spojené
s bayesovským neparametrickým pŕıstupom a MCMC odhadmi pre funk-
ciu hazardu. Prvý test homogeneity vychádza z článku Arjas [2], v ktorom
je odhadnutá funkcia hazardu za predpokladu platnosti nulovej hypotézy,
čiže všetky objekty sa správajú rovnako nezávisle na rozdeleńı do skuṕın.
Následne sa vykresĺı odhadnutá kumulat́ıvna funkcia hazardu proti kumu-
lat́ıvnemu počtu udalost́ı v oboch skupinách zvlášt’. V druhom pŕıstupe od-
hadneme funkciu hazardu v jednej skupine a podobne ako v predchádzajúcom
porovnáme s druhou. Článok je zakončený konkrétnou aplikáciou na reálnych
dátach.

1 Introduction

The aim of the analysis of life history data is to describe the behaviour of
the underlying processes what is usually done by assuming a suitable model
for the hazard rate. When the model is fitted, the next step is the assessment
of quality of the estimation and that leads us to the goodness of fit testing.
Over last decades many powerful and convenient methods of detecting, whe-
ther such a model is unsatisfactorily specified, arised. Particularly in case of
presence of some covariates, the inference is related to the form and signifi-
cance of the dependence of the observed times on those covariates. The known
methods are mostly based on the martingal properties of the differences be-
tween observed cumulative number of failures and the estimated cumulative
hazard rate.
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Let us consider n parallel mutually independent counting processes N1(t),
N2(t), . . . , Nn(t) observed in the time interval [0, T ]. We assume that all pro-
cesses start from zero, Ni(0) = 0, and that Ni(t) increases in +1 when the
i-th object happens to meet an event of interest. The i-th process is expected
to behave according to an intensity process Ii(t) · λ(t) where λ(t) is a boun-
ded nonnegative continuous hazard function and Ii(t) is an indicator process
(indicating whether the i-th individual is at risk of event, i.e. Ii(t) = 1 when
it is at risk, Ii(t) = 0 otherwise). The indicator process has its importance
when the censoring is present or when the occurence of event implies the
end of the observing of the object. As the result we obtain the multivariate
counting process N(t) = (N1(t), N2(t), . . . , Nn(t))T .

The hazard rate related to i-th object, λi(t), is the instantaneous rate of
an event occuring at time t defined as

λi(t) = lim
∆t→0

1

∆t
P (Ni(t + ∆t) − Ni(t) = 1|Ft),

where Ft := σ{Ni(s), 0 ≤ s ≤ t} is σ-algebra of the history of the i-th object
up to time moment t. In next we will consider a special case of previous setting
- a typical survival data with one possible event on each object (either death
or censoring).

Now, let us introduce the generalized residual at given time t as

Xi(t) = Ni(t) −
∫ t

0

Ii(u)λi(u)du

for all i. Then the process (Xi(t), t ∈ [0, T ]) is an Ft-martingale and is called
the residual process for i-th individual. Let us have t1, . . . tn observed times
of events. By considering Xi(t) at the ordered set of uncensored failure times
t(1), t(2),. . . ,t(K), where K is the total number of uncensored failures, we
obtain

Xi(t(k)) = Ni(t(k)) −
∫ t(k)

0

Ii(u)λi(u)du, k = 1, . . . ,K.

an discrete time martingale of parameter k. In fact, the integrated intensity
process approximates the number of uncensored events observed on the indi-
vidual. Hence, the motivation for the testing technique is straightforward. Let
us have the cumulative hazard rate Λi(t) =

∫ t

0
λi(u) du and after denoting

X(t) =
∑n

i=1 Xi(t) and N(t) =
∑n

i=1 Ni(t),

X(t(k)) = N(t(k)) −
n∑

i=1

∫ t(k)

0

Ii(u)λi(u)du = k −
n∑

i=1

Λi(t(k) ∧ ti),

is close to zero for all k ∈ {1, . . . ,K}. Now we can substitute the unknown
hazard rate with the appropriate estimation and use it for testing the good-
ness of fit as well as homogeneity among groups.
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Naturally, the martingale property of the residual process is not always
preserved after plugging-in the estimated hazard rate but there are cases
in which it is true. There is certain number of publications regarding the
topic in various models of hazard rate; see e.g. excellent [7] for the gene-
ralized residuals in the Cox model, further [11] in Aalen regression model
and [6] in Cox-Aalen model. Apparently, once the estimated residual process
is a martingale, the central limit theorem for martingales (cf. [4]) gives the
weak convergence to zero-mean Gaussian process. This is the way to obtain
the confidence bands around the estimated residual process needed for tests,
although often tedious and in some cases intractable because of complicated
covariance structure of the limiting process.

The alternative which introduces itself is to take the bayesian approach for
modelling and estimating, gain the sample of the estimated hazard rate via
MCMC algorithms and use the pointwise credibility bands for the estimated
residual process. There were developed many bayesian models for hazard rate,
for a good overview see [8] or more detailed [9].

Useful graphical methods based on the residual processes were introdu-
ced by e.g Andersen [1] who considered various plots mainly focused on the
checking the proportional-hazards assumption of Cox model, and later by
Arjas [2] who came up with the plot of the estimated cumulative hazard
against number of failures in stratas, in which the observed individuals were
splitted.

In next sections, a bayesian model for the hazard rate will be introduced
and the testing techniques for two-sample problem will be carried out. The
results will be presented in example of a real data analysis.

2 Model and estimation of the hazard rate

Here we describe one possible model which can be used in bayesian setting.
Let us for now assume that all observed objects are governed by the intensity
processes with the same hazard rate λ(t) without taking any covariate pro-
cess into account. To estimate the hazard rate we use nonparametric method
firstly proposed by Arjas and Gasbarra [3]. They assumed the piecewise con-
stant function for the hazard rate. All the individuals were expected to behave
according to a common hazard rate {λt, t ∈ [0, T ]}. Further in their model
the hazard function was constant within the (m + 1) intervals which came
from dividing the whole time interval [0, T ] by m jump times T1, . . . , Tm. The
level of hazard function within the interval (Tj−1, Tj ] was denoted as λj . The
number of jump times m could vary. To reach the estimates the MCMC were
used.

Let us denote H = (λ1, T1,. . . ,λm, Tm,λm+1). The main idea is to pro-
vide as many iterations as necessary in which the piecewise constant ha-
zard function defined by vector of parameters H is upgraded according to
the data and prior information. As soon as we possess the Markov chain

(H(i))R
i=1 = (λ

(i)
1 , T

(i)
1 , . . . , λ

(i)

m(i) , T
(i)

m(i) , λ
(i)
m(i)+1)

R
i=1, where R is the number
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of provided iteration and parameters denotes with (i) are those connected
with i-th iteration and we are ensured about the ergodicity of the chain, we
could compute the resulting estimate of the hazard function as the mean of
the members of the chain. Finally, even though the simulated hazard rates
are piecewise constant functions, asymptotically the mean of them yields to
a continuous function.

Except few changes we adopt the similar structure of the model for the
hazard rate. The chosen prior distribution of the levels of hazard rate λi,
i = 1,. . . ,m + 1 is gamma distribution with particular setting of parameters
dependent on parameter α to fold in the martingale structure. The jump
times are distributed as the homogeneous Poisson process in [0, T ] with unk-
nown constant rate µ. Further, we extended Arjas and Gasbarra’s model by
accompanying the hierarchical structure into model. For details about the
estimation and the discussion on the ergodicity of the chain see [10].

3 Testing

As it was announced before the main focus of the paper is in a simple two-
sample problem which occurres when the observed objects come from two
different environments. Also more complicated cases could be transformed to
this situation by dividing the individual processes in two stratas according to
certain values of covariates or the observed times themselves (as it was done
in [2, sec. 3.3]).

3.1 Arjas’s plot

Arjas [2] suggested to provide the estimation under the assumption that the
individuals are divided in two or more stratas according to some covariates
observed alongside (more clearly, in his case he worked with the Cox model
with p covariates and wanted to check whether (p+1)-th covariate should by
included in model). We accommodate his approach in our simple case of two
stratas. The null hypothesis for us is that the observed individuals (i.e. the
counting processes) behave in the same way in both stratas. We provide the
estimation of the hazard rate according to the null hypothesis what means to
use all observations from all objects together, as if they were replicates of each
other, to estimate the hazard rate. Once we have the estimated hazard rate
λ̂i(t) ≡ λ̂(t), 0 ≤ t ≤ T, for all i, we can compute the estimated cumulative
hazard function for 0 ≤ t ≤ T in the first strata as follows

Ĥ(strata1)(t) =
∑

i∈strata1

∫ t

0

Ii(s)λ̂(s) ds (1)

and analogically in the second one. Now we base plotting technique on the
zero-mean martingale property of difference between observed numbers of
failures and the real cumulative hazard function. Let t(1) ≤ t(2) ≤ · · · ≤
t(N) be ordered observed times of failures. The idea is to plot Ĥ(strata1)(t(i))
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and Ĥ(strata2)(t(i)) against the observed cumulative number of failures in the
first strata and the second strata respectively. In case the null hypothesis of
homogeneity of both groups is correct, both lines should be placed near the
diagonal line f(x) = x. If the lines are far from each other and from the
diagonale then the null hypothesis is rejected. The significant departure from
the null hypothesis is proposed to be detected by the pointwise 95% credibi-
lity bands created from the sample of Ĥstrata1 calculated from the posterior
sample of the hazard rate.

3.2 Two-sample test

The basis of the second proposed approach is to provide the estimation of the
hazard rate from the observations belonging to one - control - group of ob-
jects. Then we calculate the estimated cumulative hazard function Ĥ(strata1)

accordingly to (1) and plot Ĥ(strata1)(t(i),2) against the observed cumulative
number of failures in the second strata. In the previous we used the notation
t(1),2 ≤ t(2),2 ≤ · · · ≤ t(N2),2 for the observed times of failures occurring in
the second group of objects with the total number of observations denoted
as N2. If both groups of objects possess the same behaviour, the line is near
the imaginary line f(x) = x. Again, to detect a significant departure from
the null hypothesis we use the simulated pointwise confidence bands drawn
from the MCMC simulation output.

Apart from the homogeneity testing, the introduced idea is plausible for
testing of overall goodness of fit. Similarly, as in (1) for stratas, we can cal-

culate Ĥ(t) =
∑n

i=1

∫ t

0
Ii(s)λ̂(s) ds for whole dataset. Plotting the values of

Ĥ(·) in observed uncensored failure times versus number of observed failures
is close to diagonale f(x) = x if the fit is sufficient.

4 Application

In following the application on a real data is presented. The data set was
analyzed in [5]. The observations give the times from insult with the car-
cinogen DMBA to mortality from vaginal cancer in rats. Two group were
distinguished by a pretreatment regimen. We want to compare the impact
of different regimens on the waiting times to death. The data represents the
usual time-to-event setting with one observation (failure or censored event)
belonging to each individual.

First, the hazard rate was estimated separately for each group as well
as for the whole set of observations. The estimated hazard rates are plotted
in figure 1. In the bottom part of the figure the observed times of events for
both groups are displayed, the failures are denoted with ◦ and censored events
with +. The upper row of observations is from the first group and bellow is
the row of the second group’s observations. Figure 2 shows the plots related
to the estimated cumulative hazard rate in the first group which acts as the
control group here. In the left side the goodness of fit of the estimated hazard
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Figure 1: The plot of the estimated hazard rate in the whole set of observati-
ons (solid line) and in the two groups separately (dashed lines). At the bottom
of the figure the data are displayed in two lines - the observations from the
first group in the upper level and from the second group below.

Figure 2: Plots of the cumulative estimated hazard rate against the cumula-
tive number of failures; in the left side the goodness of fit test related to the
control group, the right-hand plot displayes the test of homogeneity of both
groups. The 95% pointwise credibility bands are included.
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Figure 3: Arjas’s plot of the homogeneity of two groups. The 95% pointwise
credibility bands are included.

rate to the control group is shown and the right-hand plot displayes the
test of homogeneity described in the section 3.2. Further, in figure 3 Arjas’s
plot is presented. Obviously, we can reject the hypothesis of homogeneity of
mortality in two groups of rats.

The parameters chosen for the MCMC estimation of the hazard rate was
µa = 10, µb = 100, αa = 1000, αb = 100, α0 = 1 and β0 = 10000. The
number of iterations was 5000 and first 1000 were erased.

5 Conclusion and discussion

The main idea of the previous pages was to think of alternative way of as-
sessing the goodness of fit and homogeneity of two samples in survival data.
The proposed methods are related to bayesian methodology and work with
a sample of simulated hazard rates from MCMC procedure. The advantage
is concentrated in the fact that existence of the sample allows us to create
the testing machinery based on the calculated pointwise credibility bands in-
stead of the rather cumbersome asymptotics. This type of approach can also
be a good starting point for testing in more complicated models in which the
key martingale property after plugging-in the estimator is lost.

The disadvantage of the method is that the result of the test depends
also on the precision of the estimation which is connected with the choice
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of parameters. Theoretically, as long as the graphical goodness of fit test
approves the fit of the estimated hazard rate to the observed data of the
control group, the test of the homogeneity of the second group with the
control group should be valid. Nevertheless, as the results of test may differ
among the group of the approved fits, it is important to decide which from
those estimators suits the data and situation the best and accordingly to this
provide the test.
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[10] Timková J. (2008). Bayesian nonparametric estimation of hazard rate
in survival analysis using Gibbs sampler. WDS 2008 Proceedings of con-
tributed papers, Part I: Mathematics and Computer Sciences, 80 – 87.

[11] Volf P. (1996). Analysis of generalized residuals in hazard regression mo-
dels. Kybernetika 32, 5, 501 – 510.
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Abstract: An R package mixAK is introduced which implements routines for
a semiparametric density estimation through normal mixtures using the Mar-
kov chain Monte Carlo (MCMC) methodology. Besides producing the MCMC
output, the package computes posterior summary statistics for important cha-
racteristics of the fitted distribution or computes and visualizes the posterior
predictive density. For the estimated models, penalized expected deviance
(PED) and deviance information criterion (DIC) is directly computed which
allows for a selection of mixture components. Additionally, multivariate right-
, left- and interval-censored observations are allowed. For univariate problems,
the reversible jump MCMC algorithm has been implemented and can be used
for a joint estimation of the mixture parameters and the number of mixture
components. The core MCMC routines have been implemented in C++ and
linked to R to ensure a reasonable computational speed. In the paper, imple-
mented algorithms are briefly reviewed and the use of the package illustrated
on three real examples of different complexity.

1 Introduction

It has been proven on several places that normal mixtures are a suitable semi-
parametric structure to model unknown distributions and at the same time
are a natural tool for clustering or modelling heterogeneity, see [30], [17], [18]
or [1] for a comprehensive discussion of the topic. Starting with a paper by [6],
in which the Gibbs algorithm has been introduced for normal mixtures with
pre-specified number of mixture components, their use for Bayesian density
estimation became relatively routine. Subsequently, [23] showed how the re-
versible jump Markov chain Monte Carlo (RJ-MCMC) algorithm of [9] can
be used for a joint estimation of mixture parameters and a number of mix-
ture components in a univariate case. Since then, several attempts have been
made to develop a RJ-MCMC algorithm for multivariate normal mixtures,
see, e.g., [5].
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Alternatively, selection of the number of mixture components can be based
on comparison of models fitted with different numbers of components by the
means of some joint measure of model complexity and fit. A popular such me-
asure, especially in Bayesian modelling, is the deviance information criterion
(DIC, [26]). In rejoinder to discussion, [3] however conclude that it remains
controversial to apply DIC beyond the exponential family case due to lack
in theoretical foundation. Possible solution to this problem is offered by [20]
who suggests to use penalized loss function for Bayesian model comparison
and shows that DIC is an approximation to a penalized loss function based
on the deviance, with a penalty derived from a cross-validation argument.
Particularly in mixture context, [20] recommends to use penalized expected
deviance (PED). Another possibility for Bayesian model comparison is pro-
vided by the Bayes factor [13] which however has some practical limitations
(see, e.g., [20]).

At this point, mixtures with a pre-specified number of components can
be easily handled by WinBUGS [16] however DIC or PED can be only manu-
ally and with some programming effort computed for mixtures in the current
version. Additionally, reversible jump, birth death or other transdimensional
MCMC algorithms for mixture problems do not seem to be fully implemen-
ted in any of nowadays standard publicly available packages like R [22] or
WinBUGS. See also conclusion section of this paper, where we discuss some
WinBUGS suggestions due to [15]. The purpose of this paper is to present
a new R package called mixAK which allows for the initial analysis of mixtures
either with pre-specified number of components where selection of the number
of components is based on DIC or PED, or with the number of components
estimated jointly with the remaining model parameters using the RJ-MCMC
algorithm. To make the applicability of the package even broader, the pac-
kage allows to estimate the density if the (part of) data are right-, left-, or
generally interval-censored. To ensure a reasonable computational speed, the
core parts of the MCMC routines have been implemented in C++ and linked
to R.

The rest of the paper is organized as follows. In Section 2, the normal mix-
ture as a model for the unknown density is described together with Bayesian
specification of the problem. Section 3 provides an overview of the MCMC
methods used in the package mixAK to sample from the corresponding poste-
rior distribution. Section 4 describes possibility how to initialize two chains
to start MCMC. The posterior inference is discussed in Section 5. A practi-
cal analysis using the package is illustrated on three real data examples in
Section 6. The paper is finalized by concluding remarks in Section 7 where
we also discuss limitations of the package.
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2 Model

2.1 Basic model for a density

Let Y1, . . . , Yn be p-dimensional i.i.d. random vectors with a density gy(y).
To incorporate right-, left- and interval-censoring, we will assume that we
observe ⌊l1, u1⌋, . . . , ⌊ln, un⌋, where

⌊li, ui⌋ =




⌊li,1, ui,1⌋
...

⌊li,p, ui,p⌋


 (i = 1, . . . , n). (1)

In the expression (1), −∞ ≤ li,j < ∞ are lower limits of observed inter-
vals, −∞ < ui,j ≤ ∞ are upper limits of observed intervals (li,j ≤ ui,j ,
i = 1, . . . , n, j = 1, . . . , p) and ⌊ ⌋ is open-, closed-, or half-open interval
according to the context. Note that yi,j = li,j = ui,j if the observation is
not censored, −∞ = li,j < ui,j < ∞ indicates left-censored observation,
−∞ < li,j < ui,j = ∞ indicates right-censored observation and −∞ < li,j <
ui,j < ∞ indicates interval-censored observation. Censoring leading to obser-
ved intervals is assumed to be non-informative. Density gy(y) is modelled as
the following shifted and scaled normal mixture:

gy(y) = |S|−1
K∑

k=1

wkϕ
(
S−1(y − m)

∣∣ µk, Σk

)

=

K∑

k=1

wkϕ(y |m + Sµk, SΣkS′), (2)

where ϕ(· |µk, Σk) is a density of the normal distribution Np(µk, Σk), w =

(w1, . . . , wK)′, 0 ≤ wk ≤ 1,
∑K

k=1 wk = 1, is a vector of unknown mixture
weights, µ = {µk : k = 1, . . . ,K} are unknown mixture means, and Σ =
{Σk : k = 1, . . . ,K} are unknown mixture variance-covariance matrices.
Further, m = (m1, . . . ,mp)

′ is a fixed shift vector and S = diag(s1, . . . , sp)
is a fixed scale matrix. Inclusion of the shift vector m and the scale matrix
S in the model is here mainly due to a possibility to improve the mixing and
numerical stability of the MCMC algorithm described in section 3, especially
needed when different margins are measured in considerably different scales.
Finally, let Q={Q1,. . . ,QK} be mixture precision matrices, i.e., Qk = Σ−1

k

(k = 1, . . . ,K). In the remainder of the paper, let y∗ = S−1(y − m) be
shifted and scaled values of y and let

gy∗(y∗) =

K∑

k=1

wkϕ(y∗ |µk, Σk) (3)
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be a density of Y ∗ = S−1(Y − m). Finally, let l∗i = S−1(li − m) and
u∗

i = S−1(ui − m) (i = 1, . . . , n) be shifted and scaled lower and upper
limits of observed intervals.

2.2 Bayesian specification

Bayesian technique and MCMC are used to estimate unknown parameters
and make a corresponding inference in the package mixAK. Hence a prior
distribution has to be specified for model parameters. Let f(·) and f(· | ·),
respectively, be a generic symbol for a (conditional) probability density and
let

θ = (w1, . . . , wK , µ′
1, . . . ,µ

′
K , vec(Q1)

′, . . . , vec(QK)′, γ′)′ (4)

be a vector of unknown parameters provided the number of mixture compo-
nents is known or fixed in advance. In expression (4), γ = (γ1, . . . , γp)

′ is the
variance hyperparameter and its meaning will be explained below. Further,
let [data] denote a set {li, ui : i = 1, . . . , n} of observed intervals. Following
expression (2), the observed data likelihood of the model equals

Lθ(θ, K) = f
(
[data]

∣∣ θ, K
)

= |S|−n
n∏

i=1

{∮ ui,1

li,1

· · ·
∮ ui,p

li,p

K∑

k=1

wkϕ
(
S−1(yi − m)

∣∣ µk, Σk

)
dyi,p · · · dyi,1

}
,

(5)

with the convention that
∮ u

l
f(y)dy =

∫ u

l
f(y)dy, whenever l < u and∮ u

l
f(y)dy = f(l) = f(u) whenever l = u (uncensored observation).

The following prior specifications are implemented in the package mixAK

and specified default values are used if not determined by the user. Note that
default values attempt to use weakly informative prior distribution.

Mixture weights w: a Dirichlet distribution D(δ, . . . , δ), i.e.,

f(w |K) =
{
Γ(δ)

}−K
Γ(Kδ)

K∏

k=1

wδ−1
k , (6)

where δ is a fixed hyperparameter. A default value is δ = 1.

Mixture means µ and precision matrices Q: it is possible to choose

1. Semiconjugate independent Normal and Wishart prior indepen-
dently for the K components, i.e.,
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f(µ, Q |γ, K) =

K∏

k=1

{
f(µk) f(Qk |γ)

}

∝
K∏

k=1

[
|Dk|−

1
2 exp

{
−1

2
(µk − ξk)′D−1

k (µk − ξk)

}

× |Ξ|− ζ
2 |Qk|

ζ−p−1
2 exp

{
−1

2
tr(Ξ−1Qk)

}]
.

(7)

That is, f(µk) is a density of the normal Np(ξk, Dk) and f(Qk |γ)
is a density of the Wishart Wp(ζ, Ξ), where Ξ = diag(γ1, . . . , γp).
The semiconjugate prior is also the default choice in the package
mixAK.

2. Natural-conjugate Normal-Wishart prior independently for the
K components, i.e.,

f(µ, Q |γ, K) =

K∏

k=1

{
f(µk |Qk) f(Qk |γ)

}

∝
K∏

k=1

[
c

p
2

k |Qk|
1
2 exp

{
−ck

2
(µk − ξk)′Qk(µk − ξk)

}

× |Ξ|− ζ
2 |Qk|

ζ−p−1
2 exp

{
−1

2
tr(Ξ−1Qk)

}]
.

(8)

That is, f(µk |Qk) is a density of the normal Np(ξk, c−1
k Q−1

k )
and f(Qk |γ) is a density of the Wishart Wp(ζ, Ξ) with Ξ =
diag(γ1, . . . , γp).

In prior distributions (7) and (8), ξ1, . . . , ξK are prior means, ζ > p−1
are Wishart prior degrees of freedom and Ξ is Wishart prior scale ma-
trix. Further, D1, . . . , DK in (7) are prior variance-covariance ma-
trices and c1 > 0, . . . , cK > 0 in (8) are prior precision parame-
ters. Let y∗

min,j = min{y∗
i,j : i = 1, . . . , n}, y∗

max,j = max{y∗
i,j : i =

1, . . . , n}, Rj = y∗
max,j − y∗

min,j (j = 1, . . . , p) be minimum, maximum
and range of the shifted- and scaled-data in margin j where in the
case of censoring unobserved values of y∗ are replaced by their rea-
sonable initial values (e.g., midpoints of observed intervals). Possible
choices for prior hyperparameters are then ξk,j = 0.5(y∗

min,j + y∗
max,j),

Dk = diag(dk,1, . . . , dk,p), dk,j = R2
j (k = 1, . . . ,K, j = 1, . . . , p) which
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follows suggestions of [23]. Weakly informative Wishart prior is obtai-
ned, e.g., with ζ = p + 1. Default values for precisions c1, . . . , cK with
a natural-conjugate prior are ck = 1 (k = 1, . . . ,K).

Variance hyperparameter γ As noted by [23] in the univariate case
(p = 1), it seems restrictive to suppose that knowledge of the range
of the data (Rj) implies much about the size of Qk and suggest to
add an additional hierarchical level and use a gamma hyperprior for Ξ.
Multivariately, we will assume that Ξ = diag(γ1, . . . , γp) and a priori
γ−1

j ∼ Gamma(gj , hj) independently for j = 1, . . . , p which is the prior
construction used also by [5]. That is,

f(γ−1
1 , . . . , γ−1

p ) =

p∏

j=1

{
h

gj

j

Γ(gj)
(γ−1

j )gj−1 exp(−hjγ
−1
j )

}
. (9)

Following [23], a weak prior is obtained with gj being a small positive
value and hj being a small multiple of 1/R2

j . Our default values are

gj = 0.2, hj = 10/R2
j (j = 1, . . . ,K).

Suppose, we want to estimate the number of mixture components K
jointly with the remaining mixture parameters. A possible approach is to
follow [23] where a prior distribution is assumed for K and the inference is
based on a sample from the joint posterior distribution of θ and K obtained
using the RJ-MCMC of [9]. In the package mixAK, two prior distributions
have been implemented for K.

1. Uniform prior on {1, . . . ,Kmax}, i.e.,

f(K) ≡ P(K = K∗) =
1

Kmax
(K∗ = 1, . . . ,Kmax), (10)

where Kmax is a chosen maximal number of mixture components.

2. Truncated Poisson prior, i.e.,

f(K) ≡ P(K = K∗) ∝ λK∗

exp(−λ)

K∗!
(K = 1, . . . ,Kmax), (11)

where Kmax is a chosen maximal number of mixture components and
λ chosen untruncated Poisson mean.

Default approach in package mixAK is with K fixed in advance (i.e.,
P(K = Kmax) = 1) in which case the number of mixture components must
be chosen according to the value of PED or DIC. Note that at this moment,
joint estimation of K and θ using RJ-MCMC is implemented for univariate
data (p = 1) only.

The prior distribution of our model is then hierarchically specified as

f(θ, K) = f(θ |K) × f(K), (12)
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where f(θ |K) = f(w |K) × f(µ, Q |γ, K) × f(γ) follows from (6) – (9)
and f(K) follows from (10) or (11). Using the Bayes’ formula, the posterior
distribution combines (5) and (12) into

f
(
θ, K

∣∣ [data]
)
∝ Lθ(θ, K) × f(θ, K). (13)

2.3 Latent parameters

Computation of the posterior distribution is simplified by introduction of
latent (additional) parameters as generally explained by [29]. Let ψ be the
vector of latent parameters. A joint prior is specified for (ψ′, θ′, K)′ hierar-
chically as

f(ψ, θ, K) = f(ψ |θ, K) × f(θ |K) × f(K), (14)

the sample from the posterior distribution f
(
ψ, θ, K

∣∣ [data]
)

is obtained
using the (RJ-)MCMC methodology and the inference is based on a sample
from the (marginal) posterior distribution f

(
θ, K

∣∣ [data]
)

which is directly
available as a subset of the complete sample. In this context, the first term
in the decomposition (14), f(ψ |θ, K), is sometimes called as the complete
data likelihood.

In mixture context with censored data, one often considers two sorts of
latent parameters: (i) component allocations denoted by r = (r1, . . . , rn)′,
ri ∈ {1, . . . ,K}, (ii) unobserved values of (shifted and scaled) censored data,
i.e., values of y∗

1 , . . . , y∗
n for those observations which are censored. For

convenience in notation we will provide explanation for the situation when
all observations are censored and hence ψ = (y∗

1
′, . . . ,y∗

n
′, r1, . . . , rn)′. It is

easily seen that the complete data likelihood is decomposed as

f(ψ |θ, K) =

n∏

i=1

f(y∗
i , ri |θ, K) =

n∏

i=1

{
f(y∗

i | ri, θ, K) × f(ri |θ, K)
}
,

(15)
where

f(y∗
i | ri, θ, K) = f(y∗

i | ri, θ) = ϕ(y∗
i |µri

, Σri
)

f(ri |θ, K) ≡ P(ri = k |θ, K) = wk (k = 1, . . . ,K).

Together with the likelihood

Lψ,θ(ψ, θ, K) = f
(
[data] |ψ, θ, K

)

=

n∏

i=1

f(l∗i , u∗
i |y∗

i ) ∝
n∏

i=1

I
(
y∗

i,1 ∈ ⌊l∗i,1, u∗
i,1⌋, . . . , y∗

i,p ∈ ⌊l∗i,p, u∗
i,p⌋

)
,

where I denotes an indicator function, this leads to the joint posterior distri-
bution

f
(
ψ, θ, K

∣∣ [data]
)
∝ Lψ,θ(ψ, θ, K) × f(ψ, θ, K) (16)

for which the marginalization over ψ leads to the desirable (marginal) poste-
rior (13).
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3 Markov chain Monte Carlo

The sample {ψ(t), θ(t), K(t) : t = 1, . . . , T} from the posterior distribution
is obtained using a (reversible jump) Markov chain Monte Carlo simulation
in which one iteration consists of the following move types depending on
whether the number of mixture components K is prespecified or not. With K
prespecified, the algorithm iterates between

1. updating the latent (censored) observations, see section 3.1;

2. updating the mixture related parameters, see section 3.2.

With K random (allowed currently only when p = 1), we iterate between

1. updating the latent (censored) observations, see section 3.1;

2. update of mixture related parameters as with fixed K as described in
section 3.2;

3. split-combine move, see section 3.3;

4. birth-death move, see section 3.3.

Improvement in the mixing of the chains can be achieved if within one MCMC
sweep, only one of the steps (2)–(4) is performed, each with a given probabi-
lity πmix

a , πmix
b or πmix

c , respectively (πmix
a + πmix

b + πmix
c = 1). This is also

the user’s option in the package mixAK.

3.1 Update of latent (censored) observations

For each i, when y∗
i contains some censored components, it is updated by

sampling from the full conditional distribution which is a (multivariate) nor-
mal distribution Np(µri

, Σri
) constrained by the limits of the observed inter-

vals l∗i and u∗
i . In a univariate case, this is done by the inverse cdf sampling,

in a multivariate case a method described by [8] is used.

3.2 Update of mixture related parameters without
a change of K

The moves where the mixture parameters are updated, however when the
number of mixture components K remains unaltered, follow largely the pro-
posal of [6]. In fact, all parameters are updated in blocks using a Gibbs
kernel by sampling from the full conditional distribution. In the following, let
f(·| · · · ) denote a density of the full conditional distribution. In summary we
perform the following sub-moves:

Update of component allocations: sampling from

f(ri | · · · ) ≡ P(ri = k | · · · ) ∝ wk ϕ(y∗
i |µk, Σk) (k = 1, . . . ,K)

sequentially for i = 1, . . . , n.
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Update of mixture weights: sampling from the Dirichlet distribution
D(δ + N1, . . . , δ + Nk), where

Nk =
n∑

i=1

I[ri = k] (k = 1, . . . ,K).

Update of mixture precision matrices: sampling from the Wishart dis-
tribution Wp(ζ̃k, Ξ̃k) sequentially for k = 1, . . . ,K to update Qk. For
both priors (7) and (8), degrees of freedom of the k-th full conditional
Wishart distribution are equal ζ̃k = ζ + Nk. In the case of semiconju-
gate independent prior (7), the scale matrix of the k-th full conditional
Wishart distribution is

Ξ̃k =

{
Ξ−1 +

∑

i:ri=k

(y∗
i − µk)(y∗

i − µk)′
}−1

.

In the case of natural-conjugate prior (8), the scale matrix of the k-th
full conditional Wishart distribution is

Ξ̃k =

{
Ξ−1+

∑

i:ri=k

(y∗
i −ȳ∗

k)(y∗
i −ȳ∗

k)′+
Nk ck

Nk + ck
(ȳ∗

k−ξk)(ȳ∗
k−ξk)′

}−1

,

where ȳ∗
k = N−1

k

∑
i:ri=k y∗

i .

Update of mixture means: sampling from the normal distribution
Np(mk, Sk) sequentially for k = 1, . . . ,K to update µk. For semicon-
jugate independent prior (7), parameters of the k-th full conditional
normal distribution are

Sk =
(
NkQk + D−1

k

)−1
, mk = Sk

(
NkQkȳ∗

k + D−1
k ξk

)
.

For natural-conjugate prior (8), parameters of the k-th full conditional
normal distribution are

Sk =
{
(Nk + ck)Qk

}−1
, mk = (Nk + ck)−1(Nkȳ∗

k + ckξk).

Update of variance hyperparameter: sampling from gamma distributi-
ons Gamma(g̃j , h̃j) sequentially for j = 1, . . . , p to update γj . Parame-
ters of the j-th full conditional gamma distribution are

g̃j = gj +
Kζ

2
, h̃j = hj +

1

2

K∑

k=1

Qk(j, j),

where Qk(j, j) denotes the j-th diagonal element of matrix Qk.



558 Arnošt Komárek

3.3 Moves allowing a change of the number of mixture
components

For univariate data (p = 1), moves allowing a change of the number of mixture
components follow the RJ-MCMC approach taken in [23]. Let µ1, . . . , µK be
the (univariate) mixture means and σ2

1 , . . . , σ2
K be the (univariate) mixture

variances. Two move types are proposed.

Split–combine move consists of either splitting an existing component into
two new components or combining two existing components into a new
one. Firstly a random choice is made whether to perform the split or
combine move. Namely, given K, the probability of attempting the split
move is πsplit

K and the probability of attempting the combine move is

πcombine
K = 1−πsplit

K . Default values in the package mixAK are πsplit
1 = 1,

πsplit
2 = · · · = πsplit

Kmax−1 = 0.5 and πsplit
Kmax

= 0 and can possibly be
modified by the user.

When a combine move is attempted, a pair of neighboring components
is chosen, let say k1 and k2 such that µk1

< µk2
and there is no other

mixture mean in the interval [µk1
, µk2

]. The two components are com-
bined such that a new component, let say k∗, has the same 0th, 1st and
2nd moment as the original two components. That is, the weight wk∗ ,
the mean µk∗ and the variance σ2

k∗ of the new component are given by

wk∗ = wk1
+ wk2

, µk∗ =
wk1

µk1
+ wk2

µk2

wk∗

,

σ2
k∗ =

wk1
(µ2

k1
+ σ2

k1
) + wk2

(µ2
k2

+ σ2
k2

)

wk∗

− µ2
k∗ .

The move into a new state with components k1 and k2 replaced by the
component k∗ and the number of mixture components K decreased by 1
is then either accepted or rejected with a certain Metropolis-Hastings
probability, see [23] for more details. In the case of acceptance, (latent)
observations allocated originally into the components k1 and k2 are
re-allocated in the new component k∗.

In the split move, a component, let say k∗ is chosen at random from
existing K components and two new components, let say k1 and k2 are
proposed such that the split move is reversible to the combine move
is a sense described generally in [9]. The weights wk1

, wk2
, the me-

ans µk1
, µk2

, and the variances σ2
k1

, σ2
k2

of the two new components are
given by

wk1
= wk∗u1, wk2

= wk∗(1 − u1),

µk1
= µk∗ − u2σk∗

√
wk2

wk1

, µk2
= µk∗ + u2σk∗

√
wk1

wk2

,

σ2
k1

= u3(1 − u2
2)σ

2
k∗

wk∗

wk1

, σ2
k2

= (1 − u3)(1 − u2
2)σ

2
k∗

wk∗

wk2

,
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where u = (u1, u2, u3)
′ is an auxiliary random vector whose com-

ponents are generated randomly independently, ul from Beta(al, bl)
(l = 1, 2, 3). Default values in package mixAK are a1 = b1 = 2, a2 = 1,
b2 = 2, a3 = b3 = 1. Additionally, for (latent) observations allocated in
the component k∗ a new allocation, either k1 or k2 is randomly propo-
sed. The whole proposal is accepted with a certain Metropolis-Hastings
probability as described in detail by [23]. Note that the proposal is re-
jected with probability one if there is other mixture mean in the interval
[µk1

, µk2
] to ensure reversibility with the combine move.

Birth–death move consists of either proposing a new component (birth)
or deleting one of the empty components (death). Similarly to the split–
combine move, a random choice is made whether to perform the birth
or the death move. Namely, given K, the probability of attempting the
birth move is πbirth

K and the probability of attempting the death move is
πbirth

K = 1−πdeath
K . Default values in the package mixAK are πbirth

1 = 1,
πbirth

2 = · · · = πbirth
Kmax−1 = 0.5 and πbirth

Kmax
= 0 and can possibly be

modified by the user.

When a birth move is attempted a new component weight wk∗, mean µk∗

and variance σ2
k∗ are sampled from the prior distribution, the weights

of existing components are rescaled to satisfy the sum-up-to-one con-
straint and the whole proposal is accepted with a certain Metropolis-
Hastings probability computed along the lines described in [23].

When a death move is attempted one of empty components, i.e. com-
ponents into which currently there are no observations allocated and
hence Nk = 0, is chosen at random. The proposal consists of dele-
ting this component and rescaling the remaining weights to satisfy the
sum-up-to-one constraint. Analogously to the previous cases, the whole
proposal is accepted with a certain Metropolis-Hastings probability,
see [23] for details.

4 Initial values to start MCMC

To start the MCMC simulation, initial values are required for the model pa-
rameters. In the package mixAK, all initial values can either be supplied by the
user or generated automatically by the program. Up to two chains can auto-
matically be initialized using two different strategies. Initial values for latent
(censored) observations from chain 1 are also used to determine data driven
priors described in Sec. 2.2. In a sequel, let ŝ∗j be sample standard deviations
of uncensored shifted and scaled observations, lower bounds of shifted and
scaled right- and interval-censored observations and upper bounds of shifted
and scaled left-censored observations in the j-th margin (j = 1, . . . , p).

Latent (censored) observations For uncensored observation, both chains
start indeed from y∗

i,j = l∗i,j = u∗
i,j . For right-censored observation,
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chain 1 starts from y∗
i,j = l∗i,j + ŝ∗j and chain 2 from y∗

i,j = l∗i,j +

|z∗i,j |, where z∗i,j is sampled from N
(
0, (ŝ∗j )

2
)
. Similarly, for left-censored

observation, chain 1 starts from y∗
i,j = u∗

i,j − ŝ∗j and chain 2 from y∗
i,j =

u∗
i,j−|z∗i,j |, where z∗i,j is sampled from N

(
0, (ŝ∗j )

2
)
. For interval-censored

observation, chain 1 starts from the midpoint y∗
i,j = 0.5(l∗i,j + u∗

i,j)
and chain 2 from a value chosen uniformly at random from interval
(l∗i,j , u∗

i,j) (i = 1, . . . , n, j = 1, . . . , p).

Number of mixture components When the number of mixture compo-
nents is estimated using the RJ-MCMC, the first chain is initialized
with K = 1 and the second chain with K = min(2, Kmax).

Mixture weights The first chain starts with w1 = · · · = wK = K−1, where
K is the initial value for the number of mixture components. The ini-
tial weights for the second chain are sampled from the prior Dirichlet
distribution D(δ, . . . , δ).

Mixture means For chain 1, initial mixture means in the j-th margin are
chosen equidistantly in the interval (y∗

min,j , y∗
max,j) (j = 1, . . . , p). For

chain 2, initial means in the j-th margin are independently sampled
from the normal distributions with means equidistantly splitted in the
interval (y∗

min,j , y∗
max,j) and standard deviations equal to ŝ∗j/K, where

K is the initial number of mixture components for the second chain.

Mixture precision matrices The initial mixture precision matrices for the
first chain are all the same and are equal to inverted sample variance-
covariance matrix computed from initial values of (latent) observations.
For chain 2, the initial mixture precision matrices are all diagonal. Di-
agonal of the initial value of matrix Qk is equal to inverted sample
variances of margins of (latent) observations multiplied by z−1

k , where
zk is sampled from the uniform distribution U(0.1, 1.1).

Component allocations For both chains, observation is allocated to com-
ponent showing the highest posterior probability given the initial mix-
ture and initial value of latent (censored) observation.

Variance hyperparameter The initial value of γ for the first chain is equal
to the diagonal of the sample variance-covariance matrix computed
from initial values of (latent) observations multiplied by the prior hy-
perparameter ζ. In the second chain, the same approach is exploited
together with multiplication of each initial value of γj (j = 1, . . . , p) by
a random variate sampled independently from the uniform distribution
U(0, p).
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5 Posterior inference

5.1 Label switching problem

It is well known that in mixture problems the posterior distributions (13)
or (16) are invariant against the switching of the labelling of mixture compo-
nents. For example, in [6], [23] artificial identifiability constraints of the type
µ1 < · · · < µK are used in a univariate setting to ensure identifiability of the
posterior distribution. The problem becomes rather complicated in higher
dimensions since the number of identifiability constraints on the parameter
space is very large. For a general discussion of this problem, see [11]. In the
MCMC implemented in the package mixAK, identification of the posterior dis-
tribution can be achieved, e.g., by using relabelling techniques retrospectively,
by post-processing the MCMC output [28].However, several important quan-
tities related to the posterior inference, e.g. those of the posterior predictive
inference (section 5.2) are invariant to label switching and hence relabelling is
redundant in the situations when solely the predictive inference is of interest.

5.2 Predictive density

Very often and especially in situations when the normal mixture is used
as a convenient semiparametric structure to model the unknown distribu-
tion, the estimate of the density (2) or (3) is of primary interest. A suitable
estimator is given by the posterior predictive densities E

[
gy(y)

∣∣ [data]
]

or

E
[
gy∗(y∗)

∣∣ [data]
]

which can easily be approximated from the MCMC out-
put as

ĝy(y) =
1

T

T∑

t=1

gy

(
y

∣∣ θ(t), K(t)
)
≈ E

[
gy(y)

∣∣ [data]
]
, (17)

where

gy

(
y

∣∣ θ(t), K(t)
)

= |S|−1
K(t)∑

k=1

w
(t)
k ϕ

(
S−1(y − m)

∣∣ µ
(t)
k , Σ

(t)
k

)
.

The expression for ĝy∗(y∗) ≈ E
[
gy∗(y∗)

∣∣ [data]
]

is analogous. In the package
mixAK, functions have been implemented to compute the values of all uni-
and bivariate marginal densities derived from ĝy or ĝy∗ in a prespecified grid
of y or y∗ values and visualize them on plots.

5.3 Convergence of the chains

Due to the label switching, we know in advance that the posterior distri-
bution of the K-component model has K! symmetric modes and converging
MCMC should visit all of them. This knowledge may be exploited when
checking convergence by exploring the chains for mixture weights, means
and variances before any possible relabelling, see, e.g. [11]. Additionally, it is
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possible to compare posterior distributions of component weights, means or
variances which should be identical among components (see subsection 6.2
for illustration).

Another strategy is to base the convergence diagnostic on quantities which
are invariant against label switching. For example, moments or quantiles of
the mixtures (2) and (3) satisfy this condition. In the package mixAK, first
two moments, i.e.,

E(Y ∗) =
K∑

k=1

wkµk, E(Y ) = m + SE(Y ∗),

var(Y ∗)=
K∑

k=1

wk

[
Σk+

{
µk−E(Y ∗)

}{
µk−E(Y ∗)

}′]
, var(Y )=Svar(Y ∗)S′.

are computed and stored at each iteration of the MCMC and their traceplots
and other tools can be used to check the convergence.

Additionally, deviance based quantities are stored at each iteration of
the MCMC and can also be used to evaluate the convergence. Namely, the
following quantities are computed and stored for t = 1, . . . , T :

D
(t)
obs = −2

n∑

i=1

log
{

gy

(
y

(t)
i

∣∣ θ(t), K(t)
)}

, (18)

ℓ
(t)
compl,0 =

n∑

i=1

log
{
|S|−1ϕ

(
S−1(y

(t)
i − m)

∣∣ µ
(t)

r
(t)
i

, Σ
(t)

r
(t)
i

)}
, (19)

ℓ
(t)
compl,1 =

n∑

i=1

log(w
r
(t)
i

), (20)

D
(t)
compl = −2(ℓ

(t)
compl,0 + ℓ

(t)
compl,1). (21)

Note that if there are no censored observations, D
(t)
obs in (18) is twice the ob-

served data logarithmic likelihood (5). In the following, D
(t)
obs will be called ob-

served deviance even in the presence of censoring. Further, ℓ
(t)
compl,0 in (19) and

ℓ
(t)
compl,1 in (20) form together the complete data logarithmic likelihood (15)

and hence D
(t)
compl in (21) is twice the complete data logarithmic likelihood.

In the following D
(t)
compl will be called complete deviance.

5.4 Deviance information criterion and penalized expec-
ted deviance

A general approach to comparison of complex models based on the samples
from the posterior distribution has been suggested by [26] who introduced
the deviance information criterion (DIC). In the discussion section of their
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paper, Richardson showed how the DIC based on the predictive density could
be used to discriminate between mixture models with different numbers of
components. Other versions of DIC for mixture and in general missing data
models have been discussed by [3]. In package mixAK, the Richardson’s version
of DIC, denoted as DIC3 in [3] has been implemented and can be used to com-
pare the mixture models with different numbers of components, especially in
multivariate situations when the reversible jump MCMC allowing for a joint
estimation of mixture parameters and the number of mixture components
has not been implemented. That is, our DIC is computed as

DIC = D + pD, pD = D − D̃,

where D is the approximation to the posterior mean of the deviance, where
the posterior expectation is taken with respect to θ, K (if random) and y

if there is censoring present. Further, D̃ is the deviance evaluated in the
“estimate” to the model parameters and pD is the effective dimension. The
deviance D is based on the normal mixture (2) and a predictive density is
taken as the “estimate” to the model parameters. Hence using the MCMC
sample

D =
1

T

T∑

t=1

D
(t)
obs, D̃ = −2 log

[
1

T

T∑

t=1

n∏

i=1

{
gy

(
y

(t)
i

∣∣ θ(t), K(t)
)}

]
.

We admit that there is some controversy in applying the DIC in mixture
context (see discussion in [3]) and hence another possibility for comparing mo-
dels with different numbers of mixture components is offered by the package
mixAK – penalized expected deviance (PED) derived from a cross-validation
argument introduced by [20]. Basically, 2n separate MCMC runs, with a sin-
gle observation deleted in each of two runs are required to compute the PED.
This computationally demanding task can be avoided by the use of impor-
tance sampling where only two parallel chains, {θ(1,t), K(1,t) : t = 1, . . . , T},
{θ(2,t), K(2,t) : t = 1, . . . , T} of genuine parameters of interest are needed.
Consequently, PED is computed as

PED = D̂e + p̂opt,

where

D̂e =
1

2T

T∑

t=1

(
D

(1,t)
obs + D

(2,t)
obs

)
,

D
(c,t)
obs = −2

n∑

i=1

log
{

gy

(
y

(c,t)
i

∣∣ θ(c,t), K(c,t)
)}

(c = 1, 2).

In the case of censoring, y
(c,t)
i is sampled from the normal mixture given by

θ(c,t), K(c,t) truncated on the observed intervals ⌊li, ui⌋. Further, in both
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censored and uncensored cases, replicated observations y(rep1,t) and y(rep2,t)

are sampled from the (untruncated) normal mixture given by θ(1,t), K(1,t)

and θ(2,t), K(2,t), respectively and used to calculate the optimism p̂opt of D̂e

as

p̂opt =
n∑

i=1

p̂opti
,

p̂opti
=

(
T∑

t=1

w
(t)
i

)−1 T∑

t=1

w
(t)
i

[
log

{
gy

(
y(rep1,t)

∣∣ θ(1,t), K(1,t)
)

gy

(
y(rep1,t)

∣∣ θ(2,t), K(2,t)
)
}

+ log

{
gy

(
y(rep2,t)

∣∣ θ(2,t), K(2,t)
)

gy

(
y(rep2,t)

∣∣ θ(1,t), K(1,t)
)
}]

,

where

w
(t)
i =

{
gy

(
y(1,t)

∣∣ θ(1,t), K(1,t)
)
· gy

(
y(2,t)

∣∣ θ(2,t), K(2,t)
)}−1

(i = 1, . . . , n, t = 1, . . . , T )

are importance sampling weights.

6 Examples

All examples in this section have been run on Intel Core 2 Duo 3 GHz CPU
with 3.25 GB RAM. Convergence of the MCMC has been evaluated using
the R package coda [21]. Selected part of the R code for the examples is
shown in the appendix. Additional output and more detailed explanation on
how to use the package are offered in the on-line supplementary material and
package vignettes.
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Figure 1: Galaxy data: traceplot (last 5 000 iterations) and histogram for the
number of mixture components K.
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6.1 1 dimension: Galaxy data

The galaxy data which give velocities (in km/sec) of 82 distant galaxies,
diverging from our own galaxy were in the context of mixture modelling
introduced by [24]. [23] estimated the velocity density using the RJ-MCMC
and we repeat their analysis using the package mixAK. Hence the following
prior distributions, their parameters and parameters of the proposal densities
have been used: uniform prior on K with Kmax = 30, δ = 1, semiconjugate
prior on µ and Q with ξk = 21.73, Dk = 630.5121 for all k, ζ = 4, g1 = 0.2,
h1 = 0.008, a1 = b1 = 2, a2 = b2 = 2, a3 = b3 = 1. The data were neither
shifted nor scaled before running the RJ-MCMC, i.e., m = 0, S = 1. We
report results based on 500 000 iterations of 1:10 thinned RJ-MCMC obtained
after a burn-in period of 100 000 iterations which took about 11 min.

During the course of the RJ-MCMC the chain visited models with the
number of mixture components K ranging from 1 to 19 with the highest
posterior probabilities of 0.11, 0.21, 0.25, 0.19, 0.11, and 0.05 for K = 4,
5, 6, 7, 8, and 9, respectively. For the remaining values of K, the posterior
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Figure 2: Galaxy data: histogram and predictive densities. Solid line: ove-
rall (unconditional) predictive density, dashed lines: conditional predictive
densities for K = 4, . . . , 9.
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probability was lower than 0.04, see Figure 1. The split-combine move has
been accepted in 15% of cases whereas the birth-death move in 17% of cases.
Consequently, a good mixing of the chain with respect to the number of
mixture components has been obtained as is illustrated on the traceplot of K
in Figure 1. From the posterior output, we further show for the purpose of
comparison the posterior predictive density (17) and additionally, conditional
(given K) posterior predictive densities of the velocity for K = 4, . . . , 9 in
Figure 2 which corresponds to Fig. 2 (c) in [23].

6.2 2 dimensions: Old Faithful data

For our second example, we consider the Old Faithful data (version from [10])
analyzed using mixtures, e.g., by [28] or [5]. In sequence, we fitted one to
ten component bivariate mixture to the data using the package mixAK with
the following prior distributions: δ = 1, semiconjugate prior on µ and Q

with ξk = (−0.1207, −0.1028)′, Dk = diag(9.4033, 15.1983), ζ = 3, g1 =
g2 = 0.2, h = (1.0635, 0.6580)′. Due to the fact that the two margins are
measured in two quite different scales, we have shifted and scaled observations
in both margins by corresponding sample means and standard deviations, i.e.,
m = (3.488, 70.897)′, S = diag(1.141, 13.595)′. Reported results are based
on 500 000 iterations of 1:10 thinned MCMC obtained after a burn-in period
of 100 000 iterations. Sampling of one chain took between 6 min for a model
with K = 1 up to 54 min for a model with K = 10.

Predictive densities based on the models with K = 1, . . . , 6 are shown in
Figure 3 together with the values of PED and DIC. It is clear that at least
two components are needed. Values of PED are quite similar for K = 2 and
K = 3. The same is true for values of DIC. This coincides with previous
results of others, see Fig. 8 (c) in [28] where according to the chosen prior
model with K = 2 or 3 or 4 reached the highest posterior probability. In the
analysis of [5], highest posterior probabilities of 0.3035 and 0.5854 have been
obtained for K = 2 and K = 3, respectively.

Further, Figure 4 shows scatterplots of sampled mixture means in a three-
component model and estimated posterior densities of mixture means without
imposing any identifiability constraints or relabelling techniques. All three
scatterplots are quite similar as well as estimated marginal densities and
hence there is no serious indication that the chain would not visit all the
modes of the posterior distribution.

6.3 6 dimensions with interval censoring: Signal
Tandmobielr data

Our third example considers the data from the Signal Tandmobielr study [31]
which was a dental longitudinal study conducted in Flanders in 1996–2001
involving 4 430 children born in 1989. We will analyze the emergence times
of first six permanent teeth from the maxillary right quadrant of the mouth



R package for normal mixtures with interval-censored data 567

 0.005 
 0.005 

 0.01 

 0.01 

 0.015 

 0.015 

 0.02 

 0.02 

 0.025 

 0.025 

 0.03 

 0.03 

 0.035 

 0.035 

 0.04 

 0.04 

 0.002 

 0.002 

 0.004 
 0.006 

 0.008 

 0.01 

 0.012 

 0.014 

 0.016 

 0.018 

 0.02 

 0.022 

 0.005 
 0.005 

 0.01 

 0.01 

 0.015 

 0.015 

 0.02 

 0.02 

 0.005 
 0.005 

 0.01 

 0.01 

 0.015 

 0.015 

 0.
02

 

 0.02 

 0.005 
 0.005 

 0.01 

 0.01 

 0
.0

15
 

 0.015 

 0.02 

 0.02 

 0
.0

3 

 0.005 
 0.005 

 0.01 

 0.01 

 0.015 

 0.015 

 0
.0

2 

 0.02 

 0
.0

3 

 0.005 
 0.005 

 0.01 

 0.01 

 0.015 

 0.015 

 0
.0

2 

 0.02 

 0
.0

3 

Eruptions (min)

W
a
it
in

g
(m

in
)

K = 1 K = 2

K = 3

K = 3

K = 4

K = 5 K = 6

PED = 2 594.7

DIC = 2 588.5

PED = 2 294.5

DIC = 2 282.6

PED = 2 319.5

DIC = 2 274.6

PED = 2 590.6

DIC = 2 300.8

PED = 2 888.0

DIC = 2 322.2

PED = 2 958.7

DIC = 2 319.6

1.51.5

1.51.5

1.51.5

1.5

2.02.0

2.02.0

2.02.0

2.0

2.52.5

2.52.5

2.52.5

2.5

3.03.0

3.03.0

3.03.0

3.0

3.53.5

3.53.5

3.53.5

3.5

4.04.0

4.04.0

4.04.0

4.0

4.54.5

4.54.5

4.54.5

4.5

5.05.0

5.05.0

5.05.0

5.0

5
0

5
0

5
0

5
0

5
0

5
0

5
0

6
0

6
0

6
0

6
0

6
0

6
0

6
0

7
0

7
0

7
0

7
0

7
0

7
0

7
0

8
0

8
0

8
0

8
0

8
0

8
0

8
0

9
0

9
0

9
0

9
0

9
0

9
0

9
0

Figure 3: Old Faithful data: scatterplot and predictive densities for different
values of K and obtained values of PED and DIC.
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Proportion censoring Mean of emergence Std. dev. of emergence

Poster. 95% cred. Poster. 95% cred.

Tooth Left Interval Right median interval median interval

11 55.6% 39.4% 5.1% 7.00 (6.97, 7.03) 0.73 (0.71, 0.76)

12 14.7% 72.8% 12.6% 8.11 (8.08, 8.14) 0.93 (0.90, 0.96)

13 0.3% 47.3% 52.4% 11.30 (11.25, 11.36) 1.34 (1.27, 1.42)

14 0.7% 61.7% 37.6% 10.55 (10.50, 10.59) 1.30 (1.26, 1.35)

15 0.4% 42.0% 57.6% 11.52 (11.45, 11.59) 1.53 (1.45, 1.63)

16 86.0% 12.5% 1.5% 6.38 (6.35, 6.40) 0.58 (0.56, 0.60)

Table 1: Signal Tandmobielr data. Posterior medians and 95% credible in-
tervals for the mean and standard deviation of the emergence times.

(teeth 11, 12, 13, 14, 15, 16 in the European dental notation). In the course
of the study children underwent annual dental examinations when emergence
(among other things) was recorded. Hence, the emergence times are interval-
censored with observed intervals of length of approximately 1 year or left-
censored if the tooth was already present at the first examination or right-
censored if the tooth has not emerged by the end of the study, see Table 1
for the amount of different types of censoring in the data. However, due to
the fact that clinically, the permanent teeth hardly emerge before the age
of 5 years [7] we have changed all left-censored observations into interval-
censored ones with the lower limit of the observed intervals equal to 5 years
for the purpose of computation.

Six-dimensional mixture estimated using the package mixAK is used as
a tool for semiparametric density estimation and consequent inference on
some characteristics of the joint emergence distribution of several teeth. In
a sequel, models with fixed number of components K = 1, . . . , 10 have been
fitted, resulting PED, DIC and other quantities compared. The following prior
distributions have been used: δ = 1, semiconjugate prior on µ and Q with
ξk = (8.43, 9.60, 9.77, 9.76, 9.80, 7.98)′, Dk = diag(31.9, 62.5, 67.9, 67.4,
68.9, 18.1) for all k, ζ = 7, g1 = · · · = g6 = 0.2, h = (0.31, 0.16, 0.15, 0.15,
0.15, 0.55)′. The data were neither shifted nor scaled before running the
MCMC, i.e., m = (0, . . . , 0)′, S = diag(1, . . . , 1). Results based on 20 000 ite-
rations of the 1:10 thinned MCMC obtained after a burn-in period of
10 000 iterations are reported. Sampling of one chain took between 95 min
for a model with K = 1 up to 135 min for a model with K = 10.

PED for a model with K = 1 reached the value of 78 853, dropped
to 75 237 for K = 2 and started to increase through 75 784 (K = 3), 76 643
(K = 4), 77 224 (K = 5), 79 147 (K = 6), 80 758 (K = 7), 81 007 (K = 8),
82 212 (K = 9), 94 642 (K = 10). Graphical examination of the marginal
predictive densities, see Figure 5, revealed that marginally the remarkable
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Figure 6: Signal Tandmobielr data. Bivariate joint predictive densities
(part I) based on the model with K = 2 and posterior median with 95% cre-
dible interval for the correlation between the two emergence times.
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change (corresponding also to a considerable decrease of PED) in the shape
of the estimated densities happens only when we switch from a model with
K = 1 to a model with two or more mixture components. In the light of above
findings, we will use the model with two mixture components as a suitable
semiparametric structure to fit the density of the six emergence times.

For clinicians, it is useful to have an information concerning the timing and
distribution of the emergence times, as well as the idea on how the emergence
times of different teeth relate to each other. Estimated marginal densities of
the emergence for different teeth have already been shown in Figure 5. From
the MCMC output, it is quite easy to calculate posterior summary statistics
for, e.g., the mean and the standard deviation of the emergence time of each
tooth, see Table 1 where we report posterior medians and 95% credible inter-
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Figure 7: Signal Tandmobielr data. Bivariate joint predictive densities
(part II) based on the model with K = 2 and posterior median with 95% cre-
dible interval for the correlation between the two emergence times.
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vals. Further, the idea on how the emergence times of different teeth relate
to each other can be obtained from the posterior predictive densities of each
pair of teeth or from the posterior summary statistics for the Pearson corre-
lation coefficient, all shown in Figures 6 and 7. All mentioned quantities can
be obtained in a straightforward manner using the functions of the package
mixAK.

7 Concluding remarks

In this paper, we have introduced an R package which can be used in a strai-
ghtforward manner for a density estimation using normal mixtures where
at the same time, multivariate (interval-)censored observations can be con-
sidered. The package provides not only the core part of the estimation, i.e.
MCMC, but also some routines for a consequent processing of the chains.
That is, posterior summaries for several mixture related parameters are com-
puted and posterior predictive densities can be easily computed and visuali-
zed. For mixture models of an arbitrary dimension, selection of the number
of mixture components can be based on the penalized expected deviance or
deviance information criterion, directly produced by the package routines.

For univariate problems, the package implements also the reversible jump
MCMC algorithm allowing for a joint selection of the number of mixture
components. According to our best knowledge, this has not been implemen-
ted in any of standardly used software packages. Even though quite recently,
[15] presented a generic methodology for RJ-MCMC and implemented it in
a WinBUGS framework. However, in the mixture context, they consider only
birth-death moves. Due to the fact that their methodology aims to be gene-
ric for transdimensional models, split-combine moves, specific in a mixture
setting and rather crucial for the success of the RJ-MCMC in this context
are not considered.

It should be highlighted that it is not the ambition of the package to
cover all nowadays available approaches to the (Bayesian) analysis of mix-
tures. Rather, it is the main intention of the package to allow inexperienced
users easily get started with Bayesian mixture analyzes or allow for initial
analyzes before switching to often time consuming coding of more advan-
ced methods more suitable for a particular problem. The most important
limitations of the package include the following. Firstly, in the selection of
prior distributions, the user is limited to these described in subsection 2.2
and hence except the choice between the independent and natural conjugate
priors for mixture means and variances, any sensitivity analysis is limited
to changes of prior hyperparameters. Possible extension of the list of prior
distributions and implementation of slightly different models is only possible
by extension of the C++ code. Nevertheless, the list of offered prior distri-
butions cover these mostly appearing in the literature on Bayesian analyzes
of mixtures and should suffice for most initial analyzes. Further, it has been
shown that usage of latent component allocations and corresponding Gibbs
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algorithm decelerate convergence of the algorithm by the drastic increase in
the dimensionality of the sampling space, see, e.g., [4, 2, 11]. Alternatives not
requiring the use of latent allocations include, e.g., tempering MCMC [19]
used by [4] and [11] or population and evolutionary MCMC (EMC) [14] used
by [12]. In contrast to the Gibbs algorithm, both tempering MCMC and EMC
require selection of several tuning parameters and hence their use might be
too complicated to get started. Finally, there are other algorithms availa-
ble for sampling from distributions of varying dimension than RJ-MCMC
implemented in the package mixAK. For example, birth-and-death MCMC
(BD-MCMC) introduced by [27] is a valuable competitor to RJ-MCMC. See
also [2] for the link between RJ-MCMC and BD-MCMC and [25] for an over-
view of available algorithms for transdimensional sampling.

A R package

This appendix shows briefly how to use the package mixAK to obtain the
results presented in Section 6. Detailed explanation can be found in on-line
supplementary materials and package vignettes.

A.1 Galaxy data

### Load the data

> data(Galaxy)

### Specify prior and parameters for densities of u

> GalaxyPrior <- list(priorK="uniform", Kmax=30, delta=1,

+ priormuQ="independentC", xi=21.73, D=630.5121,

+ zeta=2*2, g=0.2, h=0.016/2)

> parRJMCMC <- list(par.u1=c(2, 2), par.u2=c(2, 2), par.u3=c(1, 1))

### Run MCMC

> GalaxyModel <- NMixMCMC(y0=Galaxy, prior=GalaxyPrior, RJMCMC=parRJMCMC,

+ nMCMC=c(burn=100000, keep=500000, thin=10, info=10000),

+ scale=list(shift=0, scale=1), PED=TRUE)

### Basic posterior summary

### and predictive density (computed from chain 1)

> print(GalaxyModel)

> GalaxyPDens <- NMixPredDensMarg(GalaxyModel[[1]])

> plot(GalaxyPDens)

A.2 Old Faithful data

### Load the data

> data(Faithful)

### Specify prior for a model with K = 3

> FaithfulPrior <- list(priorK="fixed", Kmax=3, delta=1,

+ priormuQ="independentC", xi=c(-0.1207, -0.1028),

+ D=diag(c(9.4033, 15.1983)), zeta=3, g=0.2, h=c(1.0635, 0.6580))
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### Run MCMC with shifted and scaled data

> FaithfulModel <- NMixMCMC(y0=Faithful, prior=FaithfulPrior,

+ nMCMC=c(burn=100000, keep=500000, thin=10, info=10000), PED=TRUE)

### Basic posterior summary (including PED, DIC)

### and predictive density (computed from chain 1)

> print(FaithfulModel)

> FaithfulPDens <- NMixPredDensJoint2(FaithfulModel[[1]])

> plot(FaithfulPDens)

### Scatterplot of sampled mixture means in component 2 (chain 1)

> j <- 2

> plot(FaithfulModel[[1]]$mu[,(j-1)*2+1], FaithfulModel[[1]]$mu[,j*2])

A.3 Signal Tandmobielr data

### Load the data, select only needed columns

> data(TandmobEmer)

> y0 <- TandmobEmer[, paste("EBEG.", 10+1:6, sep="")]

> y1 <- TandmobEmer[, paste("EEND.", 10+1:6, sep="")]

> censor <- TandmobEmer[, paste("CENSOR.", 10+1:6, sep="")]

### Specify prior for a model with K = 2

> TandmobPrior <- list(priorK="fixed", Kmax=2, delta=1,

+ priormuQ="independentC",

+ xi=c(8.43, 9.60, 9.77, 9.76, 9.80, 7.98),

+ D=diag(c(31.9, 62.5, 67.9, 67.4, 68.9, 18.1)),

+ zeta=7, g=0.2, h=c(0.31, 0.16, 0.15, 0.15, 0.15, 0.55))

### Run MCMC

> TandmobModel <- NMixMCMC(y0=y0, y1=y1, censor=censor,

+ prior=TandmobPrior,

+ nMCMC=c(burn=10000, keep=20000, thin=10, info=1000),

+ scale=list(shift=0, scale=1), PED=TRUE)

### Basic posterior summary (including PED, DIC), marginal univariate

### and pairwise bivariate predictive densities (computed from chain 1)

> print(TandmobModel)

> TandmobPDensUni <- NMixPredDensMarg(TandmobModel[[1]])

> plot(TandmobPDensUni)

> TandmobPDensBi <- NMixPredDensJoint2(TandmobModel[[1]])

> plot(TandmobPDensBi)
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